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Abstract

This thesis presents an efficient approach for determining approximate solutions of ordinary
linear differential equations at ordinary points, near regular singular points and near irregular
singular points. Test examples demonstrate the effectiveness and inefficiency of a given method

at different points.
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Introduction

The history of mathematics shows that people devoted much of their lives to solve
equations like algebraic equations at first and then eventually differential equations. Thus
problems of differential equations that existing in Science and Engineering may not be solved
easily, so that one of the differential equations is ordinary differential equations that are used to

solve these problems.

When mathematical modeling is used to describe physical, biological or chemical
phenomena, one of the most common results of the modeling process is a system of ordinary
differential equations. Finding and interpreting the solutions of differential equations is therefore
a central part of applied mathematics, and a thorough understanding of differential equations is

essential for any applied mathematics.

Although the importance of studying differential equations is not generally in question,
exactly how the theory of differential equations should be known, and what aspects should be

emphasized, is more controversial.

Ordinary differential equations certainly solve some kind of equation that contains
derivatives y’, y'’ ... which is analogously used to solve algebra and trigonometry, our task
we use here to solve which is not solved analytically of the ordinary differential equations. The
difficulties that surround higher-order linear differential equations and the few methods that yield
analytic solutions are examined. But the rest of these can be estimated by using numerical

methods to approximate it.

In this thesis we review three chapters. The first chapter deals with some basic notions
and definitions, classification of singular points of homogeneous linear equations of ordinary

differential equations together their properties; the second chapter discusses about local series
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expansion of the solution of at ordinary and near regular singular points, and in the third chapter
we look at local series expansions about irregular singular points of homogeneous linear
equations and non-homogeneous linear ordinary differential equations by the means of

dominance balance.



Chapter One

Preliminaries

1.1 Classifications of Singular Points of Homogenous Linear
Equations

In this section we begin the process of local analysis by classifying a point x,, which may be
complex, as an ordinary point, a regular singular point, or an irregular singular point of a
homogenous linear equation. This classification gives the first indication of the nature of the

solution near X,, and suggests the appropriate route for further systematic analysis.

Let us define the homogeneous linear differential equations whose order n by
Y™ () + e )Y D 4o b p () YD+ po () Y(X) = 0uvvennnennnen. Q)

n
where y™ (x) = Zx—i .The classification scheme we are about to describe assume that py ... p,,—1

have been defined for complex as well as for real values of their arguments.
Ordinary points

The point x, (x, # o) is called an ordinary point of (1) if the coefficient functions
po(x),,..,pn-1(x) areall analytic in a neighborhood of x, in the complex plane.

Example 1: Ordinary points

(@) y" =e"y
>y—e*y=0

The function p,(x) = e* is analytic everywhere (entire)

= Every point x, # oo is an ordinary point



(b) x5y =y
Sa, 1

=>xy"—y=0

nr 1
=y —5y=0

Where py(x) = —xis is the coefficient function and x, # 0 and x # oo are
ordinary point because p(x) = — x—ls is analytic on the complex plane.
©. y' = |xly.

There are no ordinary points in the complex—x plane because |x| is nowhere analytic.
Fuchs proved in 1866 that all n linearly independent solution of (1) are analytic in a
neighborhood of an ordinary point. Moreover, he proved that if any solution is expanded
in a Taylor series about the ordinary point x,, Y(X)=Xp—o an(x — xo)" , then the radius
of convergent of this series at least as large as the distant to the nearest singularity of the
coefficient function in the complex plane .The location of a singularity of a solution must
coincide with the location of singularity of a coefficient function. The solution of a linear

equation cannot have singularities at any other points.

Example 2: Taylor series at any an ordinary point. The equation (x? + 1)y’ + 2xy = 0 has an
ordinary point at 0. The solution y = ¢(1 + x?) can be expanded in a Taylor series whose
radius of convergence is 1; this is the distance to the coefficient singularity at x = +i When

the differential equation is written in the form of (1).
Regular singular points

The point x,(x, # o) is called a regular singular point of (1) if not all of the py(x), ... pp—1 (%)
are analytic but if all of (x — x,)"p,(x), (x — x,)" 1p; (%), ..., (x — x,)p,—1(x) are analytic in

a neighborhood of x.

Example 3: Regular singular points

@ &x-Dy" =y



nr

>x-1y"—-y=0

1 o .
=y ———y =0 whichis 3" order equation,n = 3
x—1

The only coefficient functions is py(x) = — ﬁ not analytic at x = 1.

Now (x — x0)"po(x) = (x — 1)3 (— L) = —(x —1)? which is analytic at x = 1. This

x—1

x = 1is aregular singular point.
(b) x*y" +xy" =y
=>x%y"+xy'—y=0
=" +§y'—xizy =0 itis2™order =>n =2
The coefficient functions are p;(x) = i and py(x) = —xiz both are not analyticat x = 0

(x=0)p,(x) = x.% =1 Where is analytic at x = 0.

(x — 0)?py(x) = x2. (— i) =-1 Where is analytic at x = 0.

x2
This the equation has a regular singular point at x = 0.
©) x°y" = (x+ 1Dy

=>x3y' —(x+1y=0

=y —xx—’;ly =0 whereis 15t order n =1
The only coefficient function is py(x) = —xx—? which is not analytic at x = 0.

(x = 0)"pox) = (x — )L (—22)
= —%1 not analyticat x = 0.
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Thus x = 0 is not a regular singular point.



A solution of (1) may be analytic at a regular singular point. If it is not analytic, its singularity
must be either a pole or an algebraic or logarithmic branch point. Fuchs showed that there is

always at least one solution of the form

y=(x—x)*Ax), (2)

Where a is a number called the indicial exponent and A(X) is a function which is analytic at x,
and which has a Taylor series whose radius of convergence is at least as large as the distance to

the nearest singularity of the coefficient functions in the complex plane.

Example 4: Taylor series at a regular singular point. The equation y’ = y/sinh x has a
regular singular point at 0. The solution y(x) = ctanh (x/2) is analytic at x = 0 but has
poles at x = =+ im. Thus, the radius of convergence of the Taylor expansion of y(x) ism, the

distance to the nearest singularities in the complex plane of the coefficient function 1/sinh x .

If (1) is of order n > 2, then there is a second linearly independent solution having one of two

possible forms:
y = (x—x0)fB(x) 3)
or y = (x — x0)%A(x) In (x — x) + C(x)(x — x0)P . (4)

Equations (3) and (4) are generalizations of the solutions of an Euler equation for non-repeated
and repeated indicial exponents. B(x) and C(x) are new functions which are also analytic at x,
and which have radii of convergence at least as large as the distance to the nearest singularity of

the coefficient functions. A(x) is the same function that appears in (2).

