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Abstract

In this project, we discuss the quantum properties of the light generated by
a three-level laser with the closed cavity and coupled to a vacuum reservoir.
The three-level atoms available in the closed cavity are pumped from the
bottom to the top level by means of electron bombardment. Our analysis is
carried out by putting the noise operators associated with the vacuum reser-
voir in normal order. We have found that the light emitted from the top level
is in a chaotic state in any regime of laser operation. On the other hand, the
light emitted from the intermediate level is in a coherent state when the laser
is operating well above threshold and is chaotic when the laser is operating
at threshold. The maximum quadrature squeezing of the superposed light
modes is found to be 50 % below the vacuum-state level. We have shown
that the maximum local quadrature squeezing is 64.5 %. Moreover the local
quadrature squeezing increases with the frequency interval and approaches
to the global quadrature squeezing.

Keywords: Stimulated emission, Photon statistics, Global and Local Quadra-
ture squeezing.
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Dynamics of Three-Level Laser Pumped by Electron Bombardment

1 Introduction

A three-level laser is a quantum optical system in which light is generated by
three-level atoms inside a cavity usually coupled to a vacuum reservoir. In
one model of such a laser, three-level atoms initially prepared in a coherent
superposition of the top and bottom levels are injected into a cavity and then
removed after they have decayed due to spontaneous emission [1,2]. In an-
other model, the top and bottom levels of the three-level atoms injected into
a cavity are coupled by coherent light [3,4]. The statistical and squeezing
properties of the light generated by three-level lasers have been investigated
by several authors [5-11]. It is found that a three-level laser in either model
generates squeezed light under certain conditions. It appears to be quite dif-
ficult to prepare the atoms in a coherent superposition of the top and bottom
levels before they are injected into the laser cavity. In addition, it should cer-
tainly be hard to find out that the atoms have decayed spontaneously before
they are removed from the cavity. On the other hand, the degree of squeezing
of the light generated by the three-level laser, with the top and bottom levels
coupled by coherent light, is relatively large when the mean photon number
is relatively small [4].

Moreover, the quantum analysis of a three-level laser is usually carried out
by including the interaction of the atoms inside the cavity with the vacuum
reservoir outside the cavity. It may be possible to justify the feasibility of such
interaction for a laser with an open cavity into which and from which atoms
are injected and removed. However, there cannot be any valid justification
for leaving open the laser cavity in which the available atoms are pumped
to the top level by electron bombardment or by coherent light. Therefore,
the aforementioned interaction is not feasible for a laser in which the atoms
available in a closed cavity are pumped to the top level by means of electron
bombardment.

We seek here to analyze the quantum properties of the light emitted by
the three-level atoms available in a closed cavity and pumped to the top level
at a constant rate. Thus taking into account the interaction of the three-level
atoms with a resonant cavity light mode and the damping of the cavity light
by a vacuum reservoir, we study the photon statistics of the cavity light and
the quadrature squeezing of the cavity (output) light. We also determine the
quadrature squeezing of the cavity (output) light in any frequency interval.
We carry out our calculation by putting the noise operators associated with
the vacuum reservoir in normal order and without considering the interaction
of the three-level atoms with the vacuum reservoir outside the cavity.
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2  Operator Dynamics

In this section, we consider the case in which N degenerate three-level atoms
in cascade configuration are available in a closed cavity. We denote the
top, intermediate, and bottom levels of these atoms by |a)g, |b)x, and |c)y,
respectively. We prefer to call the light emitted from the top level light mode
a and the one emitted from the intermediate level light mode b. In addition,
we assume the cavity modes to be at resonance with the two transitions
la)y — |b)x and |b)y — |c)g, with direct transition between levels |a); and
|c)x to be dipole forbidden. The interaction of one of the three-level atoms
with the cavity modes can be described at resonance by the Hamiltonian

H = ig(6iFa — al6* + 6/Fb — biek), (2.1)
where
or = |b)y, (al (2.2)
and
oy = )k w(b] (2.3)

are lowering atomic operators, and a and b are the annihilation operators for
light modes a and b, with g being the coupling constant between the atom
and the light mode a or b. We assume that the laser cavity is coupled to a
vacuum reservoir via a single-port mirror.

In addition, we carry out our calculation by putting the noise operators asso-
ciated with the vacuum reservoir in normal order. Thus the noise operators
will not have any effect on the dynamics of the cavity mode operators.

We next seek to obtain the equation of evolution for (@) using the mas-
ter equation. The master equation for a cavity mode coupled to a vacuum
reservoir has the form

d—f = —i[H,p] + g(2&ﬁfﬂ —a'ap — pata) + g(zbﬁzﬂ —bTbp — pb'h), (2.4)

where k is the cavity damping constant. On account of Egs. (2.1), Eq.(2.4)
can be written as

dp . Stk a
d—f =g(6MFap —a'o"p + ngbp —biofp
—potka + pater — pal*b 4 pbiat)
KR
+§(2a,3aT —a'ap — pata). (2.5)
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Figure 1: A three-level atom in a cascade configuration.

Employing the relation

di<,21> = Tr @5 A) (2.6)

(@) =T <%a) . (2.7)

On account of Eq.(2.5), Eq.(2.7) can be written as

d

£<d> = gTr(6Fapa — a'o*pa + akapa — b6k pa

potka? + pafera — polFba + pbltora),
+gTr(2d,éde —atapa — pata?)

= g(Tr(pactFa — potka®) + Tr(—paa'e® + pa'o

ST o oo
>
S—
S—

—I—Tr(paog b— pagkba) +Tr(— pabTab pb 6
+§Tr(2d[)&Td —a'apa — pata?). (2.8)
Evaluating the terms in the above equation, one easily gets
Tr(paclta — polfa®) = Tr(pala)y x(bla — pla) 1 (bla®). (2.9)
On using cyclic property of the trace operation, there follows

Tr(paci*a — pai*a?) = 1(bla?|a) — k(bla®|a)y = 0. (2.10)

3
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Tr(—paa'e® + pa'eka) = Tr(—paa'er) + Tr(pa‘éra). (2.11)
Upon substituting
aal =1+ a'a, (2.12)
we have
Tr(—paa'ek + patora) = —Tr(p(1+ a'a)er) + Tr(pa‘era),
= —Tr(pog) — Tr(pa'alb)ur(al)
+Tr(pat|b)prlala),
= —(0%) — w{ala’alb)y, + (alaal|b)y,
= —(05) — nrlalb)e + (1 +n) r(alb),
= —(a5). (2.13)
Tr(paci™ — paiFba) = Tr(palbyy xlclb — plb)x x(c|ba). (2.14)
Applying cyclic property of the trace operation, we get
Tr(paci™ — poiFba) = p(c|ba|b)y, — r(c|balb) = 0. (2.15)
Tr(—pab'6F + pbfara) = Tr(—pabt|c)y o (b] + pbt|c)r x (b]a). (2.16)
Using the cyclic property of the trace operation, one easily finds
Tr(—pabTaf + pbioFa) = — p(blabt|c), + x(blabf|c), = 0. (2.17)
;M@Mﬁa—ﬁwa—mM%:ngmwﬁ—pr—ﬁwﬁ% (2.18)
zgﬂmﬁﬁ—mﬁ@. (2.19)

