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Preface 

Although the ongm of the linear optimization as a 
mathematical discipline is quite recent, it is now well established 
as an important and very active branch of applied mathematics. 
The wide applicability of linear optimization models and the rich 
mathematical theory underlying these models and the methods 
developed to solve them have been the driving forces behind the 
rapid and continuing evolution of the subject. The recognition of 
the importance of linear optimization models, especially in the 
areas of economic analysis and planning, coincide with the 
development of both an effective method, the 'simplex method' of G. 
B. Dantzig, for solving linear optimization problems, and a means, 
the digital computer, for doing so. 

All forms of the simplex algorithm reach the optimum by 
transversing a series of basic solutions. Since each basic solution 
represents an extreme point of the feasible region, the track 
followed by the algorithm moves around the boundary of the 
feasible region. In the worst case, it may be necessary to examine 
most of, if not all, the extreme points. The worst case here just 
simply means a worst possible data configuration that would take 
the simplex algorithm run many steps. This can be cripplingly 
inefficient given that the number of extreme points grows 
exponentially with n for fixed m. 

The existence of such worst cases suggests that one should 
look possibly for algorithms other than the simplex algorithms, 
which are good in such cases. 

The first success was attributed to the Russian 
mathematician, Khachian (1979), who proposed the ellipsoid 
algorithm or sometimes the Russian Method. Though theoretically 
efficient, code developers were never able to realize an 
implementation that matched the performance of concurrent 
simplex codes. 

Just about the time when the interest in the ellipsoid method 
was waning, a new technique to solve linear optimization problems 
was proposed by N. K. Karmarkar (1984) of AT & T Bell 
Laboratories, namely, the projective algorithm or more generally 
interior point algorithm 



Contrary to the simplex algorithm, the projective algorithm 
moves in the relative interior rather than on the outside of the 
polyhedron in the n - dimensional space. 

The purpose of this paper is to describe the development of this 
new algorithm and the idea (coming from non-linear optimization 
and projective geometry) on which it is based. Here we present the 
original algorithm, which is the approximation to the underlying 
algorithmic idea because of linearization of what is inherently a 
non-linear problem due to a projective transformation. 

I want to express my deepest gratitude to my adviser Prof. Dr. 
rer. nat. habil. R. Deumlich who cultivated me highly not only 
academically but also socially. His constructive comments, advice 
and material provision are extremely invaluable. 

I am especially thankful to my wife , Giloya Lemita, who made 
my life pleasurable and shouldered all the family responsibilities 
throughout my study. My heartfelt thanks also goes to my brothers 
Guyo Jillo and Halege Jillo, and others I did not mention, who, 
regardless of situations, untiringly have given me a lot of 
encouragement throughout my study. 

Finally, I am grateful to all my friends for their unreserved 
moral and material support and made my study fruitful. Among 
the many, Mengistu Goa, Tesfa Yigrem and Workaferahu Seyoum 
are worth mentioning. 
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1. Mathematical Pre-Requisites 

For the proper understanding of the linear optimization problem we 
require knowledge of some elementary concepts of mathematical 
analysis as well as linear algebra. In this section we shall 
summarize the notions and some mathematical tools, which will be 
needed, for our purpose. 

1.1.Euclidean Space 

Definition 1.1.1: The n- dimensional (Euclidean) space, 

symbolized by R" is defined as the set of all (column) 
vectors x having n scalar components. 

The partial order in the set of all vectors of R n will be given in the 
following 

Definition 1.1.2: For any two vectors X E R n and y E R n we 
define 

(i) x> y if and only if x j > y j Jor all j E {l, ... ,nj 

(ii) x::::y ifandonly ifxj::::Yj JoralljE{I, ... ,n} 

(iii) x=y ifandonly ifxj =Yj foralljE{l, ... ,n} 

(iv) x::::O ifandonly ifxj::::O Jorall jE{l, ... ,n} 

Remark: 
1. The above definition is also valid if we replace> and :::: by < or 

~, respectively. 
2 . By x 'i ywe mean there exist an index j E {l , .. n} such 

that Xj < yj' 

Definition 1.1.3: For any x, y ERn, the inner (scalar) product of 

x and y is given by /' 
T " '\ 11 T 

x Y = l:XiYi =l:YiXi =y X 
i=1 i=1 

We know that we can define different norms on R". Among these 
norms the most used norm is the Euclidean norm, which is defined 
as follows: 

1 
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Definition 1.1.4: The real number 

Ilxll = Lr x =~i~lxi2 
is called the Euclidean norm of the vector X E R" . 

For our purpose, by the norm of a vector always we mean the 
Euclidean norm. 

Definition 1.1.5: 
(i) The rank of a set S c R" is the cardinality of the largest 

subset of the linearly independent vectors in S . 
(ii) The rank of a matrix A is the rank of its column vectors 

(which is equal to the rank of its row vectors) . 

The rank of a matrix A with size m x n satisfies 

rCA) ~ min{m, n} 

where r(A) stands for "rank of A" . 

We say A is of full rank if rCA) = min {m, n} . 

Definition 1.1.6: A real symmetric matrix A of order n IS said 
to be positive definite if and only if 

x T Ax> 0 for all x E R " ,x;t O. 

Remark: 
A positive definite matrix is necessarily non-singular, for if a 
matrix is singular there is an x 7= 0 for which Ax = 0 and hence 

x T Ax = 0 .Since A is positive definite this is a contradiction. 

Lemma 1.1: Let A = (a l ,a2, ... ,a[ ) be an n xt matrix where 

the vectors ai for i = 1, ... , t are linearly independent. Then 

AAT is non singular. 

Proof: By the above remark it suffices to show that AA T is positive 

definite. To this end let y E R" , y;t 0 and AT Ay = O. 
Then 

/CAT A)y = CAy/ Ay= {Ay,Ay) =IIAyI1 2 =0. 
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This implies Ay = 0 or Iaiy' =0. 
i=l 

But this is impossible as the vectors ai are linearly independent 
and y is a non zero vector. Thus, we have 

yT (AT A)y > 0 for all y E R',y *' O. 

Hence, AAT is positive definite by definition. / / 

Remark: 
1. The matrix A in Lemma 1.1 is of full row rank. Hence it 

follows that for any matrix A of full rank the matrix AAT is 
positive definite . 

2. If A is positive definite, then so is A-I. 

1.2. Rank- One Update 

Theorem 1.2: Let B be a non-singular nx n matrix and u, v E R" 
be any two vectors such that vT B - Iu *' -1 . Then 

(B+uvTt =B -I _ 1 (B - Iu)(vTB - I ) . 
1 + vT B - Iu 

Proof: Since vT B-Iu *' - 1, the expression on the right hand side is 
well defined. 

1 
If we set IV := T I ' then we get 1- IV = IV (vT B- Iu) and since 

1 + v B- u 
the dyadic product u vT is an nxn matrix we have that 

(B + uvT)(B - I -w(B-Iu )(vT B-1)) 

= I" -wu(vT B-1
) + U(vT B- 1

) - wuvT (B-Iu)(vT B - 1
) 

= I" - wu(vT B - 1
) + u(vT B - 1

) -w (vT B -Iu )u(vT B - 1
) 

=1" + [-w+ 1-w(vTB- Iu)]u(vTB- I ) 

=1" 
Hence the theorem follows. / / 
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1.3. Geometric / Arithmetic Inequality 

For any XE R", let m(x) = (~J~I Xi be the arithmetic mean of x and 

I 

for every XE R" with x > 0, let g(x) = (}]Xi)" be the geometric mean 

of x. We state without proof the following important inequality, 
known as Geometric/arithmetic inequality, which we shall use very 
often. 

I 

Theorem 1.3: (th )" ~ 
,~I 

1 ( " ) " - LXi for alixER ,x> O. 
n i~ 1 

1.4. Orthogonal Projections 

Definition 1.4.1:Let X be a vector space. An endomorphism 
P : X -jo X is called a projection if and only if 

p2 =p 

We give some important properties of projection. 

Property 1: Let P: X---+ X be a projection and let Q=I-P. Then 
(i) Q = 1 - P is a projection. 
(ii) P.Q =Q.P = 0 (where 0 is the zero map; Ox= 0 for all xl 

Proof: 

(i) Q2 =(1 _p)2 =1 2 -21'p+P 2 =1 -2P+P =1 -P= Q 

(ii) P.Q=P.(1 -P)=P.1 _P'P=P_P2 =P-P=O and 

Q.P = (1 - P).P = 1.P - P.P = P - p2 = P - P = 0 

By means of scalar product in R" we define the notion of 
orthogonality as below. 

Definition 1.4.2: Let U c R" . Then 

(i) X,Y E R" are said to be orthogonal if and only if 

(x,y) = yT X = O. 

(ii) U 1- := ~ E R" : (x,y) = 0 for all x E U} is called 

the orthogonal complem ent of U. 
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Definition 1.4.3: Let R" = U 8:) UJ.. The projection P: R" ~ U along 

U J. is said to be the orthogonal projection of R" on to U. 

Since R" = U 8:) UJ. , every x E R" can be written uniquely as 

x = y + Z, where Y E U and Z E U.l . Accordingly, the above 

definition says, if x = y + z, where Y E U and Z E U.l, then the vector y 

is the orthogonal projection of the vector x on the subspace U. 

