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Introduction

Linear and nonlinear optimization problems are used in many areas of Eco-
nomics and Finance, but they also arise in many other disciplines, with
Chemistry, Physics, and Biology being just a few of them. Sensitivity analysis
consists of determining how and how much specific changes in the param-
eters of an optimization problem influence the optimal objective function
value and the point or points where the optimum is attained. Linear and
nonlinear programming provide an excellent opportunity to introduce the
idea of "what-if” analysis, using post-optimality analysis developed for the
linear and nonlinear programming models. The purpose of this project is to
study the sensitivity of an optimal value without changing the optimal solu-
tions. Finding the optimal solution to a linear and nonlinear programming
model is important. Having obtained the optimal solution for a programming
problem, it would be desirable to know what happens when data values are
changed. This project tries to show a perturbation approach for performing
sensitivity analysis of mathematical programming problems [7].

The first chapter talks about the basic concepts of Optimization problems.
The second and third chapters deals with the sensitivity analysis in a linear
and nonlinear optimization problems. It has a brief discussion of the effect of
changes of the cost coefficients and the right-hand sides of the constraints in
a linear programming problem. A similar analysis can be done for nonlinear
problems. However, a calculation of the partial derivatives with respect to
the parameters can be done without forcing the set of active constraints to re-
main active. All the variables, parameters, KarushKuhnTucker multipliers,
and objective function values vary provided that optimality is maintained
and the general structure of a feasible perturbation is obtained[6].
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Chapter 1

Preliminaries

1.1 Linear Programming

Linear Programming introduced by George B. Dantzig in 1947, and is a
method of optimizing an objective function by solving a system of linear
equations where the solution is subject to a set of constraints. Any linear
programming problem (LPP) consists of an objective function and a set
of constraints. A solution set for the decision variables, where all of the
constraints are satisfied, is called a feasible solution. Most solution algorithms
start by finding a feasible solution, then move from one feasible solution
to another until the objective function has been optimized maximized or
minimized [7].

Definition 1.1.1. (General form of an LPP) An LPP is an optimization
problem of the general form

Minimize cx = Z CjT;

J
Subject toZaijxj >b; fori=1,2,....m (1.1)
J

r; >0 forj=12,..n

The problem has n variables and m constraints.

Note that a problem where we would like to minimize the cost function
instead of maximize it may be rewritten in standard form by negating the
cost coefficients ¢;(c’). Any vector x satisfying the constraints of the linear
programming problem is called a feasible solution of the problem. Every
linear programming problem falls into one of three categories:



e Infeasible. A linear programming problem is infeasible if a feasible
solution to the problem does not exist; that is, there is no vector x for
which all the constraints of the problem are satisfied.

e Unbounded. A linear programming problem is unbounded if the con-
straints do not sufficiently restrain the cost function so that for any
given feasible solution, another feasible solution can be found that
makes a further improvement to the cost function.

e Has an optimal solution. Linear programming problems that are not
infeasible or unbounded have an optimal solution; that is, the cost func-
tion has a unique minimum. (or maximum) cost function value. This
does not mean that the values of the variables that yield that optimal
solution are unique. However, the basic algorithm most often used to
solve linear programming problems is called the simplex method.

The primal and dual linear programming problems

Linear programs are usually stated and analyzed in the standard forms using
vector terminology:

min ¢’ (1.2)

Az =10
x>0

where ¢ is vector in R", b is a vector in R™, A is an mxn real matrix with
rank(A)=m, and x in R" is the unknown vector.We call this problem as the
primal linear programming problem.

Every linear programming problem where we seek to maximize the objec-
tive function gives rise to a related problem, called the dual problem, where
we seek to minimize the objective function. The two problems interact in an
interesting way: every feasible solution to one problem gives rise to a bound
on the optimal solution in the other problem. If one problem has an optimal
solution, so does the other problem and the two objective function values
are the same. The equations below show a problem in standard form with n
variables and m constraints on the left, and its corresponding dual problem
on the right|8].



