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abstract

In this Project some necessary and sufficient optimality conditions for the
weakly efficient solutions of vector optimization problems (VOP) with finite
inequality constraints are shown by using constraints qualifications in differ-
entiable case. Suitable generalized convexity properties are utilized in the
study of constraint qualification in the case of efficient optimality conditions.
Constraint qualification establishes the sign of multiplier vectors associated
with Fritz-John conditions.The weak constraint qualification,the Generalized
Guignared Constraint Qualification (GGCQ), implies necessary and sufficient
condition by deriving Kuhn-Tucker and Fritz-John Conditions.

Keywords: Multiobjective optimization, Vector Optimization, Efficient so-
lution, Constraint Qualification, Optimality Condition and convexity
for vector function.
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Nomenclature

. CI(S) is closure of S for any set.

. Cleo(S) denotes closure of convex hall (5).

. int(S) denotes the set of interior point of ().

. RP represents Euclidean space of dimension p.

. R” denotes the non positive orthant of RP.

. RE denotes the nonnegative orthant of R?

. fi=1,...,p p component of function f.

. X7 the superscript T denotes the transpose of the vector X € R".

I f R — RP) we denote V= (Vfi,....Vf,)
I={1,...,p},J={1,...,m}andif I > 1,andi € I, we denote I’ = I'\{i}
. Inequalities x > 0 for arbitrary vectors x € R™ are defined componentwise.
. t, 4 0 means that ¢, approaches zero from the righthand side (¢, — 07).

. f'(x) is derivative of a function f at z.
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Chapter 1

Introduction

1.1  Optimization Theory:

Optimization is essentially the art, science and mathematics of choosing the
best among a given set of finite or infinite alternatives. It arises in a vast
variety of problems, such as Engineering, economics, operation researchers,
natural sciences, and many other fields with problems that need optimal
decision making.

Mathematical models for these optimization problems can be constructed by
specifying a constraint set X, which consists of the available decisions x, and
a cost or objective function f(z) that maps each z € X into a scalar and
represents a measure of undesirability of choosing decision x. This problem
can then be written as

minf(x)
st xelX,

(1.1)

In this project, we focus on the case where each decision x is an n-dimensional
vector, i.e., x is an n-tuple of real numbers (x1, ..., z,). Hence, the constraint
set X is a subset of R”.

A new inspiration toward the development of optimization began with rad-
ical change to the development of linear programming in the late 1940’s.
A linear programming problem consists of linear functions as objective and
constraints. However in the early 1950’s it was observed that there are im-
portant application problems which involved nonlinear functions as well as
constraints represented by inequalities. Thus in order to tackle the inequality
constraints some new mathematics was developed and in this direction was
given by Fritz John(1948) and later refined by Kuhn and Tucker (1951) [10].
However the use of inequality constraints was also studied by W. Karush



way back in 1939.Thus W. Karush and Kuhn-Tucker conditions together
are called the Karush-Kuhn-Tucker (KKT)conditions which extends the La-
grangian theory to include single-objective nonlinear programming problem.
In mathematical optimization, the method of Lagrangian Multiplier(named
after Joseph Louis Lagrange) is a method for finding the maximum /minimum
of a function subject to constraints.

We consider the following mathematical programming problem for inequality
constrained optimization problem:

minf(z)

1.2
st gi(z)<0,5eJ=1,....,m. (12)

where f: S CR" — R and g : R" — R™ are continuously differentiable and
the feasible set S define as S = {z € R" : g(z) < 0}. Then construct the
Lagrangian as: L(x, o, 1) = pof(z) + p?g(z). Hence the multiplier o >
0,1 > 0and (uo, ) # (0,0) is said to be Lagrangian multiplier corresponding
to the optimization problem is called Fritz-John Optimality condition and if
to > 0 it is said to be KKT optimality condition. This approach amounts to
solving the system of equation for z and u

Vi) +p"Vy(x) =0

pg;(x) =0, for all j=1,...,m. (1.3)
p=0
where pt = (1, ... ,m ). Later these conditions are extended to multiobjective

optimization problem.

1.1.1 Vector Optimization

In vector optimization one investigates optimal elements of a set in a pre-
ordered space. The problem of looking for these optimal elements, if they
exist at all, is called a vector optimization problem [16]. These problems
are also called multiobjective (or multi criteria or Pareto) optimization prob-
lems or one speaks of multi criteria decision making. Vector optimization
problems arise frequently not only in mathematics but also in engineering
and economics. In the last decades vector optimization has been extended
to problems with set-valued maps. This field, called set optimization, has
important applications to variational inequalities and optimization problems
with multivalued data.

Vector optimization problem with inequality constraints in mathematical



terms ,can be described as

minf(x)

14
st zeSs, (1.4)

where f : R* = R, g : R* - R, 5 = {x € R" : gj(x) < 0,j € J =
1,...,m} and is said feasible set.

The concept of an ideal point that a single feasible point that minimizes all
the objectives is impossible. In general multiobjective optimization problems
could not be combined into a single objective to determine the optimal point
as it is in scalar case. Moreover, the objectives of multiobjective optimization
problems often conflict with each other in real fact. As a result, to deter-
mine the optimal point in vector optimization problems the concept of Pareto
optimality, characterizing an efficient solution, has been introduced. The so-
lutions of a VOP are referred as noninferior, efficient, Pareto-optimal,or non
dominated solutions. Other variants include weakly efficient solutions, local
efficient solutions, etc.

The concept of solution for a VOP was introduced at the turn of the century
(1896) by Pareto, a prominent economist, but it is only since 1951, when
Kuhn and Tucker published necessary and sufficient conditions for (proper)
noninferiority, that considerable effort has been devoted to developing pro-
cedures for generating non inferior solutions to a VOP [16] One of the most
important application of the vectorial optimization techniques is found in the
study of vectorial mathematical programming problems, and as a particular
case in multiobjective programming problems.

Consider the vector optimization problem (VOP)(1.2). If C' = R (C is an
ordering cone on #?) and K = 7 (K is an ordering cone on R™) we have a
multiobjective Pareto program. If p = 1 and C' = R, we have a scalar pro-
gram. For the solution concepts in vector optimization problem, we consider
only efficient and weak-efficient solutions, but in vector optimization there
are other solution concepts as ideal, strong, strict or proper efficient points.
A nonempty subset C' of R" is a cone when td € C', for allt > 0 and d € C,a
cone C'is pointed if C' N (=C) = {0} and C is a convex cone if C' is a cone
which is a convex set.

Solution Concepts: Let (X,C) be a linearly ordered space, where C is a
pointed convex cone, and let £ C Y be a nonempty set. Then a point
z € FE is said to be an efficient or minimal element of E if there is no
x € E,x # &, such that f(x) < f(Z). The set of efficient elements of E is
denoted by Min(E,C), i.e there is no x € £, such that z € y+ C\ {0}
and (E —z)N(=C) = {0}.

