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Abstract

This project deals with distributional solutions

o0

y(@) = 3 4,0 (2)

n=0
of the confluent hypergeometric differential equation.Such differential equa-

tions also have solutions of the form

o0

1Fi(p,msz) =1+ Z
n=1

n

(P)n
(m),n!

where (p),, is the pochhammer’s symbol.



Introduction

It is well known that the normal linear homogeneous systems of ordinary dif-
ferential equations with infinitely smooth coefficients have no distributional
solutions other than the classical ones. However, distributional solutions
may appear in the case of the equations whose coefficients have singulari-
ties.[9] Recently there has been considerable interest in problems concerning
the existence of solutions to differential equations in various spaces of gen-
eralized functions. Many important areas in theoretical and mathematical
physics, theory of partial differential equations, quantum electrodynamics,
operational calculus, and functional analysis use the methods of distribu-
tions theory. Yet for ordinary differential equations (ODE) research in this
direction is insufficiently developed and remains restricted to isolated results
for some second- order equations or special higher-order systems. A simple
example is the first order ordinary differential equation .

2

r*——=2y=0 0.1

7~ 2Y (0.1)

The point z = 0 is an essential(irregular) singularity of this equation. It is
readily verified that the infinite series

< g0 (1)
YT ()]

formally satisfies equation (0.1).Here §(x) is the Dirac delta function and the
superscript n stands for nth order differentiation.

Wiener[1] has studied various differential equations with singular coefficients
and has obtained their distributional solutions. Wiener and Saha [2] surveyed
the work in this field and have exhibited a unified approach in the study of
both distributional and entire solutions to some classes of linear ordinary
differential equations. A brief introduction to these concepts is also available
in reference[3].
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My aim is to preset solutions of the form

o0

Z 1, 0™ () (0.2)

n=0

for the hypergeometric equation.The main part of the paper is devoted to
the confluent hypergeometric differential equation.At the end I present some
glimpses into the general hypergeometric differential equation as well. T also
want to display their uses and exhibit their interplay with related results
in the theory of ordinary of ordinary differential equations.For instance,l
find that with the help of these distributional solutions I can sum up some
hypergeometric series 1 F|s Take,for example,the case when and ,where N
stands for the positive integers, then I find that

o0

3

1F1 p,m $ =

n:0

where (p),, is the pochhammer’s symbol:
(P)n =plp+1(p+2)---(p+n—1),n>0and (p)o = 1Land F

is the hypergeometric function. Another motivation for studying solutions of
the type (0.2) to ordinary differential equations comes from work of Morton
and Krall [4], Krall [5], and Littlejohn [6]. These researchers have collectively
shown that weight distributions for a certain class of orthogonal polynomials
have the form (0.2) and simultaneously satisfy a system of ordinary differen-
tial equations.
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Chapter 1

Preliminaries

1.1 The Dirac Delta Function

The Heaviside function ,H () is defined to be equal to zero for every negative
value of x and unity for every positive value of x; that is,

1 ,2>0

H(z) = { 0 ,z<0
In physical problems one often encounters idealized concepts such as a force
concentrated at a point £ or an impulsive force that acts instantaneously.
These forces are described by the Dirac delta function d(xz — &). Dirac delta

function has several significant properties :
The Dirac delta function is defined by the properties

5(z) = { 0 ifr#0 cmd/ 5(z) = 1 (1.1)

oo Lifr=0 -

The second property comes from the fact that §(z) represents the derivative
of H(x).

The derivative of the Heaviside function is the Dirac delta function é(x).

Properties of Dirac delta function

e The delta function satisfies the following scaling property for a non zero
scalar c:

/OO 0(cx)dz = /oo o(u) du 1 od so, 5(cx) = o(x)

oo o el el

e dirac delta function is symmetric. i.e §(—x) = d(x)



e Suppose f(z)is a sufficiently smooth function continuous at the ori-
gin. Then

< f(x),0(x) >= f(0).
This formula is called the Sifting property of the delta function.

Some sequences converges to the dirac delta function.For example as n — oo

nz)y s,

sin
the sequence { ———
T
Verification: We Know that the integral properties of §(x) function,

i.e/ O(x)dx =1,

—00

Hence we have to prove that

/ i 2000 4 i (2 / sin(t) gy
™ Jo

T™r

—0o0

iy S
T

Theorem 1.1. Let 6 (z) be the nth derivative of the Dirac delta function
and 2" a monomial function then

0 m<n
n ¢(m) _ ’
3 = { (1) 20 (@) m > .

m—n)!

Proof: We know thatzd(z) = 0 .Now differentiating this equation with
respect to z repeatedly up tom times yields the following:

zd(x) =0
26V (x) = —6(x)
6@ (z) = =260 ()
260 (x) = =38P ()
26 (z) = —mdé™ Y (z)



The last result can be expressed as follows:

0 m <1
(m) — )
zd («T) - { (_1)1(mn1!1)!5(m71)(x) .m Z 1.