(P) min ¢’z (1.3)

St Ax > b
x>0,
(D) maz b’y (1.4)
st ATy <e¢
y=0

If the original or primal problem has the optimal solution x*, its dual
problem has an optimal solution y* and c¢’a* = bTy*. If the primal problem
is infeasible or unbounded, then the dual problem is infeasible or unbounded.

The Simplex Method

The simplex method has two basic steps, often called phases. The first phase
is to find a feasible solution to the problem. For small problems, or larger
problems of certain forms, this is not at all difficult. Often, a trivial solution
such as x = 0 is a feasible solution, as in the production planning problem
described earlier. We will omit the details of solving the first phase to find a
feasible solution for now. After a feasible solution to the problem is found,
the simplex method works by iteratively improving the value of the cost func-
tion. This is accomplished by finding a variable in the problem that can be
increased, at the expense of decreasing another variable, in such a way as to
effect an overall improvement in the cost function [8].

Let A be an mxn real matrix (m < n) and the matrix A has m lin-
early independent columns. Let us define by Ig the set of indices of such m
columns, and by Apg the corresponding mxm submatrix of A. In this case Ag
is nonsingular, therefore invertible. The columns of A which indices are not
in the Ip form an m x (n —m) submatrix Ay of A, the corresponding index
set is denoted by Iy.

If a nonhomogeneous linear equation is given as Ar = b then we may split
the unknowns into two different vector according to the index sets Iz and
In. The vector xp contains those variables which indices are in Ig, so, the
xp is the corresponding basic vector, while xy the nonbasic vector. Thus,



x = (zp,zy). In the similarly way, ¢ = (¢p, cy),in which cg is the row vec-
tor of the basic cost coefficients. The nonhomogeneous linear equation can be
expressed as

ABXB—l-ANQZ’N:b (15)

Using the invertibility of Ag we can solve the equation as
XB = Aélb—AglANﬂfN (16)

If vy = 0 and x5 = AR'b then the solution z = (A3'b,0) is called a primal
basic solution corresponding to the given basis Ag. If A" > 0 then the basic
solution z = (zp, xy) is called as basic feasible solution and the Ap is called
as primal feasible basis.

1.1.1 Duality Theory

For every linear programming problem there is a companion problem, called
the dual linear program, in which the roles of variables and constraints are
reversed. That is, for every variable in the original or primal linear program
there is a constraint in the dual problem, and for every constraint in the
primal there is a variable in the dual. In an application, the variables in the
primal problem might represent products, and the objective coefficients might
represent the profits associated with manufacturing those products. Hence
the objective in the primal indicates directly how an increase in production
affects profit. The constraints in the primal problem might represent the
availability of raw materials. An increase in the availability of raw materials
might allow an increase in production, and hence an increase in profit, but
this relationship is not as easy to deduce from the primal problem. One of
the effects of duality theory is to make explicit the effect of changes in the
constraints on the value of the objective. It is because of this interpretation
that the variables in the dual problem are sometimes called shadow prices,
since they measure the implicit costs associated with the constraints|3].

Duality can also be used to develop efficient linear programming methods.
For example, at the current time, the most successful interior-point software
relies on a combination of primal and dual information.If the primal problem
has n variables and m constraints, then the dual problem will have m variables
(one dual variable for each primal constraint) and n constraints (one dual
constraint for each primal variable). The coefficients in the objective of the
primal are the coefficients on the right-hand side of the dual, and vice versa.
The constraint matrix in the dual is the transpose of the matrix in the primal.
There are two major results relating the primal and dual problems. The first,
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called weak duality, is easier to prove. It states that primal objective values
provide bounds for dual objective values, and vice versa. This weak duality
property can be extended to nonlinear optimization problems and other more
general settings. The second, called strong duality, states that the optimal
values of the primal and dual problems are equal, provided that they exist.
For nonlinear problems there may not be a strong duality result[7].

