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Abstract

In this thesis, we study the quantum properties of the light generated by a coherently

driven degenerate three-level atom in an open cavity coupled to a vacuum reservoir. The

three-level atom available in the cavity is driven by coherent light from the bottom to

the top level. We perform our analysis by putting the noise operators associated with

the vacuum reservoir in normal order. Employing the master equation and the quantum

Langevin equation we obtain the differential equations of the atomic and cavity-mode

operators. Using the steady-state solutions of the resulting equations, we determined the

photon statistics, quadrature squeezing and the local mean photon number. It is observed

that the mean photon number is greater when γ = 0 than when γ = 0.1. We find, like

the mean photon number, the variance of the photon number to be greater for γ = 0

than for γ = 0.1. Moreover, we have also established that the maximum quadrature

squeezing of the light generated by the atom, to be 43.42 % for γ = 0 and 42.22 % for

γ = 0.1 below the coherent-state level. Thus in the absence of spontaneous emission the

mean, the variance and the quadrature squeezing of the cavity light is greater than in the

presence of spontaneous emission. Finally, we have found that a large part of the total

mean photon number is confined in a relatively small frequency interval.
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Chapter 1

Introduction

A three-level laser is a source of coherent or chaotic light emitted by three-level atoms

inside a cavity coupled to a vacuum reservoir [1]. In the quantum theory of a laser, one

usually takes into consideration the interaction of the atoms inside the cavity with the

vacuum reservoir outside the cavity [1]. Three-level lasers in which the crucial role is

played by the coherent superpositions of top and bottom levels of the injected atoms

have been studied by several authors [1-6]. These studies have shown that this quantum

optical system can generate light in a squeezed state under certain conditions.

The squeezing properties of the cavity modes produced by a nondegenerate three-

level laser has been studied [7]. It has been found that the two-mode cavity light exhibits

squeezing, if the atoms are initially prepared with more atoms in the bottom than in the

upper level, and the degree of squeezing increases with the linear gain coefficient [7-9].

A three-level laser, in which the top and bottom levels of three-level atoms injected

into a cavity and coupled by a strong coherent light can also generate light in a squeezed

state [8,9].

It appears to be quite difficult to prepare the atoms in a coherent superposition of

the top and bottom levels before they are injected into the laser cavity. Moreover, it is

certainly hard to find out that the atoms have decayed spontaneously before they are

removed from the cavity [10-17].

We seek here to analyze the quantum properties of the light emitted by a degenerate

three-level atom available in an open cavity and driven by coherent light. Thus taking into

1



account the interaction of the degenerate three-level atom with resonant coherent light

in an open cavity coupled to vacuum reservoir, we first derive the equations of evolution

of atomic and cavity-mode operators, applying the quantum Langevin equation and the

master equation. Using the steady-state solutions of the resulting equations, we obtain

the photon statistics, the quadrature squeezing, and the local mean photon number for

the light emitted by the atom. We carry out our analysis by putting the noise operators

associated with the vacuum reservoir in normal order and considering the interaction of

the three-level atom with the vacuum reservoir outside the cavity. To this end, we first

determine the operator dynamics for coherently driven degenerate three-level atom in an

open cavity.

2



”If your thinking does not involve light,

then you are like a person in a dark room.”

Fesseha Kassahun
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Chapter 2

Operator Dynamics

We consider here a degenerate three-level atom available in an open cavity coupled to a

vacuum reservoir and driven by coherent light. We denote the top, middle and bottom

levels of the atom by |a〉, |b〉 and |c〉 respectively.

ε

a

b

c

ε ω

ω

γ

γ
Vacuum
Reservoir

Fig. 2.1 A three-level atom in an open cavity.

In this chapter we seek to determine the operator dynamics for coherently driven

degenerate three-level atom in an open cavity, in which the atom is pumped by coherent

light coupled to a vacuum reservoir. We first derive the equations of evolution of atomic

and cavity-mode operators, applying the master equation and the quantum Langevin

equation. Employing the steady-state solutions of the resulting equations, we obtain the

expectation value of the atomic operators.
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We consider here a degenerate three-level atom available in an open cavity coupled

to a vacuum reservoir and driven by coherent light. Thus the interaction of coherent

light, represented by a real and constant c-number ε, with the three-level atom can be

described at resonance by the Hamiltonian

Ĥ ′ =
iΩ

2

(
σ̂†c − σ̂c

)
, (2.1)

where

Ω = 2g′ε, (2.2)

σ̂c =|c〉〈a|, (2.3)

with g′ being the coupling constant.

Moreover, the interaction of a degenerate three-level atom with the cavity mode can be

described at resonance by the Hamiltonian

Ĥ ′′ = ig(σ̂†aâ− â†σ̂a + σ̂†b â− â
†σ̂b), (2.4)

where

σ̂a =|b〉〈a|, (2.5)

σ̂b =|c〉〈b|, (2.6)

with g being the coupling constant.