In general, for each new linearly independent solution there is a new analytic function of x and

either a new indicial exponent or another power of (x — x,). Thus, the form of the nth solution

is at worst
y() = (x = %0 ) [InCx = x)]! A (), (5)
i=0

Where all the function A;(x) are analytic at x,. Conversely, Fuchs showed that if all n

solutions have the forms (2) to (5), then x, is at worst a regular singular point of the equation.



Irregular singular points

The point xo( xo # o) is called an irregular singular point of (1) if it is neither an ordinary

point nor a regular singular point.

There is no comprehensive theory of irregular singular points , but we can say that at an irregular
singular point at least one solution is not the forms (2) to (5). Typically, at an irregular singular
point, all solutions exhibit an essential singularity often in combination with a pole or an
algebraic or logarithmic branch point. But this is not always the case. Some of the solutions may

not have an essential singularity and may even be analytic at x,.

Classification of the point x, = oo

We have completed the classification of points xq in the finite complex plane, but it is also
useful to classify the point x, = co. We do this by analytically mapping the point at infinity into

the origin using the inversion transformation.

1
X =-
t
a4 _ 4,24
dx tdt’ (6)
dz 4 d? 3d
dxz_t dt2+2t dt

and so on, and then classifying the point t = 0. The point x, = oo is called ordinary, a regular

singular or an irregular singular point if the point at t = 0 is correspondingly classified.

1.2 Hlustrative Example

In the following examples observe how solutions behave in the neighborhood of ordinary,

regular singular and irregular singular points.

Example 5: Comparison of ordinary, regular singular, and irregular singular points. Consider

the three equations.



ax 27=0 (7)
dy 1
dx 7% =0, (8
dy 1
ax 227 =0 )

The transformation x=1/t gives three new equations which are respectively

d
dy, v

v i 0,%+% = 0. Every point of (7) is an ordinary point except for oco. Which is an

irregular singular point? As expected, the solution y(x) = ce*/? is analytic  expect for an
essential singularity at x = co every point of (8) is an ordinary point except for 0 and co which
are regular singular points. The solution y(x) = cx/? is analytic expect for branch points
at x = 0 and x = o. Every point of (9) is an ordinary point except for 0 which is an irregular
singular point. The solution y(x) = cx~%/?*is analytic in the extended plane except for an

essential singularity at x = 0.

Example 6: Taylor series about an ordinary point. The equation y' + % —1 =0 has regular

singular points at 1 and oo. The solution y(x) = ¢/(1 — x) has apole x = 1 and is analytic at

oo. The Taylor series of the solution about

x=0,  y)=cXp=ox",
has radius of convergence 1, which is the distance to the regular singular point at 1.

Example7: Taylor series solutions which converge beyond the nearest singular point of the

differential equation. The equation (x — 1)(2x — 1)y"" + 2xy’ — 2y = 0 has regular singular
points at %,1, and co. One solution of this equation is y(x) =1/ (x —1). A Taylor series
expansion of this solution about the ordinary point at 0 converges beyond the first singular point
at % but ceases to converge at |x| = 1. A linearly independent solution is y(x) = x whose

Taylor series about x = 0 converges for all x.

Example 8: Essential singular behavior near an irregular singular point. The equation



y"' +3y'/2x +y/4x3 =0

has an irregular singular point at 0 and a regular singular point at co. Two linearly independent
solutions are y(x) = sin x~%/2,y(x) = cost x~1/2. Both of these solutions have an essential
singularity at the origin. The first of these also has branch points at x = 0 and x = co. The

second solution has no branch cut and is analytic at x = co..

Example 9: Analytic solutions near singular points. At regular or irregular singular points.

One or even several linearly independent solution may be analytic. The equation

y'+ (1-x)y'/x—y/x*=0
has a regular singular point at 0 and an irregular singular point at co. One solution

y(x) = (e* —1—x)/x, has a pole at x = 0 but has an essential singularity at x = co. A
linearly independent solution, y(x) = (1 + x)/x, has a pole at x = 0 but is analytic at x = oo.

Moreover the equation

1+x 1
y+;y=0. (10)

n

y_

X

again has a regular singular point at 0 and an irregular singular point at co. Both linearly

independent solutions

yx) =e*, y(x)=1+x (11

are analytic at x = 0. The first has an essential singularly at x = co. And the second has a pole
at x = oo. In general, all linearly independent solution may be analytic at a regular singular point

but at least one solution must be singular at an irregular singular point.

Sometimes it is possible to alter the character of a singular point by a transformation of

the independent or dependent variable.

Example 10: Removing a singularity by transforming the independent variable. The irregular
singular point at 0 of y’ — %x‘l/zy = 0 disappears if we introduce a new independent variable

t = x¥/2. The resulting equation, dy/dt —y = 0, has an ordinary point at t = 0.



Example 11: Removing a singularity by transforming the independent variable.

2
y”+;y’— y=0 (12)

has a regular singular point at 0 and an irregular singular point at co . The singular point at 0 may
be removed by the transformation y(x) = w(x)/x, where w(x) satisfies an equation which

still has an irregular singularity at co: w' —w = 0.

Example 12: Removing a singularity by converting to a linear system. Ostensibly the reason

why the singularity of (12) is removable is that the two solutions have the same kind of

singularityat x =0: y = ex/x, y = e */x. However, it is difficult to find a transformation
which eliminates the regular singular point at 0 of (10), y" — (1 +x)y'/x+y/x = 0, even
though both solutions y = e* and y = 1 + x are analytic at x = 0! The only way to eliminate

this singular point is to covert (10) into a linear system of equation of the form

y'(x) = a(x)y(x) + b(x)z(x),
(13)

z'(x) = c(x)y(x) + d(x)z(x),
If the general solution of a second-order differential equation is analytic at x=0, then it is
possible to find an equivalent homogenous linear system of equations of the form (13) whose
coefficients are analytic at x = 0. This fact may be especially helpful to an unhappy numerical
analyst who is trying to solve a differential equation which has a singular point where the

solutions are all known to be analytic.



Chapter Two

Approximate Solution of Linear Ordinary Differential
Equations at Ordinary and Regular Singular Points

2.1 Local Behavior Near Ordinary Points Of Homogeneous Linear
Equation

In this chapter, we show how to determine the local behavior that solutions to homogenous linear
differential equations interms of infinite series expansions when exact closed-form solutions are

not known.