1.1.2 Relationships between Primal and Dual

Primal .
Mazximize z = chxj,
j=1
subject to
n
Zaijmj sz fOTi: 1,2,...,777,,
j=1
x; >0 forj=12..,n,
Dual .
Minimize v = Z by,
j=1
subject to

n

Zaz]yz > Cj fO’f'j = 1727 ey 10,
j=1

yi >0 fori=1,2,....m,
The first property is referred to as weak duality and provides a bound on the
optimal value of the objective function of either the primal or the dual.

Weak Duality Theorem

If z, solution to the primal problem and y,is a feasible solution to the dual
problem, then Then

n m
Z CjTj < Z biyi
=1 i—1



Proof: The weak duality property follows immediately from the respec-
tive feasibility of the two solutions. Primal feasibility implies:

n
Zaijfj S bl fOT 1= 1,2, MM,

J=1

and
z; >0 forj=12..n

while dual feasibility implies

Zaijgji Z C; fO?“ ] = 1,2, S n,

j=1
and
7 >0 fori=1,2,...m

Hence, multiplying the ith primal constraint by g; and adding yields:

m

Z Z ai;TiY; < Z bi¥i,
i—1

i=1 j=1
while multiplying the jth dual constraint by #; and adding yields:

n m n
E g AiYiTs = E iy,
J=1

i=1 j=1
Since the left hand sides of these two inequalities are equal, together they
imply the desired result that

n m
DT < ) bidi
j=1 i=1

Strong Duality Theorem

Consider a pair of primal and dual linear programming problems. If one of
the problems has an optimal solution then so does the other, and the optimal
objective values are equal. that is,Z = © where

n
2= Max E C;T;

J=1



subject to

and

subject to

yi > 0;

Proof: Let us see how to establish this property. We can convert the
primal problem to the equivalent equality form by adding slack variables as
follows:

n
Mazimize z = Z c;T;,
j=1
subject to
n
Zaijxj +Tpy; =0, fori=1,2,..m,
j=1
;>0 forj=j=12...n+m.

Suppose that we have applied the simplex method to the linear program
and 75, 7 = 1,2, ..., n, is the resulting optimal solution. Let y; , 7 = 1,2,...,m,
be the shadow prices associated with the optimal solution. The shadow prices
associated with the original constraints are the multiples of those constraints
which, when subtracted from the original form of the objective function, yield

the form of the objective function in the final tableau. Thus the following
condition holds:

i=1

where, due to the optimality criterion of the simplex method, the reduced
costs satisfy:

C_j:Cj—ZaijZJz'Soa forj=1,2,...n (1.8)
i=1
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and
¢;=0—9y;<0, forj=n+1ln+2,.,n+m (1.9)

Conditions (1.8) and (1.9) imply that g; , for i = 1,2,...,m, constitutes a
feasible solution to the dual problem. When z; is replaced by the optimal
value 2; in expression (1.7), the term

n
E :ijj

J=1

is equal to zero, since ¢; = 0 when 7 is basic, and 2; = 0 when 7; is nonbasic.
Therefore, the maximum value of z, say 2, is given by:

—r=— ijby
=1

Moreover, since Z; is an optimal solution to the primal problem,

n m
E CjZL’j = E bzyz
7j=1 i=1



1.2 Nonlinear Programming

Definition 1.2.1. Let f : R* — R, ¢; : R* — R fori € I =
(1,2,...,k), h;:R*— R, forjeJ=(1,2,..,1). The standard form of
an NLPP is:

min f(x) (1.10)

st gi(x) <0, foreachiecl
hj(x) =0, foreach jeJ

or,

stxesS

where, S := (z € R"/¢;(z) <0, h;j(xz) =0). Such problem is called uncon-
strained if S = R™. A first important question is related to the existence of
optimal solutions for this problem.

Optimality Conditions for constrained problems

Optimality condition is a condition that has to be satisfied for a feasible point
x* to be an optimal solution.