Now we give the general approach to find the orthogonal projection 
of a vector onto a given subspace. 

Suppose we are given any subspace U with basis {ai, a2 , .. . , at} and 
we want to find an orthogonal projection on to U. 
Define the n xt matrix A=(a l ,a2, ... ,a,). Then a typical element of U is 

of the form Ax for some x E R t . 

Let a E R". We want to find the vector Ax EU which is the 
orthogonal projection of a onto U. 

From R" = U 8:) U J. we get a = Ax+ z, where Z E U J. . 

Since a - Ax E UJ., by definition, a - Ax is orthogonal to every 
member of U. This is the case if and only if a - Ax is orthogonal to 
each of the basis vector of U. 
Thus, 

(ai,a - Ax) = a; (a - Ax) = 0, for i = 1, ... , 1. 

which is equivalent to 

AT (a-Ax) = ° ( 1) 

Solving for x from (1) and noting that (AA Ttl exists by lemma 1.1 

we get 
x = (AT A) - I AT a (2) 

Let the operator P be defined by 

P: =A(A T AtAT 

Then we have using (2) the orthogonal projection of a vector a on to 
U to be 

Pa = Ax = A(A T A) - I AT a 

We call the operator P the orthogonal projection operator onto the 
subspace U. 

5 
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The operator P has the following interesting properties. 

Property 2: 
(i) P is a projection, i.e. P 2 = P 

(ii) P is a symmetric matrix, i. e. P T = P 
(iii) Pa lies in the subspace spanned by the vectors 

a i for i = 1, ... , t ,i.e. Pa E U. 

(ii) P T = (ACA T A) - I AT r = (A T r (CA T A)-I r AT 

= (A T nCAT Al t AT = A (CA T A)- I ~T = P 

(iii) Pa = A(AT At AT a 
= Au where u = CAT A) -I AT a 

I . 

='Laiu' 
i=1 

This means Pa is a linear combination of the vectors a i • 

Hence Pa lies in the subspace spanned by the vectors a i 

for i = l , ... ,t '; / 

In the following examples we drive the formulas for the orthogonal 
projection and their respective orthogonal operators for some 

special subspaces of R II which we need very often. 

Example 1.4.1: Let U = {z E R" : Az = O} be a subspace of R" where 
A is an m x n matrix of rank m. We want to find the orthogonal 

projection of a vector C E R" on to U. Here we follow the above 
general approach. 
Let p be the orthogonal projection of vector c on to U. 
Obviously, Ap = 0 since p E U by property 2 (iii). 

Let AT = Cal ' a2 , ... , all) where a i are the row vectors of A. 
Then c - p .L U , i.e. c - p is a linear combination of all normal 

vectors to the hyperplanes Hi = {z E R" : (ap z) = O}, i.e. of ai's. 
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Consequently, 

e- p = Ala i + ... +A"a" = AT A where A E R" 
or 
e-p=ATA 

MUltiplying (3) by A and noting that Ap = 0 we get 

Ae = AATA 

By the remark following Lemma 1.1 , AAT is nonsingular. 
Solving for A we get from (4) that 

,1.= (AAT) - I Ae 

Substituting this value of A we get from (3) that 

p = lI" - AT (AAT)-I Aje 

or 
p = Pc where P = I" - AT (AATrl A is the projection operator. 

Example 1.4.2: Let L = { Z E R":Az = 0, eT z = o} where A is an m x n 

matrix of rank m and eT = (1, ... ,1) is the n - vector of ones. 

We want to find the orthogonal projection of a vector C E R" on to 
the subspace L. 

Let q be the orthogonal projection of a vector C E R" on to the 
subspace L. 

Obviously, Aq = 0 and eT z = O. 

Let ATbe as given in example 1.4. 1. 
Then we have 

e - q = A T A + fle where A, fl E R" . 

MUltiplying (5) by A we get 
Ae = AAT A , 
where we have used the fact that Aq = 0 and flAe = 0 

(5) 

By the remark following Lemma 1.1 (AAT) - I exists and so we have 

A = (AA Tr l Ac 

Again mUltiplying (5) by eT we get using Ae = 0 and eT q = 0 that 

eTc = jJRT e 

or 

7 
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1 T 
fJ = - ee . 

n 
Substituting the values of A. and JI into (5) we get 

[ 
T ( T -lIT] q = I n - A AA ) A - -;; ee c 

or in short 

q = Qc where Q = In - AT (AATr' A -~eeT is the projection operator. 
n 
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2. Linear Optimization Problem: Basic Concepts 

Consider the linear optimization problem in standard form 

(LP) min {ex: Ax = b, x 2 0 }, 

where A is an m x n matrix 

C E R" is a row vector and 

b E R " is a column vector. 

We will assume w. 1. o. g. that A is of full row rank. 

Definition 2.1 : The set X = {x ERn: Ax=b, X2 0}is called the 

feasible set of (LP) . 
Definition 2 .2: 

(i) Each XE X is called a feasible solution. 

(ii) A feasible solution x E ~is called an optimal solution if 

ex ~ ex for all x EX. 

2.1. Properties of the Feasible Set of (LP) 

In this section we examine some of the properties of the feasible set 
of (LP) .To begin with, let us introduce the following definition. 

Definition 2.1.1: A set C c R" is said to be convex if and only if 
a x + (1 - a)y E C for every x,y E C and IX E [0,1]. 

It means geometrically, the line segment 

[x,y]={zE R" :z=ax+(l-a)y,IXE [O,1j 

is entirely contained in C whenever its end points x and y are in C. 

Definition 2.1.1: Let X"X2, ... ,Xk ERn ,~,A.z, ... ,Ak ER. Let 
k k 

Z = L AiXi , where L Ai = 1 , Ai ;0: O. Then 
i = 1 i= 1 

z is said to be a convex combination of the points XI' x2 ''' ., xk' 

It follows from the above definition that the set of all convex 

combinations of a finite number of points XPX2"",Xnis a convex 
set. 
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Lemma 2.1: 1. is a convex subset of R II • 

Proof: Let x j , x 2 E 1.. Then by definition 

and AXj = b,Ax2 =b 

Let x be any convex combination of Xj and x z. Then 

X = Axj + (1- .:l,)x2 , .:l, E [0,1]. 
Obviously, x ~ ° from (i). 
Furthermore, using (ii) we get 
Ax = A[ Axj + (1- .:l, )x2 ] = MXj + (1- .:l, )Ax2 = .:l,b + (1- .:l,)b = b. 

This implies x E 1.. Since the convex combination of every two 

feasible solution is in 1., it follows that 1. is a convex set. / / 

Definition 2.1.2: Let e c R", e * 0, a E R. The set 

{xER" :cx=a} 
is called a hyperplane. 

The sets ~ E R" :cx < al and ~ E R " :ex > a} are called open 
halfspaces. 
The sets ~ E R II : ex ~ a} and ~ E R II : ex ~ a } are called closed 
halfspaces. 

Obviously, hyperplanes and halfspaces of R" are convex sets. An 
open halfspace is naturally an open set being the interior of the 
corresponding closed halfspace and a closed halfspace is a closed 
set being the closure of the corresponding open halfspace. Clearly 
the boundary of a halfspace is a hyperplane. 

Theorem 2.1: 1. is a closed convex subset of R". 

Proof: The convexity of 1. follows immediately from Lemma 2.1. 

Because 1. is the intersection of closed halfspaces it is also closed. 

Definition 2.1.3: 

A set C c R" is said to be compact if and only if it is closed 
and bounded. 

10 
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2.2. Measure of the "Size" of a Linear Optimization 
Problem 

In this section we introduce some basic notions about the measure 
of the size of a linear optimization problem (LP). 

I. Descriptive data of (LP) 

The descriptive data of a linear optimization problem are: 
n the number of variables 

m the number of linear constraints ( other than non-negativity) 
cJ the objective function coefficients 

bi the right -hand side elements 

a / the technological coefficients(coefficients of linear constraints) 

II. Digital Size of (LP) 

Let us assume that all data of the linear optimization problem are 
integers or rational numbers. This is no real restriction since, for 

instance, .fi is represented on a digital computer by its rational 
approximation to a given number p of "digits " that are prescribed 
by the "word length" of the "register" of the digital computer that is 
set aside to store this number. 

To store any integer number a on a digital computer 

(a) = 1 + llOg ~I +Ial) J 
bits suffices evidently , where [a] IS the smallest integer number 
greater than or equal to a. 

A rational number f where GCF (a, b) = 1 can be stored by storing 

a and b separately. 

To store any linear optimization problem with integer data we thus 
need at least 

L ~ (n) + (m) + Jt ( C J ) + i~P i ) + i~l Jt \ a ~ ) (2.2.1) 

bits on a digital computer. 

Definition 2.2.1: We call L in (2.2.1) the digital size of the linear 
optimization problem. 

11 



Now let us den ote 

step (m, n) the number of steps an itera tive procedure (or 
an algorithm) required to solve a linear optimization problem 
having n variables and m linear constraints and 

time (n, L) the number of elementary operations such as 
+, - , X, 7 , <, =, < or > required by a digital computer to carry out 

the iterations of an algorithm for a linear optimization problem of 
size L. 

