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Abstract

This project is devoted to the investigation of the modern state of the problem connected with
quantum Hall effect (integral and fractional). The quantum Hall effect is a quantum-mechanical
version of the Hall effect, observed in two dimensional electron systems subjected to low
temperatures (< 1K) and strong magnetic fields (~ 10T), in which the Hall conductancec (B)

2
takes on the quantized values(%) with v an integer (integer quantized Hall effect) or a rational

fraction (fractional quantized Hall effect), independent of the detail of the sample geometry. in
this project we see detail description of fractional quantum hall effect by using some theories, It
starts from the LAUGHLIN states and their generalization following JAIN’s picture of composite
fermions. The work of this project ends with a description of the fractional quantum hall effect
in graphene, since graphene is two dimensional carbon and carbon atoms in graphene, shows
electron-electron interaction thus we must expect fractional quantum hall effect in graphene
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Introduction

In this project, mainly | try to provide description of fractional quantum Hall effect by using
some theories like: laughlin’s trial wave function, Plasma Analogy, Fractionally Charged
Excitations, Composite-fermion approach and Hierarchies. At the end of the project, | will try to
see fractional quantum Hall effect in graphene.

In the last decades the impressive development of semiconductor devices has made possible to

realize systems where the quantum properties clearly appear also at the macroscopic level
showing their paradoxical and unconventional nature. In fact, nowadays, it is possible to create
electron systems at reduced dimensionality where the correlation effects become dominant.
These kinds of systems have attracted attention both from the experimental and the
theoretical point of view. Probably one of the most important examples is the quantum Hall
effect that even today, thirty years after its discovery, remains a fundamental topic in the
agenda of the condensed matter physics. This effect appears in a two dimensional electron gas,
created at the interface of two semiconductors, under a strong magnetic field and at low
temperature. The Hall resistance deviates from the classical behavior showing a peculiar
plateau structure. This quantization is precise to one part in 10® and has become the standard
of resistance. In correspondence of these plateaux the longitudinal resistance drops to zero
with an intriguing analogy with other systems showing a macroscopic quantum phase, namely
the superconductors. The first experimental evidence of this phenomenology is due to K. von
Klitzing that, in 1980, observed the quantization of the Hall resistance at integer values. This
discovery motivated the Nobel Prize in physics he won in 1985. This phenomenon, known as
the integer quantum Hall effect, found a convincing explanation in term of the quantum
mechanical description of non interacting electrons under magnetic field, i.e. in terms of
Landau levels. The so called filling factor v represents the number of occupied levels and, in the
integer quantum Hall effect, it assumes integer values.

Shortly after, in 1982, a quantization for fractional values of the filling factor has been observed
by D. C. Tsui and H. L. Stormer. Despite the fact that the phenomenology involved in the
fractional regime is analogous to the one in the integer, its physical interpretation requires the
introduction of a new paradigm for the description of strongly interacting systems and the
emergent phenomena associated with them. Indeed, in this case, the correlation between
electrons cannot be neglected and the problem becomes intrinsically many-body. The following
years R. Laughlin provided the first explanation in terms of a variational wavefunction. The
fractional quantum Hall effect (FQHE) at the Landau-level (LL) filling fraction v = 1/m with m an
old integer is very well described by Laughlin’s theory. Laughlin together with the
experimentalists that discovered the effect, he received the Nobel Prize in physics for this
unconventional approach.



One of the more important consequences of Laughlin's idea is the prediction of elementary
excitation with fractional charge and statistics and an energy gap of creation. These excitations
represent a peculiar characteristic of the fractional quantum Hall effect. An important
generalization of the Laughlin's work, able to explain a larger class of states in the fractional
regime, is due to J. K. Jain that introduced the idea of composite fermions.

The Laughlin wave function is a very good approximation of the exact ground state of the

1 1
quantum Hall effect (QHE) at v = e However for the FQHE at # - there exist two well-known

1
theories. One is the hierarchical theory proposed by Haldane and Halperin. The states at v =

are formed due to the condensation of the anyonic quasiparticles of Laughlin states. The trial
wave functions constructed from this theory are called as the hierarchical wave functions.

Another theory is based on the composite fermion (CF) approach proposed by Jain, where the
FQHE is due to the integer QHE of the composite fermions (CFs) (electrons bounded with an
even magnetic flux quanta). The trial wave functions constructed from the CF theory are called
the CF wave functions (or Jain’s wave functions). The overlaps of the exact states with the
hierarchical wave functions and the CF wave functions are both excellent. It has also been
shown that two theories predict the same topological excitations at the same v. The two
theories must be physically equivalent if they both describe correctly the physics of the FQHE.

Graphene is the recently discovered two-Dimension allotropic from of carbon. In graphene, the
structure of the honeycomb lattice endows the electron wavefunctions with an additional
guantum number, termed valley isospin, which, combined with the usual electron spin, yields
four-fold degenerate Landau levels (LLs). This additional symmetry modifies the QHFM and
FQHE with intriguing interplay between two different spin flavours. As a consequence, it is
conjectured to produce new incompressible ground states in graphene, reflecting strong
electron interactions. In this presentation we report multiterminal measurements of the FQHE
in high mobility graphene devices fabricated on hexagonal boron nitride substrates.

In this project we will discuss fractional quantum hall effect and some theories of fractional
guantum hall effect.

This project is divided into five Chapters:

In Chapter 1 we will briefly discuss classical hall effect and magneto- transport in the crystal
due to the simultaneous presence of electric and magnetic fields with one or two types of
charge carrier in the crystal.
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In Chapter 2 we will discuss a two dimensional electron gas and how it is possible to create a
two dimensional electron gas and also will see landau level

In Chapter 3 we introduction the quantum Hall effect. The goal is an intuitive understanding of
the effect and the formation of plateaux and we see how it can to be related to classical effect.

In Chapter 4 we discuss the integer quantum hall effect. Under this topic we will try to show
guantization of conductivity in quantum hall effect, by using two arguments, namely: Laughlin’s
Gendanken-Experiment and Biittiker’s Theory of Edge Currents

In Chapter 5 this chapter is a fairly large introduction into the fractional quantum Hall effect
and some theories of fractional quantum hall effect starting from Laughlin trial wave function
approach and end with Hierarchical.

Finally under this chapter we will discuss fractional quantum hall effect in graphene. Since
graphene is perfect two-dimension of carbon atom and due to coulomb interaction between
electron in single carbon layer we expect theoretical, fractional quantum hall effect in

graphene.
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CHAPTER ONE

CLASSICAL HALL EFFECT

Edward H. Hall discovered what is now known as the Hall effect in 1880. In essence, Hall’s
experiment consisted of a magnetic field applied perpendicular to thin plate of metal through
which current was passed (see Fig.1)[1].

The current carrying particles in the metal are subjected to a Lorentz force
F =ev xB. (1.1)

where e is the electronic charge, v is the charge velocity and B is the magnetic field strength.
The force F in the plane of motion of the charge carrier and so an electric field E is set up in the
plane of the conductor perpendicular to the other vector involved.

As a direct consequence of this Lorentz force charged particle will accumulate to one side of a
metal, resulting in a potential difference across the metal. In such a system one will observe an
electrical potential difference between opposite points on the conductor perpendicular to the
direction of the current. This voltage is the hall voltage (Vy,;;) and this phenomenon is called
hall effect.

Figure 1.1: Standard geometry for Hall effect and magneloresislivily measurements. The magnetic field B is along the Z
direction. An electric field E on the xy plane forces electrons to move crealing a current density J. Due to the magnetic contribution to
the Lorenz force F, electrons accumulate on the upper edge of the bar. The imbalance of charge between the two edges of the sample
creates an electric component of the Lorenz force F,. In the stationary regime, when these two components compensate, the only resulting

component of the current densily is along the X direction.
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He considered thin metallic plates subjected to a perpendicular magnetic field B = BZ as
illustrated in Fig.1. After the imposition of a current along the X direction he observed a
longitudinal resistance independent on the magnetic field and a transverse voltage that defines
a transverse resistance, called Hall resistance, linear in B through the relation

B
Ryan = ’ (1.2)

neqc

where n. is the electron density, ¢ is the speed of light and g the carrier charge. By means of
this relation it is possible to extract information about the nature of the carrier.

Let's consider N free electrons moving on the xy plane subjected to a perpendicular magnetic
field and to an electric field on the plane. The sample dimensions are L, along the X direction
and L,, along the ¥ direction respectively(see Fig. 1), with two dimensional electron density

N

Neg= ——
€ Lyl

(13)

1.1 Magneto transport in the crystal due to the simultaneous presence of
electric and magnetic fields.

In this section (under this subtopic) | want to focus on some aspects of transport phenomena
due to the simultaneous presence of electric and magnetic fields; the possible presence of
thermal gradients adds further variety to the phenomenology, but here we confine our
attention to samples at uniform temperature.

The study of magnetic field effects on the transport properties of metals and semiconductors
has become a well established and invaluable tool for the investigation of mobile carriers in
crystals. In particular the Hall measurements, aimed at the determination of carrier
concentration and charge sign, are routinely used for the characterization of materials. Also
magnetoresistivity measurements, which determine the resistivity of materials in the presence
of magnetic fields.