In VOP, as in scalar case, Lagrangian Multipliers for Fritz-John and KKT



optimality conditions in solution concepts plays similar role and are given as
follows.
Consider the following inequality constrained vector optimization problem:

minf(z)

st g(x) <0, (1.5)

where f: S CR" — RP and g : R" — R™ are continuously differentiable and
the feasible set S is defined as S = {z € R" : g(x) < 0}. Then the Lagrangian
Multipliers for Fritz-John and KKT optimality conditions in VOP solution
concepts are given as follows:

L(x, A, ) = N f(x) + u"g(x) (1.6)

If 2 € X is an efficient solution to Problem (VOP), then the Fritz-John
optimality condition states that there exist vectors A, p: (A, p) € R} x R}
such that

D NV + Y 1 Vg;(E) =0
i1 =

> pigi(x) =0,
=1
A>0 and pu>0.

And KKT optimality condition would be set by restricting multiplier A to
positive vectors. Lagrangian Multipliers associated with all the components
of objective functions to be positive for the KKT conditions. This calls atten-
tion, since if the Lagrangian Multiplier corresponding to some components
of the objective functions is equal to zero, then the component has no role
in the corresponding necessary conditions. Hence in order to ensure that the
KKT conditions are necessary for optimality a constraint qualification (CQ)
is needed.

1.1.2 Constraint Qualification in Vector Optimization
Problem

Constraint qualifications are properties of the algebraic description of the
feasible set that allow its local geometry at a feasible point T to be recov-
ered from the gradient of the active constraints at z. It play a fundamental
role for both a scalar and a vector optimization problem, since they ensure
the validity of the Karush-Kuhn- Tucker necessary optimality conditions,
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i.e., the positivity of the multiplier associated with the objective functions
in Fritz John conditions. Constraint qualifications impose some regularity
on the behavior of the feasible region. Guignard, Abadie, Cottle, Slater,
Mangasarian-Fromovitz constraint qualifications and linear constraint qual-
ification are among the most utilized constraint qualifications. Among these
constraint qualification Guignard constraint qualification is considered as
the weakest one in the sense that all the other constraint qualifications im-
ply it. [1] As in the case of sufficient optimality conditions, the study of
constraint qualifications has benefited from the developments on generalized
convexity, so that several conditions have been established by imposing some
suitable generalized convexity properties on the constraint functions.

A vector optimization problem where the objective and the constraint func-
tions are differentiable and the feasible region is defined by inequality con-
straints are considered. Unlike the scalar case,in vector optimization con-
straint qualifications must concern the behavior of both the objective func-
tions and the feasible region. Like in the scalar case, generalized convexity
plays a key role in deriving new constraint qualifications for vector optimiza-
tion problems.

This project is organized as follows , section 2 gives some preliminaries and
definition, third section discusses optimality conditions of vector optimiza-
tion and the last section discusses various Constraint Qualification conditions
for vector optimization and their relations.



Chapter 2

Important Definition, Notions
and Properties

In this section we present some preliminary definitions, results and important
cones which are quite relevant to discusses various Constraint Qualification
conditions for vector optimization and their relations.

2.1 Cones

We present some relatively important cones, which are crucially important in
the discussion of constraint qualification.These are cone, pointed cone,convex
cone,etc.

Definition 2.1. [17/A nonempty subset K of R™ is called a cone if it is
closed under scalar multiplication, i.e., A\x € K when x € K and X\ > 0 such
a set is a union of half lines emanating from origin. The origin itself may
or may not be included. A cone K is pointed if K N (—K) = {0}.

Definition 2.2. [17]/A convex cone is a cone which is a convez set. (Note:-
Many authors do not call K a conver cone unless in addition K contains
the origin. Thus for these authors a convex cone is a non-empty convexr set
which is closed under non-negative scalar multiplication.)

The concept of contingent cone is very helpful for the investigation of
optimality conditions. A contingent cone to a set S at some T € cl(95)
describes a local approximation of the set S — {Z}. The cones of directions
are used to derive optimality conditions and weakest constraint qualifications
for the vector optimization problem. Contingent cones, cones of feasible
directions and cones of attainable directions are defined as follows.



Definition 2.3. [9/Let S be a non-empty subset of a real normed space

(XA 1D-

e Let some T € cl(S) be given. An element h € X is called tangent to S
at T, if there are a sequence (x,)nen of elements x, € S and a sequence
(An)nen of positive real numbers A, so that

T =lim, o T,
and
h = lim, o0 A\ (2, — 7).

o The set T(S,z) of all tangents to S at T is called the contingent cone(or
the Bouligand tangent cone) to S at .

o The set A(S,Z) ={veR"|30>0,3Fy:[0,6] = R":~(0) =7,7(t) €
5,9 € (0,0],(0) = v}

15 the cone of the attainable directions to S at .

o The set Z(S,z) = {v e R" 30 > 0 such that T+ tv € S,Vt € (0,0]}
s the cone of the feasible directions to S at .

Definition 2.4. [17/Let C be a non-empty convex set in R". We shall say
that C' recedes in the direction D if C include all the half-lines in the direction
D which start at points of C. In other words, C' recedes in the direction of
Y, where Y # 0, if and only if t + \Y € C for every A >0 and x € C. The
set of all vectors' Y € R"™ satisfying the latter condition including Y = 0, will
be called the recession cone of C'. The recession cone of C' will be denoted by
O*C. Direction in which C recedes will also be referred to as directions of
recession of C.

The most usual ordering cone in a finite dimensional space in " is the
non-negative orthant #’y. This set is a pointed, closed and convex cone that
defines the componentwise partial ordering on R}, also called a Pareto Order.
Let’s consider the definition of a set of nonnegative elements in ™ can be
used to derive a geometric interpretation of properties of orders.

Definition 2.5. [9/A binary relation < on Y is called a partial ordering
on Y if the following properties are satisfied (for arbitrary x;y; z;u € Y and
AeR,):

(i) © < x;

(i) v <y;y <z =1 < 2

(i) r <y;u<z=zr+u<y+z;

() © <y= \r < \y:



A partial ordering is called antisymmetric if the following condition holds:
r<yy<r=r=y.

Extending the above definition to 1" and for two vectors x and y in

R, we shall use the following conventions. If © = (zq,...,2,) € " and
y=(y1,---,Yn) € R", then
x>yifand only if x; >y, 0 =1,...,n

xZ2yifandonlyif z; > y;,,i=1,...,n

x>yifand only if x; > y;,i=1,...,nbut z # vy
r=yifandonlyif x; =y;,0=1,....,n

These equivalent views on orders will be extremely useful in multicriteria
optimization.