Thus the total Hamiltonian turns out to be

Ĥ =
iΩ

2
(σ̂†c − σ̂c) + ig(σ̂†aâ− â†σ̂a + σ̂†b â− â

†σ̂b), (2.7)

We recall that the master equation for a three-level atom interacting with a vacuum

reservoir has the form [1]

dρ̂

dt
= −i[Ĥ, ρ̂] +

γ

2
(2σ̂cρ̂σ̂

†
c − σ̂†c σ̂cρ̂− ρ̂σ̂†c σ̂c)

+
γ

2
(2σ̂bρ̂σ̂

†
b − σ̂

†
b σ̂bρ̂− ρ̂σ̂

†
b σ̂b), (2.8)

where γ is called the spontaneous emission decay constant.

Now employing Eq. (2.7), the master equation which is the time evolution of the density
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operator (ρ̂) for the three-level atom driven by coherent light, interacting with the cavity

mode and vacuum reservoir takes the form

dρ̂

dt
=

Ω

2
(σ̂†c ρ̂− ρ̂σ̂†c + ρ̂σ̂c − σ̂cρ̂)

+ g(σ̂†aâρ̂− ρ̂σ̂†aâ+ ρ̂â†σ̂a − â†σ̂aρ̂

+ σ̂†b âρ̂− ρ̂σ̂
†
b â+ ρ̂â†σ̂b − â†σ̂bρ̂)

+
γ

2
(2σ̂cρ̂σ̂

†
c−|a〉〈a|ρ̂− ρ̂|a〉〈a|)

+
γ

2
(2σ̂bρ̂σ̂

†
b−|b〉〈b|ρ̂− ρ̂|b〉〈b|). (2.9)

Using the relation

d

dt
〈Â〉 = Tr

(
dρ̂

dt
Â

)
, (2.10)

along with the cyclic property of the trace operation, one easily gets

d

dt
〈σ̂a〉 = Tr[

Ω

2
(ρ̂σ̂aσ̂c

† − ρ̂σ̂c†σ̂a + ρ̂σ̂cσ̂a − ρ̂σ̂aσ̂c)

+ g(ρ̂σ̂aσ̂a
†â− ρ̂σ̂a†âσ̂a + ρ̂â†σ̂a

2 − ρ̂σ̂aâ†σ̂a

+ ρ̂σ̂aσ̂b
†â− ρ̂σ̂b†âσ̂a + ρ̂â†σ̂bσ̂a − ρ̂σ̂aâ†σ̂b)

+
γ

2
(2ρ̂σ̂c

†σ̂aσ̂c − ρ̂σ̂a|a〉〈a| − ρ̂|a〉〈a|σ̂a)

+
γ

2
(2ρ̂σ̂b

†σ̂aσ̂b − ρ̂σ̂a|b〉〈b| − ρ̂|b〉〈b|σ̂a)], (2.11)

so that on account of Eqs. (2.3), (2.5), (2.6), and their adjoints, we have

d

dt
〈σ̂a〉 = −γ〈σ̂a〉+

Ω

2
〈σ̂b†〉+ g〈(η̂b − η̂a)â〉+ g〈â†σ̂c〉. (2.12)

Where the probability of finding an atom in the top, middle, and bottom levels respec-

tively is expressed as follows

〈η̂a〉 = 〈|a〉〈a|〉, (2.13)

〈η̂b〉 = 〈|b〉〈b|〉, (2.14)

〈η̂c〉 = 〈|c〉〈c|〉. (2.15)
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We also notice that

d

dt
〈σ̂b〉 = Tr[

Ω

2
(ρ̂σ̂bσ̂c

† − ρ̂σ̂c†σ̂b + ρ̂σ̂cσ̂b − ρ̂σ̂bσ̂c)

+ g(ρ̂σ̂bσ̂a
†â− ρ̂σ̂a†âσ̂b + ρ̂â†σ̂aσ̂b − ρ̂σ̂bâ†σ̂a

+ ρ̂σ̂bσ̂b
†â− ρ̂σ̂b†âσ̂b + ρ̂â†σ̂b

2 − ρ̂σ̂bâ†σ̂b)

+
γ

2
(2ρ̂σ̂c

†σ̂bσ̂c − ρ̂σ̂b|a〉〈a| − ρ̂|a〉〈a|σ̂b)

+
γ

2
(2ρ̂σ̂b

†σ̂b
2 − ρ̂σ̂b|b〉〈b| − ρ̂|b〉〈b|σ̂b)], (2.16)

thus on account of Eqs. (2.3), (2.5), (2.6), and their complex conjugates, we get

d

dt
〈σ̂b〉 = −γ〈σ̂b〉 −

Ω

2
〈σ̂a†〉+ g〈(η̂c − η̂b)â〉 − g〈â†σ̂c〉. (2.17)