First we classify the point as regular, ordinary or an irregular singular point and then selecting a

suitable form of the series based on this classification.

A local expansion a bout x, of a solution to a differential equation is an example of perturbation
series (a series in powers of a small parameter). For instance the small parameter in the distance
between x and x,. Since y(x) is analytic near x, if x, is an ordinary point, the perturbation
expansion is a Taylor series in powers of x—x,. Here the n*" approximant ( the sum of the first
n terms of the perturbation expansion) to the local behavior near an ordinary point a more

accurate approximation to the solution as |x — x,| becomes smaller, or as n increases, or both.

To obtain a series solution about an ordinary point we substitute the Taylor series
y(x) = Yoo an(x —xo)™ into the differential equation and determine the coefficients a, by

solving a recursion relation.

Since Taylor series is analytic everywhere, it is convenient to approximate a homogeneous linear

differential equation at ordinary point by Taylor series.

To obtain a series solution about an ordinary point we substitute the Taylor series of
y(x) =Yoo an(x —xo)™ in to the differential equation and determine the coefficients a,, by

solving a recursion relation.



Example 1: (Taylor series solution of a first order differential equation) consider the initial
value problem y' =2xy, y(0)=1.

y'=2xy = y —-2xy =0
= po(x) = —2x
= limy_o po(x) = 0.

=x = 0 isan ordinary point. We may seek a solution in the form of a Taylor
series.

Let y(x) = Yoo an (x — 0)" = Y2, a, x" be the solution of the equation. Then substituting
in to differential equation and differentiating term by term we get

Yin=0 na,x"t -2 2in=0 apx™t =0

0.ag+ a; + Yo onapx" 1 =232 s a, ,x"1 =0
0.ap + a; + Yo ,(na, — 2a,_,)x™1=0

a, IS an arbitrary constant number

a; =0

na, = 2a,_, forn =2,3,4, ...

. 2an—
ie a, = “Z 2 n=234,..

Qo
In general a,.; =0 for n>1and a,, = — forn>1
Thus the general solution

Y(0) = Eioon X" = o Aansa X2 + Xilo pnx"

2n 2n
_ o0 2n _ yo %0, 2n _ o X _ x? x? _ yoo X
= y(x) = 04 Xyno Aznx™ = Xpio— X" = Gg.Xn=o — = @oe™ Where e* = Y7, —

10



Since y(0) = 1, we get a, = 1.Therefore, the solution of the equation is y(x) = e*’.

We now state and prove the following theorem, dealing with power series solution near ordinary
point.

Theorem 1: If the equation y" + p(x)y' + q(x)y = 0 has an ordinary at point x = 0, due to
the fact that p(x) and q(x) have power series representations converging for |x| < R (where R
is the radius of convergence of the series), then there are independent solutions y, (x) and y, (x)
satisfying y,(0) =1, y';(0) =0, y,(0) =0, ¥',(0) = 1 and each having a power series

representation converging for |x| < R.
Proof: Suppose that y,(x) and y,(x) be the solutions of the differential equation

y'+p(x)y' +qx)y = 0.

To determine these solutions interms of power series solutions, let us take

y(x) = co + X + cpx% + -0 = z crx®
k=0

be a solution of the equation where the series is known to converge for |x| < R. Differentiating
twice, we get ¥'(x) = Yo okcpx® 1 and  y"'(x) = Yo k(k — 1)cpxk2,

Assuming that p(x) =po +p1x +pox? 4+ =Y oprx®  and

q(x) = qo + q1x + @ux* + -+ = Z qrx®
k=0

By substitution the above in the equation we will get
2¢, + 6C3x + 12¢4x2% + -+
+(po + p1x + pax? + -+ ) (g + 2¢5x + 3c3x? + -++)
+(qo + q1x + qax% + - )(cog + c1x + cx2 + ) =0

Equating the coefficients of various powers of x to zero, we have

11



2¢; +poc1 + qoco =0
6¢3 + 2poCy + p1c1 + qocy + q1¢0 =0

12¢4 + 3poc3 + 2p1c; + P21 + qoCz + g1 + G260 =0

etc. The first equation defines c, in terms of ¢, and c¢; which are arbitrary; the second equation

defines c3; the third equation defines c,; etc. Since the series for p(x) and g(x) converge

absolutely for |x| < r < R, there are constants of M and N such that |p,| < Mr~* and

lqi| < Nr~*. Let K be the larger of M and Nr;then |px| < Kr~%and |q,| < kr %1 If

|col = apand |c;| = a4, then
2]c,| < aqlpol + aolqol
<2Ka; + Kayr™?!
So that |c,| < a, where 2a, = K(2a, + aor~1). Furthermore
6lcs| < 2a,lpol + aqlp1| + a1lqol + aolgyl
< 3a,K + 2a.Kr~ ' + ayKr~?
and
12]c4| < 3aslpol + 2az1p1| + a1lp2| + azlqol + a1lq:| + aolq-|
< 4a3;K +3a,Kr~1 + 2a,Kr™% + agKr~3
Therefore, |c3| < az and |c,| < a4, where
6a; = K(3a, + 2a;r71 + agr™2)
12a, = K(4a3 + 3a,7 1 + 2a,772 + agr™3)

Continuing in this way, we have |cx| < ai, where (k — 1)ka;, = K[ka,_, + (k —

Dag_or™t + -+ 2a;77%2 + qor %] for k = 2,3,4, ... if k > 3, we can write

(k=2)(k—Dag_1v7*=K[(k — Dag_,r~t + -+ 2a,7 752 + qyrF+1]

12



Subtracting we have
(k — Dka, — (k—2)(k — Day_,v7! = Kkay_,

From which follows that

Now consider the series Y5, axx’. Applying the ratio test, we have

. aglx| x|
limy_e —— =
ag

<1 for|x| <r.

-1 r

Therefore, Y., axx* converges absolutely |x| < r, where the series Y5, cxx* also converges
absolutely by comparison. However, r is any positive number less than R, so that Y5>, cxx®
converges absolutely for |x| < R. It is now simple matter to substitute the series in to the
differential equation and using the known properties of power series, to verify that is a solution.
Finally, since c, and c, are arbitrary, we can find two independent solutions y, (x) and y, (x)

by assuming ¢, =1, ¢; = 0, for y;and ¢, = 0,c; = 1, for y,. This completes the proof.