Introducing Eq (2.12) into the above equation, we have

STr(2apala —alapa — pala?) = gTT( — pata + 1)a),
- gTr(paTaﬂ — pata? — pa),
K
= —2Tr(pa
2 T(pa’>7
- —g@). (2.20)
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Now upon substituting Egs. (2.13) and (2.20) into Eq (2.8), we arrive at

—(a) = —7(a) — 9(a3). (2.21)
Based on this result, we can write that

da K .

i —§A — g0, + F(t),
where F (t) is a noise operator. In this project, we carry out our analysis
for a cavity mode coupled to a vacuum reservoir and by putting the noise
operator in normal order, then the noise operator associated with the vacuum
reservoir has no effect on the dynamics of the cavity mode operators. In view
of this, we drop the the noise operator F(t) and rewrite Eq. (2.21) as

da K. ik
— =—=a- . 2.22
Following a similar procedure, one can establish that
dl; K~ k
— = _Zp— g6k, 2.2
di 2b 9oy (2.23)
Furthermore, applying the relation
d - 1 d A
Ay = —i([A, ), (224)
we can write the time evolution of (5,) as
d, ¢ sk T
—(0q) = —i{[05, H]), (2.25)
dt
— —i((6FH — H&")). (2.26)

In view of Eq. (2.1), one can write the first term on the right side of the
above equation as

6" H = ig(6"6Tha — 6RaTe" + 6561k b — 6Fbi6l). (2.27)

Evaluating the terms in the above equation, one easily gets

kolra = b)g k(ala)k 1 (bla,

—ika, (2.28)
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where
iy = |0)k 1 (b]. (2.29)
In addition,
ohalel = |b)y w(ala’[b)r k{al = alb)r x{alb)r x{al = 0, (2.30)
556150 = |b)y, 1 (alb)i x(clb =0, (2.31)
GFT G = |bYk K {albT|e) e x (b] = 0. (2.32)

Upon substituting Eq. (2.28) into Eq. (2.27), we get
6" H = igifa. (2.33)
Moreover, the second term in Eq. (2.26) can be written as
H&F = ig(6iFask — atehe" + a;rkba — bfakeky. (2.34)

Evaluating the terms in the above equation, we have

airacy = |a)y. 1 (0lalb)y k{al,
|a)n k{ala
—ita, (2.35)
where
Mo = la)k k{al (2.36)
In addition, we see that
alyol = al|b)y x(alb)y x(al = 0, (2.37)
63°b6% = |b)x i (elblb)s r{al = 0, (2.38)
bofa = b |c)k k(blb) & (al
= bf|c) xlal,
= bie”, (2.39)
where
5% = |}k rlal. (2.40)
Substitution of Egs. (2.35) and (2.39) into (2.34) yields
He* = ig(ifa — i) (2.41)

Finally introducing Eqs.(2.33) and (2.41) into (2.26), we arrive at

6
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d . P
7\0a) = —iligiga — ig(fza — b167)),
= g{(ily — 7)) + g(b'ae). (2.42)
In similar manner, we can also establish that
d,. » .
£<0§> g((nk — )b} — gla'ar), (2.43)

where 7% = |c);, x(c|.

We next proceed to drive the equation of evolution for (7¥). Once more,
application of Eq. (2.24) for (7*) gives

k) = ik, H), (244

= —i{(ila H — H7;). (2.45)
The first term in the above equation can be written as
Wkl = ig(ifelta — qfalsl + fol"b — nkblep). (2.46)

Evaluating the terms on the right side of the above equation, we have

hoita = la)k k(ala)s k(bla,
= |a)x 1 (bla,
= olka, (2.47)
ihatol = |a)y k{alaf|b)x i (al = 0,

k64" = |a)k k{alb)r x(clb = 0,
and
kbtef = la) w{albf|c)e x (0] = 0.
Substituting Eq. (2.47) into (2.46), we get
W H =igst*a. (2.48)
Moreover, the second term in Eq. (2.45) can be written as
Hify = ig(olFanf — a'ofil + &, by — bofik). (2.49)

Evaluating the terms in the above equation, one easily gets

7
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oirant = |a) k(blala)r i (al = la)k k(bla)k r{ala = 0,

afeanl = allb) r(ala)y r(al,

= at|b)y x(al,

and
BT(A’?% = BT|C>k k<b|a>k k{al = 0.

With the aid of Eq. (2.50), one can write Eq. (2.49) as

On account of Egs. (2.47) and (2.50), Eq. (2.44) can be written as

d,. e atka e ata
k) = —illigol¥a + igalsl),

= g(olta) + g(a'ay).
Following a similar procedure, one can establish that

d A ~ 7 71 A ~ A~ At A
) = 96 + gb'6t) — g(61a) — 9(al)

and p
i) = ~g(6]"b) — glboh).

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

We see Egs. (2.42), (2.43), (2.53), (2.54) and (2.55) are nonlinear differ-
ential equations and hence it is not possible to find the exact time-dependent
solutions of these equations. We intend to overcome this problem by applying
the large-time approximation [12]. Then using this approximation scheme,

we get from Eqgs, (2.22) and (2.23) the approximately valid relations

2
P
K
and 5
R —
KR

(2.56)

(2.57)

Evidently, these turns out to be exact relations at steady state. We next

combine Eqgs (2.56) and (2.57) with Eq (2.42).

