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Abstract

Applying c-number Langevin equations, we have calculated the Q function for the two-
mode coherent and subharmonic light. We have then determined the ) function for the
superposition of these two light beams. With the aid of the pertinent Q functions, we
have obtained the mean and variance of the photon number sum and difference for the
two-mode coherent light, the two-mode subharmonic light, and the superposition of the

two-mode coherent and subharmonic light beams.

We have found that the signal and idler modes are separately in chaotic states. We
have also found that the mean photon number for the superposition of two-mode coherent
and subharmonic light turns out to the sum of the mean photon number of the individual

light beams.
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Chapter 1

Introduction

Quantum optics deals mainly with the quantum properties of the light generated by var-
ious optical systems such as lasers and with the effect of light on the dynamics of atoms.
The quantum properties of light are largely determined by the state of the light mode
and the well known quantum states of light are the number state, the coherent state, the
chaotic state, and the squeezed state. A considerable interest is particularly shown in
squeezed state [1, 6, 8, 10, 13]. Squeezed light can be generated from light in a coherent
state by means of certain nonlinear optical interactions. Some of the quantum optical
processes which can generate squeezed light are subharmonic generation [1-10], second

harmonic generation [1, 3], and four-wave mixing [3, 5, 6,].

A subharmonic generator has been considered as a typical source of squeezed light. It
is one of the most interesting and well characterized optical device in quantum optics. In
this device a pump photon interacts with a nonlinear crystal inside a cavity and is down
converted into two highly correlated photons. If these photons have the same frequency
the device is called a one-mode subharmonic generator, otherwise it is called a two-mode

subharmonic generator.

In this thesis, with the aid of the pertinent master equation we obtain c-number

Langevin equations for a two-mode coherent light and the light produced by a two-mode



subharmonic generator with the cavity modes coupled to a two-mode vacuum reservoir
via a single port mirror. With the aid of the resulting equations, we determine the @)
function for these light beams. Applying the pertinent () function, we calculate the mean
and variance of the photon number sum and difference. In addition, we also determine
the @ function for the superposition of the two-mode coherent and subharmonic light
beams and employing the resulting () function, we calculate the mean and variance of the

photon number.



Chapter 2

Two-Mode Coherent Light

2.1 c-number Langevin equation

We consider here a cavity mode driven by a two-mode coherent light and coupled to a
two-mode vacuum reservoir. A two-mode cavity light is driven by two-mode coherent light
and coupled to a two-mode vacuum reservoir via a single port mirror. The interaction
between the two-mode cavity light and the two-mode coherent light, can be described by

the Hamiltonian

~

H=ie(at —a+ bl —b), (2.1.1)

~

where a(b) is the annihilation operator for the two-mode cavity light and ¢ is proportional
to the amplitude of the driving light modes. Using (2.1.1) and taking into account the
interaction of the two-mode cavity light with a two-mode vacuum reservoir via a single
port mirror, the equation of evolution of the density operator for the two-mode cavity

light can be written as [1]

dp . )
d—f = —e(ap—a'p— pa+ pat +bp—btp— pb+ pbh)
+g(2aﬁaﬂ afap — pata) + g(213ﬁ8* — bthp — pbih). (2.1.2)
Using the relation
Ay = (2 4y (2.1.3)
—_— fr— T —_— . .
dt dat



along with Eq. (2.1.2), we have

—(a(t))y = —eTr(apa—a'pa — pa® + pa'a + bpa — bl pa — pba + pbla)
+§Tr(2aﬁam —afapa — pata®) + gTr(QB,sBT i — blbpa — pbiba).(2.1.4)

Applying the cyclic property of the trace operation together with the commutation rela-

tions
[a,a'] =1, (2.1.5)
and
[a,b] = [a,b7] = [a,b] = [af, '] = 0, (2.1.6)
we readily find
%(a(m - —g(&(t)) te. (2.1.7)

%@(m = —5{b(t) +e, (2.1.8)

%(fz(t)@(t)) = —r{a()b(t)) +=({a(t)) + (b(t)). (2.1.9)
%(dQ(t» = —r(a2(t)) + 2¢(a(t)), (2.1.10)
%(dT(t)d(t)> = —n{al(t)a(t)) +e((@' (1)) + (@(®))), (2.1.11)
%(dT(t)E(t)> = —r{a(1b(1)) + (@' (1) + (b(1))). (2.1.12)

The normal-ordering c-number equations corresponding to Eqs. (2.1.7), (2.1.8),

(2.1.9), (2.1.10), (2.1.11), and (2.1.12) are

d K

E(a(t)) = —§(a(t)> + e, (2.1.13)

d K

S(B(0) = 5 (B(0) + <, (2114
i(@(t)ﬂ(m = —r(a(t)B(1)) + e({alt)) + (B(1))), (2.1.15)



d 2 _ 2

(1) = —r{a”(t)) + 2¢(al?)),
%(a*(t)a(m = —r(a"(t)a(t)) +e((o* (1)) + (a(?))),
d

" (OB(R) = —r(a”()B(1)) +e((a”(1)) + (B(2))).

On the basis of Eqgs. (2.1.13) and (2.1.14), one can write

and

%5@) — —gﬁ(t) + e+ f5(t),

(2.1.16)
(2.1.17)

(2.1.18)

(2.1.19)

(2.1.20)

where f,(t) and fs(t) are noise forces associated with the normal ordering. We next seek

to determine the properties of the noise forces f,(t) and fz(t). We note that Eq. (2.1.13)

and the expectation value of Eq. (2.1.19) as well as Eq. (2.1.14) and the expectation

value of Eq. (2.1.20) will have the same form if

(fa(t)) = (f5(t)) = 0.

Moreover, using Eqgs. (2.1.19) and (2.1.20) together with the relation

d da(t) dB(t)
Ha(t)p) = (580) + o)),

we find

d
dt

Comparison of Egs. (2.1.15) and (2.1.23) indicates that
{a(t)f5(t)) + (B(t) fa(t)) = 0.
The formal solution of Egs. (2.1.19) and (2.1.20) can be written as

t
at) = oz(())e_”“t/2 +/ g r(t=t)/2 e+ fo(t)]dt,
0

—(a(®)B(t)) = —r(a(®)B()) +({a(t)) + (B(1))) + {a(t) f5(t)) + (B() fa(t))-

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

(2.1.25)



and
B(t) = 5(0)67'{1‘//2 +/ e*/@(tft’)/Q[g_i_fﬁ(t/ﬂdt/' (2126)
0

Then, on account of (2.1.25) and (2.1.26), one readily obtains

<O‘(t)f6(t)>:<0‘(0)f6(t)>em/2+/0 e IR fo(1)) + (fo() fultD]at,  (21.27)

and

(ﬁ(t)fa(t»:<5(0)fa(t)>6_“t/2+/0 e ORI fo()) + (falt) fs(NdL. (2.1.28)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we note that
((0)f5(t)) = (a(0))(fs(t)) =0, (2.1.29)
(B(0) fa(t)) = (B(0)){fa(t)) = 0. (2.1.30)

Thus on account of Egs. (2.1.21), (2.1.27), (2.1.28), (2.1.29), and (2.1.30), we obtain

{a(t) f5(1)) :/0 TR fa() fa(t))dt (2.1.31)
(B(t) fa(t)) :/0 e M OR(fo (1) f(t)) dt (2.1.32)
Therefore, in view of Eqs. (2.1.24), (2.1.31), and (2.1.32) and assuming
(s fa(t)) = (fa(t) f5(t)), (2.1.33)
we arrive at
/ =20 () o))t = 0. (2.1.34)

Now on the basis of the relation [1]

/ t e 2 (F () g(t))dt = b, (2.1.35)

we assert that

(ft)g(t')) = 2bo(t — 1), (2.1.36)



where a is a constant and b is a constant or some function of time t. We then see that

(fa(t) fa(t)) = (fa(t) f5(t)) = 0. (2.1.37)

Furthermore, using Eq. (2.1.19) along with the relation

d _da(t) da(t)
Slaa(o) = (o) + (al) 52, (2.1.39)
we obtain
%(az(t» = —r{a?(1)) + 2{a(t)) + 2{a(t) f.(t)). (2.1.39)