In addition, we see that

d

dt
〈σ̂c〉 = Tr[

Ω

2
(ρ̂σ̂cσ̂

†
c − ρ̂σ̂†c σ̂c + ρ̂σ̂2

c − ρ̂σ̂2
c )

+ g(ρ̂σ̂cσ̂
†
aâ− ρ̂σ̂†aâσ̂c + ρ̂â†σ̂aσ̂c − ρ̂σ̂câ†σ̂a

+ ρ̂σ̂cσ̂
†
b â− ρ̂σ̂

†
b âσ̂c + ρ̂â†σ̂bσ̂c − ρ̂σ̂câ†σ̂b)

+
γ

2
(2ρ̂σ̂c

†σ̂c
2 − ρ̂σ̂c|a〉〈a| − ρ̂|a〉〈a|σ̂c)

+
γ

2
(2ρ̂σ̂†b σ̂cσ̂b − ρ̂σ̂c|b〉〈b| − ρ̂|b〉〈b|σ̂c)], (2.18)

upon introducing here Eqs. (2.3), (2.5), (2.6), and their adjoints into

Eq. (2.18), thus the expression can be written as

d

dt
〈σ̂c〉 = −γ〈σ̂c〉+

Ω

2
(〈η̂c〉 − 〈η̂a〉) + g〈(σ̂b − σ̂a)â〉. (2.19)

Moreover, we easily get

d

dt
〈η̂a〉 = Tr[

Ω

2
(ρ̂η̂aσ̂c

† − ρ̂σ̂c†η̂a + ρ̂σ̂cη̂a − ρ̂η̂aσ̂c)

+ g(ρ̂η̂aσ̂a
†â− ρ̂σ̂a†âη̂a + ρ̂â†σ̂aη̂a − ρ̂η̂aâ†σ̂a

+ ρ̂η̂aσ̂b
†â− ρ̂σ̂b†âη̂a + ρ̂â†σ̂bη̂a − ρ̂η̂aâ†σ̂b)

+
γ

2
(2ρ̂σ̂c

†η̂aσ̂c − ρ̂η̂a|a〉〈a| − ρ̂|a〉〈a|η̂a)

+
γ

2
(2ρ̂σ̂†b η̂aσ̂b − ρ̂η̂a|b〉〈b| − ρ̂|b〉〈b|η̂a)], (2.20)
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in view of Eqs. (2.3), (2.5), (2.6), and their complex conjugates, we find

d

dt
〈η̂a〉 = −γ〈η̂a〉+

Ω

2
(〈σ̂†c〉+ 〈σ̂c〉) + g(〈σ̂†aâ〉+ 〈â†σ̂a〉). (2.21)

We also notice that

d

dt
〈η̂b〉 = Tr[

Ω

2
(ρ̂η̂bσ̂

†
c − ρ̂σ̂†c η̂b + ρ̂σ̂cη̂b − ρ̂η̂bσ̂c)

+ g(ρ̂η̂bσ̂
†
aâ− ρ̂σ̂†aâη̂b + ρ̂â†σ̂aη̂b − ρ̂η̂bâ†σ̂a

+ ρ̂η̂bσ̂
†
b â− ρ̂σ̂

†
b âη̂b + ρ̂â†σ̂bη̂b − ρ̂η̂bâ†σ̂b)

+
γ

2
(2ρ̂σ̂†c η̂bσ̂c − ρ̂η̂b|a〉〈a| − ρ̂|a〉〈a|η̂b)

+
γ

2
(2ρ̂σ̂†b η̂bσ̂b − ρ̂η̂b|b〉〈b| − ρ̂|b〉〈b|η̂b)], (2.22)

so that on account of Eqs. (2.3), (2.5), (2.6), and their adjoints, one gets

d

dt
〈η̂b〉 = −γ〈η̂b〉 − g(〈σ̂†aâ〉+ 〈â†σ̂a〉) + g(〈σ̂†b â〉+ 〈â†σ̂b〉). (2.23)

Finally, we observe that

d

dt
〈η̂c〉 = Tr[

Ω

2
(ρ̂η̂cσ̂

†
c − ρ̂σ̂†c η̂c + ρ̂σ̂cη̂c − ρ̂η̂cσ̂c)

+ g(ρ̂η̂cσ̂
†
aâ− ρ̂σ̂†aâη̂c + ρ̂â†σ̂aη̂c − ρ̂η̂câ†σ̂a

+ ρ̂η̂cσ̂
†
b â− ρ̂σ̂

†
b âη̂c + ρ̂â†σ̂bη̂c − ρ̂η̂câ†σ̂b)

+
γ

2
(2ρ̂σ̂†c η̂cσ̂c − ρ̂η̂c|a〉〈a| − ρ̂|a〉〈a|η̂c)

+
γ

2
(2ρ̂σ̂†b η̂cσ̂b − ρ̂η̂c|b〉〈b| − ρ̂|b〉〈b|η̂c)], (2.24)

hence upon putting Eqs. (2.3), (2.5), (2.6), and their complex conjugates

into Eq. (2.24), we obtain

d

dt
〈η̂c〉 = −γ〈η̂c〉 −

Ω

2
(〈σ̂†c〉+ 〈σ̂c〉)− g(〈σ̂†b â〉+ 〈â†σ̂b〉), (2.25)

We assume that the cavity is coupled to a vacuum reservoir via a single port mirror.