Similarly we consider the equivalent convention for inequalities <, <, <.

2.2 Convex Functions

Convexity play a crucial (central) role in optimization. Convexity of the
objective and constraint functions guarantee the sufficiency of Karush Kahn
Tucker (KKT) condition for optimality are assumed to be convex. This
is precisely where convexity enters the larger picture of optimization and
goes on to play a central role. Modern optimization by large is based on
convexity and notions relying on it. A function f: S C R" — R is said to
be convex over the convex set if for any z;,29 € S and A € [0, 1] we have
flrr+ Mag — 1)) < Af(z2) + (1= N) f(x1)

It is clear from the above expression that every critical point (point x with
Vf(z) = 0) of a convex function is a global minima. In fact even without
differentiability one can easily show that every local minima of a convex
function is global [10]. This simple feature makes convexity such an attractive
thing in optimization.

The optimization problem:

minimize f(x) for z € X C R",
subject to g(z) £ 0,

is called a convex program if the functions involved are convex on some convex
subset X of R". Convex programs have many useful properties. Among
them,

1. The set of all feasible solutions is convex.

2. Any local minimum is a global minimum.

3.The Karush-Kuhn-Tucker optimality conditions are sufficient for a minima.



Definition 2.6. [20/A subset X of R" is convez if for every x1,z9 € X and
0 <A< 1, we have
Ary+ (1= N)zp € X. (2.1)

and a vector function f : X — R? defined on a convex subset X of R" is
convex if for any xy,25 € X and 0 < A < 1, we have

FOz+ (1= Nag) < Af(z1) + (1= N) f(xg). (2.2)

An important property of a differentiable convex function is that any sta-
tionary point is also a global minimum point.

Definition 2.7. A function f: X — RP is quasiconvexr on X if
fz) < flxe) = fAxy + (1 = N)zo) < f(xg),Vay, 20 € X, VA € [0,1] (2.3)

and for differentiable function f: X — RP is said to be quasiconver on X if
flar) < fwa) = (21 — 22)V[(22) <0,Ya1,22 € X

In the definition of some constraint qualifications pseudoconvexity of com-
ponents of objective functions and constraint functions is required.

Definition 2.8. [20/Let f : X — R? be differentiable on the open set
X CR"; then f is pseudoconver on X if;

f(.]?l) < f(%g) = ($1 — Z'Q)Vf(ilfg) < O,Vl‘l,ﬂfg e X
or equivalently if
(ZEl — JZQ)Vf(JIg) > f(I1> > f(IQ),VIl,ZEQ e X.

The function f : X — R is called pseudoconcave if — f is pseudoconvex.
Convexity can be weakened to various kinds of generalized convex. Many
classes of generalized convex functions have been defined and studied. Now
we recall some definitions.

Definition 2.9. [20] A set X is said to be invez if there exists a vector-
valued function n : X x X — R" such that for each x1,x5 € X such that
n(xy, x2) # 0 if x1 # 29, and xo + An(x1, 22) € X, VA € [0, 1]

A function f: X — R, X open subset of R", is said to be invex on X with
respect to n if f(x1) — f(xa) >0 (21, 22)V f(22), Vo, 20 € X.

The name invex stands for invariant convex. [20]



Chapter 3

Optimality conditions

3.1 Optimality conditions in Vector Optimiza-
tion

In this section, we derive necessary and sufficient optimality conditions for
the weakly efficient solutions of (VOP) for finite differentiable inequality
constraints.

We consider the following vector optimization problem (VOP):

minf(z) = (f1(z), ..., f())
st gi(z)<0,5=1,2,....m (3.1)
re X CRY,

where f: X — RP and g : X — R™ are differentiable functions and a non-
empty open set X C R" and f;,g; : R*" = R,Vie [ ={1,...,p},Vj e J =
{1,...,m} J(z) = {j € J : gj(z) = 0} is the index set of the active con-
straints at z and S = {z € X : g;(z) < 0,7 € J} is the feasible set of (VOP).
Here the minimization means finding the collection of efficient points. We
denote by S the feasible set, that is, the intersection of X with the set of
points x in which g;(z) < 0,5 € J = {1,...,m}. If z € S, we say that
x is a feasible point. f;(x) is the result of the i** objective function if the
decision maker chooses the action z € S.We say that x € S dominates y € S
in (VOP) if f(z) < f(y) and = € § strictly dominates y € S in (VOP) if
f(x) < fy).

There could not be valid single objective optimal solution for vector opti-
mization problem (VOP). In multiobjective optimization problem objectives
could be conflicting and may not be combined into a single objective. Hence,
Pareto optimality concept for efficient solutions to multiobjective optimiza-
tion has been introduced, two of which are defined as follows:

10



Let X be a non empty subset of ®" and f : " — RP, g : R — R™. Then
the vector optimization problem is to find the efficient point for (VOP)

minf(x)

Subject to  g;(z) <0
where condition (3.1) holds

Definition 3.1. [2/A point T in X is said to be efficient (Pareto), if there
exists no x € X such that f(x) < f(Z).

Definition 3.2. A point T in X is said to be weak efficient (weak Pareto),
if there exists no v € X such that f(x) < f(Z).

Obviously every Pareto efficient point is also a weak Pareto efficient
point,i.e., if S is convex and if the objective functions are quasiconvex with
at least one strictly quasiconvex component, the set of local Pareto efficient
points is a subset of the set of weak Pareto efficient points.

Now, we characterize weakly efficient solutions for the convex VOP using
concepts similar to Fritz-John and Kuhn-Tucker optimality condition con-
cepts, and assuming that f and g are differentiable functions on the open set
X.

A strategy to minimize the problem(VOP (3.1)) consists of finding its La-
grangian and applying the KKT theorem which gives the necessary and suf-
ficient conditions for the optimal solution of a constrained optimization. La-
grangian is defined as follows:

Definition 3.3. Given the vector optimization problem

minf(x)

Subject to gi(z) <0,i=1,...,m

the Lagrangian is defined as

Lz, A p) = Z Aifi(w) + Z 1595 (x)

where X and p are Lagrangian Multipliers. Lagrange multipliers have long
been used in optimality conditions involving constraints, and their role has
come to be understood from many different angles. Firtz-John and KKT
conditions are expressed in terms of the Lagrangian for the optimal solution.

11



Definition 3.4. A feasible point, T € X, is said to be a Vector Fritz-John
Point (VEJP) to the problem VOP, if there exists a vector (A, i) € RP x R™
, with (A, 1) > 0 such that

NV f(z)+ ' Vg(z) =0,
ilg(z) =0.

Definition 3.5. [3/A feasible point, T € X, is said to be a Vector Kuhn-
Tucker Point (VKTP) to the problem VOP, if there exists a vector (X, i) €
R x R™ | with (A, 1) >0 and X\ # 0 such that

NVFf(@)+ 5" Vg(z) =0
itg(x) = 0.