1.2.1 Lagrange Methods for Constrained nonlinear pro-
gramming Problems

Lagrange multipliers have long been used in optimality conditions for prob-
lems with constraints, but recently, their role has come to be understood from
many different angles. The theory of Lagrange multipliers has been one of the
major research areas in nonlinear optimization and there has been a variety
of different approaches. Lagrange multipliers were originally introduced for
problems with equality constraints. Converting constrained problem to an
unconstrained problem with help of certain unspecified parameters known as
Lagrange Multipliers. Inequality-constrained problems were addressed con-
siderably later. Lagrangian multipliers require equalities. So a conversion of
inequalities is necessary. The Lagrange multipliers have an important eco-
nomic interpretation as shadow prices of the constraints, and their optimal
values are very useful in sensitivity analysis [1]. Let

f: R" — R, be differentiable, and



S CR",
consider a constrained nonlinear minimization problem:
(P) min f(z)

stxeSs,

To convert (P) into unconstrained problem,we try to find a functional f
on R™ with the following property:

fo: R" — R, be differentiable, and

fO(x) =0,

for all x € S Then we consider an auxiliary functional L such that
L:R"— R, given by

L(z) = f(x) + fo(z)

Such L is called Lagrange functional ( Lagrangian ) for (P).Then, we consider
the auxiliary (Lagrange) problem is

(Pr) min L(z) (1.11)

stx e R"

The relation between (P) and (PL) is given in the following Theorem.

Theorem 1.2.1. (Lagrange Lemma )

a) If z* is a (global) minimizer of L and x* € S, then x* is optimal solution
of (P). b) If z* is a local minimizer of L and x* € S, then x* is local optimal
solution of (P) .

Lagrange Method for Equality Constraints

Let
f: R" — R, be differentiable,and

hj:R" — R, forjeJ=(1,2,..k)
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we consider the problem

stxes,
If

folw) =" Ajhy(x)

where A; € R, then fy(z) =0 Va € S. The Lagrangian function for the
equality constraint is given by

L:R"xR"— R,

Lz, A) = f(x) + Z Ajh;(x)

A= (A1, pla, ..., \p) T are Lagrange multipliers
The following necessary condition is used for z* to be an optimal solution.
It is called Ksrush-Kuhn-Tucker (KKT) conditions for equality constraint.
o Vf(x*)+ "  XMVh;(z*) =0 (Dual Feasibility)

j=1""

o hj(zx)=0,7=1,2,..,k (Primal feasibility).

Lagrange Method for Inequality Constraints

Let
f: R" — R, be differentiable, and

gi:R"— R, forici=(1,2,...,m)

we consider the problem

(P) min f(zx) (1.12)

strxeS:={xeU/g(x) <0}

The KKT condition for in inequality constraint problem is:
o Vf(a*)+> " wVg(z*)  (Dual Feasibility)

o uf>0. (Dual Feasibility)

11



e gi(z*) <0 (Primal feasibility)
o ufgi(x*) =0 (Complimentary slackness)

Then, from the Lagrange Lemma, we have the following result:If z* is an
optimal solution of (L) for some p* € R* and 2* € S, then z* is an optimal
solution of (P). Hence x* is an optimal solution of (L;),for some u* € RF,
implies

VL, (z", 1) =0 (1.13)

for some p* € R*, and z* € implies, g;(z*) = 0,for all j = 1,2, ..., k. Thus,
we have the following necessary condition for z* to be an optimal solution of

(P).

Lagrange Method for Mixed Constraints

9(x) = (01(2), 92(), -, g ()"

we consider the problem

(P) min f(z) (1.14)
stxeS:={relU/gx) <0,h(X)=0}
Now, the Lagrange function for (P)is defined as:

L(x,\ p) = f(z)+ < A\ g(x) >+ < p, h(z) > (1.15)

Hence the KKT condition for mixed constraints are:
o Vi(x*)+ > " ANVygi(z*) + Z?Zl p;Vhi(x*) =0  (Dual Feasibility)
e X >0. (Dual Feasibility)
e hj(z*)=0 (Primal feasibility)
e gi(z*) <0 (Primal feasibility)

e )\gi(z*)=0 (Complimentary slackness)

12



Sufficiency of the KKT conditions

This section shows that necessary conditions of optimality become sufficient
as well, under the main assumption of convexity of all functions involved.
Since optimality conditions are formulated in terms of first derivatives, the
appropriate notion of convexity is the one in which first derivatives appear:
A function f : KRn — R is convex if K is a convex set of vectors and

fly) = f(x) + Vf(x)(yr), y,v € K,t €0,1].