Example 2: (The Airy equation is a classical equation of mathematical physics of the form

y'=xy)
To determine the approximate solution of the Airy equation y” = xy near x = 0.

y'=xy =y —xy=0.Since py(x) = —x , we get lim,_py(x) = 0. This implies that

x =0 isanordinary point.
Let us assume y(x)=Y.—oa,x™ be the solution of the equation. Then we have that
Y=Y sa, x™ 1t and  y'=Y>_,n(n— 1) a,x™ 2. Then equation y” = xy becomes
Znmon(n — 1) apx™? = X2 gap, x"1 =0
=0.ay+ 0.a; + 2a, + Yys(n(n— 1) a, — a,_3)x" 2 =0

=a, and a, are arbitrary constants, a, = 0and n(n — 1)a, = a,_3 (forn = 3).

13



an-3

nn-1)

Then a, = . After this we will get the following

Ao
a =
3n 7 33(3n-1)(3n—3)(3n—4)...9.8.6.5.3.2

4]

3n[3(n-3)3(n-13(n-3)..3(2)3(L3G)]

3"n!3”(n—§) (n—l—%) (n—Z—%) g%

2
_ ao.F (5)
3nni3n F(n+§)

ag
a =
3n+1 ™ (3341)(3n)(3n—2)(3n—3)..10.9.7.6.4.3

a

S () 14) (=212 O )

4
ai.r @)
3"n!3".F(n+§)

and a3n+2 = 0
Note that the gamma function I'(z) is a function of complex z which satisfies

['(z+1) = z[(2).

3n+1

3 J_f\ X
Let ¢c,= aOF( Yand ¢, = all"( ). Then  y(x)=c1); e 'F( e C2). D

is the general solution of the Airy equation for x—0 the convergence is faster which means

fewer terms are required for any desired accuracy.

The constants ¢; and ¢, are determined by initial conditions given at x = 0, in this case we have

=Ty (0) and ¢= T (9)y'(0).

It is conventional to define two special linearly independent solutions of the Airy equation by

4 3n+1

M) =338 — 3y (14)

9"n'l"(n+ ) 9”n![‘(n+§)

14



_1 531 _5 x3n+1
Bi(x) =3"%Y———+37}

9"n!F(n+§)

(15)

9”n!l"(n+§)

2.2 Local Series Expansions About Regular Singular Points of
Homogeneous Linear Equations

In section 2.1 which have seen that Taylor series are a good way to represent the local behavior
of a solution to a differential equation near ordinary point.

The Taylor series approximation of a solution of a differential equation is not efficient near a

regular singular point.

Example 1: Breakdown of a Taylor series representation at a regular singular point. If we
seek solutionto y" + 43’? = 0 in the form of a Taylor series about x = 0, the formula

expansion procedure which works for ordinary point is not fruitful here. To wit, if we substitute
the Taylor series y = Y., a,x™ into this equation and differentiate term by term, we obtain

the following sequence of equation for

2
ay: (n — %) a, =0 (n=0,12,..). The solution to these equations is a,, = 0 for all n.

Thus, we obtain only the trivial solution y(x) = 0. This is not progress .

Taylor series expansion failed in Example 1 because the Taylor series are not general enough to
describe the local behavior of near regular singular points. Fortunately, the result of Fuchs stated
1.1 suggests a more general structure than a Taylor series. In particular , we learned that if x, is
a regular singular point of a linear homogenous differential equation , at least one solution must
have the form (2): y(x) = (x — x,)*A(x), where A(x) is analytic at x,. This solution has an
algebraic branch point at x, if @ is  non-integral and a pole at x, if « is a negative integer.
y(x) is analytic at x, if « = 0,1,2,.. the other n — 1 linearly independent solutions of an n*"* —

order equation have the form (3),(4), or (5), so they may also exhibit logarithmic branch points.

Since A(x) is analytic, it can be expanded in a Taylor series:

y(x) = (x = x0)*A(x) = (x = x0)“ Xz an (x — x0)™ (16)
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We call the right side of 16 a Frobenius series and we call the number « an indicial exponent. It
is conventional to assume that a, # 0 in a Frobenius series, which is ensured by a proper choice

of a. A Taylor series is a special case of a Frobenius series.

Definition 2.1 The series(x — x¢)% X%, a,, (x — x,)™ is called a Frobenius Series and

the number « is called an inidicial exponent.
Remark: For a = 0, the series is called the Taylor series.

In the solution of y(x) = (x — x¢)* Ymeo an (x — x¢)™ of homogenous linear differential

equation, it is conventional to assume a, which can be ensured by a proper choice of a.

2.2.1 Frobenius Method for Second- Order Equation

If the differential equation

Y+ p(x) y' + q(x) y=0 17)

X—Xo (x—x0)?

has a regular singular point at x,, then p(x) and g(x) are analytic at x,. Thus we may

expand p(x)and q(x) ina Taylor seriesabout xu: p(x) = YimeoPn (X — x0)™,

q(x) = Ym0 qn (x — x¢)™ . We now substitute these Taylor expansions into (17) and obtain
a solution y(x) in the form of the Frobenius series (16) by equating the coefficients of

(x —x0)"*%2 for n=10,1,2, ...
(x = x0)* 72 [a® + (po — D + qolag = 0 (18a)
(x=x)™ % [(@+n)? + (po — D(a+n) + qolay

= — Y ol(a+ K)pp_i + Gni] ax, n=12,.. (18b)

By assumption a, is nonzero, so (18a) requires that a must be a root of the indicial
polynomial p(a), where

16



p(a) = a®+ (po — Da + qo (19)

Given these values of « we must then solve the recursion relation (18b) for a,, interms of
ay. The constant a, is arbitrary and will ultimately appear as an overall multiplicative
factor in the solution y(x). However, the recursion relation (18b) can be solved for a,, in
terms of a;, for k <n onlyif p(a+n)# 0 because the left side of (18b) is precisely
p(a + n)a,. If this condition holds for all positive integers n, then it may be shown that the
series (16) converges in a circle whose radius is as large as the distance to the nearest

complex singularity of p(x) and g(x).

Let a; and a, denote the two roots of the indicial polynomial p(a) which are observed
sothat Re @; = Re a,. Ifwe let a = a4, then p(a; +n) # 0 forn = 1,2,.. because «,

is the only other root of p. Thus, the recursion relation (18b) can be solved for a,, interms
of a, forall n. This explains why there is always at least one solution in the form of a

Frobenius series.