In isotropic media the application of an electric field drives a current density parallel and
proportional to it, and the linear relationship holds(which is also known as ohm’s law)[2]

J=0E, (1.4)

where the conductivity o is a scalar quantity. In the presence of a magnetic field, carriers are
deflected and in general the current density is no more parallel to the electric field; the
conductivity becomes a tensor even for an isotropic material.

The above relation (1.4) has to be replaced by the more general expression
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Ji = Xjoi;(B)E;, (1.5)
where 0;(B) (i,j = x,y,z) are the components of the magnetoconductivity tensor a(B).

Similar considerations can be done for the resistivity of an isotropic medium in the presence of
a magnetic field; the relationship between electric field and current density becomes

E=2;pi (B, (1.6)
where p;;(B)(i,j =x,Y,z) are the components of the magnetoresistivity tensor p(B).

The magnetoconductivity tensor and magnetoresistivity tensor are the inverse of each other,
and it holds;

pii(B) = i (1.7)

The transport parameters p;j(B) are often determined experimentally using the standard
geometry in which a magnetic field B is applied orthogonally to a long and thin current carrying
conductor and the current flows along the x-direction (see Fig.1).

In the standard geometry, in which transport is in the xy plane and further more J,, = 0 (in

stationary conditions), the current density J and the electric field E are related by[3]:
E, Px(B) Py (B /],
;) - <pyx<B) pyy<B>> ) (1)

In steady state, if the current does not flow out in y direction (i.e J, =0).
Thus the above matrix equation can be written explicitly in the form

E, = py(B)]x, (1.9a)

Ey = p, (B, (1.9b)
The two off-diagonal magnetoresistivity in the above matrix are given as follow

pyx(B) = 'pxy(B)r (1.10)

The transverse electric field E,, also called Hall field, is produced by the space charges
accumulated (in stationary conditions) at the borders of the conductor because of the
deflection due to the magnetic field. One or the other of the off-diagonal magnetoresistivity
Components (i.e p,,(B) or its opposite py, (B) are also known as Hall resistivity. Most often it
is convenient to report the Hall coefficient, defined as

14
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5T (1.11)

Rhall(B) = % pyx(B)=

Notice that the Hall potential is Vyq;= E,d,, where d,, is the transverse dimension of the

sample; in the absence of magnetic field, both Vy4;; and p,,, vanish.

1.1.1 Magneto transport, when the carrier in the crystal an isotropic one-
band model

| consider here Magneto transport in the case of a single type of carriers (electrons or holes) in
a spherical energy band model, with unique relaxation time.

For simplicity we use a modelistic approach to the motion of electrons (or holes); the
treatment with the more rigorous Boltzmann equation would give in the present case the same
results. The classical equation of motion of an electron, in a dissipative medium, in the presence
of an electric field E and a magnetic field B is[4]

*

dv (-e) m'v
m* e (-e) E +Tva p— (1.12)

where m* is the effective mass of the electron, and a damping term with constant relaxation
time 1 has been included.

In uniform motion conditions % =0, and Eq.(1.12), becomes

E

v =-eT — - — XB, (1.13)

We specify the above equation in the geometry of Fig. 1, with the electric field in the xy plane
and the magnetic field B = (0, 0, B) in z-direction; Eq. (1.13) becomes;

Uy = - —Ey- 0TV, (1.14a)

m*

et

vy = E + w Ty, (1.14b)

mx*

where w, = <B isthe cyclotron frequency. From Egs. (1.14a and 1.14b) we have.

m*c
1
V= -%W(Ex- G)CTEy), (1153)
1
Vy=- % 1+wit? (wctEy + Ey), (1.15b)

Thus the current density J = n(-e)v (where n is the electron density) is related to the electric
field via the magnetoconductivity tensor o (B) is given by

15



_ne?r 1 1 —w.r

o(B) = m* 1+wit? (a)c‘c 1)' (1.16)
Eqg. (1.16) provides the magnetoconductivity for a spherical band with constant (i.e. energy
independent) relaxation time. From inversion of the matrix Eq. (1.16) we obtain the
magnetoresistivity tensor

o) = 2(1 ) (117)

ne2t \—w,T

From Eq.(17), we see that the diagonal (or parallel) magnetoresistivity p,,(B), the Hall
magnetoresistivity p,,(B), and the Hall coefficient have the expressions

mx B 1
Pxx(B) = ezt ,ny(B) = T hec! Ryqu(B) = ~hec (1.18)
We understand that in the spherical one band model with single relaxation time, the diagonal
magnetoresistivity turns out to be independent from B, and we have p,,(B) = p.(0) = T:Z:T.

Even more important, the Hall coefficient is independent both of the effective mass and the
relaxation time; it depends only on the carrier concentration and charge sign. Also notice that
in the case of positive holes, the off-diagonal matrix elements in Eq.(1.16) and  Eq.(1.17)
change sign.

1.1.2 Magneto transport, when the carrier in the crystal is an isotropic two-
band model

The results that were obtained in Eq.1.18 are to be taken only as idealized orientative, and
cannot be used as they stand for quantitative descriptions of realistic conductors. It is
important in fact to notice that a proper account of the energy of realistic conductor’s
dependence of the relaxation time, or of the anisotropy of the energy bands, modify the results
of Eq.(1.18); in particular, a dependence of p,,(B) on B is actually always observed in
experiments. For these reasons, we consider the slightly more sophisticated two-band model,
representing two groups of carriers. For simplicity we suppose that the two bands are spherical.
Let one band a material with n electrons of mass m; and relaxation time 7, and the other band
is p hole of mass m, and relaxation time 7.

The magnetoconductivity is just the sum of the contributions from each group of carriers. Using
Eq. (1.16) for electrons, and the appropriate modified form for positive holes, we obtain

U(B)=<A1 —Bl>+( 4, B, )z(A1+A2 —Bl+32)’ (119)

Bl Al _BZ AZ Bl + _BZ A1 + AZ
o oWyt ne’t
where  A;= —— Bi= ——— o= —=
1+W1 Tq 1+W1 T1 miq
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02 O2WaTa pe’t,

Ay = —— B, = 0y =
2 1+W22T22 2 1+W22T22 2

The magnetoresistivity tensor is obtained by inverting the magnetoconductivity tensor
Eq. (1.19); we have

(1.20)

_ 1 A1 + A2 —_ Bl + Bz )
p(B) = (A1+43)?+(B1~B3)? (—31 +B, A;+Ay)

We consider first the parallel component p,,. (B) of the magnetoresistivity tensor of Eq. (1.20)

0'1+O'2+0'1W22T22+O'2W12T12

Pxx(B) =

(01+02)%+ (01 W T2 —0, W1 T1)2

It is straight forward to verify that p,,(B) > py(0); thus p,,(B)- pxx(0) is an essentially
positive quantity for any value of the magnetic field. We consider now the off-diagonal
magnetoresistivity transport parameter p,,(B); from Eq. (1.20), we have

—01w111(1 +w22‘r§)+02w21'2 (1+wf‘r%)

pyx(B) =

(01+02)2+(01W3T,—0,W1T1)?2

For high magnetic fields (i.e.w;t; >> 1), the above expression simplifies in the form

Pyx(B > 00) x —L2T2__ 7 (1.21)

01WyTa—0owiT;  (n—p)ec’

Finally hall parameter become

1
Ryau(B » ®) =- (n—pyec (1.22)

Thus Hall coefficient in a case of two types of carriers, it is independent on relaxation time and is
governed by the difference of the density of electrons and holes.

17



CHAPTER TWO

Two-dimensional electron systems

A two-dimensional electron gas can be realized at the surface of a semiconductors like silicon
or gallium arsenide where the surface is usually in contact with a material which act as
insulator(SiO, for silicon effect transistor and for example Al,Ga;,As for heterostructure)[5].

As electrons are restricted to move only in two dimensions, their behavior is bound to be
different than in three-dimensional systems, for instance, as Landau pointed out, the motion in
a plane perpendicular to a uniform magnetic field has discrete energy levels, called Landau
levels(LL).

2.1 Landau quantization

We start by considering the quantum mechanical problem of motion of a single electron in two
dimensions in a homogeneous magnetic field directed perpendicular to the plane. The
Hamiltonian for a single electron in the electromagnetic field is given by[6]

e e
[Px+cAx]? +[Py+z Ayl?

_ 1 € 12 _
H= 2m{P+CA} =
(2.1)

where A is the vector potential of the magnetic field, and P= —ihV is the momentum operator.