Moreover, we carry out our calculation by putting the noise operators associated with

the vacuum reservoir in normal order. Thus the noise operators will not have any effect

on the dynamics of the cavity mode operators. We can then drop the noise operator and

write the quantum Langevin equation for the operator â as

d

dt
â = −κ

2
â− i[â, Ĥ], (2.26)
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where κ is the cavity damping constant. Therefore, with the aid of Eq. (2.7), we easily

get

d

dt
â = −κ

2
â− g(σ̂a + σ̂b). (2.27)

We observe that Eqs. (2.12), (2.17), (2.19), (2.21), (2.23) and (2.25) are nonlinear dif-

ferential equations. Hence it is not possible to obtain exact time dependent solutions of

these equations. Thus applying the large time approximation scheme, we obtain from

Eq. (2.27) the approximately valid relation

â(t) = −2g

κ
(σ̂a + σ̂b). (2.28)

Now inserting Eq. (2.28) and its adjoint into Eqs. (2.12), (2.17), (2.19), (2.21), (2.23),

and (2.25), we obtain

d

dt
〈σ̂a〉 = −(γ + γc)〈σ̂a〉+

Ω

2
〈σ̂†b〉, (2.29)

d

dt
〈σ̂b〉 = −(γ +

γc
2

)〈σ̂b〉+ γc〈σ̂a〉 −
Ω

2
〈σ̂a†〉, (2.30)

d

dt
〈σ̂c〉 = −(γ +

γc
2

)〈σ̂c〉+
Ω

2
(〈η̂c〉 − 〈η̂a〉), (2.31)

d

dt
〈η̂a〉 = −(γ + γc)〈η̂a〉+

Ω

2
(〈σ̂c†〉+ 〈σ̂c〉), (2.32)

d

dt
〈η̂b〉 = −(γ + γc)〈η̂b〉+ γc〈η̂a〉, (2.33)

d

dt
〈η̂c〉 = γ(1− 〈η̂c〉) + γc〈η̂b〉 −

Ω

2
(〈σ̂c†〉+ 〈σ̂c〉), (2.34)

where

γc =
4g2

κ
. (2.35)

The parameter defined by Eq. (2.35) is called the stimulated emission decay constant.

In the absence of spontaneous emission and based on the definition of this decay constant,

we infer that the atom in the top or middle-level emits a photon due to its interaction

9



with the cavity light. We certainly identify this process to be stimulated photon emission.

The steady-state solutions of Eqs. (2.29), (2.30), (2.31), (2.32), (2.33), and (2.34) are

given by

〈σ̂a〉 =
Ω

2(γ + γc)
〈σ̂b†〉, (2.36)

〈σ̂b〉 =
2γc

2γ + γc
〈σ̂a〉 −

Ω

2γ + γc
〈σ̂a†〉, (2.37)

〈σ̂c〉 =
Ω

2γ + γc
(〈η̂c〉 − 〈η̂a〉), (2.38)

〈η̂a〉 =
Ω

γ + γc
〈σ̂c〉, (2.39)

〈η̂b〉 =
γc

γ + γc
〈η̂a〉, (2.40)

〈η̂c〉 = 1 +
γc
γ
〈η̂b〉 −

Ω

γ
〈σ̂c〉. (2.41)

Thus solving Eqs. (2.36) and (2.37) simultaneously, one gets

〈σ̂a〉 = 〈σ̂b〉 = 0. (2.42)

We recall that [1]

〈η̂a〉+ 〈η̂b〉+ 〈η̂c〉 = 1. (2.43)

Now inserting Eq. (2.40) in Eq. (2.43), we find

〈η̂a〉
(
γ + 2γc
γ + γc

)
+ 〈η̂c〉 = 1, (2.44)

upon substituting Eq. (2.38) into Eq. (2.39), we have

〈η̂a〉(2γ2 + 3γγc + γ2c + Ω2)− Ω2〈η̂c〉 = 0, (2.45)

thus solving Eqs. (2.44) and (2.45) simultaneously, we arrive at

〈η̂a〉 =
γΩ2 + γcΩ

2

2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c
, (2.46)

10



〈η̂c〉 =
γΩ2 + γcΩ

2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c
2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