Theorem 1.2.2. Assume that f and g are convex differentiable functions.If
the pair (x, u) satisfy the KKT conditions above, x is an optimal solution of
the problem. If in addition, f is strictly convex, x is the only solution of the
problem.

13



Chapter 2

Sensitivity Analysis in Linear
Programming Model

2.1 The Fundamental Principle of the Sensi-
tivity Analysis

This section is aimed at showing the sensitivity of an optimal value without
changing the optimal solutions with the issue of uncertainty in the data ele-
ments a;; and b;.

Assume, a linear programming problem is given in standard form (P). From(1.6),
we know, if a basic solution z = (Az'b,0) satisfied the following two condi-
tions, then it is a optimal solution for the problem(P).

AZ' >0 (feasibility) (2.1)

Sy =cn — ANAZ ep <0 (Optimality) (2.2)

If the data in the pivot tableau satisfied the previous conditions, then the
basic solution is optimal, and the correspond basis Ap is an optimal basis.
Sometimes we have to modify the data in the problem, so it is useful to find
out how the optimal solutions and the optimal basis vary with the changes
in data. For example, the change in b can change, whether the A;lb >0
is satisfied or not. The change in ¢ has an effect, whether the optimality
condition sy < 0 is satisfied still, and the change in data in A can influence
on both of the two conditions.

In order to analysis how these modified data affect on the optimal solutions,
we do the job of sensitivity analysis. The analysis bases on the obtained
solution and basis, this method is also called post optimality analysis [7].
In practical problem, the following data or condition modify frequently

14



e the coefficient of the objective function, ¢;

e the right-hand-side constant, b;

2.2 The sensitivity analysis of coefficients of
the objective function

From the pivot tableau using simplex method, we can observe the change of
coefficients in the objective function may vary the s; ,it may effect, whether
the optimality condition is satisfied. There are two possibilities in this area.
First, when the corresponding variable is in basis, and second, when the
corresponding variable is nonbasic.

Suppose x, is a variable that is not in the optimal basis Ag. Assuming that
all the other cost coefficients except ¢, remain fixed at their specified values,
determine the interval of values of ¢,, within which Ap remains an optimal
basis. If the cost coefficient of nonbasic variable x, is changed from ¢, into
¢ + Ve, then the basis Ag remains an optimal basis as long as

¢, + Ve, —chAG G <0 (2.3)
consequently,

Ve, > —¢, (2.4)

The reduced cost coefficients of all the other variables are independent of
the value of ¢, hence they remain nonnegative. If the new value ofc, is not
in the closed interval [¢,, +00], z, is the only nonbasic variable that has a
negative reduced cost coefficient in the modified problem. We shall bring
x, into the basis and continue the algorithm until a terminal basis for the
modified problem is obtained.

2.3 The sensitivity analysis of constant on
the right hand side

In the linear programming problem (P) suppose we want to determine the
interval of values of one of the right-hand-side constants, assume b,., for which
the basisAp remains optimal.

Due to 25 = Az'b and z = cgAR'b, the changing of bi influences the primal
feasibility of the original optimal solution and the optimal value. Hence, Ag

15



remains dual feasible.

Suppose the right-hand-side constant b, changes into b; = b, + Ab, and
assume the other data in the problem stay fixed, then the solution changes
according into

ry = AZ (b + Ab) (2.5)
in which,
b= (b, by, .br..,by)" and Ab=(0,...,Ab,,...,0)T. (2.6)
In this case
0
T = AN b+ Ab) = AGb+ AGIAb = A0+ AG | Ab, | = (2.7)
0

b_l -+ alj} Abr

b + a; ' 1Ab, (2.8)

b + ;L Ab,

in which (ay, ™1, a7, ..., ame 1) is r'h Tow in inverse matrix Agl. If the
optimal basis Ap remains optimal, then the feasibility condition X;B >0
must to be satisfied.

