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Fibonacci numbers, Schur Polynomials and The Rogers-Ramonujon Identifies 

I.Project summary 

The Rogers-Ramanujan identities are the most celebrated results in partition theory. These 

identities are infact q-analogues of the well-known Fibonacci numbers. 

The two Rogers-Ramanujan identities state that: 

First Rogers-Ramanuja n identity;The number of partitions ofn in which any two 

summands di ffer by at least 2 is equal to the number of partitions of n into parts 

congruent to 1 or 4 modulo 5. Equ ivalently, 

~ ·2 ~ 

1 + '\ qi _ n ,-:;--~.;,1-;--:= L.. (1- q)(l- q') ... (1 - qi) - (1 qSn+l)( l qS .. H ) 
J=l n =O 

Second Rogers-Rama nujanidentityjThe number of partitions of 11 in which any two 

summands differing by at least 2 and all summands are greater than 1 is equal to the 

number of partitions of n into parts congruent to 2 or 3 modulo 5.Equivalently, 

(1- qi ) = n 7(1;---Cq<.sn:7+;o;,)1"'(1;---Cq<.snCO+",) 
n =O 

In th is project we show that shur polynomials are q-anatogsof Fibonacci numbers which 

lead to the Rogers -Ramanujan identities. The project also contains proofs of the Rogers -

Ramanujan identities using some concepts of partitions of positive integers. 

Finally, the generating functions and operator methods are used to prove Fibonacci 

number iden tities and to study Schur Polynomials. 
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Section One: Preliminaries 

1.1 Generating functions 

Definition: Let aO,a l , az, ... , an, ... be a sequence of rea l numbers. The function 

(Ll) 

is the generating function for the given sequence and we write 

an = [xn]G(x). (1.2) 

This function is known as ordinary generating function (OGF) and plays an important 

part in this work. 

The generat ing func tion G(x) differs from a polynomial in x in that it can have 
infinite ly many terms. We regard x as a formal symbol, and do not thi nk of it as 
sta nding for some unknown quantity. Thus the generating fun ction G(x) is just a way 

to represent the sequence a o at. az ... 

Example 1 : Here are some sequences and their gene rating functions. 

a) (1,1,1 ,1, ... ) +-+1+x+x2 +x3 + ... :;:: L~""o XTl 
b) (1.2,3, ... ) - 1 + 2x + 3x' + ". 
c) (0,1,2,3, ... ) - x + 2x' + 3x' + ", 
d) (1,1,2.5.14, ".) - 1 + x + 2x' + 5x' + 14x' + ". 

Consider for instance the product of 

F(x) = 1 + x + x' + x' + ". With Grx); J - x. 

The constant term is just aobo :;:: 1.1 :;:: 1 . If n > 1 the n the coefficient of Xli is 
anb

o 
+ an~ l bl :;:: 1 - 1 :;:: a (since bi :;:: 0 for i > 1, so we have only two nonzero terms). 

Hence 

(1 + x + x' + x' + ". )(1- x) = 1. 

For thi s reason the sum (an infinite geometric series) in example 1 (a) is given by 

(1.3) 

1 
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Example Z: a](1, -1.1.-1 .... ) ... 1- x +x' _x3 +x' - ... = 
1+x 

b) (l.b.b'.b 3 
.... ) ... l+bx+b'x'+b3x3 + ... =-'­

l - bx 

c) (1.2.3 .... ) ... 1 + 2x + 3x' + ... 
, 

=--
( l - x)2 

d) (0.1.1.2.3.5 .... ) ... x + x' + 2x3 + 3x' ... 
x 

Example 3: foranyn E z+, 

(1 + x)" = G) + G)x + (;)x' + ... + c:)x". so (1 + x)" is the 

generating function for the sequence ((;). C). G) ... ·· C:)) 

1.2 Recurrence Relations 

Suppose aO,u l • u2 .... un • ... is an infi ni te sequence. A recu rrence relation is a set of 

equations 

an = Cn(an_l ,an_z ... . an_k) (1.4) 

The w ho le sequence is determined by (1.4) and the va lues of uO,u 1, .. ,U/< - I­

Example: 
Un - 6an_1 + 9an- 2 :;: 0, n 2: 2, 

Uo = 1 at = 9 

Applying The Snake-Oil method, we have 

= o(x) -1- 9x 

,"00 6 "6 ~QO n- I 
Lm=2 U n- l X = X £.n:: 2 Un _ Ix 

=6x(0(x) - 00) 

= 6x(0(x) - 1) 

," 00 "9 2 't" CXI 11 -2 
"-'n =29an-2X = X Lm= 2 an _ zX 

2 
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= 9x'a(x) 

a(x) - 1 - 9x - 6x(a(x) - 1) + 9x'a(x) = 0 

a(x) = l+3x = 
1 6x+9x2 (1-3x)2 

1+3x 

= 1 + 3x 
(1-3x)2 (1 - 3x)2 

Therefore 

a" = (2n + 1)3" 

1.3. Partitions of Positive integers 

A fundame ntal concept in Combinatorics is that of a partition. In general, a partition of 
an object is a way of breaking it up into sma ller objects. We w ill be concerned here 
wi th partitions of positive integers (positive whole numbers). A partition of a positive 
integer n is a way of writing n as a sum of pos itive integers, ignoring the order of the 

summands. 
For instance, 3 + 4 + 2 + 1 + 1 + 4 represents a partition of 15, and 4 + 3 + 2 + 1 + 

4 + 1 represents the same partition. A pa rtition is all owed to have only one part 
(summand), so that 5 is a partition of 5. There a re in fact seven parti tions of 5, given 

below 

5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1 
2+1+1+1, 1 +1+ 1+1+1. 

We denote the number of partitions ofn by P(n). so for insta nce peS) = 7. By 

convention we set P(O) = 1. 
The problem of evaluating Pen) has a long his tory. There is no simple formula in 
general for Pen), however generating function fo r pen) avoid thi s problem. 

Let P(x) be the genera ting fu nction of P(n). since P(O) = I , P(l) = 1, P(2) = 2, 

P(3) = 3, P( 4) = 5, we have 

P(x) = x + 2x' + 3x' + 5x' + ... 

3 
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Using generating function modeli ng closed form of P(x) is 

P(x) ; n::,=, -'-
1_x n 

A specific partition of an in teger is represented by Ferrer's di ag ram. 

Examp le: 

• •• 
• • 
• 

is the Ferrer's diagram re presentation of 6 = 3 + 2 + 1 . 

./ A partition of an integer n is seIr-conjugate i f the Ferrer's diagram of the 
partition is n equal to its own t ranspose. Example 3+2+ 1. 

./ Durfee squar e of size k (kx k a rray of dots) is the larges t square of dots in the 
upper left-hand corner of Ferrers diagram. 
In the above example the size of Durfee square is 2x 2. 