2m ’

It is useful to choose the so called Landau gauge for the vector potential of the homogeneous
magnetic field directed along z-axis

A, =-By; A, =0, (2.2)
where B is the magnitude of the field. Substituting this equation in Eqg. (2.1) we find that
H =

. B
[—ih 95— =2]2 1%

2m 2m

So that the Schrodinger equation has the following form
H¥wy) =E¥uy)

[<in0x—22)2 #2093
- y}lzu(x,y) = ElP(x,y)r (23)

2m 2m

{
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The differential operator on the left hand side of Eq.(2.3) is translationary invariant in the
x-direction, so that one can use the wave function of the following form

llu(x,y) = eikx¢(y)r (2.4)
Substituting this equation in Eq. (2.3) we get

_eByy2
(hk——=)

( ~T%5()= Ep ), (2.5)

2m

One can easily see that this is nothing but the Schrédinger equation for the harmonic oscillator,

—_— . . hck B
whose equilibrium position y, and the frequency w, are given by: y, =£; W, = %
respectively. Thus we conclude that the energy levels for the electron in the magnetic field, the

so called Landau levels, are given by the expression
En =hwc(n +3), (2.6)

where n is a positive integer number. Importantly, these energies are independent of quantum
number k, which implies a strong degeneracy.

In the absence of a magnetic field, the density of states (DOS) in 2D is constant as a function of
energy. With a magnetic field turned on however, the density of states collapses onto a series
of highly degenerate §-functions (in the ideal, zero disorder case), corresponding to the Landau
Levels. In real samples, the §-functions are broadened due to disorder scattering. The LL
degeneracy, i.e. the number of states per LL (per unit area) varies with the size of the B field
according to

ng = % (2.7)

Where the spin degeneracy has not been included, which, for spin degenerate system would
contribute an additional factor of two. As the magnetic field is increased, the degeneracy of the
LLs, or in other words the size of the LLs (in k-space), increases so that it requires more
electrons to fill up each LL. At very low temperatures, electrons fill the lowest available energy
states in the usual way so that LLs are filled sequentially up to the Fermi level. At low
temperatures and low magnetic fields a large number of LLs will in general be filled.

As the magnetic field is increased the LL degeneracy increases resulting in fewer and fewer LLs
being occupied until at sufficiently large values of B only the lowest LL contains any electrons.
Between these two extremes there exists special cases where an integer number of LLs are
exactly filled, occurring at magnetic field values of

19



B, = (2.8)

ve’

ni is termed the filling fraction. The filling fraction gives the ratio between the
B

number of electrons and the number of available states per LL. For example v = 1 indicates the

where v

lower spin branch of the lowest LL (n = 0) is exactly filled; v =§ =1+ %) indicates the lower

spin branch of the lowest LL is completely filled plus exactly half of the upper spin branch in the
lowest LL is filled, while at v = 2 both spin branches of the L level are exactly filled, and so on.

Figure 2.1: (a) Application of a magnetic field causes the electron energy states to collapse onto concentric circular orbits (in k-
space), separated by a well defined gap. (b) Increasing the magnetic field increases the size of the LLs so that fewer and fewer LLs are
occupied if the electron density remains fixed. At special values of the B field (far right panel) an integer number of LLs are exactly filled,
and the Fermi level lies in the gap between adjacent LLs. The LLs are shown as disorder broadened, rather than as ideal (unrealistic) &-
functions in the DOS.

It is useful to note that there are several equivalent definitions of the filling fraction

= %o 2
VE S E R - n2nlg, (2.9)

which can all be derived from the above equations, where @, = g is the definition of the flux

quantum, and 2ml/2 is simply the area of a Landau level whose radius is the magnetic length,
’ h . . . 1 : . . N
lg = & density per unity area is, ng = py— In particular, it can be illuminating to note that
B

from the definition of the flux quantum, the LL degeneracy (per unit area)in Eq. (2.7) can be

. B -

rewritten as ng = For a sample of area 4, this gives the total number of states per LL to be
0

_AB_2%

Ng == (2.10)
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where @ is the total flux penetrating the sample. Rewriting the LL degeneracy in this way
reveals explicitly that there exists one energy state for each quantum of flux that penetrates
the sample. At exact filling, all lower energy states (LLs) are completely filled while the higher
levels are separated by the energy gap between LLs (i.e. the cyclotron energy gap, A = hw,).
Since there are no free energy states within the filled LL level there can be no scattering as
there are no available states to scatter into, provided the temperature is low enough that

kgT < A. The transport therefore becomes dissipationless and the resistance falls to zero.

. . . B o .
Recall from the classical Hall effect, that the Hall resistance is Ry = —. Substituting into this

ne’

relation the result from Eq. 2.8, therefore gives the value of the Hall resistance at the condition

of exact LL filling to be
_1h

H=oos (2.11)

which is exactly the quantized resistance values of the plateaus observed in experiment.
2.2 Creation of a two-dimensional electron system

Constructing a 2DES can be done in a three-dimensional materials with confining electrons to
the interface between two substances, thus restricting electron movement in direction
perpendicular to the interface[2]. The QHE was discovered in a 2DES where electrons were
confined to the interface between two different semiconductors. While Klitzing et al. used the
Si MOSFET to create a 2DES, Stormer, Tsui, and Gossard did this at a GaAs/AlGaAs
heterojunction obtaining much higher mobilities of the electrons. Both types of 2DES are
schematically shown in Figure 2.2. They used samples consisting of undoped GaAs, undoped
Alg3GagAs, Si-doped Alg3GagAs, and Si-doped GaAs single crystals, each around 500 A thick,
sequentially grown on GaAs substrates using molecular beam epitaxy techniques, which are
high-vacuum evaporation techniques allowing building up solids one layer at a time.

GaAs and AlGaAs interfaces are frequently used as there is nearly no lattice distortion incurred
by placing layers of GaAs and AlGaAs together. This is due to GaAs and AlAs having very similar
crystal structure, with lattice constants of 5.63 A and 5.62 A respectively and both adopting the
zincblende structure, therefore by replacing some gallium atoms with aluminium ones lattices
change negligibly.

Gap energies for Alp3Gag,As and GaAs differ and give rise to band bending at the junction
between Alp3Gap;As and GaAs layers as shown in Figure 2.3(A). When doping of both sides of
the junction is heavy enough, chemical potential i can rise above the notch in the potential,
thus creating a small region, occupied even at zero temperature, called inversion layer, as
shown in Figure 2.3(C). The notch in the potential can be also interpreted to present a one-
dimensional attractive triangular potential for electrons, always having at least one bound
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eigenstate. The potential barriers in the vicinity of heterojunction are on the order of 0.1 eV,
thus restricting the temperatures to a few kelvin or less, if only the ground state was to have
significant occupation.

Gate Metal

/Cuntact

2DES

b Z %

2DES

Figure 2.2: Schematic drawings of a two dimensional electron gas in (a) a silicon MOSFET transistor and (b) a GaAs/AlGaAs

helerojunction

By creating a heterojunction between Aly3GagsAs and GaAs and keeping the temperature low
enough, the electrons are trapped in the one-dimensional triangular potential, thus being
confined to the interface between semiconductors and giving rise to a two-dimensional
electron gas.
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Figure 2.3: (A) and (B) schematic picture of junction between Al ,Ga, ;As and GaAs semiconductors. (C) In case of heavy doping
chemical potential ¢ can rise above conduction band edge, which is enlarged in (D), where a bound-state wave function is sketched. The

junction plane is projected to one dimension for better clarity.

Electron scattering is undesirable, as it obscures the mutual electron interactions and
interactions with the magnetic field. Scattering occurs on impurities, such as lattice distortions,
impurities introduced with doping, and on phonons. The latter part of scattering can readily be
minimized by cooling the sample, while the former part can be taken care of with appropriate
choice of materials. As the heterojunction mentioned above has very small lattice distortions,
only scattering on doped impurities needs to be prevented. This is done by introducing the
doped Si atoms around 0.1 um away from the interface between Alp3GagsAs and GaAs
semiconductors. This distance assures little scattering as well as transfer of electrons to
inversion layer.

The quality of samples containing 2DESs is usually described with electron mobility. Bulk GaAs
has a mobility of the order of 103cm?/Vsec, while recent doped samples achieved mobilities on
the order of 107cm?/Vsec at temperatures around 1K. For illustration, mobility of
2x107cm?/Vsec corresponds to approximately 0.2 mm mean free path.
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CHAPTER THREE

The quantum Hall effect

The quantum Hall effect (QHE) is one of the most remarkable condensed-matter phenomena
discovered in the second half of the 20th century.

In 1980, performing a similar experiment to Edwin Hall’s but in the quantum regime (very low
temperature, high magnetic field and in the 2D limit), Klaus von Klitzing discovered the
guantum Hall effect[7].

In von Klitzing’s experiment, shown in Fig. 3.1, the basic Hall effect was observed, namely the
Hall resistance varies with magnetic field, however at well defined values of field B, plateaus
appear in the Hall resistance, together with vanishing resistance measured in the longitudinal
direction.

Figure 3.1: Plot from von Klitzing’s discovery of the quantum Hall effect. Plateaus in the Hall resistance were observed to be

h
quantized to integer multiples of o logether with vanishing resistance in the longitudinal direction. Experimental results for the Hall
voltage Uy and the longitudinal voltage Upp at T = 1.5 Kand B = 18 T as a function of the gate voltage V;; which is directly related
1o the carrier density 72. The inset shows a top view of the device with dimensions 400 X 50 Um
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When strong magnetic field is applied perpendicular to the two dimensional conductors, let say
2DES, at low temperature, conductivity is quantized. i.e

2
Ty = ) (3.1a)
and the diagonal conductivity vanishs.
(0xx =0o0ray,, = 0), (3.1b)

where v is rational number. This phenomenon is called the quantum Hall effect.

