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Abstract

Applying c-number Langevin equations, we have calculated the Q function for the two-

mode coherent and subharmonic light. We have then determined the Q function for the

superposition of these two light beams. With the aid of the pertinent Q functions, we

have obtained the mean and variance of the photon number sum and difference for the

two-mode coherent light, the two-mode subharmonic light, and the superposition of the

two-mode coherent and subharmonic light beams.

We have found that the signal and idler modes are separately in chaotic states. We

have also found that the mean photon number for the superposition of two-mode coherent

and subharmonic light turns out to the sum of the mean photon number of the individual

light beams.

v



Acknowledgements

Above all, I would like to thank the almighty; God, for letting me accomplish this stage.

I would like to express my deepest gratitude and respect to my advisor and instructor Dr.

Fesseha Kassahun for his guidance, assistance, supervision and contribution of valuable

suggestions and overly enthusiasm.

I would like also to thank my relatives for their support through my over all work.

Finally, I would like to express my hurt felt gratitude to my aunt Bizualem Bogale whom

gave me financial and moral support with no extent through my educational life.

vi



Chapter 1

Introduction

Quantum optics deals mainly with the quantum properties of the light generated by var-

ious optical systems such as lasers and with the effect of light on the dynamics of atoms.

The quantum properties of light are largely determined by the state of the light mode

and the well known quantum states of light are the number state, the coherent state, the

chaotic state, and the squeezed state. A considerable interest is particularly shown in

squeezed state [1, 6, 8, 10, 13]. Squeezed light can be generated from light in a coherent

state by means of certain nonlinear optical interactions. Some of the quantum optical

processes which can generate squeezed light are subharmonic generation [1-10], second

harmonic generation [1, 3], and four-wave mixing [3, 5, 6,].

A subharmonic generator has been considered as a typical source of squeezed light. It

is one of the most interesting and well characterized optical device in quantum optics. In

this device a pump photon interacts with a nonlinear crystal inside a cavity and is down

converted into two highly correlated photons. If these photons have the same frequency

the device is called a one-mode subharmonic generator, otherwise it is called a two-mode

subharmonic generator.

In this thesis, with the aid of the pertinent master equation we obtain c-number

Langevin equations for a two-mode coherent light and the light produced by a two-mode

1
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subharmonic generator with the cavity modes coupled to a two-mode vacuum reservoir

via a single port mirror. With the aid of the resulting equations, we determine the Q

function for these light beams. Applying the pertinent Q function, we calculate the mean

and variance of the photon number sum and difference. In addition, we also determine

the Q function for the superposition of the two-mode coherent and subharmonic light

beams and employing the resulting Q function, we calculate the mean and variance of the

photon number.



Chapter 2

Two-Mode Coherent Light

2.1 c-number Langevin equation

We consider here a cavity mode driven by a two-mode coherent light and coupled to a

two-mode vacuum reservoir. A two-mode cavity light is driven by two-mode coherent light

and coupled to a two-mode vacuum reservoir via a single port mirror. The interaction

between the two-mode cavity light and the two-mode coherent light, can be described by

the Hamiltonian

Ĥ = iε(â† − â+ b̂† − b̂), (2.1.1)

where â(b̂) is the annihilation operator for the two-mode cavity light and ε is proportional

to the amplitude of the driving light modes. Using (2.1.1) and taking into account the

interaction of the two-mode cavity light with a two-mode vacuum reservoir via a single

port mirror, the equation of evolution of the density operator for the two-mode cavity

light can be written as [1]

dρ̂

dt
= −ε(âρ̂− â†ρ̂− ρ̂â+ ρ̂â† + b̂ρ̂− b̂†ρ̂− ρ̂b̂+ ρ̂b̂†)

+
κ

2
(2âρ̂â† − â†âρ̂− ρ̂â†â) +

κ

2
(2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂). (2.1.2)

Using the relation

d

dt
〈Â〉 = Tr(

dρ̂

dt
Â), (2.1.3)

3
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along with Eq. (2.1.2), we have

d

dt
〈â(t)〉 = −εTr(âρ̂â− â†ρ̂â− ρ̂â2 + ρ̂â†â+ b̂ρ̂â− b̂†ρ̂â− ρ̂b̂â+ ρ̂b̂†â)

+
κ

2
Tr(2âρ̂â†â− â†âρ̂â− ρ̂â†â2) +

κ

2
Tr(2b̂ρ̂b̂†â− b̂†b̂ρ̂â− ρ̂b̂†b̂â).(2.1.4)

Applying the cyclic property of the trace operation together with the commutation rela-

tions

[â, â†] = 1, (2.1.5)

and

[â, b̂] = [â, b̂†] = [â†, b̂] = [â†, b̂†] = 0, (2.1.6)

we readily find

d

dt
〈â(t)〉 = −κ

2
〈â(t)〉+ ε. (2.1.7)

It can be shown in a similar procedure that

d

dt
〈b̂(t)〉 = −κ

2
〈b̂(t)〉+ ε, (2.1.8)

d

dt
〈â(t)b̂(t)〉 = −κ〈â(t)b̂(t)〉+ ε(〈â(t)〉+ 〈b̂(t)〉), (2.1.9)

d

dt
〈â2(t)〉 = −κ〈â2(t)〉+ 2ε〈â(t)〉, (2.1.10)

d

dt
〈â†(t)â(t)〉 = −κ〈â†(t)â(t)〉+ ε(〈â†(t)〉+ 〈â(t)〉), (2.1.11)

d

dt
〈â†(t)b̂(t)〉 = −κ〈â†(t)b̂(t)〉+ ε(〈â†(t)〉+ 〈b̂(t)〉). (2.1.12)

The normal-ordering c-number equations corresponding to Eqs. (2.1.7), (2.1.8),

(2.1.9), (2.1.10), (2.1.11), and (2.1.12) are

d

dt
〈α(t)〉 = −κ

2
〈α(t)〉+ ε, (2.1.13)

d

dt
〈β(t)〉 = −κ

2
〈β(t)〉+ ε, (2.1.14)

d

dt
〈α(t)β(t)〉 = −κ〈α(t)β(t)〉+ ε(〈α(t)〉+ 〈β(t)〉), (2.1.15)
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d

dt
〈α2(t)〉 = −κ〈α2(t)〉+ 2ε〈α(t)〉, (2.1.16)

d

dt
〈α∗(t)α(t)〉 = −κ〈α∗(t)α(t)〉+ ε(〈α∗(t)〉+ 〈α(t)〉), (2.1.17)

d

dt
〈α∗(t)β(t)〉 = −κ〈α∗(t)β(t)〉+ ε(〈α∗(t)〉+ 〈β(t)〉). (2.1.18)

On the basis of Eqs. (2.1.13) and (2.1.14), one can write

d

dt
α(t) = −κ

2
α(t) + ε+ fα(t) (2.1.19)

and

d

dt
β(t) = −κ

2
β(t) + ε+ fβ(t), (2.1.20)

where fα(t) and fβ(t) are noise forces associated with the normal ordering. We next seek

to determine the properties of the noise forces fα(t) and fβ(t). We note that Eq. (2.1.13)

and the expectation value of Eq. (2.1.19) as well as Eq. (2.1.14) and the expectation

value of Eq. (2.1.20) will have the same form if

〈fα(t)〉 = 〈fβ(t)〉 = 0. (2.1.21)

Moreover, using Eqs. (2.1.19) and (2.1.20) together with the relation

d

dt
〈α(t)β(t)〉 = 〈dα(t)

dt
β(t)〉+ 〈α(t)

dβ(t)

dt
〉, (2.1.22)

we find

d

dt
〈α(t)β(t)〉 = −κ〈α(t)β(t)〉+ ε(〈α(t)〉+ 〈β(t)〉) + 〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉. (2.1.23)

Comparison of Eqs. (2.1.15) and (2.1.23) indicates that

〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉 = 0. (2.1.24)

The formal solution of Eqs. (2.1.19) and (2.1.20) can be written as

α(t) = α(0)e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[ε+ fα(t′)]dt′, (2.1.25)
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and

β(t) = β(0)e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[ε+ fβ(t′)]dt′. (2.1.26)

Then, on account of (2.1.25) and (2.1.26), one readily obtains

〈α(t)fβ(t)〉 = 〈α(0)fβ(t)〉e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[ε〈fβ(t)〉+ 〈fβ(t)fα(t′)〉]dt′, (2.1.27)

and

〈β(t)fα(t)〉 = 〈β(0)fα(t)〉e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[ε〈fα(t)〉+ 〈fα(t)fβ(t′)〉]dt′. (2.1.28)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we note that

〈α(0)fβ(t)〉 = 〈α(0)〉〈fβ(t)〉 = 0, (2.1.29)

〈β(0)fα(t)〉 = 〈β(0)〉〈fα(t)〉 = 0. (2.1.30)

Thus on account of Eqs. (2.1.21), (2.1.27), (2.1.28), (2.1.29), and (2.1.30), we obtain

〈α(t)fβ(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fβ(t)fα(t′)〉dt′, (2.1.31)

〈β(t)fα(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fα(t)fβ(t′)〉dt′. (2.1.32)

Therefore, in view of Eqs. (2.1.24), (2.1.31), and (2.1.32) and assuming

〈fβ(t)fα(t′)〉 = 〈fα(t)fβ(t′)〉, (2.1.33)

we arrive at ∫ t

0

e−κ(t−t
′)/2〈fα(t)fβ(t′)〉dt′ = 0. (2.1.34)

Now on the basis of the relation [1]∫ t

0

e−a(t−t
′)/2〈f(t)g(t′)〉dt′ = b, (2.1.35)

we assert that

〈f(t)g(t′)〉 = 2bδ(t− t′), (2.1.36)
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where a is a constant and b is a constant or some function of time t. We then see that

〈fβ(t)fα(t′)〉 = 〈fα(t)fβ(t′)〉 = 0. (2.1.37)

Furthermore, using Eq. (2.1.19) along with the relation

d

dt
〈α(t)α(t)〉 = 〈dα(t)

dt
α(t)〉+ 〈α(t)

dα(t)

dt
〉, (2.1.38)

we obtain

d

dt
〈α2(t)〉 = −κ〈α2(t)〉+ 2ε〈α(t)〉+ 2〈α(t)fα(t)〉. (2.1.39)

Comparison of Eqs. (2.1.16) and (2.1.39) shows that

〈α(t)fα(t)〉 = 0, (2.1.40)

in view of (2.1.25), one readily obtains∫ t

0

e−κ(t−t
′)/2〈fα(t)fα(t′)〉dt′ = 0, (2.1.41)

from which follows

〈fα(t)fα(t′)〉 = 0. (2.1.42)