Comparison of Egs. (2.1.16) and (2.1.39) shows that

(a(t)fa(t)) =0, (2.1.40)

in view of (2.1.25), one readily obtains

/t e FE2(F (1) fu () dE = 0, (2.1.41)
0

from which follows
(fa(t) fa(t)) = 0. (2.1.42)

It can be established in a similar procedure that

() f5(t)) = 0. (2.1.43)

Moreover, employing Eq. (2.1.19) and its complex conjugate along with the relation

d, . L da’ (1) .. da(t)
Lo o) = (Do) + (o)D) (2144

we find

%W(t)a(t)) = —w(a"(t)a(t)) +e((a” () +(a(t))) +{a(t) fo(t)) + (" () fa(t)). (2.1.45)

Comparison of Egs. (2.1.17) and (2.1.45) indicates that

() fa (1)) + (" () fa(t)) = 0. (2.1.46)



So that using (2.1.25) and its complex conjugate, and assuming

(fa®)fa)) = (fa(®) fa(t)), (2.1.47)
we get
/ e FE20F () f2(E))dE = 0. (2.1.48)

Hence on account of (2.1.35) and (2.1.36), we note that

(fa(t)fa(t) = (fa(®) fa(t)) = 0. (2.1.49)

It can also be established in a similar procedure that

(fat)f3(t)) = (f5(1) f5(t)) = 0. (2.1.50)

Finally, using (2.1.20) and the complex conjugate of (2.1.19) along with the relation

d do(t)

P 45 (1)
S () = (<

B(t)) + <oz*(t)7>, (2.1.51)

we obtain

d

" ()B(t)) = —r(a”()5(1)) +e((a”(8)) +(B(E)) + (@ () f5(t)) + (B(2) fa(t)). (2.1.52)

Comparison of (2.1.18) and (2.1.52), indicates that

(" (8)fs(t)) + (B() fa (1)) = 0. (2.1.53)

In view of (2.1.26) and the complex conjugate of (2.1.25), and assuming

ol F2000) = (F20Fs(E). (2154)
we get
[ e or e =o (2.1.55)

from which follows

(fat)fa(t) = (fa(t) f5(t)) = 0. (2.1.56)



It can also be established in a similar fashion that

(fa®)f3() = (f3() fa(t)) = 0. (2.1.57)

We would like to point out that (2.2.21), (2.1.37), (2.1.42), (2.1.43), (2.1.49), (2.1.50),
(2.1.56), and (2.1.57), describes the correlation properties of the noise forces f,(t) and
fs(t) associated with the normal ordering.

Now we proceed to find the solutions of Eqgs. (2.1.19) and (2.1.20), to this end we

introduce a new variable defined by

V() = a(t) = 5°(0). (2.1.58)

Applying Eq. (2.1.19) and the complex conjugate of Eq. (2.1.20), we obtain

Colt) = —Syalt) e e+ fult) £ (1) (2.1.50)

Thus, the solution of this equation can be written as
t /
Yo (t) = 74 (0)e "2 4 / e T2 [e Lot £ (¢) £ f5(E)]dt (2.1.60)
0

from which we obtain

alt) = p(t)a(0) + q(t) + Fi(t) + F_(2), (2.1.61)
Bt) = p(t)B(0) + qt) + FL(t) — FZ(1), (2.1.62)
where
p(t) = e "2, (2.1.63)
q(t) = 2—5(1 — e 2, (2.1.64)
and
Fi(t) = % /0 t e R E () £ fi(t))at. (2.1.65)

Now Egs. (2.1.61) and (2.1.62) can be rewritten as

a(t) = a'(t) + q(t), (2.1.66)
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8(t) = B(0) + alt), (2.1.67)

with
a'(t) = p(t)a(0) 4+ pa(t), (2.1.68)
F(t) = pHB(O) + (1), (21,69

where
nolt) = 5 [ R + (N + 5 [ e ORL ) — k. (270
pa(t) =5 [ R + 0l = 5 [ e IR — e (2.7

2.2 The Q function for a coherently driven two-mode
cavity light

We now proceed to obtain the ) function for a coherently driven two-mode cavity

light. The Q function for a two-mode coherent light is expressed as

@ 8.0) = = [ ey Deap(sa+ 75 - 20" = ), (2.2.1)

with the antinormally-ordered characteristic function ®,(z,7,t) is defined in the Heisen-
berg picture by

®,(z,m,t) =Tr [,5(0)6’2*&(”ezaf(t)e’"*g(t)e"wt)] : (2.2.2)

Employing the identity [1]

etef = eéeAe[A’B], (2.2.3)

the characteristic function can be expressed as

Bo(z,m,t) = e =TTy [ﬁ(O)ezaT(t)e_z*&(t)e”wt)e_"*é(t)}. (2.2.4)
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Then this function can be written in terms of c-number variables associated with the

normal-order as
Do(z,m,t) = e TN exp[za® — 2*a + 8" —n*B)). (2.2.5)
Therefore using Eqs. (2.1.66) and (2.1.67), we have

Do(z,mt) =expl(—=2"z—n"n) + (2 — 2"+ 1 —1")q]

x{explza”™ — 2"’ + nB" —n*B]). (2.2.6)

Now we seek to show o' and ' are Gaussian variables. To this end, taking the

expectation values of Egs. (2.1.68), and (2.1.69), and differentiating with respect to ¢

yields

d / R,y

Sa(0) = —S (1)) (227)
and

d / Rk

70 0) = =B (1)) (2.2.8)

which are linear equations. Which shows o/(t) and ['(t) are Gaussian variables. In
addition, using (2.1.68), and (2.1.69), and assuming the cavity mode is initially in a

two-mode vacuum state, one easily gets

(o'(t)) = (B'(t)) =0 (2.2.9)

So that o/(t) and §'(t) are Gaussian variables with vanishing means. Thus employing the

relation [1]
(exp(or+ 8)) = exp[ (o + B2, (2:2.10)

where a and 3 are Gaussian variables with vanishing mean. The characteristic function

can be put in the form

Do(z,mt)  =exp[(—2"2z —n"n) + (2 — 2"+ 1 —1n")q]

xexp[%((zo/* — 2% +nB" — 0B, (2.2.11)
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which can be rewritten as

Du(2,m,t)  =exp|(=2"z—n"n)+ (2= 2" +n—17")q|
2 *2 *2
xeapl (o) + S (o) + (8 + 55 (87)
—2 (") 4+ (o B7) — 2 n(d/ B7)
—zn* (o) + 2 (o' B') — *n(6'87) (2.2.12)

Now using Egs. (2.1.70) and (2.1.71), and the assumption that the cavity mode is initially

in a two-mode vacuum state, we obtain

(@) = (%) =0, (2.2.13)
(8% = (8") =0, (2.2.14)
(/™) =(8'8") =0, (2.2.15)
(@”f") = (/'B') =0, (2.2.16)
(/™) = (o) = 0. (2.2.17)

Using the above relations the characteristic function becomes
By(z,m,t) = exp[ — 22 ="+ (2 = 2"+ —1")q]. (2.2.18)

Then, introducing (2.2.18) into (2.2.1), the @ function becomes

Qla,Bt) = ;/ ——eap[ =2z =+ (2 = 2+ =07
X exrp [z*a —za "+ p— nﬁ*}, (2.2.19)
which can be rewritten as
1 [ d?zd?
Qa, B,t) = F/ - nea:p[— 2*z —n'n+az+ bz" +un + vy, (2.2.20)

where

a=q-—a (2.2.21)
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b=—(q— ), (2.2.22)
u=gq—p" (2.2.23)
v=—(q—p). (2.2.24)

Furthermore, using the relation given [1]

d2
—Zexp[ —az*z +bz+czt + AP+ Bz*Q]
T
1 1 abc + Ac? + Bb?
= [—aQ — 4AB] 26xp< S 1AD ), a>0, (2.2.25)

and performing the integration, one readily obtains

Q(a, B,t) = %exp[ —afa— BB+ (a+ B+ +5)q—2¢%]. (2.2.26)

2.3 Photon statistics

The statistical properties of a light beam is described in terms of the mean and variance
of the photon number. Here we wish to calculate the mean and variance of the photon

number for modes a and b, employing the Q function.