Note that, when we assume the condition that the multiplier A > 0, it
means that \; # 0,Vi € I. If it may happen that some multipliers related to
the objectives are zero, then it is not possible to deduce the behavior at x
of the objective functions associated with such zero multipliers. Therefore it
is important to find necessary and/or sufficient conditions which guarantee
A > 0.

The following theorem states the Fritz - John optimality conditions. Here,
without loss of generality, we will assume that the constraints are binding at
a local efficient point of VOP. The first result to be presented is a necessary
condition(first- order condition) of the Fritz-John type for pareto optimality.

Theorem 3.1. (Fritz-John necessary condition for pareto optimality)

Let the objective and constraint functions of problem(VOP) be differentiable
at a point & € S. A necessary condition for the point T to be pareto optimal
is that there exist multipliers 0 < A € RP and 0 < p € R™ for which
(A, ) # (0,0) such that

1. Zle ANV fi(Z) + Z;n:l ungj(f) =0

2. puigi(Z) =0 forallj=1,....m

Proof: See [6]
Let f: R" — RP g : R* — RN™ and consider the following vector optimization
problem (VOP)

(VOP) : minf(x)
resS

Where S = {z € R" : gj(x) < 0,j =1,...,m}. Let £ € S be any feasible
solution to (VOP), and let J(Z) be the subset of indices defined by J(z) =
{jel,....om:yg;(x) =0}

12



For each i = 1,...,p, we shall define the nonempty sets Q° and @ by

Q@) = {r € R": g(2) <0, fule) < ful@),k=1,....p and k # i}

Q(r) ={z e R": g(x) <0, f(z) < f(2)}

CQ,z) ={deR":Vfi(x)'d <0,i=1,...,p;Vg;()Td < 0,5 € J(T)}
Note that, throughout this project we use the notations Q,Q*, C(Q, ) and
S as defined above.

The following theorem expresses a necessary optimality conditions which
involves the bouligand tangent cone.

Theorem 3.2. [1]If T is a local efficient point for VOP and f and g are
differentiable at T then we have V f(z)Td € R, Vd € Nf_,CleoT(Q', T)

Proof. Let i € {1,...,p}, and let d € T(Q",x). Then ,there exist{z,} C
Q' x, = T,{a,} C Ry, a, = +00, such that a,(x, — ) — d. By Tay-
lor’s expansion,we have f;(z,) — fi(Z) = V fi(®)" (v, — ) + o(||z,, — Z||), with
lzn=zl) _y . Since filzn) — fi(Z) > 0,Vn, and lim, i oon(fi(x,) — fi(T))

llzn—2]]

= Limy s o[V i (B) (20 — T) + |z — 2 [H2=20] = Vfi(@)7d, it re-
sults Vf;(z)Td > 0,Vd € T(Q",z). Let u € CoT(Q',x). Then , there
exist d* € T(Q",Z),h = 1,.... kX > 0,h = 1,... .k, >, A = 1, such
that u = Y5, Awd".  Consequently, V fi(7)"u = S.v_, MV fi(7)Td" > 0,
and thus V f;(2)Tu > 0,Yu € CoT(Q', z). At last ,let = € ClcoT(Q% Z).
Then, there exist a sequence {u,} C CoT(Q',T), such that u, — z,with
Vfi(®)Tu, > 0. By the continuity of scalar product,we have ¥V fi(z)Tz > 0
for every i € {1,...,p},s0 that d € N?_,ClcoT(Q", T).

3.2 Scalarization of Vector Optimization

In this subtopic we consider the problem of finding weakly efficient points
(or weak Pareto minimal elements) of an inequality constrained vector opti-
mization problem.

As described earlier in multiobjective optimization problems objectives
could be generally conflicting. All the objectives cannot be solved for their
minimum values simultaneously, so a compromise has to be reached. This
is the nature of the multiobjective optimization problems. Since such opti-
mization problems involve more than one objective, the objective function is
expressed as a vector and the problem becomes a vector optimization problem
. Such problems can be expressed as:

(VOP)minf(x) = (fi(z), ..., fp(z))

3.2
x €S, (32)
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where S = {x € R : g(z) < 0} is the feasible set(region) in the decision
space and condition VOP(3.1)) holds. This problem (VOP) can be solved by
solving single objective problems of scalar problems. The vector optimization
problem can be solved by reducing it to a scalar optimization problem. This
involves an aggregation of the components of the vector objective function
into a single objective function. This process maps the objective space onto
a real line. This scalar optimization problem is expected to be equivalent to
the vector optimization problem. Different scalarization methods have been
known. Among these many possible ways one of the most known scalar prob-
lems associated with multiobjective programming problems is the weighting
problem whose formulation has the following form.

Consider the following weighted sum scalar problem:

;wﬂ(@ (3.3)
r €S

where p is the number of the objectives, > 7 w; =1 and w; > 0,i=1,...,p.
This completely orders the objective space. This allows the resulting scalar
objective function to be solved for a single Pareto optimal solution that rep-
resents the preference of the decision maker. Weighted sum method involves
a linear or convex combination of the objectives f;(z),i = 1,...,p. Each of
the objective f;(z) is multiplied by a normalized weight factor w; and the
product added to give the scalar objective (3.3) of vector optimization (3.2);
The scalar objective optimization problem (3.3) has been shown to be equiv-
alent to the vector optimization problem (3.2) if the problem is convex. The
weighted sum method is the commonly used scalarization method because of
its simplicity, ease of use, and direct translation of weight into the relative
importance of the objectives. Let the attainable set of objectives in the ob-
jective space be denoted by

F={fi(z),..., fy(x):g(x) <0,},

Consider the weight vector w = (wy,...,w,)T € RP, the vector objective
function f(z) = (fi(x),..., fp(z))T € NP, and the map G(f,w) = G,
RP x ™ — R. The weighted sum method derives the scalar objective
Gu(z) = Gy f(x), through a convex combination of the objectives f;(x),i =
1,...,p. Thus, with p number of the objectives, the equivalent scalar objec-
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tive G(f,w) is given as

=1
) (3.4)
d wi=1lw>0i=1...p

This transforms the vector optimization to a scalar optimization problem(SOP)
form:

minG(x)

3.5
st. z €S (3.5)

This process maps the p-dimensional objective space onto the positive real
line R, and all the non-dominated points are mapped to the same point on
the real line.

Theorem 3.3. [11] The solution of weighted optimization problem (3.4) is
pareto optimal, if the weighting coefficients are positive, that is, w; > 0, for
alli=1,...,p

Proof. Let & € S be a solution of weighting problem(3.4). Let us suppose
that it is not pareto optimal. This means that there exists a solution xq € S
such that fi(xo) < fi(z) for alli =1,...,p and f;(zo) < f;(Z) for at least
one j, sincew; > 0 foralli =1,...,p we have Y " w; fi(xo) < > b wifi(Z).
This contradicts the assumption that X is a solution of the weighting problem
and thus, T must be Pareto Optimal.