It can be established in a similar procedure that

〈fβ(t)fβ(t′)〉 = 0. (2.1.43)

Moreover, employing Eq. (2.1.19) and its complex conjugate along with the relation

d

dt
〈α∗(t)α(t)〉 = 〈dα

∗(t)

dt
α(t)〉+ 〈α∗(t)dα(t)

dt
〉, (2.1.44)

we find

d

dt
〈α∗(t)α(t)〉 = −κ〈α∗(t)α(t)〉+ε(〈α∗(t)〉+ 〈α(t)〉)+ 〈α(t)f ∗α(t)〉+ 〈α∗(t)fα(t)〉. (2.1.45)

Comparison of Eqs. (2.1.17) and (2.1.45) indicates that

〈α(t)f ∗α(t)〉+ 〈α∗(t)fα(t)〉 = 0. (2.1.46)
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So that using (2.1.25) and its complex conjugate, and assuming

〈fα(t)f ∗α(t′)〉 = 〈f ∗α(t)fα(t′)〉, (2.1.47)

we get ∫ t

0

e−κ(t−t
′)/2〈fα(t)f ∗α(t′)〉dt′ = 0. (2.1.48)

Hence on account of (2.1.35) and (2.1.36), we note that

〈fα(t)f ∗α(t′)〉 = 〈f ∗α(t)fα(t′)〉 = 0. (2.1.49)

It can also be established in a similar procedure that

〈fβ(t)f ∗β(t′)〉 = 〈f ∗β(t)fβ(t′)〉 = 0. (2.1.50)

Finally, using (2.1.20) and the complex conjugate of (2.1.19) along with the relation

d

dt
〈α∗(t)β(t)〉 = 〈dα

∗(t)

dt
β(t)〉+ 〈α∗(t)dβ(t)

dt
〉, (2.1.51)

we obtain

d

dt
〈α∗(t)β(t)〉 = −κ〈α∗(t)β(t)〉+ ε(〈α∗(t)〉+ 〈β(t)〉) + 〈α∗(t)fβ(t)〉+ 〈β(t)f ∗α(t)〉. (2.1.52)

Comparison of (2.1.18) and (2.1.52), indicates that

〈α∗(t)fβ(t)〉+ 〈β(t)f ∗α(t)〉 = 0. (2.1.53)

In view of (2.1.26) and the complex conjugate of (2.1.25), and assuming

〈fβ(t)f ∗α(t′)〉 = 〈f ∗α(t)fβ(t′)〉, (2.1.54)

we get ∫ t

0

e−κ(t−t
′)/2〈fβ(t)f ∗α(t′)〉dt′ = 0, (2.1.55)

from which follows

〈fβ(t)f ∗α(t′)〉 = 〈f ∗α(t)fβ(t′)〉 = 0. (2.1.56)
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It can also be established in a similar fashion that

〈fα(t)f ∗β(t′)〉 = 〈f ∗β(t)fα(t′)〉 = 0. (2.1.57)

We would like to point out that (2.2.21), (2.1.37), (2.1.42), (2.1.43), (2.1.49), (2.1.50),

(2.1.56), and (2.1.57), describes the correlation properties of the noise forces fα(t) and

fβ(t) associated with the normal ordering.

Now we proceed to find the solutions of Eqs. (2.1.19) and (2.1.20), to this end we

introduce a new variable defined by

γ±(t) = α(t)± β∗(t). (2.1.58)

Applying Eq. (2.1.19) and the complex conjugate of Eq. (2.1.20), we obtain

d

dt
γ±(t) = −κ

2
γ±(t) + ε± ε+ fα(t)± f ∗β(t). (2.1.59)

Thus, the solution of this equation can be written as

γ±(t) = γ±(0)e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[ε± ε+ fα(t′)± f ∗β(t′)]dt′, (2.1.60)

from which we obtain

α(t) = p(t)α(0) + q(t) + F+(t) + F−(t), (2.1.61)

β(t) = p(t)β(0) + q(t) + F ∗+(t)− F ∗−(t), (2.1.62)

where

p(t) = e−κt/2, (2.1.63)

q(t) =
2ε

κ
(1− e−κt/2), (2.1.64)

and

F±(t) =
1

2

∫ t

0

e−κ(t−t
′)/2[fα(t′)± f ∗β(t′)]dt′. (2.1.65)

Now Eqs. (2.1.61) and (2.1.62) can be rewritten as

α(t) = α′(t) + q(t), (2.1.66)
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β(t) = β′(t) + q(t), (2.1.67)

with

α′(t) = p(t)α(0) + µα(t), (2.1.68)

β′(t) = p(t)β(0) + µβ(t), (2.1.69)

where

µα(t) =
1

2

∫ t

0

e−κ(t−t
′)/2[fα(t′) + f ∗β(t′)]dt′ +

1

2

∫ t

0

e−κ(t−t
′)/2[fα(t′)− f ∗β(t′)]dt′. (2.1.70)

µβ(t) =
1

2

∫ t

0

e−κ(t−t
′)/2[f ∗α(t′) + fβ(t′)]dt′ − 1

2

∫ t

0

e−κ(t−t
′)/2[f ∗α(t′)− fβ(t′)]dt′. (2.1.71)

2.2 The Q function for a coherently driven two-mode

cavity light

We now proceed to obtain the Q function for a coherently driven two-mode cavity

light. The Q function for a two-mode coherent light is expressed as

Q(α, β, t) =
1

π4

∫
d2zd2ηΦa(z, η, t)exp(z

∗α + η∗β − zα∗ − ηβ∗), (2.2.1)

with the antinormally-ordered characteristic function Φa(z, η, t) is defined in the Heisen-

berg picture by

Φa(z, η, t) = Tr
[
ρ̂(0)e−z

∗â(t)ezâ
†(t)e−η

∗b̂(t)eηb̂
†(t)
]
. (2.2.2)

Employing the identity [1]

eÂeB̂ = eB̂eÂe[A,B], (2.2.3)

the characteristic function can be expressed as

Φa(z, η, t) = e−z
∗z−η∗ηTr

[
ρ̂(0)ezâ

†(t)e−z
∗â(t)eηb̂

†(t)e−η
∗b̂(t)
]
. (2.2.4)
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Then this function can be written in terms of c-number variables associated with the

normal-order as

Φa(z, η, t) = e−z
∗z−η∗η〈exp[zα∗ − z∗α + ηβ∗ − η∗β]〉. (2.2.5)

Therefore using Eqs. (2.1.66) and (2.1.67), we have

Φa(z, η, t) = exp[(−z∗z − η∗η) + (z − z∗ + η − η∗)q]

×〈exp[zα′∗ − z∗α′ + ηβ′
∗ − η∗β′]〉. (2.2.6)

Now we seek to show α′ and β′ are Gaussian variables. To this end, taking the

expectation values of Eqs. (2.1.68), and (2.1.69), and differentiating with respect to t

yields

d

dt
〈α′(t)〉 = −κ

2
〈α′(t)〉, (2.2.7)

and

d

dt
〈β′(t)〉 = −κ

2
〈β′(t)〉. (2.2.8)

which are linear equations. Which shows α′(t) and β′(t) are Gaussian variables. In

addition, using (2.1.68), and (2.1.69), and assuming the cavity mode is initially in a

two-mode vacuum state, one easily gets

〈α′(t)〉 = 〈β′(t)〉 = 0 (2.2.9)

So that α′(t) and β′(t) are Gaussian variables with vanishing means. Thus employing the

relation [1]

〈exp(α + β)〉 = exp
[1
2
〈(α + β)2〉

]
, (2.2.10)

where α and β are Gaussian variables with vanishing mean. The characteristic function

can be put in the form

Φa(z, η, t) = exp[(−z∗z − η∗η) + (z − z∗ + η − η∗)q]

×exp[1
2
〈(zα′∗ − z∗α′ + ηβ′

∗ − η∗β′)2〉], (2.2.11)
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which can be rewritten as

Φa(z, η, t) = exp

[
(−z∗z − η∗η) + (z − z∗ + η − η∗)q]

×exp[z
2

2
〈α′∗2〉+

z∗2

2
〈α′2〉+

η2

2
〈β′∗2〉+

η∗2

2
〈β′2〉

−z∗z〈α′α′∗〉+ zη〈α′∗β′∗〉 − z∗η〈α′β′∗〉

−zη∗〈α′∗β′〉+ z∗η∗〈α′β′〉 − η∗η〈β′β′∗〉
]

(2.2.12)

Now using Eqs. (2.1.70) and (2.1.71), and the assumption that the cavity mode is initially

in a two-mode vacuum state, we obtain

〈α′∗2〉 = 〈α′2〉 = 0, (2.2.13)

〈β′∗2〉 = 〈β′2〉 = 0, (2.2.14)

〈α′α′∗〉 = 〈β′β′∗〉 = 0, (2.2.15)

〈α′∗β′∗〉 = 〈α′β′〉 = 0, (2.2.16)

〈α′β′∗〉 = 〈α′∗β′〉 = 0. (2.2.17)

Using the above relations the characteristic function becomes

Φa(z, η, t) = exp
[
− z∗z − η∗η + (z − z∗ + η − η∗)q

]
. (2.2.18)

Then, introducing (2.2.18) into (2.2.1), the Q function becomes

Q(α, β, t) =
1

π2

∫
d2zd2η

π2
exp
[
− z∗z − η∗η + (z − z∗ + η − η∗)q

]
×exp

[
z∗α− zα∗ + η∗β − ηβ∗

]
, (2.2.19)

which can be rewritten as

Q(α, β, t) =
1

π2

∫
d2zd2η

π2
exp
[
− z∗z − η∗η + az + bz∗ + uη + vη∗], (2.2.20)

where

a = q − α∗, (2.2.21)
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b = −(q − α), (2.2.22)

u = q − β∗, (2.2.23)

v = −(q − β). (2.2.24)

Furthermore, using the relation given [1]∫
d2z

π
exp
[
− az∗z + bz + cz∗ + Az2 +Bz∗2

]
=
[ 1

a2 − 4AB

] 1
2 exp

(
abc+ Ac2 +Bb2

a2 − 4AB

)
, a > 0, (2.2.25)

and performing the integration, one readily obtains

Q(α, β, t) =
1

π2
exp
[
− α∗α− β∗β + (α + β + α∗ + β∗)q − 2q2

]
. (2.2.26)

2.3 Photon statistics

The statistical properties of a light beam is described in terms of the mean and variance

of the photon number. Here we wish to calculate the mean and variance of the photon

number for modes a and b, employing the Q function.