. (2.47)

Furthermore, Putting Eq. (2.46) into Eq.(2.40), we find

〈η̂b〉 =
γcΩ

2

2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c
. (2.48)

In addition, using Eqs. (2.46) and (2.47) in Eq.(2.38), we obtain

〈σ̂c〉 =
Ω

2γ + γc
(

2γ3 + 5γ2γc + 4γγ2c + γ3c
2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

). (2.49)

11



Chapter 3

Photon Statistics

The photon statistics of the light generated by a three-level atom is described by the mean

and variance of the photon number. It would be crucial to classify the photon statistics

of a light modes based on the relation between the mean and variance of the photon

number. Thus the photon statistics of a light mode for which (∆n)2 = n̄ is referred to

as Poissonian and the photon statistics of a light mode for which (∆n)2 > n̄ is called

Supper-Poissonian. Otherwise the photon statistics is said to be Sub-Poissonian [1].

In this chapter we wish to determine the statistical characteristics of the light produced

by a degenerate three-level atom, in which the degenerate three-level atom available in

an open cavity coupled to a vacuum reservoir is driven by coherent light. We have

calculated the steady-state solutions of the expectation value of cavity-mode operators.

Upon employing the solutions of these equations, we seek here the mean and the variance

of the photon number of the cavity light emitted by a coherently driven degenerate three-

level atom. To this end, we first determine the mean photon number.

3.1 The Mean Photon Number

Upon introducing Eq. (2.28) and its adjoint into n̄ = 〈â†â〉, the mean photon number

takes the form

n̄ =
γc
κ

(〈η̂a〉+ 〈η̂b〉) . (3.1)

12



Now substituting Eqs. (2.46) and (2.48) into Eq. (3.1), we have

n̄ =
γc
κ

(
γΩ2 + 2γcΩ

2

2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

)
. (3.2)

We note for γ = 0, the mean photon number reduces to

n̄ =
γc
κ

(
2Ω2

γ2c + 3Ω2

)
. (3.3)

Fig. 3.1 The Mean Photon Number Versus Ω.

From Figure 3.1 we see that the mean photon number for γ = 0 is greater than for

γ = 0.1.

3.2 The Variance of the Photon Number

Furthermore, the variance of the photon number for the cavity light can be written as

(4n)2 = 〈â†ââ†â〉 − 〈â†â〉2. (3.4)
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We note from Eq. (3.4) and that â is a Gaussian variable with zero mean, one easily

obtains [1]

(4n)2 = 〈â†â〉〈ââ†〉+ 〈â2〉〈â†2〉, (3.5)

upon applying Eq. (2.28) and its complex conjugate into Eq. (3.5), we find

〈â†â〉 =
γc
κ

(〈η̂a〉+ 〈η̂b〉), (3.6)

〈ââ†〉 =
γc
κ

(〈η̂b〉+ 〈η̂c〉), (3.7)

〈â2〉〈â†2〉 =
(γc
κ

)2
(〈σ̂c〉)2. (3.8)

Now substituting Eqs. (3.6), (3.7), and (3.8) into Eq. (3.5), we obtain

(4n)2 = n̄
γc
κ

(〈η̂b〉+ 〈η̂c〉) +
(γc
κ

)2
(〈σ̂c〉)2. (3.9)

On the basis of Eqs. (2.47), (2.48) and (2.49), variance of the photon number turns out

to be

(4n)2 = n̄
γc
κ

(
γΩ2 + 2γcΩ

2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c
2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

)
+

(
γcΩ

κ(2γ + γc)

)2

×
(

2γ3 + 5γ2γc + 4γγ2c + γ3c
2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

)2

. (3.10)

We observe that for γ = 0, variance of the photon number reduces to

(4n)2 =
(γc
κ

)2
×
(

2Ω2

γ2c + 3Ω2

)
×
(

2Ω2 + γ2c
γ2c + 3Ω2

)

+

(
Ω

κ

)2

×
(

γ2c
γ2c + 3Ω2

)2

. (3.11)

14



Fig. 3.2 Variance Versus Ω.

From Figure 3.2 we observe that, like the mean photon number, the variance of the

photon number is greater for γ = 0 than for γ = 0.1.
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Chapter 4

Quadrature Squeezing

We wish to calculate the quadrature variance and quadrature squeezing for the plus and

minus quadrature operators defined by

â+ = â† + â, (4.1)

â− = i(â† − â). (4.2)

Applying the commutation relation for the plus and minus quadrature

operators, we obtain

[â−, â+] = −2i[â, â†]. (4.3)

It can be easily found that

[â, â†] =
γc
κ

(〈η̂c〉 − 〈η̂a〉) . (4.4)

Thus, we get

[â−, â+] = 2i
γc
κ

(〈η̂a〉 − 〈η̂c〉) . (4.5)