When v in Eq.(3.1a) is an integer we get integer quantum Hall effect and when v = S and p

and q are relatively prime integers, it is corresponding to fractional quantum Hall effect[8].

The transport properties of two-dimensional conductors, when observed in highly purity
sample, at very low temperature and strong magnetic field, show departure from classical
behavior; in particular the hall resistance p,, (B) versus B exhibits flat plateaus from which the

. h .
universal constant — can be obtained. Very accurate measurements performed on two-
e

h
dimensional electron gases have given the value of = [9].

L - 25812.8060= 2=, (3.2)

ez sca
where sca is fine structure constant of two dimensional system.

With an error less than one part per million or the quantization is accurate to a few parts in 108
making this one of the most precise measurements of the fine structure constant,

2

e
;I (3'3)
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Figure 3.2: pyy and py, vs. magnelic field, B, in the quantum Hall regime. A number of integer and fractional plateaus can he
clearly seen. This data was taken at Princeton on a GaAs-AlGaAs heterosiructure.

For a qualitative understanding of some features of the quantum Hall effect, it is convenient to
examine first the Hall effect within a classical modelistic point of view; later we introduce
heuristically the effect of quantization.

Consider a two-dimensional electron system (in the xy plane) in the presence of a strong
perpendicular magnetic field. Let nsdenote the surface carrier density.

Similarly, let ](Surf) = ns(—e)v denote the surface current density. In the presence of a magnetic
field, carriers are deflected and in general](surf) is no more parallel to the electric field (in the xy
plane); rather we have

]isurf= 2 6 (B)E;;, (3.4a)
Ei = Xjpij (B)];urf, (3.4b)

In the standard geometry of Fig.1
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_Ey _Eydy _ Vhau
pyx(B) '];urf ']iurfdy - Iy , (35)

Thus we see that for the two-dimensional system the Hall resistance p,,(B) is given by the
Hall voltage divided by the current flowing in the sample; p, . (B) can thus be measured with

high accuracy, since the precise sample dimensions are not relevant and tend to drop out.

The magnetoconductance of a two-dimensional electron system in a modelistic approach with
constant relaxation time, is given by Eq. (1.16), once n is replaced by ng; we have

_nge’t 1 1 —-w:r )
o(B) = ms  1+wir2 ( wrt 1 ) (3:6)
In the idea collisionless regime, taking the limit t—>e< of expression Eq. (3.6), we obtain
nec (0 —1
B) = ™% ( ) 3.7
o® =] (37)

from Eq. (3.7), valid in the absence of scattering events, we see that the diagonal Conductance

X ngec ., . .
oxx(B) is zero and the Hall conductance oy, (B) = -ST is inversely proportional to B. From

Eq.(3.4a) and Eq.(3.7), in the standard geometry of Fig.1, we have E, = 0 and
]surf= ) (nsec

X T)Ey' Thus a current flows in the x-direction with null electric field in the

x-direction; the current ]fcurf is driven by the transverse electric field Ey, acting in conjunction

with the perpendicular magnetic field B.

From inversion of the magnetoconductance matrix (Eq.3.7), the magnetoresistance matrix in
the ideal collisionless regime is given by

o=, 1) (38)

neec

Thus, for the two-dimensional electron gas in the absence of scattering, the classical Hall

B
resistance py, (B) = — is linear in B, and the diagonal resistance p, (B) is always zero.
(o

We can reasonably argue that the condition of collisionless regime holds at those very values of
the magnetic field, for which Landau levels are either fully occupied or completely empty. In
fact, in this situation, electrons cannot suffer either elastic or quasi-elastic scattering events (at
low temperatures), because energy gap of the order of hw, or ugB separates occupied states
from empty states.
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CHAPTER FOUR

The Integer Quantum Hall Effect

In 1980 Klitzing et al. discovered the so called integer quantum Hall effect (IQHE) in which the

2
quantum number v in a quantized conductivity(i.e o(B) = %) is a simple integer.

The IQHE effect can be largely understood in terms of the properties of non-interacting
electrons whose energy eigenvalues in the absence of disorder are the Landau levels (LL), E=

hwc(n+5). This means the integer quantum Hall effect occurs in the regime in which impurities

dominatel[7].

In this section we will mention two separate arguments for the QHE, namely Laughlin’s
gedanken-experiment, which essentially builds upon gauge invariance as a fundamental
principle in Nature, and Biittiker’s theory of edge currents.

4.1 Laughlin’s Gendanken-Experiment

Let us now consider the argument for the integer QHE proposed by R. B. Laughlin, which
essentially is based on gauge invariance as a fundamental principle in Nature.

The Gedanken-experiment is based on the setup shown in Fig.4.1. The 2D xy-surface, to
which the electrons are confined is rolled up into a cylinder with radius R, which encloses a
magnetic flux @ oriented along the z-direction[4]. Further, a constant applied magnetic field B
penetrates the cylindrical surface. In a local cartesian coordinate system we can describe the
applied field B in the Landau gauge by the vector potential adopted from, Agp,= (0, B;., 0).
To describe the magnetic flux @, we write[10,11,12]

®=[ B.da=[ VxAg.da = §_Ap.dl = (Ag),2mR (4.1)
where s is a surface which is penetrated by the flux @. The corresponding vector potential can
i -0 >
thus be written as Ap= (0, py 0).
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Figure 4.1: Setup used for Laughlin’s gedanken-experiment.

Now, what happens to the electronic wave functions ¥, If we change the flux by @>¢'=® +
AP? Changing flux is kind of gauge transformation which causes a phase shift of wave function.
The magnetic field seen by the electrons on the 2D surface is unchanged, but the total vector

potential will change as Aot > Ator= Ator + (0, 2A1t_¢1k' 0). Remember that Schrodinger’s equation is

unchanged by a gauge transformation,

ASA=A+Vx, & >0'=0-% yop =y (4-2)

where y = y(r, t) is an arbitrary smooth, real scalar function. Thus, if we write

AP
x(r, t)=r—, (4.3)

we see that the change of flux should be equivalent to a gauge transformation by y, which only
affects the phase of the wave function. However, since the electron system is not simply
connected in the cylinder geometry, we need to consider the Aharonov—Bohm effect and pay
special attention to the boundary conditions (BC) of the wave functions.

There are two generic possibilities:

(i) When the region where the wave function ¥ is finite does not extend all the way around
the cylinder — i. e. that it is localized in the y-direction — the relevant BC along y is just that the
wave function has to vanish. For this category of electronic wave functions any gauge
transformation is thus permitted by the BC.
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(ii)When the wave function ¥ is extended all the way around the cylinder — i.e. that it is
delocalized — it has to fulfill periodic BC's, ¥(r, 1, + 2mR) = W(1y, 13,). Therefore, also the

gauge transformed wave functions has to be periodic,

iex(rx,ry+2mR) iex(rxry)

e h =e (4.4)

ieA®
With the use of Eq. (4.3) the above reduces to e » =1, or to the criterium.

A @ = Py xinteger, (4.5)

h . . .
where @( = - the flux quantum. Therefore, a continuous gauge transformation is forbidden for

the extended states.

From this observation another question arises: What happens to the extended states when the
flux @ is continuously changed and a gauge transformation cannot generally be invoked. The
total vector potential can be written as

]
Ao={0, (1, +-2),0, (4.6)

AD
2nRB

in the x-direction of the extended states. When A @ = @, all the extended states should be
identical to the initial states, since here a gauge transformation can be applied. But, focusing on

from which we see that a flux change A® is equivalent to a mechanical translation Ar,, =

a finite piece of the cylinder, it is evident that the continuous flux change from zero to A® = @,
has effectively resulted in the transfer of one electron (per filled band) from one edge to the
other. This action thus works like a conveyor belt.

The energy associated with this transport can be written as; AE =veUy, where v is the number
of filled bands and Uy is the Hall voltage between the edges of the cylinder. Finally, Under the
condition of vanishing conductivity o,, (no energy dissipation ) energy is conserved and one
can write Faraday’s law of induction in a form which relates the current I in the loop to the
total energy of the system E with respect to the magnetic flux @ threading the loop

0E
I = 5' (47(1)

Thus, Faraday’s law of induction the current density along y is just

_ 1 8E __ o, Uy _ f
Jy= oo Ve L T E,v - (4.7b)

and hence the Hall resistivity assumes the quantized
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h
Pxy = ez (4.8)
Where, v =1, 2, 3,. .. characteristic of QHE .

Again, also Laughlin’s gedanken-experiment assumes the existence of extended states in order
to describe the QHE. Within his picture the reason for QHE is thus the flux quantization @, and
the quantization of charge into elementary charges e.

4.2 Buttiker’s Theory of Edge Currents

Another way to obtain the quantized conductivity of QHE is to use the Landauer- Biittiker
formalism. The theoretical framework commonly used to describe transport through conductor
so called mesoscopic devices is the Landauer-Biittiker approach. In this topic we will give a
review of this approach and see how current can be described in terms of transmission
probabilities[10,11,12].