Facts about partitions of integers 

};- The number of partitions orn into odd parts is equal to the !lumber or 
partit ion ofn into disti nct parts. 

~ The number of parti tion ofn in to a.t most k parts is equal to the number of 
partition of n in which the la rgest part is at most k. 

>- The number of partition of n into di stinct odd parts is equal to the number of 

se lf-conjugate partitions. 
» Jacobi's Triple Product identity obtained using decomposition of the number 

of all partitions of an integer is given by 

1.4 q-binom ial coefficients 

q-binomia l Coefficient is q-analog of the well - known binomial coefficients and it is 

defined by 

if 0 :5 k :5 n 

othenvise 

q-Bi nomial Coefficient is a lso known as Gaussian Polynomia l. 

(1.6) 

4 
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Note that even though the Gaussian polynomial [~] is defined as a ratio nal function, it 
q 

does, in fact reduce to a polynomial. To show this let us look additional concept, q­
ana log of n. 

q-analog of n, also known as the q-bracke t or (I-number of 11, to be 

I qU 
[n1q = ---

1- 0 

From this one can define the q-ana log of the factoria l, the q-factorial , as 

[n]o! = [110 [2]0·· [n - I] q 

l~q 1~q2 I-q"-II - q" 

I -q I -q I - q I - q 

= 1(1 + q) ... (1 + q + ... + q"- ')(1 + q + ... + '1" - ') 

Again, one recovers the usual factorial by taking the limit as q -t 1 

(1.7) 

So tha t (I 6) is a polynomia l J'ust as n! simpli fies to an integer with k ~ 11. 
. (n-k)!k! 

Example: 
a) 

b) 

c) 

d) 

[~]o = 1 

[
' ] 1-0 ---1 
1 q l -q 

[' ] = 1-0' = 1 + q 
1 q l-q 

[
3] = 1-0' = 1 + q + q' 
1 q l-q 

q_ binomial coefficients have also the fo ll owing property 

• 

• 

s 
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• ["J - [ , J 1- ," 1 q - n- 1 q = N = 1 + q + q 2 + ... + q m- l 

• 

Ana log of Pascal's identities for q-binomia l coefficient. 

["J = q, ["-I ] + ["-IJ 
k q k qk- t q 

(1.8) 

[n] = ["-I] + q,,-k[n-Il 
k q k q k - l q 

(1. 9) 

For q = 1 the above two identities gives we ll know n binomial Pasca l identities. 

and 
G) = (";') + G=:) 

G) = (n;') + G=:) 

q-binomial Series 

The q-b inomial series is the generalization of binomia l se ries and is given by 

(1.1 0) 

and 

LOO [n+k-lJ k 1 nn-l 1 
k ""O k q X = (x;q )n = k = O ( t _Xqk ) 

(1.11) 

Where 
(A;q)" = (l-A)(l - Aq) ... (l-Aq" - I) 

1.5 Congruence and basic properties 

Definition: Given integers a, h, m with m > O.we say that a is congruent to b modulo 

m, and we wri te 
a" b(mod m) (1.12) 

if m divides the d iffe rence a-b. The number m is ca ll ed the modulus of the 
congruence. In other words. the congruence (1.12) is equivalent to the divisibility 

re lation m l(a -b). 
In particula r, a == D(mod m) if and only if mla .Hence a == b(mod m) if and on ly if 
a _ b ;;: D(mod m) ifm does not divide (a - b) we write a is not congruent to b 

modm. 

6 
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Example 1: 
19" 7(mod 12), 1 " -1(mod2), 9" -l(modS) 

Example Z: 
a) n is even if and only if n " O(mod 2) 
b) n is odd ifand only if n" l ( mod 2) 

c) a :; bemad 1) for every a and h. 
d) if a " b(mod m) then a " b(mod d) when dim, d > 0 

Congruence is an equiva lence relation , which are we have: 

a) a " a(mod m) ... (Reflexivity) 
b) a " b (mo d m) implies b ,,«(mod m) ... (symmetry) 
c) a " b(mod m) and b " c(mod m) imply a " c(mod m) ... (transitivity) 

1.6 Algebra of operators 

De finition: Operators on fun ction x is denoted by 11 defined as 

rIf(x) =f(xq) (1 ,11) 

Example : Consider 

-, '-[(x) = L :;',o(xry) " [(x) -x, 
= L:;',o(X1))(X1)) ... (xry)[(x) 

~ '.' The inverse operator is l-XTj . and we can easily convince ourselves of this as ....... ...; ... ~ 

= L~"'OXII q"(n- l)/2[(xq") - L~"'OX(xq)n q"(n- l)/2!(xqn+l) 

_ ~QI) n n(n- I)/2[(xq") _ ~oo= xm qm(m- I)/2[(xqm) 
_ L.. n= Ox q £. 11 0 

(Where we have rep/aced n - 1 by m in the second sum) 

= [(x). 
7 
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Section Two 
Fibonacci numbe r s and Schu r Polynomia ls 

2.1INTROOUCTION 

The Fibonacci sequence first appears in the book Libe r Abaci (1202) by Leonardo o f 
Pisa, known a Fibo nacci. Fibonacci considers the growth of an idea lized (bio logica lly 
unrea listic) rabbit population, ass uming that: a newly-bo rn pair of rab bits, a il e ma le, 
one female, are put in a fie ld; rabbits are able to mate at the age of one month so that a t 
the e nd of its second mo nth a fema le ca n prod uce another pai r of rabb its; rabbi ts never 
die a nd a mating pair always produces one new pair (one male, one fe male) eve ry 
month from the second month on. The puzzle that Fi bonacci posed was: ho w many 
pairs will there be in one year? 
The o riginal proble m that Fibonacci investigated was abo ut how fast rabbits could 
breed in idea l circumstances. 
To so lve this problem, let us denote the number of pa irs of rabb its at the end of the 11th 

mo nth by Fn- Then, 

1. At the end of the first month, they mate, but there is still only 1 pair. So that 

Fo = landF t =l. 

2. At the end of the second month the fema le produces a new pair, so now there a re 

Pa irs of rabbits in the field. So Fz = 2 

3. At the end of the third month, the original female produces a second pair, making 3 

Pairs in a ll in the fie ld. That is,F3 = 3. 

4. At the end of the fourth month, the origina l female has produced yet a nother new 

Pair, the female born two mon ths ago produces he r first pair also, making 5 

pairs. F4 =5 

Continuing this process, in genera l we can obtain info rma tion abo ut the n~mber 
Fn s ince a t the e nd of the nth month; the Fn_ t pairs of rabb its thatwe~e ah~e at ~h e e nd 
of the previous month will s till be alive, since we assu me that no rabb~~s die. ThiS 

t ·b t F . f abbt'ts to the tota l number of pairs for the 11 month. But; can n u es n-1 pairs o r . . 
there w ill also be some new born pai rs. In fact, each of the Fn- 2 pairs of rabb its that 

I
· h ' to the nfh month being at least 2 months old themselves, we re a lve two mont s pnor '. . . . 