Now using the identity x?6(x) = 0 and differentiating this equation with
respect to x repeatedly up to m times and using the results obtained above
yields the following:

22607 (2) = m(m — 1)50- ()

The last equation can be expressed easily as follows:

0 m <2
2 ¢(m) . ’
o) (IE) - { (_1)2#7!2)!5(771—2)@) . m > 2.
Proceeding in this way we can easily write the identity 236(x) = 0 as
0 m<3
35(m) () — '
ad) (1') - { (_1)3(mrE!3)!5(m—3)(x) .m > 3.

Thus generalizing the result using the identity "d(z) = 0 and after repeated
differentiation with respect to x,n times yields

0 m<n
n s(m) — )
""" (z) = { (—1) = 5 (@) m >,
This completes the proof of this important identity. O]

1.2 Test Functions (D(f2))

Let Q2 C R™ be an open set.We recall that if f is a continuous function on
Q,the support of f is the set

supp(f) = {z € Q: f(x) # 0}.




Definition 1.1. The spaces of infinitely differentiable functions with compact
support in ) is defined as

D(Q):={f:Q—=C;feC>®Q),and supp(f) is compact in Q} = C>Z(Q).

This space 1s called a space of test functions. The set of test functions, the
supports of which are contained in the given region €, is denoted by D(Q2);

Properties of Test Functions in D({2)

1. If ¢1, and ¢ are in D, then so is c1¢1 + co¢o , where ¢ and ¢, are real
numbers. Thus D is a linear space.

2. If ¢ € D, then so is D¥¢
3. For C'* function ,f(x) and for ¢ € D, f¢ € D.

4. Multiplication by a function a € C*°:
Let ¢(x) € D then a(z)p(z), are continuous from D into D.

Example 1.1.

1
e, |7 < 1
() = T
0, |z|>1

Show that f is a test function over R.
Verification : If K cC V cC V C R where K is compact and V is an
open,then Jp € D(§2) such that ¢ =1 on K and supp(yp) C V.

supp(f) = {w: f(z) # 0} = [-1,1]

since [—1,1] is closed and bounded. Thus f(z) has a compact support in
[—1,1]and f(z)is infinitely differentiable in this region. Hencef(x)is a test
function in[—1, 1].




1.3 Distributions ( D'(2))

Definition 1.2. Distribution in D (Q)is a class of continuous linear func-
tional that maps a set of test function in D(S2) into the (complex) numbers.
t.e:A functional f: D(Q) — C such that

1. {f,p) e C
2. (f,crp1 + capa) = (f, cr01) + (f, capa)

3. limy, oo (f, on) = (f, limy, o0 ). where p1, o and v, € D(Q)
and c1, co constants is called a distribution(generalized function).

The linear space of distributions denoted D’(2) . The distribution f is
a linear functional over D(Q) ; if ¢, € D(2) and A and p are complex
numbers, then

(fs A + by = X f,0) + plf, )

The distribution f € D'(Q) is a continuous functional over D'(Q) ;
if ¢, — p as n — oo in D'(Q), then

<fa§0n>_><f790>

The set D' () is linear if the linear combination Af 4 g of distribution
f and g is defined as a functional acting in accordance with the formula

(Af+ g, 0) = M. 0) + {9, 0), Yo € D(Q),Vu, A € C

Verification: The functional \f+pg is linear and continuous over D(€2),that
is, it belongs to D'(Q).If ¢, € D(Q), and «a,8 € C, then, according to
the definition,

(A + g, ap + BY) = M f, ap + BY) + ulg, ap + B)
= a[Mf,¢) + w)g, ol + BN, ¥) + 1lg,¥)]
= a(Af 4+ ng, ) + BOS + pug,v)

and so this functional is linear. Its continuity follows from the continuity of
the functionals f and g¢:
If v, = ¢ as n — oo, then

(M A+ 1g, n) = M, 0n) + 119, @n)
= M, 9) + (g, )
= (Af + g, )



Definition 1.3. The sequence of distribution fi, fs... fnbelonging to D' ()
converges to the distribution f € D'(Q) ,if for any o € D(Q)

<fna()0> — <f7(;0>aa5 n — o0.
We can write as f, — f.

Definition 1.4. Let €2 be an open set in R".
Then a function f:Q — C' such that

(/waux<:ax
Q

for each test function ¢ € D(2) is called locally integrable. The set of such
functions is denoted by L}OC(Q)

Definition 1.5 (Functions as distribution). Suppose that f € L}, (), then
the corresponding distribution Ty : D(2) — Cis defined by

Uw%jéﬂ@ﬂwwﬁweD@)

The distribution 7} becomes zero in the region € if

(f,¢) =0,Yp € D(Q).
Remark 1.1. supp(Ty) is closed set.

If supp(f) is a bounded set,then distribution f is said to have a compact
support.

Definition 1.6. The linear and continuous map Ty : D(?) — R defined
by
Tr(p) = (f,p) = / fodx where f € Ly,.(2) and ¢ € D(Q).
Q

1s called a reqular distribution.
A distributions that is not Regular is called singular distribution.

Definition 1.7. The distribution Ty and T, are said to be equal if f —g =10
Jor x € Q0 a.e on Q.Specifically, the distribution f and g are said to be equal
a.e if for all p € D(R),

(fs0) = (g, 9).