The standard setup for the theory consists of a mesoscopic device connected to electron
reservoirs via leads (see Fig.4.2). The reservoirs provide thermalized electrons to occupy the
states of the leads. The contacts between leads and reservoirs are considered to be
reflectionless, so that electrons coming from the leads can enter the reservoir without suffering
reflections, and are thermalized before being re-emitted.

Figure 4.2: Typical setup for the Landauer-Biittiker formalism. Two reservoirs are connected via leads to a mesoscopic device with

transmission coefficient T(E).

Furthermore, the leads are considered perfect, i.e. they are translational invariant in the
propagating direction. The finite width in the transverse direction however leads to a quantized
transverse modes. The wavefunctions in the leads are thus of the form e**g, (y). The
transverse modes ¢, () are also referred to as eigenchannels.
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The conductance through the sample can now be expressed in terms of transmission
probabilities T, i.e., the probability for an electron in channel n to be transmitted through the
sample. The result is the Landauer formula [10, 11, 12];

2e?
G= TZn T, (Ep), (4.9)
where G is quantized conductivity through mesoscopic devices.
We will now give a heuristic, intuitive derivation of the Landauer formula.

The population of the states in the leads is given by the Fermi-Dirac distribution
f(E — ug) where p, is the chemical potential of the reservoir « = 1, 2. The electrical current
originating from electrons in lead «a carried by channel n is given by

lan = =% Tn (EY0()f (B — o), a=1,2.. (4.10)

where L is the length of the device. The factor 2 accounts for the spin, v(k) is the group
velocity of the electrons and T,,(E) gives the transmission probability of channel n at energy
E (k). The net current is obtained by calculating the difference between the currents originating
from the two leads, and summing over all quantum channels

I = Yonling — g, (4.11a)
= 23T, (EMf (E = p)-f (E = )}, (4.11b)

The current is taken positive when flowing from the lead to the device. Converting the sum over
the momentum k into an integral according to the usual rule

S oo fdk, (4.12)

and using the relation

1dE

v(k) = +— (4.13)

we find
1= 2%, [ dE Ty (E)F(E — p) — f(E — m)}, (4.14)

At low temperatures and for low voltages eV =u; -u,, we can make a Taylor expansion of
f(E-puy)-f (E-uy) around the Fermi energy, which leads to f (E-uy)-f(E-uy) =6(E -Er)( 14
-l3). Inserting this in Eq. (4.14), one obtains for the conductance through the system
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G= 225, Tu(Er) = 2 T(Ep) (4.15)

where we defined the total transmission coefficient T(Er) as the sum of all transmission
probabilities T,,(Er). The previous discussion can straightforwardly be extended to systems
with more than two leads. In that case, a sum over all leads (indexed by a and ) has to be
taken. The total current through lead a is then given by

I =2 Y pwalTpa(Er)ita — Tap (Er)ig}, (4.16)

where Tgq (EF) is the total transmission coefficient from lead a to lead f. We can rewrite this

expression with 1, = Le
e

Iy = ZB{GﬁaVa - Gaﬁvﬁ}f (4.17)

where the conductances
2e2
Gap = ——Tap(ER), (4.18)

describe the conductance between the different leads. From a physical point of view we need
to ensure current conservation and gauge invariance. Current conservation implies for a
multiterminal geometry that )., I, = 0. The gauge invariance means that no current arises when
all chemical potentials are shifted by the same value. These two physical considerations lead to
the following property

YaGap =2pGap =0, (4.19)
We can then rewrite Eq. (4.17)
lg =Yg Gap (E){Ve — Vp} (4.19)

Calculating transport properties of a mesoscopic device thus essentially comes down to
calculating transmission coefficients.

Thus, for a macroscopic sample where the scattering probability from one edge to the other is
extremely small, the current will hence flow without resistance along the edges, i.e. p,, =0,
even when the sample is disordered and contain impurities! Also, with exactly one forward
propagating state and one backward propagating state per Landau level (per volume) at the
Fermi level we see from the Landauer- Biittiker formula Eq. (4.9) that the Hall resistivity is

quantized p,, = %, where v is the number of filled of Landau level[10].
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CHAPTER FIVE

The Fractional quantum Hall effect

The fractional quantum Hall effect (FQHE) was discovered in 1982 by Tsui, Stormer and Gossard
by their experiments that were performed on two dimensional electron systems at the
interface of GaAs/AlGaAs heterostructures at even lower temperatures and higher magnetic
fields. These systems allow for higher electron mobilities due to modulation doping which removes the
defects from the plane of the two-dimensional electron system. In their article[13] Tsui, Stormer,
and Gossard reported "some striking, new results on the transport of high-mobility, 2D
electrons, in GaAs-AlGaAs heterojunctions in the extreme quantum limit, when the lowest-
energy, spin-polarized Landau level is partially filled". The striking result was a dip in the

diagonal part of the resistivity tensor py, and a plateau in Hall resistivity p,, at the % filling

factor of the first Landau level. Integer quantum Hall effect, discovered some time before Tsui,
Stormer and Gossard conducted their experiment, with the same characteristics, a valley in p,,
and a plateau in py,, was only observed at full fillings of Landau levels.

The plateau, which was observed forming at v = é as shown in Figure 5.1, therefore could not

have been the result of IQHE. The newly found phenomenon was later named fractional
guantum Hall effect (FQHE) for occurring at fractional fillings of Landau levels and it’s
underlying physics is substantially different from the physics underlying the IQHE.

The Coulomb interaction in a two-dimensional electron system (2DES) subjected to a quantizing
magnetic field leads to the formation of new, fractionally charged quasiparticles at Landau level
filling factors v = s(q is an odd-integer)[14].

When our conductor is clean and electron-electron interaction is dominant with high mobility
of electrons, we expect fractional quantum hall effect. Number of fractional values increases
by higher mobility and lower temperature.
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Figure 5.1: Measuremenis made by Tsui, Stormer, and Gossard, showing formation of a plateau in Hall resistivity py, al
g filling of the first Laundau level, with diagonal part of the resistivity lensor p,.,having a dip at the same filling factor. Sample

geomelry is shown in the top left corner.

More detail explanation of the Fractional quantum Hall effect will be provided in the following
subtopic under Fractional quantum Hall effect.

5.1 laughlin’s trial wave function

In order to understand the problem of interaction in the lowest landau level, Laughlin proposed
a trial wave function in 1983 based on a many body problem, as follow[15].
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Symmetric gauge, working in two dimensional complex coordinates z = x + iy the wave
function of a N-electron system that is confide to the lowest landau level can always be written
as the product of a function f analytic in all the electron coordinate z;, z,,... Zy with a gaussian
factor.

Laughlin’s main contribution to the FQHE was his trial wave function, shown schematically on
Figure 5.2, His prototype ground state[16]

_yN 7
i=

¥(zy,22,.-2y) = fn(2)e (5.1)

where from the pauli principle that f is totally antismmertic and [, = e the magnetic length

and z = x + iy iscomplex coordinates of two dimensional electron.

As the gaussian is factor set by the cyclotron degree of freedom, the Hiblert space of the lowest
landau level reduce to the space of analytic function in N complex variables.

Figure 5.2: (harge distribution of a prototype electron for the v = i Laughlin wave function. The green spheres represent

electrons, while the black arrows represent flux quanta.

An orthonormal basis of single-particle states for the lowest Landau level is thus provided by
function of the form
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—|zl2
k |z|

Z
?i(2) " C 45 (5.2)

These states each have angular momentum k and it is easy to show that their probability
density is peaked at radius V2k.

Laughlin made the following guess for the wave function at v = %, m odd[17]
(@) =115 (2 — z)™, (5.3)

Since m is an odd integer, analyticity and antisymmetry are immediate. In addition, the m =1
state is simply a Slater determinant built out of the single-particle states ¢y, i.e.

Po(zy) Po(zy) ®o(2n)
P1(zy) P1(z,) ®1(zn)
Py(z) = , (5:4)

<P1v;1 (z1) §01\./—1 (z2) <PN—.1 (zn)

which clearly corresponds to a filled lowest Landau level. For m> 1, we verify that ¥ has the
correct filling as follows. Since the highest degree of any of the z;s in f is m(N - 1), it follows
that this is the highest possible angular momentum in the decomposition of ¥ in the single-
particle basis. The area of the droplet described by Wi* is given by A = 2iml?(N - 1); If the
sample has area A, the maximum possible number quantum states of the system is

A
2ml2

Nq)=

2mtmi?(N — 1)
2ml?

m(N — 1)
According to Jain, filling factor, is equal to the ratio of total number of electrons to the total

number of flux quanta

N
m(N-1)

V= — = For N—>
_Nq)_ or ,

N 1
m(N-1) m’

v = limy, e (5.5)
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That corresponds to the Laughlin sequence of the FQHE (or called Laughlin state).
Thus, we have produced a trial wave function that has the correct filling and lives entirely in the
lowest landau level.