Obviously, 

time (n,L) <:; step (m, n) 
no matter what parameters m, n and L we consider, smce 

step(m,n) simply counts the "step" and not the "work" of the 
algorithm. 

Definition 2.2.1: An algorithm is said to be technically good or 
polynomially bounded if there exist integers K > 0, p ~ 0 ,q ~ 0 
that are independent of the data of the linear optimization 
problem such that 

time(n,L) <:;. Knq LP . (2.2.2) 

If time (n , L) satisfies the relation (2.2.2) we write 

time (n, L) =O (nq LP) 
for short which is read as 
the time complexity of time (n, L) is of order of magnitude of n q LP . 
So, time (n, L) =O( n q L P ) means, in particular, that time (n , L) is 
bounded by a polynomial function of its parameters . 

Likewise, we can write for the step complexity 

step (m, n)=o( mPnq) 
to express the existence of data -independent integers 
K > 0, p ~ 0 and q ~ 0 such that 

step (m,n) <:; Km Pn q , 
i.e. the polynomial boundedness of the number of steps of the 
algorithm. 

We will show in section 3.2.3 that in the worst case, unlike the 
simplex algorithm, the projective algorithm IS polynomially 
bounded . 
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2.3. Lagrangean Multiplier Technique 

The Lagrangean multiplier technique (or simply the Lagrange 
method), so named after Joseph Louis de Lagrange (1736- 1813), is 
a well-known procedure for determining the minimum or 
maximum of a function subject to constraints. The basic idea of 
the method is to replace a given optimization problem with 
constraints by an optimization problem without constraints . 

A given optimization problem can be either with equality 
constraints or with inequality constraints or both. In the following 
section we consider how to apply the Lagrange method in each 
case. 

2.3.1. Lagrange method for optimization problem with equality 
constraints 

Let UcR",ScU and f:U~R. Let h:U ~ R III 

Consider the optimization problem 

(P) min {f(x) :x E S}, 

where S={xEU:h(x)=O}={XEU:hj(x)=Ofor j=l, ... ,m} 

The function 
III 

L(X,A) = f(x) + LAjhj , where (X,A) E R" x Rill 
j~l 

is said to be Lagrangean or Lagrange function with regard to (P). 

The vector A E R" is said to be the vector of Lagrange mUltiplier. 

Now we consider a new optimization problem without constraints: 

(p.d min {L(x,A) :x E U} 

The connection between (P) and (PA) is described in the following 

Theorem 2.3.1: (Lagrange-Lemma for equality constraints) 
Let (P) be given and let S = {x E U: hj (x) = 0 for j = l, ... ,m}. 
If there exist A' E R " such that Xo E S is a solution of (Pl ), then 

xois a solution of (P). 

13 



Necessary conditions for Xo E S to be a solution of (PA' ) are given in 

the following 

Corollary 1: Let (P) be given and let S = {x E U: h/x) = 0 for j = l , ... ,mj 
and U c R"be an open set. Furthermore, let f and h j be partially 

differentiable on U. If Xo E Sis a solution of (P,: )' then 

1. h/xo) = 0 for all j E {l, ... ,m}, 
o • 0 

2. - f(xo)+ L,1.j - hj(xo) = 0 for all k E {l, ... ,n} 
oXk oXk 

Obviously the conditions 1 and 2 of the above corollary form the 
system of n + m equations with m + n variables. 

2.3.2. Lagrange method for optimization problem with 
inequality constraints 

We consider the optimization problem 

(P) min{f(x) :XE S} , 

where S = {x E U : g(x) :s; 0, hex) = 0 }, 
g : U ---+ R'" , h: U ---+ R p , 

g(x) = (gl (x), ... , g",(x)l ER'" and 
hex) = (hi (x) , ... , hp(x)l E RP 

We define the Lagrange function for (P) 
m PiliP 

L(x, ,1.,fl) = f(x) + L,1.igi(X)+ Lflj hj(x) , where (X,,1.,fl) E UxR+ xR . 
i ~ 1 j~ 1 

The numbers ,1.i , i E {I, ... , m} and flj,j E {I, .... , p} are called Lagrange -

multipliers. 

For fixed (A. , fl) E R:' x R P we consider the optimization problem, 

min {L(x , A. , fl): x E U} 

As a connection between (P) and (P).,f/ ) we give the following 

14 
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Theorem 2.3.2: (Lagrange - Lemma for inequality constraints) 

Let (P) be given, and A E Rill ,/1 E R P ,xo E S, with (A, g(XO» ) = 0. 

If Xo is a solution of (P, ), then Xo is a solution of (P). 
A,P 

Now let f, g, and h be differentiable on the open set U c R 11 • Let x· 
• • 

be a minimum point of L(X, A , j.1 )on U andx' E{X ES:(l,g(x»)= O} . 

Then the following necessary conditions are satisfied. 

Kuhn-Tucker Conditions: . . 
(1) h j (x ) = O,jE {I, oo., p} ,. ,. ,. ,. 
(2) A;g; (X )=O,A; ~ O,g;(x ) :;; O,i E {I,oo.,m}, 

a • m.8 • p.8 • 
(3) - f(x )+l,A; -g; (X)+ L/1j-hj (x ) =O,kE{I,oo ., n} 

DXk ;= 1 DXk j=l DXk 
(4) A; ~ ° 

2.3.3. Reduction of inequality constraints to equality 
constraints 

Let the optimization problem be given by 

(P) min {f(x) :x E S} 

where S = {x E U : g(x) :;; 0, hex) = ° } 
Then we introduce the so-called Slack- variables 

Z = {zl ,.oo,zlII} E Rill such that gl(X)+ ZI2 = O'OO.,glll (X) +ZI~, = 0, XES 

Then we define 

l(x,z):= f(x) ,h(x ,z):= hex) , g (x, z ):= (gl (x) + Zl2 ,.oo ,gll.(x) + z,~,l 

and consider the following optimization problem: 

- -
(P) f(x,z) -; min ,(x ,z) E S} 

S = {(x,z ) E U x R III /g(x,z) = O,h(x,z) = O} 

Obviously this problem is equivalent to (P). 
To solve this problem we can use the Lagrange-lemma for 
optimization problem with equality constraints. 
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3. Projective Algorithm 

3.1. Introduction 

Consider the linear optimization problem in standard form 

(LP) min {ex : Ax = b, x ~ 0 }, 

where A is an m x n matrix of rank m, 
e E RI/ is a row vector, and 

b E R m is a column vector . 

Let us denote as usual the set of all feasible solutions of (LP) by 

x = {x ERn : Ax = b, x ~ 0 } 

Furthermore, we assume that 

(i) there exists xO E X such that XO > 0, i.e. the relative interior 
of X is nonempty. 

(ii) the objective function ex over X is not constant, i.e., in 
particular, c ;t O. 

Definition 3 . 1.1: We call a feasible solution x k to (LP) a relative interior 

feasible point if each components of xk is positive, i.e. x k >0. 

The basic idea of projective algorithms for (LP) is to generate a sequence 

of relative interior feasible points that con verges towards an optimal solution 

of (LP). This is done -in essence-by solving a sequence of restricted problems 

that involve no inequalities and which are amenable to solution by classical 

methods of calculus. The projective transformations that are employed 

correspond to an iterated change of variables that permit to implement this 

idea. 
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Let us rewrite the problem (LP) as follows 

(LP*) min {ex: Ax = bx n+l ,xn+l = 1, x:2: 0 }, 

where x 11 +1 is a new variable . 

Geometrically we are embedding R l intoR "+ l by identifying a point 
x E R" with the point (x,l) E R 11 +1. 

XI 

Fig .3. 1. Embedding of R"intoR"+1 for n = 2. 

By the assumption that we have made above, there is a feasible point 
(XO,1)ER"+/to (LP*) such that xO > 0. 

Now we consider the projective transformation To given by 

Xj 

(To) 

o 
Xj 

n X . 
1+ I - J 

. I 0 
J= X j 

1 
Yn+l = 

1 + 
n X . 
I - J 
. 1 0 

J= X j 

for j E {1,oo .,n } 

Since (xo ,1) > 0, To is well defined. 
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Obviously , To maps th e nonnegative orth ant { (x, l ) E R"+I.' X ~ 0 } in to th e 
n - dimensional simplex 

S 11+1 = {Y E R 11 +1. ''i1y j = 1 ,y ~ o} . 
} = 1 

Furthermore, the point (xo ,I) E R"+I is mapped into the center 

yO = C)r 
of the simplex S"+I where fT = (I, ... ,!) is the n+ 1- vector of ones. 

Let us rewrite Y = To (x) to denote the image of Y E R"+I of the point 

(x°,l) E R"+I , where x E R" . 

Thus To can be regarded as a mapping from R" into R"+I in the natural way. 