1.3.1 Properties of Distributions(D'(Q2))
1. Multiplication of distribution

Let f(x) be a function locally integrable in R™ and a(z) € C*°(R").
Then for any ¢ € D(Q2) the equation

(af, o) = (f,ap), o € D(Q). (1.2)

. Differentiation :

Any distribution is infinitely differentiable, and converging series of
distribution can be differentiated term by term an infinite number of
times.

Let f € C*(Q). then whenever «, |a| < k, and ¢ € D(Q) the formula

for integration by parts,
1)l / f(z)D%p(z)dx
|a|

z), D%p(x)).

(D°f, o / D f(2)p(x)dw =
= (-1

is valid

Definition 1.8. If f € D'(f) is a distribution then the partial deriva-
tive of f with respect to the coordinate ay is define by:

(D*f,0) = (=1)°U(f, D), ¥y € D(Q).

We shall check that D f € D'(Q). since f € D'(2),the functional, D* f,

is linear:

(D*f, Mp + pp) = (=1)I(f, D*(Ap + )

(=)l f, AD + pD*)
A=D1, D) + p(=1)l(f, D)
MDf, ) + u(Df, 1)

and continuous :
(D*f,0n) = (1)1 f, Dpy)
— (=D, D) = (D", ).

for if p, — ¢ as n — oo in D(R). then also D%p, = D% as
n — oo in D(2)



1.3.2 Properties of Derivative of Functions in D'(Q)

1. The result of differentiation does not depend on the order of differen-
tiation;
For example:

D™ (D f) = D*(D f) = Doz f (1.3)

In general,

D4 f = DX(DPf) = D*(D"f) (14)

2. If fe D(Q) and a € C®°(R"), then Leibnitz’ formula for differentia-
tion of the product af is valid.
For example: D (af) = fD*(a) + aD*(f) if ¢ is any basic func-
tion, then

(DY (af), @) =

af, D" )

fraD* )

[, D (ap) — D™ a)

= —(f, D" (ay)) + (f,pD"a)

= (D" f,ap) + (fD"a, )

= (aD*' f,p) + (D" a, )

= (@D f+ fD%a, )

= D" (af) = fD*(a) + aD*(f)

—
—
—
—

3. If the distribution f = 0 for x € 2, then also D*f =0 for z € ().
So that supp(D*f) C supp(f),if ¢ € D(Q2) then D*f € D(2)and

(D*f, ) = (=1)l°(f, D) = 0
= D*f =0.

4. The operation of differentiation is continuous from D'(Q)intoD’ ().
That isif f, — f as n — oo in D'(Q), then D*f, — D*f as n — oo
in D'(Q). Indeed, according to the definition of convergence in the space
D'(Q),VYyp € D(Q). we have,

<Dafnv p) = (_1)|a‘<fna DOCQO>
= (=1)(f, D*p)asn — oo
=(Df,¢)

which shows that D f, — D*f, n — oo in D'(Q)



Example 1.2. The Dirac delta function has a distributional derivative.
Deﬁned by : <6/7 §0> = _<67 90,>7

where (0, p) = p(0).

Verification:Let ¢ € D(R)

<HI7()0> = _<H7 301>
:/0 H(z)¢ (z)dz.
— (H,¢')

:—/ o'dx
0

= (0).
= (4, ¢)

So H' = 6. Hence (¢',p) = —(3,¢") = ¢'(0) and Since ¢ € D(R)
= ¢’ € D(R) and ¢'(0) satisfies linearity and continuity.

In this case we say that the function ¢ is the weak or distributional deriva-
tive of the function f and we write g¢(z)= D*f.

Theorem1.2. Let 6 be the ntézo derivative of the Dirac delta function
and f(z) smooth function, then / f(q:)é(”) (z)dz = (_1)”f(")(0)

Proof: The proof will be given by_cz;opplying integration by parts repeatedly.
/00 f(2)0™ (2)de = — /00 f(z)0" Y (z)dx
= (17 [ @
= (1 [ @)

(—1)" / O @) () da

— (-1 / " 0)3(x)de
— (~1)" (o)



[
Theorem 1.3. If ¢(x) is any test function,then [~ 6 (z)¢(z)dz = (—1)"¢"(0)

Proof : /_OO S (2)p(x)dr = < 8™ (z), d(z) >

= (—1)" < 8(x),¢" () >
= (=1)"¢"(0)

1.4 Fourier Transform

Let us first recall the definition of the Fourier transform(FT) and inverse
Fourier transform(IFT) that will be used in this paper.Given a function f(t),
its Fourier transform F(w) is defined as

Flw) = \/% /_ et

And given a Fourier transform F(w),then its inverse Fourier transform is

given by
1 o ,
t) = — F(w)e™tdw
0= | 7

Properties of Fourier transform and inverse of Fourier transform

In what follows, we assume that the functions f(¢) and g(t) are differentiable
as often as necessary, and that all necessary integrals exist. (This implies
that f(t) — 0 as |t| — 00.) . Regarding notation: f(™ denotes the nth
derivative of f with respect to t; F(™(w) denotes the nth derivative of F
with respect to w.