2.3.1 The mean of the photon number sum and difference

Here we seek to study, employing the Q function, the statistical properties of the

two-mode coherent light. To this end, upon integrating Eq. (2.2.26) over β, we get∫
d2βQ(α, β, t) =

∫
d2β

π2
exp
[
− α∗α− β∗β + (α + β + α∗ + β∗)q − 2q2

]
, (2.3.1)

from which follows

Q(α, t) =
1

π
exp
[
− α∗α + qα + qα∗ − q2

]
. (2.3.2)

We define the photon number sum and difference by

n̂± = n̂a ± n̂b, (2.3.3)
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where n̂a = â†â and n̂b = b̂†b̂ are the photon number operators for mode a and mode b.

The mean of the photon number sum and difference can be expressed in terms of the Q

function as

n̄± = n̄a ± n̄b =

∫
d2αQ(α∗, α, t)na(α)±

∫
d2βQ(β∗, β, t)nb(β), (2.3.4)

where na(α) = α∗α − 1 and nb(β) = β∗β − 1, are the c-number variables corresponding

to the operators n̂a and n̂b in the antinormal-order. The mean photon number for mode

a is given by

n̄a =

∫
d2α

π
exp
[
− α∗α + qα + qα∗ − q2

]
α∗α− 1, (2.3.5)

which can be rewritten in the form

n̄a = − d

da

[ ∫
d2α

π
exp
[
− aα∗α + qα + qα∗ − q2

]]
a=1

− 1, (2.3.6)

so that performing the integration employing Eq. (2.2.25), one readily obtains

n̄a = e−q
2 d

da

[
− 1

a
e
q2

2

]
a=1
− 1. (2.3.7)

Thus carrying out the differentiation and applying the condition a = 1, we readily obtain

n̄a = q2, (2.3.8)

so that on account of (2.1.64), there follows

n̄a =
4ε2

κ2
(1− e−

κt
2 )2. (2.3.9)

We observe that at steady state the mean photon number reduces to

n̄a =
4ε2

κ2
. (2.3.10)

Following the same procedure, the mean photon number for mode b is also obtained as

n̄b =
4ε2

κ2
(1− e−

κt
2 )2, (2.3.11)
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and at steady state, we see that

n̄b =
4ε2

κ2
. (2.3.12)

Therefore, in view of Eqs. (2.3.9) and (2.3.11), Eq. (2.3.3) can be written in the form

n̄± =
4ε2

κ2
(1− e−

κt
2 )2 ± 4ε2

κ2
(1− e−

κt
2 )2, (2.3.13)

from which the sum of the mean photon number is found to be

n̄+ =
8ε2

κ2
(1− e−

κt
2 )2. (2.3.14)

We see that at steady state the mean of the photon number sum reduces to

n̄+ =
8ε2

κ2
. (2.3.15)

And the mean of the photon number difference turns out to be

n̄− = 0. (2.3.16)

2.3.2 The variance of the photon number sum and difference

We next proceed to obtain the variance of the photon number sum and difference.

The variance of the photon number sum and difference can be expressed as

(∆n±)2 = 〈n̂2
±〉 − 〈n̂±〉2. (2.3.17)

Applying Eq. (2.3.3), the variance of the photon number sum and difference can be put

in the form

(∆n±)2 = (∆na)
2 + (∆nb)

2 ± 2
(
〈n̂an̂b〉 − n̄an̄b

)
. (2.3.18)

On the other hand, the photon number variance for mode a can be written in the form

(∆na)
2 = 〈n̂2

a〉 − n̄2
a. (2.3.19)
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Using the Q function (2.3.2), we find

〈n̂2
a〉 =

∫
d2α

π
exp
[
− α∗α + qα + qα∗ − q2

](
α∗2α2 − 3α∗α + 1

)
, (2.3.20)

where

α∗2α2 − 3α∗α + 1,

is the c-number function corresponding to the operator n̂2
a in the antinormal-order. Now

(2.3.20) can be written as

〈n̂2
a〉 = e−q

2

[
d2

da2

∫
d2α

π
exp
(
− aα∗α + qα + qα∗

)
+3

d

da

∫
d2α

π
exp
(
− aα∗α + qα + qα∗

)]
a=1

+ 1. (2.3.21)

Thus performing the integration using the relation given by (2.2.25), one gets

〈n̂2
a〉 = e−q

2

[
d2

da2
(1

a
e
q2

a

)
+

d

da

(3

a
e
q2

a

)]
a=1

+ 1, (2.3.22)

so that carrying out the differentiation and applying the condition a = 1, one readily

obtains

〈n̂2
a〉 = q2(q2 + 1). (2.3.23)

Now with the aid of Eqs. (2.3.8) and (2.3.23), Eq. (2.3.19) can be put in the form

(∆na)
2 = q2, (2.3.24)

so that on account of (2.1.64), the variance of the photon number for mode a can be put

in the form

(∆na)
2 =

4ε2

κ2
(1− e−κt/2)2. (2.3.25)

This takes at steady state the form

(∆na)
2 =

4ε2

κ2
. (2.3.26)

Following a similar procedure, one can readily establish that the variance of the photon

number for mode b can be put in the form

(∆nb)
2 =

4ε2

κ2
(1− e−κt/2)2, (2.3.27)
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and at steady state, it takes the form

(∆nb)
2 =

4ε2

κ2
. (2.3.28)

In view of (2.3.10),(2.3.12),(2.3.26), and (2.3.28), we observe that

(∆na)
2 = n̄a, (2.3.29)

and

(∆nb)
2 = n̄b. (2.3.30)

In addition, one can also write

〈n̂an̂b〉 =

∫
d2αd2βQ(α, β, t)na(α)nb(β), (2.3.31)

with

na(α) = α∗α− 1,

and

n(β) = β∗β − 1,

are the c-number functions corresponding to the operators n̂a and n̂b in the antinormal-

order. Thus on account of the Q function (2.2.26), one can write

〈n̂an̂b〉 =

∫
d2αd2β

π2
exp
[
− α∗α− β∗β + qα + qβ + qα∗ + qβ∗ − 2q2

]
(α∗αβ∗β − α∗α− β∗β + 1), (2.3.32)

which can be rewritten as

〈n̂an̂b〉 = e−2q
2

[
d

da

d

db

∫
d2αd2β

π2
exp[−aα∗α− bβ∗β + qα∗ + qα + qβ∗ + qβ]

+
d

da

∫
d2αd2β

π2
exp[−aα∗α− bβ∗β + qα∗ + qα + qβ∗ + qβ]

+
d

db

∫
d2αd2β

π2
exp[−aα∗α− bβ∗β + qα∗ + qα + qβ∗ + qβ]

]
a=b=1

+1, (2.3.33)
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thus carrying out the integration using the relation (2.2.25), one obtains

〈n̂an̂b〉 = e−2q
2

[
d

da

d

db

( 1

ab
eq

2( 1
a
+ 1
b

)
+

d

da

( 1

ab
eq

2( 1
a
+ 1
b

)
+
d

db

( 1

ab
eq

2( 1
a
+ 1
b

)]
a=b=1

+ 1. (2.3.34)

Differentiating and applying the condition a = b = 1, we get

〈n̂an̂b〉 = q4. (2.3.35)

On account of (2.1.64), one readily obtains

〈n̂an̂b〉 =
16ε4

κ4
(
1− e−

κt
2

)4
. (2.3.36)

Introducing (2.3.9), (2.3.11), (2.3.25), (2.3.27), and (2.3.36) into (2.3.18), we obtain

(∆n±)2 =
8ε2

κ2
(
1− e−

κt
2

)2
, (2.3.37)

from which we observe the variance of the photon number sum and difference takes at

steady state the form

(∆n±)2 =
8ε2

κ2
. (2.3.38)



Chapter 3

Two-Mode Subharmonic Light

3.1 c-number Langevin equation

Here we first obtain c-number Langevin equations associated with the normal ordering,

for the signal-idler modes produced in two-mode subharmonic generation. Then using the

solutions of the resulting equations, we determine the Q function for these modes. In a

two-mode subharmonic generator a pump photon of frequency ωc is down converted into

highly correlated signal and idler photons with frequency ωa and ωb, such that ωc = ωa+ωb.

Figure 3.1: Two-mode subharmonic generator

The process of two-mode subharmonic generation is described by the Hamiltonian

Ĥ = iλ(âb̂ĉ† − â†b̂†ĉ), (3.1.1)

where â and b̂ are the annihilation operators for the signal and idler modes respectively

and ĉ is the annihilation operator for the pump mode, with λ being the coupling constant.

19
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With the pump mode represented by a real and constant c-number µ, the Hamiltonian

can be rewritten as

Ĥ = iγ(âb̂− â†b̂†), (3.1.2)

with

γ = λµ (3.1.3)

Applying Eq. (3.1.2) and taking into account the interaction of the signal-idler modes

with a two-mode vacuum reservoir via a single port mirror, the equation of evolution for

the reduced density operator (in short the master equation) for the cavity modes can be

written as [1]

dρ̂

dt
= γ(âb̂ρ̂−ρ̂âb̂+ρ̂â†b̂†−â†b̂†ρ̂)+

κ

2
(2âρ̂â†−â†âρ̂−ρ̂â†â)+

κ

2
(2b̂ρ̂b̂†− b̂†b̂ρ̂−ρ̂b̂†b̂), (3.1.4)

in which the cavity damping constant κ is assumed to be the same for both the signal

and idler modes. Now employing the relation

d

dt
〈Â〉 = Tr

(dρ̂
dt
Â
)
, (3.1.5)

we readily obtain

d

dt
〈â(t)〉 = γTr(âb̂ρ̂â− ρ̂âb̂â+ ρ̂â†b̂†ρ̂â− â†b̂†ρ̂â)

+
κ

2
Tr(2âρ̂â†â− â†âρ̂â− ρ̂â†â2) +

κ

2
Tr(2b̂ρ̂b̂†â− b̂†b̂ρ̂â− ρ̂b̂†b̂â).(3.1.6)

Applying the cyclic property of the trace operation together with the commutation rela-

tions

[â, â†] = 1, (3.1.7)

and

[â, b̂] = [â, b̂†] = [â†, b̂] = [â†, b̂†] = 0, (3.1.8)

one finds

d

dt
〈â(t)〉 = −κ

2
〈â(t)〉 − γ〈b̂†〉. (3.1.9)
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It can be shown in a similar manner that

d

dt
〈b̂(t)〉 = −κ

2
〈b̂(t)〉 − γ〈â†〉, (3.1.10)

d

dt
〈â(t)b̂(t)〉 = −κ〈â(t)b̂(t)〉 − γ〈â†(t)â(t)〉 − γ〈b̂†(t)b̂〉 − γ (3.1.11)

d

dt
〈â(t)â(t)〉 = −κ〈â(t)â(t)〉 − 2γ〈â(t)b̂†(t)〉, (3.1.12)

d

dt
〈â†(t)â(t)〉 = −κ〈â†(t)â(t)〉 − γ〈â(t)b̂(t)〉 − γ〈â†(t)b̂†(t)〉, (3.1.13)

d

dt
〈â†(t)b̂(t)〉 = −κ〈â†(t)b̂(t)〉 − γ〈â†2(t)〉 − γ〈b̂2(t)〉). (3.1.14)