If we consider To as the embedding of R" into R"+1
, then it possesses an 

inverse that is given by 

for j = l, ... ,n 
YI1+1 

Let D = {x i
O 

, ... , x~} be the n x n matrix with diagonal elements x? for i = l, ... ,n 

and zero elsewhere . The projective transformation To in matrix form is then 
written as 

( To) 
1 

(3.1.1) 

where e T = (1, .. . ,1) is the n-vector of ones and 

YN =IYI""'YII) is the n-vector whose components are the first n 

components of the vector Y E R"+1 
• 

Using the equality of matrices we get from (3.1.1) that 

I 
and Y N + 1 = T _ 1 

1+ e D x 
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Obviously, we have Y N = YII+ID -I X from which we get x = (_l_)D Y N 
Yn+l 

Hence the inverse of To in matrix form becomes 

x =(_1 )D YN 
YII+1 

(3.1.2) 

For (LP*) we have the corresponding set of all feasible solutions given by 

x * = {x E R n+1 : Ax = bx n + l ,x n+ l = 1, x ~ 0 } , 

which is the intersection of the nonnegative orthant 
o = 0[ (x,I) E R"+1

. X ~ } 

and the subspace 

L={(x,I) E R"+1 
: Ax - bx

lI
+1 = O}. 

Obviously, To (0)= S"+I . 

From (3.1.2) and the equation Ax - bXII+1 = 0 we have that 

ADy N - bY/H I = 0 

or 

(AD,-b)( Y N ) = 0 
YI/ +l 

which implies 
(AD,-b)y = O. 

Thus we have 

To (L)= {YER"+ I
: (AD,-b)y=O}. 

Hence it follows that the image To (X) of a feasible set X is given by 

To ()() = {YER"+I :(AD,-b)y=O,fTy=l,y~O} 
or 

Trivially, we have To (X) r;;; S"+} and yO E To (X). 
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Hence the linear optimization problem becomes the non-linear optimization 
problem 

(FLP) 

Note that the non- linearity of the problem (FLP) is the result of the variable 
YII+ I in the denominator of the objective function of (FLP) . 

Let us denote by 

{ 

n+1 
= Y E R 11 +1: I y ) = 1 , 

)=1 

11 +1 ( 1)2 2} I y --- ~ p , 
)=1 } n + 1 

the intersection of the n+ 1 - dimensional ball with radius p and center yO 

with the hyper plane fT Y = 1 . 

Remark: 

From the definition of B;+I it follows that if the ra dius p is small enough , 

then Btl becomes an n- dimensional ball in the simplex S"+I. 

Now we prove a very important relation between B;+I and S"+I (in the sense 

of inclusion) in the following 

Lemma 3.1: Let r 2 = 1 . Th en 
n(n + I) 

( i) B II + 1 S"+I'f d l 'f 0 p C lan on y 1 ~ P ~ r . 

(ii) S"+I B II + I'f d l'f g C p lan on yIp :2: -- = nr 
n +l 

Proof: 
Let Y E B;+I. Then Y E S"+I if and only if y:2: O. By definition 1.1.2, y :2: 0 if 

and only if Y j :2: 0 for all j E {I , ... ,n + I} . This will be the case if and only if 

min ~i : Y E B;+I };::: 0 for an arbitrary but fixed i E {1 , .. . , n + I} . 
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We illustrate this by the following diagrams for the cases n= land n= 2. 
Y2 x) 

1 S2 
------.... Y2 ~ 0 ......... . 

111 n YI 1 

For n = 1 For n = 2 

For an arbitrary but fIxed i E {I, ... , n + I} now we consider the optimization 

problem 

(P*) . { B n+1 mm Yi : YEp } 

or equivalently 

{ ( )2} n±,1 n+1 I 2 
min hLYj =1, L Y j - --I s,p 

]=1 J=I n + 
(P*) 

The Lagrange function for (P*) is 

[
n+1( 1)2 2] [ n+ 1 ] L(y,4,,u)=Yi+ 4 L Yj-- -p +,uLYj-l, 
1= 1 n + 1 1= 1 

where (y,4,,u) E R n+1 x R+ x R . 

Then we have the following optimization problem 

(P*"M) 111in{L(y,4,,u):(y,4,,u)ERn
+

1 xR+ xR} 

As necessary condition (Kuhn-Tucker conditions) we get 

( 1) aL = 1 + n(Yi __ 1_) + ,u = 0 
0'i n + 1 
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(2) 3L = n(y -_1_) + ,Ll = 0 
(Jyj ) n+l 

for all i 1= j 

["+I( 1 J2 2] (3) A L y - - -p = 0 
;=1 } n + 1 

(4) 
11+1 
LY= ! 
;=1 j 

(5) 
II+I( 1)2 2 I Yj - - <;,p 
i=1 n + 1 

(6) A ~ 0 

In order to solve this system of equations and inequalities we distinguish 
some cases: 
Casel: A = o. Then from (1) and (2) we get 1 +,Ll = 0 and ,Ll = o. But this 
is obviously a contradiction 
Case2: A> o. Then from (1) and (2) we get 

(7) 
_ _ I _ _ /HI 

Y; - n+l H and 

(8) 1 f1.fi II· · Y . = --- - or a J '" I . 
j n + ! 2A 

From (4) we have that 

1 = "{\ . = Iy· + y = n(_l_-£J+( _l __ ,Ll+ 1J = 1_ 1+(n + 1),Ll 
;=1 } i", j } I n + 1 2A n + 1 2A 2A 

which is equivalent to 
(n+ 1)J.l+ 1 =0 

-1 
or f1. = --

n + 1 
From (3) we get by A > 0 

p2 = 1If.I(y __ 1 J2 = I(Y __ 1 J2 + y. = (_ n )2 +( 1 )2 
i=1 j n+1 j"'i j n +l I H(n+1) 2A(n+1) 

n 
= - - -

4AZCn + 1) 

or 

from which it follows that 

A--! ~ n 
2p n +! 

Using the values of ,Ll and A we obtain from (7) and (8) that 
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Yi = n~ 1 - p~ n : 1 and Y j = n~1 + p~ n(nl+l) 

Obviously, we have Y j ;:: 0 for all j "* i. 
Thus, from Yi;:: 0 we get 

Yi = _ I _ _ p~ n ;:: 0 
n+1 n+1 

1 np 
1. e. -n -+-I ;:: -:~;=n(=n=+=IC=) 

I 
or p:S; = r 

~n(n +l) 

B II + 1 ,, +1 0 < < Hence p c S if and only if _ p _ r . / / 

(ii) The proof is similar to that of part (i). 

But for this case we have to consider for arbitrary but fIxed i E {I, ... , n + I} the 
optimization problem 
~ f. BI!+l} (P) max lYi :y E p 

or equivalently 

(P) min{-Yi : Y E B;+I } 

If we follow the same procedure like (i) we get, as a solution to (P) 

y. = _ 1_+ pn and Y = _ 1_ _ P 
I n+1 ~n(n+ l) j n + l ~n(n+ l) 

Obviously Yi ;:: 0 . From Yj :S; 0 we get 

1 p P I 
Y . = -- - :S; 0 or ;:: -- , 

j 11+1 ~n(n+l) ~n(n+l) n+1 
I.e. p ;:: ~ n . 

n + 1 

Hence we have S,,+I C B;+I if and only if p;:: ~ n = nr. / / 
11+1 

From Lemma 3.1 (i) it follows that if O:S; p :S; r , then B;+I C S,,+I . 

Thus, we can replace (FLP) by 

(FLP p) . { (CD,O)Y n+l} mm : (AD, - b)y = 0, Y E Bp , 
Y 11 + 1 

where O:S; p < r in order to ensure that Y > 0 . 
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So, we have for all 0 ::; p < r , 

min {ex ·. X E X} ~ min { (CD,O)Y T fo.)nB n + l } : Y E ov. p ' 
Y n + 1 

From the above discussions one can easily observe that the problem (FLPp ) 

is the restriction of the problem (FLP) and is a classical non linear 

optimization problem .We have different approaches to the solution of this 

non linear optimization problem .Two of them are: 

1." Linearizing" the objective function of (FLPp ) which leads to a 

particularly simple solutions. 

2. Solving (FLPp ) exactly. 

However, in either case, once a solution to (FLPp ) or an approximation to it 

has been obtained, one can use the inverse transformation TO· 1 of the 

projective transformation To to obtain a new interior feasible point x l E X 

which gives rise to a new projective transformation Tl, etc. (See fig .3.2 

below.) 

In this paper we restrict ourselves to discuss only the first approach to the 

solution of (FLPp )' 
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3.2. A Basic Algorithm 

In the first approach to the nonlinear optimization problem (FLPp) we 
approximate (FLP) by the auxiliary linear optimization problem 

(ALP) min { (cD,O)y: y E To (X)} 

We make the following additional assumptions: 
(iii) X is bounded and 
(iv) the optimal objective function value of (LP) equals zero. 

Remark: 
1. From the additional assumption (iv), it follows that the optimal 

objective function value of (ALP) equals zero as well no matter 

what interior pointxO E X is used in the projective transformation To 
2. From the additional assumption (iii) and Theorem 2.1, it follows that 

X is compact. 