2.3.1 The mean of the photon number sum and difference

Here we seek to study, employing the () function, the statistical properties of the

two-mode coherent light. To this end, upon integrating Eq. (2.2.26) over 3, we get

/d2,3Q(a S,t) = / dz—ﬁemp[ —afa— B+ (a+B+a"+5)g— 2q2] (2.3.1)
) ) 7T2 ) .

from which follows

1
Qa,t) = ;exp[ —a*a+qa+qa” — q2] ) (2.3.2)

We define the photon number sum and difference by

Ay = fg % i, (2.3.3)
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where 7, = a'a and A, = b'b are the photon number operators for mode a and mode b.
The mean of the photon number sum and difference can be expressed in terms of the )

function as

Ny =N, tnp = /dQO./Q(Oé*, a, )ng(a) + /dzﬁQ(/B*, B,t)ny(B), (2.3.4)

where n,(a) = a*a — 1 and n,(8) = * — 1, are the c-number variables corresponding
to the operators n, and n, in the antinormal-order. The mean photon number for mode
a is given by

d2
Ng = —aexp[ — oo+ qo + gat — q2]a*a -1, (2.3.5)
T

which can be rewritten in the form

d d?
Mg = —— [ —Oéexp[ —aa’a+qo+ ga’ — q2] -1 (2'3'6)

da T a=1

so that performing the integration employing Eq. (2.2.25), one readily obtains
ra=e Lt (23.7)
ne=e |- e : 3.
Thus carrying out the differentiation and applying the condition a = 1, we readily obtain
Mg = ¢, (2.3.8)
so that on account of (2.1.64), there follows
N = —(1—e 2)2 (2.3.9)

We observe that at steady state the mean photon number reduces to

4e?
Ny = —

=% (2.3.10)

Following the same procedure, the mean photon number for mode b is also obtained as

npy=—(1—e2) (2.3.11)
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and at steady state, we see that
4e2

fip = (2.3.12)

K2

Therefore, in view of Egs. (2.3.9) and (2.3.11), Eq. (2.3.3) can be written in the form

_ 482 _nKt\9 482 _ Kt
ni:?(l—G 2) :I:?(l—e 2

)% (2.3.13)
from which the sum of the mean photon number is found to be
ny=—(1—-e2)% (2.3.14)

We see that at steady state the mean of the photon number sum reduces to

_ 8¢e?
And the mean of the photon number difference turns out to be
A =0. (2.3.16)

2.3.2 The variance of the photon number sum and difference

We next proceed to obtain the variance of the photon number sum and difference.

The variance of the photon number sum and difference can be expressed as
(Ans)* = (A1) — (ne)?. (2.3.17)

Applying Eq. (2.3.3), the variance of the photon number sum and difference can be put
in the form

(Any)? = (Ang)? + (Any)? £ 2((Rafp) — Ralp). (2.3.18)

On the other hand, the photon number variance for mode a can be written in the form

(Ang)? = (A?) — a2, (2.3.19)

a a
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Using the @ function (2.3.2), we find

d2
(ng) = %exp[ —a*a+qa+ g — ¢*](aa? - 3a%a + 1), (2.3.20)

where
a*?o? —3a*a + 1,

is the c-number function corresponding to the operator 72 in the antinormal-order. Now

(2.3.20) can be written as

> [ d?
(A2 =@ {@ T(Xexp( —ac’o + qa + ga’)
d [d?
+3— —aexp( — a0+ qo + qa*)} + 1. (2.3.21)
da s ael

Thus performing the integration using the relation given by (2.2.25), one gets

R o[ d? 1 g2 d 3 &
(32) = e [@(aeup%(aea)] 1 (2.3.22)

so that carrying out the differentiation and applying the condition @ = 1, one readily
obtains

(n2) = ¢*(¢* +1). (2.3.23)
Now with the aid of Egs. (2.3.8) and (2.3.23), Eq. (2.3.19) can be put in the form

(An,)? = ¢, (2.3.24)

so that on account of (2.1.64), the variance of the photon number for mode a can be put

in the form

4 2
(Ang)? = 22 (1 — e~"t/2)2, (2.3.25)

K2

This takes at steady state the form
(An,)? = —-. (2.3.26)

Following a similar procedure, one can readily establish that the variance of the photon

number for mode b can be put in the form

4 2
(Any)? = 782(1 — 22 (2.3.27)
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and at steady state, it takes the form

(Any)? = 4—52. (2.3.28)

K2

In view of (2.3.10),(2.3.12),(2.3.26), and (2.3.28), we observe that

(Ang)? = 7, (2.3.29)
and
In addition, one can also write
(RgNp) = /d%zd%’@(oz,ﬂ,t)na(a)nb(ﬁ), (2.3.31)
with
ne(a) = o*a —1,
and
n(p)=p"p-1,

are the c-number functions corresponding to the operators n, and n, in the antinormal-

order. Thus on account of the @ function (2.2.26), one can write

A A d2Oéd2 * * * *
(Paip) =/ — 661’1?[—04 a— B8+ qa+qB +qa” + q8* — 2¢7]

(@ af™B —a’a— "B +1), (2.3.32)

which can be rewritten as

o[ d d [ dad?
(o) = e [ —/ - 5%}?[—@@*@ —bB"B +qa” +qa +qB" + qf]

da db 2
d [ d*ad>
+ i? 56@"}?[—@@*@ — b33+ qa” + qa + B + ¢

d [ PadB
db 2 a=b=1

+1, (2.3.33)

expl—ac*a — bB* B + qo + qa+ qB* + ¢f]
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thus carrying out the integration using the relation (2.2.25), one obtains

d d 1 1 1 d 1 1 1
5 A — 28 | 2D (2 Pty L DLty
(afiy) = {dadb(abe RRarr i)
d ]. 21 1
—(=er Gth 1. 2.3.34
A b)Lbzl + (2.3.34)

(Raiy) = q". (2.3.35)

On account of (2.1.64), one readily obtains

“ 1684 Kt

(ain) = (1= )t (2.3.36)

Introducing (2.3.9), (2.3.11), (2.3.25), (2.3.27), and (2.3.36) into (2.3.18), we obtain

2
(Ans)? =2 (1- %), (2.3.37)

K2

from which we observe the variance of the photon number sum and difference takes at

steady state the form

(Any)? = 8—52. (2.3.38)

K2



Chapter 3

Two-Mode Subharmonic Light

3.1 c-number Langevin equation

Here we first obtain c-number Langevin equations associated with the normal ordering,
for the signal-idler modes produced in two-mode subharmonic generation. Then using the
solutions of the resulting equations, we determine the () function for these modes. In a
two-mode subharmonic generator a pump photon of frequency w, is down converted into

highly correlated signal and idler photons with frequency w, and wy, such that w. = w,+wy.

Figure 3.1: Two-mode subharmonic generator

The process of two-mode subharmonic generation is described by the Hamiltonian
H = iX(abet — afbte), (3.1.1)

where @ and b are the annihilation operators for the signal and idler modes respectively

and ¢ is the annihilation operator for the pump mode, with A being the coupling constant.