Theorem 3.4. If f is invex on an open set S, then all weakly efficient solu-
tions of the VOP solve the weighted scalar problem with A > 0.

Proof. Let T be a weak efficient point, then there exists X € RP with X\ > 0
such that \TV f(z) = 0. As fis invex at T with respect to n so is AT f that is,
MNof(x) =N f(z) > NV [f(@)n(x,z) =0 Then NT f(z) > N f(z). Therefore,
T is optimal solution for (3.4) with A > 0

It is interesting to note that under invexity hypothesis, the vector criti-
cal point, the weakly efficient solution and the optimal solution for weighted
scalar problems coincide . Now we illustrate the relation of scalar optimiza-
tion and vector optimization by extending KKT sufficient condition scalar
optimality to vector optimality for convex optimization. If the multiobjective
optimization problem is convex, then we can state a sufficient condition of
optimality in the single objective case,
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Theorem 3.5. (KKT sufficient condition for optimality )
[11]A sufficient condition for a point & € R™ to be (global) minimum for the
problem

minf;(x
g(x) = (g1(x), g2(2), ..., gm(x)) <0,i=1,...,m.
where the objective function f; : R — N,j = 1,...,p and the constraint
function g; : " — N, 5 =1,...,m are convex and continuously differentiable
at T, 1s that there exist multipliers 0 < p € R™ such that
DVfi(z)+ ) _ wVy;(@
Z T (3.7)

2),ujgj(:1_c):0, for all j=1,...,m

Proof: See [21]
Now we can extend the theorem (3.5) for vector optimization case as in the
following theorem.

Theorem 3.6. (KKT sufficient condition for pareto optimality)

[11]Let the objective and the constraint functions of VOP(3.1) be convezr and
continuously differentiable at a decision vector x € S. A sufficient condition
for T to be pareto optimal is that there exist multipliers 0 < A € RP and
0 <peR™ such that

ZA Vfiz) + Zw%

2)ujgj(x) =0, for all j=1,....m

Proof. Let the vector A and p be such that the condition stated are satis-
fied. We defined a function F : R" — R as F(x) = > 7 \ifi(z), wherex € S.
Trivially F is convex because all the function f; are and we have X > 0. Now
from statement (1) and (2), we obtain VF(z) + > 7", 1;Vg;(Z) = 0 and
pig;(z) =0, for all j = 1,...,m. thus according to theorem (3.5) the suffi-
cient condition for F to attain its minimum at T is satisfied. So F(z) < F(x)
for all x € S. In other words

Z Aifi(z) < Z Aifi(x)

forallz € S.
Let as assume that X is not pareto optimal. Then there exists some point
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T € S such that fi(z) < fi(x) for alli = 1,...,p and at least for one
index j is f;(2) < f;j(&). DBecause all \; were assumed to be positive ,
we have Y0 N fi(z) < DF_  Nifi(z). This is contradiction with inequal-
ity > P N fi(@) <3P Nifi(x) and T is thus pareto optimal .
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Chapter 4

Constraint Qualification in
Vector Optimization

4.1 Constraint Qualification

It may happen that some multipliers related to the objectives in Fritz-John
conditions are zero and consequently it is not possible to deduce the behav-
ior at Z of the objective functions associated with such zero multipliers. [1]
Therefore, it is important to find necessary and /or sufficient conditions which
guarantee that \ € intR}.

When A € intR?} Fritz - John conditions are referred to as Karush Kahn
Tucker (KKT) conditions. Now we are able to state necessary and sufficient
conditions which ensures A € intf’}. These condition are called constraint
qualification conditions. A necessary and sufficient condition for the valid-
ity of Fritz John conditions with positivity of all the multipliers associated
with the objective functions. Such a condition can be interpreted as general
constraint qualification.

Now, consider a generalized constraint qualification, for which we obtain also
Kuhn-Tucker necessary conditions which guarantee that a feasible solution
of Problem (VOP(3.1)) is an efficient solution.

Let f:R" — RP, g : R* — R™ and consider the following vector optimiza-
tion problem (VOP)

(VOP) minf(x)

ves (4.1)

where S = {x € R" : gj(x) < 0,7 = 1,...,m} and 7 is a feasible so-
lution(vector) of Problem (VOP) and for each ¢ = 1,...p, consider the
nonempty sets (Q, %) and (Q, z) defined in preceding chapter and
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CQ,z)={deR":Vfi(z)d <0,i=1,...,p,Vgj(x)d <0,j € J(z)}

(J(2) ={j € J:g;(x) =0}).

We suppose that all functions are differentiable at the point taken into con-
sideration, i.e.at T € S.

Definition 4.1. Let S = {x € R" : g;(z) < 0,5 = 1,...,m}, g; differen-
tiable at © € S. The linearizing cone to S at ¥ is defined as:

C(S,z)={deR":Vgj()'d<0,5=1,...,m}.

~ We consider also the following linearizing cones to S at z:
C(S)={deR":Vy;(2)d < 0,5 € J(x)}
O(S) = {d € R : Vg;(2)d < 0, € J(x)}

Note that, we have the following inclusions
Z(Q,z) C A(Q,7) C T(Q,x) C MiesClcoT(Q", ) C C(Q).
Where,

Z(Q, x) is a feasible direction cone.

A(Q, z) is an attainable direction cone.

T(Q,z) is Bouligand cone.

CleoT(Q', z) closed convex cone of tangent cone.

C(Q) is linearized cone.

Where 7 is a feasible solution(vector) of Problem (VOP(3.1)) and for each
i €1,...,p, let the nonempty sets (Q°, %) and (Q, Z) be as defined above:
C(Q,z2) ={deR":Vfi(z)d<0,i=1,...p,Vg;(z)d < 0,5 € J(z)}

In other condition, C(Q,z) = {d € R" : f/()d < 0,i = 1,...p,gi(T)d <
0,j€J(z)}

In other condition, (J(z) ={j € J: g;(z) = 0}).

Proposition 4.1. If f/(z),i € 1,...,p, and gi(T),j € J(z), are conver
functions on R", then C(Q,Z) is a closed convex cone.