Like we did above, we replace the problem (FLPp) by the auxiliary 
optimization problem 

min { (cD,o)y: (AD,- b)y = O,y E B~+1 } 

By the above remark since X is compact an optimal solution to (ALPp) exist 
and its optimal objective function value is nonnegative for alIOs p sr. 

x 0 E reI int(x) To) 

Solve) 

AL~ (j) 
L-________ ~ ~y~(~p~) ______ ~ 

inl 

o ) X(p) E relint(x) 

Fig. 3.2. The iterative step of projective algorithms. 
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We summarize- where we change momentarily our notation- the key facts 
about the solution of (ALPp) in the following 

Theorem 3.1.1: Consider the linear optimization problem 

min {cz:Az = O,eT z = 1,z ? OJ, 

where Aisan m x nmatrixofrankm, zO =( ~) e isanonoptimal 

feasible solution and the optimal function value equals to zero, 
o 

i.e. cz > 0 . 

Then for all p 2 Oan optimal solution for the problem 

(Pp) mm { cz:Az = O,Z E B~} 

is given by 

z (p) = C) e - f~ , 
where P =[/1/ _AT (AJ rl A-(~}eT JeT is the orthogonal projection 

of c on the subspace 

{ Z E R /I :Az = 0, e T z = O} 

Moreover, for all p? 0 the optimal solution z(P) satisfies 

cz(~z ~ 1 _ P~ n . 
cz n - 1 

Proof: Since the feasible set is compact (by the above remark) an optimal 

solution to (Pp) exists . So, we can apply the Lagrange multiplier technique to 

calculate it. 

The given optimization problem (Pp) is equivalent to 
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{ ( )2} 11 +1 11+1 1 2 
min cz:Az =O, I Zj = 1 , I Zi --- <;. p 

i=1 i=1 n + 1 

which is the optimization problem with inequality constraints .Now we 

introduce slack variable Z~+ l and consider the optimization problem with 
equality constraints 

{ ( )
2 } 

11+1 11+1 1 2 2 
min cz:Az=O,Izj =l,I zi-- - +zll+I =P . 

i=1 i=1 n+ 1 

Obviously this is equivalent to (Pp) . 

The Lagrange function for (p* p ) is given by 

L(" P,A)~CZ+;vIH{~'j +A{~{'j -~r +z;,,, -p'l 
where (z, ,li, A) E R" X Rill X R2 . 
As a necessary condition we have that any optimal solution to (Pp) satisfies 

c+ pA+J...le
T 

+J...2(z-C}r = 0 (1) 

First we show that A2 oF O. Suppose to the contrary A2 = O. 

Then (1) becomes C+flA +AleT = 0 . 

Multiplying by z and since by assumption Az = 0 and eT z = lfrom (1) we get 

CZ+AI = 0 
So, we have 

cz = -AI for all feasible solution z. 

This is impossible since by assumption we have a non-optimal solution. 

Hence we have AZ oF O. 

Now mUltiplying (1) bye we get 

ce+ f1Ae+A.1e
T 

e+ A.{z-U }r e =O 

Since by assumption Ae = 0 and eT z = 1 we have that 

ce+ Al n = O 

which gives A.\ = - cz o . 
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By the remark following Lemma 1.1 AAT IS positive definite and hence 

nonsingular. That means (AAT) - lexists . 

Again multiplying (1) by AT we obtain 

CAT +j1AA
T 

+AJ e
T 

AT +A2(Z-C}f AT = 0 

But by assumption we have A e = 0 and A z = O. 
So we get 

cAT + jiAAT = 0 

from which it follows that 

fJ, = -cAT (AAT t 
Substituting Al and Jlwe get from (1) that 

C+CAT(AATt -czOe
T +~(z-C}r =0 

or 

which can be written as 

CpT + Ilz( Z -C} r = 0 where P = I" - AT (AAT) - J A - czOeT 

Equivalently we have 

(PCT)T +1l2lz-C}r = 0 

Solving for z from (2) we get 

Consequently, 
1 P 

112 =~ 

112 = ±M 
p 

or 

Since 12 '" 0 we have that Ilpll '" 0 and thus 
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z(p) = eJ- ~rl 
is the minimizer for (P p) . 

Multiplying (3) by vector c we get 

cz(p) = cz ° -11;11 cp 

But using p 2 = P and p T = P we have 

cp = c(Pc T) = C(p2 cT) = cPPcT = (PCT)T PCT = pT P = IIPII2 
Hence 

cz(p) = czo - pllpll 
This proves the first part of the theorem. 

Next we prove the second part of the theorem. 

(3) 

Since S" c B ~. for p ' = ~ n ~ 1 by part (ii) of Lemma 3. 1 it follows from the 

assumption that the optimal objective function value of the linear 
• • optimization equals zero that cz(p ):;:; 0 .For, if not then cz(p ) > 0 and 

since S" c B~. the optimal objective function value of the linear optimization 

problem is positive which is a contradiction. 

Hence 
• cz(p ):;:; 0 

That means 

cz(p) S; l - P~ n 
czo 11 - 1 

which completes the proof. / / 
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3.2.1. The Solution to the Approximate Problem (ALPp) 

It follows from Theorem 3 .1 that in order to solve the problem (ALPp) we have 
to calculate the orthogonal projection of the vector (c D, 0) on the subspace 

~ER"+I :(AD,- b)y=O,fTy=O}. (3.2 .1) 

Let U be the subspace (3.2.1) and q be the orthogonal projection of a vector 
(cD ,O) on the subspace U. 

Obviously, since q E U, (AD,-b)q = 0 and IT q = 0 
Then we have 

(cD,O)T -q=(AD ,-b)TA+lv ,where A,VER,,+I. 

Multiplying (1) by (AD,-b)we get 

(AD ,- b{ DgT) _ (AD,- b)q = (AD,- b)(Ad ,_b)T A + (AD, - b)lv 

or 

(AD ,-b{ DgT) = (AD ,-b)(Ad ,_b)T A + (AD,-b)( f)v since (AD ,- b)q = 0 . 

Since ADe = Axo = b by assumption we have that 

(AD,-b{ D{) = (AD2 AT +bbT)A . 

Let us denote G = AD2 AT. 

(1 ) 

Since A is of full row rank and D is non-singular, G is positives definite and 

hence G-1 exists. Applying the Rank-One Update formula (Theorem 1.2) we 
obtain 
(A D 2 AT + bb T ) - I = (G + bb T ) - I = G - I _ (1 + ,8) - I (G - I b )( b T G - I ) , 

where fJ = bT G-1b 2 0, since G- 1 is positive definite as well. 
So, we have 

A = (G-1 -(1 + ,Br1 (G-1b)(bT G-1 )XAD,-b{ D{) 

Again multiplying (1) by jT we have 

I T ( D~ T ) _ I T q = I T (Ad , - b ) T A + I T I v 

Since ADe = Axo = b by assumption usingl T q = 0 we get 
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or 

v =_l_ IT(DOc
T

) since IT I=n+l 
. n+l 

Substituting the values of A and V from (1) we get 

q =[111+1 -( ~t;) (G-1 
-(1+ fJ) -I(G-1b)(b

T 
G-1)XAD,-b)- n~ /fT]( Dt) 

If we denote the projection operator on the subspace (3.2.1) by Q then we 
have 

q=q~~~) 
where Q=III+I -( ~t;) (G-1 -(1+ f3r l

(G-
1
b)(b

T G-I)~AD,-b)- n~/fT 
Let us further simplifY the expression for Q. 
Now 

Q = III+I _(DA~) (u-I _ (1 + jJ)-\U-1b)(bT U-I)XAD,-b) __ l_ffT 
-b n+1 

= (III 0) _(D1 U-1AD-(1 + jJ)-1 D1 (U-1b)(bT U-I)AD - DAT U-1b + (1 + jJ)- 1 D1 (U-1b)(bT U-1)b) 

° 1 _bT U-1b + (1 + fJ)-1 bT (U-1b)(bT U-I)AD bT U-1b -(1 + jJ)-1 bT (U-1b)(bT U-I)b 

__ 1_/ IT 
n+ 1 

Let us denote 

P = III - DAT G- 1 AD , p = PDc T and d = Pe (3.2.2) 

Obviously, P is the orthogonal projection of the vector Dc T, and d the 
orthogonal projection of the vector e on the subspace 

{xER II :ADx=O} (3.2.3) 
Then we have 
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e-d=e-Pe=(In -P)e=DACF1AD6=DACF'b and eT _d T =bTG-IAD 

U sing these values together with fJ = b T G - I b we get 

e -d 1- (3 - (3(eT _ d T) (32 n+l 
Q=( T P T e- d )+ (1 +,8)-I( (e - d)(e

T 
_ d

T
) - (3(e-d) ] __ I_ ffT 

=(P 0)+( TOT e-d)+ (1 +,8)-1 ( (e-d)(e
T 

_ d
T

) - (3(e- d)] __ 1 ffT ° ° e - d 1- (3 - (3(eT _ d T) (32 n+! 

=(P 0)+ (1 +,8)-1 ( (e - d)(e
T 

_d
T

) e- d] __ I_ ffT ° ° e
T 

_d
T 

1 n+l 

=(P O)+ (I +,8)-I(e - d ) (eT _dT, 1) __ 1 ff ° ° 1 n+l 

Thus we h ave 

Setting Zo = cxo and r = pT d we get 

e T Dc T - d T Dc T = (cDe)T - (cDPel = (cDe)T - (cDp 2 e)T 
= (cDe)T _(cDpT.Pe)T = (cxol- (p Td) T 

= (zol - (r )T = Zo - r 

and eTDJ = (cDel = (cxOl = (zol =zo. 
Thus, we have 

q= ( p)+ Zo -r(e-d)_~(e) ° 1+(31 n+ll (3 .2.4) 

Note that necessarily II pil "* 0 if x 0 is a non-optimal solution to (LP). 