·11 b . f bb·ts This contri bu tes F 2 additional pairs of ra bbi ts to the 
WI ear a new pair a ra I • n-

tota l for the n th month. 
B 
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Hence we get: 

Fn = Fn- 1 + Fn- 2 , Fo = F I = 1 for all values of Fn It ~ 2. (2.1) 

Where Fa and Fl are the initial conditions. 

Therefore the number of pairs of rabbits in the field at the start of each month is 1, 1, 2, 
3, 5,8, 13,21,34 ... 

Fibonacci numbers are also defined recursively as 

ifn = 0 
ifn = 1 
ifn> 1 

(2.2) 

Hence, from the recursive part of this definition. it follows that but the role played by 
Fn's are changed. 

F, = F I + Fo = 1 + 0 = 1 
F, = F, + FI = 1 + 1 = 2 
F, = F, + F, = 2 + 1 = 3 
Fs = F, + F, = 3 + 2 = 5 

We a lso find that F, = 8, F, = 13, Fa = 21. F, = 34, F!O = 55, F II = 89, F 12 = 144. 

2.2 Generating function of Fibonacci numbers 

Let F(x) be the generating functions of (0, 1, 1 ,2,3,5,8,13,21, ... ), then 

F(x) = x + x2 + 2x 3 + 3x 4 + 5x 5 + 8x6 + 13x7 + ... (2 .3) 

To fi nd closed fo rm of F(X) by applying Snake-Oil on recursive pa rt of (2.2) 

e> (F(x) - Fo - FIX) - (x(F(x) - Fo)) - x' F(x) = 0 

e> F(x) - x - xF(x) - x'F(x) = 0 

9 
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= F(x ) = X 
l-x-x2 (2.4) 

The next subsection incl udes some Fibonacci number identities and their generating 
funct ion proofs. 

2.3. Fibonacci number Identities 

The fo llowing are some of Fi bonacci number identities . 

... ) F - 2'-" " ( " )51 
III n - L..O:s2j+lSII 2j+1 

• Generating function proof of Fibonacci number identities. 

To prove each identity we consider the generating functions for the sequences defined 
by each side. If these generating functions are identical the identities are proved. 

Proof: (i) Start from its left-hand side taking the sum over n and mu ltip lyi ng by XII . 

L ::'=o(Fo + F, + ... + F")x" = Fox' + (Fo + F,)x ' + (Fo + F, + F,)x' + ... 

(F,x + F,x' + F,x' + ... ) + (F, x' + F,x' + ... ) + 

(F "+ F 11+1 +) ... 'nX !IX ... Since Fo = 0 

= F, (x + x' + x' + ,., ) + F, (x' + x' + .. , ) + .. , + 

= F, (2:-) + F, (~) + .. , + F" (~) + .. , 
i - x I -x I - x 

I ,, ~ F " = - "" 11 ",0 nX ,-x 

10 
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r 

(1-1')(1-1'-1'2) 

=~ __ 1_ 

1-%-1'2 I - x 

_ - 2 ( r ) 1 -X ----X --
1 -1'-1'2 1 -1' 

- X- 2 ~QO F n '1:"' 00 II 
- L.n:2 '/IX - L.. 1I = OX 

_ <, 00 F 11 -2 '1:"' 00 11 
- Lm:2 nX - Lm =O X 

= L~=o(Fn +2 - l)x ll 

Hence by comparing the coefficients ofx Fl (i) is proved. 

Proof:( ii) we apply the following treatment. 

By fixing m, we have 

Hence 

_ F + F X + '(' 00 F "F '(' 00 F n+1 ~oo F ,+2 - m m+l £on=2 n+lnX - mX - L.n; ' n+m X - "'" =0 n+mX 

(where n has been rep/aced by 11 + 2 
in the first sum and n + 1 in the second) 

Since the sum is equal to zero by defin ition of Fibonacci number. 

_ Fm+ XFm _1 

- (1 x x 2) 

11 
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Consequently, (ii) follows by comparing coefficients of xn_ 

Proof: (iii) 
Proceed by taking the sum over all n and multiplying by xl! of right-hand side of (ii i) 

," 00 2, -n ," ( n ) Si n_ 
Lm =O L.Os2j+lsn 2j+1 x-

'(' 21 - 11-2j - 1 (JI +2J+ 1) 5i x"+2J+ 1 
i..II,j2:0 2j+ l 

(Where fJ has been shifted to 11+2j+ 1) 

= '(' . -2.._1 51 2j+l ( 11+21+1) x" 
£.. 11,12:0 2n 22/ X 21+ I 

_ '(' SIX2/-t-l '(' ("+ 21+1 ) (~)" 
- £.. j2:0 4/ ""2:0 I! 2 

_ '(' SiX2J-t-l ( 1 ) by Book keeper's identi ty_ 
- i.. j2:0 -,-J - (1_i)2/U 

(Where 2j is replaced by 2j+2) 

1 X 

; .,---:::-,( ') 5..,2 
1- 2 I -~( ') 

412' 

x 

by Geometric sum. 

12 
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x 
~--

l-x - x2 

-,,~ F ' - £..n :O nX 

Hence (i ii) is proved 

2.4 Schur Polynomials 

A sequence of polynomials fi rst cons idered by I. Schur is given by 

Example: 
s,(q) ~ s, + qOSo ~ 1 

S3 ~ S, + qS, ~ 1 + q 

S4 ~ S3 + q' s, ~ 1 + q + q' 

Ss ~ 1 + q + q' + q3 + q4 

if 11 ~ 0 
if n ~ 1 

ifn> 1 

Of course, it is immediately obvious that fo r q = 1. 

Observe from the above example that, 

Ss(q) ~ 1 + q + q' + q3 + q4 . for q ~ 1 we obtain 

Ss(l) ~ 5 ~ Fs 

Also the en + l )th Schur's polynomials given by 

S () - " I' ["-1] - ,, ~ (- 1)1 1(5)+' )/' [ , 1 
11+1 q - L.O~2jsn q j - L.. j=-w q In;!'j 

(l.S) 

(2.6) 

(2 .7) 

Note that fo r rea l number x, the symbol lxJ denotes the greatest integer less than or 

equal to x. 

13 
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Lemma 1: 

~ i 2 [n-i]_ 
L.. Os2jSn q j- (2.8) 

Remark: Both sides of (2.8) are polynom ials because all but a finite nllmber of terms 
in each sum are zero and each term is a polynom ia l. 