8
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N 29 ., =29 .4k .
— (68 = g{(nf — 775)(—;05» +9<ngk05>,

c

2 2
= —=L(ior — kot + 5)5E)). (2:58)

Evaluating the terms on the right side of Eq. (2.58), we readily get

= [b)x r(al,
=", (2.59)
hos = la)k klalb)r r(al = 0,
and
6,6% = |bYi r{clchi r(al,
= [b)r k{al,
= 5" (2.60)

Now taking into account Egs (2.59) and (2.60), we arrive at

= —7.(6%), (2.61)
where

is the stimulated emission decay constant.
One can also show that

d, . Ve
£<Uz’f> = —5(0,’;“). (2.63)
Furthermore, introducing Eqs (2.56) and (2.57) into Eq (2.53), we find
d _ Atk 29 . _2gATkAk
%< a> - g<0a ( ?aa» +g<TUa Ua>7 (264)
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2
_ 29 (kg 4 iRy
fﬂ‘, a a a al?
4 2
= 29 (5thghy. (2.65)
K
Applying
o6k = |ay k() 1 lal = AL (2.66)

along with Eq (2.62) in (2.65), we get

d

k) = =7elit). (2.67)

In similar manner, one can establish that

d . X R
@<n5> = —7.(5) + V(%) (2.68)
and J
— (A" = e (AF). 2.
dt<m> Vel iy ) (2.69)

The three-level atoms available in the cavity are pumped from the bottom
to the top level by means of electron bombardment. The pumping process
must surely affect the dynamics of (7*) and (7¥). If r, represents the rate at
which a single atom is pumped from the bottom to the top level, then (7*)
increases at the rate of r,(7*) and (7¥) decreases at the same rate. In view
of this, we rewrite Eqgs. (2.67) and (2.69) as [13]

dAk

) = —etil) + ratal) (2.70)
and p
S0E) = 7eli) — rail). 2.71)

We next sum Egs (2.61), (2.63), (2.68), (2.70), and (2.71) over the N

three-level atoms, so that

%(ma> = _7c<ma>a (272)

d,. Ye, .

) = =2 (1), (2.73)
ALY = =) + ol o), (2.74)
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) = el + (V)
%(NC> = 70<Nb> - Ta<Nc>7

in which

(2.75)

(2.76)

(2.77)

(2.78)

(2.79)

(2.80)

(2.81)

with the operators Na, N, and N, representing the number of atoms in the
top, intermediate, and bottom levels. In view of Egs. (2.79), (2.80), (2.81),

one can write

(2.82)

(2.83)

(2.84)

(2.85)

(2.86)
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Employing the completeness relation

i+ iy e =1 (2.87)
in Eq (2.86), we get
N
(No) + (V) + (No) =) (1) = N. (2.88)
k=1

ok = 1b)(al. (2.89)

e =Y _ [b)(al. (2.90)
k=1
N
Upon replacing Z by N, we see that
k=1
me = N|b){al. (2.91)

Following the same procedure, one can easily establish that

s = N|e) (B, (2.92)
me = N|e){al, (2.93)
where
N
e =Y 6%, (2.94)
k=1

and 17y, is defined by Eq (2.78).

Moreover, according to Eq (2.82), we have
N
Na - Zﬁs (295)
k=1

Upon setting 7 = |a)(al, we see that

A~

N, = la){al. (2.96)

N
k=1

12
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It then follows that )
N, = Nla){al. (2.97)

Following the same procedure, we can easily establish that
Ny = N b)), (2.98)
N, = Nle){c|. (2.99)

Moreover, using the definition

= 1, + 1, (2.100)
we see that
! =l +m), (2.101)
where
mi = Nla) (b, (2.102)
and
i) = N|b){c|. (2.103)
Combination of Egs. (2.100) and (2.101) yields
b = (il +m)) (1, + 1), (2.104)
= 1l g + Ml + i, + i, (2.105)

Upon evaluating the terms on the right side of the above equation, we get
i = Nla)(b|N|b)(al,
= N?|a)(b|b){al,
= N?|a)(al,
= NN,, (2.106)
iy = Nla)(b|Nle)(b| = N?|a)(blc) (b = 0,
inyiig = N|b){c| N[b) (] = N2|b){cb){a| = 0,
iy, = N|b)(c| N|e) (D],

= N2[b){clc) (0l

13



Dynamics of Three-Level Laser Pumped by Electron Bombardment

= NZ[b) (b,
= NN,. (2.107)
Substitution of Eq. (2.106) and (2.107) into (2.105), gives
mim = N(N, + N,). (2.108)

We next seek to establish the expression for msm'. Applying Eqs. (2.100)
and (2.101), one can write

it = (g + 1) (0 + M), (2.109)
= gl + Mgl + il + ). (2.110)
Evaluating the terms on the right side of the above equation, we have
mariy = Nb){a| N|a)(b],
= N2|b){ala) (D],
= N2|b)(b] = NNy,
= NN, (2.111)
iy = N{b)(a|N[b)(c| = N*|b)(a|b) (e = 0,
iyt = N|c)(b|Na)(b| = N*|c) (bla){b] = 0,

vy = Nle) (| N|b)(c],

= N?|c)(blb){cl,

= N?[e){cl,
= NN.. (2.112)
Introducing Eqgs. (2.111) and (2.112) in (2.110), we have
i’ = N(N, + N,). (2.113)

We next proceed to determine 712, Using the definition given by Eq
(2.100), one can write

m? = (g + 1) (g + M), (2.114)

= MgMg + MMy + MpMg + MM (2.115)

Evaluating the terms on the right side of the above equation, we get

14
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Matia = N|b){a| N|b)(a| = N*|b){alb)(al = 0,
atiy = N1b){al Nc)(b| = N?|b)(alc)(b] =0,
Mg = N1c) (0| N|b){al,
= N?|c)(blb){al,
= N?|c)(al,
= N, (2.116)
iy = N|c) (b|Ne) (0] = NNle){ble) (b] = 0.
Upon Substituting Eq (2.116) into Eq (2.115), there follows
m? = Nim,. (2.117)
In the presence of N three-level atoms, we rewrite Eq. (2.22) as [13]
da K

= = _25 5 2.11
o 2a+)\ma, (2.118)

in which X\ is a constant whose value remains to be fixed. Applying the

steady-state solution of Eq. (2.22), we get

~ o~ Ye , A “
[a,a']), = ;(Uf — ) (2.119)

and on summing over all atoms, we have

a,a'] = (N, — ), (2.120)
K
where
N
a,al] = > la, alls (2.121)
k=1

stands for the commutator of @ and a' when light mode a is interacting with
all the NV three-level atoms. The steady state solution of Eq (2.118) is found
to be o\
o= 20 (2.122)
K

Using Eq (2.122) along with its adjoint, we can write the commutator of a
and a' as

15
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la,al] = aal — a'a,

2N, 2N 2\, 27,

9

K K K K
22\’

— (—) (1hgml — 1mlmm,). (2.123)
K

Application of Eq (2.91) along with its adjoint in the above equation yields

o] = (22) (VI alNIa) 0] - M) 01V e,

_ (%) N2(|b)(ala) (b] — a) (b]b){al),

21\’
= (2) ¥ - a)a,
21\’ ok
= ? N(Nnb - Nna )7
22A\? o o
=N (Z22) (N, = N (2.124)
K
Thus on account of Egs (2.120) and (2.124), we see that
A=+ L (2.125)
VN
and in veiw of this result, Eq (2.118) can be written as
da K g
da _ Koy 9 g 2.126
o 5 a+ \/Nm ( )
Following a similar procedure, one can also readily establish that
db K~ g
— =—=—b+ —=n 2.127
dt 2 + \/leh ( )
and o ) )
b, b1 = L5(N, — W), (2.128)
K

e, éf] = %(NC —N,) (2.129)
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and adding Eqgs. (2.126) and (2.127), we have
e

s I, (2.130)

K
2N

in which

c=a+b (2.131)

and m is defined by Eq (2.100). It is not hard to realize that the operators
¢ and ¢é' represent the superposition of light mode a and b . We notice that
the commutation relation for the operators & and a' (or b and b') involves
energy levels between which transition is dipole allowed. This may be taken
as a signature that the operators a and a' (or b and (;T) represent a single
mode light. On the other hand, we observe that the commutation relation
for the operators ¢ and &' involves energy levels between which transition is
dipole forbidden. This my be taken as a signature that the operators ¢ and
¢ represent a two-mode light [13].