19
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With the pump mode represented by a real and constant c-number p, the Hamiltonian

can be rewritten as

~

H = iy(ab— afbh), (3.1.2)

with

Y= A (3.1.3)

Applying Eq. (3.1.2) and taking into account the interaction of the signal-idler modes
with a two-mode vacuum reservoir via a single port mirror, the equation of evolution for
the reduced density operator (in short the master equation) for the cavity modes can be

written as [1]

d—? = fy(abﬁ—ﬁabJrﬁaTbT—aTbTﬁ)Jrg(%ﬁeﬂ—&Tap—ﬁamwrg(2bﬁbT—bTbﬁ— pb'D), (3.1.4)

in which the cavity damping constant x is assumed to be the same for both the signal

and idler modes. Now employing the relation

d - dp
—(A) =Tr(—A 1.
9y = o(2 4, (5.15)
we readily obtain
d,. Shan | aaba | satitss  afitss
E(a(t)} = ~Tr(abpa — paba + pa'd' pa — a'b'pa)

+gTr(2aﬁaT& —afapa — pata®) + gTr(zéﬁBTa — bfbpa — pbTba).(3.1.6)

Applying the cyclic property of the trace operation together with the commutation rela-

tions
[a,a'] =1, (3.1.7)
and
[a,b] = [a,b'] = [a,b] = [a,bT] = 0, (3.1.8)
one finds
() = 5 (a(e)) — (B, (319
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It can be shown in a similar manner that

H(b() = =5 (b()) = ("), (3.1.10)

CLGb() = ~w (@) (@' (DA} — BB~y 311
a0 = —w{a()a) — 2@ (), (3112

St (1a(t)) = —n(at(a(t)) — @b ~ @ (05 (1), (31.13)
CM0b) = —w{a(OB(0) — @ (1)) — 0. (3.1.14)

We see that the normal-ordering c-number equations corresponding to Eqgs. (3.1.9),

(3.1.10), (3.1.11), (3.1.12), (3.1.13), and (3.1.14) are

SHat) = =5 (a(0) =15 (0), (3.1.15)

$(B(0) = —248(0)) — 70" (1), (3.1.16)

SHaOBW) = ~wlaBO) - vl Da) — S WOFE) —7,  (3117)
H0%(0) = —w{a*(0) — (a0 (1), 3119

Sl (alt)) = —wla*(Da() ~ 1{a(F0) ~ 1o 5 ©) 3.1.19)
S OB0) = —sla (50 —a?O) — @), (3120)

On the basis of Egs. (3.1.15) and (3.1.16), one can write

Calt) = —Salt) =15 (1) + fu(1) (3.1.21)
and
CB(1) = 5 8(1) 0" (1) + fo(t), (3.0.22)

where f,(t) and fs(t) are noise forces associated with the normal ordering. We next seek

to determine the properties of the noise forces f,(t) and fz(t). We note that Eq. (3.1.15)
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and the expectation value of Eq. (3.1.21) as well as Eq. (3.1.16) and the expectation

value of Eq. (3.1.22) will have the same form if

(fa(t)) = (f5(t)) =0

Moreover, using Eqs. (3.1.21) and (3.1.22) together with the relation

d da(t) dp(t)
SlanB) = (52 B0) + (),

we find

+a(t) f5(t)) + (B(t) fa(t))-

Comparison of Egs. (3.1.17) and (3.1.25) indicates that

{alt) fs(t)) + (B() fa(t)) = =

The formal solution of Eqs. (3.1.21) and (3.1.22) can be written as

a(t) = a(0)e ™/ + / e MO fo (¢ — A (1t

and
¢

B(t) _ B(Q)e—nt/Q +/ e—n(t—t/)/Z[fﬁ(t/) . ’704*(t/)]dt,.

0

On account of (3.1.27) and (3.1.28), one readily obtains

(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(3.1.28)

(a(t) f5(1)) = ((0) fo(t))e /% + /0 e O fs(8) falt')) — (B () fo(t))]dt', (3.1.29)

(B(1) falt)) = (B(O) falt))e ™+ /0 e ORI fo(8) f5(1) =y (o™ () fal))dE'. (3.1.30)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we note that
(a(0)f5(t)) = ((0))(fs(t)) = 0,
(8(0) fa(t)) = (B(0)){fa(t)) = 0,

(3.1.31)

(3.1.32)



(@™ (#) fa(t)) = (o™ ())(falt)) = O,
(67 (") fa(t)) = (B7("))(f5(t)) = 0.

Thus on account of Egs. (3.1.23), (3.1.31), (3.1.32), (3.1.33), and (3.1.34), Egs.

and (3.1.30) reduces to

t

(a®)fs(t)) = [ e ™2 fa(t) fult))

S~

t

B falt)) = [ e TO2(fo(t) fo(t)dt'.

S—

Therefore, in view of Egs. (3.1.26), (3.1.35), and (3.1.36) and assuming

() fa(t)) = (fa(t) f5(t)),

we arrive at

[ e aend = [ e g ey = -7,
0 0

Now on the basis of the relation (2.1.35) and (2.1.36), we assert that

(fo)fa(t)) = (fa(t)fo(t) = —70(t — 1)

Furthermore, using Eq. (3.1.21) along with the relation

d _da(t) da(t)
L aa(t) = (L8 an) + (a(n ),

we obtain

d

Comparison of Egs. (3.1.18) and (3.1.41) shows that

{a(t) fa(t)) = 0,

in view of (3.1.27), one readily obtains

/ O (0 o)) =0,
0

(02(0) = =r{a?(£) = 2v{a(t)3"()) + 2(a(t) fa(1))-

23

(3.1.33)
(3.1.34)

(3.1.29)

(3.1.35)

(3.1.36)

(3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)

(3.1.41)

(3.1.42)

(3.1.43)
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from which follows that
(fa(t)fa(t)) = 0. (3.1.44)

It can be established in a similar procedure that

(fa(t)fs(t")) = 0. (3.1.45)

Moreover, employing Eq. (3.1.21) and its complex conjugate along with the relation

d o _da(t) . da(t)
(@ Ma(t) = (= Zalt) + (" () =47, (3.1.46)
we find
%W(ﬂa(t» = k(e (B)a(t)) — Ya()B(E) — (o (1)3"(t))

Ha(t) foa(8) + (@™ () fa(t))- (3.1.47)
Comparison of Egs. (3.1.19) and (3.1.47) indicates that
{a(t) f3(1)) + (™ () fa(t)) = O, (3.1.48)

with the aid of (3.1.27) and its complex conjugate, we obtain
t ’
(@Of300) = [ e O g0 fae it (3.1.49)
0

(@ () fa(t)) = /0 e MR fo () falt)at. (3.1.50)
Now in view of (3.1.48), (3.1.49), (3.1.50) and assuming
(fa@®)f2() = (fa() fa(t)), (3.1.51)

we get
/ e P2 () f2(t)dt = 0, (3.1.52)
0

from which one readily obtains

(fa®)f2() = (fa() fa(t)) = 0. (3.1.53)
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It can also be established in a similar procedure that

(fa®)f5(t) = (f3(1) f5(t)) = 0. (3.1.54)

Finally, introducing (3.1.22) and the complex conjugate of (3.1.21) along with the relation

d, . _dar(t) L dB(1)
@ OB(E) = (= =B0) + (" ()= =), (3.1.55)

we obtain

%W(t)ﬁ(t» = —r{a"(t)B() (o™ () =7 (B () +{a" () fo(£))+{B(t) fa (1)) (3.1.56)

Comparison of (3.1.20) and (3.1.56), indicates that
(o () f5(t)) + (B(2) fa(t)) = O, (3.1.57)
with the aid of (3.1.28) and the complex conjugate of (3.1.27), we obtain
(@ () f(t)) = /Ot e MR fo(t) falt)at, (3.1.58)

and
(B f2(1)) :/0 e "R f(t) fa (1)t (3.1.59)

Now taking into account Egs. (3.1.57), (3.1.58), (3.1.59), and assuming

(fa(®) fa()) = {fa(t) f5(t)), (3.1.60)
we arrive at
t
| e o s = o (3.1.61)
0
Therefore, in view of the relations (2.1.35) and (2.1.36), one obtains

(fa(t)fa(t)) = (fa(®)f5(t)) = 0. (3.1.62)

It can also be established in a similar manner that

(fa®)f3() = (f3() fa(t)) = 0. (3.1.63)



26

We would like to point out that (3.1.23), (3.1.39), (3.1.44), (3.1.45), (3.1.53), (3.1.54),
(3.1.62), and (3.1.63) describe the correlation properties of the noise forces f,(t) and

fs(t) associated with the normal-ordering.

In order to obtain the solutions of Egs. (3.1.21) and (3.1.22), we introduce a new

variable defined by
2z () = af(t) £ B*(1). (3.1.64)
Applying Eq. (3.1.21) along with the complex conjugate of Eq. (3.1.22), we readily obtain

%Z:I: = _%)\:I:Z:I: + fa(t) £ f5(1), (3.1.65)

where

Ai = K+ 27. (3.1.66)

According to Eq. (3.1.65) together with (3.1.66), the solution of z_(¢) does not have a
well-behaved solution for x < 2v. We then identify x = 2v as the threshold condition.