1. Linearity of the Fourier transform operator and the inverse Fourier
transform operator:

F(f+9)=F(f)+Flg)
Fl(cf) =cF(f),ceC(orR)
FHf+9)=F () +F (g)
FHef) =cFHf),celClorR)

These follow naturally from the integral definition of the Fourier trans-
form.

10



2. Fourier transform of a product of f with ¢"
F("f(t) = (1)"F™ (w)

3. Inverse Fourier transform of a product of F' with w™

FAF@) = (<0
4. Fourier transform of an nth derivative:
F(FM () = (iw)"F(w)
5. Inverse Fourier transform of an nth derivative:
FHEW (W) = (—it)" f(t)

6. Fourier transform of the Dirac delta function ()
FIo(t) = — / " S(t)eitdr = -
e — e _
V21 J V2T
7. Fourier transform of an nth derivative of Dirac delta function d(t)

Fl6™(t)] = \/% / T (1)t = fQ—W(it)(")

1.5 Regular Singular Points

We have studied solutions to the linear second order differential equations of
the form

Px)y" + Qx)y + R(x)y =0 (1.5)

in the cases P(z), Q(x), R(z) real analytic in a neighborhood of a pointx = a
and P(a) #0  IfP(a) = 0 ,then a is called a singular point of the equation.
We say that the singular point x = a is a regular singular point of equation
(1) if the equation can be written as

Q) ,  ER(z)

T P(z)y’+ P(I)y =0 (1.6)
where (x — a)Q(z) (z — a)R(x)
Wy and e

both exists and are finite.

11



A singular point which is not regular is called irregular.
For demonstration , consider the differential equation

(1 —a2%)y" — 2xy +6y =0

determine whether points are regular or irregular singular points.
The singular points of the ordinary differential equation are the zeros of

(1—2*)=1—2)(1+z)

and clearly, x =1 and x = —1. To test whether 1 is regular, we divide by
the function (1 — 2?) obtaining

no 2 'y 6 B
S G TGS L Gy Gy
Thus 5 ) 61 )
im oz —1) =—1 and lim (1—2%) =
z=1 (1 —2)(1+ ) e=1 (1 —2)(1+4 )
both exist and finite.Hence, x = 1is a regular singular point.
A similar test shows that x = —1 also a regular singular point.

A simple example is the first order differential equation

227 9y =0 1.7
T =2y (1.7)

Here the point z = 0 is an essential(irregular) singularity of this equation
because lim,_,g =3* doesn’t exist.

12



Chapter 2

Formal distributional solutions to the
confluent hypergeometric equation

The second order differential equation
zy" + (m—x)y —py=0,m,peC (2.1)

is Known as the confluent Hypergeometric differential equation.
One of its classical solution of confluent Hypergeometric differential equation
is well known and given by

1F1(p,m;x) = Z (p)n:B

(m),n!

n

n=0

Where (p),, is the pochhammer’s symbol:(p), = p(p+1)(p+2)---(p+n—1),
n > 0,(p)o =1 and | F} is the hypergeometric function. If we substitute

y = Zan:c” .y = Znamv"’l and ¢" = Zn(n — 1)a,z"?
n=0 n=1

n=2

into the differential equation (2.1) we obtain

Z[n(n + Dant1 +m(n+ 1)ans1 — na, — pa,|z™ =0
n=0
tng1((n+1)(m +n)) —an(n+p) =0
an(n +p)
Ani41 = , N = O, 1, 2,
T (n+1)(m+n)
Thus, a, = (P)-
(m),n!
Hence, its one of the classical solution is y = i a,x" = f: (P)n”
7 n=0 n=0 (m)nn'

13



Example 2.1. The classical solution of the equation zy” + (1 —xz)y —y =0
15 given by

<. (1 " = " .
y(:E):z%((l))nn! :z%mze

Thus, y(z) = €” is the classical solution of xy" + (1 —z)y' —y =0

My aim is to find distributional solutions to (2.1) of the form
y(x) = Zan(S(”) (x), (2.2)
n=0

where 6 is the nth derivative of the Dirac delta function.

A few reasons for deriving the solution of the above form are explained
in the introduction. We can also motivate the study of solutions of the form
(2.1) in another way.

Consider the following two examples:

Example 2.2. y(z) = €” is easily seen to be a solution of
ry' +(1—2)y —y=0

If we identify e with the distribution defined by:

< e® o(x) >= /00 e“o(x)dx, peD

—00

(D consists of infinitely differentiable functions of compact support),then

< ", ¢(x) > is a distributional solution to xy” + (1 — x)y’ —y = 0.But ,Is
fi)oo e“¢(x)dx a distributional solution to xy” 4+ (1—z)y’' —y = 07 One would
suspect not, since we would expect "boundary” conditions involving ¢(0), ¢'(0)
etc. to appear when ffoo e*¢(x)dr was substituted into xy” + (1 —x)y' —y =
O.However,ffoo e*o(x)dz is a distributional solution to xy"+(1—x)y'—y = 0.
we will find out the reason for this in example of next section.