17
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3 Photon Statistics

We next seek to calculate the steady-state mean and variance of the photon
number for light modes a and b and for the superposition of these light modes.
However, we need first to establish several important relations. On account
of Eq (2.88), we have

(No) = N = (Na) — (o). (3.1)

Substitution of Eq (3.1) into Eq (2.74) yields

%<Na> = _70<Na> + Ta(N - <Na> - <Nb>)7 (32)
- _70<Na> + TaN - TG<NG> - ra(Nb»? (33)
= — (Yo + 10) (IN2) + 1 (N = (V). (3.4)

Now application of the large-time approximation scheme to Eq (2.75) gives
(Nb) = (Na). (3.5)

Thus on taking into account this result, we find the steady-state solution of
Eq (3.4) to be

N r N
N,) = —= . 3.6
(%) = o5 (36)
Using the steady-state solution of Eq (2.76), we have
A~ . ’)/C A~
(8 = 2. (3.7)

Ta

Applying the identity given by Eq (2.87), the state vector of a three-level
atom can be put in the form

(V) = Cula)y + Colb)r + Celc)k, (3.8)
in which
Co = k<a|¢>k, (3~9)
Cy = k(b)) (3.10)
and
CC = k(CW})k (3.11)

The state vector described by Eq (3.8) can be used to determine the expec-
tation value of an atomic operator formed by a pair of identical energy levels

18
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or by two distinct energy levels between which transition with the emission
of a photon is dipole forbidden. Employing the relation

(A) = (wlAly), (3.12)
we can write the expectation value of 7¥ as
() = w(Dlg 1) (3.13)
On account of Eq (2.36), the above equation takes the form
(5) = k(¥la)k alt)y. (3.14)

In view of Eq (3.9), the above equation can be written as

(k) = C:Ca. (3.15)
In a similar manner, we can also establish that

(5) = CiC.. (3.16)

Employing once more Eq (3.12), the expectation value of 6% can be written
as

(66) = K(Wloe]v)n (3.17)
On account of Eq (2.40) the above equation takes the form
(00) = kWl lalt)y- (3.18)

Applying Eq (3.9) and the adjoint of (3.11) in the above equation, we find
(68 = CrC,. (3.19)

Now on account of the above equation, we have

(o2)(oe)" = CLC.C.03, (3.20)
[(65)? = C;C.CiC, (3.21)
= (Al (L), (3.22)

(0F) = (k) (k). (3.23)

Finally on summing over k from 1 up to N, we get
(Mme) =/ (V) (Ne). (3.24)
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Furthermore, adding Eqgs. (2.72) and (2.73), we have

) = —2etm) — 3. (3.25)

In order to include the effect of pumping process, we rewrite this equation as

dm 1 1 -

— = ——um 4 =i, + E, (1), 3.26

o Shm+ S i + (1) (3.26)
in which Fm(t) is a noise operator with vanishing mean and p is a parameter
whose value remains to be determined.

We next seek to obtain equation of evolution for <me> . From Eq (3.26),
we notice that

din' 1 1 -
77 o ATy | T
o S H + 5 1t + F! (). (3.27)
Upon introducing Eq (3.26) and (3.27) into the relation
d dm! dm
RSy OSSN AL L pam
o (') < pm m> + <m p > ) (3.28)
there follows
d 1 1 .
& ata L Lo 1 “
77\ ) <( SHm + 5 Hitg + Fm(t))m>
v Lo 1 A
+(m (—§um + SHIMG + F.(t) ), (3.29)

w w

30)
31)

On account of Egs.(2.100), (2.91), and (2.92) along with their adjoint, we see
that

1 1 . 1 1 5

= <(——Mmfm + §pmgm + El ()m(t) — §Mme + 5Mm*ma + mT(t)Fm(t))> :
(
(

= —pdrnlin) + §u<<m2m> + (i) + (EL (Omm(0) + (il (1) Fa ().

b} + (i) = (O b + (b + i), (3.32)
= SH(Na) (o) al + N?la) blc) (o)
HNla) 010} (ol + N (elt)(aly), (339
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1
= SN (ja){al) + N*(|a)(al)), (3.34)
= uN*{|a){al). (3.35)
Furthermore, one can easily establish that
(mlina) = (Nla)(b|N1b){al), (3.36)
= N*(|a)(b|p)(al), (3.37)
— N%{|a) al). (3.38)
Hence, in view of the above equation, Eq (3.35) takes the form
1
Sp(di) + (i) = plidi). (3.39)

Substitution of Eq (3.39) into (3.31) yields

A

< (ntin) =~} 4+ il + (FL(0(0) + i (1) B(1)). - (3.40)

In view of Eq (2.106) and (2.108), the above equation takes the form

d, . . . . - 1 - . 1. .
7 Vo Np) = —pu{No + No) + p(No) + N(F;(t)m(t» + N(“’LT(t)Fm(t )-
(3.41)
On the other hand, on account of Egs. (2.74) and (2.75) we see that
d -~ N N N
£<Na + Ny) = =7 Np) + 14 (N,). (3.42)

Using Eqs. (2.88) and (3.5), the above equation can be rewritten as

d - . . . .
EW“ + Ny) = — (e + 2r0){Ny + Np) + (7 + 2r4)(Ng) + 74 N. (3.43)

Hence comparison of Eq (3.41) and (3.43) shows that

1= e + 21 (3.44)

and
(ET (0)m(t)) + (mf(t) Fp(t)) = ro N2 (3.45)

We next seek to establish correlation function (F1f (£)F,,(#')). The solution
of Eq (3.26) is given by
t
m(t) = m(0)e 2 + / e 2t B (¢ dt (3.46)
0
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Multiplication of both sides of the above equation from the left side by F,L(t)
and taking the expectation value of the resulting expression, we have

~ ~

(Bl (0)m(t)) = (B (8)m(0))e™ 2 + / BB ) (). (3.47)

In view of the fact that a noise operator at certain time should not affect a
light mode operator at an earlier time, we have

