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Abstract

In this thesis, we propose a new definition for soft groups based on soft binary operations. The
idea is to bring the archetype of 'softness’ into the spectrum of algebraic structures using soft
binary operations parametrized by a given set of suitable parameters. One of our achievement
is that we obtain an ordinary group model representing our soft group. The existing classical
group serves as a model to describe and characterize the overall internal properties of our
soft groups. In this vein, we further investigate the soft subgroups (respectively, normal soft
subgroups) and proved some structural theorems.

In this thesis, we also study soft homomorphisms on soft groups and investigate their
properties. Given a soft mapping (f, A) from G to G’, we obtain an ordinary map ? from the
set SEA(G) of soft elements of G to the set SE4(G’) of soft elements of G’, and show that
(f, A) is a soft homomorphism (respectively, soft isomorphism) if and only if }; is an ordinary
group homomorphism (respectively, isomorphism). We apply this concept to study soft
isomorphism theorems on soft groups. In addition, we study those soft automorphisms of soft
groups and the particular class of soft inner automorphisms.

Moreover, we study a few soft group-related findings based on soft binary operations,
including soft orbits, soft stabilizers, and the action of a soft group on a set. Given a soft
mapping (u, A) from G x X to X, we obtain an ordinary map g from the set
SEA(G) x SEA(X) to the set SE4(X) and show that (i, A) is a soft action if and only if /i is
an ordinary action. Finally, we present the fundamental ideas and characteristics of normal

fuzzy soft subgroups.
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Chapter I

Introduction

Molodtsov developed soft set theory in 1999 as a generic mathematical method to address
uncertainty [29]. In recent years, the concept of ”softness” has gained significant attention in
various fields, including mathematics and computer science. Soft computing techniques have
been successfully applied to solve complex problems that involve uncertainty and imprecision.
Several researchers have been extensively working on the development of the theory of soft
sets. As an example, Maji et al. [24,25] defined some basic operations like equality of two soft
sets, subset and super set of a soft set, etc. and applied them to decision making problems.
Many hybrid structures incorporating soft sets were proposed as an extension of these
concepts. The following are a few of them: fuzzy N-soft sets by Akram and Adeel [3],
intuitionistic fuzzy soft set by Xu et al. [41], hesitant fuzzy soft sets by Wang et al. [37], rough
soft sets by Roy and Bera [34] and so on.

Traditional algebraic structures, such as groups, rings, and fields, have been extensively
studied and utilized to model and analyze various mathematical phenomena. However, these
structures often assume precise and deterministic values, which may not adequately capture
the inherent uncertainty and imprecision present in real-world scenarios. Soft computing, on
the other hand, provides a framework to handle such uncertainties by incorporating fuzzy
logic, probability theory, and other mathematical tools. With the idea of integrating soft
computing techniques to the algebraic structures have introduced the concept of fuzzy
subgroups of a group by A. Rosenfeld in 1971 [33]. R. Biswas et al. [12] applied the idea of
roughness in group theory and Aktas et al. [4] initiated the study of soft groups. According to

Aktas et al. [4] soft groups over a given ordinary group G are defined as a soft set (F, A) over
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G for which the values F'(«) are subgroups of G for all & € A. After a decade, in 2016, J.
Ghosh et al. [18] came up with a new idea of soft groups using the concept of soft elements as
defined by D. Wardowski [38]. They define a soft group as the collection of nonempty soft
elements of a soft set (F, A) over G along with the binary operation induced by the binary
operations x and o of G and E respectively, and satisfying all the classical group axioms. This
is given a group (G, x) as an initial set of universe and a group (FE, o) as a set of parameters.
This idea was somewhat expanded upon a few years later by G. Yaylali [42] et al., who
defined soft groups as the set of nonempty soft elements of a soft set (F, A) over G along with
a binary operation that satisfies all the defining characteristics of a classical group, where G

and E are not assumed to be a group or to have binary operations.

One can easily observe that all the above discussed soft groups are defined based on
classical binary operation which is the central unit determining all the algebraic properties of
the structure. Taking this into consideration, in this thesis, we propose a new approach to
define soft groups based on soft binary operations. A soft group is defined as a triple (G, , A)
consisting of a nonempty set G equipped with a soft binary operation (x, A) respecting all the
group axioms in a soft setting. These soft binary operations are parameterized by a given set
of suitable parameters, allowing us to model and analyze the inherent imprecision and
uncertainty in group operations. By doing so, we bridge the gap between traditional algebraic

structures and the realm of soft computing.

The significance of our research lies in its potential applications in various domains. Soft
groups can serve as a powerful tool for modeling and analyzing complex systems that involve
uncertainty and imprecision. By incorporating soft binary operations, we can capture and
manipulate imprecise data, allowing us to make informed decisions in real-world scenarios.
Moreover, the study of soft subgroups and normal soft subgroups opens up new avenues for

exploring the interplay between classical group theory and soft computing techniques.

This thesis is organized in five chapters. The first chapter contains basic concepts of soft
set and fuzzy set theory collected from literature. One of the key achievements of our research
is we develop an ordinary group model that represents our soft group. This result is proved in

chapter two. This model serves as a foundation for describing and characterizing the internal
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properties of our soft groups. By leveraging the existing classical group theory, we can
establish a solid theoretical framework for our soft groups, enabling us to study their
properties and behavior in a rigorous manner. Furthermore, we delve into the study of soft
subgroups and normal soft subgroups within our proposed framework. Soft subgroups are soft
subsets of a soft group that retain the essential properties of a group. Soft normal subgroups,
on the other hand, possess additional properties that make them particularly interesting for
applications in various areas, such as cryptography and data analysis. We present several
structural theorems that shed light on the properties and relationships between soft
subgroups and normal soft subgroups, providing valuable insights into the structure and

behavior of our soft groups.

In chapter three, we study the basic notion of soft homomorphisms on soft groups based
on soft binary operation. Moreover, we state and prove several soft isomorphism theorems on
soft groups. We further study the soft automorphisms of soft groups and particularly those
soft inner automorphisms. From chapter two since SE4(G) is the collection of all soft
elements of G with a set A of parameters, we build an embedding of the group of soft
automorphisms of a soft group G into the group of automorphisms of SE4(G). Finally, it is
shown that for every soft group G, the soft group of its inner automorphisms is soft

isomorphic with the quotient of G by its center Z4(G).

The fourth chapter examines several findings on soft groups based on soft binary operations,
including the effect of a soft group on a set, soft orbits and soft stabilizers as well as some of
their characteristics. Furthermore, given a soft mapping (u, A) from G x X to X, we obtain an
ordinary map g from the set SE4(G) of soft elements of G to the set SE4(X) of soft elements
of X, and demonstrate that (u, A) is a soft action (soft orbits and soft stabilizers, respectively)
if and only if Z is an ordinary action (orbits and stabilizers, respectively). We also look at the
idea of primitive and transitive actions on soft set.

In the final chapter, we present fuzzy soft subgroups of a soft group, which are a
generalization of the soft groups , and examine their different characteristics. Given a fuzzy

soft set (u, A) over a soft group (G,x*, A). Define a mapping i : SE4(G) — I as for each
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a € SEA(G) and a € A:

f(a) = ANto: {a,a0,ta) € i where a(a) = {as}}.
We proved the equivalent conditions of fuzzy soft subgroup, fuzzy subgroup, soft subgroup, and
subgroups in this chapter using this model, which is one of the primary findings in this thesis.

Lastly, We present the fundamental ideas and characteristics of normal fuzzy soft subgroups.



Chapter 1

Preliminaries

In this chapter, we present basic notions and results that will be used throughout the thesis.

1.1 Soft sets

In this section, we give some basic definitions which will be used in this thesis. Throughout
this section, X and Y are assumed to be nonempty sets considered as an initial universe set
and A is the set of all convenient parameters. Most of the results in this section are standard

and are collected from [2,5,16,17,20,24,25,27,29,35, 36, 44].

Definition 1.1. [29] A pair (F, A) is called a soft set over X if F is a mapping from A into
power set of X, which is given by
F:A— P(X),

where P(X) is a power set of X.
Definition 1.2. [25] Given two soft sets (F, A) and (E,A) over X : we say that

(1) (F,A) is included in (E, A), written as (F, A) C (E, A), provided that
(Vz)[z € F(a) = v € E(a)] for all a € A,

(2) (F,A) and (E, A) are equal provided that (Vz)[z € F(a) < x € E(a)] for alla € A. We
write (F, A) = (E, A) to say that (F, A) and (E,A) are equal.

Definition 1.3. [25] Given that (F, A) and (E, A) are soft sets over X. Then

(1) their union denoted by (F, A) U (E,A), is a soft set (H, A) over X defined as follows: for
dlae Aandz € X, x € H(a) if and only if either x € F(«a) or x € E(a);
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(2) their intersection denoted by (F, A)H(E, A), is a soft set (H, A) over X defined as follows:
foralla€ A andx € X, x € H(a) if and only if x € F(a) and z € E(a).

Definition 1.4. [25] Given that (F, A) and (E, A) are soft sets over X. Then
(a) (F,A) and (E, A) are said to be disjoint soft sets is F(a) N E(a) =0 for all o € A.

(b) (F,A) and (E,A) are said to be weakly disjoint soft sets is F(a) N E(a) = 0 for some
ac A

Definition 1.5. [25] A null soft set over X is a soft set denoted by (Ox, A) such that for each
a € A, Ox(a) = 0. Moreover, the absolute soft set over X is a soft set denoted by (1x,A) such
that 1x(a) = X for all o € A.

Definition 1.6. [/4] A soft relation from X and Y is defined as a soft set (R, A) over X xY.
That is R: A — P(X xY) such that R(a) C X x Y for all o« € A. The notation {(a,x,y) € R
indicates that (x,y) € R(a) for a € A and (z,y) € X x Y.

Definition 1.7. [2] A soft mapping from X to'Y is a soft relation (f, A) from X toY such
that:

(1) for each o € A and x € X there exists some y € Y such that (a,z,y) € f;
(2) for each a € A, x € X and y1,y2 € Y, {a,x,y1) € f and (o, x,y2) € f implies y1 = yo.
Definition 1.8. [2/ A soft mapping (f, A) from X toY is said to be :

(1) injective if for each a« € A, x1,29 € X and y € Y; (a,x1,y) € f and (o, x9,y) € f

together imply x1 = x».
(2) surjective if for each « € A andy € Y there is x € X such that (o, z,y) € f.
(8) bijective if it is both injective and surjective.

Definition 1.9. [2] Let (f, A) represent a soft mapping from X to'Y and (g, A) represent a
soft mapping from Y to Z. Then, their composition is a soft mapping from X to Z given by
foralla € A, andx € X, z€ Z, : (a,x,2) € go f if and only if y € Y such that o, z,y) € f
a,y,z) € g.

Definition 1.10. [2/ A soft equivalence relation on X is a soft set (0, A) over X x X such
that
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(1) {a,z,2) €0 forallao € A and x € X;
(2) (o, z,y) € 0 = (a,y,x) €0 for any a € A and x,y € X;

(3) (o, x,y) € 0 and (o, y,z) € 0 = (o, x,z) € 0 for any o« € A and x,y,z € X.

1.2 Soft groups

A parameterized family of subgroups is what Aktas and Cagman [4] characterized as a soft
group in 2007. Extending this notion of soft group, many authors also defined soft (ring, field,
ideal) (see [1,4,7,14,15,18,19,23,30,31,42]) etc.

Throughout this section unless otherwise stated, S(U) denotes the collection of all soft sets

on U, E is the set of parameters with regard to U, and U is the universal set.

Definition 1.11. [}/ Given a group G, let (F, A) be a soft set over G. Assuming that F'(a) < G

for every a € A, then (F, A) is said to be a soft group over G.

J.Ghosh [18] introduced a soft groupoid by defining a binary operation on the set of all
nonempty soft elements of a given soft set using the concept of a soft element first proposed by

Wardowski [38].

Definition 1.12. [38]/ Let A C E and Fy € S(U). We say that (z;{y}) is a nonempty soft
element of Fa if x € A and y € F(x) : The pair (x;0); where x € A; will be called an empty
soft element of Fj.

The set of all nonempty soft elements of F is represented as F'§.

Definition 1.13. [18] If F§ is closed under the binary composition * then the algebraic system
(F'%,%) is said to be a soft groupoid over (E,U).

Example 1.14. [18] Let (E, o) be the kleins 4-group and (U,x) the symmetric group Ss, where
E = {ey,eq,e3,e4} be the set of parameters and U = {po, p1, p2, p3, P4, p5}- Define the binary

composition * on F'§ is given by

(i, {pub)x(es {m)}) = (ei 0 e {pr x pi})

for all (e;,{pr}), (ej,{p)}) € Fi. Then (F3,%) is a soft groupoid.
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Definition 1.15. [18] Let (E,0), (U,x), be two groups, A C E and Fa € S(U). A soft group
is defined as a soft groupoid (Fa,*) over (E,U) if

(1) * is associative;

(2) there is a soft element (e,{u})EFY such that (e,{u})x(e;,{u;}) = (e;, {u;})*(e, {u}) =
(ei, {u;} for all (e;, {u;}EFY;

(3) for each soft element (e;, {u;})EFY there exists (e;, {u,}) such that (e;, {u;})x(e;, {u;}) =

(€5, {us D*(es, {uy}) = (e, {u}).
Here, (e, {u}) is the soft identity element, and the soft element (e}, {u;}) is the soft inverse
of (5, {u;}).
Gozde Yaylal [42] generalize soft group notions by redefining the binary operation based on

the soft element [18] without assuming any further requirements.

Definition 1.16. [42] An ordered pair (Fa,*) is a soft group, where F'§ is a non-null soft set

and * is a binary operation on F3 such that the following characteristics hold:
(1) the binary operation * is associative;
(2) the set F'§ has an an identity element with respect to the binary operation *

3) for each BEFY, there exists inverse element B~ in F§.
A A

1.3 Fuzzy Subsets

In this section, we collect important definition results from [3,6,8,9,22,26,33,43].

Definition 1.17. [43] A function from X into [0,1] is a fuzzy subset of X. The fuzzy power
set of X 1s the collection of all fuzzy subsets of X.

Definition 1.18. [33] A fuzzy subset u of G is referred to as a fuzzy subgroup of G if
(1) ple) =1;
(2) For any x,y € G, p(xy) > p(x) A p(y) and

(2) For every x € G, u(xz™") > u(z).
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Definition 1.19. F'P(G) denotes the set of all fuzzy subsets of G. Define the binary operation o
on FP(Q) as follows: Yu,v € FP(G) andVx € G, (pov)(x) = V{u(y)Av(2)|y, z € G,yz = z}.
We call o v the product of p and v.

Theorem 1.20. [33] Suppose p and v are fuzzy subgroups of G. Then following conditions are

equivalent:

(1) u(ab) = u(ba) for all a,b € G. In this instance, p is referred to as an Abelian fuzzy subset
of G.

(2) For every a,b € G, u(aba™') = pu(b).
(3) For every a,b € G, u(aba™') > u(b).
(4) For every a,b € G, u(aba™) < u(b)
(5) wov=wvou for allz € G. We call jp o v the product of u and v.

Definition 1.21. [33] If p satisfies one of the 5 conditions in the above theorem then it is

referred to as a normal fuzzy subgroup of G.

Definition 1.22. [20] Let the set of all fuzzy sets on X be represented by FP(X). A fuzzy
soft set over X, is a pair (u, A), where p is a mapping from A into FP(X). In other words,
wla) : X — I is a fuzzy subset of X for every a € A. We write (o, z,t) € p to say that
wla)(x) =t where t € I.

Definition 1.23. [25] Let (u, A) and (v, A) be fuzzy soft sets over X.

(1) Letr,s € I. For each v € A, x € X, (o, x,r) € p and {a,x,8) € v and r < s then we say

(u, A) is contained in (v, A) and written as (1, A) C (v, A).
(2) {1, A) = (v, A) if and only if (1, A) C (v, A) and (v, A) C (u, A).
Definition 1.24. [25] Let (u, A) and (v, A) be fuzzy soft sets over X. Then

(1) their union denoted by (u, A) U (v, A), is a fuzzy soft set (n, A) over X defined as : for
each « € A and v € X, {a,x,t) € n if and only if (o, x,r) € p or (a,x,s) € v where

t = max{r,s}.
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(2) their intersection denoted by (i, A) N (v, A), is a fuzzy soft set (n, A) over X defined as :
for each a € A and x € X, (o, x,t) € n if and only if (o, x,r) € p and («, z,s) € v where

t = min{r, s}.

Definition 1.25. [25] Let any non-empty family of fuzzy soft sets over X be represented by
{{p;, A) 1 i € A}. Consequently, their union is the fuzzy soft set (u, A) over X given by

(o, z,t) E pt = \/ t; where (a,x,t;) €
i€EA

and their intersection

(a,z,t) e pet= /\ t; where {(a,x,t;) € ;.
ieA

1.4 Lattice

In this section, we collect important definition results from [11,13,32].

Definition 1.26. [11] A poset L is called a lattice if any two of its elements have supremum
and infimum. In this case, the infimum and supremum of x,y € L are denoted by x ANy and
x V y respectively.

Lattices can also be defined as an algebra with two binary operations as given in below.

Definition 1.27. [11] Suppose L is a non-empty set and V and A are two binary operations
(read join and meet respectively) on L. Then the system (L,V, ) is called a lattice if it satisfies
the following identities:

(1) commutative laws

(a) zNVy=yVz (b)) xNy=yAx

(2) associative laws

(a) zV (yVz)=(xVy) Vz (b) xAN(yNz)=(xAy) Az

(8) absorption laws
(a) x=2xV (xAy) (b)x=xzA(zVy)

(4) idempotent laws
(a) xV =21 (b)) zANx=ux

10
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Note: Observe that the idempotent laws follows from the absorption laws, as

xVr=zV[zA(xVaz) =z Similarly, one can prove z A z = z.

Definition 1.28. [11] A lattice L is said to be complete if each of its subset S has both infimum

and supremum in L.

Definition 1.29. Let L and L' be lattice. A map f: L — L’ is called a homomorphism of
lattice if

(a) flaVb) = fla)V fb);
(b) fland)= f(a)A f(b) Ya,b € L.
Definition 1.30. A map f: L — L' is called
(a) an order preserving map if a > b in L imply f(a) > f(b) in L.
(b) an order inverting map if a > b in L imply f(a) < f(b) in L.

Definition 1.31. [35] A closure operator on set'Y is a mapping C : P(Y) — P(Y) such that
for B, D CY, it satisfies:

(1) B C C(B),
(2) C*(B) = C(B),

(3) BC D= C(B) C C(D).

11



Chapter 2

Soft groups based on soft binary

operations

Dealing with uncertainties is a major problem in many areas such as economics, engineering,
environmental science, medical science and social sciences. These kinds of problems cannot
be dealt with by classical methods, because classical methods have inherent difficulties. To
overcome these kinds of difficulties, Molodtsov proposed a completely new approach, which is
called soft set theory, for modeling uncertainty. After that, Maji et al. presented a number
of operations on soft sets. With idea of integrating soft computing techniques to the algebraic
structures, in 2007 Aktas and Cagman initiated the study of soft groups. Further investigations
can be found in [4,18,26,29,42].

In this chapter we introduce one of the main objects studied in this thesis, namely the soft
groups based on soft binary operations. We begin by introducing the notion of soft groups and
much of the associated terminology. We then consider soft subgroups and algebraic structures
associated to soft groups which leads us to a definition for the normal soft subgroups. The
structure of this normal soft subgroups is then studied in detail. Soft congruence relations are
considered next, and we conclude by discussing the concepts of direct products in soft groups.

Throughout this thesis, unless and otherwise it is mentioned, G denotes the soft group

(G, *, A) where A is the set of all convenient parameters for G.

12



Chapter 2. Soft groups based on soft binary operations

2.1 Soft groups

This section presents the idea of soft groups, which are based on soft binary operations. It also

provides examples and demonstrates some of the properties of soft groups.

Definition 2.1. Let G be a nonempty set. By a soft binary operation on G we mean a soft

mapping (x, A) from G x G to G, where A is a set of parameters.

Definition 2.2. A soft group is a triple (G, *, A) where G is nonempty set and (x, A) is a soft

binary operation on G satisfying the following conditions:

(SG1) Associativity: For all @« € A and a,b,¢,x,y,u,v € G, if {(a,a,b,z) € *, (o, x,c,y) € *,

(o, b,c,u) € % and (o, a,u,v) € * then y = v.

(SG2) Erxistence of identity: For each a € A, there exists e, € G such that {a, a, e, a) € * and

(o, eq,a,a) € * for all a € G.

(SG3) Eristence of inverse: For each a € A and all a € G, there is an element of G denoted by

«

a~® such that {a,a,a™ e,) € x and (o, a™%, a, e,) € *.

Example 2.3. Let G =R and A =7Z. Define * CZ xR xR xR by
(a,a,b,¢c) € x = c=a+b+ q,

for allaw € Z, a,b,c € R then (R, *,7Z) is a soft group.

Proof. Let a € A and a, b, c,z,y,u,v € G such that (a,a,b,z) € %, (o, x,¢,y) € *, {(a,b,c,u) €
x and (o, a,u,v) € x. We need to show that y = v. From the definition it follows that z =
a+b+a,y=x+c+a,u=b+c+aand v =a+ u+ a. This implies that y = a + b+ c+ 2«
and v = a + b+ ¢+ 2a. Thus y = v. Therefore (x, A) is associative. Let € A and a € G
such that («, a,eq,a) € * and (a, e, a,a) € *. Then we have a = a + e, + . Hence e, = —a.
Therefore —a is an identity element of (G, x, A) with respect to a. Let a € A and a € G such
that (a,a,a™ e,) € x and («,a™ a,e,) € *. Then we have e, = o + a + a~®. This implies
that a=* = —2a — a. Therefore —2a — a is an inverse of a with respect to a. Hence (G, *, A) is

a soft group. O]
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Chapter 2. Soft groups based on soft binary operations

Example 2.4. Let X be a non empty set. Put G = P(X) the power set of X and A = X be
our set of parameters. Define a soft binary operation (x, A) on G by x C AXx G x G x G such
that (x, B,C, D) € x if and only if

(BeC)U{z} if s¢BaC
(BeC)—{z} if reBaC

where @& is the symmetric difference of sets. Then (G,*, A) is a soft group.

Example 2.5. Let My(R) be the set of 2 x 2 Matrices over R given by:

1 a
MZ(R):{ " al,aQER,az%O}.

OCLQ

Put A =R\{0} and define a soft binary operation (x, A) on My(R) as follows : for a € A and

1 bl 1 C1 1 d1
matrices B = , C = and D = in M>(R);
0 b2 0 Co 0 dg
. . 1 ¢+ bicsa
(o, B,C, D) € % if and only if D =
0 bQCQO{

Then (My(R),*, A) is a soft group.

Example 2.6. Let X be any set with at least two distinct elements and B(X) be the set of all

bijective functions from X onto X. Put
A={(z,y) e X x X 1z #y},

and define a soft binary operation (®, A) on B(X) as follows. For any pair (z,y) € A and
f.9,h € B(X):

9(f(2)) ifz ¢ {x,y}
((z,y), f,g9,h) € ® if and only if h(z) = g(fly)) ifz=uz for all z € X.

g(f(z)) ifz=y

Then (B(X),®, A) is a soft group.

14
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Lemma 2.7. Let (G,*,A) be a soft group. Then the following conditions hold for all o« € A

and a,b,c € G:

(1)
(2)
(3)
(4)

(a,a,b,e4) €Ex < b=0a"% and a = b
(a,a,b,¢) € x & (a,a™% ¢, b) € %;
(a,a,b,¢c) € x & (a,¢, b7 a) € *;

(a,a,b,¢) € x < (a, b= a ) € *.

Proof. (1) Suppose (a,a,b,e,) € *. As (a,a % e,,a" %) € x, {(a,a % a,e,) € * and

(e, €q,b,b) € *x then from the associativity of (x, A) it follows that b = a=. Similarly we

get a = b~*. The converse directly follows from the definition.

Suppose that (a,a,b,c) € *. Let d € G such that (o,a % ¢,d) € *. Then we have
(a,a,b,¢) € %, (a,a™% ¢, d) € %, (a,a”%, a,e,) € *x and («, €4, b, b) € *. By associativity it
holds that b = d. Therefore (a,a™%, ¢,b) € x. Conversely, suppose that (o, a™®, ¢, b) € .
Let © € G such that (o, a,b,z) € *. Then we have (a,a %, ¢,b) € *, {(a,a,b,x) € x,
(o, a,a™ eq) € x and (@, €4, ¢, ¢) € *. So by associativity of (x, A) we get x = c. Therefore

(o, a,b, c) € .
The proof is similar to (2).

Suppose that (a,a,b,c) € *. We need to prove that (a,b* a ¢ ) € %. Let d € G
such that (o, b= a~% d) € *. Then, it can be shown that («, ¢, d,e,) € *. Using the fact
(o, c,c7 eq) € %, we get d = ¢~ . Therefore (a, b= a~* ¢ *) € *. Conversely suppose
that (o, b= a~% ¢ %) € x and let © € G such that (o, a,b,x) € . Then (o, c™%, z,e,) € *.
Also, as (a, ¢ ¢, e,) € %, it holds that = ¢. Thus, (a,a,b,c) € *.

O

Theorem 2.8. (Cancellation laws) Let (G, *, A) be a soft group, for each a € A and a,b,c € G.
Then,

(1) if (a,a,b,z) € x and (o, a,c,x) € * then b= c and

(2) if (a,b,a,z) € x and (o, c,a,x) € * then b= c.
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Proof. (1) Suppose (a,a,b,z) € x and {(a, a,c,z) € *. Let y € G such that (o, a™, z,y) € *.
Then, by applying (SG1) it can be shown that y = b. Now we have (o, a,c,x) € x,
(a,a=*, z,b) € %, (0,a™ a,e,) € x and (a, ey, ¢, c) € x. Again by applying (SG1) we get
b=c.

(2) The proof is similar to (1).
[l

Definition 2.9. Suppose that G is a nonempty set and (x, A) is a soft binary operation. A soft
semi-group is then defined as a triple (G, x, A) satisfying (SG1).