For 2y<k, the solution of Eq. (3.1.65) can be written as
t
2o (t) = 24 (0)e 20 + / e 2 F () £ fo(1)]dE. (3.1.67)
0

Now with the aid of (3.1.64) and (3.1.67), we readily obtain

a(t) = AL ()a(0) + A_(1)B*(0) + Fy(t) + F_(2), (3.1.68)
B(t) = AL (H)B(0) + A_(t)a™(0) + Fi(t) — F*(t), (3.1.69)

where
As(t) = %(e‘é’\” + 731, (3.1.70)

1

Fult) =5 /O e PO [f () £ F5(E)]dE. (3.1.71)
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3.2 The Q function for a two-mode subharmonic light

We next seek to obtain the Q function for the signal-idler modes. The () function for

a two-mode light is expressible as

Qa, B,t) = % /dQ,deXq)a(z, X, texp(z*a — za™ + X" — xB7), (3.2.1)

where the antinormally ordered characteristic function is defined in the Heisenberg

picture by
O, (z,x,t) =Tr (ﬁ(O)e_Z*d(t)eZ&T(t)e_X*i’(t)eXi’f(t)). (3.2.2)
This can be put employing the identity [1]
el = eBeAeld Bl (3.2.3)
in the form

Du(z,x,t) = exp|—2z"z — X" X|Tr [ﬁ(O)ezaT(t)e’z*&(t)eW(t)e’X*i’(t)}, (3.2.4)

the characteristic function can be expressed in terms of c-number variables associated

with the normal ordering in the form

Dy(z, X, t) = exp[—2"2 — x*X(exp(2a” — 2" a + xB" = X" B)). (3.2.5)

Moreover, Egs. (3.1.68) and (3.1.69) can be written as

a(t) = A (0)a(0) + A-()8%(0) + na(t), (3.2.6)
B(t) = A+ ()B(0) + A-(t)a™(0) + ns(t), (3:2.7)
where
Na(t) = %[/0 e—iﬂ(t—t')(fa(t’)+f;§(t’))dt’+/0 e (R () — f3(1))d], (3.2.8)
and

wlt) = g1 [ PO+ e = [P0 - f)ar). (329)
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Now in view of (3.2.6) and (3.2.7), one readily obtains

Ooz,x,t) = exp[—2"2 — x"x|{exp(2A41a”(0) + 2A_5(0)
+2m;, — 2" Aya(0) — 2" A_B7(0) = 2"na + x A4 5°(0)

+xA_a(0) + xn5 — X ALB(0) = x*A_a(0) = X"ng)),  (3.2.10)
it then follows that

Doz, x,t) = exp[—2"z — xX"x|(exp[(xA- — 2"Ay)a(0) + (24, — X" A_)a*(0)
+(zAL = x"AL)B0) + (xAy — 2" A)B7(0)])

x(exp[zn), — 2 1a + Xn;’—x*n,@} ). (3.2.11)
Considering the cavity radiation to be initially in a two-mode vacuum state, we obtain

(eap[(xA- — 2" A1)a(0) + (244 — x"A-)a’(0)

+(zA- = X"AL)BO0) + (xAy — 2 A)B7(0)]) = 1. (3.2.12)
In view of (3.2.12), Eq. (3.2.11) takes the form
Do(2, X, 1) = exp[—2"2 — xX"x] x (exp[2n; — 210 + X715 — X" 5])- (3.2.13)
We recall that Gaussian variables with vanishing mean satisfy the relation
(exp(za® — z*a)) = eq;p[%«zoc* — Z*a)?). (3.2.14)

Next we proceed to show that 7,(t) and ns(t) are Gaussian variables. One can rewrite

Eq. (3.2.8) as
e =14 + 1 (3.2.15)
in which
ne=3 [ POt + 1), (3210
and

_1 tf%_tft’) N gy /
77_2/0 e PO (1) — f3(E)) . (3.2.17)
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Employing Egs. (3.2.16) and (3.2.17), the time evolution for the expectation values of 7,

and 7 can be expressed as

L) = =20, (3.2.18)
and
Sy ="t (3.2.19)

On account of (3.2.18) and (3.2.19), indicates that 7, and 7_ are Gaussian variables.

Thus, in view of (3.2.15), we see that 7, is also Gaussian variable. Similarly we rewrite

Eq. (3.2.9) as
S (3.2.20)
where
I :
7=y [ PO + fale) . 3:221)
0
and
I :
o - 5/ e~ P (1) — fy(t)) e (3.2.22)
0

Now the time evolution for the expectation values of o, and o_ can be expressed as

d A

%<U+> = _I<U+>’ (3.2.23)
and

d A

E<U_> = —Z<o'_>, (3.2.24)

In view of (3.2.20), (3.2.23), and (3.2.24), we see that 1 is Gaussian variable. In addition,

using (3.2.8), and (3.2.9), one easily gets

(na(t)) = (ns(t)) = 0. (3.2.25)

Therefore, we have that 7, and 73 are Gaussian variables with vanishing mean. Then the

characteristics function can be put in the form

* * 1 * * * * 2
oz, x,1) = exp=2"z — X"Xexp[5 (=0} — 2" + 03 —X"ns) )], (3.2:26)
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which is equivalent to

2 *2 2
Z_ *2 2 2 X_ *2

(I)a(z> X t) = exp[—z*z - X*X]exp[

X*2

2
—2X"(mans) + 2" X (Mang) — XX (nan5)- (3.2.27)

+

(n3) — 22" (nam) + 2x(mims) — 2" x(namp)

On account of Egs. (3.2.8) and (3.2.9), one readily obtains

(a) = (%) = (m3) = (n3") =0, (3.2.28)
(Mans) = (Mang) = 0, (3.2.29)
(natts) = (ms) = —2(Q = B, (3.2.30)
(nans) = (mams) = =5(Q + B, (3:231)
where
Q= %(1 — e M), (3.2.32)
R= %(1 — e, (3.2.33)

Thus in view of (3.2.28), (3.2.29), (3.2.30), and (3.2.31) expression (3.2.27), goes over into

Du(z, 1) = eap[ = (1= 2(Q = R) ("2 + X'X) = 3 (Q+ M(xz+x"2)].  (3.2:34)

Finally, we can also put the characteristics function in the form

D,(z,x, 1) = exp| — a(z*z + x*x) — b(xz + x*2%)], (3.2.35)
in which
1 LO-R) =1— (1 —e M) 4 (1=t
a=1-2(Q-R)=1 oW (1—e ™)+ o (1—e1), (3.2.36)
=7 T ety (et
b=5(@+R) 2A+(1 e )+2A_(1 e ). (3.2.37)
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Now upon introducing (3.2.35) into (3.2.1), we obtain

1 d?zd? . . . x
Qa.B,t) = | =5 eap] = a(="z 4 XX) — bz + 12
+az" —a*z 4+ Bx" — Bx]. (3.2.38)

Thus on performing the integration employing Eq. (2.2.25), the @ function for the signal-

idler modes turns out to be

Qla, B.1) = %(1} —)ep| — u(a*a+ B8) — v(af + a*B")), (3.2.39)

in which
u= ﬁ (3.2.40)
v= ﬁ (3.2.41)

3.3 Photon statistics

Here we seek to study, employing the () function, the statistical properties of the signal

and idler modes.

3.3.1 The mean of the photon number sum and difference

Now we proceed to determine the mean and variance of the photon number sum and

difference for the signal-idler modes. To this end, upon integrating Eq. (3.2.39) over S,

we get
w2 — 2 W — %
Qla,t) = [ lexp| — ( Jaral. (3.3.1)
U
Now the mean photon number of the signal mode in terms of the ) function is expressible
as
Mg = /dQOzQ(a*, a, t)ng(a), (3.3.2)
where

ne(a) = a*a —1, (3.3.3)
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is the c-number variable corresponding to f4(a', @) in the antinormal-order. In view of

(3.3.2), and (3.3.3), the mean photon number of the signal mode is given by

u- —v

e = [ : 2] /e:cp[ — (u2 — UQ)a*a}a*a -1, (3.3.4)

U u

from which we obtain

o= 1. (3.3.5)

u2 — 2

Hence with the aid of Egs. (3.2.40) and (3.2.41), one readily obtains
fla=a—1, (3.3.6)
so that on account of (3.2.36), there follows

M = —— (1 — e 1) — (1 — Mt
na—2>\_(1 e ) 2A+(1 e M), (3.3.7)

We observe that at steady state the mean photon number reduces to

g = 1 — 1 (3.3.8)

Mo T N
and in view of (3.1.66), we see that

_ 2v°
Ng = m (339)

One can also establish in a similar manner that the mean photon number of the idler

mode is found to be

= G- - G- an

Thus at steady state, introducing the value for i, we see that

_ 22

Furthermore, in view of Eqgs. (3.3.7) and (3.3.10), the mean of the photon number sum

and difference can be written as

Ny =N,

_ [ Y (1 o e—)_t) o i(l o e*M-t)}

20 oM+
[ (1 e ) - (1 e (3.3.12)
o e N, e . 3.