in other words, B
byl +a; ' Ab, >0 (2.9)

From this we can conclude, if ai:T1 > 0, then Ab, > —b;/a;,' and if a;,' <
0,then Ab, < —b;/a;*. Therefore,

maz {—b;/a; |a;t > 0} < min{—b;/a;'|a;" <0} (2.10)
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After b changed into b+ Ab, if the optimal basis is not changed, then the
optimal value is:

2 = cEAGH b+ Ab) = 2 + cLAZ Ab (2.11)

If the changed data is not in the interval any more, then we shall continue
the dual simplex algorithm, until a new optimal basis is obtained.

2.4 Example

Consider the linear program:

Maximize z = bxy+ 4.5x9 + 613 (2.12)
Subject to:
621 + 5xy + 8x3 < 60 (2.13)
1021 + 2025 + 105 < 150 (2.14)
o1 <8 (2.15)

1 > 0,29 > 0,23 > 0

If we add one slack variable in each of the less-than-or-equal-to con-
straints, the problem will be in the following canonical form for performing
the simplex method:

S5x1 + 4.529 + 623 —2z=0 (2.16)
621 + bxy + 83 + T4 = 60 (2.17)
1021 + 2020 + 1023 + a5 = 150 (2.18)

1+ +x5 =38 (2.19)

This example is aimed at showing the sensitivity of an optimal value without
changing the optimal solutions with the issue of uncertainty in the data
elements and to revise the final set of equations in tableau form to identify
a new solution and to test the new solution for feasibility and optimality.
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The corresponding initial tableau is shown in the following Tableau.

Basic variable | Current values | 1 | oo | 23 | 4 | T5 | Tg
(-z) 0 514516 | 01010

X4 60 6 | 58| 1100

Ts 150 102010, 0 0|0

Zg 8 110 [0]01]0]1

After applying the simplex method, we obtain the final tableau.

Basic variable | Current values | 1 | z» T3 T4 Ts Te
(-2) -360/7 00| -4/7 |-11/14|-1/35| 0
T 30/7 0|1 |-2/7 -1/7 | 3/35 | 0
T 11/7 0|0 |-11/7| -2/7 | 1/14 | 1
1 45/7 10| 11/7 2/7 |-1/14 | 0

The basic variables associated with this final tableau are z;, x5 and
xg; therefore, we have the optimal solution, consisting of z; = 45/7, x5 =
30/7,and xg = 11/7. which has an objective function value of z = 360/7.

2.4.1 Shadow price and Reduced costs

Definition 2.4.1. The shadow price associated with a particular constraint
is the change in the optimal value of the objective function per unit increase in
the righthand-side value for that constraint, all other problem data remaining
unchanged.

The shadow price for a particular constraint is merely the negative of
the coefficient of the appropriate slack (or artificial) variable in the objective
function of the final tableau.The nonnegativity constraints also have a shadow
price, which, in linear-programming terminology, is given the special name
of reduced cost.

Definition 2.4.2. The reduced cost associated with the nonnegativity con-
straint for each variable is the shadow price of that constraint (i.e., the cor-
responding change in the objective function per unit increase in the lower
bound of the variable).

2.4.2 Variations in the Objective Coefficients

Now let us consider the question of how much the objective-function coeffi-
cients can vary without changing the values of the decision variables in the
optimal solution. We will make the changes one at a time, holding all other

18



coefficients and righthand-side values constant.

We return to consideration of the objective coefficient of x3, a nonbasic
variable in this example. Suppose that we increase the objective function
coefficient of x3 in the original problem formulation by Acs, giving us:

Sxq +4.5x9 + (6 + Acz)xg — 2 =0 (2.20)

(6 + Acs) = 5

In applying the simplex method, multiples of the rows were subtracted from
the objective function to yield the final system of equations. Therefore,
the objective function in the final tableau will remain unchanged except for
the addition of Aczzs. The modified final tableau is given in the following
Tableau.