Example 2.10. Let G =R and A =7Z. Define x CZ x R xR xR by

b
(o, a,b,c) E*@c:%,

for all « € Z and a,b,c € R then (G,*, A) is a soft semi-group.

Equivalent criteria for a soft semi-group to be a soft group are obtained in the next two

theorems.

Theorem 2.11. Let (G, *, A) be a soft semi-group. Then, (G, x, A) is a soft group if and only

if the following conditions are satisfied:

(1) For each o € A and a € G, there exists e, € G such that (o, a, e, a) € *;

(2) For each a € A and a € G, there exists a=* € G such that (a,a,a” %, e,) € *.

Proof. By assumption (G, *,A) is a soft group. Then clearly (1) and (2) are satisfied.
Conversely, assume that (1) and (2) are satisfied. By (1), there exists e, € G such that

~% exists in G

(a,a,eq,a) € % for all @ € G. Let a be any element in G. According to (2), a
such that (a,a,a™% e,) € *. Let y € G such that (o,a™%, a,y) € *. Then by (2) again there is
x € G such that (a,y,z,e,) € *. Using the associative property of (x, A) one can easily verify
that (o, y,y,y) € x. Moreover, since (o, y,y,y) € *, {(a,y,x,e,) € * and (a,y, ey, y) € *, it
follows from the associativity of (x, A) that y = e,. This implies that (a,a™ % a,e,) € *. Let
z € G such that (a,eq,a,z) € x. Since (a,a,a % e,) € *, (o,a"%a,e,) € *, and

(a,a,eq,a) € %, it holds that z = a. ie., (a,e,,a,a) € *. Therefore (G,*, A) is a soft

group. O
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Theorem 2.12. A soft semi-group (G,*,A) is a soft group if and only if the equations
(a,a,2,b) € x and (a,y,a,b) € *x are solvable in G for any elements a and b in G and all
a € A. (In the sense that there are elements x and y in G satisfying these equations with

respect to a).

Proof. Suppose (G, , A) is a soft group. Let a,b,x € G such that (o, a,x,b) € *. As G is a soft
group, there exists a~® € G such that (o, a,a™“ e,) € *. Let ¢ € G such that (o, a™,b,c) € *.
Then by Lemma 2.7 it can be shown that (o, a, ¢, b) € x and hence ¢ is a solution for the equation
(o, a,z,b) € *. Similarly, it can be verified that (a,y,a,b) € * has a solution in G. Conversely
suppose that the equations («, a,z,b) € * and («,y,a,b) € * are solvable in G for all a,b € G
and o € A. Then there exists e, € G such that (a, a, e,,a) € x. Let b be any arbitrary element
in G. We show that («,b,e,,b) € *. Given that equation («,y,a,b) € x are solvable in G, we
can select an element s in G such that (a, s, a,b) € x. Let m € G such that (a, b, e,, m) € *. So
we have (a,b,e,,m) € *x, (@, a,e,,a) € * and (a, s,a,b) € *. By associativity of (x, A) we get
m = b. This implies that («,b, e,,b) € x. Moreover, as (o, a,x,e,) € * is solvable in G, we get
that for any a € G there exists a=® € G such that («,a,a %, e,) € *. Thus, by Theorem 2.11
(G, *, A) is a soft group. ]

Definition 2.13. By a soft element in G we mean a soft set (F,A) over G such that
Card(F(a)) =1 for all a« € A. That is, F(«) is a single element set for each o € A.

We denote soft elements using lower case letters like (a, A), (3, A) etc. We say that a soft
element a belongs to a soft set (F, A) provided that a, € F(a) for all a € A, where a, is the
unique element of a(a) = {a,}. Let us denote by SE4(G) the collection of all soft elements of

G with a set of parameter A.

Note : Every element a € G can be identified as a soft element denoted by (a, A) over G

in the following way a(a) = {a} for all a € A.

Definition 2.14. Given a soft binary operation (x, A) on G, define a binary operation * on
SEA(G) by

GFb—c o (0, Gy by Co) € % for all o € A,

Theorem 2.15. Let (x, A) be a soft binary operation on G. Then (G, *,A) is a soft group if
and only if (SEA(G),*) is a group.
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Proof. Suppose that (G, *, A) is a soft group. We first show that * is well-defined. Let

~—

=zanda=2z,b=y. We

~

a,b,c,z,y, z be soft elements over G such that a%b = ¢, r*
need to show that ¢ = z. From @ = z and b = y, we have a(a) = z(a) and b(a) = y(a)

for all & € A. Which implies that a, = z, and b, = vy, for all a € A. Also since E%g ¢ and

2%y = z, we have (q, aq, ba, ¢o) € * and (@, To, Yo, 2a) € * for all a € A. Moreover, as * is
well-defined it follows that ¢, = z, for all a € A. This implies that ¢ = z. Now E%Z = 7z and
z%c = y. It follows that (a, Gu,ba, Zo) € * and (, Zq, Ca, Ya) € * for all @ € A. Again if we
put b%¢ — u and a%% = v. Then (0, by Coy Ug) € * and (@, Gq, Ug, Vo) € * for all o € A.
Since (x, A) is associative we get that y, = v, for all & € A. This implies that y = v. That is
% is associative. Next consider the soft element e in G defined by e (a) = {e,} for all @ € A
where each e, is an identity element of (G, *, A) with respect to a. Then one can easily show
that e is an identity element in SE4(G). Also for every soft element a over G, consider the
soft element @ of G defined by Eil(a) = {a_} for all & € A. Then @ is the inverse of a
in SEA(G). Thus (SEA(G),*) is a group. Conversely suppose that (SEA(G),*) is a group.
We need to show that (G, *, A) is a soft group. We first to show that (x, A) is associative. Let
a € A and a,b,c,x,y,u,v € G such that (o, a,b,x) € *, (o,x,¢,y) € x and (a,b,c,u) € *,

(,a,u,v) € % Our aim is to show that y = wv. Consider the soft elements

—

Ae A

) = {z} if M=«
{za} if V£«
where z, € G with (\ a,b, z,) € %, and
T
T = {v} if a
{yat if M£a

where y) € G with (A, xy, ¢, yx) € *. Similarly, define

{u}  if A=«
{w} if M£a
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where uy € G with (A, b, ¢, uy) € *, and

{v} if A=«
{or} if Ao

where vy € G such that (\, a,uy,vy) € * for all A # a.

N>

Then we get that Eﬂ?g =1, r%c¢c = y and Z;E = u, a*u = v. Since ¥ is associative we get
y = v. That is y(\) = v(A\) VA € A. In particular, for @ € A y(a) = v(a). This implies that
y = v. Thus (x, A) is associative. Secondly, as (SE4(G), ) is a group it has an identity element
let say e. Now let a € G and o € A. Then consider a soft element a given by a(\) = {a} for all
A € A. Then a*e = a. This implies that (X, a(\), e(\), a()\)) € * for all A € A. In particular,
for a € A (o, a(a), e(a), a(a)) € . Which implies that (o, a,es,a) € *. Similarly it can be
shown that (a, €4, a,a) € *. Finally, as (SEA(G), %) is a group every element a in SE4(G) has
an inverse let say 571. Now let @ € G and o € A. Then consider a soft element a given by

1 -1 -

a(A\) = {a}forall A € A. Then a¥a = e. This implies that (X, a(\),a (A), e(\)) € * for all
1

A € A. In particular, for « € A (a, a(a),a (a), e(a)) € *. It follows that (a,a,a™®, eq) € *.

Similarly it can be shown that (o, a™%,a,e,) € *. Therefore (G, *, A) is a soft group. ]

Note: The group SE4(G) obtained in the Theorem 2.15 is a model representing the soft
group (G, *, A), and is useful to transfer most of the important properties of classical groups

to soft groups.

2.2 Soft subgroups

Definition 2.16. Let (G, *, A) be a soft group. A soft set (H, A) over G is said to be a soft
subgroup of G if for each o € A and a,b,x € G:

(1) en € H(a);
(2) If a,b € H(a) and (o, a,b,x) € x, then v € H(«);
(3) a=* € H(a) whenever a € H(a).
Notation. The collection of all soft subgroups of (G, *, A) is represented by SSA(G).

Example 2.17. (1) Given a soft group (G, *, A), the absolute soft set (15, A) over G and the
soft element (e, A) of G are both soft subgroups of G.
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(2) Let G =7 and A=N. Let x C A x G x G x G be given by
x = {(a,a,b,c) : c=a+b—6a}.

Define H : A — p(G) by
H(a) ={(2k)a: k € Z},

then (H, A) is a soft subgroup of G.

Theorem 2.18. Let (G, *, A) be a soft group. A soft set (H, A) over G is a soft subgroup of
G if and only if the following two conditions hold for each o € A and all a,b,x € G:

(1) eq € H(w);
(2) If a,b € H(a) and (o, a,b= ) € , then x € H(«).

Proof. Let (H, A) be a soft subgroup of (G, x, A). Let « € Aand a,b € H(«). Then b=* € H(a).
If x € G such that (a,a,b"* x) € *, then it is immediate that © € H(«). Conversely suppose
that (1) and (2) hold. We need to show that (H, A) is a soft subgroup of G. By (1), e, € H(«).
Since (a,eq,b"%,b"%) € * it follows that b=* € H(a). Let x € G such that (o, a,b,x) € .
Then, as b = (b~*)~ we get that € H(«). Thus (H, A) is a soft subgroup of G. O

Definition 2.19. For a soft subset (H, A) over G, define a subset H of SEA(G) by:
H={a€SEAG): a(a) C H(a) for all a € A}.

Theorem 2.20. A soft set (H, A) over G is a soft subgroup of G if and only zfﬁ] 1S a subgroup
Of SEA(G)

Proof. Suppose that (H, A) is a soft subgroup of G. Then for each a € A, e, € H(a), so that
the soft identity element e belongs to H. Let a, Z be any soft elements in G belonging to H.
Then a(a) € H(a) and 3(04) C H(a) for all & € A. Now let ¢ be a soft element of G with

——1 -

a*¥b = c. Then (a,a(a),b (a),c(a)) € * for all a € A. Therefore H is a subgroup of
SE4(G). Conversely, suppose His a subgroup of SE4(G). Then identity soft element ccH

and so e(a) = e, € H(a). Let a € A, a,b,c € G such that (a,a, b=, c) € . We claim to show
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that ¢ € H(«a). Define soft elements a ; c of G by

- {a} if A=«
a()) =

{6)\} Zf >\#Oé,
g(/\): {b} if \=«

{ex} if AFa

and )

c if A=«
c(\) =4 tey 4/

{ex} if AFa

~—

for all A € A. Then a(\) € H()\) and Z()\) € H()\) for all A € A. Which gives that a, b € H.
Since H is a subgroup of SE4(G) it holds that a* b € H. One can also verify that

-1 b=} if A=«
b () = {7}
{ex}  if V£«
~— \/_1 ~— ~— f ~— ~—
and axb = c. That is ¢ € H so that ¢(A\) € H(A) for all A € A. In particular, c¢(a) =

{c} € H(a). Therefore (H, A) is a soft subgroup of G.

Lemma 2.21. Arbitrary intersection of soft subgroups is a soft subgroup.

Proof. (1) Let (G,*, A) be a soft group and a € A. Let {(H;, A) : i € I} be a family of soft
subgroup of G. Since e, € H;(c) for all @ € I. This implies that e, € [;; Hi(a).

(2) Let a,b € N,c; Hi(a) and x € G such that (o, a,b*, x) € *. This implies that a,b € H;(«)
for all i € I and (a,a,b7*,z) € *. So x € H;(«) for all i € I. Hence z € ()
Therefore (o, Hi, A) is a soft subgroup of G.

el (Oé)

]

Remark 2.22. The union of two soft subgroups may not be a soft subgroup. The example that
follows verify this.
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Example 2.23. Let G =7 and A =N. Let + C A X G x G x G be given by
x = {(a,a,b,c): c=a+b—6a}.

Define H : A — p(G) by
H(a) ={(2k)a: k € Z}

and K : A = p(G) by
K(a) ={Bk)a: ke Z}

then (H U K, A) is not a soft subgroup of G.

Theorem 2.24. Let (G,*, A) be a soft group and (H,A) and (K, A) are soft subgroups of G.
If (H, A) c (K, A) or (K, A) C (H, A) then (H U K, A) is a soft subgroup of G. However, the

converse s not true.

Example 2.25. Let G =7 and A =N. Let A x G X G x G be given by
x = {(a,a,b,c) : c=a+b—6a}.

Define H K : A — p(G) by

(

{2ka:ke€Z} if a=1
Ha)=47 if a=2
{6ka:keZ} if a>3

and
4

Y/ if a=1

K(a)=4 {8ka:keZ} if a=2

{6ka:keZ} if a>3

for all « € A. Then <HG K, A) is a soft subgroup of G but (H, A) ,E_ (K, A) and (K, A) gz
(H, A).

Definition 2.26. Let (H, A) and (K, A) be soft subgroups of (G, *, A). Define soft sets (HK, A)
and (H=', A) over G respectively as follows:
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HK(a) = {re€G:3a€ H(a) andb € K(«) such that {(a,a,b, x) € x}

H 'Y a) = {z€G:27*€ H(a)}.

Theorem 2.27. The product (HK, A) is a soft subgroup of (G, *, A) if and only if (HK, A) =
(KH, A)

Proof. Suppose that (HK, A) is a soft subgroup of (G, *, A). We show that HK («) = KH(«)
for all « € A. Let @« € A and a € HK(«) then a=® € HK(«). This implies that there
exist h € H(a), k € K(a) such that (o, h,k,a™) € %, and so k™* € k(a), h™* € H(«a)
and (o, k= h™* a) € *. Thus a € KH(a) and hence HK («) C K H(«). Similarly, it can be
shown that K H(a) C HK («) for all a € A and hence the equality holds. Conversely suppose
that HK(a) = KH(«) for all o € A. Let o € A be fixed. It is clear that e, € HK ().
Let a,b € HK(a) and € G such that («,a,b"% z) € x. Then there exist hi,hy € H(a)
and ki, ke € K(«) such that (o, hy, ki,a) € x and {(«, he, ko, b) € *. From (o, ha, ko, b) € *
we have (a, ky®, hy®,b™%) € x. Now let xy, xo and x3 € G such that (a, ki, ky®, 1) € *,
(a, 1, hy ®, x2) € % and (a, hy, g, x3) € *. Since ki, ky € k(a), 1 € K(«) and as hy € H(«),
x9 € KH(a) = HK (o). Which implies that o € HK(«). Then there exists y; € H(a) and
y2 € k(a) such that (a,y1,y2,x9) € x. Let z € G such that («, hy,y1, 2) € . Then, z € H(«).
It follows that (a, z, ya, x3) € *. Also by associative property of (x, A), we have z = x3. That
is (o, z,y2,x) € *, where z € H(a) and y, € K(«). Thus, x € HK («). Therefore (HK, A) is a
soft subgroup of G. O

In the following theorem, we characterize soft subgroups using the product and inverse

operations defined on the class of soft sets over G.

Theorem 2.28. A soft set (H, A) over a soft group G is a soft subgroup of G if and only if
(1) e € H(a) for all a € A;
(2) (HH,A) C (H,A);

(3) (H-', A) C (H, A).
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Proof. Suppose that (H, A) is a soft subgroup of (G, *, A). Clearly e, € H(«). Let x € HH («)
then there exist hy, hs € H(a) such that (o, hy, ho,x) € *. It follows that x € H(«). Thus
(HH, A) C (H,A). Let z € H () then 27 € H(«). Which implies that = € H(«). Therefore
(H™' A) C (H, A). Conversely we show that (H, A) is a soft subgroup of G. By (1), e, € H(«).
Let © € H(a). Which implies that = € H~!(«). By (3), we get 27 € H(«a). Let a,b € H(«)
and y € G such that (a,a,b,y) € *. It follows that y € HH(«). Hence by(2), y € H(a).
Therefore (H, A) is a soft subgroup of G.

[

Definition 2.29. A soft group (G, *, A) is said to be abelian if for each o € A and any

a,b,x € G, (o, a,b,x) € % if and only if (a,b,a,z) € *.

Example 2.30. Soft groups given in Example 2.3 and 2.4 are abelian, whereas soft groups

gwen in Example 2.5 and 2.6 are non-abelian.

Lemma 2.31. A soft group (G, *, A) is abelian if and only if for each o € A and all a,b,x,y € G
it holds that: {a,a,b,z) € x and (o, b, a,y) € x together imply x = y.

Lemma 2.32. A soft group (G,*, A) is abelian if and only if the classical group SEA(G) is an

abelian group.
Proof. The proof is similar to Theorem 2.15. O]

Theorem 2.33. Let (H,A) and (K, A) be soft subgroups of a soft group (G,*,A). If G is
abelian, then (HK, A) is the least soft subgroup of G containing both (H, A) and (K, A).

Proof. Since G is abelian soft group, then (HK, A) = (KH, A). So (HK, A) is a soft subgroup
of G. Let (M, A) be a soft subgroup of G containing both (H, A) and (K, A). We show that
(HK, A) C (M,A). Let ©+ € HK(«a), there exists h € H(a) and k € K(«) such that
(a, hyk,x) € . This implies that € M («). Therefore (HK, A) is the least soft subgroup of
G containing both (H, A) and (K, A).

[l

Definition 2.34. For any soft set (F, A) over a soft group (G, *, A), define a soft set (Cp, A)

over G by

Crla)={a€G:{(a,a,z,1y1) € * and (o, x,a,y2) € x = y; = Yo, forallx € F(a),y1,y2 € G}.
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We call (Cr, A) a centralizer of (F, A).

Lemma 2.35. Let (F, A) be a soft set over a soft group (G,*,A), « € A and a € G. Then
a € Cr(a) is equivalent to the condition (o, a,x,y) € * if and only if (o, x,a,y) € * for all
x € F(a) and ally € G.

Theorem 2.36. For any soft set (F, A) over a soft group (G,*, A), (Cp, A) is a soft subgroup
of G.

Proof. For any o € A, all x € F(«a) and all y € G, it is true that («, e,, z,y) € * if and only
if (o, x,eq,y) € *. Which implies that e, € Cp(«). Let a € Cr(a). Then for any z € F(«)
and all y € G it is the case that (a,a,z,y) € x if and only if (o, z,a,y) € *. We show that
a~® € Cp(a). Let © € F(a) and y,z € G such that (o,a % z,y) € * and (o, z,a,z) € *.
Since a € Cp(a) and = € F(a) we have («a, a,x, z) € *. Using the associativity of (x, A) we get
(a,y,a,x) € *. It follows that (a, x,a™®,y) € x. Therefore a™® € Cr(a). Next let a,b € Cr(«)
and ¢ € G such that (a,a,b,c) € *. Let € F(a) and y, z,w € G such that («,c,z,y) € *,
(o, a,x,z) € x and (o, b, x,w) € *. Since b € Cr(«) it holds that (a, x,b,w) € *. Which implies
that (a, z,b,y) € x. Again as a € Cr(«) it holds that (o, z,a,z) € x implying (a, x,c,y) € *.
Thus, ¢ € Cr(«) and this is true for all @« € A. Therefore, (Cr(a), A) is a soft subgroup of G.

O

Definition 2.37. Let (X, A) be a soft set over a soft group (G, x, A). The smallest soft subgroup
of G containing (X, A) is called the soft subgroup of G generated by (X, A) and is denoted by
Sga(X). That is

(Sga(X), A) = (W{(H, A) : (H, A)
is a soft subgroup of G such that (X, A) C (H,A)}.

Theorem 2.38. The soft subgroup of (G,*, A) generated by a soft set (F,A) over G can be
described as follows : for a € A, if F(a)) = 0, then Sga(F)(«) = {ea}. If F(a) # 0, then
x € Sga(F)(«) if and only if there exist n € N and sequences {a;}!, and {x;}?_, of elements
of G such that x1 = a1, x, = x and («, T;, i1, Tip1) € * Vi = 1,2,3,..n — 1 where for each i,

either a; € F(«) ora;® € F(a).

Proof. Let v,y € Sga(F)(c). Then there exist n,m € N and sequences {a;}i_,, {b;}}=; and

{wi}ioy, {y;}7h, of element of G such that x1 = a1, 7, = z and (, 4, a1, Tig1) € *, Y1 =
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b1, ym =y and (o, yj,bj41,yj41) € xforalli =1,2,3,.n—1land j=1,2,3,.m—1. Let z € G
such that (a,z,y~* z) € . We need to show that z € Sga(F)(a). Consider the sequence

{ck}Zii of elements of G defined by ¢, = a; for 1 <k <nandc,,p, =0 for1 <k <m.

m—k+1
Then, for each k = 1,2,3,...n + m either ¢, € F(a) or ¢,* € F(a). Moreover, if we define a
sequence {zx}3 27" by 21 = &1 = a1 = x1 and (o, 2;, Ciy1, 2i41) € * Vi = 1,2,3,.n+m — 1.
Then, using associativity of *, it can be shown that z,,,, = z. Thus z € Sga(F)(«). Therefore
(Sga(F),A) is a soft subgroup of G. Next we show that (F, A) C (Sga(F),A). Let o € A and
x € F(a). Now considering sequences {z;}" ; and {a;}!, taking n=1, where a; = z = ;.
Then it is vacuously true that («, z;, a;11,2;41) € * for all 1 < i < n and hence z € Sgs(F)(a).
Thus (F, A) C (Sga(F), A). Now let (H, A) be any other soft subgroup of G such that (F, A) C
(H,A). Then F(«) C H(«) for all « € A. We next show that Sg4(F)(a) C H(«a) for all a € A.
Let « € A and © € Sga(F)(«). Then there exist n € N and sequences {a;}, and {z;}, of
elements of G such that 1 = a1, z, = x and (o, z;, a;11, Ti41) € *. Vi = 1,2,3,..n — 1 where
for each 1,1 < i < n either a; € F(«) or a; “ € F(«). Since F(a) C H(«) and (H, A) is a soft
subgroup of G. We get that a; € H(«), for all 1 < i < n. As z; = a1 and (o, 21, a2, 29) € *
we get that zo € H(a). Similarly, from (a, xg, a3, 23) € * we get that z3 € H(«). Continuing
this process until all z; are exhausted we get finally z,, € H(a). That is « € H(«). Thus
Sga(F)(a) € H(a). As a € A is arbitrary it can be concluded that (Sga(F), A) C (H,A).
Therefore (Sga(F'), A) is the smallest soft subgroup of G containing (F, A).

O]

Theorem 2.39. The soft subgroup of (G,*, A) generated by the soft element (a,A) can be
described as follows: for x € G, x € Sga(a)(a) if and only if there is n € N and a sequence
T, T, ...Ty in G such that (o, z;,x1,2,41) € % Vi = 1,2,3,..n — 1; where z1 € {aqs,a,*} and

Ty = .
Proof. The proof is similar to Theorem 2.38. O

Definition 2.40. We call (Sga(a),A) the cyclic soft subgroup of G generated by the soft

element (a,A) over G.

Lemma 2.41. For any soft sets (F, A) and (E, A) over G, the following hold:
(1) (F.A) € {Sga(F). A);
(2) (F.A) C (B, 4) = (Sga(F), 4) € (Sga(E). A);
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(3) (Sga(Sga(F)),A) = (Sga(F),A).

The results in Lemma 2.41 justifies that the map (F, A) — (Sga(F), A) forms a closure
operator on the class of all soft sets over G with a fixed set A of parameters, and the closed

elements with respect to this closure operator are precisely those soft subgroups of G.
Theorem 2.42. Let (G, *, A) be a soft group and SS4(G) the class of all soft subgroups of G.
Then, (SSA(G), A, V) is a complete lattice; where for soft subgroups (H, A) and (K, A) of G :
(H, A) A (K, A) = (H, A) 0 (K, A)
and
(H,A)V (K, A) = (SgA(H U K), A)

Proof. 1t is given in Example 2.17 the absolute soft set (15, A) over G is a soft subgroup of
G and hence SS4(G) has the largest element. It is also proved in Lemma 2.21 that SS4(G)
is closed under the arbitrary intersection of soft sets, and hence closed under arbitrary infima.

Therefore it is a complete lattice. O

Theorem 2.43. The lattice SSA(G) can be embedded into the lattice of all subgroups of the

classical group SEA(G).

Proof. 1t is enough to show that the map sending each soft group (H, A) of G to a subgroup

H of SE4(G) is an injective order homomorphism. O

2.3 Normal Soft Subgroups

Definition 2.44. Let (H, A) be a soft subgroup of a soft group (G,*,A) and a € G. Define a
soft set (*H, A) over G by:

‘H(a) ={z € G:{a,a,b,x) € x for some b € H(a)}.

We call (*H, A) a left coset of (H, A) corresponding to a. Right cosets can be defined in a dual

manner.
Theorem 2.45. Let (H, A) be a soft subgroup of G and let a,b € G.
(1) (*H, A) é (*H, A) if and only if for x € G, {a,b=% a,1) € ¥ = x € H(a);
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(2) (*H, A) = (H, A) if and only if a € H(«) for all a in A;

N

(3) Either (*H,A) = (*H, A) or (*H,A) and (*H, A) are weakly disjoint i.e 3 o € A such

that [*H](a) N [PH] () = 0.

Proof. (1) Suppose that (“H, A) C (°H, A). Then, [*H](c) C [PH](a) foralla € A. Let z € G

such that (o, b~ a,z) € *. Then,
(a,b,z,a) € *. (1)

Since e, € H(a) and {(«, a, e,,a) € *, we have a € [*H](a) = ["H](«). Which implies that
a € [PH](«). So there is some y € H(«) such that

(o, b,y,a) € *. (2)

Applying the cancellation law on (1) and (2), we get x = y € H(«a). Conversely suppose
that for any = € G it is the case that (a,b"% a,x) € * = x € H(«). Let « € A and
x € [*H](«) then there exist y € H(a) such that (o, a,y,z) € *. Let 1,209,253 € G
such that (o, b7 a,z1) € *, (o, x1,y,T2) € x and (o, b~ z, 23) € *. Then by associative
property of %, we get xo = x3. Moreover it follows from our hypothesis that z; € H(«).
Since x; € H(a) and y € H(a). We get x5 € H(a). That is 3 € H(«). Further since
{a, b, x,73) € %, we have (a, b, 73, z) € * and x3 € H(a). So that z € ["H](). Therefore
[*H] () C [PH](). Since « is arbitrary, we get (*H, A) C (°H, A).