Then the mean of the photon number sum can be written as

Ay = (1 —e ) — (1 — e,

A A

S
T A
Introducing Eq. (3.1.66), we have
. 04
ny = 2 _ 4’}/2 .

On the other hand, the mean of the photon number difference is given by

n_ =ng — Ny,
in view of Eqgs.(3.3.9) and (3.3.11), we have

Ng = M.

Then, the mean of the photon number difference turns out to be

n_ =0.
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(3.3.13)

(3.3.14)

(3.3.15)

(3.3.16)

(3.3.17)

(3.3.18)

3.3.2 The variance of the photon number sum and difference

Here, we seek to obtain the variance of the photon number sum and difference. The

variance of the photon number sum and difference can be expressed as

(Any)?* = (1) & (ns)®,

(3.3.19)

Applying Eq. (3.3.1), the variance of the photon number sum and difference can be put

in the form

(Ani)Q = (Ana)2 + (Anb)2 + 2(<ﬁaﬁb> — NNy ).

(3.3.20)
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On the other hand, the photon number variance for signal mode can be written in the

form

(An,)? = () — 72

a a

= (a%a™) — n2 — 3n, — 2. (3.3.21)

Using the @ function (3.3.1), we readily find

22 [ 2 2 _ 2
(a%a'?) = 4 - Y / Waexp[ - (u ” ! Jata]a?a?, (3.3.22)
which can be rewritten as
9 u?—v* d d d*a u? —v? .
(a2a12) = - aa{ 7exp[ —( Ja*a + za® + xa 2}} ; (3.3.23)
Z=X=

so that performing the integration using Eq. (2.2.25), one readily obtains

22 d d 1
(@%at?y = L Y ——{ — ] . (3.3.24)
u dX dz (%)2 - 4XZ z=x=0

Thus carrying out the differentiation and applying the condition z = y = 0, one obtains
(a%a™) = 24 (3.3.25)

On account of (3.3.25) along with (3.3.6), we put Eq. (3.3.21) in the form
(Ang)? = a® — a, (3.3.26)

which can be rewritten as

(An,)? = 02 + ng. (3.3.27)

Following the same procedure, one can readily establish that the variance of the photon
number of the idler-mode is exactly the same as those of the signal-mode. From which

follows

(Anb)2 = ’ﬁg + Np. (3328)
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This indicates that the signal-idler modes are in a chaotic states. Now on account of Eq.
(3.2.36), we readily find

2 2

AQQ :L 1 — —/\+t2 Ll— —A_t il— —A_t
(Ana) pr e ) gp =) r g (-e)
g Att 7 Ayt At
—— (1 =) — 1—e)(1—e"""). 3.3.29
o L) g (e =) (3.3.29)
Thus at steady state it reduced to
2,}/2 9 2,.)/2
An,)? = 3.
(An,) (/{2 _ 472) K2 — 42 (3.3.30)
Similarly at steady state, we also have
272 9 2,)/2
Any)? = 3.3.31
( nb) (RQ — 472) K2 — 472 ( )
Furthermore, on account of Eq. (3.2.39), one finds
A A d204d2 * * * %
(i) = (=) [ Fo ]~ u(@ra+ 5°6) ~ v(a + a5
("o —1)(p*B — 1), (3.3.32)
where
ofa—1,
and
B -1,

are the c-number variables corresponding to the operator n, and n;, in the antinormal

order. Therefore, Eq. (3.3.32) can be rewritten as

1 dd [da«dp
A A o 2 2 % " .
(Ngnp) = (u* —v )[_uQ_a_b 5 ea:p[—aua a—buf*f —v(af + a*f")

1d d?od?
— 042 Bexp[—aua*a—buﬁ*ﬂ—v(aﬂ%—a*ﬁ*)
T

wda

1d [d*ad?
- a2 Bexp[ —aua* o — buf B —v(af + o %) +1, (3.3.33)
udb ™ a=b=1
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so that performing the integration using Eq. (2.2.25), we obtain

1 dd 1 1d 1
A A o 2 .2 e S -
(Rafte) = )Lﬂ dadb<abu2—02) + uda(abu2—02>
1d 1

+adb(abu2 - 02)} b1 1

(3.3.34)

Thus carrying out the differentiation and applying the condition a = b = 1, one readily

obtains
o u? + v? 2u
(NgNp) = (2 02)2 e + 1. (3.3.35)

Introducing Egs. (3.2.40), and (3.2.41), into (3.3.35), we readily obtain

A A

(Rafp)  =a* +b* —2a+1

=n2 + b (3.3.36)

Hence, the results of the mean and variance of the photon number for the signal mode
are the same as those of the idler mode. Therefore the variance of the photon number

sum and difference defined by Eq. (3.3.20), can be rewritten in the form
(Ans)? = 2(Ang)? £+ ((Rafy) — 02), (3.3.37)
in view of Egs. (3.3.26), and (3.3.36), we readily obtain
(Any)? =2[a® —a £ %] (3.3.38)

Finally, applying Eqgs. (3.2.36) and (3.2.37), the variance of the photon number sum is
obtained as

2 2

=B Doy
Ul_(l —e ) - %(1 —e M), (3.3.39)

The sum of the photon number variance takes at steady state the form

2 _ 27°(3K% — 4y%)

An
( +) (/{2 _ 472)2

(3.3.40)



And the variance of the photon number difference is found to be

(dn = (1) = ey - (e (1),

W AN

Thus at steady state, it takes the form

2

2y
2
(An_)* = FERRI peel
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(3.3.41)

(3.3.42)



Chapter 4

Superposition of Two-mode
Coherent and Subharmonic Light

4.1 The Q function

We now seek to obtain the () function for the supper position of two mode coherent and
subharmonic light. To this end, we first obtain the @ function for the superposition of
any two-mode light beams. Thus we expand the density operator for light beam-1 as a
function of a, a' and ZA), b in the antinormal order as.

pr=pi(al,07,a,0) = > Cromna™ b a™b". (4.1.1)

kfmn

Inserting the completeness relation for two-mode states, with

1
I = F/d277Ad2zB|7]A,z,;;)(zB,T]A], (4.1.2)
we readily find
~ 1 ~tk7tlamIn
prL = /dznAdQZBP Z Crtmn|na, 28) (25, nala™ b a™b™. (4.1.3)
kémn
Applying the relations [1]
la)(ala’ = oF|a){al, (4.1.4)
and
0
@) {ali = (a + -l al, (@.15)

38
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one readily obtains

. 1 . 0 . 0 \n
p1= /dznAdQZB—2 E CkgmnnAk<77A + ) *) ZBZ(ZB + " ) ’77A,ZB><ZB777A‘, (4.1.6)
& A 0z

klmn

which can be rewritten using the displacement operator as

R 0 d \n
P1 /d nAdQZB— Z Ck[mnnA ZB (77A + 8772) (ZB + 822)
kfmn
D(na)D(25)po4,0sD(—25)D(—n4), (4.1.7)

where

[)OA,OB - |0A7 OB><037 0A|

Furthermore, using a similar procedure one can readily obtain the density operator for
light beam-2 as
po = po(a’ 07, a,0) = Y Croprra™ b1 a™ b (4.1.8)

k'0'm'n’

from which follows

1 / a ! 8 !