14



Example 2.3. y(z) = €” is also a solution to
zy' +(2-2)y —2y=0

Again, by identification,

<€ p(x) >= /_00 e“o(x)dx

18 a distributional solution. Is ffoo e*¢(x)dx a distributional solution to
2y + 2 —2)y —2y =0 ? In this case, the answer is no. We will find the

reason in the next section .

[e.e]
Theorem 2.1. Suppose y(x) = Zané(”)(a:) is the formal distributional
n=0
solution to the confluent Hypergeometric differential equation
zy" +(m—z)y —py = 0.

Then: (i) if p ¢ N but m € N, then y(z) =0
(i1) if p € N but m ¢ N, then

— (p—m +1),6@"D(z)
y(r)=>_ o
n=0
(i1i)(a)If p,m € N | then the distributional solution of xy"+(m—z)y' —py =0
15 given by
- n—m-+1 (n) ,
y(o) =) o"(x)if m<p

Sl n—p+1

(b)If p,m € N ,then

15



Proof. Suppose y(x Za 6™ (z) theny = Zan 10 and ¢ = Zan 5™

n=1 n=2
Now substituting v, v’ andy into equation(2.1) and use the property of
n§m) () — 0 m<n
X (1') - (_1)71#’71)'5(171770(1,) m > . gives
S (= 1)+ m)an16(@) + (041 = pla,)s (@) = 0
n=0

an1(—mn—14+m)+a,(n+1—p)=0
— Da,,_

(n—m D g
(n—p+1)

Ay =

Thus,
n—m-+1
ay =
n—p+1

(i) If p ¢ N but m € N, then("™"") =0

n—p+1
because n —m+1<n—p+ 1,80 y(xr) =0

(ii) If p € N but m ¢ N, then
= (n—m+1
— 5
y(x) ;0(“—P+1) (z)
Now replacing n by n+ p— 1 ,then

y(as):i(n—:}ﬂLp) §(n+p-1) i p— m+1) §rn=1) ()

n=0

(iii)(a) If p,m € N and m < p ,then
X (n—-m+1
— 5
y(x) §4(n_p+1) (z)

(b) Also If p,m € N and m > p ;then n —m+ 1 < 0.

- k—1
From the identity ( k;n) = (-1) (n + A )

we obtain
n—m-+1 _ (—q)rrH m—p—1
n—p+1 n—p+1

16



Asweseem—p—1>n—p+1son<m-—2
Thus

o) = Y (M8 ot >

n=p—1

Theorem 2.2. (Laplace Method) If p,m € N | then the distributional
solution of zy” + (m — z)y’ — py = 0 is given by

wir)= 3 (Z__ij)éwm ifm<p

Proof. Formally applying the distribution ,two sided laplace transformation
Llz] = F(s) to zy” + (m — x)y’ — py = 0 yields the equation

—(s*F) + msF + (sF) —pF =0

i.e, (s* —s)F' =[(m—2)s — (p—1)]F,

with the general solution
F(s) = Cs" (s —1)"?1 C = constant
The particular solution Fy(s) corresponding to C' = (—1)P~™*1 is:
Fo(s) = sP71(1 — s)7t7ptm

Differentiating the series (1 — s)™' = Y7 /s, |s| < 1 p — m times and
multiplying by s?~! give

which changes to

= [(n—-m+1
Fy(s) = Z ( )s”
WS n—p+1

by the substitution n +m — 1 — n and L[6" (x)] = s". The distributional

solution become
> n—m-+1
— E 5™
w(z) 1<n—p+1) (z)

n=p—

17



Corollary 2.1. For p,m € N and m > p , The solution of
xy” + (m —x)y — py = 0 is given by:

o) = 5 (M sy

n=p—1

(1Pt (i — 1) ()

dxp—1

This corollary is in agreement with the result of Wiener in[1].

Example 2.4. For xy” + (2 — z)y — y = 0 its distributional solution is

Example 2.6. For zy” + (4 — z)y’ — Ty = 0,its distributional solution is

v =3 (2 3)ow

n=6

Example 2.7. For zy” + (3 — x)y' — y = 0,its distributional solution is

y(x) = d0(x) = 0'(x)

Example 2.8. For zy” + (=1 — x)y’ — y = 0,its distributional solution is

y(z) = i (” N 2) 50 (2)

n=0

18



2.1 Further Analysis Of Theorem 2.1:
The Case Wherep,m € N and m <p

It is easy to see that the solution y(z) in Theorem 2.1 is a continuous linear
functional on D , the space of all infinitely differentiable functions; i.e.y &
C*. By considering certain test functions, it is easy to see that y(x), in the
other cases of Theorem 2.2, is not in D’. It is natural to ask if y(x) has
any extensions to S’ (S is the test function space of infinitely differentiable
functions of rapid decay) or D'. Also, by using the Fourier transform, can
we get a better representation of y(z) ? We discuss these questions in this
section and succeeding sections.