Let @« € A and a € G. Since e, € H(a) such that (a,a,e,,a) € *. This implies that
a € H(a). Conversely suppose that a € H(a). Let « € A and h € H(«) such that
(o, a,a= h) € x. This implies that h € “H (). Therefore H (o) C “H (). Let x € “H(«)
then there exist h € H(«) such that (o, a, h, z) € *. This implies that z € H(«). It follows
that “H(a) C H(«). Thus, H(a) = “H(a). Therefore (*H, A) = (H, A)

Suppose that (“H, A) and (*H, A) are not weakly disjoint. That is “H(a) N H () # 0 for
all « € A. This implies that there exist at least one z € *H(«) N"H (c). This implies that
r € “H(a) and = € *H(a), for all a € A. It follows that there exist hy, hy € H(a) such
that (o, a, hi,z) € x and (@, b, he, z) € x. Let y € G such that (o, x, h]“,y) € *. Consider

(o, hy, h1%, eq) € %, {a,a,e4,a) € x and (o, a, hy, z) € x, (o, x, h{*, y) € *. Which implies
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that y = a. (3)

Let z € G and hz € H(«) such that («, hy, h7% h3) € * and («, b, h3, z) € *. Consider
(o, b, ho, )y € %, (a,x, h{",y) € %, (o, ho,hT%, h3) € % and (a, b, hs, z) € *. By < SG1 >
we get y = z. (4)

From (3) and (4) we have a = z. Let z; € “H («). Which implies that there exist hy € H(«)
such that (a,a, hy,x1) € *. Let hs € G such that («a, hg, hy, hs) € . Since (H, A) is a
normal soft subgroup, h; € H(«). This implies that (a, b, hs,z1) € *. It follows that
r1 € "H(a). Therefore *H (o) C "H(«v). Similarly *H(«) C “H (). Hence “H (o) = *H («).
This concludes our argument that (*H, A) = (°H, A).

Il (

Definition 2.46. A soft subgroup (N, A) of a soft group (G, x, A) is called normal if (*N, A)
(N A) for alla € G.

Notation: We denote by SN4(G) the collection of all normal soft subgroups of G with the

set of parameters A.

Theorem 2.47. For a soft subgroup (N, A) of a soft group (G,x, A), the following are

equivalent:
(1) (N, A) is normal;

(2) For a € A, any a,x,y € G and n € N(«),{a,a,n,z) € * and (o, x,a”%,y) € * together

imply y € N(a).

Proof. (1 = 2) Suppose that (N, A) is normal. That is *N(a) = N%(«), for all a € A. Let
a € A a,z,y € G and n € N(«) such that (a,a,n,z) € % and (a,x,a"*y) € *. Then
x € °N(a) and («,y,a,x) € *. Since “N(a) = N%«a) there is some n; € N(«) such that
(ar,nq,a, ) € . Then, by the cancellation law we get y = ny; € N(a).

(2= 1) Let a,y € G and x € “N(«). Then there exists n € N(«) such that («,a,n,z) €
%. By assumption (o, a,n,z) € x and (a,z,a " y) € * which implies that y € N(«a). As
(a,z,a7%y) € * = (a,y,a,x) € *. Since y € N(a), v € N*(a). Therefore “N(a) C N*(«).
From the assumption (a,a,n,x) € * and (a,z,a" %, y) € * we get x € *N(«a). Thus, N*(a) C
*N (). Therefore (N, A) is normal soft subgroup of G.

U
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Theorem 2.48. A soft subgroup (N, A) of G is normal if and only zf]/\\f s a normal subgroup
of SEA(G).
Proof. The proof is similar to that of Theorem 2.20. O]

Definition 2.49. Consider the soft group (G,x,A). (Za(G),A) represents the center of G,

which 1s a parameterized soft set over G defined by:
ZAG)a)={a€eG:{a,a,z,y) €x < (o,zx,a,y) €x forall x,y € G}.

Theorem 2.50. For any soft group (G,*, A) its center (Z4(G), A) is a normal soft subgroup
of G.

Proof. We first show that (Z4(G), A) is a soft subgroup of G. Let @« € A and z,y € G.
(a, €q,x,y) € *. This implies that y = 2 and we have (o, z, e, x) € x. Thus e, € Z4(G)(a).
Now let a,b € Z4(G)(«) and ¢ € G such that (a,a,b™%,c) € *.

Claim: ¢ € Z4(G)(a). We first show that 07 € Z4(G)(a). Let z,y € G such that
(o, b=, x,y) € x. Then (o, 27 b,y~*) € *. Since b € Z4(G) (), {(a,b,xz=* y~) € *. It follows
that (o, z,b%y) € x. Similarly it can be shown that (a,b~% z,y) € % and hence
b= € Z4(G)(«). Let z,y,z € G such that (o, c,z,y) € *x and (a,b™* x,2) € *. Then using
the associative property of (x, A) we get that (o, a,z,y) € *. Since a,b™* € Zi(G)(x),
(o, 2,07 2) € * and (a,z,a,y) € . If u € G such that («a,b% a,u) € *, then by the
associativity of * we get (a,z,u,y) € x. Moreover, as a € Z4(G)(«) it holds that
(a,a, b= u) € % Thus u = c¢ and hence (o,z,c,y) € x. That is, the implication:
(a,c,x,y) € x = (a,x,¢,y) € * holds Va,y € G. By symmetry, the other side of the
implication holds and then ¢ € Z4(G)(«). Therefore (Z4(G), A) is a soft subgroup of G. Next
we show normality. Let a € Z4(G)(«) and ¢, x,y € G such that

(@,9,0,2) € (1)

and

(o, 2,97 y) € * (2)

Claim: y € Z4(G)(«). It is enough to show that y = a. As a € Z4(G)(«), it follows from (1)
we get that
(,a,9, ) € (3)
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Then (2) and (3) together imply that y = a € Z4(G)(«) (using associative of (x, A) ). Therefore
(Z4(G), A) is a normal soft subgroup of G. O

2.4 Soft Congruences

Definition 2.51. A soft equivalence relation (0, A) on a soft group (G, *, A) is referred to as
a soft congruence relation if, for each « € A and any a,b,c,d,z,y € G with («, a,c,z) € x and

(o, b,d,y) € %, (a,b), (c,d) € 0() (a,b), (c,d) € O(a) imply (x,y) € O(c).

Notation: SCon(G) will represent the set of all soft congruence relations on G' with the
set of parameters A.
Let (0, A) be a soft congruence relation on G. Define the soft equivalence class 6, : A — P(G)

of # determined by a € G as follows:
O.(a) ={x € G:{(a,x) € 0(a)}.

Then we have the following properties.

Lemma 2.52. Let (0, A) be a soft congruence relation on G and a,b € G. Then,
(1) (64, A) = (6, A) if and only if {a,b) € 0(«) for all a € A.
(2) FEither (0., A) = (0, A) or (0,, A) and (0, A) are weakly disjoint.

Proof. (1) Suppose (0,, A) = (0, A). Then 6,(a) = 0,() for all « € A. Since e, € 0,(a) we
have (a,e,) € 6(a) and e, € 0,(a)) we have (b, e,) € 0(a). As (b, e,) € O(a) = (ea,b) €
f(a). From (a, e,) € 0(a) and (e, b) € 6(a), we get (a,b) € §(a) for all & € A. Conversely
{a,b) € O(a) for all @ € A. We need to show that (,, A) = (0, A). Let x € ,(a). Then
(a,x) € 6(a). Since (a,b) € 0(a), we get (b,x) € 6(a) and hence x € 6,(a). Therefore
0.(a) C Oy(c). Similarly, it can be shown that 0,(a) C 0,(). Thus (0,, A) = (0, A).

(2) Suppose (0,,A) and (0,, A) are not weakly disjoint. This means that for all & € A,
0. (a)Nby(a) # 0. Tt follows that there exist at least one x € 0,(a)Nfy(). This implies that
x € 0,(a) and = € Oy(a). So (a,z) € §(a) and (b, z) € O(a) implying that (a,b) € 0(«)
for all @ € A. Therefore, by (1) we get (0,, A) = (6, A).
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For a soft congruence (0, A) on G define a soft set (f,, A) over G by
O(a) ={z € G: (x,e4) € 0(a)}.

Theorem 2.53. (0,, A) is a normal soft subgroup of a soft group (G,*, A).

Proof. Clearly, e, € 0,(a). Let a,b € 0y(«). This implies that (a,e,) € 6(a) and (b, e,) € 0(a).
As (b,e,) € O(a) which implies that (b=%,e,) € 6(). Let € G such that (o, a,b™% z) € *.
Since (a, e,) € () and (b~%, e,) € O(«), we have (z,e,) € 0(«) for all a € A. It follows that
x € O,(c). Let a,z,y € G and n € 0,(a). Suppose (o, a,n,z) € * and (a,z,a"* y) € *. As
n € 0,(a), then we have (n,e,) € 0(«). Suppose (z,a) € 0(a) and (a~*,n) € O(«). This implies
that (y,z) € 6(a). Since (y,x) € 0(a) and (z,e,) € 0(a), we have (y,e,) € 6(a). It follows
that y € 6,(«). Therefore (6,, A) is a normal soft subgroup of G.

[

Theorem 2.54. Given a normal soft subgroup (N, A) of a soft group (G,*, A). Define a soft
relation denoted by (0N, A) over G by:

V() ={(z,y) € GxG: (a,y ™ z,2) €x=2¢€ N(a)}.

Then (6N, A) is a soft congruence relation on G.

Proof. First we show that (9%, A) a soft equivalence relation. Let o € A and z € G. Since
(a,x7% 1, 2) € %, z = e, € N(a). It follows that (x,z) € 0¥ (). Therefore (9%, A) is reflexive.
Let « € A and z,y € G. Suppose (r,y) € 6V(a) such that (a,y™% z,2) € *, we have
z € N(«). Since (a,27%y,27*) € x and 27 € N(a), {y,z) € 0~(a). Therefore (7, A) is
symmetric. Let o € A and z,y,2z € G. Suppose (z,y) € 0V (a) and {(y, z) € 6~ (a). Which
implies that (o, y~ z,21) € *, (o, 27%, y, 29) € * for some 21,29 € N(«). Let z3 € G such that
(o, 29, 21,23) € *. It follows that z3 € N(a). Since (a, 27 % x,23) € * and z3 € N(«),
(r,2) € V(). Therefore (0N, A) is transitive. Thus, (9™, A) a soft equivalence relation.
Finally, let @ € A and a,b,¢,z,y € G such that (o, a,c,x) € % and («,b,d,y) € *. Suppose
{a,b), {c,d) € OV (a). We need to prove that (z,y) € 0V(a). Let z € G with the property
{a, =, x,2) € x. As (a,b) € OV (a) we have (a,b"%, a,z) € * for some 2; € N(a). Again as
(c,d) € 0N (a), there is some 2o € N(a) such that (o, d™%, ¢, z) € *. Let 23,24, 25, w € G such

that (o, d™% 2z1,24) € *, (a,24,d,25) € % and (a,z5,29,w) € *. Then, using the facts
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21,22 € N(«) and (N, A) is normal, one can easily check that w € N(«). Moreover, by the
associativity of (¥, A), we have 2 = w and hence (z,y) € 0" (a). Therefore (", A) is a soft

congruence relation on G. O
Theorem 2.55. There is a lattice isomorphism between SNA(G) and SCony(G).

Proof. Let g : SN4(G) — SCona(G) and h : SCony(G) — SN4(G) be mapping defined
by g : (N, A) — (0N A) and h : (0, A) — (0,, A). We first show that g and h are mutually
inverse to each other. That is, we show that ([#"],, A) = (N, A) and (9% A) = (9, A) for all
(N, A) € SN4(G) and (0, A) € SCona(G).

(1) For each a € A,

[HN]O(O‘) = {ZL’ €G: <l‘7€a> S QN(CY)}
= {ze€G:{aet,m, 2) €x for some z € N(a)}

— {t€CG:z=z€N(a)} = Na).

Thus ([6V],, A) = (N, A).
(2) For any a € A, (z,y) € 0%l(a) if and only if (a,y~ z,2) x for some z € O,(a).
Equivalently, (z,y) € 6(a) showing that (9%l A) = (9, A). Thus g and h are inverse to each
other and hence both are one to one correspondences. It remains to show that both ¢ and
h are order homomorphisms. In other words, it is enough to show that (N, A) C (Na, A)
if and only if (6™, A) C (62, A). Suppose that Ny(a) C Na(a) for all a € A. Let a € A
and (z,y) € 0N (a). Then (o, x,y~, 2) € * for some 2; € Ni(a). That is, z; € No(a) and
(o, 2,97 21) * . So (z,y) € 0™2(a). Since « is arbitrary in A, we get (6™, A) C (N2 A).
Conversely, suppose 01 (a) C 6™2(a) for all « € A. Let @ € A and x € Ny(«). Then it is clear
that (x,e,) € 0V (a) C 0™2() and hence (z,e,) € 0V2(a). Then, there exists some z € Ny(«)
such that («, e,, z,2) € x. Whence x = z € Ny(a) and so (N, A) C (Ny(«), A). Hence proved.
[
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2.5 Direct products

Lemma 2.56. Let (Gq,*1,A),...(Gp, %, A) be soft groups with the same set of parameters A,
and G be the set

n

G = HGi ={{a1,...,an) :a; € G; Yi=1,2,...,n}.

i=1
Define a soft binary operation (x, A) on G by: x C A x G x G x G given by {(,a,b,¢) € *
if and only if (o, a;,bs,¢;) € *; for all 1 < i < n. Where @ = (ay,...,a,), b = (b1, ...,b,) and

¢={c1,...,cn). Then (G, *,A) is a soft group.

Definition 2.57. Given soft groups (Gi,%1,A),....(Gp,*n, A) with a fized set A of
parameters.  The group (G,x, A) obtained in Lemma 2.56 is called the direct product of
<G1,*1,A>,...,<Gn,*n,A>.

In general, for any indexed family {(G;, *;, A) }icr of soft groups, the underlying set for their
direct product is given by:

[[G:i={a:1—|JG):ali) € GiVieT}

iel icl
Define a soft binary operation (x, A) on [[..;G; as follows (a,a,b,c) € * if and only if
(o, a(i),b(i), c(i)) € *; for all @ € I. Then (], ; Gi, *, A) is a soft group.

Theorem 2.58. Let (G, %1, A) and (Ga, %2, A) be soft groups. Let (Hy, A) and (Hs, A) be soft
subgroups of Gy and Gy respectively. Then their product (Hy x Hy, A) is a soft subgroup of
G1 X Gy. Moreover, any soft subgroup of G1 X Go is of the form (Hy x Hsy, A) for some soft
subgroups (Hy, A) and (Hy, A) of G1 and G2 respectively.

Proof. Suppose that (Hy, A) is soft a subgroup of G; and (Hs, A) a soft subgroup of G5. For
a € A, we have el, € Hy(a) and €2 € Hy(«). Which implies that (e}, e?) € Hy(a) x Hy(a). Let
a = {ay,as), b= (b1,by) € Hi(a)x Hy(a) and & = (c1, ¢3) € Gy x G such that (o, @, b™*,¢) € *.
Then (o, a1,by% ¢1) € %1 and (@, as,by®, c3) € *5. Since (Hy, A) is a soft subgroup of G; and
(H,, A) is a soft subgroup of Go, we get that ¢; € Hy(«a) and ¢o € Ha(a). So that ¢ = (¢, ¢9) €
H(«a) x Ho(a). That is (Hy x Ha, A) is a soft subgroup of G; x Gs. Conversely suppose that
(H, A) is a soft subgroup of Gy X Gy. Define soft subsets (Hy, A) and (Hs, A) of G; and Gs
respectively by:
Hi(a) ={a € Gy :(a,e2) € H(a)}

34



Chapter 2. Soft groups based on soft binary operations

and

Hy(a) ={a € Gy: (el ,a) € H(a)}.

Then we show that (H;, A) is a soft subgroup of G;. For each a € A, since {el,e2) € H(a)

) o

we have e} € Hi(a). Let a,b € Hi(a). Then {(a,e?), (b,e?) € H(a). Let ¢ € Gy such that

(a,a,b® ¢) € ;. Then (a, (a,e2), (b €2),(c,e2)) € * and since (H, A) is a soft subgroup
of G1 x G, we get that (c,e2) € H(«), which implies that ¢ € H;(«). Thus (H;, A) is a soft
subgroup of Gy. Similarly, it can be shown that (Hj, A) is a soft subgroup of G5. Moreover, one

can easily check that (H; x Hy, A) = (H, A). Hence proved.
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Chapter 3

Soft homomorphisms on Soft groups

One of the most significant steps for the theory of soft sets was to define relations and
mappings on soft sets. The notions of soft set relation and function were introduced by
Babitha and Sunil, who also covered a number of related ideas, including ordering on soft
sets, partitioning of soft sets, and equivalency soft set relations. Babitha and Sunil continued
their work on soft set relations and ordering by presenting the ideas of transitive closure of a
soft set relation and anti-symmetric relation. Majumdar and Samanta investigated the
concept of soft mappings and the representations of soft and crisp sets under soft mappings.
While studying the characteristics of soft images and soft inverse images, Kharal and Ahmad
also established the idea of mappings on the class of soft sets. A new concept of soft
mappings and an investigation into its characteristics were recently proposed by Addis et al.

Additional research is available in [2,10,21, 28].

In this chapter, soft mapping between two soft groups called soft homomorphisms are
presented and discussed. We begin by studying soft homomorphisms, stating their definition
and proving some basic results in the first Section . Given a soft mapping (f, A) from from G
to G', we obtain an ordinary map ? from the set SE4(G) of soft elements of G' to the set
SE4(G") of soft elements of G" and show that (f, A) is a soft homomorphism if and only if ?
is an ordinary group homomorphism . Section 2 is devoted to the study those class of soft
isomorphisms by introducing the notions of the kernel, image and inverse image of soft
homomorphisms. Moreover, we state and prove several soft isomorphism theorems on soft
groups. In the last section we study the soft automorphisms of soft groups and particularly

those soft inner automorphisms.  We establish an embedding of the group of soft
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automorphisms of a soft group G into the group of automorphisms of SE4(G), where SE4(G)
is the collection of all soft elements of G with a set A of parameters. Finally, it is shown that
for every soft group G, the soft group of its inner automorphisms is soft isomorphic with the

quotient of G by its center Z4(G).

3.1 Soft Homomorphisms

Definition 3.1. Let (G,*, A) and (G', A, A) be soft groups. A soft mapping (f, A) from G to
G’ is called a soft homomorphism, if for each o € A, a,b,c € G and x,y,z € G', (a,a,z) € f,

<O(, b7 y> S f7 <OC,C, Z> € f and <Oé,6l,b, C> < * Zmply <Oé,$,y,2> €A

Example 3.2. Define soft binary operations (x,N) and (A,N) on R and R" respectively as

follows:
(aya,b,c) ex s c=a+a+b and (a,a,b,c) € A< c=(a+1)%b.
(R, *,N) and (R*, A, N) are soft groups. Moreover, define

f={l,z,y) ry=(a+1)"}

Then (f,N) is a soft homomorphism from R to RT.

Example 3.3. With the notation of Example 3.2, define ' = {(a,z,y) : y = log,,, x}.
Consequently, (f’,N) is a soft homomorphism from (R™, A N) to (R, %, N).

Proposition 3.4. Let (f, A) be a soft homomorphism from (G, *, A) to (G', A\, A). Then,

(1) (v, eq,€.) € f, for all « € A where e, and €., are identity elements of G and G’

respectively;
(2) {a,a=%y~*) € f whenever (a,a,y) € f foralla € A,a € G andy € G'.

Proof. (1) Let x € G’ such that (o, e,, ) € f. Since (o, z, €/, x) € A and (o, z,z,z) € A, by

) Yad

cancellation law it holds that « = ¢/,. Therefore (a, e,, €)) € f.

(2) Let « € A, a € G and z,y € G’ such that (o, a,y) € f and («a,a”* x) € f. Since (f, A)

is a soft homomorphism, it follows from (1) and the condition (a,a,a”* e,) € * that
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/

(a,y,z,€el) € A. Again from the fact (a,y,y % e,) € A and cancellation law we get

x =y~ * Therefore (a,a™*,y~*) € f.
[

Using the idea of the composition of soft mappings given in [2], in following proposition the

composition of two soft homomorphisms is a soft homomorphism.

Proposition 3.5. Consider the soft homomorphisms (f, A) from G to G' and (g, A) from G’

to G". Then, (go f, A) is a soft homomorphism.
Proof. The proof is straight forward. O]
Definition 3.6. A soft homomorphism (f, A) from G to G' is said to be:

(1) a soft monomorphism if it is injective.

(2) a soft epimorphism if it is surjective.

(3) a soft isomorphism if it is bijective.

Note: Given soft groups (G, x, A) and (G', A, A). If there is a soft isomorphism from G to
G', we say that G and G’ are soft isomorphic and write G el symbolically. Note also that
=~ forms an equivalence relation on the class of soft groups.

Recall from Theorem 2.15 that, if (G, *, A) is a soft group, then the set SEA(G) of all soft
elements of GG is an ordinary group together with the induced binary operation *, that can be
used as a model to represent soft groups. With the idea of extending soft homomorphisms to

classical group homomorphism, we define the following.

Definition 3.7. Let (f, A) be a soft mapping from (G,*, A) to (G', A, A). Define a mapping
? 1 SEL(G) = SEA(G) as follows: for each a € SEA(G) and o € A:

N

f(a)(a) = {b} if and only if (a, a(a),b) € f.

Theorem 3.8. A soft mapping (f, A) from G to G’ is a soft homomorphism if and only zf?

18 a homomorphism.
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Proof. Suppose that (f, A) is a soft homomorphism. Let 5,3 € SEA(G) and a € A be
arbitrary. Assume that ?(E>T<Z)(a) = {z}. Then, («, (5>T<\b/)(a),z> e f. If (Ei\l;)(a) = {c},
then (a,E(a),Z(a%c) € % and (a,c,z) € f. On the other hand if (o, a(a),x) € f and
(a,z(a),y) € f, then as (f, A) is a soft homomorphism, we get (o, z,y,2) € A and hence
< f (@)A f (5)) (o) = {z}. Therefore, ? is a group homomorphism. Conversely, suppose that ?
is a group homomorphism. Let a € A, a,b,c € G and z,y,z € G’ such that (a,a,z) € f,
(a,b,y) € f, {a,c,z) € f and (o, a,b,c) € *. Let u € G’ such that (a,z,y,u) € A. We claim

~—

to show that u = z. Define soft elements a, b, ¢ in G and z,y, z in G’ as follows: for each

AEA,
70 = {a} if M=«
{ex} if AFa
E(A): {b} if A=«
{ex} if Ao
= c if A=«
200 = {c}
{ex} if AFa

Then, one can easily show that for each \ € A:

flaxb)(\) = i ) and
{4} if A#a
- {u} if A=«

F@AF(B)) () =
( ) (&} if \£a

~—
~

f(a )A?(Z)) (\) for all
A € A. In particular, it works for A = « and hence which would give z = u. Therefore, (f, A)

Since ? is a homomorphism, it should be the case that ?(5%3)()\) = (

is a soft homomorphism. O

Theorem 3.9. A soft homomorphism (f, A) from G to G’ is a soft isomorphism if and only if

f is a group isomorphism.

Proof. Suppose that (f, A) is a soft isomorphism. We first show that f is injective. Let
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~— — ~— —

@, b € SEA(G) such that f(a) = f(b). Then f(a)(\) = F(b)(\) for all A € A. That is, for

each A € A and any = € G’ we have:

~—

(A, a(N\),z) € fif and only if (X, b()\),z) € f.

~—

Since (f, A) is injective, it must be true that a(\) = b(A) for all A € A. Thus, a = b and
hence 7 is injective. Next we show that 7 is surjective. Let y be any soft element in G’. Since
(f, A) is a soft isomorphism, for each & € A there is a unique element say x, € G such that
(o, 24, y(a)) € f for all @ € A. Now define a soft element 2 over G by z(a) = {x,} for all

o € A. Then we must have f(x) = y. Thus, f is surjective and hence an isomorphism. The

converse can be proved using similar procedure. O
Definition 3.10. Suppose (f, A) is a soft homomorphism from (G, *, A) to (G', A, A).

(1) If (H, A) is a soft subgroup of G then the image of (H, A) under f is the soft set (f(H), A)
over G’ defined as follows:

f(H) (o) ={y € G :{a,z,y) € f for some z € H(a)}.

(2) If (H', A) is a soft subgroup of G', then the inverse image of (H', A) under f is the soft
set (f~1(H'), A) over G defined as follows:

fHHY o) ={z € G:{a,z,y) € f for some y € H'(a)}.

Lemma 3.11. Suppose (f, A) is a soft homomorphism from (G,*, A) to (G', A, A). If (H, A)
is a soft subgroup of G then (f(H), A) is a soft subgroup of G'.

Proof. Let o € A. Since e, € H(a) and (o, eq,€,) € f, we have €/, € f(H)(a).

Let x,y € f(H)(«) and z € G’ such that (a, 2,y z) € A. We need to prove that z € f(H)(«).
As x,y € f(H)(«) there exist a,b € H(«) such that (a,a,z) € f and (a,b,y) € f. Since
(a, b,y) € f we have (a,b=* y~*) € f. Let ¢ € G such that (a,a,b™% ¢) € *. Since (f, A) is
a soft mapping there exist w € G’ such that (a,c,w) € f. As (f, A) is a soft homomorphism
it follows that w = z. Since (H, A) is a soft subgroup of G, we have ¢ € H(«). Therefore
z € f(H)(a). O
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Lemma 3.12. Let (f, A) be a soft homomorphism from (G, x, A) to (G', A, A). If (H', A) is a
soft subgroup of G' then (f~*(H'), A) is a soft subgroup of G.

Proof. Let a € A. Since €/, € H'(a) and («, eq4, €.,) € f, we get eq € f7H(H') ().