Proof. Let A\ > O and d € C(Q,z). Then, \d € C(Q, ), because \f!(Z)d <
0,i € 1,...,p and similarly, Agj(Z)d < 0, for j € J(%) Now, let di,dy €
C(Q,z), and let X € [0,1]. Since the functions f'(z) and ¢'(Z) are convex,
we have, fori € I fl(z,Ady + (1 —N)ds) S \fl(z)d1 + (1= N)fl(Z)dy = 0 and
similarly, for j € J(z), g5(%, Adi + (1= N)dy) = 0. Finally, C(Q,T) is closed,
due to the fact that, if we take a sequence (d*), € C(Q, ) such that d* — d°,
it follows that f'(z)d" < 0,Vk and therefore, limy f(z)d" = f/(z)d° £ 0,i € I
and similarly,we get g;-(:f)do < 0,j € J(x) We used the continuity of the
convez functions f!(z) and ¢'(Z) on R™.
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The following result shows the relationship between the tangent cones
T(Q, z) and the linearizing cone C(Q, 7).

Lemma 4.1. [15/We assume that T is a feasible solution to Problem (VOP)
and that :
(A1) fi(z),i € I, and gj(Z),j € J(x) , are convexr functions on R";
(A2) fi,ie I, and gj,j € J(Z), are quasiconver functions at .
Then, we have
A CleoT (@', 7) € C(Q, (1)) (42)

Proof. We shall give a proof for p > 1, the proof for p =1 being similar. For
i €1, let us define C(Q', 7)) = {d € R": fi(z)d £ 0,k € I' and gj(z)d < 0}
, J € J(&) Using a proof similar to that of Proposition (4.1), one can see
that C(Q", z) is convex and closed for all i € I.

M-, C(Q", 7)) = C(Q, 7) (4.3)

Now, we shall show that, for everyi € I,
T(Q',7) € C(Q',7)) (4.4)
Leti € I and h € T(Q",&). We get a sequence (x1)r, C (Q', %) and a sequence

(t)x € R, with t;, > 0, such that limy_,soxr, = T, limy_ oot (zr, — T) = h For
k> 1, we put hy = ty(xp — ) Then, for all j € J(T) and for all k,

g5(an) = g5(a + 3 ) <0 = gy(2) (4.5)

F@+ ) < f(2) (4.6)
k

Using (4.5) and (4.6), and the quasiconvexity of the functions f;,i € I, and
95,7 € J(Z) , according to Assumption (A2) we obtain, for all k,

1 . _
9:(7, Ehk) =0,j € J(2) (4.7)
! (= 1 7
fi(z, t_hk) <0,sel (4.8)
k

Using (4.7) and (4.8), and the homogeneity property of f. and g}, we get, for
all k

9;(Z)hi, 0,5 € J(2) (4.9)
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fi@)hy £0,s €I (4.10)

Due to the continuity of the convex functions g}(7), fo(%) [see Assumption
(A1)] and to the fact that limy_oohi. = h One gets that,

gi(r)h 20,5 € J(z) (4.11)

fi@h 0,5l (4.12)

so that (4.5) is true. Hence, due to the fact that every C(Q', ) is conver and
closed, one obtains CoT(Q",7) C C(Q", 1), ClcoT(Q",x) C Nic;C(Q*, T)
hence, NicrClcoT(Q",T) C NMie;C(Q', T) According to (2), the proof is com-
plete for p > 1. For p = 1, we take C(Q, ) instead of C(Q*,z), and with
similar arguments we obtain ClcoT(Q, %) C Mie;C(Q,x) The proof is now
complete for p > 1.

In general, the converse inclusion in Lemma 4.2 does not hold, as can be
seen in the next example.

Example 4.1. Consider problem VOP(3.1),where

f(xy,m3) = (23 — 29, x129 — 313) and

S ={(z1,72) € R?: g1(x1,72) = 73 — T3 <0, go(1, 13) = 13 < 0}.

It is to verify that S = {(0,0)}, so that & = (0,0) is efficient for VOP(3.1).
By simple calculation , we have C(Q,z) = {(d1,0) : d; € R} and
NZ_,ClcoT(Q",z) = {(0,0)}. So that the, C(Q,z) = N2ClcoT(Q", ) does
not hold. On the other hand KKT conditions are verified (for instance, we
can choose A\y = Ay = py =2 and ps = 10)

In order to obtain the necessary conditions that a feasible solution to
Problem (VOP(3.1)) be an efficient solution, it is reasonable to assume that
C(Q,T) C NierClcoT(Q, 7). This condition is considered as a generalization
of the Guignard constraint qualification in mathematical programming.

As we have previously pointed out in vector optimization, constraint qual-
ification must involve both the objective function and the constraints, so,

we need to consider the sets Q¢ and ) with this respect, it is important to
observe that, when Z is a local efficient point for problem (VOP) we have
int(Q,z) =0 [14].

Assume that f and g are differentiable and V f;(z),i = 1,...,p and Vg;(Z),j €
J(Z) are convex function on R", then the following conditions are among the
common constraint qualifications that can be proven by utilizing convexity
property for none empty interior cone following the same line of the scalar
case.
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Definition 4.2. [18/For vector optimization problem VOP(3.1)), if the in-
clusion

C(Q.7) € M, Clco(T(Q', 7)) (4.13)

holds, we call that VOP3.1 satisfies the Generalized Guignard constraint qual-

ification (GGCQ) at T, where C(Q, ) is the linearizing cone to Q at T € Q,
T(Q,7),i=1,...,p are the tangent cones to Q* at T € CIQ".

i.e the Generalized Guignard constraint qualification, if C(Q,z) C NY_Cl(co(T(Q", ))).

Definition 4.3. [11]Let the objective and constraint function of VOP(3.1))
be differentiable at point x € S. VOP satisfies the Cottle Constraint quali-
fication at T if either g;(z) <O for all j =1,...,m or O ¢ Conv{Vy,;(z) :
g;(z) = 0}

i.e Cottle - type constraint qualification if

ntC(Q', z) # 0, Vi. (4.14)

Definition 4.4. [15] Let the objective and constraint function of VOP(3.1))
be differentiable at point T € S.If the inclusion

C(Q,7) € T(Q, 1) (4.15)

holds, we call that VOP(3.1) satisfies the Abadie constraint qualification(ACQ)
General Abadie Constraint qualification if

C(Q,7) €N, T(Q", 7) (4.16)

Definition 4.5. [15] Slater-Type Constraint Qualification(SCQ): Forp > 1,
the functions f;,1 € {1,...,p}, and g;(x),j € {1,...,m} are all pseudocon-
ver on R", and for each i € 1,...,p, the system

fi(x) < fiu(@), ke {1,....,p} and k#i ,gj(x)<0,5€{l,...,m}
(4.17)
has a solution at x € R".

Definition 4.6. [15] we assume that T is a feasible solution to VOP(3.1))
Mangasarian-Fromovitz Constraint Qualification(MFCQ): The system

Vf,<1_/’>d§0,Z: 1,...,]?.