The Laughlin wave function has an additional and extremely useful property: we can show that
it is the exact ground state for a short-range model Hamiltonian. The Hamiltonian has no kinetic
part in the lowest landau level. It is given simply by the interaction V, which depend only on the
relative motion.

To see this we observe, following Haldane, that we can expand any translationally and
rotationally invariant two-body interaction projected onto a lowest Landau level as.

V=H-= E:rcu Zi>j Vi Pms (1), (5.6)

where p,,,(ij) are operators that project onto states such that particle i and j have relative
angular momentum m. The coefficients of the expansion, V,,, are known as Haldane
pseudopotentials and depend on the Landau level under consideration; for repulsive
interactions they are all positive. Since the projectors for different angular momenta do not
commute, this rewriting does not immediately simplify the problem. However, if we consider a
model Hamiltonian defined by V,,, > 0 for m'< m and zero otherwise, then it is clear that the
Laughlin state W§[z] is an exact, zero-energy eigenstate for any N, since any two electrons
have a relative angular momentum of at least m. It is also possible to show that the model
Hamiltonian has a gap, since any excitation involves reducing the relative angular momentum
of at least one pair of electrons and therefore costs positive energy.

5.2 Plasma Analogy

The Laughlin wavefunction exemplifies another extremely useful property in common with
several different wave functions that share its Jastrow (pair product) form, namely that the
ground state correlations reduce to the finite-temperature equilibrium correlations of an
interacting classical system in the same dimension. This is accomplished by computing the
ground state probability density and noting that it can be written as a classical Boltzmann
weight[16]

PR (@) 17 = e PHe, (5.7)

And choosing f = %, then one can obtain the energy of a 2D coulomb plasma of particle of

charge —m.

He=—2m? },<;log| z; —Zj|+2m72k |z |2, (5.8)
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The Hamiltonian model including coulomb interaction between electrons V(r;—7) and the ion
potential V;,, (7;) is written as

H =YY (B — ZAM)Y + Vion (1)} +2 0V (15-7), (5.9)

By comparing Eq. (5.8) and Eq.(5.9), the first term in Eq. (5.8) can be described as coulomb
repulsion of particle of charge m in two dimensions while the second one represents a uniform

“charge” density being attracted to the origin. The particle need to have density p

2Tl2

1 . . o .
= —r if local electric neutrality is to be present. It can be readily seen, why the proposed
m

wave function could work well. Having an odd m the wave function is anti-symmetrical to the
particle exchange, which is required due to electrons being fermions. Furthermore, such a state

exhibits the preference of having the particle density of p = which leads to the

2mmli?’
formation of the plateaus in transversal resistivity pyy.

5.3 Fractionally Charged Excitations

The Quantum Hall States have charged quasiparticle excitations, conventionally referred to as
guasielectrons and quasiholes, corresponding to negative and positive charge respectively.
These are nucleated when the filling factor is altered from a commensurate value, either by
varying the charge density or the magnetic field. The wavefunction for a quasihole located at Z
is[17]

v (2,2) =TI, (@ — DY), (5.10)

When translated into a physical electric charge, the quasihole represents an excitation with
fractional electric charge, the fractional charge of e* of the hole is given by[18]

*

e =

(5.11)

—e
m

To obtain a quasielectron wavefunction we should simply replace the product in the quasihole
wavefunction with its complexconjugate, but this leads to a wavefunction that is not restricted
to the lowest Landau level. Projecting back to the restricted Hilbert space, the z;'s are mapped
to derivatives, leading to [17]

Wi v (z,2) [T, (25— 2R (2), (5.12)

i

with effective charge e* = % localized near Z (and an equal spread-out negative charge).
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Where the derivatives act only on the polynomial part of ¥ . Owing to the rather complicated
form of the quasielectron wavefunction, we shall work primarily with quasiholes in the
following.

The quasihole wavefunction can also be studied using the plasma mapping, which leads to a

classical Boltzmann weight of the form e PHa+HD) Here H_; and B have the same values as
in Section 5.2, and

H;=-m¥i log|z - Z|, (5.13)

is the energy of unit charge impurity at Z interacting with the mobile charge-m particles of the
plasma. Since the plasma attempts to maintain charge neutrality it will screen the impurity. The

1
resulting screening cloud has a net deficit of - plasma particles.
5.4 Composite-fermion approach

1
Trial wave function proposed by Laughlin only covers the filling factors of type e Other

theories emerged later, such as hierarchical scheme by Haldane and Halperin and composite
fermions approach proposed by Jain, which try to provide an microscopic explanation for other

1
observed states, not only for - states. We have seen that the filling factor v plays a very

important role in QHE. It determines the behaviour of the 2DES, namely whether it manifests
IQHE or FQHE.

Composite Fermions are quasi-particles constructed of interacting electrons confined to a plane
and an even number of flux quanta attached to them. They have been introduced in order to
explain the features in the high-magnetic field magneto- and Hall conductances in the region of
the Fractional Quantum Hall Effect (FQHE)[19].

Laughlin and Arovas et al. observed the equivalence, in a mean field sense, of a uniform liquid
of electrons in a magnetic field with the average flux per electron area of m®, and of a uniform
liguid of electrons, each carrying with it a flux of m®y[20]. As an analogy to type Il
superconductors, the magnetic field B piercing the electron gas can be viewed as forming of
vortices or flux tubes within the liquid of electrons, one per flux quantum @g, as shown as a
part of Figure 5.3. The electronic charge within the vortex is zero at its centre and average
surrounding charge density at its edge. As such vortex is basically the same as the absence of
electrons it is particularly beneficial to put a vortex on top of an electron due to Coulomb
repulsion. If enough vortices are present, placing more of them onto the electron further
reduces the repulsive energy.
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Putting a vortex onto an electron is the same as the attachment of a flux quantum, generating
the vortex, to the charge carrier thus creating new entities called composite particles (CP).

2D electrons in a

magnetic field

(schematically)

B —
P

1
Figure 5.3: Schematic drawing of electron vorlex allraction al Landau-level filling v = 3 a) The Pauli principle is satisfied by

Coulomb forces -~ IO - Y—

placing one vortex onto each electron. b) Placing more vortices onto each electron further reduces Coulomb repulsion. ¢) Vortex
attachment can be viewed as the attachment of magnetic flux quanta to the elecirons, creating composite particles. d) and e) show the

2DES in a magnetic field described with vortices.

Electrons are fermions and generate a -1 phase shift with the exchange of the position of two
electrons. Exchange of each flux quantum @q = % multiplies the wave function by an additional
-1. The statistics of CP therefore depend on, as Jain proposed, the number of flux quanta per
charge carrier. If the magnetic field generates an even number of flux quanta per charge the
resulting CP obey the Fermi-Dirac statistics, hence can be called composite fermions (CFs),
while an odd number of flux quanta per charge gives rise to composite bosons (CB). The main
idea of this approach is that, since the relevant correlations between CFs are the correlations

due to their Fermi statistics, the FQHE for electrons is a manifestation of the IQHE for CFs.
Since a vertox = a flux quantum, it is intuitively useful to view composite fermions as;

CF = electrons + 2m flux quanta.

i m it

. & F

-y
i
. ]

; ]
=
=

¥
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The leftover vortices, which haven’t been used for formation of CF, represent an effective field
B* of[21]

B* = B -2mn®,, (5.14)

where n denotes two-dimensional carrier density. Composite fermions form Landau-like levels
in B* with the filling factor

nhc
eB*’

* =

(5.15)

In analogy with electrons for integer v* of IQHE for CF manifests, thus producing plateaus in
Hall resistivity when filling factor for electrons v satisfies the demand
v*B* v*

v= B =2mv*il' (5.16)

where +1 once again denotes the direction of B*compared to B.

For m = 1 (compensation of the external magnetic field at half filling) one obtains for v* =1, 2,

3...thesequences ( = %, é, ;, ...and for v*=-1, -2, -3, ... the sequences ( = 1, §, g, ... which

are consistent with the filling factors at which the FQHE is observed.

5.5 Hierarchies

1
The original Laughlin formalism only described states occurring at v = 3 fractional filling of the
lowest LL; however, it experiments show a host of other fractions which are not simple Laughlin
1
fillings. After the first discovery of the v = 3 fractional state, however, the FQHE was observed

at many fractional fillings throughout the first and second Landau levels, occurring in general

atv = s where g is an odd integer and p being an integer[22]. Such factors arise when the
density of quasiparticles becomes too high and consequently the quasiparticles delocalize and
condense into a Laughlin state of their own. Such phenomenon is known as hierarchy.

Haldane and Halperin extended the work of Laughlin to explain these other fractional states by
introducing the hierarchical model. In the standard hierarchical model, the Laughlin states

1

(v= 5) are identified as “primary” fractions. Other fractions are then interpreted as “daughter
states”, resulting from a Laughlin-like condensation of quasi-particles formed from the parent

states of the primary fractions.

How are we to understand these new fractions? The solution lies in any of a number of
‘hierarchy constructions’ that in effect reduce the problem non-Laughlin fillings to an already
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solved problem. One approach — pioneered by Haldane and Halperin —is to arrange affairs so
that the quasiparticles of an existing quantum Hall state themselves form a Laughlin liquid.
Another idea, due to Jain, is to consider the fractional quantum Hall effect as the integer effect
of a new ‘composite’ fermion.