Next we take that the differential equation y" + p(x)y’ + q(x)y = 0 has a regular singular
pointat x = 0 if xp(x) and x2q(x) have power series representation converging for

|x| < R. We assume that

(o]
xp(x) = ag + a;x + a,x? + - += z agx*
k=0

x2q(x) = by + byx + byx? + - += z by x*
k=0

Where the coefficients a; and b, are real. The indicial equation is
Im)=m(m—-1)+aym+b, =0

We assume that roots of indicial equation, m,and m,, are both real and that m; > m,.

17



Theorem 2 If the equation y" + p(x)y’ + q(x)y = 0 has a regular singular point at

x = 0 due to the fact that xp(x) = X7, arx” and x2q(x) = X5, brx® converge for

|x| < R, if the roots of m; and m, of indicial equation are both real, m; > m,, then for

x > 0 there is a solution of the form y(x) = x™1 )}, c,.k* where the series converges for
|x] < R.

Proof: We begin by assigning arbitrary nonzero value to c,. Then the other coefficients are
determined by

k-1

cl(my + k) = — Z cj[(ml +ay-; + bk_j]
j=0

Where I(m) = m(m — 1) + agm + by = (m — m,)(m — m,). Therefore,

I(m; + k) = k(k + my —m,). Forall k > m; —m, we can write the inequality

k(k + my —my)|ce| < [1(mg + k)lcyl

1

<

k
||Cj|| (GARSHIPSIES ]

=0

~

Let |¢j| = ¢;for j < n, where n is some integer greater than m; — m,.

Then

n-—1

n(n = mmaleal <K " ¢ [(lmal + | + [be]

j=o0
There exists a positive constant K such that |a,| < Kr~*and |b,| < Kr~*

for0 <r < R.Then

-1

n(n—my +my)lcyl <K ) ¢ [Imy] +j+ 1]r"+

(o]

S

-
1

and |c,,| < ¢, where

18



n-1
n(n—my; + my)c, = KZ ¢ [Imy| +j + 1]r™"+
j=o0
Furthermore, for k > n
k-1
k(k —my +my)|ce| < Kz ¢j [lmyl +j + 1]r=*+
j=o0
and |cx| < ¢k, where
k-1
k(k —my +my)c, < Kz ¢j [Imy| +j + 1]r=k+
j=o

Replacing k by k — 1 and dividing by r, we have
k-2
k—Dk—1—m; —my)cp_r = KZ ¢j [lmy| +j + 1]r=*+
j=o
Subtracting, we obtain
k(k —my +my)c, — (k—1)(k—1—my —my)cp_qr !
= Kcp_a(Imy| + k)r=t

Or

Ck =(k—1)(k—1—m1—m2) K(lmq| + k)
Cr-1 k(k —my + my)r k(k —my +my)

We compare the series Yo cpk*with Y7, cik*. The latter converges absolutely for

|x| < r by the ratio test, since

_ Crpx Il
llm _——
koo Cp_q1 T

<1

Therefore, the series Y.;-, cxk* converges absolutely for |x| < R, since r is any positive

real number less than R. It remain the substitute the proposed solution



y(x) = x™ ¥, e k™ and use the properties of power series to that it satisfies the
differential equation. This completes the proof.

Example 3: Determine the Frobenius series solution of y” + - = 0

4x2

Solution :- Let y(x) = x*Y_, a, x™ be a solution of the equation since x = 0 isa

regular singular point. Then

Y0 = )+ @an 2
n=0

y'(x) =YX on+a)(n+a—1Da, x"* 2,

By substitution of these values in the equation y” = — ﬁ y  we will getl

Z(n + a)(ntx —1)a, x"** % = — iz a, x"te
n 4x2 n
n=0 n=0
=Y+ a)(n+a—Da, x"472 = — iZ:f:o a, x"te2
s>(n+a)(n+a—-1a, =— ian
>[(n+a)(n+a—-1)+ i]an = 0.

Since ay # Ofor = 0, we have a(a — 1) + i = 0. That is

a’—a+ i =(a — %)2= O=a = %but forn =1,2,3,..we have a; = a, = -+ = 0. Therefore

y(x) = agVx, where aq is arbitrary, is the Frobenius series solution of the differential equation.

Example 4: (The Bessel equation of order V)

The Bessel equation v+ %y' — (1+ x—)y =0........ (5)

has a regular singular point at x = 0. Since (5) has singular point at x = 0, we use

Frobenius series y(x) = Yo a, x**™ be a solution of (5). Then
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o)

y = Z a,(a+mn)xmte1

n=0
yll — Z?{;O an(a + n)(a +n— 1)an xnta=—2

Now by substituting in equation (5) we have

2
> pan(a+n)(a+n—1)x"te 2 + iZ,"{;O a,(a +n)x"te "t —(1+ %)

00 a+n—
Yin=odn X =0.

Y oan(a@+n)(x +n —1).x"* 2 +¥% g (o +n) x"HE2
— Ym0 A X¥T = ¥ V2 a, x*H2=0.

=¥ Gn(a +n)(a +n — 1).x" 2435 a, (a +n) x™H072
— Xm0 An2 x**" = X3 g V2 a, x¥72=0,

By equating coefficient of like terms of x to zero gives

Forx*2 :(a?-v?%a,=0.

Forx* ! :[(a+ 1)?—v?]a, =0.

For x**"2: [(a + n)? —v?land a, = a,_, ,n =23, ..

Since V appears as V* in the Bessel equation ,we may assume that Re(1) = 0 and denote

a, =+Vand a, = —V.
Thus p(a; +n) # 0forn e N

Forn=1, [(a+1)?—-v%]a; =0 =a;, =0

_ 2 _ .2 _ —_ %
Forn=2, [(a+2)*—v?la,=ay=>a, = (@12)?—v?
Forn=3, [(a+3)*—v*laz=a, >as;=a, =0

a — o
(a+4)?2-v? (a+2)?-v?(a+4)?-v?