A — d2>\ d2 . C//m/n/A*k *0 A m n

= [Pty 3 Gt Ot ) e 5)
D(Ma)D(wg)po,.0,D(—wp)D(=A4). (4.1.9)

Moreover, on account of Eqs. (4.1.7) and (4.1.9), the density operator for the super

position of two mode light beams can be put in the form

>

d*nad?zpd*  ad?w ok ok 0 \m n
2/ 4 B4 AT P Z Ck@mnnAszg(nA + %) (ZB + 8z§)

v
kfmn

/ (9 m’ a n' - ~ A
D Cremn X (Gt 5" (@ 4 5 2)" DO Dlws)Dlna)

D(25)04,05)(05,04|D(—25)D(—n4) D(—wp)D(—=A4). (4.1.10)
Using the results described in [1, 3]

D()|B)(BI1D(—a) = |a + B)(a + B, (4.1.11)
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the density operator for the superposition can be put in the form

N dQHAdQZBd2)\Ad2wB k0 0 m 0 n
P = / Ckﬁmnn* Z* na + " ZB + -
4 k%n:n A ~B ( anA) ( aZB)
/ / a / a ’
*k!  xf m n
Z Clromm Ny wiy (Aa+ w) (wp + &UE)
k/@lm/nl
A4+ na,wp + 2p){wp + 2B, Aa + 14l. (4.1.12)

We now proceed to obtain the () function for the superposition of two mode light beams,

which is defined by

Qe 8) = (o 81716, o), (4.1.13)

is the c-number function corresponding to the normally ordered density operator divided

by 72. Introducing Eq. (4.1.12) into (4.1.13), we readily find

d277Ad2ZBd2)\Ad2wB sk xl 0 m 0 n
Q(a, B) = / 6 Z Cremnla %13 (TIA + %) (ZB + @zg)
kfmn
/ ’ a / a /
* *0 m n
5 Clrune Nl O 50" o+ 520
K '/
(a, B|Aa +na,wp + 2p)(wp + 2B, Aa + 14l B, ). (4.1.14)
Now using the results described in [1, 3]

| {alB) [*=exp[— | o= B I7], (4.1.15)

we find the results

(a, BIAa + na,wp + zp){(ws + 25, A + 14l B, ) = |{a|Aa + 77A>|2‘<5|WB + 23)‘2
=eaxp| —a*a— BB+ a*As+a"na+ B zp + Brwp + (o — s —na)

+25(8 —wp — zB) + Xi(a — Aa — na) + wi(8 —wp — 28)]. (4.1.16)

In view of (4.1.16), Eq. (4.1.14) can be rewritten as

A*nad?zpd® N ad?w ok 0 \m n
Q(a, B) :7'1/ A ZE;G A BTg}%leemnnAsze(ﬁAvL%) 7’3(ZB+ azg)
k! xl a m’ 8 n’
T Y Cormw NE Wi (AA+3A*A) 75(w3+a%) T6, (4.1.17)

k'l'm'n’
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where
T = exp|—a*a — B, (4.1.18)
Ty = explaAa + &'na + Bz + Bwgl, (4.1.19)
T3 = exp[ny (o — Aa —na)l, (4.1.20)
14 = explzp (B —wp — zB)], (4.1.21)
75 = exp[ Ny (o — Aa — na)], (4.1.22)
76 = explwi(f — wp — 2B)]. (4.1.23)
On the other hand, using the binomial theorem
—k, k
(z +y)" Z o % T (4.1.24)
one finds
/ n k
(wp + B )" explwp(B — wp — 2B)] W — k)1 Wi ka erplwi(B —wp — 2)]
B PR Wp
= (B —zp)" exp[wB(ﬁ —wp — 2B)]. (4.1.25)
In a similar fashion, one readily finds
(wp + 0 )16 = (6 — z)" (4.1.26)
B 9, 6 = B) Té; 1.
a 7,_,// m/
(Aa+ v )" 15 = (o = na)™ s, (4.1.27)
A
a n n
(25 + 5 )"1 = (6 —wp)"n, (4.1.28)
“B
(a4 52" = (@ = Aa)"7s. (4.1.29)
Ma

Inserting Eqs. (4.1.26), (4.1.27), (4.1.28), and (4.1.29) into (4.1.17), the @ function for

the superposition of two-mode light beams is written in the form



42

d*nad?zpd® X adPw . s
Q(avﬁ) _/ e B;TQ 4 BQ(”A?'ZBaO‘_)\Aaﬁ_WB)X

Q()‘*AaW*Bva - 77A7ﬁ - ZB)el"p[ - |a —Na — )\A‘2 - ‘/8 —ZBp — CdBlQ}. (4130)

We now proceed to obtain the () function for the superposition of the two-mode coherent

and subharmonic light beams. To this end, in view of (2.2.26) and (3.2.39), we have

Figure 4.1: Two-mode coherent and subharmonic light beams

* * 1 * * * *
QN 25, — Aa, f — wp) :Fexp[—nAa—i-nA)\A—zBﬁ—i-szB

+qla = Aa+ i+ B —wp +25) — 2¢%], (4.1.31)

and

* * ur—=v * * * *
QNy, Wy, —na, B —zp) = - exp| — uNja + uXina — uwpf + uwpzp

—vaf +vazp +onafB — vnazp — VA W] (4.1.32)

Introducing Eq, (4.1.31) and (4.1.32) into (4.1.30) the @ function for the superposition of

two-mode coherent and subharmonic light beams is expressed as

P*nad?zpd* A adPwp

UQ—U2 * * *
= 1 ea:p[—nAa+nA>\A—zBﬁ

Qe ="

™ ™

+2pwp + qla = Aa+ 04 + B —wp + 25) — 2¢°|exp| — uNyj
+uNyna — uwpf + uwpzp —vaf + vazp +vnafl — vnazp

—U)\ng]exp[ - }a — N4 — )\A|2 — ’5 — 2z — wgﬁ, (4.1.33)



43

which can be rewritten as

u? —v? [ EPnad?zpd®AadPwp . . . .
Qapt) =" [T e - 55— s - 2

™

—)\2)\/4 — w*BwB + Oé)\*A + T]AOé* — 7714)‘2 + )\AOé* + 5&)*3 + ZBﬁ*
—z2pwp + wpf" — u(Nyja — Nyna — wizp + wif)
—v(af +nazp + Nywp — azg — nap)

+g(a— Ao+ i+ 8 —ws + 25) — 2¢°]. (4.1.34)

Thus, on performing the integration employing the relation (3.2.28), one readily obtains

u- —v

Qa.Bt) = emp| —ula’a+ 5'8) — vias +a'F)

q(u+v)(a+ o + B+ %) = 2¢°(u+v)]. (4.1.35)

4.2 Photon statistics

4.2.1 The mean of the photon number sum and difference

We wish here to determine the mean of the photon number sum and difference for the
superposition of two-mode coherent and subharmonic light. To this end, upon integrating
Eq. (4.1.35) over 3, we get

Qlat) = ———eap[ - (——)a"a + g(——)(a +a’) = ¢(——)]. (4.2.1)

u

Now the mean photon number for mode a for the super position of two mode coherent

and sub harmonic light is expressed as

B u? — v? 2u2 — 2 d*a u? — v? .
Mg = expl—q ] exp[ — a*o
u T

u u
U2 U2

(a+a)]aa—1, (4.2.2)
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where

ofa—1,

is the c-number function corresponding to the operator n,, in the antinormal order. Eq.

(4.2.2) can be rewritten as

2 —?) P e s
2 _ .2 2 _ .2
exp| — i a*a—l—qu ! (aa—i—ba*)]} -1, (4.2.3)
a=b=1
so that performing the integration using (2.2.25), we get

2 2 _ .2 2 _ .2

_ u Jut—v . d d QU — U
= — —— b — 1. 4.2.4

Thus carrying out the differentiation and applying the condition a = b = 1, we readily
obtain

+¢* 1. (4.2.5)

Ng =
uZ — v2

so that on account of Egs. (3.2.40) and (3.2.41), one gets
Mg =a—1+ ¢ (4.2.6)

in view of (2.1.64) and (3.2.36), the mean photon number takes the form
2

4 t
fo= L [1—e1] - % [1— e 4 H_i [1—e %)% (4.2.7)

We observe that at steady state the mean photon number reduces to

_ 272 4¢?
Ng = m + ? (4.2.8)

Following the same procedure, the mean photon number for mode b is also found.