We see that the normal-ordering c-number equations corresponding to Eqs. (3.1.9),

(3.1.10), (3.1.11), (3.1.12), (3.1.13), and (3.1.14) are

d

dt
〈α(t)〉 = −κ

2
〈α(t)〉 − γ〈β∗(t)〉, (3.1.15)

d

dt
〈β(t)〉 = −κ

2
〈β(t)〉 − γ〈α∗(t)〉, (3.1.16)

d

dt
〈α(t)β(t)〉 = −κ〈α(t)β(t)〉 − γ〈α∗(t)α(t)〉 − γ〈β∗(t)β(t)〉 − γ, (3.1.17)

d

dt
〈α2(t)〉 = −κ〈α2(t)〉 − 2γ〈α(t)β∗(t)〉, (3.1.18)

d

dt
〈α∗(t)α(t)〉 = −κ〈α∗(t)α(t)〉 − γ〈α(t)β(t)〉 − γ〈α∗(t)β∗(t)〉, (3.1.19)

d

dt
〈α∗(t)β(t)〉 = −κ〈α∗(t)β(t)〉 − γ〈α∗2(t)〉 − γ〈β2(t)〉). (3.1.20)

On the basis of Eqs. (3.1.15) and (3.1.16), one can write

d

dt
α(t) = −κ

2
α(t)− γβ∗(t) + fα(t) (3.1.21)

and

d

dt
β(t) = −κ

2
β(t)− γα∗(t) + fβ(t), (3.1.22)

where fα(t) and fβ(t) are noise forces associated with the normal ordering. We next seek

to determine the properties of the noise forces fα(t) and fβ(t). We note that Eq. (3.1.15)
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and the expectation value of Eq. (3.1.21) as well as Eq. (3.1.16) and the expectation

value of Eq. (3.1.22) will have the same form if

〈fα(t)〉 = 〈fβ(t)〉 = 0 (3.1.23)

Moreover, using Eqs. (3.1.21) and (3.1.22) together with the relation

d

dt
〈α(t)β(t)〉 = 〈dα(t)

dt
β(t)〉+ 〈α(t)

dβ(t)

dt
〉, (3.1.24)

we find

d

dt
〈α(t)β(t)〉 = −κ〈α(t)β(t)〉 − γ〈α∗(t)α(t)〉 − γ〈β∗(t)β(t)〉

+〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉. (3.1.25)

Comparison of Eqs. (3.1.17) and (3.1.25) indicates that

〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉 = −γ. (3.1.26)

The formal solution of Eqs. (3.1.21) and (3.1.22) can be written as

α(t) = α(0)e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[fα(t′)− γβ∗(t′)]dt′, (3.1.27)

and

β(t) = β(0)e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[fβ(t′)− γα∗(t′)]dt′. (3.1.28)

On account of (3.1.27) and (3.1.28), one readily obtains

〈α(t)fβ(t)〉 = 〈α(0)fβ(t)〉e−κt/2 +

∫ t

0

e−κ(t−t
′)/2〈fβ(t)fα(t′)〉 − γ〈β∗(t′)fβ(t)〉]dt′, (3.1.29)

〈β(t)fα(t)〉 = 〈β(0)fα(t)〉e−κt/2 +

∫ t

0

e−κ(t−t
′)/2[〈fα(t)fβ(t′)〉 − γ〈α∗(t′)fα(t)〉]dt′. (3.1.30)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we note that

〈α(0)fβ(t)〉 = 〈α(0)〉〈fβ(t)〉 = 0, (3.1.31)

〈β(0)fα(t)〉 = 〈β(0)〉〈fα(t)〉 = 0, (3.1.32)
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〈α∗(t′)fα(t)〉 = 〈α∗(t′)〉〈fα(t)〉 = 0, (3.1.33)

〈β∗(t′)fα(t)〉 = 〈β∗(t′)〉〈fβ(t)〉 = 0. (3.1.34)

Thus on account of Eqs. (3.1.23), (3.1.31), (3.1.32), (3.1.33), and (3.1.34), Eqs. (3.1.29)

and (3.1.30) reduces to

〈α(t)fβ(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fβ(t)fα(t′)〉dt′, (3.1.35)

〈β(t)fα(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fα(t)fβ(t′)〉dt′. (3.1.36)

Therefore, in view of Eqs. (3.1.26), (3.1.35), and (3.1.36) and assuming

〈fβ(t)fα(t′)〉 = 〈fα(t)fβ(t′)〉, (3.1.37)

we arrive at∫ t

0

e−κ(t−t
′)/2〈fα(t)fβ(t′)〉dt′ =

∫ t

0

e−κ(t−t
′)/2〈fβ(t)fα(t′)〉dt′ = −γ

2
. (3.1.38)

Now on the basis of the relation (2.1.35) and (2.1.36), we assert that

〈fβ(t)fα(t′)〉 = 〈fα(t)fβ(t′)〉 = −γδ(t− t′) (3.1.39)

Furthermore, using Eq. (3.1.21) along with the relation

d

dt
〈α(t)α(t)〉 = 〈dα(t)

dt
α(t)〉+ 〈α(t)

dα(t)

dt
〉, (3.1.40)

we obtain

d

dt
〈α2(t)〉 = −κ〈α2(t)〉 − 2γ〈α(t)β∗(t)〉+ 2〈α(t)fα(t)〉. (3.1.41)

Comparison of Eqs. (3.1.18) and (3.1.41) shows that

〈α(t)fα(t)〉 = 0, (3.1.42)

in view of (3.1.27), one readily obtains∫ t

0

e−κ(t−t
′)/2〈fα(t)fα(t′)〉dt′ = 0, (3.1.43)
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from which follows that

〈fα(t)fα(t′)〉 = 0. (3.1.44)

It can be established in a similar procedure that

〈fβ(t)fβ(t′)〉 = 0. (3.1.45)

Moreover, employing Eq. (3.1.21) and its complex conjugate along with the relation

d

dt
〈α∗(t)α(t)〉 = 〈dα

∗(t)

dt
α(t)〉+ 〈α∗(t)dα(t)

dt
〉, (3.1.46)

we find

d

dt
〈α∗(t)α(t)〉 = −κ〈α∗(t)α(t)〉 − γ〈α(t)β(t)〉 − γ〈α∗(t)β∗(t)〉)

+〈α(t)f ∗α(t)〉+ 〈α∗(t)fα(t)〉. (3.1.47)

Comparison of Eqs. (3.1.19) and (3.1.47) indicates that

〈α(t)f ∗α(t)〉+ 〈α∗(t)fα(t)〉 = 0, (3.1.48)

with the aid of (3.1.27) and its complex conjugate, we obtain

〈α(t)f ∗α(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈f ∗α(t)fα(t′)〉dt′, (3.1.49)

〈α∗(t)fα(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fα(t)f ∗α(t′)〉dt′. (3.1.50)

Now in view of (3.1.48), (3.1.49), (3.1.50) and assuming

〈fα(t)f ∗α(t′)〉 = 〈f ∗α(t)fα(t′)〉, (3.1.51)

we get ∫ t

0

e−κ(t−t
′)/2〈fα(t)f ∗α(t′)〉dt′ = 0, (3.1.52)

from which one readily obtains

〈fα(t)f ∗α(t′)〉 = 〈f ∗α(t)fα(t′)〉 = 0. (3.1.53)
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It can also be established in a similar procedure that

〈fβ(t)f ∗β(t′)〉 = 〈f ∗β(t)fβ(t′)〉 = 0. (3.1.54)

Finally, introducing (3.1.22) and the complex conjugate of (3.1.21) along with the relation

d

dt
〈α∗(t)β(t)〉 = 〈dα

∗(t)

dt
β(t)〉+ 〈α∗(t)dβ(t)

dt
〉, (3.1.55)

we obtain

d

dt
〈α∗(t)β(t)〉 = −κ〈α∗(t)β(t)〉−γ〈α∗2(t)〉−γ〈β2(t)〉)+〈α∗(t)fβ(t)〉+〈β(t)f ∗α(t)〉. (3.1.56)

Comparison of (3.1.20) and (3.1.56), indicates that

〈α∗(t)fβ(t)〉+ 〈β(t)f ∗α(t)〉 = 0, (3.1.57)

with the aid of (3.1.28) and the complex conjugate of (3.1.27), we obtain

〈α∗(t)fβ(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈fβ(t)f ∗α(t′)〉dt′, (3.1.58)

and

〈β(t)f ∗α(t)〉 =

∫ t

0

e−κ(t−t
′)/2〈f ∗α(t)fβ(t′)〉dt′. (3.1.59)

Now taking into account Eqs. (3.1.57), (3.1.58), (3.1.59), and assuming

〈fβ(t)f ∗α(t′)〉 = 〈f ∗α(t)fβ(t′)〉, (3.1.60)

we arrive at ∫ t

0

e−κ(t−t
′)/2〈fβ(t)f ∗α(t′)〉dt′ = 0 (3.1.61)

Therefore, in view of the relations (2.1.35) and (2.1.36), one obtains

〈fβ(t)f ∗α(t′)〉 = 〈f ∗α(t)fβ(t′)〉 = 0. (3.1.62)

It can also be established in a similar manner that

〈fα(t)f ∗β(t′)〉 = 〈f ∗β(t)fα(t′)〉 = 0. (3.1.63)
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We would like to point out that (3.1.23), (3.1.39), (3.1.44), (3.1.45), (3.1.53), (3.1.54),

(3.1.62), and (3.1.63) describe the correlation properties of the noise forces fα(t) and

fβ(t) associated with the normal-ordering.

In order to obtain the solutions of Eqs. (3.1.21) and (3.1.22), we introduce a new

variable defined by

z±(t) = α(t)± β∗(t). (3.1.64)

Applying Eq. (3.1.21) along with the complex conjugate of Eq. (3.1.22), we readily obtain

d

dt
z± = −1

2
λ±z± + fα(t)± f ∗β(t), (3.1.65)

where

λ± = κ± 2γ. (3.1.66)

According to Eq. (3.1.65) together with (3.1.66), the solution of z−(t) does not have a

well-behaved solution for κ < 2γ. We then identify κ = 2γ as the threshold condition.