Forn =4, [(a+4)? —v?la, = a,>a, =

21



In general odd terms a,,,; = 0 and even terms are

Aop-2 Aon—4

T @A) - DA tn-1)

Now ,we get y = Yoo a,x™t =3 a,,x2"v

)y __ \00 2n+v_\'oo Qorw+1)
= —0 Aon X = N
Y' = Y=o d2n Zn=o 22T (v+n+1)

xzn.xv

22T (V+n+1)

=aol (V+1)X5=0

—aol (V+1).x” T —2)

n'r(V+n+1)

By choosing a, = TiD

of the modified Bessel function lv(x):

T T, —

IV(X)_F(V +1) nT(V+n+1)
( )zn
( ) Zn On'F(V+n+1)
( )2n+V
_Zn 011'1"(17+n+1)
Using the ratio test, we have
(x)z(n+1)+v
. Ant1|_q- 2 nr(V+n+1)
limysco n =limypeo (+)IT(V+n+2) ({)Znﬂf
2

@ () mr@nen
2n+V

=lim,, 0
(n+1)nT(V+n+2) (g)

(;)2 F(V4n+1)

=lim
N3P n41 " nr(V4n+1)

=0< 1 convergent for any x.

Ao r(w+1)

T2l [(V+n+ 1)

in the above equations, the result is the Frobenius series expansion
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Let « = =V isnot an integer —2V ¢ Z. Thenp(=V +n) # 0 V,€N.

An-2 __ Aan—4 L ard-m

22n(n-1)  24n(n-1)(n-V)(n-v-1) T 22nnl(n-V+1)

=>a2n =

sy(x)=a,[(1 —V)xV 35, L

ni'(n-v+1)
By choosing ay = F(f—:]) the above result gives
o " 2n
y(x) = —ZV ra-vx" Z (E)
ra-mv) On!l“(n—V+1)
n=

@

—(* -V 1)
_(E) Zn:O nir(n-v+1)

e

nr(n-v+1)’

=Yin=0

2\ 2n—=V
(5)— is the other solution of the modified Bessel equation.

Th us, I—U (x) :27?10=0 nrn-v+1)

Moreover Iy(x) and Ly(x) are linearly independent because their initial powers of x, x2™*?

and x?"Vare different.

2.2.2 Frobenius Series for Higher — order Equation

The Frobenius method extends easily to the general nt"* - order homogenous linear

differential equation at a regular singular point x,:

dn qn— dn—l _ d‘n—Z
4 In 1(xg) _y qn-1(x) _y + qo(x) y =0,
dxmn x—xg dxn1 (x=x0)%2 dxn~2 (x—xo)™

Where qy(x), ... ,q,—1(x) are analytic at x,. The indicial equation for « is
ala—1)..(a—n+1)+q_1(xp)ala—1) ...(a —n+2)+qg_1(xp)a(a—1) ...(a —
n+ 3)+...+qo(xy) = 0.



If the n roots a do not differ by integers, then there will be n linearly independent solutions

of the form (17); otherwise, the form of the solution must be generalized to (4) or (5).
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Chapter Three

Local Behavior at Irregular Singular Points of
Homogeneous Linear Equations

Our analysis of ordinary and of regular singular points is fundamentally different from the
asymptotic analysis of to be used though out this book. The approach of the last two sections has
been prosaic and heavy-handed: the series were convergent, the manipulations were mechanical
and rigorous, and the treatment was thorough to the point of being devastatingly boring (to us).
This mummified style reflects the completeness of the theory; there was no room for

imaginative mathematics.

From this point on, our style changes. To analyze the local behavior of solutions near
irregular singular points, we will be forced to develop entirely new mathematical tools which as
a whole comprise a calculus of approximations. Although it is possible to justify to use of these
tools on a rigorous level, such a justification makes for a slow reading and is contrary to sprit of
this book. Our intention is to omit time-consuming rigor and to emphasize careful problem
solving. In a contrast to the methods of the last two sections which we would describe as exact,

rigorous, intuitive, heuristic, powerful, and fascinating.

In this section we will see that formulas which express the local behavior of a near irregular
singular points are generalizations of Frobenius series in much the same way that Frobenius
series are generalizations of Taylor series. Let us begin our analysis by discovering why
Frobenius series are insufficient to describe behavior near irregular singular points. We know
that if all solutions to a liner differential equation in the neighborhood of a point x, can be
expanded in a Frobenius series, then x, is a regular singular point. Thus, at an irregular singular
point, at least one solution must have a Frobenius series representation. Let us observe explicitly

how Frobenius series fail.

Example 1: (Irregular point at which there are no solution of Frobenius form)
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The differential equation x?y" + (1 + 3x)y’ +y = 0 has an irregular singular point at 0.

. b, 143x 1 _ . _ 143x 1
Thatis  y"+——+ E_O which shows that p,(x) = —~= and Po(x) = =.

But, x f(x) =x tfx = 1J;3x is not analytic at x = 0. Thus x = 0 is an irregular singular
point.

Assuming the ordinary differential equation has a Frobenius series solution y =

Yo Apx™ . Then

Y = B au(n+ X" and Y = T an(n+ Q)+ @ — Dxme,

By substitution of the value of y", y’ and 1y inthe series form, the equation becomes

x2¥2 m+a)(n+a—1)a,x" % 2+(1 + 3x) X5 o(n + a)a,x" T+
Y=o anx™**=0.
Equating coefficients of power of x to zero, we get :
for x*~we have aa, =0
for x™*: (n+a+ Dapy, +(+a+1)2%a,=0n=0,1,...
but, a,#0 for Frobenius series, the indicial equation is =0
=>n+ 1a,. + (n+ 1)2%a, = 0forn =0,1,2 ...

f0r7’L=0, a, = —Qy
forn=1, a, = —2a; = 2aq,
for n =2 , A3z = _3(12 = _6a0

forn=4 , a, = —4az; = 24q,
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a, =(—1)"n'a,. wheren=0,1,2,3, ...

= y(x) = ag Xgmeo(—1)™n! x™ is the solution.

But, the radius of convergence of this series is 0.The solution is the trivial solution
y(x) =0. Thus we can conclude that Frobenius series method is not convenient as
approximation solution of ordinary differential equation near an irregular singular point. This

pushes us to develop a convenient method near an irregular singular point.

3.1 Introduction to Asymptotics

The asymptotic methods we are about to introduce are best understood if we master the
mechanical aspects which are explained in this section and which are no more difficult than
those used to obtain Taylor or Frobenius series. However, since the formal techniques are more
difficult to justify mathematically, we have used asymptotic relation and asymptotic series to
solve this problem.