Proof: First denote 

E( .) - " 12 ["-1] n 0, q - L..Os2jS7l q J 

and 

To check equality of £n(O; q) and C,,(O; 'I) , we shall prove that 

I} Eo(o; q) = CoCO; q) =1 

2) E,(o;q) = C,(O;q) = 1+'1 

3) E,,(o; q)=E,,_, (0; q)+q" E,, _2 (0; 'I) 

4) C,,(O;q) = C'>-I(0;q)+q"C" _2 (0;q) [orn ~ 2 

Proo f: 
I} Eo(o; 'I) = [:1 =1 

CoCO; q) = L J=o ( -1)1 '1 1(51+1)/2 [1+11 + L j::'- , ( - I ) } q}(5}+ 1)/2 [ l '~" l ] = 1 

2) E,(o;q)=LOS2I<1ql' ['jl]= I+q 

C, (0; q) = L J=-oo( -1)1 ql(51+1)/2 [ l '~'i ll = 1 + q 

[ ·1 I' [("-2H I = LO:>2jSn - l q j 2 (n- ;>- I + q7l L OS2jS n-2 q j 

14 
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4) First note that 

c (0' q)=L~- q }(lOJ+l) [2n+l]_~c,o (2j+ l )(5}+3) [ 211 +1 J 
2n' } __ oo 11-5} L.)=-OIl q n - 2- 5} ( I) 

C (0' q);:::'\' c,o_ q }{lO)+1) [ 2n+2 J _'(" c,o (2j+l)(Sj+3 ) [ 2n+2 ] 
211+1, L./ __ oo n+l -Sj ", / =-oo q 11 - 2- 5} (II) 

Now from (I) 

C (0' q) = ''':'' ql (lOl+l) ( [ ,,, ] + 
2n' L. )=_oo n-5/ q" +I+'! [ ,,, .] ) _ 

11 - 1- 5/ 

L~-- q (2 J+ l )(S/+3 ) ([ 2n .] + n - 2-Sj [ 211 .J) 
J- 00 11 - 3-5} q rI - Z-S} 

= C _ (0' q) + q"'l (,, ~_ qIOj2+6 ) [ '" ] - '(' c,o II10j2 +6) [ ,,, ]) 211 I , i.JJ--oo 11 - 1- 51 L. )=_fIJ 11 -2-Sj 

(L~-- q lOi'+61 ([ ,,,-I ] + ,,-1-'1 I "'-I.]) - ) 
_ C (.) + n+l ) - 00 n- 2-5} q II - I -51 

- ' n - I 0, q q ([] []) '\'c,o_ qI OjZ+6! 211- 1 + (1"+2+ 51 211 - 1 . 
L.J --oo 11-2-5) 11 - 3- 5} 

= C,n_1 (0; q) +q'nC'n_'(o; q), 

since the first and third sums cancel each other. 

0" the other hand from (I I) 

C (0' q)='\' c,o q}(lO/+ I) ([2n+I,] + q7l+1 - 5) [ 2n+ 1 .] ) -
2n+1, L.J== -oo n-51 "+1 -5} 

'\'c,o (2 j+l)(Sj+3) ( [ 2n+1 .J + q"+4+Sj [ 211+1 .] ) 
L.J:::-oo q n - 2-S} n-3-5) 

_ C ( .) n+1 ('\' c,o t0 j2-4j [ 2n+t .]_ L~ q1 0}2+ t6}+6 [ 211+1 .] ) 
_ 2n 0, q +q '-' j=_o:. q n+1 -5 j } __ o:. n- 3-5) 

( "~ 101'-'1 ([ '" .] + qn+,) [ 'n .1) - ) '-' r=-o:. q 1I+1-5} n-51 

= C2n (0; q) + qn+1 ~o:. 10}2+ 16j+6 ([ 211 .J + 11 - 3-5) [ 'n .1) 
,-, }==_o:. q 11- 4-5j q n-3-5) 

15 
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_ C'n(O; q) + q'n+1 C'n_I(O; q) 

+ qn+ 1 (L C:-: ql 0j2 - 4j [ 'n .] _ ~~ q lOj~-+ 16j+6 [ 'n ]) 
) __ a:> n+l -S} t.. } =-a:> n - 4-S j 

Replacing j by j - 1 in the second sum, we see tlla t it is identical with the 
first. 

= C'n (0; q) + q'n+1 C'n_1 (0; q) 

1·lence in general 

Thus, if we allow n ~ 00 in Lemma 1 and from the fa ct that. 

[ n ~j] = [n-i] 
} n-2} 

We have 

., 
ql 

= 1 + Lj=1 (t_q)(l _ ql ) ... ( I _ qi) 

And from right hand side of lemma l it fo ll ows that 

[ 
n 1 1 In;'il = ( l-q)( I - q') ... 

Therefore . 00 j j(5} . I)12 
. .(. )/2 [ n 1 rj __ oo(- I) q 

Cn(O; q) = Lj=_oo(-l)'q) 5/+ 1 In~si J = n : "I (1 - qn ) 

Then 
J' 

1 + ~w q 
J=l ( l _q)( l _ q l ) ... (l_qJ) 

c~ (_ I )/q/(S/+ I )/2 t..) __ 00 

m 1 
= n n=o(l_qSn+I)( I_qsnU) 

is the fi rst of the ce lebrated Rogers·Ramanujan identi ti es. 

(2.9) 
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Schur a lso cons idered a sequence slightly different from (2.5) : 

{

o ifn=O 

Tn(q)=Tn= I if"=1 (2.10) 
Tn _ I + qn - 1Tn_ 2 if n > 1 

Example: 
T,(q) = Tl + qOTo = I 

T5 ::: 1 + q2 + q3 + q4 + q6 
· . · . · . 

Of course, it is immediately obvious that for q= l 

Tn(l ) = Fn (2.ll) 
In the same way as (2.7) the (n + l)th Shur polyno mial is also given by 

(2.12) 

As in (2.7), allowing n --+ 00 1 in (1.9), we obtain the second Rogers-Ramanujan 

identity 

n~ I 
::: n=O ( l_qsn+2 )(l_ qSIl+J) 

(2.13) 

The two identities (2.9) and (2.13) are studied and proved in the next section by using 

concept of partitions of positive integers. 

From (2.6) and (2.11) we conclude that Schur polynomial sequences are Polynomial or 
q_ analogs of the Fibonacci numbers. Indeed, for q....;.l we see immediarely from (2.7) 

and (2.12) that 

(2.14) 

17 
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and 

F - " (n- i-I) n - L.Os:2jsn- l j 

(2 .14) 

- ,\, 00 ( )i [ n+1 1 
- ~J=-r;o -1 In-t ~- 5i l + 1 

The fi rst line of (2.14) is we ll-known Fibonacci number Identity but the other two are 
studied in generalized Fibonacci numbers. 