From here on in this section, assume, p,m € N and m < p. Let

o= 3 (M s

n=p—1
— Z (p - m + j) 5@+ (z)
j=0 J
We seek to get a better representation of y(x).
Theorem 2.3.
- — 1
> (o *1)a<n><m>
np g \TL TP +
p—m 1 m— x T [y m—2
(P PR (e — e p—k—2 50 ()
(p—m —k)! m—k—2

k=0 k=0

where

1 ,2>0
H(‘”):{o 2 <0

is the Heaviside function. To prove this theorem, we first must prove a
number of lemmas.They are

n

Lemma 2.1. >3, (”ﬂ)xj = (M), lz] <1

dx™

n__z" n P 0 . ; oo .
Proof. a nli-z) _ d" 3 50 (5 >:ZP(H+J,H)93J :Z (TH'J)xj -

dx™ dz™



Let f(t) denote the Fourier transform of the function or distribution f.

S\ p— —m (@)P"™"
(it)? ! dr( 1—it )Z-p—m)

Vo —ml o

Proof. The fourier transform of 6% is % . Hence,

@(t):f:(p—?+j)w\/2+_;—l

J=0

Lemma 2.2. w(t) =

_ (it\/);’_ﬂl :0 (p—zﬂrj) (it

o Np— —-m (ig)p—m
(@p ! P =) e

2 dtp—m

Lemma 2.3. Let

f(af)ze”—exﬂ(x):{ 0 ,z>0

er ,r<0

Then the r** distributional derivative of f(x) is given by

r—1

@) = fx) =D 69(@), r > 0.

J=0

Its proof follows by induction.

Lemma 2.4. (a) f(z) = e* — e"H(x).

Then
(at)p—m

f(m$)(t) = m

(b)zP~™ fP=m) (1) = 2P~™ f () whenever P —m > 0,p,m € N
i~ (P=m) g (p=m) flp=m) (g7)

(c)Let g(x) = ( o —m) Then
o)
1) = o ()



Let g(x) be as in (c). Then

— - \p—1 p—m (z’t)me
o = ),
V2m(p —m)! dxp—m
Proof. (a) From Lemma 2.3 , /¢~ (z) = f(x) = Y2025 0 ().

Hence

— — 1

fomm@)(#) = fl@) = ——= > (@)

Hence
()P

V2r(1 —it)

(b) This follows from Lemma 3.3 and the fact that z76%) (z) = 0if j > k.
(¢) In general , If h is a function or a distribution, then

TN d"h(t)
xrh(z)(t) =1 e
Hence .
i i () (1)
90 === der=r
()
= T —1m)!( dz;g”(l ) ) from(a)
(d) from (c) ,
. ;—(p—m) dp—l(x(p—l)f(x))
(P=D () =
g (z) (p—m)! dap—1
Hence, -
— i~ —m) p=1(p(=1) f (1
@) = (T
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From (c)

ab=m f(x)(t) =" (p —m)!g(t)
—m_(@)P~™
d’ (\/ﬂ(l—z’t)))
dtp—m
Now,if h is any function or distribution , then

— P

m _arary
o (t) =1d"t"h(t).
Hence,
A= (xp—m f(2)) (¢ ] —
( dmp_l( ))( ) — (Zt)p 1(Kp7mf<£lj'>(t)
(i)
_ (s4\P—1l:p—m V2m(1—it)
= (it tir (T
Thus ,
- p1 P m(ﬂ)
1) _ @y Var(1-it)
g (z)(t) (p—m)! dtp—m )
[
Corollary 2.2. w(t) = z'p_mg(l’—/l)\(:c)(t)
Corollary 2.3. y(z) = #"™¢P~V(x)
Lemma 2.5. Let h(z) = 2" f(x) where f(x) =€e* —e"H(x).
Then
j
) 1) = Y Pl (] ) M@ if i < 7
k=0
, d T+ S rtj—k+1
(b) RO (x) = > P(r, k)( i )x’"—’“ﬂx)—rlz ( S )6<k><x>z‘fj > 0.
j—k—
k=0 k=0

where the last sum is interpreted to be zero if 7 = 0.

Proof. (by Induction) (a) obviously, the formula holds for j = 0.

Suppose h)(z ZPr k) < ) "k f(x) for alll < j < r, and
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suppose j + 1 < r. Then

A (@) = 3" Plr. b () (& * (@)

k=0

Now

< (@ Ff(2)), ¢ >= = <2 f(2), ¢ >=— [0 a"hem/ () dw
< (r—k)a" ")+ 2"  f(x),0 >, ¢ €D.

Hence,
(a7 f (@) = (r = k)a" "7 f (@) + 2" f(2)
Substituting this into(3.2) yield:

R ZP rh) ( ) — k)" f () 2" ()
_§Prk‘ (j;;l) k().