For 2γ<κ, the solution of Eq. (3.1.65) can be written as

z±(t) = z±(0)e−
1
2
λ±t +

∫ t

0

e−
1
2
λ±(t−t′)[fα(t′)± fβ∗(t′)]dt′. (3.1.67)

Now with the aid of (3.1.64) and (3.1.67), we readily obtain

α(t) = A+(t)α(0) + A−(t)β∗(0) + F+(t) + F−(t), (3.1.68)

β(t) = A+(t)β(0) + A−(t)α∗(0) + F ∗+(t)− F ∗−(t), (3.1.69)

where

A±(t) =
1

2

(
e−

1
2
λ+t ± e−

1
2
λ−t
)
, (3.1.70)

F±(t) =
1

2

∫ t

0

e−
1
2
λ±(t−t′)[fα(t′)± f ∗β(t′)]dt′. (3.1.71)
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3.2 The Q function for a two-mode subharmonic light

We next seek to obtain the Q function for the signal-idler modes. The Q function for

a two-mode light is expressible as

Q(α, β, t) =
1

π4

∫
d2zd2χΦa(z, χ, t)exp(z

∗α− zα∗ + χ∗β − χβ∗), (3.2.1)

where the antinormally ordered characteristic function is defined in the Heisenberg

picture by

Φa(z, χ, t) = Tr
(
ρ̂(0)e−z

∗â(t)ezâ
†(t)e−χ

∗b̂(t)eχb̂
†(t)
)
. (3.2.2)

This can be put employing the identity [1]

eÂeB̂ = eB̂eÂe[Â,B̂], (3.2.3)

in the form

Φa(z, χ, t) = exp[−z∗z − χ∗χ]Tr
[
ρ̂(0)ezâ

†(t)e−z
∗â(t)eχb̂

†(t)e−χ
∗b̂(t)
]
, (3.2.4)

the characteristic function can be expressed in terms of c-number variables associated

with the normal ordering in the form

Φa(z, χ, t) = exp[−z∗z − χ∗χ]〈exp
(
zα∗ − z∗α + χβ∗ − χ∗β

)
〉. (3.2.5)

Moreover, Eqs. (3.1.68) and (3.1.69) can be written as

α(t) = A+(t)α(0) + A−(t)β∗(0) + ηα(t), (3.2.6)

β(t) = A+(t)β(0) + A−(t)α∗(0) + ηβ(t), (3.2.7)

where

ηα(t) =
1

2

[ ∫ t

0

e−
1
2
λ+(t−t′)(fα(t′) + f ∗β(t′)

)
dt′ +

∫ t

0

e−
1
2
λ−(t−t′)

(
fα(t′)− f ∗β(t′)

)
dt′
]
, (3.2.8)

and

ηβ(t) =
1

2

[ ∫ t

0

e−
1
2
λ+(t−t′)(f ∗α(t′) + fβ(t′)

)
dt′ −

∫ t

0

e−
1
2
λ−(t−t′)

(
f ∗α(t′)− fβ(t′)

)
dt′
]
. (3.2.9)
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Now in view of (3.2.6) and (3.2.7), one readily obtains

Φa(z, χ, t) = exp[−z∗z − χ∗χ]〈exp
(
zA+α

∗(0) + zA−β(0)

+zη∗α − z∗A+α(0)− z∗A−β∗(0)− z∗ηα + χA+β
∗(0)

+χA−α(0) + χη∗β − χ∗A+β(0)− χ∗A−α∗(0)− χ∗ηβ
)
〉, (3.2.10)

it then follows that

Φa(z, χ, t) = exp[−z∗z − χ∗χ]〈exp
[
(χA− − z∗A+)α(0) + (zA+ − χ∗A−)α∗(0)

+(zA− − χ∗A+)β(0) + (χA+ − z∗A−)β∗(0)
]
〉

×〈exp
[
zη∗α − z∗ηα + χη∗β−χ∗ηβ

]
〉. (3.2.11)

Considering the cavity radiation to be initially in a two-mode vacuum state, we obtain

〈exp
[
(χA− − z∗A+)α(0) + (zA+ − χ∗A−)α∗(0)

+(zA− − χ∗A+)β(0) + (χA+ − z∗A−)β∗(0)
]
〉 = 1. (3.2.12)

In view of (3.2.12), Eq. (3.2.11) takes the form

Φa(z, χ, t) = exp[−z∗z − χ∗χ]× 〈exp
[
zη∗α − z∗ηα + χη∗β − χ∗ηβ

]
〉. (3.2.13)

We recall that Gaussian variables with vanishing mean satisfy the relation

〈exp(zα∗ − z∗α)〉 = exp
[1
2

〈
(zα∗ − z∗α)2

〉
. (3.2.14)

Next we proceed to show that ηα(t) and ηβ(t) are Gaussian variables. One can rewrite

Eq. (3.2.8) as

ηα = η+ + η−, (3.2.15)

in which

η+ =
1

2

∫ t

0

e−
1
2
λ+(t−t′)(fα(t′) + f ∗β(t′)

)
dt′, (3.2.16)

and

η− =
1

2

∫ t

0

e−
1
2
λ−(t−t′)

(
fα(t′)− f ∗β(t′)

)
dt′. (3.2.17)
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Employing Eqs. (3.2.16) and (3.2.17), the time evolution for the expectation values of η+

and η− can be expressed as

d

dt
〈η+〉 = −λ+

4
〈η+〉, (3.2.18)

and

d

dt
〈η−〉 = −λ−

4
〈η−〉. (3.2.19)

On account of (3.2.18) and (3.2.19), indicates that η+ and η− are Gaussian variables.

Thus, in view of (3.2.15), we see that ηα is also Gaussian variable. Similarly we rewrite

Eq. (3.2.9) as

ηβ = σ+ − σ−, (3.2.20)

where

σ+ =
1

2

∫ t

0

e−
1
2
λ+(t−t′)(f ∗α(t′) + fβ(t′)

)
dt′, (3.2.21)

and

σ− =
1

2

∫ t

0

e−
1
2
λ−(t−t′)

(
f ∗α(t′)− fβ(t′)

)
dt′. (3.2.22)

Now the time evolution for the expectation values of σ+ and σ− can be expressed as

d

dt
〈σ+〉 = −λ+

4
〈σ+〉, (3.2.23)

and

d

dt
〈σ−〉 = −λ−

4
〈σ−〉. (3.2.24)

In view of (3.2.20), (3.2.23), and (3.2.24), we see that ηβ is Gaussian variable. In addition,

using (3.2.8), and (3.2.9), one easily gets

〈ηα(t)〉 = 〈ηβ(t)〉 = 0. (3.2.25)

Therefore, we have that ηα and ηβ are Gaussian variables with vanishing mean. Then the

characteristics function can be put in the form

Φa(z, χ, t) = exp[−z∗z − χ∗χ]exp
[1
2
〈
(
zη∗α − z∗ηα + χη∗β − χ∗ηβ

)2〉], (3.2.26)
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which is equivalent to

Φa(z, χ, t) = exp[−z∗z − χ∗χ]exp
[z2

2
〈η∗α

2〉+
z∗2

2
〈η2α〉+

χ2

2
〈η∗β

2〉

+
χ∗2

2
〈η2β〉 − zz∗〈ηαη∗α〉+ zχ〈η∗αη∗β〉 − z∗χ〈ηαη∗β〉

−zχ∗〈η∗αηβ〉+ z∗χ∗〈ηαηβ〉 − χχ∗〈ηβη∗β〉. (3.2.27)

On account of Eqs. (3.2.8) and (3.2.9), one readily obtains

〈η2α〉 = 〈η∗2α 〉 = 〈η2β〉 = 〈η∗2β 〉 = 0, (3.2.28)

〈η∗αηβ〉 = 〈ηαη∗β〉 = 0, (3.2.29)

〈ηαη∗α〉 = 〈ηβη∗β〉 = −γ
2

(Q−R), (3.2.30)

〈ηαηβ〉 = 〈η∗αη∗β〉 = −γ
2

(Q+R), (3.2.31)

where

Q =
1

λ+
(1− e−λ+t), (3.2.32)

R =
1

λ−
(1− e−λ−t). (3.2.33)

Thus in view of (3.2.28), (3.2.29), (3.2.30), and (3.2.31) expression (3.2.27), goes over into

Φa(z, χ, t) = exp
[
−
(
1− γ

2
(Q−R)

)(
z∗z + χ∗χ

)
− γ

2
(Q+R)(χz + χ∗z∗)

]
. (3.2.34)

Finally, we can also put the characteristics function in the form

Φa(z, χ, t) = exp
[
− a(z∗z + χ∗χ)− b(χz + χ∗z∗)

]
, (3.2.35)

in which

a = 1− γ

2
(Q−R) = 1− γ

2λ+

(
1− e−λ+t

)
+

γ

2λ−

(
1− e−λ−t

)
, (3.2.36)

b =
γ

2
(Q+R) =

γ

2λ+

(
1− e−λ+t

)
+

γ

2λ−

(
1− e−λ−t

)
. (3.2.37)
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Now upon introducing (3.2.35) into (3.2.1), we obtain

Q(α, β, t) =
1

π2

∫
d2zd2χ

π2
exp
[
− a(z∗z + χ∗χ)− b(χz + χ∗z∗)

+αz∗ − α∗z + βχ∗ − β∗χ
]
. (3.2.38)

Thus on performing the integration employing Eq. (2.2.25), the Q function for the signal-

idler modes turns out to be

Q(α, β, t) =
1

π2
(u2 − v2)exp

[
− u(α∗α + β∗β)− v(αβ + α∗β∗)

]
, (3.2.39)

in which

u =
a

a2 − b2
, (3.2.40)

v =
b

a2 − b2
. (3.2.41)

3.3 Photon statistics

Here we seek to study, employing the Q function, the statistical properties of the signal

and idler modes.