By the definitions of fJ and d and using the properties of orthogonal 
projection we have the following : 
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y = pT d = (PDCT)T (Pe) = CDpT Pe = cDp2e = cDPe 
= cDpT e = (PDcT)T e = pTe 

Also 
y = pT d = (PDcTl (Pe) = cDpT Pe = cDp2e = cDPe = cDd 

Furthermore, by definition of the norm of the vector 

II df = d T d = (Pe)T (Pe) = eT pT Pe = eT p 2e = eT Pe = eT d 

II p I12 = pT P = (PDcT f(PDc T)= (cDpT XPDc T)= cDP2 DcT 

= cD(PDcT)=cDp 

For fJ we also have 

n -II d11 2= n - eT d = eT e - eT d = eT (e -d) = eT (e - Pe) 
= eT [e - (11/ -DAT G- 1 AD ~l = eT DAT G-1 ADe 
= eT DAT G- IADe = (ADe?G -IADe = bT G- 1b = fJ 

and 
II e - d 11 2= (e - dl (e - d) = (eT - dT)(e - d) = eT e - eT d - d T e + d T d 

= n - 2 II dl12 
+ II dl1 2 

= n _ II dl1 2 =~ 

Hence we have 

y = P T d = p Te = cDd 

fJ = n -lldl12 = lie - dl12 

II d l1 2 
= e T 

d 

II pI12 = cDp 

Now using (3.2 .5) we get from (3.2.4) that 
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M2 =qq =[ (pT,O) + ~O+-; (eT 
-d

T
,1) - ::1 (e,1)] [(b) + ~o+-;(eld)_ nZ

: 1m] 

= pT p+ Zo -Y~T(e - d))-~(pTe)+ Zo -Y [(eT _ dT)P]+(zo - YJ2 [(eT - dTXe-d) +1] 
1+,8 n+1 1+,8 1+,8 

zo(zo -y) [ceT -dT)e + 1]-~(eTp) zo(zo-y) [eT(e-d)+1]-{~)\eTe+1) 
(n+1)(1+,8) n+1 (n + 1)(1 +,8) n+1 

= pT p+ Zo -Y (pTe _ pT d)-~(pTe)+ Zo -Y[~Ter _~T 4J+(ZO - YJ2 ij le_~12 +1) 
1+,8 n+1 1+,8 1+,8 

zo(zo-y) [eTe-(eTdr +1J-~~Ter zo(zo-y) [eTe-eTd+1]+(~)\eTe+ 1) 
(n + 1)(1 +,8) n+1 (n+ 1)(1 +,8) n+1 

=IIAl2- zoY +(ZO-YJ2(n _II~12+ 1)_ zo(zo -y) (n -114 +1)- zoY _ zo(zo- y) (n _II~12+ 1) 
n+1 1+,8 (n + 1)(1 +,8) n+1 (n+1)(1+,8) 

+(~)2(n + 1) 
n+1 

=IIAI2- zoY +(ZO-YJ\l+,8) - zo(zo- y) (1 +,8) - zoY zo(zo-y) (1+,8)+ z~ 
n+ 1 1+,8 (n+ 1)(1 +,8) n+ 1 (n+ 1)(1 +,8) n+ 1 

= IIAI2 _ zoY + (zo - yf _ zo(zo - y) zoy zo(zo - y) + z~ 
n+1 1+,8 n+1 n+1 n+1 n+1 

= IIAI2 _ 2zoY + (zo - y)2 2zo(zo - y) + z5 
n+1 1+,8 n+1 n+1 

=IIAI2 + (zo - yf _ z~ 
1+,8 n+1 

and using eDe = CXo = Zo we also have 

(eD ,O)q = (eD ,O\ b) + ~o+-: (e 1 d)_ n
Z
: 1 (r) 

z -y[ ] z = eDp + ° eD(e - d) - -o- (eDe) 
1+,8 n + 1 

z -y [ ] z = eDp + ° eDe - eDd) - - o- (eDe) 
1+,8 n + 1 

= IIpl12 + (zo - y )2 ~ 
1+,8 n + 1 
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Thus we have 
Z2 

_0 = (cD ,O)q 
n+1 

Hence it follows from Theorem 3. 1 that the solution to (ALP p ) is given by 

K() 0 pq 
Y P =y -1[qjf' (3.2.6) 

Multiplying (3.2.4) by vector (c D, 0) we get 

(cD ,O) / (p) = (CD ,O{YO - ~q~] 

= (cD,O)yO -rr:rr(CD,O)Q 
(cD, 0) II II 0 1 2 = f - p q using y =-fand (cD ,O)q = II qll 

n + I n+l 

= ( 11 ~ 1 )c cD ,0 ) ( n -p Ilq II = ( n ~ 1 )c cDe ) - p Ilq II 

=(_ 1 J(cxO)-pllqll =~_pllqll 
n+1 n+1 

That is 

From the second part of theorem 3 .1 we have that 

(CD,O)yK(p) ::;l_p~n+ l 
(cD,O)yO n 

Since we can write 

usmg (3.2.4) we have that 
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( 
K J Y N _ 

Y I~+ I -

from which it follows that 

K Ip (ZO_y Zo J YN(p)= - e-- p+ - -(e-d)- - e 
n Ilqll 1 + ,8 n + 1 and 

KIp (Zo-r Zo J 
YIl+ICP)=-;;--Q l +j3-n+l 

Reversing the projective transformation (3 .1.2) we have 

K 1 K 
X (p)= K ( )DYII+I(P) 

Y II +] P 

~e-~(p+~ (e-d)-~eJ 
= 

~ - -II~II (-;:--~ - -n
z
+_
O 

1 J 
Z - y 

(l + ,8)llqIIDe - (l + ,8)(n + l)D(p - 0 d) + p(y(n + 1) - (n - ,8)zo )De 
1 + ,8 

(1 + ,8)11 qll + p(y(n + 1) - (n - ,8)zo) 

(1 + ,8)(n + l)pD(p - Zo - Y d) 
= De _ 1 +,8 

(1 + ,8)11 qll + p(y(n + 1) - (n - ,8)zo) 

(1 + ,8)(n + l)pD(p - Zo - Y d) 
o 1 + ,8 

= X -

(l + ,8)llqll + p(y(n + 1) - (n - ,8)zo ) 

Let u s denote 

t(p) 
(1 + /3)(n+ l)p 

(1 + ~I~I + p(y(n+ l)-(n - /3)zo) 
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Th en we h ave 

and that the objective function value of x K (p) becomes 

cx K (p) = cxo - t(P)CD( P - Zo - r d J 
1 + fJ 

[ 
z - r ] = cx o - t(p) cDp - ° (cDd) 
1 + fJ 

That is 

It follows from its derivation that 

t(p) = p~lq I IY :+ l (p)t 

Consequently, from YI~+ 1 > 0 we get that 

t(p) = p~lqIIYI~+ 1 (p)t ~ 0 for all 0 ~ p < r = 1 
.In(n + I) 

From (3.2.9) we have since Ilqll ;t 0 

d (1+(J)2(n+I*" 
- t(p) = 2 > 0 for all 0 ~ p < r . 
dp [(1 + (J)llqll+ p( y (n + 1) - (n - (J)zo) ] 

(3.2.10) 

(3 .2.11) 

Thus, the change of parameter from p to t(p) is a change that preserves 

strict monotonicity. 
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3.2.2. Convergence of the approximate iterates 

Like the solution (3.2.6) to (ALPp ), the loci of x K (p)given by (3.2.10) forms 

a line in R" (which is the consequences of the fact that projective 
transformations always maps lines into lines). From (3.2.11) we infer that 
depending on the sign of the term in the square bracket the objective 

function value ex K (p) may increase or decrease along this line contrary to 

the monotonic behavior of (cD ,0) y K (p) which decreases linearly in p . 

Using (3.2.4) and (3.2.5) we have 

( { (p) zo-r(e-d) Zo (e)] (eD,-zo)q= eD,-zot 0 + l+fJ 1 - n+l 1 

Zo - r Zo 
=eDp+ (eDe-eDd-zo)--(eDe-zo) 

l+fJ n+l 
=eD _ r(zo - r ) =11 112 _ r(zo - r) 

'P l + fJ p l+fJ 

Thus (3.2.11) becomes 

ex K (p) = Zo - t(p)(eD ,-zo)q 

Taking the derivative of (3. 2. 12) gives 
d K d 
-(ex (p) = -(eD,-zo)q - t(p) 
dp dp 

d 
Since -t(p) > 0 for all 0:::; p < r we have 

dp 

~(exK (p) ~ 0 if and only if (cD,- zo )q::; O. 
dp 

(3.2 . 12) 

This implies that the objective function value ex K (p) increases if the vector 

(eD ,-zol and the orthogonal projection q of (eD ,Olon to the subspace 
(3.2.1) form an obtuse angle . 