Hence the formula is true for j < r. In Particular,

r—1

RV () = 3 P(r k) (7” . 1) 7 (2)
Thus,
10w) = 5 P (7 )= R )+ 2 )

- 1:0 P(r, k) <IZ) 2R f ()

(b) The above equation shows the statement in (b) to be true for j = 0.
Suppose

1
+j (r4j—k—1
(i) P(r " > ok -l ( )5““)1'
E < flz 2 b1 ()

j_
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k=0
Then
r—1 .
W () = S7 P k) ( F ) = R ) )
k=0
+p(r,7) (r j:j) (f(x) —d(x)) — 'Z (r ji_ _I 1)5(k+1) see lemma 3
k=0

1 _
—ZP (”“ ) 7 f () —T'Z(T“ ) ) ()
where we have used the facts:

o)+ (37 = (7177 mastomte = =ty

This establishes the lemma. O
Corollary 2.4.

dpl(j;zf(x)) _ Iinp(p—m, k) <p ; 1) P () (pn) mZ_Q <p —k—2 ) 58 ()

k=0

Proof. Let r=p—mand j =m —2(>0) in the lemma. O
Corollary 2.5.

g D(z) = L pfpp i) (" k1)xp-m-kf<x>—<p—m>!g(p‘k‘2)6<k><x>>

(p—m)!

Theorem 2.4. if p,m € N and m < p, then

0 p—m p 1 m—Fk oz m—2
Z <n—m+11) )Pk (et kel H(CU)))_ <p—/;;_ 22)(5(@(33)
nep1 \ T p+ k:O (p—m —k)! ko TP R
Proof. From Corolary?2 , we know y(x) = ?~"g®=1 ().
This theorem now follows since
pp—mk) (p=1\ _ (")
(p—m)! k (p—m—k)!
L]
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Example 2.9.

Zé(]’)(x) :e”—e’”H(m):{ Oz i;g (p=m=1)

J=0

Hence e* — e"H(x) is a distributional solution to zy” 4+ (1 —x)y’ —y = 0.
That is

< (e")_, ¢ >:/ e“o(x)dx

—00

18 a solution.

Example 2.10.

[e.o]

Zé(j)(:ﬁ) =" —e"H(x) = 0(z) (p=m = 2)

Hence a distributional solution to

2y’ + (2 —2)y — 2y =0is

0

< (%), >—<d(x), 0 >= / e"o(x)dx — ¢(0).

These two examples were both mentioned in §2

Example 2.11. From Theorem 2.1, we see that Y 22 (j + 1)6V ™ (z) is a
solution to xy” + (1 — )y’ — 2y = 0.From Theorem 3.2 we see that

> U+ 10V (2) = (2 +1)(e” — " H(x)).

7=0
Example 2.12. From Theorem 3.2, a distributional solution to

vy + 4 —2)y —Ty=0 is

(%3 +32% + 152 4 20)(¢" — e"H(x)) — 106(x) — 40’ (x) — 0"(x).

An Important Observation
In Example 2.11 and 2.12, it is easy to verify that (x + 1)e® and
(%3 + 322 4+ 152 + 20)e” are classical solutions to the respective equations.
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2.2 Further analysis of theorem 2.1:
The case where p € N and m € —N[J{0}

In this section , we shall assume p € N and m € —N[J{0}
From Theorem 2.1 . we know that

© () m (p4n=1)
o) = 3o DO ) (23)

is a solution to xy” + (m — x)y’ — py = 0.Obsreve that W = ("™

so that .
yo)= > (Z__Z:)é(%) (2.4)

n=p—1

From (2.3), we see that

i) = \/12_ﬁz(p—m+1g,;

it p_lzooo —m + 1), (it)™
_ (\/)% Z; (p n!) (it)
= O e —m 1)
\/% 140 9
(it)P~1

Recall that if f is a function or distribution, then

d* f ()

7 dxk

) = (i) F(f()) (2.5)

where F denotes the Fourier transform of f.Also,

d"F
Fl(-in) f(a)) = T (26)
since F(e® —e"H(x)) = - it is easy to verify that
V21 —it)’
dk(m) i* k!

dt* V27 (1 — it)k+1
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From(2.6), it follows that

=™ (p —m)!

f<<_1)p—mip—mxp—m(€$ — emH<CL’))> = \/%(1 B th)p_m—o—l

Hence LY=o |
e (}j e = () - (2.7)

f
( V2r(1 — it)p-mtl
From(2.5), it follows that

v = ey BN )
dxP~t V2 (1 — it)p—m+1
) J ]
But,from(a) of lemma 2.5 ,(a) hY(z) = P(r, k) (k) R (f(x))if j <
k=0
, we know
dP— 1 (=1)P~mgP— m(e'—ezH( z)) p—1 _ L 1
m —m pp—m, p —m—k( z
e
=0 P '
p—1 (p—l)
= (=™ = TZ = k)|xp_m_k(e‘” —e"H(x))
=0 \P '

Theorem 2.5. Suppose p € N and m € —N{J{0} Then:

. /n—m+1 () (4 i pl .
0\ (x) = ypm xp’m’ e —e"H(x
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Example 2.13. A distributional solution to xy” + (=3 — )y — 4y =0 is

x’ 2° 2 7t

LT T Vet — e H ().
5040 " 2a0 T a0 Tap)le" — ¢ H (@)