18 
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Section Three 
The Rogers-Ramanujan identities 

3.1 Introduction 

The Rogers-Ramanujan identities play an important role in the theory of parti tions. 
They have an unusual history. They were fi rst found by L.J. Rogers in 1894 bUl 
remained unnoticed for some time. About 1913 Srinivasa Ramanuja n rediscovered the 
formulas but he had no proof. In 1917 Ramanujan came accidentally across Rogers' 
paper. He and Rogers then found Simpler proofs. At about the same time, Issa i SchUl" 
independently rediscovered the identities and gave two proofs which differed radica lly 
from these other proofs. 

3.2 Fi rst Rogers~Ramanujan Identities 

The following theorem show first Rogers~Ramanujan identity 
Theorem 1: The number of partitions of n in which any two summands differ by at 
least 2 denoted by (Dn) is equa l to the number of parti tions ofn in to parts congruent to 

lor 4 modulo 5 (Rn )· 

(3. 1 ) 

Where l eft~hand side of (3.1) is generating function of Dn and right~hand side is 
genera t ing function of Rn .Before proving the theorem let us see example. 

Exa mple: Partitions ofn = 9 with the given first restriction are 

9, 8 + I , 7 + Z, 6 + 3, 5 + 3 + 1 and 

Partitio ns ofn = 9 with the second restriction are 9, 6 + 1 + I + 1. 4 + 4 + 1, 4 + 
4 + 1 + 1 + 1 + 1 + I , 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 

Si nce 1 a nd 6 are congruent to 1 modulo 5, 4 and 9 are congruent to 4 modulo 5. 

So that D9 = R9 = 4. 

Before going to proof of the theorem fi rst drive both sides of (2. 14) 

Let D(q) and R(q) be the generating functions of Dn and of Rn respectively. 

, 
,,00 qI and 

Clail11: a) D(q) ~ 1 + t.j=1 (I-q)(1-q' ) ... ( I - ql) 

19 
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Proof: (a) 
Take a specific pa rtition a =10 + 7 + 4 + 2 of 11 =23, partition of 23 into parts differing 
by at least 2. 

Ferrer's diagram representa tion of a is 

• • • • •• • • • 
• • •• • • 
• • • 

• 

Since parts must di ffer by at least 2. each line must have at least two morc dots than 

the onc below. 
If the pa rtitio n has exact ly j parts, the graph must have at least 1 + 2 + 5 + .. . 2j - 1 = 
j2 dots (in our diagram above. the dots inside the triangle. which is1 + 2 + 5 + 7 = 
42 = 16 do ts). As a result, a pa rtit ion of n into k parts differ ing by at leas t 2 can be 
diagrammatica lly re presented by a triangle with j 2 dots and a partition of II - j 2 into <:It 

most j parts. 
Then the generating function for the number of pa rtitions of n _}2 into at most' parts 
is the same to the generating function for the number of partitions of 11 _ } 2 into pa rts 

not exceedi ng is given by 

(3.2) 
( t -q)(1 _ql) ... ( l - qJ) 

And the generat ing functi on for the dots inside the triangle is qP since the tr ia ngle 

contri bu tes / . 
Consequently, by multiplication princip le the generating fun ction for the number of 

pa rtition of n into} parts differing by at leas t 2 is 

., ,J 
(l _ q)( t_ q2), ( l - q J) 

(3.3) 

To find the gene rati ng function fo r the number of all partitions of II into parts diffe ring 

by at least 2, take the sum of (3.3) for j = 1,2,3, .... , so that 

~QO qP' 
D(q) = 1 + L.. j = 1 (1_,)(1 _,') ... (1- , 1) 

(3.4) 

Where 1 in (3.4) indicates the empty case for n ::: O. 
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proof: (b) 
To find generating fu nction R(q) for Rn 

or 1110 1I 0 5 and using Consider 1. 4, 6, and 9 ... m"" are parts congruent to 1 4 ct I 
generat ing function modeling. We have 

R(q) = (qO + ql + q2 + ... ). «q4)O + (q')1 + ('14) 2 + ... ) • 

«q6)0 + (q6)1 + ('16)2 ... ) •...• «qm)o + (qm)1 + (q m)2 + ... ) . ... 

= (1 + q + q2 + ... )(1 + q4 + 'I' + ... )(1 + '1 6 + '1 12 + ... ) ... 

(1 + qm + q2m + ... ) ... 

= (,~q) Cq') Cq6) Cq')'" C-~m) ... 
(3.5) 

Since 1,4,6,9, ... , m, .. . are of the form Sn + 1 or 5n + 4. since 511 + ] == 1 (moduloS) 

and Sn + 4 ,, 4(moduloS) etc ... 

To proof the Rogers·Ramanujan identities we follow the fo ll owing procedures. 

1. Produce recurrence formulae for the partition fu nction 8 j (m, n) (the number of 
partition of n into m distinct parts where 1 appears at most; times .and in 
w hich any two summands differ by at least 2) under consideration 

2. Cons idering the re lated generating fu nctions for the partition function 

01 (m. n)and oo(m, n) in stepl 
3. Re lati ng "New" function formulated by Rogers and Ramanujan wi th generating 

functions of partition function considered in step 2 
4. Relating 15\ (m, n) and 6o(m, n) with Dn , using "New function " and Jacobi 's 

triple product iden tity theorem we obtain fi rs t and second Rogers-Ramanujan 

identities. 

i) Recurrence Formulae for the 6 - partitions 

Consider 0i (m, 11) (enumerated by D
Il

) is the number of partitions of 11 inm m di stinct 
parts whe re 1 appears a t most i times in which any twO sUlllmands diffe r by at least 2 

then the follow ing two recurrence equations holds. 

01 (m, n) = oo(m, n) + oo(m - 1, II - /II) 

oO(m, n) = 01 (m, n - m) 

(3.6) 

(3.7) 
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First ve rify (3.6) and (3.7) in the following way 
To ve ri fy (3 .6) divide the partitions enumerated by 01 (m, n) into two classes; 

I) The class containing 1 as a summand and 
II) The class does not conta in 1 as a summand. 

The elements of (II) are exactly the partitions enumerated by 0o(m, /1) . 

Let us transform all partitions in (I) by deleting the summand 1 from each, and 
subtracting 1 from each of the remaining summands. This trans formation leaves each 
partition in ( I) with one less part, and it reduces the number being partitioned to It - m 
.Furthermore, since each partition originally contai ned 1 as a summand, all of t il e other 
parts must have been larger than 2 (by virtue of the proscription of consecutive 
in tegers in the origina l partition). Thus, after our transformation, all pa rts are ];:lrger 
than 1. Therefore we obtained partitions of the type enumerated by oo(m - 1, n - /II ). 