Let a,b € f~Y(H')(c) and ¢ € G such that (o, a,b*, c) € . Since (f, A) is a soft mapping there
exists z € G’ such that («, ¢, z) € f. We need to prove that ¢ € f~(H')(«). Asa,b € f~H(H')(a)
there exist x,y € H'(a) such that («,a,x) € f and (a,b,y) € f. As (a,b,y) € f it holds that
(o, b=, y~) € f. Since (f, A) is a soft homomorphism from G to G', {a, z,y~ %, z) € A. Since
(H', A) is a soft subgroup of G’ we get z € H'(a). Therefore c € f~'(H')(«). Hence (f~'(H'), A)

is a soft subgroup of G. O

Theorem 3.13. Suppose (f, A) is a soft homomorphism from (G, x, A) to (G', A, A).

(1) If (N, A) is a normal soft subgroup of G and (f, A) is surjective then (f(N),A) is a

normal soft subgroup of G'.

(2) If (N', A) is a normal soft subgroup of G' then (f~'(N'), A) is a normal soft subgroup of
G.

Proof. (1) By Lemma 3.11 (f(N),A) is a soft subgroup of G'. Let a € f(N)(«). Then
(o, z,a) € f for some z € N(a). Let b € G'. Since (f, A) is surjective, there exists y € G
such that (a,y,b) € f. Let z € G such that {«,y,z,2) € *. Then there exists ¢ € G’
such that (a,z,¢) € f because (f, A) is a soft homomorphism. Moreover,
(a,b,a,¢) € A. Again let d € G such that (a,z,y % d) € *. Since (f, A) is a soft
mapping, there exists d € G’ such that («,d,d’) € f. Since (f, A) is a soft
homomorphism, (a, ¢, b= d') € A. As (N, A) is a normal soft subgroup of G, d € N(«).
This implies that d' € f(N)(«). Therefore (f(NN), A) is a normal soft subgroup of G'.

(2) According to Lemma 3.12, (f~!(N’), A) is a soft subgroup of G. Let a € f~'(N’)(«). Then
(a,a,z) € f for some z € N'(«). Let b,c € G and x1,2; € G’ such that (a,b,x1) € f
and («, ¢, z1) € f. Since (f, A) is a soft homomorphism from G to G’ and (o, b, a,c) € x,
we have (a,z1,2,21) € A. Let d € G and 2z, € G’ such that («,d, z0) € f. Since (f, A) is
a soft homomorphism from G to G’ and (o, ¢, b=, d) € *, (o, z1,2{%, z2) € A. It follows

that d € f~'(N')(«). Therefore (f~1(N’), A) is a normal soft subgroup of G’.
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Definition 3.14. Suppose (f, A) is a soft homomorphism from G to G'. The kernel of (f, A)
is the soft set (K¢, A) over G which is defined as follows :

Kila) ={r € G:(a,x,e) € f}

for all a € A.
Example 3.15. Let (G, *, A) and (G', A\, A) be soft groups.

(1) Let (f, A) be a soft mapping from G to G' defined by:
f={(a,z,e):a € Ax e G}.

Then (f, A) is a soft homomorphism and (Ky, A) is the absolute soft set over G.

(2) Let (f, A) be a soft mapping from G to G defined by:
f={(o,z,z): o€ AxecG}

Then (f,A) is a soft homomorphism and (K, A) is the trivial soft subgroup of G.

Lemma 3.16. For any soft homomorphism (f, A) from (G,x, A) to (G',A, A), the kernel
(Ky, A) is a normal soft subgroup of G.

Proof. For each a € A, we have

Ki(a) = {z € G: (a,z,¢) € f} = f7(¢)().

Therefore the proof follows directly from Theorem 3.13. ]

Lemma 3.17. A soft homomorphism (f, A) from (G,*,A) to (G',AA) is a soft
monomorphism if and only if (K¢, A) is the trivial soft subgroup of G.

Proof. Suppose (f, A) is a soft monomorphism. We need to show that K;(a) = {e,} for all
a € A. Let x € K¢(a). This implies that («,z,el,) € f for all & € A. Since (o, eq,¢€,,) € f for
all @ € A we have © = e,. Therefore K;(a) = {e,}. Conversely, suppose that (a,z1,y) € f
and (o, x9,y) € f. Let z € G such that {a,x1,25% 2) € x. Then («, z,¢.) € f. It follows that
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z € Ky(a). So z = eq. Therefore (o, z1,25,%, e,) € *. This implies that («, e,, x2, 1) € *. Using
the fact (o, e,,z1,71) € * and the cancellation law we get x; = z5.

[
Proposition 3.18. Let (f, A) and (g, A) be soft homomorphisms from (G,*, A) to (G', A, A).
Define a soft set (H, A) over G as follows for each o € A :

H(a)={a€G:{(va,zx) € fe (a,a,x)€g for somex e G}

Then (H, A) is a soft subgroup of G.
Proof. Since (o, eq,€.) € f and (a, e, €),) € g, we have e, € H(a). Let a,b € H(a) and z € G

such that («, a,b~, x) € *. Then by definition there exist y;,ys € G’ such that

<04>a7y1> € f <~ <aaa7y1> € g
and
<QJ b7 Z/2> S f <~ <Oé7b7y2> S g

This implies that (a, b= y;*) € f < (a,b7%y,*) € g. Let x € G again (f, A) is a soft
mapping then there exists y3 € G’ such that (a, x,y3) € f. Since (f, A) is a soft homomorphism,

(o, 1,95 %, y3) € A. Again since (g, A) is a soft homomorphism and (o, z,y3) € g, we have
x € H(a). Therefore (H, A) is a soft subgroup of G. O

The following theorem establishes a relationship between the soft kernel of (f, A) and the
kernel of ?

Theorem 3.19. For any soft homomorphism (f, A) from G to G' we have
ker(f) = Ky.
Proof. We know that
K;={a € SEA(G) : a(e) C Ky(a) for all « € A} and

~— ~—

ker(f) ={a € SEA(G) : f(a)(\) = {ex} for all A € A}.
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Now we have the following

~— ~—

a € ker(f)

~—

fla)\) ={ex} forall A e A

~—

(o, a(N),en) € f
a(\) C K\ forall A€ A

_ o~

CLEKf.

tr ¢ ¢ 0

~—

Therefore ker(f) = l/(} O

3.2 Soft Isomorphism Theorems

In this Section, we will see a method for checking whether two soft groups defined in different

ways are structurally the same or not.

Theorem 3.20. Let (H, A) be a normal soft subgroup of a soft group (G,*, A). Put
G/H ={"H :a € G}
where each “H is a left coset of (H, A). Define a soft coset multiplication ® on G/H by:
(o, "H,"H,°H) € ® & (v, a,b,x) € *

for some x € G with “H = “H. Then, (G/H,®, A) is a soft group.

Proof. First we shall prove that ® is well defined. Let n,m,d € G and o € A such that
“H =9H and *H = "H. Suppose {(a,H,°H,°H) € ® and {a,“H,"H,™H) € ®. This implies
that (o, a,b, z1) € * and (o, d,n, z3) € * for some z1,2, € G with °‘H = *H and ™"H = *H.
Let k1 € G such that (a,c™®, 21, k1) € *. Since °‘H = *'H, ky € H(«). Let ky € G such that
(o, m™%, z9, ko) € *. Since "H = *2H, ky € H(«). Let x1,29 € G such that («,a™ %, d, 1) € *
and (o, b= n,x9) € . It follows that xq, 2 € H(«). Let k3,y € G such that («a,n™, x1,y) € *
and (a,y,n,ks3) € x. Since (H, A) is a normal soft subgroup of G we have k3 € H(«a). Let
ks, ks, ke € G such that (o, ki, xe,ky) € *, (a, ks, ks, ks) € x and (o, ks, ky *, k) € *. Since
(H, A) is a soft subgroup of G we get ky, ks, k¢ € H(«). Using the associative property of (x, A)

we have (o, ¢, m, k) € *. This implies that “H = "™H. Thus ® is well defined. It remains to
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show that (G/H,®, A) satisfies the soft group axioms which are straightforward.
[

Definition 3.21. If (H, A) is a normal soft subgroup of (G,*,A), then the soft group
(G/H,®,A) defined as in Theorem 3.20 is called the quotient soft group.

Definition 3.22. We say that a normal soft subgroup (N, A) has the property (Q) provided
that for each a, 8 € A, a € N(«a) and b € G,

(B,a7", eq,b) € x = b e N(B).

Lemma 3.23. Let (G/N,®,A) be a soft group and let (N, A) be a normal soft subgroup of
(G, *, A) and define a soft mapping (f, A) from G to G/N by

f={{a,a,°N) :a € A a€G}.

Then (f,A) is a soft epimorphism from G to G/N such that (Ky, A) c (N, A). Moreover, the
equality holds, whenever (N, A) has the property (Q).

Proof. Define a soft mapping (f, A) from G to G/N by («,a,*N) € f. Clearly, (f, A) is
surjective. (f, A) is a soft homomorphism since (N, A) is normal in G. Now, for each o € A

and a € G

a€ Ky(o) (a,a,N) € f
GNZGQN
“N(B)=“N(B) VB eA

“N(a) =°“N(a)

O T

a € N(a).

Therefore (K¢, A) C (N, A). Moreover, if (N, A) has the property (@), then one can easily

verify that K;(a) = N(«) for all @ € A and hence the equality holds. O
Note: The soft mapping defined in Lemma 3.23 is called the soft canonical epimorphism.

Theorem 3.24. (The first soft isomorphism theorem)
Let (G, %, A) and (G', A, A) be soft groups. If (f, A) is a soft epimorphism from G to G', then
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I ¢

G/K; =G

Proof. Define a soft mapping (g, A) from G/K; to G’ by (o, “Ky,y) € g if and only if (o, a,y) €
f- We first show that (g, A) is well defined. Let a € A and a,b € G such that °K; = °K.
Let y1,y2 € G’ such that (a,°K;,v1) € g and (a,°Ky,y2) € g. Then (a,a,y;) € f and
(o, b,y9) € f. Since *K; ="K}, we have °K;(a) ="K (a) for all « € A. If (o, b, a,2;) € *
then x; € Ky(a) for all @ € A. This implies (o, 21, €),) € f. Since (f, A) is a soft homomorphism,
(o, y5 % y1,€l) € A. Then, we get y; = yo. Therefore (g, A) is well defined. Given that (f, A) is
an epimorphism for every y € G’, there is a € G such that (a,a,y) € f and hence (o, *Ky,y) €
g. Consequently, (g, A) is surjective. It remains to show that (g, A) is injective. Suppose that
(,°Ky,y) € g and (a,’K;,y) € g. Thus (o, a,y) € f and {a,b,y) € f. Let z € G and
z € G’ such that (a,b"% a,z) € * and (a,x,z) € f. Then we have (o, y~ % y,z) € A. This
implies z = e, . That is (o, x,€),) € f = © € Ky(«). Since « is arbitrary we can see that
(,b7% a,x) € x = x € Kj(a) for all @« € A. Thus *°K;(a) = *K;(a). Therefore (g, A) is

~—

injective. Hence G/K; = G'. O

Corollary 3.25. Let (f, A) be a soft epimorphism from (G,*, A) to (G', A, A) and (M, A) be
a normal soft subgroup of G'. Then,

G/f~ (M) =G /M.

Proof. Define a soft mapping (g, A) from G to G'/M by : (a,a,zp) € ¢ if and only if
(aya,y) € f for some y € G with *M = YM. We first show that (g, A) is a soft
homomorphism. Let a« € A, a,b,c € G and z,y,z € G such that (a,a,z)) € g,
(o, b,yp) € g, {a,c,zpy) € g and (a,a,b,c) € *. Then, there exist 2/,y/, 2" € G’ such that
Ty = Thyy Y = Yo 2 = 2y and (o, a,2’) € f, (o, b,y) € f, (o, ¢, 2') € f. Since (f, A) is a
soft homomorphism and (o, a,b,c) € x, we get that (a,2',y,2’) € A in G'. Then
(o, 2, oy 24) € A in G'/M. Thus (g, A) is a soft homomorphism from G to G'/M. As
(f, A) is surjective it is straightforward that (g, A) is also surjective. Now for each a € A,

consider the following:
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Ky(a) = {aeG: (v a,eqn) €9}
= {a€G:{a,a,z) € f for some x € G" with xp; = eaps}
= {a€eG:{a,a,z) € f for some x € M(a)}
= [T (M)(a).

Thus (K,, A) = (f~'(M), A). Therefore by the first soft isomorphism theorem we get that
G/f~ (M) =G /M.

]
Proposition 3.26. Let (G,*,A) and (G',A,A) be soft groups and (¢p,A) be a soft

homomorphism from G to G'. Then, for any soft set (F, A) over G,

(#(Cr), A) € (Cyry, A),

where (Cr, A) is the centralizer of (F, A). Moreover, the equality holds if and only if (¢, A) is

a soft isomorphism.

Theorem 3.27. (The Third Soft isomorphism theorem)
Suppose that (M, Ay and (N, A) are normal soft subgroups of G such that (M, A) é (N, A) and
(N, A) has the property (Q). Define a soft set with (N/M,A) over G/M by

N/M(a) ={*M :a € N(a)}.

Then,
(1.) (N/M,A) is a normal soft subgroup of G /M.
(2.) (G/M)/(N/M) = G/N.

Proof. First observe that ay; € N/M(«a) if and only if a € N(«). It is clear from the definition
of N/M that a € N(«) implies apy € N/M(«). Let apy € N/M(a). Then ap = by for some
b € N(a). It follows that for each f € Aand z € G, if (8,b7",a,z) € *, thenz € M(3) C N(B).
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In particular, z € N(«) and since b € N(a) we get that a € N(«). Define a soft mapping (g, A)
from G/M to G/N by
g={{a,an,an) : € Aae Gl

Then we first show that (g, A) is well defined. Suppose *M = °M. Thus *M(a) = "M («),
for all & € A. Since (M, A) is a normal soft subgroup, if (a,b"% a,x) € % then z € M(«).
Since M(a) € N(a) , z € N(«a). This implies that *N(a) = °N(«), for all « € A. Therefore
N = *N. Hence (g, A) is well-defined. Next we show that (g, A) is a soft homomorphism.
Let « € A, a,b,¢c,z,y,z € G such that (o, apr,zn) € g, (0, by, yn) € g, {a,cpr, 2n) € g and
(v, apnr, bar, ) € ® in G/M. Then zy = ay, yy = by and ¢y = 2y and (o, a,b,c) € % in G.
Thus («, ay, by, cn) € ® in the quotient G/N. Hence (g, A) is a soft homomorphism and it is

clear that (g, A) is a soft epimorphism. Now consider its kernel:

K (o) = {ay € G/IM : (a,apn,ean) € g}
= {ay € G/M : °N =N}
= {aw € G/M: “N(8) = “N(B) V5 € A}
= {ay €G/M: a€ N(a)}
= N/M(a).

Therefore (K,, A) = (N/M, A). By the first soft isomorphism theorem (G/M)/(N/M) =~ G/N.
[

Lemma 3.28. Let (M, A),(N1, A) and (Na, A) be normal soft subgroups of G such that
(M, A) C (Ny, A) N (Na, A).

Then (N1/M, A) C (Ny/M, A) if and only if (Ny, A) C (N, A).

Proof. Suppose that (N, A) C (N2, A). Then Ni(a) € Ny(a) for all @ € A. Now for any
a € A, consider ay; € Ni/M(«). This implies that a € Ni(a) C Ny(«). It follows that ay, €
Ny /M (). Thus (Ny/M, A) C (No/M, A). Conversely, suppose that (N;/M, A) c (No /M, A).
Then Ni/M(a) € No/M(a) for all & € A. Now for any o € A, a € Ny(«). It follows that
ay € Ni/M(«). Hence apy € No/M (). Therefore a € Ny(«r). Thus Ny(a) € No(ar) and hence
(N1, A) C (Ng, A).
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]

Corollary 3.29. Under the assumption of Lemma 3.28, (Ny/M, A) = (Ny/M, A) if and only
if (N1, A) = (No, A).

Lemma 3.30. If (G,*, A) is soft isomorphic to (G', A, A) then G is abelian if and only if G’

1s abelian.

Proof. Let ¢,d,y € G’ such that (o, c,d,y) € A. Since (f, A) is surjective there exist a,b € G
such that (o, a,c) € f and (o, b,d) € f. Let x € G such that (o, a,b, z) € *. Since (f, A) is soft
homomorphism and («,c,d,y) € A, (o, z,y) € f. Since G is abelian we have (a, b, a,z) € *.
Again since (f, A) is a soft homomorphism, (o, d, ¢, y) € A. Therefore G’ is abelian. Conversely,
let a,b,c € G such that (o, a,b,c) € . Since (f, A) is a soft mapping, («a,a,c) € f and
(a,b,d) € f for some ¢,d € G'. Let y € G’ such that (a,c,d,y) € A. From (f, A) is a
soft homomorphism and («a,c¢,d,y) € A then we have (a,c,y) € f. Let y; € G’ such that
(a,d,c,y1) € A. Since G’ is abelian, y = y;. Let € G such that («,b,a,z) € *. Again from
(f, A) is a soft homomorphism and (o, d, ¢,y) € A we get (o, z,y) € f. Since (f, A) is injective,

¢ = z. Therefore (G is abelian. OJ

Theorem 3.31. (The correspondence theorem )

Let (M, A) be a normal soft subgroup of G. Then there is a one to one correspondence between
the set of all normal soft subgroups of G containing (M, A) and the set of all normal soft
subgroups of G /M.

Proof. Define [(M, A), G] to be the set of all normal soft subgroups of G containing (M, A). i.e

[M,Gla = {(N,A) € SN4(G): (M, A) C (N, A)}

and let SN4(G/M) be the set of all normal soft subgroups of G/M. Define g : [M,G|4 —
SNA(G/M) by g((N,A)) = (N/M,A) vV (N,A) € [M,G]4. Then it is clear that g is well-
defined. Moreover, it follows from Lemma 3.28 that ¢ is one to one. It remains to show that
g is onto. Let (J, A) be a normal soft subgroup of G/M. For each a € A define N(a) =
{a € G: ap € J(a)}. Then one can easily verify that (N, A) is a normal soft subgroup of G
containing (M, A) such that (N/M, A) = (J, A). Therefore g is onto and hence it is the required

one to one correspondence. O
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Theorem 3.32. Suppose that (N, A) is a normal soft subgroup of G having the property (Q).
If (f, A) is a soft epimorphism from G to G" with (K, A) C (N, A), then

G/N =G'/f(N).

Proof. The quotient soft group G'/f(N) is defined since (N, A) is a normal soft subgroup of
G and (f, A) is a soft epimorphism. This implies that (f(/V), A) is a normal soft subgroup
of G'. Then, define a soft mapping (g, A) from G to G'/f(N) by (a,z,*f(N)) € g where
(a,x,a) € fforall @ € A,z € G and a € G'. Let z,y,2 € G and a,b,c € G', a € A
such that (o, z,%f(N)) € g, (o,y,°f(N)) € g, {a,2,°f(N)) € g and (a,z,y,2) € * where
(o, z,a) € f, {a,y,b) € fand (a,z,¢) € f.Since (f, A) be a soft homomorphism, («, a,b,c) € A
in G'. Tt follows that {a,%f(N),°f(N),°f(N)) € A in G'/f(N). Therefore (g, A) is a soft
homomorphism. Let z € G'. Since (f, A) is a soft epimorphism, there exists a € G such that
(a,a,z) € f. Thus, (a,a,*f(N)) € g. Therefore (g, A) is a soft epimorphism. Further, for any

a€ A:

Ey(a@) = {a€G:(a.a,f(N))€g}
= {aeG:*f(N)="°f(N) for some =€ G with (o,a,z) € f}
= {a€G:x € f(N)(a) for some x € G' with {a,a,x) € f}
= {aeG:{(a,a,z) € f and {(a,b,x) € [ for some b€ N(a)}
= {a€eG:{a,cel) e fand (a,b7% a,c) € x for some c € G}

= {aeG:ce K¢(a) C N(a) and be N(a) }

Therefore (K, A) = (N, A). Thus by the first soft isomorphism theorem,
G/N =G'/f(N).

]

Theorem 3.33. Suppose that (N, A) and (M, A) are normal soft subgroups of G satisfying the
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property (Q) such that (M N, A) is absolute soft set over G. Then,
G/MNN =G/N x G/M.

Proof. Consider a soft mapping (f, A) from G to G/N x G/M defined by («,a,z) € f where
x = (°N,*M) for a € G. Let o € A, a,b,c € G and x,29,23 € G/N x G/M such that
(a,a,z1) € f, (a,b,m9) € f, {(a,c,x3) € f and (o, a,b,c) € % in G where x1 = (*N,*M),
1y = (°N,°M) and 23 = (°N,°M). Since (N, A) and (M, A) are normal soft subgroups of G,
(,N,°N,*N) € A in G/N and (a,*M,°M,°M) € A in G/M. From the definition of direct
product of a soft group and («,c,x3) € f then we have (o, z1, x5, 235) € ® in G/N x G/M
and hence (f, A) is a soft homomorphism. Next we show that (f, A) is surjective. Let z =
(*N,YM) € G/N x G/M. where z,y € G. Since (NM, A) is an absolute soft set, [NM](a) = G
for all @« € A. So if z,y € [NM](«), then (a,r, s,x) € x for some r € N(«a) and s € M(«)
with («,t,u,y) € % for some t € N(«) and u € M(«). Now, let a € G such that («, s,t,a) € *.
Then, (o,a %, z,n) € * for some n € N(a). Hence *N(a) = “*N(a) for all a € A. Also,
since s,u, € M(«), we have (a,a™®,y,m) € % for some m € M(«) and hence *M () = Y M (av).
Therefore (o, a,x) € f where x = (“N,*M). This implies (o, a, z) € f. Thus (f, A) is a soft

epimorphism. Now,

Ki(a) = {a€eG:(va,2) € f where z= (““N,*M)}
= {a€eG:"N=%N and "M =M }
= {a€G:"N(B)=""N(B) and “M(8) = *M(5) Vp € A}
= {a€eG:aeN(a) and a € M(a) }

= (MNN)(«).
Thus (K¢, A) = (M N N, A). Therefore, by the first soft isomorphism theorem
G/MNN =G/N x G/M.

]

Corollary 3.34. Any soft homomorphism of soft groups can be expressed as a composition of

soft epimorphism and monomorphism.
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Proof. Since (f, A) is a soft homomorphism from G to G’, by Theorem 3.24, there is a soft
isomorphism (g, A) from G/ks to f(1g) such that (o, “Kr,y) € ¢ if and only if (o, a,y) € f
for all @« € A and a € G. Since (f(1g), A) is a soft subgroup of G’ (g, A) can be defined as a
soft monomorphism of G//ky in to G'. Also, let (h, A) be a soft homomorphism from G to G/k;
defined by (o, a,“Ky) € h for all @ € G. Then clearly (h, A) be a soft epimorphism. Now, for
any o € A and a € G, (a,a,2) € goh & (o,"Ky,z) € g & (a,a,z) € f for some z € G'.

Thus, (f, A) composition of soft epimorphism (h, A) and soft monomorphism (g, A). O

Theorem 3.35. Consider the following soft groups: (G,*, A), (Gy,0,A) and (Ga, A, A). G =
G1 x Gq if and only if there are normal soft subgroups (Ny, A) and (N, A) of G such that
(N1 Ny, A) is the absolute soft set over G, (NN Na, A) is a trivial soft subgroup of G, G4 = G/N;

~

and Gy = G/ Ns.

Proof. For o« € A, suppose that e,, €/, and e are identities in G, G; and Gy respectively.

«

Assume that (f, A) is a soft isomorphism from G to G; X Gy and G = Gy x Gy. Put (M, A) =
(E; X 1g,, A) and (N, A) = (1, x E’;, A). Then (M, A) and (N, A) are normal soft subgroups
of G; x Gy. Then, put Ny(a) = f~(M)(a) and Na(a) = f~'(N)(«). Which implies that
(N7, A) and (N,, A) are normal soft subgroups of G. For any = € G, (a,x,a) € f with a =
(a1,a2) € Gy X Gy. Consider z; and x5 in G such that (a,x1,d’) € f and (a,29,d") € f

). Then z; € f~1(M)(a), 22 € f7YN)() and (o, z,y) € f &

" — (CL1,€”

where @’ = (€], as), a "

(a,d',a” y) € *. Since (f, A) is a soft isomorphism, we have (o, x1, 22, x) € * and it follows that
x € (N1 Ny)(«). Hence (N1Ns)(a) = G for all « € A. Thus (N1 N,, A) is the absolute soft set.
Let x € (N; N Ny)(«). This implies # € f~1(M)(a), z € f~N)(a). Consequently, a € M(«)
and @ € N(«). Then a € M(a)NN(a) = (M NN)(a). Since (f, A) is soft homomorphism then
we have a = (e, €) and (a, e,,a) € f. This implies = e,. Therefore, (N;NNy) () = {e,} for
all & € A. Thus (N;N Ny, A) is the trivial soft subgroup of G. Next, define a soft mapping (f, A)
from G to Gy and (f2, A) from G to Gy by (o, z,a1) € f1 and (a,z,a2) € fo, if (o, x,a) € f
where a = (a1, az). Thus (fi, A) and (fs, A) are soft epimorphism and (K, A) = (N;, A) and
(Ky,, A) = (Na, A). For

re€N(a)eae M a=d & a =€,

and

r€ Nya)eae Ml a=d" & ay=¢l
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where a' = (€/,,as) and a” = (d’,¢l)). Therefore, G, =~ G/N; and G ~ G/N,. Conversely, let
(N1, A) and (N3, A) be normal soft subgroups of G such that (N1 Ny)(a) = G, (N; N No)(a) =
{eo} for all € a € A and let (g1, A) be a soft isomorphism from G/N; to Gy and let (go, A)
be a soft isomorphism from G/N; to G and (hy, A) be a soft homomorphism from G to G/N;
and (hs, A) be a soft homomorphism from G to G/N>. Now define a soft mapping (6, A) from

G to G1 x Gy as follows: for a« € A, a € G,z € G; and 29 € Gy
(a,a, (21, 29)) € 6 if and only if (o, “Ny, z1) € g1 and (@, “Na, 23) € go

Since (g1, A) and (go, A) are soft isomorphisms, (6, A) will also be a soft epimorphism. Put

l,er). Then for any a € G, consider the following:

€a = (eoﬂ [e%

(a,a,eq) €0 < (a,"Ny,el) € g1 and {(a,"Nay,el) € g

& ae (NN Ny () ={e.}.