We must introduce two new symbols which express the relative behavior of two functions.
The notation

f() < g(x),x = x

which is read as “ f(x) is much smaller than g(x) as x tendsto x,,” means

Second, the notation

fG)~ g(x), x = x,
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Which is read “ f(x) is asymptoticto g(x) as x tendsto x,,” means that the relative error

between f and g goesto zeroas x — xg:

f&)—gx) Kgx), x-x,
Or, equivalently,

. f(x)
lll’nx_,x0 E =

Note that if f(x) ~ g(x), x = xythen g(x) ~ f(x), x - x,

Example 1:
ax « i(x - 0%) because lim,_,qx%2=0

Vx

b. Vx~2(x — 4) because lim,,, =1

3.2 Behavior Near Irregular Singular Points

Let us consider the behaviors that we were unable to find using a Frobenius series. Then the
differential equation x3y" =y and x2y" + (1 + 3x)y’ + y = 0 have two linear independent
solutions. Yet, only one solution out of those four could be expressed as a series in a powers of
x, and this one was the divergent series y(x) = ag Ymeo(—1)"n! x™. we will shortly formulate a
procedure for discovering the local behavior of the other solutions near x = 0, but since it is
always easier to drive a result that is already known, let us peek at the answers. One solution to
x3y" = y exhibits the behavior

3 1
y(x)~cxie** 2,  x-0+ (20a)
The other solution has the behavior

2x

3 1
y(x)~cxre "2, x->0+ (20b)
Also, the missing solutionto  x2y" + (1 + 3x)y’ + y = 0 exhibits the behavior

y()~cx e, x->0+ (21)
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Observe that these behaviors all involve exponentials of functions which become singular at the
irregular singularity of the differential equation. Thus, these three functions have essential
singularities at x = 0.

The asymptotic behaviors (20) and (21) are actually the first terms of infinite series
representations of the local behavior of the solutions. We will refer to the first term in a such a
series as the leading behavior of the series. We also refer to the most rapidly changing
component of the leading behavior in the limit x — x, as the controlling factor.

For example, the controlling factor of the leading behavior given in a (20a) is e**7z , in (20b) it

2x

1
is e”“*7z ;andin (21) itis e*~1 . Also the leading behavior of the series
y(x) = ag Ymeo(—1)™n! x™ is a,. For the Frobenius series Y, a,x™** the leading behavior is
ay,x® and the controlling factor is x“.

Definition 3.1 The power series Y2, a,(x — x,)™ is said to be asymptotic to

function y(x) as x = x, and we write y(x)~ Yo—o @ (x — x0)™ (x = x¢)
If y(x) — YN _oa,(x —x0)™ < (x —x0)V (x = x,) forevery N.
Example 1: In the Frobenius series Yo, a,x™** the first termis a,x®.
This ayx® is the leading behavior and x is the controlling factor.
Let 5 be a controlling factor in the solution of y” +p(x)y’ + q(x)y = 0
Substituting y(x)=e*® gives
y'(x) = s'(x).e5% and y” (x) = s"(x). e5®) + 5'(x)2eSW
= s"(x).e5™ + §'(02e%® p(x).s'® . eS® 4 g(x)es® =0
= eSM[s"(x) + (s'(x))2 +p(x).s'(x) +q(x)] =0
=>s"(x) + (s'(x))2+ p(x).s'® + q(x) = 0 since eS®#0.
For an irregular singular point x, it is usually true that s”<« (s')?, x — x,.

This gives us an asymptotic differential equation

29



! 2 !
(s'(0) "+ p(x).s'(x) + q(x)=0
! 2 !
= (s (x)) ~—p)s' —q(x),x = x,
Example 2: Determine the controlling factors in the solution of x3y” = y.
Solution: «x3y" =y
= x3v —y =
x°y' ' —y=0
» ) 1
= y'+0.y" — Fy =0
1
= p(x) =0and q(x) = -=
But x2q(x) = —i is not analytic at x = 0.
= x = 0 isan irregular singular point
! 2 !
Now  (5'(0)"~ = p(0).s'(x) = () (x = 0)
! 2 —
= (s'(x)) ~—(—xi3> =x3

2
>s'(x)~+x73

1 X 3ay
= s(x)~ + 2x 2=if0x 2

1 1

= e2* 2 gnd e~2* 2 are controlling factors in each independent solution of x3y” = y.

Example 3: Determine the leading behavior of x3y” = y near the irregular singular point

x =0.

Solution: From example3 we have the controlling factor is

3 1 1
s(x) = [x7z2dx = 2x7z + c(x) where (x) € 2x7z, x-0*
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=>s'(x) = —x_g + c¢'(x) and s"(x) = %x“g + ¢"(x)

Substituting these values in s"(x)+(s'(x))2+ p(x).s'® + q(x) =0
We get ;x_g +c"(x) + (—x_% + ()P +0.s')+(=x)3 =0
= Zx_g +c"(x) +x73 — 2x%c'(x) + (') —x"3=0

= Zx_g +c"(x) — 2x%c’(x) + (' (x)*=0....(*)

but, c(x) « Zx_% = c'(x) < x_% and c"(x) « x_g (x—>0%)

= ()« x3 (x> 0%)

Considering these facts in (*) we have %x"g —2x3c® =

3 _5 3
=X 2~2x2¢'(x), x - 0%

= c(x)~%lnx + D(x)

=s(x) = Zx_% + ZInx + D(x)

Again assuming D(x) < Inx , x - 0%

We have s'(x) = _X—S + % + D'(x) and

s"(x) = %x_g - 43? +D"(x) , x> 0%

but, s"(x) + (s’(x))2+ p(x).s'@ + q(x) = 0 where p(x)=0and g(x) = x~3

3x

—2 n ! 2 —3 ! - D,(x)_
=—-=—+D (x) + (D'(x))* —2x72 D'™ 4 3x 17—0




3
But, x '« x72, (x> 0"
Dr _5
3x‘17 K2x72D", x> 0"
D(x) KInx=>D(x) KInx =>D’(x) < i ,x > 0%

= (D'(x))’« %, , x> 0%

SD"(x) K = , x> 0%

x2 !

3x72
Now —
10

—2x7D'® = 0

3 -2
= —Zx_ED’(")~3:—0 (x - 0%)

-1
3x 2

=>D(x)~ — -

(x - 0%)

Integrating this result gives

1
= D(x)~ — 22 4d (x — 0%) where d is a constant
16

1
:;D(x)—d~—31i62 , x-07F

1

= D(x) =d+8(x) where, $()~—22 as x> 0*

_1 g
2x 2+Zlnx+d>

= y(x)~e5® = e( (x> 0%

E
= y(x)~e?* ?.x1.e

3 1

= y(x)~c;x2e?*%  (x - 0%) is the leading behavior

3 1
= y(x) = c;x#e?* *(1 + &(x)) where &(x) is a correction function.