> (_’“) Pt (e — e H(x)) = (
£ (7T — k)|

Example 2.14. A distributional solution to xy” + (=1 —x)y' —y =0 is

ni;o (n;—2>5(n)($) _ %Q(ez e H(z)

These examples are easily verified.
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Chapter 3

The Hypergeometric equation

In this section we shall discuss certain aspects of the hypergeometric equation

(1 —2)y"(x) + [c — (a + b+ 1)z]y'(x) — aby(z) = 0. (3.1)
Theorem 3.1. The hypergeometric equation (3.1) has a distributional
solution y(x) = i and™ () of order m if and only if

n=0
(i) c=m+2 and
(ii) a or b is an integer j = 1,....,m + 1
This solution written in terms of the variables x and y is given by the formula

m+1 a)

Z T n—|—2 —b)(s(n)(@

n=a—1

where a is either single integer or greater of the two integers satisfying (ii).

Proof. Substituting y(x) = Zan5(”) (x) in equation (3.1) written in terms
n=0

of x and y leads to the relations
(m+2—c)a, =0
n+1—a)n+1—->0)a,=(m+1—-—n)a,_1, n=0,...m; a_; =0 (3.2)

since a,, # 0, hypothesis (i) is a necessary condition for the existence of a,
m

m- order solution y(x Z ap ) to (3.1).The equation for ag is

n=

(1 — CL)(l — b)ao = 0,
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and if a # 0,b # 0,then ap = 0. Furthermore , if (ii)is not satisfied (3.2)
implies that a, = 0, for all Kk = 0, ..., m .On the other hand ,if a is an integer
such that 1 <a <m+ 1 and b is not ,then a,, =0, n=0,...,a — 2 and

(m+1—n)a,
(n+1—a)(n+1-0)

a, = forn=0,...m;a_1 =0

Thus the recurrence formula

(WZ;i;a) 5(n)($)

T Tn+2-0)

Hence . (m+1_a>
Vo) = Y L)

=a—1

is a distributional solution for (3.1) with support = 0.This result remains
valid also when both a and b are integers such that 1 < a,b < m+1,a >b. [

Theorem 3.2. The hypergeometric equation (3.1) has a distributional
solution y(x) = Z and™(z) of order m with support x =1 if and only if

n=0
(i)a+b—c=m+1 and
(ii) a or b is an integer j = 1,....,m + 1
This solution written in terms of the variables x and y is given by the formula

o) = :Z_l<—1>"%é<n><x -1

where a is either single integer or greater of the two integers satisfying (ii).

Proof. The proof similar procedure to the above theorem 3.1 but in this case
s —z) = (=1)"0"W(z —1). O

Theorem 3.3. The classical solution of the hypergeometric differential equa-

tion (3.1) is given by

> n a)n(b),z™
Yy = Zoan:v = ao—( >(c§n21!

Proof. 1t is clear that * = 0 and x = 1 are the only singular points of this
differential equation.Also z = 0, is a regular singular point of (3.1). Note
that we have
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o0

y = ian:v" .y = inanx"_l and ¢" = Zn(n — 1Dapz™?
n=0 n=1

= n=2
Substitution into the differential equation (3.1) leads to

Z{{n(n + 1) +c(n+D}laper — {[n(n+1)+ (a+ b+ 1)n+ abl}a,}z" =0

This leads to the recurrence relation
(n+1)(n+c)apy = (n+a)(n+ba,, n=0,1,2,..

for the coefficient {a,}22,.The solution can be written as

o, = WnOhnt"ag =y
(¢)pn!
- n b n "
Hence,y = Z anx" = ay (@)n(b) 'x ]
n=0 <C)n
Example 3.1. Let a=b=c=1,s0 that (5.1) reduces to
(1 —2)y" () + [1 — 3]y (z) — y(z) = 0. (3.3)

then it is easily verified that

0 o o
@) =S as®@) =S Sseoy ey

satisfies(83.3).1It is interesting to observe that

A =3 T = et = (35)

11—z

n=0

is the classical solution of (3.3) .I observe the intriguing similarities. The
functz’onﬁ has a pole of order 1 and the distributional solution §(x — 1) also
1s a simple pole.
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Example 3.2. Let a=b=2,c=1.Then (5.1) reduces to

z(1—2)y"(z) + [1 - 5]y’ (x) — 4y(x) = 0. (3.6)

Its distributional solution is

_ . (n NV OO n+1n(5 ( ) 1 Y/
y(r) = a,0™(z) = (x +Z D) =0 (z—1)—8"(z—1)
n=0 n=
(3.7)
The classical solution of(3.6) is
S Fy(z Z => (n+1)2" = e (3.8)
n= n=0

Again when we compare(3.7) and (3.8) we find that both these solutions have
a pole of order3.
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Chapter 4

Summary

In this work ,we have discussed the classical solution and distributional solu-
tion of the confluent hypergeometric differential equation and hypergeometric
differential equation.Further more distributional solution of the confluent hy-
pergeometric differential equation can be expressed using fourier transform
as the sum of classical solution and distributional solution the case where
m,p € N and m < P.The classical solution of confluent hypergeometric
differential equation form ; F; which is a new function called hypergeometric
series.
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