Vgi(7)d < 0,5 € J(7) (4.18)

has a solution d € R™, and the following property holds: there does not exist
ke {l,...,p} such that V fr(Z)d = 0 for any solution d to the system (4.18).
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Definition 4.7. Linear Constraint Qualification(LCQ): The functions f;,i €
I, and g;,j € J(z) , are all linear.

It is obvious that in order to avoid that some of the Lagrange multipliers
vanish, we need to consider a constraint qualification.

Theorem 4.1. [14/Let T € S be any feasible solution for problem (VOP(3.1))
where f, g are differentiable at ¥ and assume that the General Guignard Con-
straint Qualification (GGCQ) (4.13) holds at z. If & € X is an efficient solu-
tion to Problem (VOP(3.1)), then there exist vectors A, ji = (A, u) € R x R
such that

Z AV [i(Z) + Z ;i Vg;(z) =0

iujgj(l’) =0, 419)

A>0 and p>0

Proof. Let z € X be an efficient solution to VOP(3.1). Then, from theorem
(3.2) we have , the inequality system V fi(z)'d <0,i=1,...,p Vg;(z)Td <
0,7 € J(Z) has no solution. From Kahn Tucker’s Theorem, there exist A >
0,15 20,5 € J(Z), such that Y27 | \iV fi(%)+> 7, 1;Vg;(Z) = 0. By setting
Hi = 0,] ¢ J(i‘), we have Zle )\ZVfZ("Z')—f‘Z;n:l ,ungj(f) = 0, A > O,/,L > 0.
Since g;(Z) = 0, for j € J(Z), we have p1;g;(Z) = 0, for j =1,...,m which
completes the proof.

Sufficient condition for Guignard constraint qualification
We note that, in the case when f;,7 € I and g;,j € J are continuously differ-
entiable , ACQ, CCQ,SCQ and MFCQ are satisfied according to the related
condition(assumptions) guarantees that GGCQ holds. Consequently, they
validate also the KKT conditions represent first order optimality conditions.

With reference to VOP(3.1), and all the functions(objective functions
and constraint functions(inequality )) are differentiable on a common open
set, "weaker” or a ”stronger” constraint qualification condition has been
considered. Consider the following Abadie constraint qualification(ACQ):

C(Q,z) =T(Q,x) (4.20)

i.e the linearized cone (cone of locally constrained direction) in a nonempty
closed convex polyhedral cone determined by the active constraints of VOP(3.1).
The following lemma was proved by Abadie (1967).
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Lemma 4.2. [7]/In problem (VOP(3.1)) let & € S, then it results A(S,z) C
(C,z) i.e (C*,z) C T*(S, )

Proof. It is sufficient to prove that T(S,z) C (C,Z), as being that (C,Z) is
a closed convez cone, then A(S,z) = Cl(Conv(T(S,))) C (C,z).

Let d € T(S,z). Then there exist a sequence {z,} € S that converges to
z and a nonnegative sequence {\,} € R, such that d = lim,,_,oo+ A (T, — T).
We have, for j € J(Z), A\g;(z,) = A\(z, — )V (Z) + X0 || 2, — 2 ||. If n
is large enough and if dVg;(z) > 0 for Vj € J(z), then the right hand side
of the last expression is positive, so that g;(x,) > 0, which is a contradiction
to x, € S.
As a counter example to the converse of the above lemma, consider the fol-
lowing system n = 2 € %
gi(x) = a2 — 27 <0
g2(z) = —x2 < 0 and take z = (0,0)
The cone of tangents is the half-line x5 = 0,2; > 0, while the linearizing
cone is the whole line zo = 0. It is worthwhile to emphasize that the cone
of tangents is a geometrical concept, while the linearizing cone depends only
upon the analytical description of the feasible set S. For example if we add
to the above two constraints the third equality g3(z) = —x1 — 22 <0
The feasible set S remain the same as well as the cone of tangents at & = (0, 0)
, but the linearizing cone coincides with the tangent cone.
Contrary to the scalar case, where the Abadie constraint qualification assures
the positivity of the multiplier associated to V f(Z), in the Fritz John neces-
sary optimality conditions, for vop(3.1) this does not happen. Obviously, this
holds true also for all other which imply the Abadie constraint qualification
condition Consider the following example [1].

Example 4.2. Consider the problem

minf (1, z2) = ((21 — 22), — (21 — 22)%)
s.t:
S ={(x1,25) € R* | 2, <0}

FEvery feasible point is an eficient solution. In particular & = (0,0) € S is
efficient, it holds C(S,z) = T(S, ), but we have

)\1(17 —1)T + )\2(0, 0)T + /Ll(l, O)T = (O, 0)T fOT /\1 = 0, /\2 > O,Ml = O, SO
A= (0,\) ¢ intR2
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Hence, we obtain the following result.
If z is a local efficient point for vop(3.1), or also a local weak efficient point,
and the Abadie constraint qualification (4.15) is satisfied, then there exist
AERPAN>0,A#0,u € R™ and p > 0 such that

D ier MV Li(T) + 205, 1V ei(T) = 0
> jes i9i(Z) =0
We have to note that the above Weak Kuhn-Tucker conditions are useful, to-
gether with appropriate (generalized) convexity assumptions, to obtain suf-
ficient conditions for the weak efficiency . Assuming the Cottle Constraint
qualification, we obtain the KKT necessary condition for pareto optimality.

Theorem 4.2. [11/(KKT necessary condition for pareto optimality) let the
assumption of theorem (3.1) be satisfied by Cottle Constraint qualification.
theorem (3.1) is then valid with the addition that X\ # 0.

Let £ € S be pareto optimal. At first we define an additional function
F:R" = Rby F(z) = maz{[fi(z)—fi(Z)],9;(x) i =1,...,p;j =1,...,m}
and for all x € ®; F'(z) > 0 Theorem (3.1) is here valid up to the observation
0 € 9f(z) . From the definition of F we know that F'(z) =0

Proof. We continue by first assuming the g;(z) <0 for allj=1,...,m. In
this case, f(z) > g;(Z) for all j, obtain O € Conv{0fi(Z) :i=1,...,p} From
the definition of convex hull we know that there exists a vector O < X € R? of
multipliers for which Y % | A\; = 1(thus A # 0) such that0 € Y P N0 fi(Z) we
obtain the statement to be proved(denoted by (1) in theorem (3.1) by setting
w; =0,Yj =1,...,m. on the otherhand, if there exists some index j such that
9;(Z) = 0, we denote the set of such indices by J(z). by the Cottle constraint
qualification we know that 0 ¢ Conv{dg;(z) : j € J(z)} In this case, we
deduce that 0 € Conv{0fi(z),09;(z) : 1 = 1,...,p;j € J(Z)} Appling the
definition of a convex hull, we know that there exist multipliers \; > 0,1 =
L....pand p; > 0,5 € J(Z) for which Y70 Ni + 3y 1y = 1 and by
assumption of theorem(3.1) ,especially X\ # 0, such that

0 € > NOfilT) + 22 e 15095(Z). Again, we obtain the statement to be
proved by setting p; = 0, for all j € J | J(z). The proof of part (ii) is similar
to proof of Theorem (3.1).