We recall that if Â and B̂ satisfay the commutation relation [1]

[Â, B̂] = iĈ, (4.6)

then it can be readily established that

∆A∆B ≥ 1

2
|〈Ĉ〉|. (4.7)
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Hence, we readily get

∆a+∆a− ≥
γc
κ
|〈η̂a〉 − 〈η̂c〉)| . (4.8)

The variance of the quadrature operators is expressible as [2]

(4a±)2 = ±〈(â† ± â)2〉 ∓ [〈â†〉 ± 〈â〉]2. (4.9)

In view of Eq. (2.42), the variance of the quadrature operators takes the form

(4a±)2 = 〈â†â〉+ 〈ââ†〉 ± 〈â†2〉 ± 〈â2〉. (4.10)

Substituting Eq. (2.28) and its complex conjugate into the last two terms

of Eq. (4.10), we have

〈â2〉 = 〈â†2〉 =
γc
κ
〈σ̂c〉. (4.11)

Now upon introducing Eqs. (3.6), (3.7), and (4.11) into (4.10), we obtain

(4a+)2 =
γc
κ

(1 + 〈η̂b〉+ 2〈σ̂c〉). (4.12)

(4a−)2 =
γc
κ

(1 + 〈η̂b〉 − 2〈σ̂c〉). (4.13)

We see that the cavity light is in a squeezed state and the squeezing occurs in the minus

quadrature.

We recall that the light generated by a two-level laser well above threshold is coherent,

the quadrature variance of which is given by [2]

(4a±)2c =
γc
κ
, (4.14)

where (4a±)2c is the quadrature variance of coherent light.

We calculate the quadrature squeezing (S) of the cavity light relative to the quadrature

variance of the cavity coherent light. We thus define the quadrature squeezing by [2]

S =
(4a±)2c − (4a−)2

(4a±)2c
. (4.15)
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Hence, employing Eqs. (4.13) and (4.14) into (4.15), the quadrature squeezing

turns out to be

S = 2〈σ̂c〉 − 〈η̂b〉, (4.16)

Inserting Eqs. (2.48) and (2.49) into Eq. (4.16), we arrive at

S =
2Ω

2γ + γc

( 2γ3 + 5γ2γc + 4γγ2c + γ3c
2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c

)

− γcΩ
2

2γΩ2 + 3γcΩ2 + 2γ3 + 5γ2γc + 4γγ2c + γ3c
. (4.17)

There follows

S =
2Ω(γ + γc)

2 − γcΩ2

2Ω2(γ + γc) + γcΩ2 + (2γ + γc)(γ + γc)2
. (4.18)

When γ = 0 the above expression reduces to

S =
2γcΩ− Ω2

3Ω2 + γ2c
. (4.19)

Fig. 4.1 Quadrature Squeezing (S) Versus Ω.
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We notice that the plots in Figure 4.1 cross each other at the point Ω = 0.27. We also see

that when Ω < 0.27 the quadrature squeezing for γ = 0 is greater than that for γ = 0.1

and for Ω > 0.27 the quadrature squeezing when γ = 0 is less than that for γ = 0.1.

Moreover, we observe that the maximum squeezing of the cavity light is 43.42 % for γ = 0

and 42.22 % for γ = 0.1, below the coherent-state level.
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Chapter 5

The Local Mean Photon Number

We finally seek to obtain the local mean photon number of the cavity light. To this

end, we first determine the power spectrum of the cavity light. The power spectrum of a

single-mode light with central frequency ω0 is given by

P (ω) =
1

2π

∫ ∞
−∞
〈â†(t)â(t+ τ)〉ssei(ω−ω0)τdτ, (5.1)

where ss stands for steady-state.

Upon integrating both sides of Eq. (5.1) over ω, we readily get∫ ∞
−∞

P (ω)dω =

∫ ∞
−∞
〈â†(t)â(t+ τ)〉sse−iω0τdτ × 1

2π

∫ ∞
−∞

eiωτdω, (5.2)

so that using the fact that

δ(τ) =
1

2π

∫ ∞
−∞

eiωτdω, (5.3)

we have ∫ ∞
−∞

P (ω)dω =

∫ ∞
−∞
〈â†(t)â(t+ τ)〉sse−iω0τδ(τ)dτ. (5.4)

In view of the relation ∫ ∞
−∞

f(x)δ(x)dx = f(x)

x=0,

(5.5)

we obtain ∫ ∞
−∞

P (ω)dω = n̄, (5.6)

with n̄ = 〈â†â〉 being the steady-state mean photon number. On account of this relation,
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we observe that P (ω)dω represents the steady-state mean photon number of a light-mode

in the interval between ω and ω + dω.

We hence realize that the local mean photon number in the interval between ω′ = −λ

and ω′ = λ is expressible as

n̄±λ =

∫ λ

−λ
P (ω′)dω′, (5.7)

in which ω′ = ω − ω0.