Reversing the preceding tra nsforma tion, given any partition of n - minto m - I 
distinct parts, each la rger than 1, and with no consecutive integers appearing as 
summands. we may add 1 to every part and insert 1 as a summand to produce the 

elements of (I). 

As a result we have estab li shed that there are exactly oo(m - 1, n - m) elements of (I). 
Since the total number of elements in both classes equals 0) (m, n), therefore (3.6) is 

established. 

To verify (3.7), we apply the transformation to all partitions enumerated by 
0o(m, n) .Then, as above, we estab lish that there are 01 (m , n - m) pa rtitions being 

counted. 

Example: (a) 
0,(3 .15) = 00(3,15) + 00(2,12) Sillce 0, (3,15) = 7, (llid 

00(3.1 5) = 3, 00(2,12) = 4 

(b) 00(3,15) = 0,(3.12) = 3 

If eithe r of classes is empty we may easily validate (3.6) and (3 .7) as follow 

a, (m, 11) = oo(m, n) = [~ 
ifm = 11 = 0 (3.8) 

if eithe m or II is negative and 
not both are 0 

The equation 01 (0,0) :::: 00(0,0):::: 1 accounts for the empty partition of zero. 
22 
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ii) Generating functions for the o-partition functions 

Defin e 

Go(x; q) = 1::::=0 1:::'=0 80(m, n) xmq" 

(3.9) 

(3.10) 

substituting (3.6) , (3.7) and (3.8) in (3.9) and (3.10) leads to three important 
identi ties: 

G, (x; q) Go(x; q) + xqGo(xq; q) 

Go(x;q) = G, (xq;q) 

G, (O;q) Go(O;q) 

Proof: 

G1{x;q) :::: L~=o L~=o Dl{m, n)Xm qn 

:::: L:=o L~=o(Do (m, n) + Do{m -l,n - m))xmq" 

(3.11) 

(3. 12) 

(3.13) 

:::: L~=o L~=o 00 (m, n)xmqn + L~_o L~"'O "o(m - 1, n - m)xlllqfl 

)( )
m - I II - m 

= Go(x; q) + xq I :::=o I ::'=o 80 (m - 1, n - m xq q 

:::: Go{x; q) + xq E:=-1 L~=_m_l 00 {m, n)(xq)1llqf! 

G, (x; q) = Go(x;q) + xqGo(xq;q) 

Si milarly 

Go(x; q):::: L:=o L~=O oO(m,n)xmqn 

,.-. c:o ,.-. c:o ~ ( ) xmqn+1I1 
:::: £.. 111=0 £.. "=-111 01 m, n 

= I :::=o I ::'=o 8, (m, n)(xq )mq" 

Go(x; q) = G, (xq, q) 

Furthermore, (3.8) implies that 
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G,(O; q ) = Go(O; q) = 1 

New functions: We need some new functions of x and q that sati sfy (3.11), (3.12) and 
(3 .13). L.J.Rogers and S.Ramanujan produced the followin g functions, fo r any integer; 

00 (-1 )nx2nqtn(SnU )- ln ( l _x 1H q(Zn+I )(!+ I») 

f i ( X; q) = L n: O (1- q )( 1- q2) ... ( 1 -qn ) n~n+I( 1 -xqJ) 

When 11. = 0, the summand is by convention just, 

(1 - X'+ l q'+l )!nj=, ( 1- xqi ) 

Si nce for 11. = 0, the empty product is defin ed as 1. 

When i = - 1, 

Thus, each term in the series for i = -1 is ze ro. 

Therefore 

f _, (x;q ) = 0 
Then we have the following results, 

Corollary 1: 

0) f ,(x ; q) = f o(x;q) + xq{o(xq;q) 

b) (o(x; q) =f,(xq;q) 

c) fo(O; q ) = f ,(O;q ) = 1 

Proof;( a) 

(3. 14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 

[,(x ;q) - fi _ ,(x; q) 
, ' / n{snu )( _In XIH q (Zn+ l )(I +I) -in q_Cf_ l)n +x lq(2nH).-H-I)n) 

(_ I )nX nq z q - . 
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= Loo_ (_ 1)nx2n q lh n(sn+3 )q-fn( 1 qn) 

n - O ( I q )( l - ql) .. ,( l -qn>n~n+l( 1 xqi) 

+ 00 (_ I )n xlnq Ihn{5 n+3)x'q(2 n+ I)I-(I-I)n( l-xqn+l) 

Ln=O (1 q)(1 q2) .... ( 1 q n ) n~n+l( l -xqi) 

We note tha t the fi rst te rm in the fi rst sum of the last expression is simply 

Thus, we may reall y trea t the fi rst sum as runn ing from 11 = 1 to 00. Replaci ng 11 by 

It + 1 in the fi rst sum, we fi nd that 

+ 00 (_J)nxlnq lhn{SnH )xlq{ln+I )I-O-I)n 

Ln=Q (1-q)( t _ql) .. ,{1_qn) n~n+2( t -xq/) 

• • 00 (_ I )n X2nq 1/1n{sn+l)+fn+n( I_ X1-1q(ln H )(Z-Q) 

= X1ql Ln=Q ( t _q)(l_ql) ... (1 qll) n~n + 1 ( I - xqq/) 

_ i i 00 (l)n(Xq)2n q lhn{sn+l)-(I-on( I _(Xq)Z-iq{Zn+I)(Z-fl) 

- X q Ln=O (1 q )( I - q'l) ... (l-q ll) n j!,n+I(1 xqq /) 

(3.19) 

By setting i = 1 in (3.19) above we get 

[I (x; q) = fo(x; q) + x q[o(xq; q) 

and se tting i = ° in (3 .19) together wi th (3.15), 

[o(x ;q ) = [I(xq;q) 

Finally, if we set x = 0 in (3.14). we see that 

[o( O,q ) = ft(O,q) = 1 

We show that (3.16). (3.17) and (3.18) are simply (3.11). (3.12) and (3.13) respective ly 

with r replacing C. 
Thus we may conclude that 

[I (x; q) = G1 (x; q) 
and 
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f.ex; q) = C.ex; q). 