4.2 Relations between Constraint Qualifica-
tion conditions

Lemma 4.3. Let T be a feasible solution for Problem (VOP). Then, (SCQ)
implies (CCQ).

25



Proof. Since (SCQ) holds, for each i € I, there exists x; € R™ such that

fil@) < fu(@), keI’

4.21
g](l'l) < 0,] eJ ( )

Also, the functions fy, k € I, and g;,j € J, are semidifferentiable and pseu-
doconvex at x. Then, we have

fi@ o —7)<0,kel

4.22
g;(T,2; — 1) < 0,5 € J(2) (4.22)

i.ed; =x;—T,i € I, is a solution for the system given by (CCQ). Therefore,
(SCQ) implies (CCQ) is proved.

Lemma 4.4. Let T be a feasible solution for Problem (VOP(3.1)). Then,

(CCQ) implies (GGCQ) [15].

Proof. To proof that (GGCQ) holds , let h € C(Q,Z). Then we get
Vi(z)h £0,ie{l,...,p} (4.23)

Vo, (#)h €0, € J(2) (124
Let i € I be a fized element. Since (CCQ) holds, there exists h; € R", such

that
V(@) <0,k el (4.25)

Vg;(Z)h; <0, € J() (4.26)

Now, we shall define a sequence {h"}, given by d* = h + t,d;, where {t,},
1S a positive sequence converging to zero. We note that lim,_...d” = h .
Using the linearity property of the functions V fi.(Z) and Vg;(Z), and using
relations (4.23) — (4.26), we get V fo(Z)h"™ < V[ e(Z)h + 6,V fir(Z)h; < 0,
Vg;(z)d" £ Vg;(zh + t,Vg;(T)h; < 0 for any n and k € I',j € B(Z).
Now, if {pnk}r is a positive sequence of real numbers, converging to zero,
then the sequence {x"*}, given by 1™ = T + pnh™, is converging to 7,i.e
limp oo™ = T and f;(z"F) < f;(Z), we get that, for any k sufficiently large,

fo(x™) < fo(z),s € T’ (4.27)

gi(z™) < 0,5 € J(z) (4.28)

For j € J | J(T), g;(z™) <0, for any k sufficiently large. Now, by (4.27)
and (4.28), we have that z™* € (Q%, %), for any k sufficiently large.
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The relations between some of these constraint qualifications can be sum-
marized as follows for differentiable objective and inequality constraint func-
tion:

e Slater constraint qualification implies Cottle constraint qualification
implies Guignard constraint qualification

e Linear constraint qualification implies Abadie constraint qualification
implies General Abadie constraint qualification implies Guignard con-
straint qualification

e Mangasarian-Formovitz constraint qualification implies Cottle constraint
qualification implies Guignard constraint qualification

Now, we can summarize as follows:

For multiobjective optimization programming with inequality constraint, if
T € X is an efficient(or weakly efficient) solution to VOP(3.1). and an
appropriate constraint qualification is satisfied at Z,then there exist vector
A€ R, N> 0, and p € R such that

= (4.29)

27



Bibliography

Amanuel Arana Jimenez, Optimality Condition in Vector optimization,
Bentham e books, Madrid, 2010

Antonio Beato Moreno, Local Pareto optimality conditions for vector

quadratic fractional optimization problems, Science Index, Mannheim,
1998.

A. Pascual-Acosta, R. Osuna-Gomez and A. Rufian-Lizana , Decision
Analysis: Vector Optimization Theory, Vol. 93(4), pp. 467-475, 1999.

Claus Hillereie, Nonlinear Multiobjective Optimization: A Generalized
Homotopy Approach, Birkhauser, Berlin, 2002.

J. Borwein and A. S. Lewis, Convex Analysis and Non Linear Optimiza-
tion, Springer, Berlin, 2000.

Da Cunba and Polak, Constrained Minimization under vector-valued
criteria in finite dimensional spaces, Journal of Mathematical Analysis
and application, vol. 19(1) pp. 103-124, 1967.

Giorgio Giorgi, A. Guerraggio, J. heirfelder, Mathematics of Optimiza-
tion:Smooth and non smooth case, Elsevier, Italy, 2004.

Giorgio Giorgi and Cesare Zuccotti, Again on reqularity conditions in
differentiable vector optimization, Annals of the university of Bucharest,
Vol. 2, pp. 157-177, 2011.

Johannes Jahn, Vector Optimization, Springer, Berlin, 2011.

Joydeep Dutta, Optimization Theory - A Modern face of Applied Math-
ematics , Springer, Kanpur, 2002.

Kaisa Miettenin, Non-linear Multiobjective Optimization Problem,
Kluwer Academic Publisher, Boston/London, 1999.

28



[12]

[13]

[14]

[15]

[21]

22]

Michael L. Flegel and Christian Kanzow, On the Guignard Constraint
Qualification for Mathematical Programs with Equilibrium Constraints,
Inst. of Applied Math. and Statistics, Geremany, 2002.

Mokhtar S. Bazaraa, Nonlinear Programming Theory and Algorithms,
John Wiley and Sons, New Jersey, 2006.

M. M. Rizvi, Muhammad Hanif and G. M. Waliullah, First-Order Op-
timality Conditions in Multiobjective Optimization Problems: Differen-
tiable Case, Ganit J Bangladish Math. soc., Vol. 29, pp. 99-105, 2009.

V. Preda and I. Chitescu, On Constraint Qualification in Multiobjective
Optimization Problems: Semidifferentiable Case, Journal of Optimiza-
tion Theory and Applications, Vol. 100, pp. 417-433, 1999.

Qamrul Hasan Ansari Jen-Chih Yao, Recent Developments in Vector
Optimization, Springer, Berlin, 2012.

R. T. Rockafellar, Convezity Analysis, Princiton, New Jersey, 1970.

Sanming Liu and Enmin Feng, Another Approach to Multiobjective Pro-
gramming Problems with F-Convex Functions, Journal of Mathematics
Applications and Computing, Vol. 17, pp. 379 - 390, 2005

Shashi K. Mishira Giorgio Giorgi, Invexity and Optimization, Springer,
New York, 2008.

Shashi Kant Mishra . Shou-Yang Wang Kin Keung Lai, Generalized
Convezity and Vector Optimization, Springer, Verlag Berlin Heiderberg,
20009.

Simon C. P, Scalar and vector maximization: Calculus Techniques with
economics application, MAA studies in mathematics vol. 25, pp. 62-159,
1996.

Stephen Boyd, Convex Optimization, CUP, New York, 2004.

29