A

()

m

(t)m(0)) = 0. (3.48)
Hence on account of (3.48), we get

~

t
ELO®) = [ 3O E O @)t (3.49)
0
Moreover, the solution of Eq. (3.27) is given by
t
Ml (t) = mi(0)e 2 + / e 2= B () dt! (3.50)
0

Multiplication of both sides of the above equation from the right side by
F,,.(t) and taking the expectation value of the resulting expression, we have

t
(il (£)F (1)) = (0l (0)Fu(t))e 2 + / e TOE] () Ea()d. (3.51)
0
For the same reason given previously, we have

(mt(0) (1)) = 0, (3.52)

which leads to

~

(il () E(t)) = / e~ (L (1) By (t)) (3.53)

Adding Egs. (3.49) and (3.53) and comparing the result with Eq (3.45), one
gets



Dynamics of Three-Level Laser Pumped by Electron Bombardment

t t
rgN? = / e 2 (B () F (E))dE + / e 2V () Fr(8)dt . (3.55)
0 0

Assuming that

A

(FLEa(t) = (B () Ea(t)), (3.56)
we have ,
) / eSO (F () P (#))dE = ru N2, (3.57)

from which we conclude that

(EL (O En(t)) = rgN265(t —t'). (3.58)

We next seek to obtain the equation of evolution for <mmT> . Upon in-
troducing Eq (3.26) and (3.27) into the relation

d , . . dm _dml

there follows

d 1 1 A 1 1 .
i )y = (=G + S+ o))l )+ (i g+ Gl + EL0) )

2 2 2
(3.60)
= <(—%p,mmT + %umamT + F(t)mf(t) — %ummT + %umml + m(t)F,L(t))> :
1 (3.61)
= —p{rmmn’) + §u(<maﬁﬂ> + (i) + (B ()il (8)) + (0t Ff, (1)) (3.62)

On using Egs.(2.100), (2.91), and (2.92) along with their adjoint, we see that

1 1
§u(<maﬁ’ﬁ> + (i) = §u(<ﬁ1aml> + (iarin)) + (arnd) + (i),
= uN(N,). (3.63)
Substituting the above equation into Eq (3.62), one gets

% (it = —pmmty + N (N,) + (B (8l (8)) + () EL (). (3.64)

On account of the fact that mm' = N (Nb + NC), the above equation takes
the form

d - N ~ 1

S+ N = =¥y + N + () + (B0 (0)) + - (RO (1)
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On the other hand, in view of Egs. (2.75) and (2.76) we see that

%<Nb+Nc> :70<Na> _TG<NC>' (366)

Using Eq (2.88) the above equation can be rewritten as

d - “ “ “ “
£<Nb + No) = YN — 7 Np) — 7 (N.) — ro(N.). (3.67)

On account of Eq. (3.5), one can write Eq. (3.67) as

d - N N N N
E(Nb + Nc> = /VCN - fYc<Na> - /70<Nc> - ’ra<NC>'

With the aid of Eq. (3.7), the above equation takes the form

d - N R
%(Nb + NC> = _(70 + 27"@)<NC> + 7N

We can easily rewrite the above equation in the form

d - N N N N
E<Nb + Nc> = _(’76 + 2Ta)<Nb + Nc> + (’70 + 2Ta)<Nb> +’76N' (368)

Now comparison of Eq (3.65) and (3.68) shows that p has the value given by
(3.44) and A A
(Fn ()l (1)) + (m(t) FL (1) = 7N (3.69)

Furthermore, multiplying both sides of Eq (3.46) from the right side by FL(t)
and taking the expectation value of the resulting expression, we have

~ A

() FL (1)) = ((0)Ef (t))e™ 3 + / BB @V EL (). (3.70)

In view of the fact that a noise operator at certain time should not affect a
light mode operator at an earlier time, we have

A A

(m(t) L (1)) = /0 (Fu(t)EL (1))t (3.71)

In addition, multiplying both sides of the Eq (3.50) from the left side by
F,,(t) and taking the expectation value of the resulting expression, we have

(En(O)ml () = (En(t)mf(0))e 29 + /0 t e 2h = (O ET (E)dE . (3.72)
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Upon setting )
(Fn(t)(0)) =0, (3.73)

we easily get

A

(Bu(tyi () = / OB () B () (3.74)

Adding Egs. (3.71) and (3.74) and comparing the result with Eq (3.69), one
gets

(E(t)md (1) + () E (1)) = /O e 2O (B (1) E (1) dt

Then, upon assuming that

A A A

()5 (8) = (BB (8), (3.77)
there follows .
2 / e 2 (o () E (E))dt = v.N2. (3.78)
0
Now in view of Eq (3.78), one can conclude that
(Fn(DEL() = 7eN?8(t = t'). (3.79)
On the other hand, up on casting Eqs (2.72) and (2.73) into the form

dm, 1

= — i, + F :
T = g + (1) (3.80)
and @i )
m ~ ~
_dtb = —ghriy + Fy(t), (3.81)

and following a similar procedure, we can easily show that p has the value
given by (3.44),

A

(FI)F, (") = roN?6(t —t') (3.82)

and

A A

() F () = 7eN?o(t — t'). (3.83)
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With the atoms considered to be initially in the bottom level, the expectation
value of the solution of Eq (3.80) happens to be

(ma(t)) = 0. (3.84)
Hence the expectation value of the solution of Eq (2.126) turns out to be
(a(t)) = 0. (3.85)

In view of the linear equation given by (2.126) as well as Eq.(3.85), we claim
that a(t) is a Gaussian variable with zero mean. We can also verify that

(b(t)) = 0. (3.86)

Then on account of the linear equation described by (2.127) and Eq (3.86),
we realize b(t) to be Gaussian variable with zero mean. We now observe that

(@(t)) = 0. (3.87)

Thus in view of Egs. (2.130) and (3.87), we see that ¢(t) to be Gaussian
variable with zero mean.

The steady state solution of Eq. (2.126) is given by

29 .

——My,.
VN

Hence the mean photon number of light mode a is expressible as

(3.88)

a =

ne = (a'a) = (KQJ‘]N)Q (Ml ). (3.89)

Using Eq (2.62) along with (2.106) we have

A

fly = %(Na). (3.90)

We also find the mean photon number of light mode b to be

A

m:%wg (3.91)

On account of (3.5), we notice that

fig = My (3.92)
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The mean photon number of light mode b reduces to

iy = 1< (g) (3.93)

K

iy = % (g) (3.94)

The steady-state solution of Eq (2.130) has the form

for 7. < rq, and to

for v, = r,.