Therefore Ky(a) = {en} for all & € A. Thus (A, A) is a soft monomorphism and hence a soft

isomorphism. Therefore, G ~ G x Gs. m

3.3 Soft Automorphisms

This section is devoted to present some fundamental results on soft automorphisms on soft

groups.

Definition 3.36. For any soft group (G, *, A) a bijective soft homomorphism of G onto itself is
called a soft automorphism of G. We denote by S Aut(G) the collection of all soft automorphisms
of G.

Example 3.37. Let (x,N) be a soft binary operation on R™ and defined by
(o, a,b,c) € x < ¢ = aab.
Then it is clear that (R, %, N) is a soft group. Consider.
f:{(a,x,y)ENxR+xR+:y:\/g}.
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Then (f, N) is a soft automorphism of R*.
The following lemmas can be verified easily.

Lemma 3.38. Let (f, A) be a soft isomorphism from (G, x, A) to (G', A, A). Then (f~1, A) is
also a soft isomorphism from (G', A, A) to (G, *, A).

Lemma 3.39. For any soft group G, (SAut(G), o) is a group; where o is the composition of

soft mappings.
Theorem 3.40. (SAut(G), o) is isomorphic to a subgroup of (Aut(SEA(G)), o).

Proof. We show that the map f +—— ? is an embedding of SAut(G) into Aut(SE4(G)) where
for each soft map (f, A) from to G to G, ? is a mapping from SE4(G) to SEA(G) given in

~—

Definition 3.7. It is proved in Theorem 3.9 that if (f, A) is a soft automorphism of G, then f
is an automorphism of SE4(G).
Claim 1: f+— ? is one to one. Let f,g € SAut(G) such that ? = ¢g. Then ?(5) = g(a) for

~—
~—

all @ € SEA(G). Then f(a)(a) = g(a)(a) for all a € A. That is, for any = € G it holds that

(o, a(a),z) € f if and only if (a, a(a),z) € g. Implying that, (f, A) = (g, A).
Claim 2: (fog)=fog

Let a € SEA(G), o € A and z € G such that (f\o/g)(\cf)(a) = {z}. Then, (a, a(a),z) € fog,
and so there is some b € G such that (o, a(a),b) € g, and (a,b,z) € f. Thus g(a)(a) = {b}
and ?(E(H))(a) = {x}. Conversely, if we are assuming that ?(E(H))(a) = {z}, then it can be
shown that (f; g9)(a)(a) = {x}. Thus (fzg)(a)(a) = ?(E(H)(a) for all & € A. Therefore,

fZg(E) = f(g(a) for all a € SE4(G). Hence fgg = ? o g. Therefore the map f — ?f/ is a

monomorphism and hence an embedding.

O

~—

Theorem 3.41. Let (G,*,A) and (G', A, A) be soft groups. If G = G', then SAut(Q)
SAut(G).

Il (

Proof. Suppose G ~ ' and (¢, A) be a soft isomorphism from G to G’. For any soft
automorphism (f, A) of G, one can easily check that (¢ o fo ¢! A) is a soft automorphism of

G'. Moreover, the map f + ¢ o f o ¢! is an ordinary group isomorphism of SAut(G) onto
SAut(G"). O
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Lemma 3.42. Let (G,*,A) be a soft group. Define a soft mapping (f, A) from G to G by
(a,a,a ) € f for any a € G. Then (f, A) is a soft automorphism of G if and only if (G,*, A)

1s an abelian soft group.

Proof. Suppose (f, A) is a soft automorphism of G. Let a,b,z € G and o € A such that
(v, a,b,x) € *. Since (f, A) is a soft homomorphism of G, («,a™*,b~*, =) € x. Then we have
(a,b,a,z) € *. Therefore (G, *, A) is abelian soft group. Conversely, suppose that (G, *, A)
is abelian soft group. We first show that (f, A) is a soft homomorphism. Let a,b,c¢ € G and
a € A such that (a,a,a™®) € f, (a,b,b™) € f, (a,c,c™®) € f and (a,a,b,c) € *. It follows
that (a,b"% a % ¢ ) € *. Since G is abelian soft group, (a,a=*,b~% ¢ *) € x. Therefore
(f,A) is a soft homomorphism. Next we show that (f, A) is injective. Let z1, 29,y € G such

«

that (o, z1,y) € f and (o, z2,y) € f. This implies that y = x7* and y = x;%. It follows that

x1 = x9. Therefore (f, A) is injective. Finlay it remains to show that (f, A) is surjective. Let
h € G then g = h™® € G. It follows that («, g,h) € f. Thus (f, A) is surjective. Hence (f, A)

is a soft automorphism. O

Proposition 3.43. Let (f, A) be a soft automorphism of G. If (H, A) is a soft set over G as

described by
H(a)={9€G:{a.g.9) € fof}
, then (H, A) is a soft subgroup of G.

Proof. Since (a,eq,eq) € fof, e € H(a). Let g,h € H(a) then (a,g,9) € fo f and
(a,h,h) € fof. Let x,z € G such that («, g,h,x) € *x and (a,x,2) € fo f. Since (f, A) is a
soft automorphism, («, g, h, z) € *. This implies that z = z. Therefore z € H(«). Let g € H(«),
y € G such that (a,g,9) € fo fand (o,97 % y) € fof As{w,9,9) € fo f it follows that
(o, g7, g% € fof. Soy =g * Therefore g~ € H(«). Hence (H, A) is a soft subgroup of
G. O

Proposition 3.44. Let (G,*, A) be a soft group and let (H, A) be a soft set over G defined by

H(a)={a € G:{a,a,a) € f, forall f € SAut(G)}

for allaw € A. Then (H, A) is a normal soft subgroup of G.

Proof. Since (o, €4, €4) € f, € € H(a). Let a,b € H(a) and o € G such that (o, a,b™ z) € *.
Then we have (o, a,a) € f and (o, b,b) € f. Let y € G such that (a,x,y) € f. Since (f, A)
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is a soft homomorphism, («,a,b~% y) € x and so y = . Therefore (a,x,z) € f. Thus = €
H(«). Hence (H, A) is a soft subgroup of G. Let o € A,a,z,y € G and n € H(«). Suppose
(a,a,n,x)y € x and (o, x,a”“ y) € x. We shall prove that y € H(«). Let y1,y2,2 € G such
that (o, a,y1) € f, (a,y,2) € f and (o, x,y2) € f. Since (f, A) is a soft homomorphism and
(a,a,y,x) € *, it holds that (a,y1,z,92) € *. As n € H(«) it follows that («,n,n) € f. Again
since (f, A) is a soft homomorphism and («, a,n,z) € *, {(a,y1,n,y2) € *. It follows from the
the cancellation law that z = n. As (f, A) is injective we get y = n. Then by transitivity we
get y = z. Therefore (o, y,y) € f. Thus y € H(a). Hence (H, A) is a normal soft subgroup of
G. O

Theorem 3.45. Let (G, *, A) be a soft group and a € G. Define a soft mapping (T,, A) from
G to G as follows, for each o € A : («, x,2) € T, if and only if there is some y € G such that

(o, a,2,y) € * and (a,y,a=*, z) € x. Then (T,,A) is a soft automorphism on G.

Proof. We first show that (T,, A) is a soft homomorphism. Let « € A, 21, %9, 23, 21,290,235 € G
such that (o, z1,21) € Ty, (o, 22, 20) € Ty, (o, x3,23) € T, and (o, x1, 29, x3) € *. Then there
exist y1,y2,y3 € G such that (a,a,z1,y1) € * and (o, y1,a" %, z1) € *, (@, a,xq,y2) € * and
(o, y2,a7% 29) € %, (o, a,x3,y3) € * and (o, y3,a”*, z3) € *. Using the fact that (o,a™* a,e,) €
« and by associative property of (x, A) we get that (a, z1, 22, 23) € *. Thus (T, A) is a soft
homomorphism. In addition for any @ € A and any z € G, let z,y € G such that (a,a™ %, z,y) €
« and (o, y,a,x) € *. If u € G such that (o, a, x,u) € %, then it can be verified that (a, z,a,u) €
. It follows that (o, u,a™%, z) € x. Therefore, u is an element of G such that («, a,x,u) € %, and
(o,u,a=?, z) € x. Thus (o, x, z) € T, and hence (T, A) is surjective. Finally, it remains to show
that (T,, A) is injective. Let o € A and x1,x9, 2z € G such that (a,xq,z) € T, and (o, xq, z) €
T,. Then there exist y; and yo € G such that (a, a, z1,11) € *, (o, y1,a" %, 2) € x, (@, a, 9, y2) €
x and (o, ys,a" %, z) € *. Applying the cancellation law on equations (a,y;,a ", 2z) € % and
(a,y2,a=%, z) € % we have y; = y. Again using y; = y» and applying the cancellation law on
equations (o, a,z1,y1) € * and (o, a, Ta,yo) € * gives us x1 = xo. Thus (T}, A) is injective and

therefore it is a soft automorphism. O

Definition 3.46. Let (G, *, A) be a soft group and a € G. The soft automorphism (T,, A) of G
given in the above theorem is called the inner soft automorphism of G corresponding to a. We

denote by SI14(G) the set of all inner soft isomorphisms of G with the given set of parameters
A.
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Define a soft binary operation (o, A) on ST4(G) by; for « € A, a,b,c € G
(o, Ty, Ty, Te) € o if and only if (o, a,b,d) € *

for some d € G with T, = T,. Then we have the following theorem.
Theorem 3.47. For any soft group (G, *, A), (S1a(G),0, A) is a soft group.

Proof. We first show that (o, A) is well defined. Let a,b,c,d, e, f € G such that
<Ta7A> = <Td7A>a <Tb7A> = <T6aA>

(a,T,, T, T.) € o and {(a, Ty, T,,Ty) € o.

Then we have for any x,z € G and a € A, (o, x, z) € T, if and only if (o, x, z) € T,. Similarly
(o, x, z) € Ty if and only if (a, x, z) € T,.. Again then we have (o, a,b,c) € x and (a,d, e, f) € *.
Claim: (T., A) = (T}, A).

For any o € A, and z,z € G. Suppose that («,z,z) € T.. Then there exists y € G such
that (a,c,x,y) € * and (a,y,c *, z) € *. Since (o, a,b,c) € * there exist u,w € G such that
(o, b, x,u)y € % and (o, u, b~ w) € x together implying (o, z,w) € T, = T, and there is also v €
G such that (a,a,w,v) € x and (o, v,a"®, z) € x implying that (o, w, z) € T, = T,. Therefore
we can find uy, wy,v; € G such that (a,d, wy,v1) € *, {a,v1,d™% 2) € %, (a,e,x,u;) € % and
(ov,u, e wy) € *. Since (a,d,e, f) € x we get that for some g € G (o, f,x,9) € * and
(a,9,f% 2) € x and therefore (o, z,z) € Ty that is To(a) € Ty(). Since « is arbitrary we
get (T,, A) C (Ty, A). Similarly it can be shown that (T}, A) c (T., A) and hence the equality
holds. Therefore the soft binary operation (o, A) is well-defined. It remains to show that
(S14(G), 0, A) satisfies the soft group axioms which are straightforward. ]

Corollary 3.48. For any abelian soft group G, an identity soft mapping is the only soft inner

automorphism of G.

Proof. Let (G, *, A) be an abelian soft group and (7, A) be a soft inner automorphism on G.
Let a« € A, z,y, z € G such that

(a,x,2) € T, & (o, a,x,y) € x and {a,y,a” %, z) € *
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for all @ € @G. Since G is abelian, (a,z,a,y) € *. Moreover (x, A) is associative and

[0

(a,a,a™%, e,) € x we get z = x. Therefore (o, x,x) € T,. ]

We conclude this chapter by showing that S74(G) is soft isomorphic with the quotient soft
group G/Z4(G) in the following theorem.

Theorem 3.49. For any soft group (G, *, A) we have G/Z4(G) = SIa(G).

Proof. Define a soft mapping (7, A) from G to SI4(G) by:
= {{a,a,T,) :a € Aand a € G}.

Then it is clear that (m, A) is a soft epimorphism.

Claim: (K., A) = (Z4(G), A) for any a € A. Let a € K,(«). Then T, = T,_ i.e for z,y € G
it holds that (o, x,z) € T, if and only if (a,xz,2) € T, equivalently, if y € G such that
(o,a,z,y) € * and (a,y,a™%, z) € x then z = z and (a, x,a,y) € * and hence a € Z4(G)(«).
Since o € A is arbitrary we have (K, A) C (Z4(G), A). Conversely, for a € A, suppose
that a € Za(G)(«). Then for all z,y € G it is the case that (a,a,z,y) € * if and only if
(o, z,a,y) € . For any z € G and y € G if (a,a,z,y) € *, then (a,y,a"* x) € x. Now we
show that T, = T, for z,y € G. Let («a, z,z) € T, which implies that there exists y € G such
that (o, a,z,y) € %, and («,y,a™ %, z) € x. Then it follows that z = x, and hence (o, z,z) € T,
ie, T, CT,, . Alsoif(«,z,z2) €T, wegetthat 2 =x. So that for any y € G, if (o, a,x,y) € *,
then (o, y,a™, x) € *. So that (a,z,x) € T, and hence T, C T,. Therefore T, = T,_. Thus,
a € K,(a). Therefore, (K., A) = (Z4(G), A). Hence by the first soft isomorphism theorem
G/Z4(G) = SI(G).
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Chapter 4

Action of a soft group on a set

The results of soft group based on soft binary operations, including the action of a soft group
on a set, soft orbits, and soft stabilizers, are examined in this chapter along with their
characteristics. Furthermore, we obtain an ordinary map g from the set SE4(G) x SEA(X)
to the set SE4(X) given a soft mapping (u, A) from G x X to X. We prove that (u, A) is a
soft action if and only if iz is an ordinary action. In addition we establish relation between
soft orbits and soft stabilizers of an element z in X with orbits and stabilizers of the soft

elements x.

4.1 Soft actions

Definition 4.1. Let (G, *, A) be a soft group and X be a non empty set. By a soft action of G

on X we mean a soft mapping (u, A) from G x X to X satisfying the following two conditions:
(SA1) (a,eq,x,x) € pu for every a € A and x € X

(SA2) For any a € A, a,b,c € G and x,y,z,u € X,

(o, a,b,¢) € %, {a, e, u) € p, (o, b,x,y) € pand («,a,y, z) € u all together imply u = z.

Note: If there is a soft action (i, A) of a soft group (G,*, A) on a set X, then we say that
G acts on X softly and we call X a soft G-set.

Example 4.2. Let (G, *, A) be a soft group and X be non empty set. Define a soft mapping
(u, A) from G x X to X by:

p={{a,a,z,z): a€AacGureX}.
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Then, {u, A) is the trivial soft action of G on X.

Example 4.3. Let (G, *, A) be a soft group. Define a soft mapping (i, Ay from G x G to G as
follows: for each o € A and a,x,y € G. Then,

<a7a7x7y> E/"L<:> <O{7a7gj7y> 6 *.

We call {u, A) is a soft action of G on itself by left translation.

Example 4.4. Suppose (G,*, A) is a soft group. For every a € A and a,x,y € G, define a
soft mapping (u, A) from G x G to G as follows:

<a7 a”x7 y> E /"L @ <Of, I? a_a’y> e *.

This is known as the soft action of G on itself by right translation

Example 4.5. Suppose (G, *, A) is a soft group. Define a soft mapping {u, A) from G x G to
G as follows:

(o, a,2,y) € u< (o, a,x,z) € x and (a, z,a” % y) € *,

for all o € A and a,x,y,z € G. This is known as the soft action of G on itself by conjugation.

Lemma 4.6. Suppose that (G, *, A) is a soft group and (H, A) is a normal soft subgroup of G.
Let X be the set G/H. Define a soft mapping (1, A) from G x X to X by:

(Oz,a,bH,cH> €us (o,a,by) € x,

for some y € G with °H =YH. Then, (i, A) is a soft action of G on X.

Proof. By Theorem 3.20, clearly (u, A) is well-defined. Let (o, eq,°H,¢H) € pu. This implies
that (a,eq,b,y) € % for some y € G with °H = YH. It follows that b = y. Therefore
(o, e4,H,°H) € p. Let o € A, a,b,c € G and *H,YH,*H,*H € X such that (a,a,b,c) € *,
(o, c,"H,"H) € p, {a,b,"H,YH) € p and (o, a,YH,*H) € u. We need to show that “H = *H.
From (a,c,”H,"H) € pu we have (a,c,z,m) € * for some m € G with “"H = ™H. From
(a,b,"H,YH) € pu, we have («,b,x,n) € * for some n € G with YH = "H. Again from
(o,a,YH,*H) € pu we have («,a,"H,*H) € pu and hence (o, a,n,w) € * for some w € G with
*H ="H. It follows from associative (%, A) that m = w. Thus “H = *H. Therefore (i, A) is a
soft action of G on G/H. O
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Lemma 4.7. Let G acts on X softly.
(a) <Oé,g,$,y> cp= <Oé,g_a,y,.’ll'> € ,UfOT’ any « € A7 T,y € X andg €aq.

(b) For each o € A, z, 2",y € X and g € G, if (a,g9,z,y) € p and {a, 9,2’ ,y) € u, then

z=2a.

Proof. (a) Let a € A, g € G and z,y,z € X such that (o, ¢,x,y) € p and (o, g~ %y, 2) € p.
Consider (o, g, z,y) € u, (a,g~*% y,2) € u, (0, g~%,g,€q) € * and {(a, ey, , ) € p. Since

(u, A) is a soft action, z = z. Hence (o, g~ %, y,x) € L.

(b) Let « € A, g € G and z,y,2’ € X such that (a,g,2z,y) € p and (o, g,2",y) € u. We
need to show that z = /. From (o, ¢,x,y) € p and {(a,g,2',y) € p by (a) we have

(o, g% y,x) € pand (o, g~ y,2') € p. Therefore z = 2.
]

Theorem 4.8. Suppose (11, A) is a soft action of G on X. Define a soft relation (0, A) on X
by:
(a,2,y) €0 & (a,g,2,y) € p

for some g € G. Then (0, A) is a soft equivalence relation on X.
Proof. Suppose z,y,z € X and a € A.
(i) As («,eq, x, ) € u, we have (o, z,x) € 0.

(ii) Let (o, z,y) € 0. Consequently, for some g € G, (a,g,z,y) € pu. Then by Lemma 4.7
(o, g7y, ) € p. Therefore (a,y,z) € 6.

(iii) Let (o, z,y) € 6 and («,y,2) € 0. Then, a,b € G exists such that («a,a,z,y) € u and
(a,b,y,2) € p. Let ¢ € G and v € X such that («o,b,a,c) € * and (a,c,z,v) € p.
Considering that (i, A) is a soft action of G on X, v = z. Hence {(a, ¢, z, z) € p. Therefore

(a,, z) € 0. Thus (0, A) is a soft equivalence relation on X.

Lemma 4.9. Given a soft group G, define a soft mapping (u, A) from G x G to G by:

(a,a,2,y) € p < (o, x,a,y) € *

foralla € A, a,z,y € G. Then, (i, A) is a soft action of G on itself if and only if G is abelian.
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Proof. Suppose (u, A) is a soft action of G on G. Let a,b € G. Suppose (a,a,b,c) € * and
(a,b,a,d) € * for some ¢,d € G. We need to show that ¢ = d. Now, let x,y,z,w € G such
that (o, ¢, z,y) € u, (o, b,x,2) € u, {,a,z,w) € p. Thus y = w because (u, A) is a soft action.
From (o, b, x, z) € u, we have (o, x,b, z) € % and from (o, a, z,w) € p, we have («a, z,a,w) € *.
By associativity, (o, z,d,w) € *. Moreover, for (a,c,z,y) € p, we get (a,x,c,y) € . Since
y = w and by left cancellation, ¢ = d. Consequently, G is Abelian. Conversely, assume that G
is abelian. For any x € G, since (o, x, e,, x) € %, we have (a, e,,z,x) € u. Now let o € A and
a,b,c,x,y,z,u € G such that (o, a,b,c) € %, (a,c,z,u) € p, (o,b,x,y) € p and (o, a,y,z) €
p. From (o, c,z,u) € p we have (a,x,c,u) € x. Since G is abelian, («, ¢, z,u) € *. From
(a,b,z,y) € pand (a,a,y,2) € u we get (o, z,b,y) € x and (o, y,a, z) € *. Since G is abelian,
(a,b,z,y) € x and (o, a,y, z) € *. Consider (a, a,b,c) € *, (o, c,x,u) € *, (o,b,x,y) € * and
(a,a,y, z) € *. Since (x, A) is associative, u = z. Hence (i, A) is a soft action of G on itself.

O

The second chapter notes that if (G,*, A) is a soft group, then the set SE4(G) of all soft
elements of GG is an ordinary group along with the induced binary operation *, that can be used
as a model to represent soft groups. We define the following in order to extend soft action to

classical group action.

Definition 4.10. Let (i, A) be a soft action of G on X. Define a map ji : SEA(G)XSE4(X) —
SEA(X) by

o~ ~—

i(a,r) =y if and only if (a, a(a), z(a), y(a)) € p  for all a € A.

Theorem 4.11. A soft mapping (, A) from G x X to X is a soft action of G on X if and
only if [ is an action of SEA(G) on SEA(X).

Proof. Suppose (u, A) is a soft action of G on X. We need to show that iz is an action of
SEA(G) on SE4(X). Let # € SE4(X). Since {(a, e(a), z(a), z(a)) € p for each o € A,
we have fi(e,z) = z. Let a, E, c € SEAG), z, y, z,u € SEA(X) such that aFh = c,
(¢, 7) =u, (b, 7) = g and 7i(a, ) = z. Thus, for each a € A, (o, a(), b(a), ¢(a)) € *,
(o, c(a), z(a), u(a)) € pu, <a,;(a),\f(a),\y/(a)) € pu and (o, a(a),y(a), z(a)) € p. Since

{, A) is a soft action of G on X, u(a) = z(a) for all @ € A. Hence u = z. Conversely, define
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the soft elements 2 € SE4(X) by for each A € A :

- x if A=«
50 = {z}
{z,} if V£
Since fi(e, ) = x, (A, €()\), z(A\), z(A\)) € u for all A € A. In particular, it works for A = «

and hence (a, () ,x) € u. Let a,b,c € G, x,y,z,u € X and a € A such that («,a,b,c) € *,
(o, c,xyuy € py (a,byz,y) € pwand (a,a,y,z) € p. We need to show that z = u. Consider soft

~—

a(\) = {a}, b(\) = b}, T(N) = {a} for all

elements a, b ¢ in SEA(G) defined as follows:
ANeAand z, c,u, u,in SE4(X).

- {c} if =«
{aa} if MFa

where ¢, € G with (A, a,b,c)) € *

{u}  if M=«
{w} if M£a

where uy € G with (A, ¢y, z,uy) € p. Similarly, define

T
T = {yy if a
{yat if M £a

where y, € G with (A, b, xx,y») € p.
20 = {z} if A=«
{zx} if A#a

~—
—

where zy, € G with (X, a,yy, 2x) € p for all X # a. Then we get a¥b = ¢, ji(c,z) = u,
ﬁ(z, z) =y and fi(a, y) = z. Since i is an action of SE4(G) on SEA(X), u = z. This implies
w(X) = z(X) for all A € A. In particular it works for & = A and hence which would give z = u.

Consequently, (u, A) is a soft action of G on X. ]

Lemma 4.12. Let (G,*, A) be a soft group and X1 and Xo be a non empty sets, (u1, A) and
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(2, A) be soft actions of G on Xy and Xy respectively. Define a soft mapping (u1 X pa, A) from
G x (X1 X XQ) to X1 X X2 by

pr X pe ={{a,a,z,y) € A;a € G and x,y € X1 X Xs}.

where x = (x1,22),y = (Y1,y2), (@, a,z1,y1) € p1 and (o, a,x2,Yys) € pa. Then (g X po, A) is
a soft action of G on X1 X Xo.

4.2 Soft Orbits and Soft Stabilizers

Definition 4.13. Let (i, A) be a soft action of G on X and x € X. For any a € A, the soft
orbit of x is a soft set (SO,, A) over X defined by

SO (o) ={y € X : {a,g9,x,y) € u for some g € G}.

Definition 4.14. Let © € X and (i, A) be soft actions of G on X. For any o € A, the soft
stabilizer of x is a soft set (SSt,, A) over G defined by

SSty(a) ={a € G:{o,a,x,x) € u}.

Example 4.15. Let (u, A) be a trivial soft action of G on X. So that for any v € X, we get
SO, (a) = {z} for all « in A, and the soft stabilizer is an absolute soft set over G.

Example 4.16. Consider a soft action of G on itself by conjugation. For x € G, the soft orbit
(SO., A) of x in G is

SO.(a) = {ye X :(xa,z,y) €p for some a € G}

= {ye X :{a,a,z,2) € x and {(a,z,a” % y) € x for some a € G}

and the soft stabilizer is

SSty(a) = {aeG:{a,a,x,x)€ u}
= {aeG:{a,a,z,2) € x and (a,z,a" % x) € * for some z € G}

= {a€eG:(a,a,z,2) €x if and only if (a,z,a,z) € * for some z € G}.
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Thus the soft stabilizer (SSt,, A) is called the centralizer of x in G.
Theorem 4.17. (SSt,, A) is a soft subgroup of G.

Proof. Let « € A and = € X. Since (o, €4, 2,2) € 1, €, € SSt (). Let a,b € SSt, (). Then
we have (a,a,z,z) € p and (o, b,x,z) € p. Let ¢ € G and y € X such that (o, a,b,c) € *
and («, ¢, z,y) € p. Since (u, A) is a soft action of G on X, y = z. Thus (a, ¢, z,x) € p. Hence
c € SSt,(a). Let a € SSt,(a). Then we have (o, a,x,z) € u. By Lemma 4.7, it follows that
(o,a™, x,x) € p. Hence a=* € SSt,(a). Therefore (SSt,, A) is a soft subgroup of G.