It proves to be convenient to rewrite Eq. (5.1) as

P (ω) =
1

2π

∫ 0

−∞
〈â†(t)â(t+ τ)〉ssei(ω−ω0)τdτ

+
1

2π

∫ ∞
0

〈â†(t)â(t+ τ)〉ssei(ω−ω0)τdτ, (5.8)

so that replacing t by - τ in the first integral, we find

P (ω) =
1

2π

∫ ∞
0

〈â†(t)â(t− τ)〉sse−i(ω−ω0)τdτ

+
1

2π

∫ ∞
0

〈â†(t)â(t+ τ)〉ssei(ω−ω0)τdτ, (5.9)

we observe that one integral is the complex conjugate of the other. Hence the power

spectrum can be written as

P (ω) =
1

π
Re

∫ ∞
0

〈â†(t)â(t+ τ)〉ssei(ω−ω0)τdτ, (5.10)

in which ’Re’ denotes the real part.

Now we proceed to calculate the two time correlation function that appears in Eq. (5.10)

for the cavity light. To this end, we realize that the solution of Eq. (2.27) can be written

as

〈â(t+ τ)〉 = 〈â(t)〉e−κτ/2 − ge−κτ/2
∫ τ

0

〈σ̂a(t+ τ)〉eκτ ′/2dτ ′

− ge−κτ/2
∫ τ

0

〈σ̂b(t+ τ)〉eκτ ′/2dτ ′. (5.11)
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Applying the large-time approximation scheme, we obtain from Eq. (2.29) the approxi-

mately valid relation

〈σ̂a(t)〉 =
Ω

2(γ + γc)
〈σ̂†b(t)〉. (5.12)

We also note that

〈σ̂†a(t)〉 =
Ω

2(γ + γc)
〈σ̂b(t)〉. (5.13)

Employing Eqs. (5.12) and (5.13) in Eq. (2.30), we readily get

d

dt
〈σ̂b(t)〉 = −µ

2
〈σ̂b(t)〉 −

η

2
〈σ̂†b(t)〉, (5.14)

where

µ = 2γ + γc +
Ω2

2(γ + γc)
, (5.15)

η = − γcΩ

γ + γc
. (5.16)

We see that the adjoint of Eq. (5.14) is

d

dt
〈σ̂†b(t)〉 = −µ

2
〈σ̂†b(t)〉 −

η

2
〈σ̂b(t)〉. (5.17)

From Eqs. (5.14) and (5.17), one easily gets

d

dt

(
〈σ̂†b(t)〉+ 〈σ̂b(t)〉

)
= −(µ+ η)

2

(
〈σ̂†b(t)〉+ 〈σ̂b(t)〉

)
, (5.18)

d

dt

(
〈σ̂†b(t)〉 − 〈σ̂b(t)〉

)
= −(µ+ η)

2

(
〈σ̂†b(t)〉 − 〈σ̂b(t)〉

)
. (5.19)

The solution of Eqs. (5.18) and (5.19) are given by(
〈σ̂†b(t+ τ)〉+ 〈σ̂b(t+ τ)〉

)
=

(
〈σ̂†b(t)〉+ 〈σ̂b(t)〉

)
e−(µ+η)τ/2, (5.20)

(
〈σ̂†b(t+ τ)〉 − 〈σ̂b(t+ τ)〉

)
=

(
〈σ̂†b(t)〉 − 〈σ̂b(t)〉

)
e−(µ+η)τ/2. (5.21)

Now subtracting Eq. (5.21) from Eq. (5.20), we obtain

〈σ̂b(t+ τ)〉 = 〈σ̂b(t)〉e−(µ+η)τ/2. (5.22)
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Taking the complex conjugate of Eq. (5.22), we have

〈σ̂†b(t+ τ)〉 = 〈σ̂†b(t)〉e
−(µ+η)τ/2. (5.23)

We note that Eq. (5.12), can be written as

〈σ̂a(t+ τ)〉 =
Ω

2(γ + γc)
〈σ̂†b(t+ τ)〉. (5.24)

On combining Eqs. (5.23) and (5.24), we easily find

〈σ̂a(t+ τ)〉 =
Ω

2(γ + γc)
〈σ̂†b(t)〉e

−(µ+η)τ/2. (5.25)

Moreover, from Eq. (5.12), one gets

〈σ̂†b(t)〉 =
2(γ + γc)

Ω
〈σ̂a(t)〉. (5.26)

Substituting Eq. (5.26) into Eq. (5.25), we see that

〈σ̂a(t+ τ)〉 = 〈σ̂a(t)〉e−(µ+η)τ/2. (5.27)