Since p and d are the orthogonal projections of the vectors c and e onto the 
subspace (3 .2.3) we have 

ADp = ADd =0 
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Also since xO E X, AxO =b 
Consequently, from (3.2.10) we get 

Hence by construction x K (p) E X and x K (p) > ° for all ° ~ p < r, and thus 

x K (p) can serve as a new "iterate" in an algorithmic application of the 

basic idea. 

In the following section we prove the convergence of the sequence of points 

generated by an iterative application of the basic idea. 

But first let us consider the following direct estimation. 

We have using (3.1.2) and from (3.2.8) 

cx
K 

(p) (cD,O)/ (p) Y~+ I « 1- ~n+1J 1 
cxo (cD,O)yO YI~+l (p) - p n (n+1)YI~+1 (p). 

To estimate the last term we need to know the minimum value of YIl+lfor all 

E B "+I Y p . 

Using the Lagrange Multiplier technique we calculate that 

and from the above estimation 

ex 2 ~p) $ (1 - P ~ 11 : 1 J (1 - P ~ 11 (11 + 1) t I . 

This estimation is of no use to us since the term on the right side is greater 

than or equal to one for all 0 $ P < 1 ,but this shows that cf (P) 
..j11(n + l) 

cannot increase by "too much" if p is small. It also shows us that a "direct' 

e/(p) 
estimation of the relative change does not work. 

cxO 
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To prove the convergence of the sequence of points generated by the above 
method, it suffices, of course, to show that some measure other than the 
objective function gives a sufficiently large decrease. 

To this end, we consider the function 
- 1 

h (X) = ex ( n x j J n + 1 , 
) = 1 

which is the objective function divided by the geometric means of the point 

(x,!) E RII+1 . The function h(x) is well defined for all x> o. 

Using the geometric /arithmetic mean inequality we have that 

h(X)~(n+l)e{l+j~IXj r ~O (3.2.13) 

By the additional assumption (iii) X is bounded. 
So, 

n 

LX) ~ K for all X E X where K > 0 is some constant. 
)=1 

From (3.2.13) we obtain 

h(X);::(n+l)c{l+ I xJ]- 1 ;::(n+l)cx(l+K)- 1 =(n+l)cx 
J~ l+K 

Hence minimizing hex) achieves the goal of minimizing the objective 
function ex . 

Now we calculate using (3 .2.6) 

= ex K ~p) [( n : ~ J ~ : 
ex j= lx j (p) 
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1 - I 

_- (CD ,O) y K (p) [ rrll ---I-----o-c-J~ (CD ,O)yK (p) [ II K J~ = rr(n + l)Y j (p) 
(cD ,O)yO j =1 (n + l) yf (p) (cD ,O)yO j=1 

- I 

( rn+T) [ II K J"+I :<:; I - PV----;;-- n- J~I(n+ l)yj (p) 

That is 

(~+ 1 )( " K ) '~;I :<:; I-p - TI(n + l)Yj (p) 
n )=1 

(3 .2. 14) 

Now we are left with estimating the last term for Y E B;+I . 

In order to do so, we set p = ar where 0 S a S 1 and prove the following 

theorem where we change our notation to simplify the exposition: 

Theorem 3.2.1: Let p = a r where r2 = 1 . Then for all 0 < a < 1 
n(n - l) 

Proof: 

Since B; is a compact subset of RIl and z > 0 for all ZE B; and for all 

0< P < r the maximum exists. The assertion is equivalent to proving 

.{n n 2 221 n } (l-a)( a)"-1 mm Dz . : Iz. =a r +-, Iz. =1 = - 1+-
'I} ' I } n'l} II n1 }= }= }= n -
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Using th e Lagrange multiplier technique we get the equ a tion 

112; + V Zj + 1 = Of or j = I, ... ,n 

after absorbing the product term into the multiplier s J.l and v . 

It follows that J.l i= 0 since otherwise Z j = ~ for all j which contradicts a > O. 
n 

Consequently, the components of every solution z to the Lagrangean 
equation are of the form Z j = a ± b where a and b are scalars satisfying 

0 < b < a since 
Z > 0 . Hence because of the symmetries in both in the objective function and 
the constraints we can assume w. 1. o. g. that in the natural indexing there 
exists R E {l, ... ,n - I} such that 

Zl -... z£ <2£+1 =... Zn. 
/I 

From the constraint L Z j = 1 we get 
j =l 

4. + .. :t-Ze +ZR-tl + .. :t-~ =1 
By taking Zj = a - b for l <:;, j <:;, C and Zj = a+b for j > Cwe have 

C(a - b) +(n - C)(a+b) = 1 
or 

na+(n-U)b) =1 (i) 

And from the other constraint f Z] = a 2r 2 + .!.we get 
j=l n 

£(a-b)2 +(n-£)(a+b)2 =a2r2 +~ 
n 

which is equivalent to 

na 2 + nb 2 + 2 nab - 4C ab = a 2 r 2 + ~ 
n 

Squaring (i) we get 

n2a2 +n2b2 +2nab-4n£ab-4n£ab2 +4£2b2 =1 
Multiplying (ii) by n and comparing the result with (iii) we obtain 

a2r2n - 4n Cb2 +4£ 2b2 = 0 
from which it follows that 

b - _a ~ 1 . b 0 SInce > . 
- 2 R (n - 1)( n - R) 

Substituting the value of b and solving for a from (i) we get 
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1 a 1 a=-- - (n-2f! ) 1----
n 2n f (n-l)(n- f ) 

1 
or a = - (1 - (n - 2 f! ) b ) 

n 

Substituting the values of a and b obtained above and usmg 

zj=a- bjor l '50 j <.e andzj=a+bjor j >.e we get after some 

simplifications that 

1( ~-f! J Z j = - 1 - a for 1 s j s f! 
n f! (n-l) 

and 

Z =2.(I+a } n f J for j > f 
(n-l)(n -f) 

Now let us denote 

,;e ca) =(l-a ~Je (l+a l_f_J,,-e 
fe0~ (n-l)(n- f ) 

Then we have 

¢' d a) = (i - a ) ( 1 + a ) 1/ - 1 
n - 1 

We need to show that ¢'e(a) s ¢,,(a) for all 0 s a s 1 and e ~ 2. 

Here we use indirect proof. 

Suppose to the contrary that ~ e (a) <~, (a) for some 0 < a < 1 and f! ~ 2. 

Since 4',(0) = ,;e (O) = 1, ';,(1) = 0 and ,;e(l) > 0 the function ,;e (a) -,;,(a) has a 

minimum in the interval [0,1]. For kE{l, ... ,n-l}we have 
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d n -k n -k k ~( ~J k - ]( J"-k 
d a k (n - 1) k (n - I) ~ (n - k)( n - I) 
-(<?da » =-k I-a I +a 

k k n - k ( J,,-k -]( ~J 
+(n-k) I+a I-a ~ (n - k)( n - I ) ~ (II - k)( n - I) k (n - I) 

~ ~ k - k ~ ~<? d a ) (n - k) (n _ k)( n _ 1/ d a 

~-k + ~ k 
= 

I-a I +a 
k (n - I) (n - k)( n - I) 

[(
I I k ) ( ~) ( ~) ~]q ( ) +aV(n-k)(n-l) -V~ + l-aV~ V~ k a 

=~~--~~~==~~r=~==~--~-

( I - a ~ k ~n-_\) ) ( I + a ~ (11 _ k ~(11 _ I) ) 

an;k(a) 
=-~-r===~~-r======~ 

[ ~-k J[ ~ k J (n - 1) 1- a 1 + a 
k(n - I) (n-k)(n - l) 

after some simplifications. 

Similarly, we have 

~(;] (a» = - an;] (a) 

da (n-l)(I-a{I+ ~J 
\ n-I 

At a minimum of <?eCa)- q]Ca)we have 
d 

- (<?e(a)-¢i(a» = 0 
da 

That means 
d d 
-(;e(a)=-(;l(a» 
da da 

which is equivalent to 

= -anq](a) 

(n-I{I - a)_n_-k_ J ( I+a I--k--J 
k(n-I) (n -k)(n- I) 

(11-1)(I -a) (I +~) 
n-I 
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Thus we h ave 

S'I (a) 

S'e (a) ( l -a~R~n-_el») ( I+a (l1 -e;(I1 - I») 

So, for .f. ;:: 2 and 0 < a < 1 we have ql (a) < 1 and thus 
q e (a) 

S'1 (a) < S'e (a) since S'e (a) > o ,which is the contradiction. / / 

Using Theorem 3.2.1 , (3 .1.14) becomes 
- I 

h(x
K ~» ~(I_ p~l1+ II rr(n +1)yJ (p)J/+l 

h(x ) 11 )=1 

For p = err we get 

Therefore , we have 
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Let u s den ote the right - hand side of (3 .2. 15) by 
1 

g (a,n) = [1 --;-: [1 + -;-l~ 
I+ ~ I - a 

n 

Now we estimate g(a,n) conveniently as follows. 

We recall that 1 - x :'0: e - x for all x. 