(3.95)

Thus using Eq (3.95) along with (2.108), the mean photon number of the
two-mode cavity light can be written as

a = (ete) = % (<Na> + <Nb>) . (3.96)

It proves to be convenient to refer to a regime of laser operation with
more atoms in the top level than in the bottom level as above threshold, the
regime of laser operation with equal number of atoms in the top and bottom
levels as threshold, and the regime of laser operation with less atom in the
top level than in the bottom level as below threshold. Thus according to
Eq (3.7) for the laser operating above threshold ~, < r,, for the laser oper-
ating at threshold 7, = r, and for the laser operating below threshold ~, > r,.

The variance of photon number for light mode a can be written as
(An,)* = (a'aa'a) — (aa)? (3.97)

and using the fact that a is a Gaussian variable with zero mean, we readily
get
(An,)* = (a'a)(aa’) + (a*?) (a°). (3.98)

Applying Eq (3.88) into the last term of the above equation, we get

(i) = (3‘%) (2. (3.99)

Using
(a) = (N1b){a| N|b){al) = N*(|b) (alb)(al) = 0 (3.100)
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in (3.99), one gets
(a®) = 0. (3.101)

Moreover, from (3.90) we have

(@fay = (). (3.102)

(aa’) = (;—QN)Q (maml). (3.103)

Taking into account Eqs (2.111) along with (2.62), we find

(aaty = %(be (3.104)

Therefor on account of Eqs (3.101), (3.102) and (3.104), we arrive at
(An,)? = n. (3.105)

This represents the normally-ordered variance of the photon number for a
chaotic state. One can also establish in a similar manner that the photon-
number variance for light mode b has the form

2 _ (e 2 v
(Ang)? = (L) (W) (). (3.106)
This takes the form
(Ang)* =0 (3.107)
for v, < r, and
(Any)? = 0} (3.108)

for v. = r,, with 7, is given by (3.94). These results show that light mode b
is in coherent state for 7, < r, and in chaotic state for . = r,.

Furthermore, the variance of the photon number for the two-mode cavity
light is expressible as

(An)? = (¢lecte) — (éle)?, (3.109)

and using the fact that ¢ is a Gaussian variable with zero mean, we readily
get
(An)? = (éTé)(ect) + (¢T2) (%), (3.110)

28



Dynamics of Three-Level Laser Pumped by Electron Bombardment

Employing once more Eq (3.95) and taking into account (2.113), we find

(eety = ¢ (<Nb> + <N6>) . (3.111)

K

In addition, applying (3.7), one can express Eq (3.24) in the form

(rhe) = \/:::<Na>- (3.112)

Hence with the aid of Egs. (3.95), (2.117), and (3.112), we easily get

(@) = % %(Nay (3.113)

Now on account of Egs. (3.96), (3.111), and (3.113) along with (3.5), (3.6),
and (3.7), we arrive at

(An)? = %n2(3n +2). (3.114)

with n = Je.
T(l
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4 Global Quadrature Squeezing

We seek here to drive the global quadrature variance (in the entire frequency
interval) of light mode a and b and that of the two-mode cavity (output) light.
The squeezing properties of light mode a are described by two quadrature
operators defined by
a,=a"+a (4.1)
and
a_ =i(a' —a). (4.2)

We find the commutation relation for the above two operators to be

[d—v d+] = [Z(&T - d)v (dT + d)]’

= —2i[a,a']. (4.3)
Using Eq. (2.120) in Eq (4.3), one gets
la_, 4] = 22%(](@ — ). (4.4)
It then follows that
Aa,Aa_ > % (N,) — <Nb>\. (4.5)

The variance of the quadrature operators is expressible as
(Aas)? = (@' +al?) F [(@) + (@), (46)
so that on account of Eq. (3.85), we have
(Aay)? = (a'a) + (aa’) + (a'?) £ (a?). (4.7)
Now employing (3.101), (3.102) and (3.104) along with (3.5), we arrive at
(Aay)? = (Aa_)? = 2, (4.8)

with 7, given by Eq (3.90). We thus realize that light mode a is in a chaotic
state. Moreover, following the same procedure, one can readily verify that
the quadrature variance of light mode b has the form

(Aby)? = (Ab-) = (R} + (Vo). (4.9)
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We then see that for the laser operating well above threshold

(80,7 = (A = (g) (4.10)

and for a laser operating at threshold
(Aby)? = (Ab_)? = 27y, (4.11)

in which n, is given by Eq (3.94).

Following similar steps of derivation of (4.4), one can easily show that
b_,by] = 2 25(N, — N.). (4.12)
K

On account of this commutation relation, we have

A

AbiAb- = L) — (N, (4.13)
K
so that for 7. < r,, this uncertainity relation takes the form
Ye (N
Ab,Ab_ > = — ). 4.14
=2 () (4.14)

We realize from Eqgs. (4.10) and (4.14) that light mode b is in a coherent
state for 7. < r,. In addition, Egs. (3.108) and (4.11) indicate that light
mode b is in a chaotic state for . = r,.

We now proceed to calculate the global quadrature squeezing of the two-
mode cavity and output light. The squeezing properties of the two-mode
cavity light are described by two quadrature operators defined by

ey =cl e (4.15)
and

e =i —e). (4.16)

It can be readily established that

6., é,] = zz'%(Na A (4.17)
It then follows that
AciAc_ > % (N,) — (N,) (4.18)
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The variance of the quadrature operators is expressible as

(Acy)? = £([e" £ ¢7) F [(€) = (@), (4.19)
so that on account of (3.87), we have

(Acy)? = (efe) + (eely £ (672) £ (). (4.20)
And on account of Eq (3.96), (3.111) and (3.113), we have

~

@ =2 (N (W) 22,/ 200 )

Y Tq

Hence employing (3.6), we arrive at

C aN C aN

(Acy)? =2 (N Loy [l L , (4.21)
K Ye + 21, Ta \ Ve + 27,

Ye roN N
—Je(N N . 4.29
e e Ce ) )

Moreover, on setting r, = 0 in Eqgs. (4.22), we get
(Acy)? = (Ac_)? = LN, (4.23)
K

This indeed represents the quadrature variance of a two-mode vacuum state.
We seek to calculate the quadrature squeezing of the two-mode cavity (out-
put) light relative to the quadrature variance of the two-mode cavity (output)
vacuum state. We then define the quadrature squeezing of the two-mode cav-
ity light by

(Ac )2 = (Ac)?

(Ac)?

Now applying (4.22) and (4.23) into Eq (4.24), and taking into account Eq.
(3.6), we have

S = (4.24)

(Ac_)?
—1—
=1 e
Ve TaN N
RN Y — 2 A | ————
I e Cxx)
Je

K
—1_1— Ta _|_2\/’7cra

Yo + 274 Yo + 27y
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Figure 2: A plot of global quadrature squeezing versus 7.