3.3.1 The mean of the photon number sum and difference

Now we proceed to determine the mean and variance of the photon number sum and

difference for the signal-idler modes. To this end, upon integrating Eq. (3.2.39) over β,

we get

Q(α, t) =
[u2 − v2

πu

]
exp
[
− (

u2 − v2

u
)α∗α

]
. (3.3.1)

Now the mean photon number of the signal mode in terms of the Q function is expressible

as

n̄a =

∫
d2αQ(α∗, α, t)na(α), (3.3.2)

where

na(α) = α∗α− 1, (3.3.3)
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is the c-number variable corresponding to n̂a(â
†, â) in the antinormal-order. In view of

(3.3.2), and (3.3.3), the mean photon number of the signal mode is given by

n̄a =
[u2 − v2

πu

] ∫
exp
[
− (

u2 − v2

u
)α∗α

]
α∗α− 1, (3.3.4)

from which we obtain

n̄a =
u

u2 − v2
− 1. (3.3.5)

Hence with the aid of Eqs. (3.2.40) and (3.2.41), one readily obtains

n̄a = a− 1, (3.3.6)

so that on account of (3.2.36), there follows

n̄a =
γ

2λ−

(
1− e−λ−t

)
− γ

2λ+

(
1− e−λ+t

)
. (3.3.7)

We observe that at steady state the mean photon number reduces to

n̄a =
γ

2λ−
− γ

2λ+
, (3.3.8)

and in view of (3.1.66), we see that

n̄a =
2γ2

κ2 − 4γ2
. (3.3.9)

One can also establish in a similar manner that the mean photon number of the idler

mode is found to be

n̄b =
γ

2λ−

(
1− e−λ−t

)
− γ

2λ+

(
1− e−λ+t

)
. (3.3.10)

Thus at steady state, introducing the value for λ±, we see that

n̄b =
2γ2

κ2 − 4γ2
. (3.3.11)

Furthermore, in view of Eqs. (3.3.7) and (3.3.10), the mean of the photon number sum

and difference can be written as

n̄± = n̄a ± n̄b

=
[ γ

2λ−
(1− e−λ−t)− γ

2λ+
(1− e−λ+t)

]
±
[ γ

2λ−
(1− e−λ−t)− γ

2λ+
(1− e−λ+t)

]
. (3.3.12)
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Then the mean of the photon number sum can be written as

n̄+ =
γ

λ−
(1− e−λ−t)− γ

λ+
(1− e−λ+t). (3.3.13)

This can be put at steady state in the form

n̄+ =
γ

λ−
− γ

λ+
. (3.3.14)

Introducing Eq. (3.1.66), we have

n̄+ =
4γ2

κ2 − 4γ2
. (3.3.15)

On the other hand, the mean of the photon number difference is given by

n̄− = n̄a − n̄b, (3.3.16)

in view of Eqs.(3.3.9) and (3.3.11), we have

n̄a = n̄b. (3.3.17)

Then, the mean of the photon number difference turns out to be

n̄− = 0. (3.3.18)

3.3.2 The variance of the photon number sum and difference

Here, we seek to obtain the variance of the photon number sum and difference. The

variance of the photon number sum and difference can be expressed as

(∆n±)2 = 〈n̂2
±〉 ± 〈n̂±〉2, (3.3.19)

Applying Eq. (3.3.1), the variance of the photon number sum and difference can be put

in the form

(∆n±)2 = (∆na)
2 + (∆nb)

2 ± 2
(
〈n̂an̂b〉 − n̄an̄b

)
. (3.3.20)
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On the other hand, the photon number variance for signal mode can be written in the

form

(∆na)
2 = 〈n̂2

a〉 − n̄2
a

= 〈â2â†2〉 − n̄2
a − 3n̄a − 2. (3.3.21)

Using the Q function (3.3.1), we readily find

〈â2â†2〉 =
u2 − v2

u

∫
d2α

π
exp
[
− (

u2 − v2

u
)α∗α

]
α∗2α2, (3.3.22)

which can be rewritten as

〈â2â†2〉 =
u2 − v2

u

d

dχ

d

dz

[ ∫
d2α

π
exp
[
− (

u2 − v2

u
)α∗α + zα2 + χα∗2

]]
z=χ=0

, (3.3.23)

so that performing the integration using Eq. (2.2.25), one readily obtains

〈â2â†2〉 =
u2 − v2

u

d

dχ

d

dz

[
1

(u
2−v2
u

)2 − 4χz

]
z=χ=0

. (3.3.24)

Thus carrying out the differentiation and applying the condition z = χ = 0, one obtains

〈â2â†2〉 = 2a2. (3.3.25)

On account of (3.3.25) along with (3.3.6), we put Eq. (3.3.21) in the form

(∆na)
2 = a2 − a, (3.3.26)

which can be rewritten as

(∆na)
2 = n̄2

a + n̄a. (3.3.27)

Following the same procedure, one can readily establish that the variance of the photon

number of the idler-mode is exactly the same as those of the signal-mode. From which

follows

(∆nb)
2 = n̄2

b + n̄b. (3.3.28)
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This indicates that the signal-idler modes are in a chaotic states. Now on account of Eq.

(3.2.36), we readily find

(∆na)
2 =

γ2

4λ2+

(
1− e−λ+t

)2
+

γ2

4λ2−

(
1− e−λ−t

)
+

γ

2λ−

(
1− e−λ−t

)
− γ

2λ+

(
1− e−λ+t

)
− γ2

2λ+λ−

(
1− e−λ+t

)(
1− e−λ−t

)
. (3.3.29)

Thus at steady state it reduced to

(∆na)
2 =

( 2γ2

κ2 − 4γ2
)2

+
2γ2

κ2 − 4γ2
. (3.3.30)

Similarly at steady state, we also have

(∆nb)
2 =

( 2γ2

κ2 − 4γ2
)2

+
2γ2

κ2 − 4γ2
. (3.3.31)

Furthermore, on account of Eq. (3.2.39), one finds

〈n̂an̂b〉 = (u2 − v2)
∫
d2αd2β

π2
exp
[
− u(α∗α + β∗β)− v(αβ + α∗β∗)

]
(α∗α− 1)(β∗β − 1), (3.3.32)

where

α∗α− 1,

and

β∗β − 1,

are the c-number variables corresponding to the operator n̂a and n̂b in the antinormal

order. Therefore, Eq. (3.3.32) can be rewritten as

〈n̂an̂b〉 = (u2 − v2)
[

1

u2
d

da

d

db

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β − v(αβ + α∗β∗)

+
1

u

d

da

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β − v(αβ + α∗β∗)

1

u

d

db

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β − v(αβ + α∗β∗)

]
a=b=1

+ 1, (3.3.33)
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so that performing the integration using Eq. (2.2.25), we obtain

〈n̂an̂b〉 = (u2 − v2)
[

1

u2
d

da

d

db

( 1

abu2 − v2
)

+
1

u

d

da

( 1

abu2 − v2
)

+
1

u

d

db

( 1

abu2 − v2
)]

a=b=1

+ 1. (3.3.34)

Thus carrying out the differentiation and applying the condition a = b = 1, one readily

obtains

〈n̂an̂b〉 =
u2 + v2(
u2 − v2

)2 − 2u

u2 − v2
+ 1. (3.3.35)

Introducing Eqs. (3.2.40), and (3.2.41), into (3.3.35), we readily obtain

〈n̂an̂b〉 = a2 + b2 − 2a+ 1

= n̄2
a + b2. (3.3.36)

Hence, the results of the mean and variance of the photon number for the signal mode

are the same as those of the idler mode. Therefore the variance of the photon number

sum and difference defined by Eq. (3.3.20), can be rewritten in the form

(∆n±)2 = 2(∆na)
2 ± (〈n̂an̂b〉 − n̄2

a), (3.3.37)

in view of Eqs. (3.3.26), and (3.3.36), we readily obtain

(∆n±)2 = 2
[
a2 − a± b2

]
. (3.3.38)

Finally, applying Eqs. (3.2.36) and (3.2.37), the variance of the photon number sum is

obtained as

(∆n+)2 =
γ2

λ2+

(
1− e−λ+t

)2
+
γ2

λ2−

(
1− e−λ−t

)2
+
γ

λ−

(
1− e−λ−t

)
− γ

λ+

(
1− e−λ+t

)
. (3.3.39)

The sum of the photon number variance takes at steady state the form

(∆n+)2 =
2γ2(3κ2 − 4γ2)(
κ2 − 4γ2

)2 . (3.3.40)
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And the variance of the photon number difference is found to be

(∆n−)2 =
γ

λ−

(
1− e−λ−t

)
− γ

λ+

(
1− e−λ+t

)
− 2γ2

λ+λ−

(
1− e−λ+t

)(
1− e−λ−t

)
. (3.3.41)

Thus at steady state, it takes the form

(∆n−)2 =
2γ2

κ2 − 4γ2
. (3.3.42)



Chapter 4

Superposition of Two-mode
Coherent and Subharmonic Light

4.1 The Q function

We now seek to obtain the Q function for the supper position of two mode coherent and

subharmonic light. To this end, we first obtain the Q function for the superposition of

any two-mode light beams. Thus we expand the density operator for light beam-1 as a

function of â, â† and b̂, b̂† in the antinormal order as.

ρ̂1 = ρ̂1(â
†, b̂†, â, b̂) =

∑
k`mn

Ck`mnâ
†kb̂†`âmb̂n. (4.1.1)

Inserting the completeness relation for two-mode states, with

I =
1

π2

∫
d2ηAd

2zB|ηA, zB〉〈zB, ηA|, (4.1.2)

we readily find

ρ̂1 =

∫
d2ηAd

2zB
1

π2

∑
k`mn

Ck`mn|ηA, zB〉〈zB, ηA|â†kb̂†`âmb̂n. (4.1.3)

Applying the relations [1]

|α〉〈α|â† = α∗|α〉〈α|, (4.1.4)

and

|α〉〈α|â = (α +
∂

∂α∗
)|α〉〈α|, (4.1.5)

38
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one readily obtains

ρ̂1 =

∫
d2ηAd

2zB
1

π2

∑
k`mn

Ck`mnη
∗k
A

(
ηA +

∂

∂η∗A

)m
z∗`B
(
zB +

∂

∂z∗B

)n|ηA, zB〉〈zB, ηA|, (4.1.6)

which can be rewritten using the displacement operator as

ρ̂1 =

∫
d2ηAd

2zB
1

π2

∑
k`mn

Ck`mnη
∗k
A z
∗`
B

(
ηA +

∂

∂η∗A

)m(
zB +

∂

∂z∗B

)n
D̂(ηA)D̂(zB)ρ̂0A,0BD̂(−zB)D̂(−ηA), (4.1.7)

where

ρ̂0A,0B = |0A, 0B〉〈0B, 0A|.