-2x I -x 
Define the function f(x) = e - -1-' 

+x 

Since eX;::: I + X 

f'ex) = -{(X~ I)2 

(3 .2.16) 

This implies fis an increasing function and from f(O) = 0 we have 

I - x 2 
-- :'0: e - x fior all x:?: 0 (3 2 17) l+x . . . 

Consequently, we have 
1 

a 
1- -

a 
1+ -

11+1 

g(a,n) = 
n n 
a I -a 

1+ -
n 

= 

1- a 
n 
a 

1+­
n 

_I - I 

aJ,,+1 -1+-;:;- (l - a),,+1 

- I 1 
1 

. . (1- a),,+1 = (1- a) n(I1+1) n 
Smce we can wnte 

(1- a) l1(n+1) 

using (3 .2. 17) 

1- a 
n 
a 

1+-
g( a, n) = -,-------,-,-n "----------:-1- - --

(I-a)" 

1 1 

e 11 en e 11 [ -2aJ [ "'J"+I[ -aJ,,+1 
~ ~--~~~--~~-

1 

(l-a)" 
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- 2a a a -2 a --+ 

e 11 /1(n +1) l1(n +1) e n 

= 
1 
-

(l-a)n (1 - a) n 

That is 

if (a , n) ::; (e 2 a J n l 1 - a 

Let us denote the right side of (3.2.18) by 
1 

g(a, n) = (e -2a 

J-;; 
I - a 

1 

= [ e-
2a r 

1 - a 

(3.2.18) 

(3.2.19) 

Now we can illustrate the behavior of the functions g and g 

graphically (for n=5) as shown below. 

lot 

t , .. , . , 

As we can see from the graph g crosses the line y = 1 for 
a = 0.796812 ... (using Mathematica). 

Therefore, we have 
g (a , n) < 1 for all 0 < a < a 0 = 0.7968 

Thus - despite the nonmonotonicity of cxK (p) - we get a decrease in the 

auxiliary test function h(x) that does not depend up on the initial 
. . . 0 
mtenor pomtx . 

Consequently, the iterative application of the algorithmic idea produces 
a geometric convergence rate in terms of the test function h(x) and for 
any fIxed "step- size" a satisfying 

o < a < a 0 = 0.7968 .. " 
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Now we are ready to summarize the basic steps of a projective algorithm. 
The following inputs are assumed: 

(i) the descriptive data ,(m ,n, A, c),of the problem (LP) ; 

(ii) a feasible interior starting point xO > 0 such that cxO > 0; 
(iiI) input parameters, a for "step size" , p for the desired 

"precision" in terms of the relative error. 
(Note that the optimum of (LP) is assumed to be zero.) 

Basic Algorithm (a, p, m, n, A, c, XC) 

Step 0: SetDo = (xr " ",x~) ,z=cxO , and k 0 

Step 1: Compute 

G:= AD~AT ,G-1 and P:= In - DkATG-1AD k 

Step 2: Compute 

p:= PD k C T T , d = Pe ,y = P d 

2 2 
IIpI12 + (z - y) __ z_ 

l+P n+l 
and 

t '= a(l + P)(l + n) 
. -(l-+-p-)IJ=n(=n=+=l~)~llq~II+~a(-y(-n~+--l)---(-n--~P-)z-) 

Step 3: Set 

x k+l := x k - tD k (p - ; : ~ d ) , 

D d' ( k + 1 k + 1 ) 
k + 1 : = lag Xl'"'' X n 

Step 4: 
. ex k + l 2-

P If 0 < , 
ex 

stop "xk + 1 is a p-optimal solution to 

(LP)". 

Set Z := cx k + 1 ; replace k+l by k; go to step l. 

It is noteworthy that the right hand side vector b of (LP) has" disappeared" 
from the input of the basic algorithm: given the matrix A its" informational 
content" has been absorbed into the starting point Xo of the algorithm. 
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3 .2 .3 . Correctness and finiteness of Basic Algorithm 

In this section we shall show that the projective algorithm is polynomially 
bounded. 

Theorem 3.3: Let K > 0 be such that 

"I { R"·O < < ",c XE . _Xj_ K for j = 1, .. . , n}. 

Then for every 0 < a < 0.7968 ... and p ~ log; the basic algorithm 

iterates at most O(np) times. 

Proof: By construction the sequence of points generated 

satisfies J > 0 since O<a<l and Axk = h. 
Suppose that the algorithm executes k ~ 1 iterations. 

ex k 
Now we estimate O . 

ex 
1 1 

( 
k J- ( k J-CXk h(xk) h(xl) 1/ Xj 1/ + 1 1/ Xj 1/ +1 

-= k- ..... ° TI -
O 

:>;g(a,n) ..... g(a,n) TI - O 
CXO hex I) hex I) j=IX j j=IX j 

1 

1/ X 11 + 1 ( kJ-= (g(a, n))k ]:1 xJ = (g(a ,n)Y 

1 

( 

1/ k );;:;:J 
TI Xj 
J= I 

1 

( 

1/ 0 );;:;:J TIx 
j=1 J 

by the algorithm 

by (3.2.9) 

(l+£XJ) 
J = I 

(by geometric / arthmetic inequality ) 
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= 
( 

e - 2 a 

I - a 
I 

( 

/I O )~ Tl x ) 
J = I 

k( ) __ 1 - n 0 n+1 
:s; K(}n ITx) , 

)=1 
where 

=f.1 

- 2a e 
O<(}=-- <1. 

I-a 

n ( - 2 P + ( 1 J I log / ~ J l n + 1 )=1 
If k > -----'------------'----~'--- then we have 

log 2 e 

( 
1 ) /I x

O 
- 2 p + - - L log 2 J 

11 + 1 )=1 

- I 

f.1 K(} 

e 
log 2 

( 
n 0J~ IT X) 

) = 1 

=KB 

- 2p 
() 

lo~ 

B 

( 
1 ) /I x

O 

- I10gz J 
11+1 )=1 

- 1 

( 
II oJ"+1 TIX) 

) =1 

I 

( 

/I .0 );;:;I I ,) 
log e ;=1 

- I 

= K(}(-2PIOgn () (~lx3 J/ +1 
1 - I 

= K(2- 2P )C~lx3 J~(~lx3 J~ 
By a ssumption, p ~ logr which is equivalent to 
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Thus we have 
1 - I 

( -2P )( /I OJ ;;+!( /I O) ;;+! f1~K2 LX} Ilx} 
j=1 } = I 

1 - I 

( )( _ 2 ) (1/ ° ) ;;+! (II ° );;+! ~2P 2 P LX) Ilx} 
}= I }= I 
1 - I 

_p( /I oJ ;;+!( /I O) ;;+! =2 LX Ilx . } } 
} = I j= 1 

< 2 - P 

by geometric/ arithmetic inequality. 
Consequently, the basic algorithm stops after at most O(np) iterations. / / 

The best "step" size a that the analysis suggests is evidently the value of a 

that minimizes the function g(a,n) in the interval [0,1]. 

From (3 .2.16) we get 
1 

~(g(a, n») = + n 
da I - a [

I a ],,+1 

" 

[

1 + : ],,+1 
I -a 

a 
1- -
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As a n ecessary condition for a minimum point of g(a, n) we have 

1 d - 1 + a (2 - - ) 
- (g(a ,n)) = 0 or n = 0 
da () 2n+ l 11 +2 

n 1 + : (J - a )--;;-:;:1 

1 
which gives - 1 + a(2 - -) = 0 

n 
n . a -,1.e. - 2 1 . 

11 -

Obviously, g (0 , n ) 1 for all n E N . 

Also 
lim g (a , n) = +00 for all n :2: 2. 

a---t l -
lim g (a , 11) = 1 

11 --7 00 

g ( a , 11) < 1 f or 

for all 0 S; a < 1 and 

all 0 < a < a 0 = 0.7968 .... 

n 
For a = we get using the fact 1- X < e -x for all x tha t 

2n - 1 
I -

11 n 11 + 1 I 

211 - 1 211 - 1 [ ' ][ If" 1 - I + 
= ~ : 211

1
- 1 : : 2 11

11
- 1 

_ (n ) n 11 
g 2 11 _ 1 ,11 = 11 

1 -
11 

1 + 2 n - I 2n - I 2n - l 2n-l 
11 

Thus- ignoring the dep endency upon the constant K and starting point xO 

and estimating the (remaining) relative error directly from (3 .2 .14) - we get 

that about 3 p(n + 1) iterations suffice for the basic algorithm to come to a halt, 
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using that In 2 $ ~. This means that th e constant in the 0 (n p) estimation is 
4 

reasonable for choice of a around the value ~ . 
2 

When the basic algorithm comes to a halt, we thus have a feasible solution 

X E X such that 0 $ ex $ zoTP. 

Let L be as defined in (2.2 .1 ). Choosing a preclslOn p > log2zo+L for the 

relative error we get ex < 2- L . Hence it follows that 0 (n L) steps are 

required by the basic algorithm to come to a halt, i.e . th e step complexity of 

the basic algorithm is polynomially bounded and its optimal objective 

function equals zero. The time complexity of the basic algorithm is 

dominated by Step1 and Step 2, where we have to find the projected vectors 

p and d. 
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