[

Corollary 4.18. Let Y be a subset of X and let G be a soft group acts on X. Suppose (SSty, A)

is a soft set over G defined as follows
SSty(a) ={a € G :{a,a,y,y) € u for all y € Y}

for each o € A. Then (SSty, A) is a soft subgroup of G.

Proof. Since (o, e4,y,y) € pforally €Y, e, € SSty(a). Let a € A, a,b € SSty(«a) and ¢ € G
such that {(a,a % b,c) € *. This implies that (o, a,y,y) € p and {(«,b,y,y) € pu for all y € Y.
From (o, a,y,y) € u we have (o, a™“,y,y) € pu. Since G acts on X softly, (a, ¢, y,y) € pu. Hence
¢ € SSty(«). Therefore (SSty, A) is a soft subgroup of G. O

~—

Theorem 4.19. If a soft group G acts on a set X, and x,y € X, then either (SO,, A) =
(SO, A) or (SO,, A) and (SO,, A) are weakly disjoint. Moreover, the union of all soft orbits

is an absulute soft set over X.

Proof. Assume that x,y € X and the soft orbits (SO,, A) and (SO,,, A) are not weakly disjoint.
Then, for all a € A, SO.(a) N SO, (a) # 0. Let @« € A and z € SO,(a) N SO, (). Thus
(a,a,z,2) € pand (a,b,y,2) € p for some a,b € G. Let ¢ € G such that (o,a™%b,c) € *.
Then, it follows that («, ¢, y,z) € pand (o, ¢, z,y) € p. So SO, (a) C SO (a) and SO (a) C
SO, (). Therefore SO, (a) = SO, («) for all & € A. Thus (SO,, A) = (SO, A). Clearly SO, («)
is a subset of X. Let z € X. Since (o, eq, 7,2) € p, x € SO,(ar). Therefore X = J, . SO, (a)

for all z € X. Hence the union of all soft orbits is an absulute soft set over X.
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Theorem 4.20. Let (u, A) be a soft action of G on a set X, and let a € G. Define a soft
mapping (f,(a), A) from X to X as follows :

(a,z,y) € fula) & (@, a,7,y) € p
for each o € A and x,y € X. Then, (f.(a), A) is a bijection on X.

Proof. Clearly (f.(a), A) is a soft mapping from X to X. Let a € A, x1, 73,y € X such that
(a,z1,y) € fu(a) and (o, z9,y) € fu(a). It follows that (o, a,z1,y) € p and (o, a,z2,y) € pu.
From (a, a,z1,y) € p and {(a, a,x2,y) € u we have (a,a™ y, 1) € p and (o, a™* y,x2) € L.
Thus z; = x5. Therefore (f,(a), A) is injective. Also for any y € X, we have (o, a™ %, y, 1) € p
for some y; € X. Thus by Lemma 4.7, (o, a,v1,y) € p. Thus (o, y1,9) € fu.(a). Hence (f,(a), A)

is surjective. Therefore (f,(a), A) is a bijection of X onto itself.

Theorem 4.21. Let X be a non-empty set and G be a soft group.

(a) A soft homomorphism from G to Sx, where (Sx,0,A) is a soft group and Sx is the set
of all bijective maps from X to X, is induced if G acts on X softly.

(b) Any soft homomorphism from G to Sx induces a soft action of G on X.

Proof. (a) Let (11, A) be a soft action of G on X. Define a soft mapping (¢,, A) from G to
Sx by:
<Oé,CL, f> 6 ¢,LL = f = f/l(a)<a)'

Let « € A, a,b,c € G and fi, fo, f3 € Sx Such that (o, a, fi) € ¢, (a,b, f2) € ¢,
(a,c, f3) € ¢, and (o, a,b, c) € *. It follows that for any = € X.

o
=
Il
;ﬁ
&
2
&
I
E
o
8
L

Now, fs(z) = fuld)(@)(x) = ple,z)(@) = pla,pb,z)(a) = wla, fu(0)(x)) () =
[fula)(a) o (fu(b)(a)](x). It follows that («, fi, fa2, f3) € o. Therefore (¢,, A) is a soft

homomorphism from G to Sx.
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(b) Let (¢, A) be a soft homomorphism from G to S,. Define a soft mapping (p4, A) from
G x X to X by:

<CE, a, xmy) € Ko <~ ¢(a)($)(a) =Y.

We need to show that (us, A) is a soft action of G on X. Let a € A, e, € G and
z,y € X. Suppose (@, €q4,%,Yy) € p, this implies that ¢(e,)(z)(a) = y. Since (¢, A) is a
soft homomorphism, y = x. Therefore («, e,,z,2) € p. Let a,b,¢c € G and z,y,u,v € X
such that (a,a,b,c) € *, (a,c,x,y) € puy, {(a,b,x,u) € pg and (o, a,u,v) € py. It follows
that $(c)(@)(a) = , HB)(x)(@) = u and G(a)(w)(a) = v. Now, v = é(a)(u)(a) =
o(a)(p(b)(x) () = ¢(c)(z)(a) = y. Therefore (pu4, A) is a soft action of G on X.

[

Definition 4.22. The soft homomorphism (¢,, A) from G to Sx described by Theorem 4.21 is
known as the soft homomorphism associated with the soft action (u, A) of a soft group G on a

set X. If (¢, A) is injective, then (u, A) is referred to as an effective soft action of G on X.

Note: kernel of the soft action (i, A) we mean the kernel of soft homomorphism (¢, A),
denoted by (K, A).

Lemma 4.23. For any o € A, the soft action (u, A) of G on X is effective if and only if
Ky(a) = {ea}.

Proof. (u, A) is effective if and only if (¢, A) is soft monomorphism if and only if Ky () = {es}
for all « € A if and only if K,(a) = {e,} for all & € A. Therefore, a soft action (u, A) is effective

if and only if K,(a) = {e,} for all @ € A. In other words, e, is the only element in G such

that, for any o € A and =z € X, (o, 4,2, 2) € p. ]

Corollary 4.24. If (1, A) is the soft action of G on itself by left translation then (u, A) is soft

effective.

Proof. Let o € A. Now,

W) = {a€G:la,a,idy) €}

= {aeGridx(z) = fula)(z)(e) VzeG}
= {a€eG:{a,a,x,x) € p VYr € G}

= {aeG:{a,a,x,x) € x Yz G}

= {ea}
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That is, K, (o) = {eq} for a € A. Therefore (u, A) is soft effective.
[

Corollary 4.25. Let (u, A) is the soft action of G on itself by conjugation. Then {(u, A) is
effective if and only if the center of G contained only an identity element of G.

Proof. Let a€ A and a,z,z € G.

ZAG)(a) = {a€eG (v a,2,2) €Ex< (a,z,a,2) € x VreG}
= {a€eG:{a,a,z,2) € xand (o, z,a” % x) € x Vr € G}
= {aeG:{(a,a,x,2) € u}
- Ku(a).

Therefore, (11, A) is soft effective if and only if the center of Z4(G) = {e,} for all a € A.
[

Theorem 4.26. Let (i, A) be a soft action of G on a set X and let Y C X. Define the soft
mapping (i, A) from G x 2% to 2% by:

(,a,Y,Z) ey & Z={ze X :(a,a,2,2) € p for some z €Y}

then, (', A) is a soft action of G on the power set of X and (K, A) = (K, A).

Proof. Let a € Aand Y C X. If (o, e,,Y, Z) € i, then

Z = {zeX:{a,eqnx,2) Epn reY}
= {zeX:z=2 z€Y}
= Y.

Hence (o, e,,Y,Y) €y, for any Y C X. Let a € A and a,b,c € G such that (o, a,b,c) € *.
Suppose (a, a, Zy, W) € i', (a,b,Y, Z,) € pi’ and (a, ¢, Y, Z) € ii'. We need to show that W = Z.
Let z € W. Thus, (o, a,x1,2) € p for some z; € Z;. But, (a,b,z,21) € p, for some x € Y.
Since (u, A) is a soft action of G on X and (a,a, b, c) € *x we have (a, ¢, x, z) € p. This implies
2z € Z. Hence W C Z. Let z € Z. Thus, («,c¢,x,2) € u, for some z € Y. Let {(a, b, z,u) € p.
Thus, u € Z;. Let (a,a,u,v) € p. Thus v € W. But, since (u, A) is a soft action of G on X
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and (a,a,b,c) € %, we have z = v. It follows that z € W. Hence, Z C W. Therefore Z = W.

Consequently, (1, A) is a soft action of G on 2°. In addition, for every a € A,

W) = {a€G:(a,aidy) € ¢}

= {aeG:udx(z) = fula)(z)(a) Vze X}
= {aeG:{a,a,z,2) ep VreX}

= {acG:{a,a,Y,Y)epy VY CX}

= K, (a).

"

Therefore (K, A) = (K, A). In particular (i, A) is effective if and only if (u, A) is effective.
0

Corollary 4.27. The soft action of a soft group G on a set X is effective if and only if for
any a,b € G, x € X, {(a,a,z,y) € p and (o, b,x,y) € u imply a = b.

Proof. 1t follows directly from Lemma 4.7. O

Example 4.28. Let X be the set of left cosets of (H, A) in G and let (H, A) be a soft subgroup

of G. For every a € A, a,b,c,d € G, define a soft mapping (i, A) from G x X to X as follows:
(o,a,"H,"H) € p = *H =YH,

where *"H,*H,YH € X, (a,a,b,c) € * and {a,c,a™,y) € *. Then {u, A) is a soft action of G

on X but (i, A) is not effective.

Lemma 4.29. Let (u, A) represent a soft action of G on X. Consider the action i : SE4(G) %
SEL(X) = SEA(X). Forx € X, consider the soft element x € SEA(X) defined by x(a) = {z}.
Then we have the following :

(1) St. = 8St,.
(2) O = SO,.

Proof. We know that
St— = {a € SEAG) : fi(a,r) =z}

and
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SSt, = {a € SE4(G) : a(a) C SSt.(a) for all a € A}.

Claim I: St = S{S?m

(C) Let a € St

(D) Let a € S{S?x

N

T

(@), z(a))y €p  foralla€ A

=
2 (
£
.

~—

(a,a(a),z,z) ep  forallae A

a(a) C SSty(a) forallac A

a € 551,

a(a) C SSt,(a)  forallac A

(o, a(a),z,z) € foralla€ A

(o, a(a), z(a), z(a)) €p foralla € A
ila,z) ==

a € St-.

Therefore St = S/S?x We also know that

0. = {y € SEA(X):fi(a,z) =1y for some a € SEA(G)}

and

SO, = {y € SE4(X) : y(a) C SO.(a) for all a € A}.

Claim II: O- = 50,
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o~

(C) Let y€Os = fila,z)=1y for some a € SEs(G)

(o, ala), z(a), y(a)) €p  foralla € A

(o, a(a),z,y(a)) €p  forallae A
y(a) C SO, (o) forall a € A

L

y € 50,.

(D) Let y € SO,. Then y(a) C SO,(a) for all a € A. It follows that for each o € A,
(@, a0, 7, y(a)) € p for some a, € G. Consider the soft elements a € SFE,(G) defined by

a(a) = {a.}. Now, fi(a, z) = y. This implies that y € O-. Therefore O~ = S0,.
[l

Lemma 4.30. Suppose that (u, A) is a soft action of G on X. (u, A) is an effective soft action
of G on X if and only if [i is an effective action of SEA(G) on SEA(X).

Proof. (u, A) is effective if and only if (¢,, A) is injective if and only if ¢; is injective if and
only if 1 is effective. O

4.3 Transitive Soft Action

Definition 4.31. If there is just one soft orbit in X, the soft action of G on a set X 1is said to
be transitive. That is, SO, () = X for every a € A, x € X. In other words, for every x,y € X,
(SO,, A) = (SO, A). In this case, we say that G acts transitively on X.

Lemma 4.32. For any pair of elements x,y € X, a soft action {(u, A) of G on X is transitive

if and only if for every o € A there is an element a in G such that («,a,z,y) € p.

Proof. Suppose (u, A) is transitive. Let z,y € X and a € A. From SO,(a) = X, y € SO, ().
It follows that a € G such that («,a,z,y) € u. Conversely, let x € X and a € A. Suppose
y € X. We need to show that y € SO,(«). According to the hypothesis, a € G exists such that
(a,a,z,y) € p. It follows that y € SO, (a). Thus X C SO, («) and hence SO,(a) = X for all
a € A. Therefore (u, A) is transitive. O

Lemma 4.33. If (i, A) is a soft action of G on itself by left(right) translation then (u, A) is

transitive.
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Proof. Let a € A and z,y € G. Then (a,y,z=% 2) € * for some z € G. It follows that
(o, z,x,y) € *. By left translation this implies that («, z,x,y) € p. Therefore by Lemma 4.32,
(1, A) is transitive. Similarly if (a,y~, x, z) € * for some z € G. Hence (o, x,27%y) € *. By
right translation it follows that (o, z,z,y) € u. Therefore again by the Lemma 4.32, (u, A) is

transitive. O

Definition 4.34. Let (G, *, A be a soft group and let (u, A) and (', A) be represented soft
actions of G on Xy and Xo respectively. Then these two soft actions are said to be equivalent
if there exists a bijective soft mapping (f, A) from Xy to Xy such that for each o € A, a € G,
21,Y1 € X and x9,Ys, 22 € X,

<Oé,$1,l‘2> € f7 <OZ,CL,SCQ,22> € ,LL,, <04,a;$17y1> € W and <04;yl73/2> € f Zmply Yo = Z2.

Lemma 4.35. Let (i, A) be a soft action of G on itself by left translation, and (i, A) be a soft

action of G on itself by right translation. Then, (p, A) and {i', A) are equivalent soft actions.

Proof. Suppose (i, A) and {(p', A) are soft actions of G’ on itself by left translation and right
translation respectively. Let & € A and a,x € G. Define a soft mapping (f, A) from G to G by
(o, z,z=%) € f. Consequently, it is evident that (f, A) is a bijective on G. Let y,z € G such
that (o, a,x,y) € pand (o, y,2) € f. Now, (o,y,2) € f < z =y~ From (a,a,z,y) € * we
have (a, 27%,a™%, 2) € *. This implies that (o, a,2™%, z) € u'. Therefore the soft actions (s, A)

and (', A) are equivalent.

Theorem 4.36. Given a soft group G acts transitively on a set X, v € X and (H, A) =
(SSt., A). Then the soft action of G on X is equivalent to the soft action of G on the set of
left cosets of (H, A) in G by left translation.

Proof. Let Y be the collection of left cosets of (H, A) in G. and (u, A) be a specified transitive
action on X. Let (i, A) represent the left translation soft action of G on Y. Then (i, A) is
a soft mapping from G x Y to Y defined by (a,a,"H,YH) € yi' where (a,a,b,y) € * for some
y € G, for all a,b € G and "H,YH € Y. Since the soft action (u, A) is transitive, we get that
the soft orbits SO, (a) = X for all « € A, x € X. Define a soft mapping (f, A) from X to Y by
(a, 21,*H) € f where (o, a,x,21) € u. Now, for any a € G and y,y; € X with (o, a,y,11) € u,
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choose b € G such that («, b, z,y) € p. Then we have

(o, y1,2) € fand {a,a,y,91) €Ep < z=H where (a,a,b,d) € x for some de G
& (a,a,°H, z) € n

& (o, a,z1,2) € i and (o, y,z1) € f for some z €Y.

Thus the soft actions (u, A) and (i, A) are equivalent.
[l

Definition 4.37. Let (i, A) be a soft action of G on X. A soft equivalence relation (1, A) on
X is said to be compatible with the soft action (u, A) if for any o € A, x1,29,91,92 € X and

a € G with (o, a,x1,11) € p and (o, a,x2,Yya) € U,

<Oé,$1,I2> S 1/1 = <047y1>y2> S ¢

Example 4.38. The absolute soft relation on X and the soft diagonal (A, A) (i.e for every
a € A and z,y € X, (a,z,y) € A & x = y) are soft equivalence relation on X that are

compatible with every soft action of G on X.

Definition 4.39. A soft action (u, A) of G on X is referred to as primitive if the only soft
equivalence relations on X that are compatible with the soft action (u, Ay are (1xxx,A) and

(A, A). The term imprimitive refers to a soft action that is not primitive.

Theorem 4.40. Let (i, A) and (ii', A) be equivalent soft actions of G on X, and X, respectively.
In such case, (ju, A) is primitive if and only if (i, A) is primitive.

Proof. Let the equivalent actions of G be (i, A) on X and (i, A) on X then there is a bijective
soft mapping from X; to X, such that for each oo € A, a € G, z1,y1 € X and x3,ys, 29 € Xo;
(o, z1,x2) € f, (,a, 9, 20) € i, (v, a,x1,y1) € pand (o, y1,y2) € f = yo = 25. Let (¢, A) be

a soft equivalence relation on Xj. Define a soft relation (i5, A) on X5 by

<a>$27y2> € ¢2 <~ <a,$1,y1> € wla

where x1,11 € X7 and 9, y2 € X with (o, z1,29) € f and (o, y1,90) € f.

Claim: (19, A) is a soft equivalence relation on Xs.
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(i) Let x; € X;. Then there exists x5 € X3 such that (a,zq1,22) € f. Since (11, A) is an
equivalence relation on Xi, (a,x1,21) € ;. This implies (o, z9,x9) € 1by. Therefore

(1hy, A) is reflective.

(ii) Suppose T2, ys € Xo such that («, xq, ys) € 1s.

= (a,z1,y1) €
= (a,y1,71) €Yy
=

(o, ya, T2) € 1o

Therefore (19, A) is symmetric.

(iii) Suppose xg, Y2, 22 € Xo such that (o, z2,y2) € ¥y and (@, ya, 29) € Vs

= (o, 21,91) € Y1 and (o, y1, 21) € Y1
= (a,11,21) € Yy
=

(o, T2, 22) € o

Therefore (15, A) is transitive. Hence (12, A) is a soft equivalence relation on X,. Using
the soft inverse of (f, A) we can show that there is a one to one correspondence between
soft equivalence relation on X; and soft equivalence relation on Xs. Suppose (¢, A) soft
equivalence relation on X; which is compatible with (u, A). Let (12, A) be the
corresponding soft equivalence relation on X,. Suppose (¢1, A) = (1,xz,, A). Then
there exist x1,y; € X; such that (a, x1,x9) € f and (o, y1,y2) € f. Since (a, x1,y1) € V1,
we have (v, o, y2) € 1y. Therefore (o, AY = (14,xa,, A). Suppose (1, A) = (A, A). Let
To,ys € Xy such that (a,x9,y2) € . Then, (a,z1,y1) € . This implies
(a, 1,1) € A. Tt follows that x; = y;. Hence zo = yo. Therefore (15, A) = (A, A). Then

there is one to one correspondence between compatible soft equivalent relation. Hence,

the theorem.
O]

Theorem 4.41. Let (u, A) represent a soft group G acts on a set X. Then, (u, A) is soft
imprimitive if and only if |Y| > 1 is a proper subset Y of X such that, for any a € G,
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(a,a,Y,Z) € p, either Z=Y or ZNY =0 where Z = {z € X : {(a,a,y,21) € u for some y €
Y}

Proof. Assume that (i, A) is imprimitive. Then, for some o € A, there exists a soft equivalence
relation (¢, A) on X that is compatible with (u, A) such that ¥(a) # A(a) and ¥(a) #
Ixxx(a). If x # y € X then (o, z,y) € ¥. Let Y = {z € X : (a,x,z) € ¢}. Considering
that  # y € Y, |Y| > 1. Additionally, given that ¥(a) # lxxx(«) for some a € A, Y is a
proper subset of X. Now let a € G such that ZNY # () with (a,a,Y,Z) € u. Then choose
an element z; € Y such that (o, a,z1,29) € p for some 2o € Y. Thus (o, z,29) € 9. Let
(o, a,x,u)y € p for some u € X. Since (o, z,21) € ¥ and (¥, A) is soft compatible with (u, A),
we get (a,u, z9) € 1 which implies that (a,x,u) € 1. Currently, it is simple to verified that
(a,a,Y,Y) € p. Conversely, let Y be a proper subset of X such that |Y| > 1 and that ZNY = ()
or Z =Y, where (a,a,Y,Z) € p. Then for any a,b € G either Z = Z; or Z N Z; = () where
(,b,Y, Zy) € pi, (o,a,Y, Z) € p. Put M = X — (U, Z) where (o, a,Y, Z) € . Consequently,
the soft action (u, A) is compatible with the equivalent soft equivalence relation (¢, A) on X.
Since (a,e,,Y,Y) € pand Y # X, ¥(a) # lxxx(a) for some o € A. Also since Y| > 1,
P(a) # A(w) for some a € A. Thus (u, A) is imprimitive.

O

Lemma 4.42. Let (i, A) be a soft action of G on a set X. Define a soft set (¢, A) over X as

follows :

Yu(a) = {(z,y) € 1xxx(a) : (a,a,z,y) € pu for some a € G}.

Consequently, (1, A) is a soft equivalence relation on X that is compatible with the soft action

(p, A).

Proof. Observe that

(,y) € Yu(a) &y e SO, (a), the soft orbit of .

& x € SOy(a), the soft orbit of y.

Therefore (1), A) is the soft equivalence relation consisting the soft orbits of elements of X.
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Then, for every o« € A, a € G and x,y,z1,y; € X :

(x,y) € Yu(a) a,b,x,y) € p for some beG

a,b,x1,y) € p and {(a,a,x,x1) € [0

& |
& |
& (o c,z,y) € u and {(a,a,b,c) € *
< (a,a,y,y) € for some a€G
& |

561,3/1> € w,lt(&) where <Oé,a,.f€,3§'1> € % and <a7a7yvy1> € M.

Therefore (1, A) is a soft compatible with the soft action (u, A).
]

Corollary 4.43. If G on X has a primitive soft action (u, A), then either (i, A) is transitive
or (u, A) is trivial (i.e. (o,a,x,x) € p for alla € A, a € G and x € X ).

Proof. Since (u, A) is primitive, ¢, (a) = A(a) or ¥, (o) = 1xxx(a) for all @ € A. Then there is
just one soft orbit or all soft orbits are singleton sets, this implies that either (u, A) is transitive

or trivial. n

Note : A nontrivial primitive soft action must be transitive in particular, hence the class of
nontrivial primitive soft actions of a soft group G on a set X is a subclass of the transitive soft
actions of G on X. However, a transitive soft action does not always have to be primitive.This

is verified by the example that follows.

Example 4.44. Let (H, A) be a nontrivial proper soft subgroup of G, and let {u, A) be a soft
action of G on itself by left translation. Define a soft relation (¢, A) on G by (o, z,y) € ¢ <

z € H(a) where (o, x=%,y,z) € x. Then, (u, A) is transitive but not primitive.

Definition 4.45. A soft group G acts on a set X is said to be doubly transitive if, for each

a € A and x1,19,y1, Y2 € X, there exists a € G such that {(a, a,x1,y1) € p and (a, a, T2,Yys) € L.
Theorem 4.46. Any doubly transitive soft action is primitive.

Proof. Let the soft action (u, A) of G on X is doubly transitive and (¢, A) be soft equivalence
relation on X which is compatible with (u, A). If ¢(a) # A(a) for some o € A, then there
exists x # y € X such that (a, x,y) € ¢ and now, for any z € X, there exists a € G such that
(a,a,z,x) € pand (o, a,y,z) € pand hence (o, x,z) € ¢. This proves that ¢(a) = 1xxx ()

for all a € A. Thus, the soft action is primitive.
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]

For each z € X, there exists a € G such that (a,a,z,2) € p and (a,a,y,2) € p. If
¢(a) # A(a) for some o € A, then there exists x # y € X such that (o, z,z,y) € ¢.

Remark 4.47. The converse of Theorem 4.46, is not true. This is verified by the example that

follows.

Example 4.48. Consider the soft binary operation (x,N) on G, which is defined as follows:

(a,a,b,c) € x = c=a+a+b,

and Take G = Z and H = pZ for some prime p. For example, let (H, A) be a proper nontrivial
normal soft subgroup of a group G such that (H, A) is a maximal soft subgroup of G. Let (i, A)
represent the left translation soft action of G on G/H. Then {u, A) is primitive, it is not doubly

transitive.
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Fuzzy Soft Subgroups of a Soft Group

Uncertainty is a common phenomenon in our daily life. To exceed these uncertainties, many
hybrid structures involving soft sets were proposed. Some of them are the following: fuzzy
soft sets (Maji et al. 2001), soft fuzzy set (Xu et al. 2010), fuzzy N-soft sets (Akram and
Adeel 2018), intuitionistic fuzzy soft set (Xu et al. 2010), hesitant fuzzy soft sets (Wang et al.
2014), rough soft sets (Roy and Bera 2015) and so on. Numerous scholars have been working
to expand the ideas of abstract algebra within the context of fuzzy environments. Rosenfeld
developed the idea of fuzzy subgroups of a group and presented fuzzy sets in the framework of
group theory in 1971 [33]. All of these theories, however, have intrinsic problems, as

Molodtsov noted in 1999 [29].

In this chapter, we present fuzzy soft subgroups of a soft group, which are a generalization
of soft groups that are discussed in [39, 40], and examine their different characteristics.
Furthermore, we demonstrate that a fuzzy soft subgroup’s image and inverse image under soft
homomorphisms are also fuzzy soft subgroups. Lastly, the concept of normal fuzzy soft

subgroups of a soft group is presented.

Throughout this chapter, unless and otherwise it is mentioned G denotes the soft group

(G, *, A) and I denotes the closed interval [0, 1].

78



Chapter 5. Fuzzy Soft Subgroups of a Soft Group

5.1 Fuzzy Soft Subgroups

Definition 5.1. Let (G, *, A) be a soft group. A fuzzy soft set (1, A) over G is said to be a
fuzzy soft subgroup of G if for each o« € A and x,y,z € G and r,s,t € I :

(FSG1) (a,eq,1) € p;
(FSG2) (a,x,ry € pand {a, =%, 8) € p imply s > r and

(FSG3) {(a,x,y,2) € %, (a,z,1) € p, {a,y,8) € p and {a, z,t) € p all together imply t > min
{r,s}.