Now upon putting Eqs. (5.22) and (5.27) into Eq. (5.11), we arrive at

〈â(t+ τ)〉 = 〈â(t)〉e−κτ/2 − g〈σ̂a(t)〉e−κτ/2
∫ τ

0

e−[(µ+η)−κ]τ
′/2dτ ′

− g〈σ̂b(t)〉e−κτ/2
∫ τ

0

e−[(µ+η)−κ]τ
′/2dτ ′. (5.28)

After integration, we obtain

〈â(t+ τ)〉 = 〈â(t)〉e−κτ/2 − 2g〈σ̂a(t)〉
(
e−(µ+η)τ/2 − e−κτ/2

κ− (µ+ η)

)

− 2g〈σ̂b(t)〉
(
e−(µ+η)τ/2 − e−κτ/2

κ− (µ+ η)

)
, (5.29)

from which follows

〈â(t+ τ)〉 =

[
〈â(t)〉+

2g

κ− (µ+ η)
(〈σ̂a(t)〉 + 〈σ̂b(t)〉)

]
e−κτ/2

− 2g

κ− (µ+ η)
(〈σ̂a(t)〉 + 〈σ̂b(t)〉 )e−(µ+η)τ/2. (5.30)
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The quantum regression theorem states that it is possible under certain conditions to

evaluate a two time correlation function employing the explicit form of a one time corre-

lation function, obtained with the aid of some equation of evolution such as the master

equation [1].

Now taking into account Eq. (2.28) and application of the quantum regression theorem

to Eq. (5.30) leads to

〈â†(t)â(t+ τ)〉 =
κn̄

κ− (µ+ η)
e−(µ+η)τ/2

− (µ+ η)n̄

κ− (µ+ η)
e−κτ/2. (5.31)

Thus on substituting Eq. (5.31) into Eq. (5.10) and carrying out the integration, there

follows

P (ω) =
κn̄

κ− (µ+ η)

[
(µ+ η)/2π

(ω − ω0)2 + (µ+η
2

)2

]

− (µ+ η)n̄

κ− (µ+ η)

[
κ/2π

(ω − ω0)2 + (κ
2
)2

]
. (5.32)

Finally, upon introducing Eq. (5.32) into Eq. (5.7) and carrying out the integration,

applying the relation ∫ λ

−λ

dx

x2 + a2
=

2

a
tan−1(λ/a), (5.33)

we arrive at

n̄±λ = n̄z(λ), (5.34)

where z(λ) is given by

z(λ) =
2κ/π

κ− (µ+ η)
tan−1(

2λ

µ+ η
)

− 2(µ+ η)/π

κ− (µ+ η)
tan−1(

2λ

κ
). (5.35)
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Fig. 5.1 z(λ) Versus λ.

From Eq. (5.35), we easily obtain z(0.5) = 0.65, z(1) = 0.85 and z(2) = 0.96. Then

combination of these results with Eq. (5.34) yields, n̄±0.5 = 0.65n̄, n̄±1 = 0.85n̄ and

n̄±2 = 0.96n̄. We therefore observe that a large part of the total mean photon number is

confined in a relatively small frequency interval.
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Chapter 6

Conclusion

We have considered a three-level atom in which the three-level atom available in the open

cavity is driven by coherent light from the bottom to the top level. We have carried out

our analysis by putting the vacuum noise operators in normal order and applying the

large-time approximation scheme. The procedure of normal ordering the noise operators

provides the vacuum reservoir to be a noiseless physical entity.

In the absence of spontaneous emission and based on the definition given by Eq. (2.35)

we infer that the three-level atom in the top or middle level and inside the cavity emits

a photon due to its interaction with the cavity light. We certainly identify this process

to be Stimulated Emission.

We have determined that the mean photon number for γ = 0 is greater than for

γ = 0.1. We have also established that like the mean photon number, the variance of the

photon number is greater when γ = 0 than when γ = 0.1.

We have obtained that the quadrature squeezing cross each other at the point Ω =

0.27. It is also found that when Ω < 0.27 the quadrature squeezing for γ = 0 is greater

than that of γ = 0.1 and when Ω > 0.27 the quadrature squeezing for γ = 0 is less than

that of γ = 0.1. Moreover, we have found that the light generated by the three-level

atom is in a squeezed state, with the maximum quadrature squeezing being 43.42 % for

γ = 0 and 42.22 % for γ = 0.1, thus it is below the coherent-state level.

In the absence of spontaneous emission the mean, the variance and the quadrature

squeezing of the cavity light has found greater than in the presence of spontaneous emis-

sion.
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We have noticed that z(0.5) = 0.65, z(1) = 0.85, z(2) = 0.96. Then combination of

these results with Eq. (5.34) yields, n̄±0.5 = 0.65n̄, n̄±1 = 0.85n̄ and n̄±2 = 0.96n̄. Hence

we can conclude that the large part of the total mean photon number is confined in a

relatively small frequency interval.
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