Furthermore, using a similar procedure one can readily obtain the density operator for

light beam-2 as

ρ̂2 = ρ̂2(â
†, b̂†, â, b̂) =

∑
k′`′m′n′

Ck′`′m′n′ â
†k′ b̂†`

′
âm
′
b̂n
′
. (4.1.8)

from which follows

ρ̂2 =

∫
d2λAd

2ωB
1

π2

∑
k′`′m′n′

Ck′`′m′n′λ
∗k′
A ω∗`

′

B

(
λA +

∂

∂λ∗A

)m′(
ωB +

∂

∂ω∗B

)n′
D̂(λA)D̂(ωB)ρ̂0A,0BD̂(−ωB)D̂(−λA). (4.1.9)

Moreover, on account of Eqs. (4.1.7) and (4.1.9), the density operator for the super

position of two mode light beams can be put in the form

ρ̂ =

∫
d2ηAd

2zBd
2λAd

2ωB
π4

∑
k`mn

Ck`mnη
∗k
A z
∗`
B

(
ηA +

∂

∂η∗A

)m(
zB +

∂

∂z∗B

)n
∑

k′`′m′n′

Ck′`′m′n′λ
∗k′
A ω∗`

′

B

(
λA +

∂

∂λ∗A

)m′(
ωB +

∂

∂ω∗B

)n′
D̂(λA)D̂(ωB)D̂(ηA)

D̂(zB)|0A, 0B〉〈0B, 0A|D̂(−zB)D̂(−ηA)D̂(−ωB)D̂(−λA). (4.1.10)

Using the results described in [1, 3]

D̂(α)|β〉〈β|D̂(−α) = |α + β〉〈α + β|, (4.1.11)
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the density operator for the superposition can be put in the form

ρ̂ =

∫
d2ηAd

2zBd
2λAd

2ωB
π4

∑
k`mn

Ck`mnη
∗k
A z
∗`
B

(
ηA +

∂

∂η∗A

)m(
zB +

∂

∂z∗B

)n
∑

k′`′m′n′

Ck′`′m′n′λ
∗k′
A ω∗`

′

B

(
λA +

∂

∂λ∗A

)m′(
ωB +

∂

∂ω∗B

)n′
|λA + ηA, ωB + zB〉〈ωB + zB, λA + ηA|. (4.1.12)

We now proceed to obtain the Q function for the superposition of two mode light beams,

which is defined by

Q(α, β) =
1

π2
〈α, β|ρ̂|β, α〉, (4.1.13)

is the c-number function corresponding to the normally ordered density operator divided

by π2. Introducing Eq. (4.1.12) into (4.1.13), we readily find

Q(α, β) =

∫
d2ηAd

2zBd
2λAd

2ωB
π6

∑
k`mn

Ck`mnη
∗k
A z
∗`
B

(
ηA +

∂

∂η∗A

)m(
zB +

∂

∂z∗B

)n
∑

k′`′m′n′

Ck′`′m′n′λ
∗k′
A ω∗`

′

B

(
λA +

∂

∂λ∗A

)m′(
ωB +

∂

∂ω∗B

)n′
〈α, β|λA + ηA, ωB + zB〉〈ωB + zB, λA + ηA|β, α〉. (4.1.14)

Now using the results described in [1, 3]

| 〈α|β〉 |2= exp[− | α− β |2], (4.1.15)

we find the results

〈α, β|λA + ηA, ωB + zB〉〈ωB + zB, λA + ηA|β, α〉 =
∣∣〈α|λA + ηA〉

∣∣2∣∣〈β|ωB + zB〉
∣∣2

= exp
[
− α∗α− β∗β + α∗λA + α∗ηA + β∗zB + β∗ωB + η∗A(α− λA − ηA)

+z∗B(β − ωB − zB) + λ∗A(α− λA − ηA) + ω∗B(β − ωB − zB)
]
. (4.1.16)

In view of (4.1.16), Eq. (4.1.14) can be rewritten as

Q(α, β) = τ1

∫
d2ηAd

2zBd
2λAd

2ωB
π6

τ2
∑
k`mn

Ck`mnη
∗k
A z
∗`
B

(
ηA +

∂

∂η∗A

)m
τ3
(
zB +

∂

∂z∗B

)n
τ4
∑

k′`′m′n′

Ck′`′m′n′λ
∗k′
A ω∗`

′

B

(
λA +

∂

∂λ∗A

)m′
τ5
(
ωB +

∂

∂ω∗B

)n′
τ6, (4.1.17)
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where

τ1 = exp[−α∗α− β∗β], (4.1.18)

τ2 = exp[α∗λA + α∗ηA + β∗zB + β∗ωB], (4.1.19)

τ3 = exp[η∗A(α− λA − ηA)], (4.1.20)

τ4 = exp[z∗B(β − ωB − zB)], (4.1.21)

τ5 = exp[λ∗A(α− λA − ηA)], (4.1.22)

τ6 = exp[ω∗B(β − ωB − zB)]. (4.1.23)

On the other hand, using the binomial theorem

(x+ y)n =
n∑
k=0

n!

k!(n− k)!
xn−kyk, (4.1.24)

one finds

(ωB +
∂

∂ω∗B
)n
′
exp[ω∗B(β − ωB − zB)] =

n′∑
k=0

n′!

k!(n′ − k)!
ωn
′−k

B

∂k

∂ω∗kB
exp[ω∗B(β − ωB − zB)]

= (β − zB)n
′
exp[ω∗B(β − ωB − zB)]. (4.1.25)

In a similar fashion, one readily finds

(ωB +
∂

∂ω∗B
)n
′
τ6 = (β − zB)n

′
τ6, (4.1.26)

(λA +
∂

∂λ∗A
)n
′
τ5 = (α− ηA)m

′
τ5, (4.1.27)

(zB +
∂

∂z∗B
)nτ4 = (β − ωB)nτ4, (4.1.28)

(ηA +
∂

∂η∗A
)mτ3 = (α− λA)mτ3. (4.1.29)

Inserting Eqs. (4.1.26), (4.1.27), (4.1.28), and (4.1.29) into (4.1.17), the Q function for

the superposition of two-mode light beams is written in the form
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Q(α, β) =

∫
d2ηAd

2zBd
2λAd

2ωB
π2

Q(η∗A, z
∗
B, α− λA, β − ωB)×

Q(λ∗A, ω
∗
B, α− ηA, β − zB)exp

[
−
∣∣α− ηA − λA∣∣2 − ∣∣β − zB − ωB∣∣2]. (4.1.30)

We now proceed to obtain the Q function for the superposition of the two-mode coherent

and subharmonic light beams. To this end, in view of (2.2.26) and (3.2.39), we have

Figure 4.1: Two-mode coherent and subharmonic light beams

Q(η∗A, z
∗
B, α− λA, β − ωB) =

1

π2
exp
[
− η∗Aα + η∗AλA − z∗Bβ + z∗BωB

+q(α− λA + η∗A + β − ωB + z∗B)− 2q2
]
, (4.1.31)

and

Q(λ∗A, ω
∗
B, α− ηA, β − zB) =

u2 − v2

π2
exp
[
− uλ∗Aα + uλ∗AηA − uω∗Bβ + uω∗BzB

−vαβ + vαzB + vηAβ − vηAzB − vλ∗Aω∗B
]
. (4.1.32)

Introducing Eq, (4.1.31) and (4.1.32) into (4.1.30) the Q function for the superposition of

two-mode coherent and subharmonic light beams is expressed as

Q(α, β, t) =
u2 − v2

π2

∫
d2ηAd

2zBd
2λAd

2ωB
π4

exp
[
− η∗Aα + η∗AλA − z∗Bβ

+z∗BωB + q(α− λA + η∗A + β − ωB + z∗B)− 2q2
]
exp
[
− uλ∗Aα

+uλ∗AηA − uω∗Bβ + uω∗BzB − vαβ + vαzB + vηAβ − vηAzB

−vλ∗Aω∗B
]
exp
[
−
∣∣α− ηA − λA∣∣2 − ∣∣β − zB − ωB∣∣2], (4.1.33)



43

which can be rewritten as

Q(α, β, t) =
u2 − v2

π2

∫
d2ηAd

2zBd
2λAd

2ωB
π4

exp
[
− α∗α− β∗β − η∗AηA − z∗BzB

−λ∗AλA − ω∗BωB + αλ∗A + ηAα
∗ − ηAλ∗A + λAα

∗ + βω∗B + zBβ
∗

−zBω∗B + ωBβ
∗ − u(λ∗Aα− λ∗AηA − ω∗BzB + ω∗Bβ)

−v(αβ + ηAzB + λ∗Aω
∗
B − αzB − ηAβ)

+q(α− λA + η∗A + β − ωB + z∗B)− 2q2
]
. (4.1.34)

Thus, on performing the integration employing the relation (3.2.28), one readily obtains

Q(α, β, t) =
u2 − v2

π2
exp
[
− u(α∗α + β∗β)− v(αβ + α∗β∗)

q(u+ v)(α + α∗ + β + β∗)− 2q2(u+ v)
]
. (4.1.35)

4.2 Photon statistics

4.2.1 The mean of the photon number sum and difference

We wish here to determine the mean of the photon number sum and difference for the

superposition of two-mode coherent and subharmonic light. To this end, upon integrating

Eq. (4.1.35) over β, we get

Q(α, t) =
u2 − v2

πu
exp
[
− (

u2 − v2

u
)α∗α + q(

u2 − v2

u
)(α + α∗)− q2(u

2 − v2

u
)
]
. (4.2.1)

Now the mean photon number for mode a for the super position of two mode coherent

and sub harmonic light is expressed as

n̄a =
u2 − v2

u
exp[−q2u

2 − v2

u
]

∫
d2α

π
exp
[
− u2 − v2

u
α∗α

+q
u2 − v2

u
(α + α∗)

]
α∗α− 1, (4.2.2)
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where

α∗α− 1,

is the c-number function corresponding to the operator n̂a, in the antinormal order. Eq.

(4.2.2) can be rewritten as

n̄a =
u

q2(u2 − v2)
exp[−q2u

2 − v2

u
]
d

da

d

db

[ ∫
d2α

π

exp
[
− u2 − v2

u
α∗α + q

u2 − v2

u
(aα + bα∗)

]]
a=b=1

− 1, (4.2.3)

so that performing the integration using (2.2.25), we get

n̄a =
u2

q2(u2 − v2)2
exp[−q2u

2 − v2

u
]
d

da

d

db

[
exp
[
q2
u2 − v2

u
ab
]]

a=b=1

− 1. (4.2.4)

Thus carrying out the differentiation and applying the condition a = b = 1, we readily

obtain

n̄a =
u

u2 − v2
+ q2 − 1. (4.2.5)

so that on account of Eqs. (3.2.40) and (3.2.41), one gets

n̄a = a− 1 + q2, (4.2.6)

in view of (2.1.64) and (3.2.36), the mean photon number takes the form

n̄a =
γ

2λ−

[
1− e−λ−t

]
− γ

2λ+

[
1− e−λ+t

]
+

4ε2

κ2
[
1− e−

κt
2

]2
. (4.2.7)

We observe that at steady state the mean photon number reduces to

n̄a =
2γ2

κ2 − 4γ2
+

4ε2

κ2
. (4.2.8)

Following the same procedure, the mean photon number for mode b is also found.

n̄b =
γ

2λ−

[
1− e−λ−t

]
− γ

2λ+

[
1− e−λ+t

]
+

4ε2

κ2
[
1− e−

κt
2

]2
. (4.2.9)

And at steady state, we see that

n̄b =
2γ2

κ2 − 4γ2
+

4ε2

κ2
. (4.2.10)



45

From which we observe that the mean photon number for the superposition of two-mode

coherent and subharmonic light is the sum of the mean photon number of the individual

light beams.