2\/Tea = Ta

Ye + 21,

2, /1c
Ta

k+2 ’

Ta
2 /i — 1
_avn—l (4.25)
7+ 2

where n = Ye We note that, unlike the mean photon number, the quadrature
r

squeezing does not depend on the number of atoms. The plot in Figure
2 shows that the light generated by the three-level laser operating under
the condition v, > %lra is in squeezed state, with the maximum quadrature
squeezing being 50 % below the vacuum state level. This occurs when the
three-level laser is operating below threshold at v, = 4r,. Since the squeezed
light is generated when the laser is operating far below threshold, the mean
photon number of the squeezed light is relatively small.

On the other hand, we define the quadrature squeezing of the two-mode
output light by
(Acmt)2 — (Acmt?

out __
e VTR

(4.26)
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where (Ac®)? is the quadrature variance of the two-mode output vacuum

state. And applying ¢°* = \/ké_ we can easily see that
(Ac”™)? = k(Ac_)? (4.27)

and
(Ac”)? = k(Ac )% (4.28)

Now in view of Eqs. (4.27),(4.28) and (4.24), we arrive at
Sout = . (4.29)

We observe that the quadrature squeezing of output light is equal to that of
the cavity light.
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5 Local Quadrature Squeezing

We finally seek to obtain the local quadrature squeezing (in a given frequency
interval) of the two-mode cavity (output) light when both light mode a and
light mode b have the same frequency. To this end, we first determine the
spectrum of quadrature fluctuations for the two-mode cavity light. We define
this spectrum for a two-mode light with central frequency w, by

1 o .
Si(w) = —Re/ (61 (t), et + 7)) e’ @97 dr, (5.1)
0

e

Upon integrating both sides of Eq (5.1) over w, we get

/ Si(w)dw = (Acs)?, (5.2)
in which

(Ace)® = (ex(t), ex(t))ss (5-3)
is the quadrature variance of the two-mode light at steady state. On the
basis of the result given by (5.2), we assert that Sy (w)dw is the steady-state

quadrature variance of the two-mode light in the interval between w and
w + dw. In view Eq. (3.87), we note that

<6i(t), éi(t + 7')> = <éi(t)éi(t + T)) (54)

We now proceed to determine the two-time correlation function that ap-
pears in Eq (5.4) for the cavity light. To this end, we realize that the solution
of Eq. (2.130) can also be written as

J_ /2 e 2t + 7)dr. (5.5)

VN 0

On the other hand, the solution of Eq (3.26) is expressible as

et +71)=¢é(t)e "2 +

’

m(t+7") = fn(zﬁ)e””,/2 4 HT/2 / e/
0

1 .
X <§mha(t +7") + F(t + 7'")) dr”. (5.6)

Applying the large-time approximation scheme to Eq (3.80), we get

ma(t +7) = Fa(t+7), (5.7)

=N
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so that on introducing this into Eq (5.6), there follows

/

m(t+7') = m(t)e "% 4 e’”//2/ et /2
0

X (Fa(t ) 4 Bt + T")) dr'". (5.8)
Now combination of Egs (5.5) and (5.8) yields

2gm(t)

VN(r — p)

et +71) = é(t)e ™2 + [e7H7/2 — emr7/2]

g —KT/2 T ! (k—p)T' /2
+—=e€ dr'e\" H
vN 0
X/ dT//em—///z (Fa(t—f—T//) + Fm(t + 7_//)) . (59)
0

Multiplying both sides of the above equation by éf(¢) and taking the expec-
tation value of the resulting expression, one gets

éT & 7)) = éT é e—m’/? 2g<éT<t)m<t>> e—,uT/Q_e—m'/Z
(e @)e(t + 7)) = (€' (t)e(t)) N p) [ ]

/

< [ e (@R + 1) + O Pl + 7).
0 (5.10)

On account of the assertion that a noise operator at certain time should not
affect light mode operator at earlier time, we have

(@ (0)e(t + 7)) = (@ (Dele 7 4 -2

VN(r = p)
< (& ()m(t)) e #/? — e/ (5.11)

Applying once more the large-time approximation, one gets from Eq (2.130)

(t) = K\Q/gﬁé(t). (5.12)
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With this substituted into (5.11), there emerges

et + 1)) = <eT(t)é(t)>< i e—w/z—LMe—m/Q). (5.13)

K — [ K —

We next seek to establish the two-time correlation function (¢(¢)ét (t47)).
On account of Eq. (2.130), we see that

det K g
— = ——¢él+ ——ml. 5.14
o ¢+ \/Nm (5.14)
The solution of Eq (5.14) can be written as
AT(t—f- ): AT(t) —m’/2+ g —KT/2 ! —k7' /2 AT(t—f— /)d / (5 15)
¢ T)=¢(t)e ——e e m 7)dr'. :
VN 0
On the other hand, the solution of Eq (3.27) is expressible as
mT(t + T') - mT(t)efur’ﬂ + em’/2/ H /2
0
1 .
X (ﬁuml(t + 7"+ F(t+ #’)) dr”. (5.16)
On account of Eq (5.7), we have
o 2 pi
ml(t+71)=—F(t+71). (5.17)
o
On introducing Eq (5.17) into (5.16), there follows
mi(t+7') = mT(zf)e*/“'l/z + em’/?/ eH' /2
0
X (Fj(t + 7"+ Fl(t+ T")) dr". (5.18)
Now combination of Eqs (5.15) and (5.18) yields
. Ay 2gmi(t) . .
T(t + ) — T(t) KT/2 AL WA ut/2 KT /2
¢ T)=¢(t)e e e
VN(k — p) [ )
9 —HT/Q/ (k—p)T'/2
—e dr'e
\/W 0
X / dr' et/ FT(t +7") + Ef(t+ 7'”)) : (5.19)
0
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Multiplying both sides of Eq (5.19) by ¢&(¢) from left and taking the expec-
tation value of the resulting expression, one gets

) (o _ s
VN (k — p)
g —KT/2 ! 1 (k—p)T’ /2
+—2 ¢ dr'e
VN 0
< [ e (GOFE+ ) + GO P+ 7).
0
(5.20)

On account of the assertion that a noise operator at certain time should not
affect a light mode operator at an earlier time, we have

()t (t+ 1)) = @)t ())e /2 +

29

VN(r — 1)
x (e(t)ymlt(t)) [e#/2 — e7r7/2] (5.21)
Application of the large-time approximation to Eq (5.14) yields

kv N

(1) = "5

Substituting Eq (5.22) into (5.21), one gets

2g m\/ﬁ
VN(k —p) 29

x (e(t)er (1)) [e"”/Q - e’”/ﬂ ,

= (et (1)e™ % + (e (1)~ - . [e#m/? _ /2]

—pr/2 _ —KkT/2
e e "2,

(e ¢+ 7)) = (@) @)e 7 +

é(t). (5.22)