We start with the Haldane-Halperin hierarchy construction, which proceeds iteratively at as
follows: fractional Quantum Hall States at a given level of the hierarchy are obtained by forming
Laughlin states of the quasielectrons or quasiholes of the previous level; the uppermost level of
the hierarchy consists of the Laughlin states. One begins by inserting quasiparticles into a
Laughlin state of electrons called state L;. The quasiparticles then correlate together to form a
Laughlin state of their own, called state L,. Now, it is absolutely possible to introduce a further
set of quasiparticles in the state L, such that these new quasiparticles yield a further Laughlin
state L.

1
Let us begin with a parent Laughlin state with v = Y and discuss how to construct the next level

of the hierarchy. As we have shown previously, insection 5.1, and filling factor at
commensuration are related by No = m(N — 1). If we in addition add Ng, quasiparticles, this
is replaced by

No=m(N — 1) +aNg,, (5.17)

with a@ = -1(+1) for quasielectrons (quasiholes). If we now require that the added

guasiparticles are themselves in a Laughlin % state, we must have a similar condition
N=p(Ngp — 1), (5.18)

with p even. The evenness of p is because the quasiparticles are nominally bosonic, and so they
can only form even denominator Laughlin states. The replacement of Ng by N is because the
number of independent single-quasiparticle states is N rather than Ng, which is the number of
available electronic states. From Eq. (5.17) and Eq. (5.18), it follows that in the thermodynamic
limit the first-level hierarchy state has filling

N p

vV=—= ;
N¢ mp+a

(5.19)

To determine the charge carried by quasiparticle of the hierarchy state, consider adding a single
electron to the system, so that we take N = N%+ 1. We then have

Ny = m(N°+1-1)+aNg,

= m(N°- 1) + a(NJ, + am)
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= m(N°- 1)+ aN, (5.20)

where we have defined a modified quasiparticle number N, =N3p + am, which follows from
the fact that an electron is equivalent to am Laughlin quasiparticles. We then find

N°+1=p(Ng,-1) + 1
=p(Ngp +am — 1) -a(mp — a)
=p(Ngp - 1) —a(mp — a), (5.21)

which corresponds to a state with (mp - a) quasiparticle excitations of the daughter
+1

incompressible fluid. It follows that the latter have charge i.e. the reciprocal of the

denominator of the filling fraction.

By iterating this procedure, one can construct an infinite hierarchy of incompressible states, at
filling factors given by appropriately terminating the continued fraction[23]

v = . (5.22)

m+ 5
p1- p2—...

Where a; = +1 or O (it becomes 0 when quasiparticles are no longer introduced) and p; is a even
positive integer. The hierarchy table for g = 3 is shown on Fig.5.4. At every level of the
hierarchy, the pseudopotentials acting between the quasiparticles must be short-range enough
in order for the Laughlin state to emerge.

1/3

l 56/143 | I 52/133 | l 44/95 | l 40/97 | l 56/193 | l 52/179 | I 44/157 | l 40/143 |

Figure 5.4: Hierarchy lable for m = 3.
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5. 6 The fractional quantum hall effect in graphene

5. 6.1 Introduction to graphene

Graphene is a single 2D layer of carbon, packed in a heksagonal (honeycomb) lattice, with a
carbon distance of 0.142 nm[24, 25]. Graphene alternatively defined as, One-atom-thick 2D
electron gas in which electrons behave as massless relativistic charged fermions.

5.6. 1.1 Crystal structure of graphene

As mentioned, graphene is a 2D crystal with hexagonal structure consisting of a bipartite lattice
of two triangular sublattices (because each unit cell contains two carbon atoms) as shown in
figure 5.5. There are two C atoms per unit cells. The crystal structure can be represented by
two basis vectors a; and a; in the plane xOy, and has a triangular Bravais lattice. There are two
carbon atoms in each unit cell, which we denote by A (red dots) and B (the blue dots) in
Fig.5.5. We choose atoms A as our triangular lattice whose basis vectors are[25]

a=al,2), (5.23a)

a,=a(1,0), (5.23b)
where a = 3v/¢; ¢ = 1:424, and c is the distance between two nearest neighbor atoms.

We can move one red atom (4 atom) to any point in the A-sublattice by the translation vector
R =n,a, + nya,. Hence, the reciprocal lattice vectors are given by

21T

2
by=—0, - ﬁ), (5.24a)
2 1
b= (1, ), (5.24b)

which is also a regular hexagonal lattice as shown in Fig.5.6.
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Figure 5.5: Graphene cryslal lattice. Each red atom is linked 1o ils three nearest neighbors by vectors &,; 8,; 8,. The ( aloms
can be separated into two kinds of atoms denoted by red (4) and blue (B) dots, L.e. we can divide the whole lattice into two sublaitice
whose laltice vectors are a, and a,.

Each atom is tied to its three nearest neighbors via strong & bonds that lie in the graphene
plane with angles of 120°. The forth valence electron is in the 2p, orbital that is orthogonal to
the graphene plane. The three nearest blue neighbor atoms of one red dot are separated by

81=al;, 75 (5.25a)
8 =a(—=, %), (5.25b)
85 =a(0, - %), (5.25¢)

as shownin Fig.5.5.
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Figure 5.6: Reciprocal lattice based on {b;; b,} and the first Brillouin zone represented by the red regular hexagon.

The first Brillouin zone that is the smaller regular hexagon plotted in Fig.5.6. In the first
Brillouin zone, there are two inequivalent points respectively, Kand K’. Each K or K’ point can be
translated to other equivalent K or K' by a combination of the two basis vectors of the
reciprocal lattice. We choose

2w, 2
K= ?(-E , 0), (5263)
o 2m 2
K=2(,0), (5.26b)

5. 6.2 Landau level in graphene

Landau quantization in quantum mechanics is the quantization of the orbits of charged particles
in magnetic fields as a result; the charged particles can only occupy orbits with discrete energy
values, called Landau level.

Let us come now to the case of graphene. Actually we would naively expect graphene to be an
example case for two dimensional electron gases due to its perfect two dimensional crystal
structure. Thus we expect landau level in graphene.
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We start by considering the classical Dirac Hamiltonian. According to theory of Relativity we
can get two type dispersion relation of energy.

A stationary particle (p=0) (Non relativistic) has rest energy
E=mc’, (5.27)

And for a particle in motion is described by the relativistic dispersion relation

E =,/(mc?)? + c2p?, (5.27)
From wave equation that given as ¥ = e!&""Wwe have
E=hw ~ ih=; f =hk ~- iV, (5.28)

For relativistic particles energy is given by E2=c?p? + m?c*, then Schrodinger Equation will be
written as follow

(- B2 c2V2+m2ch)Y =— K = (5.29)
Thus we have Hamiltonian
H = dcp +fmc?, (5.30)

where the Hermitian, dimensionless matrices @ and f are to be determined and p denote the
three-dimensional momentum vector. The requirements to «, 8 are next

B*=1, Bo; +Ba; =0 a’=1, (5.31a)
ooy + oy = 26;(i = x,y,2), (5.31b)

In the two dimensional case the Dirac matrices can be identified with the Pauli matrices:

Where ¢ = (o, ay), Vg is Fermi velocity, velocity of electron in the graphene, and p is
momentum operator.

Let’s show that Dirac Hamiltonian shows the same results for massless particle Putting (5.30) in
square and applying properties of Pauli matrices that defied in Eq.5.31 a and b, one obtains

H? = m%c* +c2p°, then Ej =/ m2c* + c2p?
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for massless particle m =0 and if to count from the Fermi level ¢c>V . The Fermi velocity V is

1 . -
~ %00 the speed of light c. We have slow ultrarelativistic electrons[26]

Ej =Velpl, (533)

All massless particles have the same energy dispersion as photons. Therefore quasiparticles in
graphene are massless particles described by the equation (5.33) or (5.32).

Now we consider the problem of a uniform magnetic field B applied perpendicular to the
graphene plane. Here we use a simple method in first quantized language to give the solutions
to the problem. In the presence of a magnetic field, -ihV in Eq. (5.32) should be replaced by

-thV7+ % [27], thus the Schrodinger Equation be come
vy[8. (—ihV + W () = E¥(r) (5.34)

If we take the Landau gauge: A = B(—Y,0) and write the wave function as the form of
Y(x,y)= e®**d(y), then the Dirac equation will read

0 0, —k+8

h Y he - E 5.35
i\ gy - Lo = B4 (5.35)

afrer defining, lg =\/§ , W =@, &= ll -lgk, d=% (0g+), a* =% (-0¢+¢) then Eq.(5.35)
B B

becomes

hoe (2 1)o@ =Eo@), (5:36)

Since the canonical communication relation: [@, @*] = 1 is satisfied, the eigenvectors can be

constructed from the eigenfunctions of a harmonic oscillator, ¢,,. The obtained eigenvectors
and energy eigenvalues are given by

<Pn-1(s‘)>’

INGE (s (537)

Thus hw.ad + ¢,(¢) = Ejp @n-1(&) and hw.d*@,_1(§) = E, + ¢,(§) which yields the
. At A En
equation; a*a + ¢,(§) =(ﬁ)2 * n($)
2heBn

En_ = ihwc\/— = i ’ (5'38)

c

Where n=0,1,2,3,...
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These discrete energy eigen value are the ladau level in the graphene.