Example 5.2. Let G = {1,—1,i,—i} and A ={1,—1}. Definex CAXx G x G x G by
(v, a,b,c) € x < ¢ = aab.

The fuzzy soft set {u, A) from G to I is again defined by (o, 1,1) € p, {a, —1,1) € p, {a,4,0.3) €
w and {a, —1,0.3) € p. In such case, (u, A) is a fuzzy soft subgroup of G.

Lemma 5.3. Suppose that G is a soft group and {u, A) is a fuzzy soft subgroup of G. For every

acAzeGandr,sel, (a,z,1) € p and (o, =%, s) € u imply r = s.

Proof. Let a € A,z € G and r,s € I. (a,z,r) € p if and only if (o, (=)~ r) € u. Moreover,
(o, 27, s) € p. Hence r > s. Therefore r = s.

]

Lemma 5.4. Let (u, A) be a fuzzy soft set over a soft group G. {u, A) is a fuzzy soft subgroup
of G if and only if for each a € A, z,y,z € G and r,s,t € I, (o, z,y~%, z) € *, (o, x,7r) € N,

(a,y,8) € u, {a, z,t) € p all together imply t > min{r, s} and {a, ey, 1) € p.

Proof. Let (G, *, A) be a soft group and (u, A) be a fuzzy soft set over G. Let a € A and
x,y,z € G and r,s,t € I such that (o, z,y7% 2) € %, {(a,z,7) € u, {o,y,s) € u, {a,z,t) €
w. From (a,y,s) € p we have (a,y~*,s) € p. Since (u, A) is a fuzzy soft subgroup of G,
t > min{r,s}. Conversely, suppose that the conditions hold. Assume that (o, y= % t1) € p.
Since (@, €q,y~ %y~ *) € x,t1 > min{s, 1} = s. Let z; € G and ty € I such that («, z,y, z1) € *
and («, z1,t9) € p. Hence (o, z, (y~*)7%, z1) € . It follows that to > min{r,t;} > min{r, s}.

Therefore, (1, A) is a fuzzy soft subgroup of G.
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Definition 5.5. Let (i, A) be a fuzzy soft set over a soft group G. Fort € I, define the soft

set (u, A) over G as :

(o) ={z € G: {a,z,r) € p with r >t}

for each o« € A. The soft set {u, A) is called a soft t-level of the fuzzy soft set {u, A).

Theorem 5.6. Let a soft group be (G,*, A). Then (u, A) is a fuzzy soft subgroup of G if and
only if (u, A) is a soft subgroup of G for allt € I.

Proof. Let a soft group be (G, %, A) and let (i, A) be a fuzzy soft subgroup G. From («, e,, 1) €
i, we get e, € (). Let x,y € (), z € G and r,s1,s9 € I such that (o, z,y %, 2) € x,
(o, z, 1) € p, {(a,y,s1) € pand (o, z,89) € pu. We have r > ¢t and s; > t. Since (u, A) is a
fuzzy soft subgroup of G, so > min{r,s;}. Thus sy > t. It follows that z € u(«). This means
that (u, A) is a soft subgroup of G. Conversely assume that for every t € I, (i, A) is a soft
subgroup of G. Given that (i, A) is a soft subgroup of G, e, € ui(«) for every a € A. Hence
(a,eq,1) € p. Let « € A, x,y,2 € G and r,s,t; € [ such that (o, x,y~%, 2) € %, (o, x,7r) € 1,
(a,y,s) € pand (o, z,t;) € p. Let t = min{r,s}. We get € (a) and y € pi(a). Then we
have z € u(a) because (ut, A) is a soft subgroup of G. Consequently, ¢; > t = min{r, s}. By
Lemma 5.4, (i, A) is a fuzzy soft subgroup of G.

O

Definition 5.7. Consider a fuzzy soft set (u, A) over a soft group G. For each o € A, the soft
set (u*, A) over G is defined as follows:

p(a) =4z e G:{a,z,t) € up where t > 0}.

Definition 5.8. Let (i, A) be a fuzzy soft subgroup of G. The soft set (u., A) over G defined

as
pi(a) ={z € G:(a,z,1) € pu}.

Corollary 5.9. If (1, A) is a fuzzy soft subgroup of a soft group G, then (u.,A) is a soft

subgroup of G.

~—

Proof. For a soft group G, let (u, A) be a fuzzy soft subgroup of G. It follows that (., A) =
(p1, A). By Theorem 5.6, (u., A) is a soft subgroup of G.
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Lemma 5.10. If (i, A) is a fuzzy soft subgroup of G then (u*, A) is a soft subgroup of G.

Proof. Suppose (i, A) is a fuzzy soft subgroup of a soft group G. For each o € A, clearly
eo € p(a). Let a,b € p*(a), (a,z,t) € p and z € G such that («,a,b-% x) € *. Then
(a,a,7r) € pand (o, b,s) € pfor r;s € I with r,s > 0. Suppose that (o, x,t;) € p. It follows
that t; >t = min{r, s}. Thus t; > 0. Hence z € p*(a). Consequently, (u*, A) is a soft subgroup
of G. O

Lemma 5.11. Suppose that x € G and {u, A) is fuzzy soft subgroups of a soft group G. Then

for every a € A, the following statements are equivalent:

(1) Fory,z € G, if (a,x,y,2) € *, (a,y,s) € u and {(«a, z,t) € p, then s = t.

(2) {a,x,1) € p.
Proof. Let x € G and (u, A) be fuzzy soft subgroups of a soft group G. Suppose (1) is true. We
have (o, z,e,,x) € % and (o, e,,1) € p. Hence t = 1. Thus (o, z,1) € pu. Conversely, assume
that («,z,1) € p. Suppose y,z € G and s,t € I such that (o, z,y,2) € *, (a,y,s) € p and
(o, z,t) € p. Since (a,x,1) € p and (u, A) is fuzzy soft subgroup of a soft group G, t > s.
Now it remains to show that s > ¢. From (a,z,y,2) € x we get (a,2™%, z,y) € *. Consider
(o, x7% z,y) € *, (a,x™* 1) € p, (o, z,t) € pand (o,y,s) € p. We have s > min{t,1} = t.

Therefore s = t. Hence the Lemma follows.

Proposition 5.12. Suppose (i, A) is a fuzzy soft subgroup of a soft group G.
(1) If soft t-level subgroups (pus,, A), {pity, A) with t, <ty of G are equal, then for each o € A
there is no x € G such that (o, x,s) € p and t; < s < ta.
(2) If for each o € A there is no x € G such that (o, x,s) € p and t; < s < ty then the soft
t-level subgroups (s, , A) and (us,, A) with t; <ty of G are equal.
Proof. Let (G, *, A) be a soft group and (u, A) be a fuzzy soft subgroup of G.
(1) Assume that the soft t-level subgroups (,, A) and {(u,, A) with t; <ty of G are equal.

Suppose there exist & € A and = € G such that (a,z,s) € p and t; < s < ty. Then
ey (@) Gy, () because x € py,(a), but not in = ¢ puy,(a) which contradicts the

hypothesis.
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(2) Suppose there is no z € G such that t; < s < ty with (a,x,s) € p for each a € A.
We show that (u;,, A) = (u,, A). Let © € g (a). Then (o, x,s) € p with s > ¢;. If
s > t1, then s > ty. Hence x € puy,(a). Thus py, (o) € py,(a). From ¢, < ty we have
fies () € pur, (). Hence (pue,, A) = (e, A).

[]

Proposition 5.13. Suppose G is a soft group and {u, A) is a fuzzy soft subgroup of G. If

(o, z,z,y) € %, (a,x,r) € pand (o, y,s) € p for eacha € A, r;s € I and z,y € G, then s > r.
Proof. Immediate O

Theorem 5.14. For some t € I, any soft subgroup of a soft group can be realized as a t-level

soft subgroup of some fuzzy soft subgroup.
Proof. Consider the soft subgroup (H, A) of the soft group (G, %, A). Let (u, A) be a fuzzy soft

set over (G that is characterised by

.
1 if x=eq

(z,s)epes=1t, if zeH(o)—{e}

0 if z¢ H(a) where 0 < tg < 1.
\

First we show that (o) = H(«) for‘each a € A. Let © € (). Then (o, x,s) € u where
s > tp and hence s > 0. We have z € H(«). Thus u,(a) € H(a). Suppose z € H(a). If
T = e, then x € py (). If x € H(a) —{en}, then (o, z,ty) € p and hence x € py, (o). It follows
that H(a) C py(a) and consequently, H(a) = py,(a) for each o € A. Next, we show that
(u, A) is a fuzzy soft subgroup of G. Let x,y,z € G and r,s,t; € I such that (o, z,y,z) € *,
(o, z, 1) € py (o, y,s) € pand (o, z,t1) € p. If x = e, or y = e,, then z =y or z = x. Hence
the result follows. If 2,y € H(a) — {en}, then r = s = ty. Moreover, z € H(«). Hence t; = 1 or
ty = to. Therefore t; > min{r,s}. Suppose z € H(a) — {e.} and y ¢ H(«). Then (o, y,0) € u
and hence t; > min{r,0} = 0. Suppose z,y ¢ H(«a). Then r = s = 0. Hence t; > min{r, s}.
Similarly («, 2z~ r) € pu. Therefore (u, A) is a fuzzy soft subgroup of G.

Lemma 5.15. Arbitrary intersection of fuzzy soft subgroups is a fuzzy soft subgroup.
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Proof. Let {{u;, A) : i € A} be a nonempty family of fuzzy soft subgroups of G. Then their
intersection is a fuzzy soft set over G. Let (u, A) be their intersection. Since (a,e,, 1) € u; for
each i € A, («,e4,1) € p. Suppose that (a, x,r) € p. Then (o, x,r;) € u,; for each ¢ € A with
7 = N;ea 7i- Then (o, 27%, ;) € p; for each i € A. Hence (o, 27, 7) € p. Suppose (o, z,7) € p,
(a,y,8) € u, (@, z,t) € pand (o, x,y,z) € x. Then (o, x,7;) € pi, (@, y,8:) € wi, (o, 2,t;) € i,
and (o, z,y,z) € . Given that every u; is a fuzzy soft subgroup of G, t; > min{r;, s;}. Thus,
t > min{r, s}. Consequently, (u, A) is a fuzzy soft subgroup of G.

O

Definition 5.16. Let (i, A) be a fuzzy soft set over G. Define a mapping fi : SEA(G) — I as
for each a € SE4(G) and o € A:

fi(a) = At : (@, a0, ta) € p where a(a) = {aa}}.
Lemma 5.17. Let (i, A) be fuzzy soft set over a soft group G. Then

e = () for each t € 1.

Proof. Let (u, A) be a fuzzy soft set over a soft group G. Let ¢t € I. Suppose a € (1);. Then

~

fi(a) > t. Hence A{sq : (0, 00,84) € pp and a € A} > t where a(a) = {a,} for each
a € A. Thus (@, a4, Sa) € p with s, > t for each a € A. It follows that a, € ui(a) for
each o € A and hence {a,} C u(a). Therefore, a € Ji;. Now, assume that a € Ji,. Then
a(a) C p(a) for each a € A. Thus (@, an, 5a) € p With s, >t for each a € A. It follows that

Msq i (@, aq, 84) € u} > t. Consequently, 7i(a) > t. Hence a € (fi), and the lemma follows. [

Theorem 5.18. Let (i, A) be a fuzzy soft set over a soft group G. Then the following statements

are equivalent:
(1) {u, A) is a fuzzy soft subgroup of G.
(2) 1t is a fuzzy subgroup of SEA(G).
(3) 1y is a subgroup of SE4(G) for allt € 1.

(4) (e, A) is a soft subgroup of G for allt € I.
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Proof. Let (1, A) be a fuzzy soft set over a soft group G.
(1) = (2) : Suppose (u, A) is a fuzzy soft subgroup of G. For each a € A, («, e,, 1) € p implies

~

fi(e) = 1 where e(a) = {eq}. Suppose fi(a) = r and ﬁ(Eil) = s. We show that s = r. Let
a(a) = {a,} for each a € A. Then 5_1(04) = {a,*}. Hence A {r, : (o, aq4,74) € n} = r and
MNSa : (a,a,%, 54) € u} = s. Since 1, = s, for each o € A, r = s. Let ﬁ(gi\l;) — ¢. Then

)y Yoy 0

(@0, G, by, co) € * where a(a) = {as}, ;(a) = {by} and ¢(a) = {c,} for each a € A. Suppose

that 7i(a) = r, ZZ(Z) = s,and fi(c) = t. From fi(a) = 7 we get A{ry : (@, aq,74) € p} = r. Hence
(a, aq, 7o) € p with 7o, > 7 for each a € A. From ﬁ(z) = s we have A{s, : (@, by, Sa) € p} =s.
We get {a,by,ss) € p with s, > s for each o € A. Moreover Ji(c) = t implies A{t, :
(0, Coyto) € u} =t for each a € A. Consider (o, ay, ba, Ca) € *, (@, A, Ta) € 1, (b, Sa) € 1
and (a, ¢y, to) € p. Since (u, A) is a fuzzy soft subgroup of G, t, > min{ry,, sa} > min{r, s}
for each o € A. Hence A t, > min{r,s}. Thus t > min{r, s}. Therefore [ is a fuzzy subgroup
of SEA(G).

(2) = (3) : Suppose i is a fuzzy subgroup of SEA(G). Since iy = (u); for all t € I, 11y is a
subgroup of SE4(G).

(3) = (4) : Suppose that fi; is a subgroup of SEA(G) for all t € I. We show that (u;, A) is a
soft subgroup of G for all t € I. From e € Ji, we get e(a) = {e,} C fis(a) for each a € A.
Hence e, € fi;(a) for all @ € A. Let a € A, a,b € ji;(«v) and ¢ € G such that (a,a,b™%, ¢) € *.

We show that ¢ € fi;(«). Define the soft elements a, band ¢ of G by

(

a if A=«
B LO I
{ex} if AFa
E(A): {b} if A=«
{ex} if Ao
(c if A=«
B GO
{ex} if AFa

for all A € A. Since a € [i;(«), (a,a,r) € pu with r > t. Moreover, b € [i;(«) implies (a, b, s) € u

with s > t. Hence a, b € (fi); and consequently a, b € fi;. Since fi; is a subgroup of SE4(G)
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——1

forallt € I, a¥b € [i;. Moreover,

a1 b} if A=a
b (\) = S, .
{ex} if MFa
~— V71 ~—
Now we show that a%¥b = c. If A # a, then () ay, % c\) € x = (N ex, e, ex) € *.
1
If A\ = a, then (\,ay, b, cy) € x = (a,a,b7%,¢) € *. Therefore, axb = ¢ and hence

¢ € (). Clearly c¢(a) C py(a) for each o € A from which it follows that ¢ € py(a) for every
a € A. Hence (pu, A) is a soft subgroup of G for all t € 1.
(4) = (1) : By Theorem 5.6.
[l

Definition 5.19. Let (f, A) be a soft mapping from X to Y. Let (u, A) and (v, A) be fuzzy soft

sets over X and Y respectively.

(a) The inverse image of (v, A) under (f, A), represented by (f~(v), A), is the fuzzy soft set
over X described by, for each v € X, a € A and t € I there exist some y € Y such that

(a,z,t) € fHv) & (a,2,9) € f and {a,y,t) € v.

(b) The image of (u, A) under (f, A), represented by {(f(u), A) is the fuzzy soft set over Y
described by

(a,y,t) € flu=t=V{r: ze X {(a,z,y) € f and (a,z,7) € u}.

Theorem 5.20. Let (G,*, A) and (G', A, A) be soft groups and (v, A) be a fuzzy soft subgroup
of G'. If (f, A) is a soft homomorphism from G to G', then (f~'(v), A) is a fuzzy soft subgroup
of G.

Proof. Let e, and e/, be identity elements of G and G’ for each a € A respectively. From
(a,eq,€.) € fand {(a,el,,1) € v we get {a,eq, 1) € f~1(v). Suppose {(a,z,r) € f~'(v) and
(o, 27, 5) € f~!(v). We show that s = r. Since (a, z,7) € f~!(v), there exists y € G’ such that
(o, z,y) € fand (a,y,r) € v. From (o, y,r) € v we have (o, y~*,r) € v. Moreover, (o, z,y) € f

implies (a, 7% y™) € f. Since (a,z7% y~*) € f and (a,y~ %, 1) € v, (a,x™% 1) € f~}(v).
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Hence s =r. Let a € A, x,y,2 € G and r,s,t € I such that (o, 1,y,2) € , (a,2,7) € f~1(v),
(a,y,s) € f~1(v) and {a, 2,t) € f~1(v). We prove that t > min{r,s}. (o, z,r) € f~(v) implies
there exists #’ € G’ such that (a,z,2') € f and (o, 2,7) € v. Similarly, (a,y,s) € f~'(v)
means there is 4 € G’ such that (o, y,y’) € f and (o, v/, s) € v. Additionally, (a, z,t) € f~1(v)
implies there exists z/ € G’ such that («, z,2') € f and («, 2/, t) € v. Consider (a,z,y, z) € *,
(o, z,2") € f, {a,y,y) € f and (o, 2,2') € f. Then (o, 2',y,2') € A because (f, A) is a soft
homomorphism. Now we have (a,2’,y/,2") € A, (o, 2',7) € v, {a, ', s) € v and (o, 2',t) € v

Since (v, A) be a fuzzy soft subgroup of G’, t > min{r, s}. Hence the theorem follows. ]

Theorem 5.21. Let (G,*,A) and (G',A, A) be soft groups and let (u, Ay be a fuzzy soft
subgroup of G. If (f, A) is a soft homomorphism from G to G, then (f(u), A) is a fuzzy soft
subgroup of G'.

Proof. For each a € A, let e, and €/, be an identity elements of G and G’ respectively. Then
(o, eq,€l) € f. Moreover, (o, e4,1) € u. Hence (a,¢l,,1) € f(u). Suppose {(a,y,t;) € f(u) and
(o, y=,ta) € f(p). If (o, z,y) € f then (a, 2%y~ %) € f. If (a,z,7) € p then (a, 27 1) € p.
Thus t; = t;. Let u,v,w € G' and r,s,t € I such that (o, u,v,w) € A, (a,u,r) € f(p),
(a,v,8) € f(u) and (o, w,t) € f(u). We show that ¢ > min{r,s}. If there is no z € G such
that (o, z,u) € f, then (a,u,0) € f(u). Hence t > min{s,0} = 0. Similarly if there isno x € G
such that («,z,v) € f, then (o, v,0) € f(u). Hence t > min{0,r} = 0. Now, there is z,y € G
such that (o, xz,u) € f and (a,y,v) € f. Let z € G such that (o, z,y,2) € *. Let w; € G’
such that (o, z,w;) € f. Since (f, A) is a soft homomorphism, (o, u,v,w;) € A. Thus w; = w.

Therefore («, z,w) € f. Now,

(yw,t)y € f(w) =t = V{l:32€G:{(a,2,l) € pand {a, z;,w) € [}
(ayu,ry € f(p) ©r = vV{m:3r; € G: (o, z1,m) € ppand (o, x1,u) € f}

(a,v,5) € f(Wes = V{n:3y € G: (,y1,n) € pand (o, y1,v) € f}.
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Thus
rAs = V{m:3z, € G: (a,x1,m) € pand (a,z1,u) € f}
AN V{n:3Jy € G:{a,y1,n) € pand (o, y,v) € f}
=  V{min{m,n} : Jx1,11 € G : {a,x1,m) € p, (v, y1,n) € p, (e, x1,u) € f and (a,y1,v) € f}
< V{l:3z € G such that{a,z1,1) € pand (o, z;,w) € f}
=1.
Hence t > min{r, s}. Therefore, (f(u), A) is a fuzzy soft subgroup of G'. O

Definition 5.22. Let (i, A) be a fuzzy soft subgroup of a soft group G. Define the soft set
(N (), Ay over G by: for each o € A, z,y € G, x € N(p)(a) & (o, z,y,2) € *,(a,y,z,w) €

*, (v, z,7) € pand (o, w, s) € p all together imply r = s.
Theorem 5.23. (N(u), A) is a soft subgroup of G.

Proof. Since G is a soft group, (o, e, y,y) € x and (a,y, e,,y) € * for all y € G and o € A.
Hence e, € N(p)(«) for each a € A. Let x € N(p)(c). We show that 27 € N(u)(«). Let
y,z,w € G and r,;s € [ such that (o, 7% y,z) € *, (a,y,x"% w) € %, (a,2z,7) € pu and
(a,w,s) € p. From (o, z,7) € pand (o, w,s) € p we have (a, 27, r) € p and (o, w™*,s) € L.
Moreover, (o, =% y,z) € * if and only if (o, y™* x,27%) € * and (o, y, 2% w) € * if and
only if (o, z,y~* w™) € *. Consider (o, y % x,27%) € %, (o, x,y % w™*) € x, (0,27 71) € i
and (o,w™%s) € u. Since v € N(u)(a), 7 = s. Hence 27 € N(pu)(«). Let z,y € N(u)(«)
and z; € G such that (o, z,y,2) € x. We show that z; € N(u)(«). Let z,w,n € G such that
(o, 21, z,w) € *, (@, z, z1,n) € *. Suppose that (o, w, t1) € pand (o, n,ty) € u. We need to show
that t; = to. Let 29, k € G such that («,y, 2, 20) € % and (o, z, 29, k) € *. From associativity of
(x, A), we get w = k. Hence (o, z, z9,w) € *. Let z3 € G and t3 € I such that («, 29, x, 23) € *
and (a, 23,t3) € p. From (a, 29, x, 23) € *, (@, x, 29, w) € %, {a, 23,13) € p and (o, w,t;) € p we
get t; = t3 because x € N(p)(a). Thus (a, z3,t1) € pu. Hence (o, z3% t1) € p. Let z4,p € G
such that («a, z1,x,24) € * and (o, y, z4,p~*) € *. Consider (a,y, 2z, z2) € *, (@, 29,7, 23) € *,
(o, z,,24) € poand (o, y, z4,p~*) € p. From associative (x, A), we have z3 = p~®. Hence
(0, y, 24, 23) € *. Let z5 € G and t4 € I such that (o, z4,y,2; %) € * and (o, z5,t1) € p.
Since y € N(p)(a), (@, 24,y,25%) € *, (a,y,21,23) € *, (@, 25", ta) € p and (a,23,11) € 4,

ty = t;. Thus (o, 25 % t1) € p. Consider («, z,x,z4) € p, {a,24,y,25 ") € %, (a,x,y,21) € *
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and (a, z,2z1,n) € *. Since (x, A) is associative, z; * = n. Hence t; = t5. Thus z; € N(u)(a).

Therefore (N(u), A) is a soft subgroup of G.

Definition 5.24. Let (1, A) and (v, A) be fuzzy soft sets over G. Define pov by
(a, z,t) € pov &t =V{rAs: {(a,x,r) € u,{a,y,s) € v for some x,y € Gwith («,x,y,z) € *}
and

(,2,t) € p™t & (o, 27 t) € p.

Remark 5.25. We call =1 is the inverse of i and pov is the product of p and v and where o
1s a binary operation on the collection of all fuzzy soft sets over G and —1 is a unary operation.

Moreover o is an associative binary operation on the collection of all fuzzy soft sets over G.
Lemma 5.26. For fuzzy soft sets (u, A) and (v, A) over a soft group G.

(1) If {a,eq, 1) € pand (o, eq,1) € v for all a € A, then (a, ey, 1) € pow.

(2) {(uov) ™, 4) = (v op, A).

(3) If (11, A) C (v, A) then (on, A) C (von, A) for any fuzzy soft (1, A).

(4) (pUv)™H A) = (utuv™, A).

(5) {(wno)™H A) = (u nov™, A).
Proof. Suppose that (i, A) and (v, A) are fuzzy soft sets over a soft group (G, *, A). Let o € A,
r,y,z € Gand r,s,t € 1.

(1) (a,eq,1) € pow because (, €4, €4, €q) € *, (@, €4,1) € pand (o, e,,1) € v.

(2) (e, 2,1) € (nov)™

(a7 t) € pow
t=V{rAns:{a,y,r) € u,{a,z,s) €v for somey,z € Gwith (a,y,z,x~%) € %}
t=V{rAs:{a,y 7)€ pnt {azz%s) v with (a, 2%y * x) € *}

t=V{sAr:{a,z7%s) cv ! {a,y %) €t with {a,z % y % ) € x}

r ¢ ¢ 0

(a,z,t) €vtop™.
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Hence, ((uov)™, A) = (v topu™ A).
(3) Suppose that (u, A) C (v, A) and (n, A) be a fuzzy soft set over G.
(a,z,t) € pon &
t = V{rAs:{a,z,r) € pu,{,y,s) €n for some z,y € G with {a,x,y,z) € *}
< V{rAs:{a,z,r) €v,{a,y,s) €n for some x,y € G with (o, x,y,z) € x}.
Hence (a, z,t1) € von with t < ¢;. Therefore, (uon, A) C (von,A).

(4) (a,y,t) € (pUv)™!

a,y” Nty € por {a,y “t) €v

U_l

a,y Sty epnu

a,y ) € pand (o, y “t) €v

t ¢ ¢ ¢

{
{
(o,y,t) € lalncl(oz,y,t>€v_1
(a,y,t) e p No”

Therefore, ((pNv)~! A) = (u ' Not A).

]

In the following Lemma, we characterize fuzzy soft subgroups using the product and inverse

operations defined on the class of fuzzy soft sets over G.

Lemma 5.27. Let (1, A) be a fuzzy soft set over G. Then (i, A) is a fuzzy soft subgroup of G

if and only if (1, A) satisfies the following conditions:
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(1) (o, ean1) € pi;
(2) (o, A) C (u, A) and
(3) (™, A) = (u, A).

Proof. Let (i, A) be a fuzzy soft set over GG. Suppose (u, A) is a fuzzy soft subgroup of G.
Clearly, (o, eq,1) € pu for each « € A. Let « € A, z € G and r,s,t,t; € I.