Now this is the time to proof the Roge rs·Ramanujan Identities using the results we 

obtained so far. 

iii) Proof of first Roger s·Ramanujan Identity 

Clea rly we have 

Taking the sum over all n and multiplying both sides by x" of (3.20) 

= C)el ;q) 

= ft(1; q) 

E:?-o( - l )" q Ih n(sn+-1 )( l_q4nH) 

n~l(l-qJ) 

E:f=o( l )"q 1/ 2"(5"+1 ) L~;O( - l )"q 1/ 1n{S nHlt2 

nj..\( l - qi) 

(3.20) 

If we replace 11 by -n - 1 in the second sum of the last expression, we find that 

r :?=-",,( - l )" q l/zn(sn + I) 

n~l(l-qJ) 

( . ) 

Replacing q by q 51z and z by • q 112 in Jacobi's Trip le Product ide ntities (1.5), we get 

L~",-cx>( _1)nq 1hn(STl+l) :::: n~",o(1- qSn+S)(l _ qSn+3)(1 - q Sn+2) (u) 

and 
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nj:,(l - qi) = 

n~.o(l- qSO+ S)(l_ qSo+' )(l_ qSn+2)(l_ qSo+3)(1_ qsn +4) ( ... ) 

Since the seque nces (5n + 5), (5n + l), (511 + 2), (5n + 3) and (511 + 4) with 11 ranging 
from 0 to 00 contam all the pOSItive mtegers without duplications. 

By substitu ting (**) and (***) in (.) we have 

Dn(q) 

Therefo re by (3.4) we have 

., 
1 + L~ ql 

1=1 (1 q)(l q2 ) ... (1 
n°o 1 

q/) = n::O ( l_q sn+l)(l_qSnH ) 

3.3 Second Rogers- Ramanujan Identity 

Theorem 2 (Second Rogers-Ramanujan identities) The number of partitions of n in 
which any two summands differing by at least 2 and all summands are greater than1 
denoted by ( /-In) is equal to the number of partitions ofn into parts congruent to 2 or 

3 modulo 5 (5n ) 

n°o 1 
= n=O(1_ q 5n-t-2)( 1_ q SI1 +3) 

(3.21) 

P+j 

Whe re H(q) = l+L j'l (1 q)( I~q ')'" (I ql) and 

generating functions of Hnand Sn respectively. 

5( )=n°o ' are the q "",o ( l _qSII+2)(l _Qsnu) 

Example : Partitions of n = 9 with the first restriction are, 
9, 7 + 2, 6 + 3 

Partitions of 9 w ith the second restriction are 3 + 2 + 2 + 2, 3 + 3 + 3, 7 + 2, since 2 
and 7 are congruent to 2 modulo 5, 3 is congruent to 3 modulo 5, So that 1-19 == 59 ,= 3, 
Take a specific partition of n==27, 8 = 11 + 8 + 5 + 3, partition of27 into parts dlffcnng 

by at least 2, and all summands are greater than 1, 
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Let us represent 8 in Ferrer's diagram 

• • • • • •• • •• 
• • • •• •• 
• • • • • 
• • 

Since parts must differ by at leas t 2, and each parts are greater than 1, each line llluSl 

have at least two more dots than the one below and each parts are greater than 1 .Ifthc 
partition has exactly jparts, the graph must have at least 2 + 4 + 6 + ... + 2j = /1. + 
j dots (in our graph above, the dots inside trapezoid) . which is 2 + 4 + 6 + 8 = 4

2 + 
4 =20 dots. As a res ult, a partition of n into j parts differ ing by at least 2 and all 
summands a re greater than 1 can be graphically represented by)2 + j dots and a 

partition ufn - U2 + j) in to at most} parts. 

Then the generating function for the number of partitions of n - U2 + j) into at most 
j parts is the same as the generating fu nction for the number of partitions of 
n - U2 + n into parts not exceedingj is given by 

(1 q)(l q2) ... (I _ q l) 
(3.22) 

and the genera ting function for trapezo id is q j2 +i 
Co nsequen tly, by multiplication principle the generating function for the number of . 
partition of n into j parts differing by at least 2 and all summands are greater than l iS 

P+} q 

( l _ q)(1_q 2 ) ... ( l - qi) 

(3.23) 

To find the generating function for the number of all partitions of n into part~ differing 
by at least 2 and a ll summands are greate r than!. take the sum of(3.23) for) = 1, 2, 3 ... 

We get 
.2+/ ) 

H(q) = 1 + L j=l ( l -q)(l~~,) ... (I-q j) (3.24 

Where 1 in (3.24) indicates the empty case for n = O. 

To find generating function Seq) for Sn first fin d the generating function for 

2,3,7,8, .. . , r, ... each congruent to 2 or 3 modulo 5. 
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Using generating function modeling 

Seq) = [(q') O + (q')'+(q')' + ",1' [(q')O + (q')' + (q')' + ... ]. 

[(q')O + (q')' + (q')' + ... J' ... ' [(q')O + (q')'+(q')' + "'1 ... 

= (1 + q' + q' + ... )(1 + q' + q' +" ')(1 + q' + q" + ... ) ... 

(1 + q' + q" + ... ) ... 

= (,~q2) Cq,) Cq,) Cq.) .. ·Cq,) .. · 

Since 2,3,7,8 . .... r, ... are of the form 511 + 2 or 5" + 3. si nce 5n + 2 =: 2(modulo 5) and 
511 + 3 ;: 3(modulo 5). 
We have already accomplished enough to establish easily. second Rogers-Ramanujan 
identity. Since it is similarly derived from our formu la for hex; q), we shall only outline 
the procedure. 

Clearly as in (3.20) 
L :::=ooo(m, n) = H" 

Applyi ng Snake-Oil method on (3.25) 

= (o(x; q) 

r:.-... ( _l)nq Ih n(5n+3) 

:; n~l(l qi) 

, 
H ( q) = n ~ ",0 7(,:-:.<"""'''2),"(,:-::.","""",) 

By (3.24), we conclude that 

1 ~~ q fl +l = nro ' 
+ L...J= l (t_q) ( 1_ q2 ) ... (1 _qJ) lI=O ( l _Q sn+2 )( l qSn +l) 

(3.25) 
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Section Four 
Generating function a nd Ident ities of Schur's polynomial sequences 

The main task in this section is to fi nd generating function and ide ntities with their 
proof of Schur's polynomia l sequences as q- analog of Fibonacci nu mber identities 

studied in section two. 
In orde r to fin d analogs of (2 .1) for Sn and Tn. we need the q-analog ofthe binomial 

series defined in section 1. 

~oo [n+j] j _ 1 
j=O j x - (X;q)n+I' 

Where 
(x, Q) ,,+l = (1- x)(l- x q) '" (1- xq") 

4.1 Genera ting function of Schur Polynomial sequence 
And q-ana log of Fibonacci numbers 

Theorem 3: 

(4,1) 

1 x w here n ,'s an operator on functions of x. 
" " l-X-X '1 

Proof: 
Let us denote by Sex} the expression on the left side of the equation in Theorem 1 

Hence equivalently, we a re to prove, 

(1 - x - x'ry)/i(x) = x 
Now, 

:::: x. 
since the sum is equals to zero, by (2.5) 

Hence the theorem is proved. 

l emma 2: 
ex + x 2 1J)nx :::: xn+1 'L j:oXiqiZ [j]. 