3.3 Method of Dominance Balance
The method of dominant balance is used to identify those terms in an equation that may be
neglected in an asymptotic limit. The technique of dominant balance consists of three steps.

1. We drop all terms that appear small and replace the exact equation by an asymptotic

relation.

2. We replace the asymptotic relation with an equation by exchanging the ~ sign for

a,, = sign solve the resulting equation exactly.

3. We check that the solution we have obtained is consistent with the approximation made
in step 1. If it is consistent we must still show that the equation for the function obtained
by factoring off the dominant balance solution from the exact solution itself has a
solution that varies less rapidly than the dominant balance solution. When this happens,
we conclude that the controlling factor obtained from the dominant balance relation is

the same as that of the exact solution.

The dominant balance argument that we have just outlined may appear circular , and
indeed it is! Nevertheless, it is the most general and powerful procedure available for

finding approximate solution to equation.

Example 1: Determine the local behavior of x%2y" + (1 + 3x)y’ +y = 0 near the

irregular singular point x = 0.
Solution: Substitute y = e in the equation gives
x2s” + x%(s")? + (1 + 3x)s’ + 1 = 0since y’' = s'es
y"=s"e® + (s')2%e’
Now x2s” « x2(s")? and 3xs’ « s’ as x - 0%

33



The asymptotic differential equation is

x%s"+s'+1~0 (x - 0%)
— V1= 2
:S’N% (x_>0+)

but, x is small we have

!

S

—1 4+ V1 — 4x? .

2x2

and g ~ VAt 2 -2
2x2 2x?

Integrating s’ ~ 0 gives s ~d (x - 0%) is a constant. This shows the leading behavior

cp=e€

Integrating s~ —x~2 gives s~ x~* (x - 0%). This gives the controlling factor is e*~*in
the leading behavior. To find the full leading behavior substitute

s(x) =x"1+c(x) where c(x) K x™1 as x - 0%
x%c"+x%(N)? -1 -3x)—x*+1=0
The asymptotic differential equation become
'@ — (x - 0%)
=>c(x)~—Inx (x - 0"
Now the full behavior of this solution is obtained by substituting

y(x) = c,x"te* 1 w(x) were w(x)in a series of power of x%(a > 0).
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3.4 Local Analysis of Non-homogeneous Linear Ordinary
Differential Equation

To determine the general solution of a non-homogeneous local ordinary differential equation
we can use the direct approach of applying the method of dominant balance to the differential
equation. Here we should consider several cases in the homogenous part and in the non-
homogeneous.

Example 1: Determine the local behavior of the general solution to
y' +xy=x% at x=0.

Solution: Since x = 0 is an ordinary point of y’ + xy = 0 and x3 is analytic at x = 0,

now we may assume the a Taylor series represents for y(x):

y() = ) ap”
n=0

=y'(x) = Lo annx™
By substituting y(x) and y'(x) inthe equation y’' + xy = x3, it gives
Ym0 QX"+ X X0 apx™=x3,
Equating coefficients of the same powers of x gives a recursion relation for a,
a; =0

0, n=2n+4

nan+an_2={1 n=4

The recursion relation determines a,(n = 1) in terms of a, # 0 the first few terms are

a, #0

35



_1
az—zao
a3:0

_2—610
A, = 3
a5:0

= y(x) = aq +%a0x2 +2_%.x4 + -

Example 2: Determine the behavior of the solutions to the inhomogenous Airy equation

y'=xy—1 at x = oo whichsatisfy y(4+00) =10
Solution: x = o is an irregular singular point.

We have y"~xyand 1 < x.y (x — o). This balance gives the solution

- X371 - X3+ o .
y(x) =c1 D50 Srmr(ns) +c, ano—gnmr(n%). This is shown in example2 of chapter 2. From

this we get the two linearly independent special solutions of the homogenous Airy equation.

A. 3—3 (o) x3n 3—i [ee) x3n+1 d
i(x) =3 3)pg————3 3),,.g————= an
(x) ZX—O 9"n!l"(n+§) Zn—O 9"n!F(n+§)
. 3_1 " 3 3_5 - 3L
UX) =5 6 —0"—7 ®in=0 g (A
() Lx=o onnir(n+2) + Zn=o 9mnir (n+3)

But using Ai(x) we get xy = xAi(x) which violates 1 < x.y (x — o0) and using Bi(x)

violates y(+o0) = 0. Thus this balance is in consistent.

The 2"? balanceis y"~ —1landxy € 1 (x - )

2
The solution of this balance is y = — x? + ¢,x + ¢, is also in consistent because it violates

y(+0) = 0.
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The 374 balance is xy~1and y" <« 1 (x - o).Then

y~§. x — +o0, which is consistent since y(+o) =0
andy"~xz—3 K1 (x—- o00).

Let y(x) = i+ c(x), c(x) K % (x > )

2
y=x—3+c", x.cK1l (x—> o)

From this we get balance c(x)~x2—4 (x — o) continuing in this manner we find the

asymptomatic series expansion of y(x). Thus, we have

(3n)!

1
Y(x)~;+x—4+"'W+"', (x — ).

Example 3: (Three term dominant balance)

Y =% nearx = 0.

x x2

Determine the local analysis of y' —
Solution: The homogenous part is y’ — % = 0 and py(x) = —i andn =1
lim,._o po(x) = —= which implies that it doesn’t exist.

lim,_,o po(x) = —1. This shows that x = 0 is a regular singular point.

Balance 1: If x2cosx <« x~ 1y (x > )

Yy cosx _

Wehave y' —=——==10
:y'—§~0
:>y’~%
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= Iny~Ilnx +c
= y~C.X
But this result violates x ™2 cosx < x"1y  (x - 0)

Balance 2: If x 'y K x7%2cosx (x> 0)

But, _’y’ —%— C(;;x =0
>y — C(:Zx ~0butcos x ~1 (x—>0)
, 1
1
:dy~x—2dx

>y~~~ 0)

This is in consistent with the assumption x™'y « x™2cosx  (x — 0)

Balance 3: If y/ « x?cosx (x> 0)
, ¥ cosx
But,y' —2 -2 =0
=-2-222.0
X X

y cosx

x x2
= y~2%  (x - 0) which doesn’t agree withy’ < x 2cosx (x = 0)

Thus all two terms balances are in consistent, we should seek a three term balance in the

asymptotic differential equation y’' — §~ =, (x->0)

x2’

This has a solution of the form y~ 5 (x > 0)
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1
Sc~—=
2

Thus the leading behavior of y(x) is y(x)~$ (x - 0)
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