Furthermore, in view of Eqs. (4.2.7) and (4.2.9), the mean of the photon number sum

and difference can be found as

n̄± = n̄a ± n̄b, (4.2.11)

then the mean of the photon number sum can be written as

n̄+ =
γ

λ−

[
1− e−λ−t

]
− γ

λ+

[
1− e−λ+t

]
+

8ε2

κ2
[
1− e−

κt
2

]2
. (4.2.12)

This can put at steady state in the form

n̄+ =
4γ2

κ2 − 4γ2
+

8ε2

κ2
. (4.2.13)

On the other hand the mean of the photon number difference is given by

n̄− = n̄a − n̄b. (4.2.14)

In view of Eqs. (4.2.7) and (4.2.9), we have

n̄a = n̄b. (4.2.15)

Therefore, the mean of the photon number difference turns out to be

n̄− = 0. (4.2.16)

4.2.2 The variance of the photon number sum and difference

We next proceed to obtain the variance of the photon number sum and difference for

the superposition of two mode coherent and subharmonic light, employing the Q function.

The variance of the photon number sum and difference is defined by

(∆n±)2 = (∆na)
2 + (∆nb)

2 ± 2
(
〈n̂an̂b〉 − n̄an̄b

)
. (4.2.17)
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Furthermore, the variance of the photon number for mode a, given by

(∆na)
2 = 〈(â†â)2〉 − n̄2

a, (4.2.18)

from which follows

(∆na)
2 = 〈â2â†2〉 − n̄2

a − 3n̄a − 2. (4.2.19)

Using the Q function (4.2.1), we readily find

〈â2â†2〉 =
u2 − v2

πu
exp[−q2u

2 − v2

u
]

∫
d2αexp

[
− u2 − v2

u
α∗α

+q
u2 − v2

u
(α + α∗)

]
α∗2α2, (4.2.20)

which can be rewritten as

〈â2â†2〉 =
u2 − v2

u
exp[−q2u

2 − v2

u
]
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− u2 − v2

u
α∗α

+q
u2 − v2

u
(α + α∗) + ηα2 + γα∗2

]]
η=γ=0

, (4.2.21)

so that performing the integration using the relation (2.2.25), yields

〈â2â†2〉 =
u2 − v2

u
exp[−q2u

2 − v2

u
]
d

dη

d

dγ

[(
1(

u2−v2
u

)2 − 4ηγ

) 1
2

exp

(
q2
(
u2−v2
u

)2(u2−v2
u

+ η + γ
)(

u2−v2
u

)2 − 4ηγ

)]
η=γ=0

. (4.2.22)

Thus differentiating and applying the condition η = γ = 0, we obtain

〈â2â†2〉 = 2
( u

u2 − v2
)2

+ 4q2
( u

u2 − v2
)

+ q4, (4.2.23)

in view of (3.2.40) and (3.2.41), we obtain

〈â2â†2〉 = 2a2 + 4aq2 + q4. (4.2.24)

With the aid of (4.2.6), the above equation can be put in the form

〈â2â†2〉 = 2n̄2
a + 4n̄a − q4 + 2. (4.2.25)
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Now employing (4.2.6) along with (4.2.25), one can put Eq. (4.2.19), in the form

(∆na)
2 = n̄2

a + n̄a − q4. (4.2.26)

Following a similar procedure, one can readily establish that the variance of the photon

number for mode b is the same as that of mode a.

(∆nb)
2 = n̄2

b + n̄b − q4. (4.2.27)

On account of Eqs. (2.1.64) and (3.2.36), one finds

(∆na)
2 =

γ2

4λ2+

(
1− e−λ+t

)2
+

γ2

4λ2−

(
1− e−λ−t

)2 − γ2

2λ+λ−

(
1− e−λ+t

)(
1− e−λ−t

)
+

4γε2

λ−κ2
(
1− e−λ−t

)(
1− e−

κt
2

)2 − 4γε2

λ+κ2
(
1− e−λ+t

)(
1− e−

κt
2

)2
+

γ

2λ−

(
1− e−λ−t

)
− γ

2λ+

(
1− e−λ+t

)
+

4ε2

κ2
(
1− e−

κt
2

)2
. (4.2.28)

Thus at steady state, we observe that

(∆na)
2 =

2γ2

κ2 − 4γ2
( 2γ2

κ2 − 4γ2
+ 1
)

+
4ε2

κ2
( 4γ2

κ2 − 4γ2
+ 1
)
, (4.2.29)

and

(∆nb)
2 =

2γ2

κ2 − 4γ2
( 2γ2

κ2 − 4γ2
+ 1
)

+
4ε2

κ2
( 4γ2

κ2 − 4γ2
+ 1
)
. (4.2.30)

On the other hand, employing the Q function (4.1.35), we readily find

〈n̂an̂b〉 = (u2 − v2)e−2q2(u+v)
∫
d2αd2β

π2
exp
[
− u(α∗α + β∗β)− v(αβ + α∗β∗)

q(u+ v)(α + α∗ + β + β∗)
](
α∗αβ∗β − α∗α− β∗β + 1

)
, (4.2.31)

which can be rewritten in the form

〈n̂an̂b〉 = (u2 − v2)e−2q2(u+v)
[

1

u2
d

da

d

db

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β

−v(αβ + α∗β∗) + q(u+ v)(α + α∗ + β + β∗)
]

+
1

u

d

da

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β − v(αβ + α∗β∗)

+q(u+ v)(α + α∗ + β + β∗)
]

+
1

u

d

db

∫
d2αd2β

π2
exp
[
− auα∗α− buβ∗β − v(αβ + α∗β∗)

+q(u+ v)(α + α∗ + β + β∗)
]]

a=b=1

+ 1, (4.2.32)
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so that performing the integration employing Eq. (2.2.25), we obtain

〈n̂an̂b〉 = (u2 − v2)e−2q2(u+v)
[

1

u2
d

da

d

db

([ 1

abu2 − v2
]
exp
[
q2(u+ v)2

ua+ ub− 2v

abu2 − v2
])

+
1

u

d

da

([ 1

abu2 − v2
]
exp
[
q2(u+ v)2

ua+ ub− 2v

abu2 − v2
])

+
1

u

d

db

([ 1

abu2 − v2
]
exp
[
q2(u+ v)2

ua+ ub− 2v

abu2 − v2
])]

a=b=1

+ 1. (4.2.33)

Thus carrying out the differentiation and applying the condition a = b = 1, we get

〈n̂an̂b〉 =
1

u2 − v2

[
2u2

u2 − v2
+ 2q2(u− v)− 2u− 1

]
− 2q2 + q4 + 1. (4.2.34)

On account of Eqs. (3.2.40) and (3.2.41), one readily obtains

〈n̂an̂b〉 = a2 + b2 + 2q2(a− b)− 2q2 − 2a+ q4 + 1

= n̄2
a + b2 − 2bq2. (4.2.35)

We have found that, the mean and the variance of the photon number for mode a are

the same as those of mode b. Therefore, the variance of the photon number sum and

difference defined by Eq. (4.2.17), can be put in the form

(∆n±)2 = 2(∆na)
2 ± 2

(
〈n̂an̂b〉 − n̄2

a

)
. (4.2.36)

Introducing Eqs. (4.2.6), (4.2.26) and (4.2.35), into (4.2.36), we readily find

(∆n+)2 = 2[a2 + b2 + 2q2(a− b)− q2 − a], (4.2.37)

in view of (2.1.64), (3.2.36) and (3.2.37), we obtain

(∆n+)2 =
γ2

λ2+
(1− e−λ+t)2 +

γ2

λ2−
(1− e−λ−t)2 +

γ

λ−
(1− e−λ−t)

− γ

λ+
(1− e−λ+t)− 16γε2

λ+κ2
(1− e−λ+t)(1− e−

κt
2 )2

+
8ε2

κ2
(1− e−

κt
2 )2. (4.2.38)

Thus, at steady state we observe that

(∆n+)2 =
2γ2(3κ2 − 4γ2)

(κ2 − 4γ2)2
+

8ε2

κ(κ+ 2γ)
. (4.2.39)
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On the other hand, the variance of the photon number difference is found to be

(∆n−)2 = 2[a2 − b2 + 2q2(a+ b)− q2 − a]. (4.2.40)

On account of (2.1.64), (3.2.36) and (3.2.37), we obtain

(∆n−)2 =
γ

λ−
(1− e−λ−t)− γ

λ+
(1− e−λ+t)− 2γ2

λ+λ−
(1− e−λ+t)(1− e−λ−t)

+
16γε2

λ−κ2
(1− e−λ−t)(1− e−

κt
2 )2 +

8ε2

κ2
(1− e−

κt
2 )2. (4.2.41)

We observe that at steady state, it takes the form

(∆n−)2 =
2γ2

κ2 − 4γ2
+

8ε2

κ(κ− 2γ)
. (4.2.42)



Chapter 5

Conclusion

In this thesis we have obtained c-number Langevin equations for the two-mode co-

herent and subharmonic light beams employing the pertinent master equation following

the procedure discussed in Ref. [1]. With the aid of the c-number Langevin equations

we have obtained the antinormally ordered characteristics function and then we have de-

termined the Q function for these light beams. Employing the pertinent Q functions we

have determined the mean and variance of the photon number sum and difference. We

have found that the signal and idler modes are separately in chaotic states.

Furthermore, we have determined the Q function for the superposition of the two-

mode coherent and subharmonic light beams. With the aid of the resulting Q function

we have calculated the mean and the variance of the photon number sum and difference.

We have found that the mean of the photon number for the superposition of two-mode

coherent and subharmonic light beams is the sum of the individual mean photon numbers

and the variance of the photon number for modes a is the same as that of mode b. We

have seen that the mean of the photon number difference vanishes.
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