(o, z,t) Epops=t = V{rAs:{(a,z,r) € u,{a,y,s) € u for some x,y € G with (o, x,y,z) € %}

< V{t1 : (o, 2, t1) € p, (a, 2, y, 2) € %}

Hence (pop, A) C (u, A). Now (v, z,t) € p~tif and only if (o, 272, t) € pu. Hence {a, z,t) € p. It
follows that (u=*, A) = (u, A). Conversely, suppose that (1), (2) and (3) are satisfied. Suppose
(o, ,t) € p. Since (u™, A) = (u, A), (o, z,t) € p~t. Thus (o, 27%,t) € p. Let (o, z,7) € p,
(a,y,8) € p, {a,2,t) € pand (o, z,y,2) € *. Suppose that (a,z,t;) € po p. Then t; =
V{ri A sy : (o, x1,7m1) € p,{a,y1,81) € p for some x1,y1 € G with (o, z1,y1,2) € *} >min
{r,s}. It follows that ¢; > min{r, s}. Moreover, from (u o u, A) C (u, A) and (a, z,t) € u we
get t; < t. Thus t > min{r, s}. Hence the theorem follows.

O

Corollary 5.28. Suppose that (u, A) and (v, A) are fuzzy soft subgroups of a soft group G.
(wow,A) is a fuzzy soft subgroup of G if and only if (powv, AY = (vo u, A).

Proof. Let (u, A) and (v, A) be fuzzy soft subgroups of a soft group G. Suppose (o v, A) is a
fuzzy soft subgroup of G. Then, (uov, A) = ((uov) 1, A) = (v 1opu™t A) = (vopu, A). Hence
(powv, A)y = (vopu, A). Conversely, suppose that (gov, A) = (vou, A). From (q, €4, €q, €q) € *,

(a,eq,1) € pand (o, eq,1) € v we get (o, €q4,1) € pow.

((pov)o(uov), A)

K¢

N IX
=
@)
=
> @)
=
@)
=
=
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Hence ((npowv)o (pow),A) C ((now), A). Moreover,

((nowv)™, A)
= ((vop)™,A)
(uov™h, A)

= (uow,A).

Therefore ((pov)™', A) = (uow, A). Thus by Lemma 5.27 (110 v, A) is a fuzzy soft subgroup
of G.
O

Corollary 5.29. Suppose (i, A) is a fuzzy soft set over G. Then (ju, A) is a fuzzy soft subgroup
of G if and only if (pou=t, AY = (u, A) and (o, eq4,1) € p for each a € A.

Proof. Consider a fuzzy soft set (u, A) over a soft group (G, *, A). Suppose (u, A) is a fuzzy
soft subgroup of G. Then (™", A) = (i, A). Since {10 u, A) C (i, A), (uo p=, A) C {u, A).
Letae Aand z € Gand t € I.

(,z,ty €pop™ & t=V{rAs:{a,z,r) €p,{a,y,s) € pu 't for some xy € G with(a, z,y, 2) € *}
s t=V{rAs:{a,z,r) € u,{a,y “, s) € pfor some x,y € G with{a, x,y, z) € x}

< t=V{rAs:{a,z,r) € u,{a,y,s) € u for some x,y € G with{a, x,y, z) € x}.

Hence t > t; where («, z,t1) € p. Thus (u, A) C (o put, A). Therefore (o pu=t, AY = (u, A).
Conversely, (uo u=', A) = (u, A) and {a, e,, 1) € pu for each o € A. Suppose (o, z,r) € pu and

(a,x7%, s) € . Now,

(o, 27 8y Epop ' & s V{ri Ary s {a,y,m) € poand (o, z,m9) € p~t with {a,y,z,27%) € *}

07

= V{ri Are:{(a,y,r1) € pand {a,z"% ro) € p with {(a,y,z,x~%) € *}

> 1 where (o, eq4,1) € pand (o, (z7%) "% r) € p.

Hence s > r. Therefore (i, A) is a fuzzy soft subgroup of G.
O

Definition 5.30. Let (u1, A), (us2, A), be fuzzy soft sets over soft groups G1 and Gy respectively.
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Then (p1 X po, A) is a fuzzy soft sets of Gh x Gy given by {(«, (x1,22),t) € p1 X ug if and only
if there exist t1,ty € I with (o, x1,t1) € py and (o, x9,ts) € ps where t = min{ty, ta}.

Lemma 5.31. Let Gy and Gy be soft groups. Let {uy, A) and {us, A) be fuzzy soft subgroups
of G1 and Go respectively. Then their product (py X ps, A) is a fuzzy soft subgroup of G1 X Gs.

Proof. Suppose that (u1, A) and ps, A) are fuzzy soft subgroups of G; and Gy respectively.
Then Gy x Go is a soft group. Let a € A. Then (o, el,1) € py and (a,€2,1) € py. Hence
(a, (el e2),1) € py X po. Let T = (x1,12), § = (y1,¥2), Z = (21, 22). Then Z, 7,z € G1 x Gy. Let
r,s,t € I such that (o, Z,r) € puy X pa, (@, 7, 8) € py X pa, (@, Z,t) € pg X o and (o, T, 7, Z) € *.
Since (o, T, 7, 2) € *, (a,x1,y1,21) € *1 and (a, Ta, Y2, 22) € *9. Since (o, T,7) € py X fg, there
exist ri,ry € I such that (a,x1,r) € py and (o, x9,73) € o with r = min{ry, ro}. Similarly
(o, 7, 8) € 1 X po there exist sy,s, € I such that (a,y1,$1) € py and {(a, ys, S2) € e with
s = min{sy, s2}. Moreover (o, z,t) € py X o there exist t1,ty € I such that (a, z1,t1) € g
and (q, z9,t2) € pp with t = min{t;,ts}. Since (u1, A) is a fuzzy soft subgroup of Gy, t; >

min{ry, s;}. Similarly to > min{rsy, so}.

t =min{ty,to} > min{min{ry, s1}, min{ry, sa}}
= min{min{ry,ro}, min{sy, s2}}

= min{r,s}.

Hence t > min{r,s}. Suppose («,Z,7) € 1 X po. Let T = (x1,22) such that («,z1,71) € 1y
and (a, 9, r9) € g with 7 = min{ry, ro}. It follows that (o, 27 1) € py and (o, x5%, 19) € po.

Hence (o, z7%,7) € py X pg with 7 = min{ry,ro}. The theorem follows. O

5.2 Normal Fuzzy Soft Subgroups

Theorem 5.32. Let (u, A) be a fuzzy soft subgroup of a soft group G. Then, for each a € A,

the following statements are equivalent.

(1) For x,y,z1,20 € G and t1,ty € I with (o, y,x,z1) € *, {a, 21,y %, 29) € %, (o, x,t1) € i

and {a, zo, o) € 1 together imply to > t;.

(2) For x,y,z1,20 € G and t1,ty € I with {a,y,x,21) € *, {a, 21,y %, 229) € %, {(a,x,t1) € p

and {a, z9, o) € [ together imply t; = to.
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(3) Let z,y € G and t1,ts € I with (o, x,y,z1) € *, (o, y,x,2) € *, (o, z1,t1) € p and
(o, 29, ta) € p together imply t; = ts.

Proof. (1) = (2) : Suppose that (o, y,x,z1) € %, (a, 21,y % 29) € %, (a,2,t1) € p and
(a, 29,t2) € p. We show that t; = to. From (a,y,z,z;) € % we have (a,y % 2z1,2) € x*.
Moreover, from (v, z1,y~%, 22) € *, we get (a, 21 %, 20,y *) € *. Consider (o, 27 %, 29,y ) € *,
“ z,x) € %, (o, z,t1) € pand (o, 29, t2) € p. By (1) we have t; > t,. Hence t; = ts.
2) = (3) : Suppose (a,z,y,2z1) € *, {a,y,x,2) € x, (a,21,t1) € p and (a, z9,t2) € p.

(o,

(

(o, z,y,21) € % implies (o, 2%, z1,y) € *. Consider (o, z™%, z1,y) € *, {,y, (x7%) " 29) € x,
(a, z1,t1) € pand (o, 29,t9) € p. By (2) t1 = to.

(3) = (1) : Suppose (o, y,x,21) € *, {a, 21,y % 22) € %, {a,x,t1) € p and («, 29,t2) € p.
(o, y,¢,21) € * implies (o, y™ %, z1,2) € x. From (a,y™ % z1,2) € *, (@, 21,y % 2) € x,
(

a,x,ty) € pand («, z9,t9) € u. We have t; = to. Hence the theorem follows. O

Definition 5.33. A normal fuzzy soft subgroup of G is defined as a fuzzy soft subgroup {(u, A)

over a soft group G that satisfies the equivalent conditions of Theorem 5.32.

Remark 5.34. If (u, A) be a fuzzy soft subgroup of an abelian soft group G then (u, A) is a
normal fuzzy soft subgroup of G.

Theorem 5.35. Given a fuzzy soft set over G, (u, Ay is a normal fuzzy soft subgroup of G if
and only if (g, A) is a normal soft subgroup of G for allt € I.

Proof. Suppose that (u, A) is a normal fuzzy soft subgroup of G. Given that (u, A) is a fuzzy
soft subgroup of G, (ju;, A) is a soft subgroup of G for every t € I. Let a € A, a,x,y € G and
n € (o) with (a,a,n,z) € x and (o, x,a=*,y) € *. We show that y € u(a). From n € u(a)
we get (a,n,r) € pwith r > t. Consider (o, a,n,x) € %, (a,z,a%y) € * and (o, n,r) € p. We
have (o, y,r) € u. Hence y € py(a). Conversely, suppose that (u;, A) is a normal soft subgroup
of a soft group G for all ¢t € I. By Theorem 5.6, (i, A) is a fuzzy soft subgroup of G. Suppose
(a,y,m,21) € %, (a, 21,y %, 29) € %, (a,x,t1) € p and («, 29,t2) € p. We show that to > .
Since (o, x,t1) € p, v € py, (). From = € py, (o), (o, y,x,21) € * and (o, 21,y %, 22) € * we
have ty > t; because (u;, A) is a normal soft subgroup of a soft group G for all ¢ € I.

O

Theorem 5.36. Let (u, A) be a normal fuzzy soft subgroup of a soft group G. Then (u,, A)
and (u*, Ay are normal soft subgroups of G.
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Proof. Since {pu., A) = (u1, A), by Theorem 5.35 (jui, A) is a normal soft subgroup of G. Now we
show that (u*, A) is a normal soft subgroup of G. From (u, A) is a fuzzy soft subgroup of G. We
get (u*, A) is a soft subgroup of G. Let a € A, a,x,y € G, t € [ and n € p*(«), {(a,a,n,x) € *
and (a,z,a”%y) € *. We show that y € u*(«). n € pu*(«) implies («, n,t) € p for some ¢t > 0.
(a,a,n,z) € %, (o, z,a”% y) € *. Then we have (a,y,t) € u. Therefore y € pu*(«).

O

Remark 5.37. The converse of Theorem 5.36 does not hold. The example that follows verified
this.

Example 5.38. Let (H, A) be a soft subgroup of G which is not normal. Let a fuzzy soft set
(1, Ay on G can be defined as follows: (o, eq,1) € p, (o, z,3) € pif © € H(o) — {ea} and

(a,x,i) € pifx ¢ H(a). Then (u, A) is a fuzzy soft subgroup of G. But (,u%,A> = (H, A)
which is not a normal soft subgroup of G. Hence (u, A) is not normal fuzzy soft subgroup of G.

Theorem 5.39. For a fuzzy soft set over a soft group G the following are equivalent:
(1) {u, A) is a normal fuzzy soft subgroup of G'.
(2) 1 is a normal fuzzy subgroup of SEA(G).
(3) 1y is a normal subgroup of SEA(G) for allt € I.
(4) (e, A) is a normal soft subgroup over G for allt € 1.

Proof. By Lemma 5.17 we know that iy = (u);. Hence (2) < (3). Moreover from Theorem
5.35, (1) < (4). From Theorem 2.48 we have (3) < (4). Thus the theorem holds. O

Theorem 5.40. Let (G, *, A) and (G', A, A) be soft groups and let (v, A) be a normal fuzzy soft
subgroup of G'. If {f, A) be a soft homomorphism from G to G', then (f~'(v), A) is a normal
fuzzy soft subgroup of G.

Proof. Let (G,*,A) and (G',A, A) be soft groups and let (v, A) be a normal fuzzy soft
subgroup of G'. Let (f, A) be a soft homomorphism from G to G’. By Theorem 5.20,
(f~Y(v), A) is a fuzzy soft subgroup of G. Let x,y,21,22 € G and a € A. Suppose that
(a,y,2,21) € x, (@, 21,y % 22) € %, (a,z,t1) € f71(v) and (a, 22,t2) € f~'(v). We show that
ty, = to. (a,x,t) € f7l(v) implies that there exists z; € G such that

(a,z,11) € f and (a,11,t;) € wv. Moreover, from (a,z2s,t) € [f~'(v) we get that
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(o, z0,w) € f and (a,w,tz) € v for some w € G'. Let y1, 23 € G such that (o, y,y1) € f and
(o, 21, 23) € f. Consider (a,y,x,z1) € %, (o, y,11) € f, (o, x,x1) € f and («, 21, z3) € f. Then
(o, y1,71,23) € A because (f, A) is a soft homomorphism. From (a,y,y1) € f we have
(o, y=* y; %) € f. Since (f, A) is a soft homomorphism, («, z3,y; %, w) € A. Now we have
(a, yl,xl,z;;) € A, (a,z3,y; %, w) € A, (a,x1,t;) € v and (o, w,t3) € v. From (v, A) be a
normal fuzzy soft subgroup of G’ we have t; = t5. Hence the theorem follows.

]

Theorem 5.41. Suppose that (G, *, A) and (G', A, A) are soft groups, and let {u, A) is a normal
fuzzy soft subgroup of G'. Let (f, A) be a soft epimorphism from G to G'. Then, (f(1), A) is a
normal fuzzy soft subgroup of G'.

Proof. According to Theorem 5.21, (f(u), A) is a fuzzy soft subgroup of G'. Let z,y, 21, 20 € G’
and ty,ts € I such that (o, x,y,21) € A, {a, 21,27 z9) € A, (o, y,t1) € f(u) and («, 29, 3) €
f(n). We show that t; = t5. Let u,v € G such that (o, u,z) € f and (o,v,y) € f. Let v; € G
such that (o, u,v,v1) € *. Then (o, vy, z1) € f because (f, A) is a homomorphism. Similarly, let
v9 € G such that (o, vy, u™* vy) € *. From (f, A) is a soft homomorphism we get (o, vq, 29) € f.
Let s1,82 € I such that (a,v,s1) € p and (o, vs, s9) € p. Since (i, A) is a normal fuzzy soft
subgroup of G, s; = ss.

(a,y,t1) € f(p) &ty = V{s1lv € G,{(a,v,$1) € u,{a,v,y) € f}

(a, z9,t9) € f(p) & ta = V{sa|vs € G, (v, v9,82) € p, (v, v2,29) € f}
= \/{81’1) € Ga <Oé’1), 51> € W, <Oé,1),y> € f}

- tl-

Hence t; = to. Therefore, (f(u), A) is a normal fuzzy soft subgroup of G'. O]

Proposition 5.42. (i, A) is normal fuzzy soft subgroup of G if and only if (uop=t, A) = (u, A)
and {powv, AY = (vo u, A) holds for any fuzzy soft set (v, A).

Proof. Suppose (u, A) is normal fuzzy soft subgroup of G. By corollary 5.29, (yo u=t A)
(p, A). Now it remains to show that (uowv, A) = (vou, A) for any fuzzy soft set (v, A).

(a,z,t) Epove t= V{rAs:{o,z,r) € u{a,y,s) €v for some x,y € G with (o, x,y, z) € *}.
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Let z; € G and t; € I such that (o, y™, z,21) € * and (o, z1,t1) € p. Since (u, A) is normal

and (o, y™%, z,21) € x and (o, 2,y %, z) € x, t; = r’ where (o, x,r") € u. Hence,

(a,z,ty € pov & t=V{sAr:{a,y,s) €v{a,z,r) € pwith (a,y,z1,2) € *}

& (a,z,t)y Evop.

Hence (o v, A) = (v o u, A). Conversely, suppose that the conditions hold. Assume that (u o
pt A) = (u, A) and (uow, A) = (vou, A) holds for any fuzzy soft set (v, A). Since (pou=1, A) =
(, A), (u, A) is fuzzy soft subgroup of G' by Corollary 5.29 . Now we show that (u, A) is a
normal fuzzy soft subgroup of G. Suppose that («,z,y, z1) € *, {(a,y,x,20) € %, (o, 21,t1) € p
and («, z2,t2) € u. We show that t; = to. Consider the fuzzy soft set (v, A) which is defined
by (a,y=%,1) € v and (a,w,0) € v for any w # y~ . Suppose that (o, z,t') € powv. Then
(o, z,t') €vop. (a,x,t') € pov et/ =V{rAs: {a,x1,r) € u,{a,y1,s) €v for some x1,y; €
G with {a,x,y1,x) € *}. Hence (o, z,t') € pov & ¢ = t;. Moreover, (o, z,t') € vopu &
t'=V{rAs:{a,x,r) € v,{a,y1,s) € p for some z1,y; € G with («,z1,y1,z) € x}. Hence
(o, 2,1y € pov & t' =ty. Thus ty = ty. Then the Theorem follows.

O

Lemma 5.43. Let (Gy, %1, A) and (Ga, *2, A) be soft groups. Let {(u1, A) and (us, A) be normal
fuzzy soft subgroups over Gy and Go respectively. Then their product (jy X ps, A) is a normal
fuzzy soft subgroup of G1 x G.

Proof. The proof is similar to Theorem 5.31. O]
Definition 5.44. Suppose that (i, A) is a fuzzy soft subgroup of G. For x € G, define fuzzy
soft sets (*u, Ay and (u*, Ay over G by:

(o, y,t) € “pif and only if there is some z € G such that («,z™ %y, z) € x and {(«, z,t) € p

and
(o, y,t) € u¥ if and only if there is some z € G such that (a,y,z” %, z) € *x and {(a, z,t) € p.
Then (*u, A) and (u*, A) are called left coset and right coset of (u, A) w.r.t x respectively.

Lemma 5.45. Let (i, A) be a fuzzy soft subgroup of a soft group G. Then (u, A) is normal if
and only if (*u, A) = (u*, A) for all v € G.
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Proof. Let x,y,2z1,20 € G and t € I such that (o, y,27% 21) € *, (a,27% ¥y, z) € % and
(a, 21,t) € p. Now, (a,y,t) € u* < (a,y,27% z1) € x and (o, 21,t) € p. Since (u, A) is
normal, {a, zy,t) € p. This implies that (o, y,t) € “u. Thus (*u, A) = (u®, A). Conversely,
suppose (“u, A) = (u®, A). Let 23,24 € G such that (o, z,y,23) € *, {a,y,x,2) € *. Now
(a,z3,t) € pe (ayy,t) €7 F & (a,y,t) € u” ° & (a, z4,t) € pfor all 2,y € G. Hence (i, A)

is normal fuzzy soft subgroup.

]

Lemma 5.46. Suppose (i, A) is a fuzzy soft subgroup of G. Then (*u, A) = (Yu, A) if and only
if (“pa, A) = (Yp, A) for all z,y € G.

~—

Proof. Suppose that (*u, A) = (Yu, A). Let a € A, z,y € G and t € I. Now, (o, z,t) €
T < (a,z,t) € Yy for all z € G. This implies that 321,29 € G such that («a,27% 2, 21) €
x, (,y™% 2,29) € %, {a,21,t) € p and (o, 29,t) € p. Let 23 € G and s € [ such that
(o, x7% y,23) € * and (@, z3,5) € p. Choosing z = y yields s = 1 and thus z3 € p.(a).
Therefore . () = Yu. () for all a € A. Conversely, suppose that (“u., A) = (Y., A). Let
a € A, z1,29,23,24,€ G and r;s,t € I, such that (o, 27 z,21) € *, {a,y * 2,23) € *,
(o, x™* Yy, 23) € *, {(q,y % x,24) € %, (o, 21,7) € p, {@,29,8) € p and (a, z3,t) € p. Then
23,24 € px(). Since (u, A) be a fuzzy soft subgroup of G, r > min{t,s} = s. Thus r > s for
all z € G. Similarly s > r. It follows that r = s for all z € G. Hence (*u, A) = (Yu, A).

O

Corollary 5.47. Let x,y € G and o € A. Suppose {u, A) is a normal fuzzy soft subgroup of
G If ("u, A) = (“u, A) and (a,z,7) € p and (a,y,s) € p, then r = s.

Proof. Suppose that (*u, A) = (Yu, A). Let a € A and x, v, 21, 22 € G such that (o, y™ %, z,2,) €
%, (a, 21,Y, 20) € %, (o, 2,7) € p, {,y,8) € p, {0, 21,t) € pand («, z9,t1) € p. Since (u, A) is a
normal fuzzy soft subgroup of G, r = t;. Then t; > min{t, s}. By Lemma 5.46, z; € u.(a). It

follows that ¢ = 1. Thus r > s. Similarly s > r. Hence r = s.

Theorem 5.48. Let (i, A) be a fuzzy normal soft subgroup of a soft group (G,*, A). Put

G/p=A{u:acG}.
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Define a soft binary operation ® on G/u by: (o, %, b, “u) € ® < (o, a,b,x) € * for some x €
G such that “p = *u. Then

(1) (G/p, ®, A) is a soft group.

(2) Glp = G/

Proof. (1) First we shall prove that ® is well defined. Let n,m,d € G and a € A such that

4y =4y and 'u = "p with (o, %, u, cp) € ® and (o, 4, ", ™p) € ®. We show that u =
. o, O, P, ) € ® implies (v, a, b, 21) € * with ¢ = *1y and from (v, 4, "p, ™ p) € ®
implies (o, d,n, z) € * with ™y = *2u. Let k; € G such that (a,c™®, 21, k) € % and
(o, kq,t1) € pfor t; € I. Hence (a, z1,t1) € “p. Since u = *'pu, (a, z1,t1) € “*u. Thus
t; = 1. Therefore (o, ky,1) € p. Let ky € G such that (a,m™%, 29, ks) € *. Similarly
(o, ko, 1) € p. Let x1,29 € G such that (a,a %, d,x;) € % and (a,b"% n,x9) € * and
(o, x1,81) € p and (o, x9,52) € p. Thus («,d,s;) € “u. Hence s; = 1. So we have
(a,1,1) € p. It follows that (o, n,ss) € *u. So (o, x5,1) € p. Let y, ks € G such that
(,n=% x1,y) € *. and (a,y,n, ks) € *. Since (u, A) is a normal fuzzy soft subgroup of
the soft group G, (a, ks, 1) € p. Similarly, let ky, ks, k¢ € G such that (o, ky,x9, k) €
%, (o, kg, k3, ks) € * and (o, ks, ky @, k) € =. Since (o, k1,1) € u, (a,29,1) € p and
(a, k3, 1) € p we have (o, ky, 1) € p, (o, ks, 1) € p and (o, kg, 1) € p. It follows that
(o, =, m, kg) € *. This implies that “u = "u. Thus ® is well defined. It remains to show

that (G/u, ®, A) satisfies the soft group axioms which are straightforward.

Since (u, A) be a fuzzy normal soft subgroup of G, (u., A) is a normal subgroup of G.
Hence G/ is a soft group. Define a soft mapping (f, A) from G/u to G/, given by
i — “us. So by Lemma 5.46 (f, A) is a soft isomorphism.

O

Definition 5.49. The soft group (G/u, ®, A) established in Theorem 5.48 is referred to as the

quotient soft group of G relative to the normal fuzzy soft subgroup of (i, A).

Proposition 5.50. Let (i, A) and (n, A) be normal fuzzy subgroups of G. Define a fuzzy soft

set (1, A) over G/u by for each a € A, “n € G/p and t € I, (o, "u,t) € N < (o, a,t) €n for

some a € G with *u = *u. Then (7, A) is a normal fuzzy soft subgroup of G/ p.

Proof. Let a € A, *y € G/p and t € I. Suppose (o, “p,t) € 7. It follows that (a,a=%,t) €

for some a™® € G with® " = @ “ . Since (1, A) is a normal fuzzy soft subgroup of G, (o, a, t) €
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n for some a € G with “pu = “p. Let “u, Y, *pn € G/pand r, s, t € I such that (a, “p, Y, *pu) € ®,
(o, ", ry € 7, {a,%p, s) € 7 and (o, ?u,t) € 7. This implies that (o, z,y,c) € *, (a,a,r) € 1,
{a,b,5) € npand (a,c,t) € n for some a,b,c € G with = 2, Y = bp, *p = . Tt follows that
t > min{r,s}. Thus (7}, A) is a fuzzy soft subgroup of G/u. Further, let “u, Yy, *u,*u € G/u
and t € I such that (o, x,y,k) € *, {a,%u,Yu,*u) € ®, (a,%u,*u,*u) € ®. This implies
(a, z,y,¢) € *, {a,y,x,d) € * for some a, b, c,d with *u =, Ypu = bu, *p = p and *u = 4.
Now, (a,?u,t) € 7. It implies that («, ¢, t) € n for some ¢ € G with °u = “u. Since (n, A) is a
normal fuzzy soft subgroup of G, (a, d,t) € i for some d € G with ¢y = *uu. Therefore (7}, A) is
a normal fuzzy soft subgroup of G/pu.
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Conclusion and future directions

This thesis presents a new approach to soft groups based on soft binary operations aiming to
incorporate the concept of ”softness” into the realm of algebraic structures. By proposing a
novel definition for soft groups and utilizing soft binary operations parameterized by suitable
parameters, we have successfully introduced a framework to model and analyze algebraic
structures that capture uncertainty and imprecision.

Moreover, we construct an ordinary group model that represents our soft group. This model
is important to describe and characterize the overall internal structure of soft groups through
the existing classical group theories. The study of soft subgroups and normal soft subgroups
further enhances our understanding of the internal structure of soft groups. We believe that
our research will contribute to the growing field of soft computing and pave the way for new

applications in various domains.
We suggest the following possible future works from our studies:
(1) Further investigate soft groups especially structure soft groups.

(2) Study the concept of soft rings, soft modules and soft lattice.

(3) It is under investigation by the author to extend the categorical structure of soft groups

and fuzzy soft rings.
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