In graphene the Landau levels are four fold degenerate due to the two nonequivalent valleys
and the two possible spin directions.

Figure 5.7 — (a) Linear Landau level bands for GaAs quantum well with an effective mass of m* = 0.067 .m,. Note the electron (E
> () and hole (E < 0) bands are separated by an energy gap of approximately 1.5 eV. We include optical inter-band transitions. (b)
Landau levels in graphene are following the VB dependence. On the right hand side of the figures the selection rules for Landau level
transitions are skeiched. The blue and red arrows should have the same strength. We can distinguish both transitions using circularly

polarised light.

We are now able to make some remarks and pick out some differences in comparison to the
conventional case of two dimensional electron gases. The first obvious and most important
difference is the vVBn dependence of the Landau levels in graphene. It is the signature of
relativistic and massless particles. Another point which differs from the usual case is the
fundamental Landau level (n = 0). In graphene the energy of this level is

E(B,0) =0, (5.39)

which is in contrast to our findings for two dimensional electron systems with parabolic
dispersion where we obtain for the fundamental Landau level (n = 0)

E(B,0) = %W (5.40)

The E = 0 state remains an intriguing case. It is a level shared by electrons and holes
simultaneously in the absence of doping.
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5. 6.3 Observation of fractional quantum hall effect in graphene.

When electrons are confined in two dimensions and subject to strong magnetic fields, the
Coulomb interactions between them can become very strong, leading to the formation of
correlated states of matter, such as the fractional quantum Hall liquid. In this strong quantum
regime, electrons and magnetic flux quanta bind to form complex composite quasiparticles with
fractional electronic charge; these are manifest in transport measurements of the Hall
conductivity as rational fractions of the elementary conductance quantum. The experimental
discovery of an anomalous integer quantum Hall effect in graphene has enabled the study of a
correlated two-dimensional electronic system, in which the interacting electrons behave like
massless chiral fermions. However, owing to the prevailing disorder, graphene has so far
exhibited only weak signatures of correlated electron phenomena, despite intense
experimental and theoretical efforts[28].

When charge carriers such as electrons are confined to moving in a two-dimensional plane and
subject to a perpendicular magnetic field, they can form new quasi-particles with a fraction of
the electron's elementary charge. This is known as the fractional quantum Hall effect FQHE.
Graphene could be considered such a perfect two-dimensional system because the carbon
atomic constituents are arranged in a single plane. Its charge carriers are remarkably mobile
and have been predicted to interact strongly with each other. Thus we expect FQHE in
graphene.

The FQHE in graphene is expected to deviate in important ways from that in GaAs-based 2DESs.
First, electrons in graphene are considerably more two dimensional than in GaAs quantum
wells, where the well widths range from 10 to 30 nm. This makes the interaction at short
distances in graphene much stronger than in quantum wells. The interactions in SG are further
enhanced owing to the absence of substrate screening (& ~ 1) in contrast to GaAs where ¢
~ 13. Stronger interaction leads to a larger energy gap, and thus higher temperatures at which
the FQHE can be observed. Another difference arises from the fourfold spin and valley
degeneracy. Because of this degeneracy, the situation in graphene is more similar to that
realized in double quantum wells rather than in single quantum-well systems. However,
electron interactions in graphene correspond to nearly identical intra- and inter-well
interactions, a regime nearly impossible to achieve in GaAs systems. This leads to an SU(4)
symmetry of the interaction Hamiltonian, and the prediction of new FQHE states with no
analogue in GaAs.

The FQHE has not yet been conclusively observed experimentally in graphene but it has been
explored theoretically in a number of papers.
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5. 6.4 The quantized Hall conductivity of the fractional quantum hall effect in graphene

In high magnetic field, each electron captures an even number 2m of quantized vertices to
become a composite fermions are describe by an effective magnetic field by

B* = B -2mn®,, (5.41)

Where n denotes 2D carrier density in the graphene. Composite fermions form Landau-like
levels in B* with the filling factor v x = :—ZS In analogy with electrons for integer v* of IQHE for

CF manifests, thus producing plateaus in Hall resistivity when filling factor for electrons v
satisfies the demand

A~ (5.42)

B 2mv*+1’

the IQHE in graphene, the quantized Hall conductivity is found to be[24]
e? 1, e?
Ory =#2(2n+1) %= +4(n+7) &, (5.43)

where n is an integer here, the factor 2 is due to the spin degeneracy. In the case of graphene
the effective filling factor v* is associated with the integer quantum Hall effect of composite
particle and if we ignore the spin, then we can get v* from Eq. 5.43

v* =2n+1, (5.44)
wheren=0,1,2.........

hence, by combining Eq.5.42 and 5.44, the quantized Hall conductivity in graphene in FQHE
can by written as

oo = 2n+1 e?
XY T~ o2m@2n+1)+1 h’

(5.45)

where the negative energy states corresponds to the Dirac hole or the valance band states in
the graphene.

The quantized Hall conductivity of FQHE in graphene has been calculated. We have used the

2 2
standard value of % =25130. Hence % =3.874x10° Q' we use n >0 and m<0. The

corresponding values of filling factors (v) are found to be; + g, + é, + %, + g, + %, + %, ........
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Thus the FQHE in graphene has a sequence of states which is different from the sequence
found in the 2D electron gas. Experimentally different filling factor are achieved by varing the
applied magnetic field at a fixed electronic concentration.

The variation of gy, with respect to different values of filling factors is shown in Fig.

The unusual electronic dispersion of graphene is reflected in the varation of Hall conductance
staircase. due to the special lattice structure of graphene and Dirac nature of carriers,

n m 2(271 + 1) e?

= Oxy =V —

—2mn+1)+1 h
0 |1 |2/3=0.6666 0.0000258
0 |2 |2/5=0.40 0.0000155
0 |3 |2/7=0.2857 0.0000110
1 |1 |6/7=0.8571 0.0000332
1 |2 |6/13=0.4615 0.0000179
1 |3 |6/19=0.3157 0.0000122
2 |1 |10/11=0.9090 0.0000352
2 |2 |10/21=0.4761 0.0000185
2 |3 |10/31=0.3225 0.0000125
3 |1 |14/15=0.9333 0.0000362
3 |2 |14/29=0.4827 0.0000187
3 |3 |14/43=0.3255 0.0000126

Figure. 5.8 (uantized Hall conductivily of graphene in iractional quantum Hall effect for diiferent filling factors.

the edge state play a key role in quantum Hall transport. the edge state of v = 0 quantum Hall
state carry no charge current but finite spine current in equilibrium.
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CONCLUSION

Review of the present theoretical understanding of quantum Hall effect occurring in 2D
electron gas with a strong B perpendicular to the system plane. The essential signatures are:

2
resistivity component p,, - 0as T - 0, with conductivity component gy, = % over a finite
range of B (“Hall plateau”), where v is an integer or ratio of integers having odd denominator.
Defining Landau filling factor as v = %, where n is density of carriers. The integral effect is

described by the interaction between electrons and impurities, while the fractional effect due
to electron-electron correlations. To show quantized conductivity of quantum hall effect(i.e

v

2
Oxy= %), we use two Arguments (Laughlin’s Gendanken-Experiment and Biittiker’s Theory of

Edge Currents).

Incompressible quantum fluid states arise when the filling factor is a rational fraction with odd
denominator, because of restriction imposed on electron-electron correlations by the
constraint that the electrons share the lowest landau level. we considered: laughlin’s trial wave
function, Composite-fermion approach and Hierarchies models proposed in literature in order
to describe the filling factor of the fractional quantum hall effect. The laughlin’s trial wave
function shows some properties like; a short-range model Hamiltonian that described only by
interaction V and givenas, V =H =}, Y5 Vi Pm, (ij), and in common with several
different wave functions that share its Jastrow (pair product) form and this is accomplished by
computing the ground state probability density. Which is givenas | |¥ ! (2) ] |? = e~ PHa,

Graphene two dimensional carbon. Sheet of carbon atoms each with 3 covalently bonded
nearest neighbors Graphene is two dimension of flat plateau of carbon because of this two

dimension, in Graphene we expect theoretical fractional quantum hall effect.

Future outlook:
There are important research areas of Fractional Quantum Hall Physics which | have
not considered (included) in this project. Even denominator filling factor, chern-simon mean-
field theory of fractional quantum hall effect, The Spin Hall Effect in multilayer 2DES,
Magnetoroton and Magnetoplasmon excitations in FQHE are some to mention. The
study of Optoelectronic properties in Fractional Quantum Hall state, and High
temperature Quantum Hall state are currently major research areas in Condensed
Matter and Material Physics. My future prospective is to study these quantum
phenomena.
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