2
p = ——[1— e "] - i [1—e] + % [1-e 5% (4.2.9)

(4.2.10)
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From which we observe that the mean photon number for the superposition of two-mode

coherent and subharmonic light is the sum of the mean photon number of the individual

light beams.

Furthermore, in view of Eqgs. (4.2.7) and (4.2.9), the mean of the photon number sum

and difference can be found as
Ny = N £ Ny,
then the mean of the photon number sum can be written as

8_52 “]2

ny = %[1 - eiA_t} - l[l —e’)‘ﬂ‘t] + =

M
This can put at steady state in the form

_ 42 8?2
ny = K2 _ 472 K2

On the other hand the mean of the photon number difference is given by

n_ = Ng — Ny.
In view of Egs. (4.2.7) and (4.2.9), we have
Ng = Np.
Therefore, the mean of the photon number difference turns out to be

n_ =0.

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(4.2.16)

4.2.2 The variance of the photon number sum and difference

We next proceed to obtain the variance of the photon number sum and difference for

the superposition of two mode coherent and subharmonic light, employing the () function.

The variance of the photon number sum and difference is defined by

(Ani)Q = (Ana)2 + (Anb)2 + 2(<ﬁaﬁb> — T_Laﬁb).

(4.2.17)
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Furthermore, the variance of the photon number for mode a, given by

(Ang)? = ((a'a)?) — n? (4.2.18)

a’

from which follows

(An,)? = (a*a?) — a2 — 3n, — 2. (4.2.19)

Using the @ function (4.2.1), we readily find

2 _ 2 2 _ .2 2 .2
(a*a' = i ea;p[—qZu] /dzocea:p[ -V e
U u u
2 _ 42
+q (a+a*)]a*a?, (4.2.20)
which can be rewritten as
2 .2 2 2 d d d2 2 2
(a*a'® = ¢ ” Y exp[—qQU - Y ]d_n@{ _aexp[— 4 " Y ot
U2 - UQ * 2 *2
+q (a+a*) +na® + ya™? ) (4.2.21)
n=y=0
so that performing the integration using the relation (2.2.25), yields
1
u? — v? u? —v? d d 1 2
@) = e )
u u  dndy (%)2 — 4y
2 (u2—02\2 [ u2 o2
Y= 4o+
ea;p(q (= )_ ( w0 ) )] . (4.2.22)
(%) — 4y n=y=0
Thus differentiating and applying the condition n = v = 0, we obtain
2412 2 2 u 4
(a*a") =2(5—03) +40 () + 4", (4.2.23)
in view of (3.2.40) and (3.2.41), we obtain
(a%a™?) = 2a® + 4aq® + ¢*. (4.2.24)

With the aid of (4.2.6), the above equation can be put in the form

(a*a'?) = 2n2 + 4n, — ¢* + 2. (4.2.25)
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Now employing (4.2.6) along with (4.2.25), one can put Eq. (4.2.19), in the form
(Angy)? =02 + ng — q¢*. (4.2.26)

Following a similar procedure, one can readily establish that the variance of the photon

number for mode b is the same as that of mode a.
(Any)? = ag +np — ¢ (4.2.27)

On account of Egs. (2.1.64) and (3.2.36), one finds

2 o Ayt o A_t)2 v Ayt At
A = e (e ) L (1M (1 e
( na) 4)\2( € ) +4)\2( € ) 2)\+>\7< € )( ¢ )
475 —A_t _sty2 dye? “ALt —fhy2
1—e 1) (1- - 1—e ™M) (1 -
PSS (- ) (- )
v —A_t g —Ast 4e? 2
— (1 — ——(1—e"* —1— . 4.2.28
by (=) = (=) ) (4:235)
Thus at steady state, we observe that
27?2 2772 4¢? 42
An,)? = N4+ —(——+1 4.2.29
(An,) /<52—472(n2—472+ )+,€2<,{2_472+ )> ( )
and
22 2+2 4¢? 4?2
Any)? = 1 —— +1). 4.2.
(An) /£2—472(/f2—47+)+/@< 47+) (4.2.30)
On the other hand, employing the @ function (4.1.35), we readily find
d*ad?
(hafy) = (u? — v?)e 207 wt) / — ﬁexp[ —u(a*a+ f*B) —v(af + o %)
g(u+v)(a+a* + B+ )] (a*afB — o' — B +1), (4.2.31)

which can be rewritten in the form
1 dd d*ad?f
u2 da db 2
—v(af +a*8*) + q(u+v)(a+a* + 5+ 5]

1d d*ad?
+

(Rafy) = (u? — v?)e 20 (utv) [ exp| — auao — bu3*3

exp| — auaa — buf* B — v(af + o B)

wda 2
+q(u+v)(a+a* + B+ )]

1d [ da d%’
+E% exp[—aua a—buf*B —v(af + a*f")
+q(u+v)(a+a” + B+ 5] +1, (4.2.32)

a=b=1
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so that performing the integration employing Eq. (2.2.25), we obtain
1 dd

1 ua + ub — 2v
A —-2¢%(utv) | - @ & 2 277 7 =7
(PaTtn) ( )6 Lﬂ da db ([abu2 — v2]e:1:p [q (u+2) abu? — v? ])
1d 1 9 oua +ub—2v
uda <[abu2 v? s Jeaplq(u+v) abu? — v? ]>
1d 1 9 QUG 4 ub — 2v
o _— 1. 4.2.33
udb <[abu2 UQ}e:cp (o) abu? — v? D} a=b=1 ' ( )

Thus carrying out the differentiation and applying the condition a = b = 1, we get

1 [ 2u?

e +2¢*(u —v) — 2u — 1] —2¢° +¢" + 1. (4.2.34)

(ftatty) = W2 — 02

On account of Egs. (3.2.40) and (3.2.41), one readily obtains

(hafp) = a®> +0* +2¢%(a—b) —2¢*> —2a+¢* + 1
= n2 + b* — 2bg”. (4.2.35)

We have found that, the mean and the variance of the photon number for mode a are
the same as those of mode b. Therefore, the variance of the photon number sum and

difference defined by Eq. (4.2.17), can be put in the form
(Ang)? = 2(Ang)* + 2((Rafp) — 712). (4.2.36)
Introducing Eqgs. (4.2.6), (4.2.26) and (4.2.35), into (4.2.36), we readily find
(Any)? =2[a®* + b* + 2¢°(a — b) — ¢* — d], (4.2.37)

in view of (2.1.64), (3.2.36) and (3.2.37), we obtain

(@nef = T e T e
—%(1 — e - %(1 _ e (1 — e F)?
+8i(1 —e %) (4.2.38)
Thus, at steady state we observe that
2v%(3Kk2 — 4~?%) Re2

(Ani)? = (4.2.39)

W — 222wt 2))
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On the other hand, the variance of the photon number difference is found to be
(An_)? =2[a* = b* +2¢*(a + b) — ¢* — al. (4.2.40)

On account of (2.1.64), (3.2.36) and (3.2.37), we obtain

272
An )2 = L(@—eMh— Laoe Mty o S (1 ety — e
(An_) e oo e) s et m e
1 2 ot 2 Kt
_’_)\6/752 (1_67,\_t)(1_677)2+8%(1_6*7)2_ (4241)
_K K

We observe that at steady state, it takes the form

2 2 2
(An_)? = ¥ 8¢

R (4.2.42)




Chapter 5

Conclusion

In this thesis we have obtained c-number Langevin equations for the two-mode co-
herent and subharmonic light beams employing the pertinent master equation following
the procedure discussed in Ref. [1]. With the aid of the c-number Langevin equations
we have obtained the antinormally ordered characteristics function and then we have de-
termined the () function for these light beams. Employing the pertinent () functions we
have determined the mean and variance of the photon number sum and difference. We

have found that the signal and idler modes are separately in chaotic states.

Furthermore, we have determined the () function for the superposition of the two-
mode coherent and subharmonic light beams. With the aid of the resulting () function
we have calculated the mean and the variance of the photon number sum and difference.
We have found that the mean of the photon number for the superposition of two-mode
coherent and subharmonic light beams is the sum of the individual mean photon numbers
and the variance of the photon number for modes a is the same as that of mode b. We

have seen that the mean of the photon number difference vanishes.

20
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