(@(0)el (1 + 7)) = (@)l (B)e 7 +

= e o) (e

K= p

1
_ <é(t)€r(t>>,€ i (KefnT/Q . MefnT/Q 4 H67u7/2 - Klefm—/g) ’
— <é(t>éT(t)> (rﬁyjelﬂ'm - - ﬁ luem'/Q) ) (523)
Following a similar procedure, one can also establish that
c(t)ce — (¢2 K —pT/2 I —KT/2
(e(ve(t + 7)) = @O) | ;e - o) (5.24)
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Therefore, on a account of Egs. (5.13), (5.23), and (5.24), there follows

(es(t), ee(t+7))ss = (Acy)? ( ehTI2 _ Lﬂemﬂ) . (5.29)

K — K —

Now on introducing Eq. (5.25) into Eq. (5.1) and carrying out the inte-
gration, we find the spectrum of the minus quadrature fluctuations for the
two-mode cavity light to be

5. = e [ ()

f—p \ (@ —wo)? + 12

K - p ((w - w,:)/fi WQ]?)} ’ (5.26)

in which (Ac_)? is given by (4.22).

We realize that the variance of the minus quadrature in the interval be-

tween w’ = —\ and w’ = ) is expressible as
A
(Ac )i, = //\S_(w')dw’, (5.27)

in which W’ = w — w,. Hence applying Eq (5.26) and taking into account
(4.22) along with (3.44), we easily get

(Ac )i = [Amn—l ( 2A ) 20t/ (%)]

K — (Ve + 2r,) Ve + 27, K — (e + 2r,) K

X % (N N — 2\/%&)) . (5.28)

On account of (3.6) and (3.7), Eq (5.28) is also expressible as

(Ac )2, — [&tml ( 22 ) 2+ )/T, (%)]

K — (7. + 2r,) Ve + 21, K — (Ve + 2r,)
Tq — 2 cTa
x 2N <1 4oty el ”) . (5.29)
K Ye + 21,

Furthermore, upon setting 7, = 0 in Eq (5.29), we find the local quadrature
variance of a two-mode vacuum state to be

(Ac_)?,, = LN { 26/ T 41 (Q> T (%)} . (5.30)

K K=" Ve K=" K
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Figure 3: A plot of local quadrature squeezing versus A for . = 0.1, r, =
0.025,k = 0.8 and N = 50.

We define the quadrature squeezing of the cavity light in the Ay frequency

interval by

(Aco)iiy — (Aco)iy
(Aco)fin ’
so that on account of (5.29) and (5.30), there follows

2k /T . _1< 2\ )_ 2(%+2ru)/7rm_1 (g)

— L _tan
K — (e + 2r,) Ve + 21, K — (e + 2rq) K
2 2\ 279, 2
R/, (_) T (_)
R =% Ve K=" K

a_2 cla
x(1+7”— w)

Ye + 21,

The plot in Figure 3 indicates that the maximum squeezing is 64.5 % below
the vacuum-state level and happens to be in the A = £0.1 frequency interval.
We also notice that as A increases the local quadrature squeezing approaches
the global quadrature squeezing. It is not hard to realize that the mean
photon number is very small when the quadrature squeezing is relatively
large. Evidently, one can increase the mean photon number by superposing
several squeezed light beam.

Siy= (5.31)

Spy=1-

(5.32)
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Finally, defining the quadrature squeezing of the output light in the afore-
mentioned frequency interval by

(Acim)?/i,\ - (ACTt)i,\

St = o , (5.33)
= (Ac2)? .y
and taking in to account the fact that
(ACO—Ut)Zi,\ = ”(Ac—ﬁi,\a (5.34)
together with
(Ac)iy = w(Aco)iy, (5.35)
we arrive at
S = S, (5.36)

We see that the quadrature squeezing of the output light in a given frequency
interval is the same as that of the cavity light in the same frequency interval.

41



Dynamics of Three-Level Laser Pumped by Electron Bombardment

6 Conclusion

We considered a three-level laser in which the three-level atoms available in a
closed cavity are pumped from the bottom to the top level by means of elec-
tron bombardment. We have carried out our analysis by putting the vacuum
noise operators in normal order and applying the large-time approximation
scheme. The procedure of normal ordering the noise operators renders the
vacuum reservoir to be a noiseless physical entity. We maintain the stand-
point that the notion of a noiseless vacuum reservoir would turn out to be
compatible with observation.

We have seen that the light generated by the three-level laser operating
under the condition v, > ira is in a squeezed state, with the maximum
quadrature squeezing being 50 % below the vacuum-state level. This occurs
when the three-level laser is operating below threshold at ~. = 4r,. We
have also established that the quadrature squeezing of the output light in a
given frequency interval is the same as that of the cavity light in the same
frequency interval. On the basis of this result, we come to the conclusion
that the quadrature squeezing of the laser light is an intrinsic property of the

individual photons.

42



Dynamics of Three-Level Laser Pumped by Electron Bombardment

References

1]

Fesseha Kassahun, Fundamentals of Quantum Optics (Lulu Press Inc.,
North Carolina, 2010).

M.O. Scully, K. Wodkiewicz, M.S. Zubairy, J. Bergou, N. Lu, J. Meyer
ter Vehn, Phys. Rev. Lett. 60, 1832 (1988).

N. Lu, F.X. Zhao, J. Bergou, Phys. Rev. A 39, 5189 (1989).

Eyob Alebachew and K. Fesseha, Opt. Commun. 265, 314 (2006).
M.O. Scully and M.S. Zubairy, Opt. Commun. 66, 303 (1988).

N. Lu and S.Y. Zhu, Phys. Rev. A 41, 2865 (1990).

N.A. Ansari, J. Gea-Banacloche, and M.S.Zubairy, Phys.Rev.A 41,5179
C.A. Blockely and D.F. Walls, Phys. Rev. A 43, 5049 (1991).

N.A. Ansari, Phys. Rev. A 48, 4686 (1993).

J. Anwar and M.S. Zubairy, Phys. Rev. A 49, 481 (1994).

K. Fesseha, Phys. Rev. A 63, 33811 (2001).

Fesseha Kassahun, Simulated emission by two-level atoms pumped to the
upper level (2010).

Fesseha Kassahun, Refined Quantum Analysis of Light (CreateSpace
Independent Publishing Platform, 2014).

43



Dynamics of Three-Level Laser Pumped by Electron Bombardment

Declaration
I, the undersigned, declare that this project is my original work and that all

sources of materials used for the project have been correctly acknowledged.

Name: Zeleke Behailu.

Signature

Date: March 2017

The project has been submitted with my approval as University advisor.

Name: Fesseha Kassahun (PhD).

Signature

Date: March 2017

44