P h it for a pa rticular /I n; 
roa r: For n = 0, this asserts x:::: x. NoW assume t e resu 

)0 



Fibonacci numbers, Schur polynomials and The Rogers-Romanujan Identities 

Then we need to show 
(x + x21J) n+ l x = Xn+2 Lj~O xi qi

2 
[n;11 

(x + xz~)n+1x =(x + xZ~) (x + xz~)nx 

by assumption. 

U has been replaced by j - 1) 

_ n +2 (,, ~ i qi' [n] +"~ xi q j2_ 2j+1+n+1+ j
-

t L" ]) 
- x L..J=o X j L.. l'''O -I 

_ n+2 ~ j j2 ["+,] - x £,.j~OX q i 

The result follows by Mathematical induction. 

Corollary 2 : 

Ln,oSn(q)x n 

Proof: 

--'!'-"-x 
t_x_X2,! 

by theorem 3 
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= ~co xn+1 ~~ xiqi' [nJ ""n,.O "") =0 i by the above lemma. 

= Ln,j~Oxn+2i+lqP [n;i] (~ 
(Where n has been rep/aced by n + j) 

-~ . X2i+1qj2 ~ [n+ i ] xn 
-""J20 £.on~O n 

The fo llowing corollary is the generalization of Fibonacci number. 
Corollary 3: 

Sn(q) = l:i>Oqi' [n-tJ. (4, ,- ) 

Proof:Fromstep (V)in the proof of Corollary 2 we have 

'\' ,\, ,' ,,[n+il L Sn(q)xn = ~ xn+ J+lq) . 
. 0 J n2 0 n ,} 2 

= t, [t, x'i+'qi' [n ; ill xn 

= t, [t, qi' r + j ~ 2i - tn 
The result follows by extracting the coefficient of xn

, 

4,2 Schur Polynomial identities 

Theorem 2: 
Sn+,(q) -1 = l: }.oqi Si(q).(4.2) , 

Proof: Taking the sum over all n and multiplying by x"of left hand sIde of (4.2). we 
have 

00 

I (Sn+,(q) - 1) xn = I Sn+,(q)x
n 

- I xn 
"-0 n ~O "20 - , 

= x-'(l:::'.o Sn(q )xn - x) - H 
1 x-1 

_ -2 x--
- X I - X x2'l I-X 

J2 
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1 1 
=-~ X 

I-x l - x -x2n 

= E::'.o(EJ•o q' S,(q)) xn by Cauchy product rule. 

S,,+2(q) - ! = EJ.o q' S/q) 
by extracting the coefficients of x" 

Note that If we lctq -j 1 in Corollary 3 it reduces directly to (2.14), and 
if we let q -j 1 in Theorem 4.2 it redu ces to Fibonacci number identity (i) 

Theorem 5: For n :;::: O. m > D, 

Making direct generalization of (2.3) as in proof of (2.3) is imposs ible because it 
vanishes w hen q = 1. In order to overcome this difficulty we must, in fa ct generalize 

SIl(q) as fo llows: 

Proof: 
Now for m?: 0 

if n = 0 
if n = 1 
forn>! 

(4.3) 

= Sm(t ,q) + XSm+l(t ,q) + L~::2Sn+m (t ,q)x" -xSm(t ,q) -

( ) 
m+n n+2 

L~= lSn+m(t.q)xn+ 1 - L~=o Sn+m t ,q rq x 
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; 5m(t ,q) + x(5m+l (t ,q) - 5m(t ,q)) + 
(wi 

tqm+n - 2Sn+m_2(t , q) )x" 

(Where n has been rep/aced by n - 1 n-l in the second sum and n - 2 in the third) 

Divide (w) into two cases, 

Case 1 ifm ~O, 

; x by (4.3) 

Case 2: ifm > 0 

= 5m(t, q) + x(5
m

(t, q) + tqm-I 5m_1 (t, q) - 5m(t ,q)) + 0 by (4.3) 

Therefore 
(1- x - tx 2qm1J) L~=o Sn+m(t, q)x" = 

From case 1 we have, 

cllld frolll case 2 for m :;: 1 

ifm; 0 

if m > O. 

(4.5) 

(4.4) 
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This implies 

(4.6) 

Re placing t by t / q in (4.6) we obtain 

L~=o Sn+l (t/q,q)x n = 1 1 2 
-X-fX 'f/ 

(4.7) 

Fina lly from case 2 we have 

(Rep/acing t by tq -m in (4.8) 

; S (tq-m,q) 1 + tq - 1S _ (tq-m,q).,.---~Xc:;-
m l -x-rXZ'1 mIl X-IXZIJ 

Thus 

Now replace t by tq m and extracting the coefficient of x
n
, we have 

This is the req ui red generalization of Fibonacci number identity (ii). 

Remark: The new variable t was an essential addition. If it had not been included, it 

would not have been possible to transform the fa ctor 

(1- x - tx 2 qmJ7) into 

(1 - x _ tx217). which formed the essentia l step in obtaining Theorem$' 
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Section Five 
Conclusion 

);;. Fibonacci numbers and the Fibonacci sequence are prime examples of "how 
mathematics is con nected to seemingly unre lated things. like; the number of 
pai rs of rabbi ts in the field, the growth of buds on trees. the starfish etc. .. 

;... Schur's polynomials are polynomials in q that are extensions of Fibonacci 
numbers and leads to the Rogers -Ramanujan identities. The fo ll owing table 
shows their re lationship. 

Fibonacci Number Schur Polynomial 

Generating 
x 1 

F(x) ~ 1 x - x2 Sex) "" x 

function 
1- x -x211 

Identities 
/)' L ("-'-') . ) L ' '\"-'- ' I 

F " = OS2;5n- l I I) S,,(q = iu q J 

II) Fa + FI + .,' + F" = F,,+2 - 1 ii) S (q) - 1 = '£.7.0 ql S, (q ) ,., 

III) Fn+m = Fm _1Fn + FmFnu Hi) s" .. m(t,q) = 5",(c, q )5n• I (tqrn - I, q) + 

Hq rn- I 5rn _1 (t. q)5n(cqm, q) 

:;. The Roger-Ramanujan identiti es are identities derived from Sch u~'s 
polynomia l as shown in subsection (2,4) and by equating nu mber of certain 
restricted pa rtitions of positive integers (theorem 1 and 2). 

>- The Rogers-Ramanujan identities are q-analogues of identities for the 

Fibonacci numbers. 
,. Using opera to r generating function method has power to pro~e Fibonacci 

numbers identi t ies a nd to study Schur polynomials as extenSiOn (q-analog) 

Fibonacci numbers. 
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