Basic variable | Current values | x7 | x» T3 x4 T5 | Tg
(-z) -360/7 0|0 |—-4/T+Acg | -11/14 | -1/35] 0
T 30/7 0] 1 -2/7 -1/7 | 3/35 | 0
X 11/7 010 -11/7 2/7 | 1/14 | 1
1 45/7 110 11/7 2/7 |-1/14 1 0

Now x3 will become a candidate to enter the optimal solution at a positive
level, i.e., to enter the basis, only when its objective-function coefficient is
positive. The optimal solution remains unchanged so long as:

—4/T+ Des <0 or Acg <4)7 (2.21)

Equivalently, we know that the range on the original objective-function co-

efficient of 3, say c5°* , must satisfy

—00 < U < 467 (2.22)

if the optimal solution is to remain unchanged.

Next, let us consider what happens when the objective-function coefficient of
a basic variable is varied. let us add Ac; to the objective-function coefficient
of x1 in the original problem formulation to yield the following modified
objective function:

(54 Acy) xy +4.529 + 623 —2 =0 (2.23)
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If we apply the same logic as in the case of the nonbasic variable, the
result is:

Basic variable | Current values | z1 | x9 T3 Ty Ts Tg
(-z) -360/7 ANey | 0| -4)7 | -11/14 | -1/35] 0
T 30/7 0 1] -2/7 | -1/7 [ 3/35 |0
Tg 11/7 0 0 |-11/7| -2/7 | 1/14 | 1
T 45/7 1 0| 11/7 2/7 |-1/14 | 0

However, the simplex method requires that the final system of equations
be in canonical form with respect to the basic variables. Since the basis is to
be unchanged, in order to make the coefficient of x; zero in the final tableau
we must subtract A¢; times row 3 from row 4 in above Tableau.The result
is presented in the following Tableau.

Basic | Coment valpes 2|8 ] x ]
Tariatle

(2 |a0m57ea |0 |0 |417en | 1142Ten | -B3xMon |0

2| 0 (1|27 A7 3% 0
i 107 0 |0 (417 AU 14 1
n |60 1|0 (17 il 14 0

By the simplex optimality criterion, all the objective-function coefficients
in the final tableau must be non positive in order to have the current solution
remain unchanged. Hence, we must have:

—4/7—11)7Acy <0 (that is, Ac; > —4/11) ,
—11/14 = 2/7Ac; <0 (that is,ANcy > —11/4),

—1/35+1/14Ac; <0 (that is,Ac; < 2/5),

and, taking the most limiting inequalities, the bounds on Ac; are:

—4/11 < Aey < 2/5,
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If we let ¢ = 5+ Acy be the objective-function coefficient of z; in the

initial tableau, then:
51/11 < 7% < 27/5,

It is easy to determine which variables will enter and leave the basis when the
new cost coefficient reaches either of the extreme values of the range. When
e = 27/5 | the objective coefficient of x5 in the final tableau becomes 0;
thus x5 enters the basis for any further increase of cf**. By the usual ratio

test of the simplex method,

Min {b;/dis|a;s > 0} = Min (50,22)}

and the variable x6, which is basic in row 2, leaves the basis when x5 is
introduced. Similarly, when ¢/ = 51/11, the objective coefficient of x3 in
the final tableau becomes 0, and x3 is the entering variable. In this case, the

ratio test shows that x; leaves the basis.

2.4.3 Variation in the right-hand side of a constraint

Now let us turn to the questions related to the righthand-side ranges. We
already have noted that a right hand side range is the interval over which
an individual righthand-side value can be varied, all the other problem data
being held constant, such that variables that constitute the basis remain
the same. Over these ranges, the values of the decision variables are clearly
modified. Of what use are these righthand-side ranges? Any change in the
righthand-side values that keep the current basis, and therefore the canonical
form, unchanged has no effect upon the objective-function coefficients. Con-
sequently, the righthand-side ranges are such that the shadow prices (which
are the negative of the coefficients of the slack or artificial variables in the
final tableau) and the reduced costs remain unchanged for variations of a
single value within the stated range[7].

Since this constraint is not binding, the shadow price associated with it
is zero and it is simple to determine the appropriate range. If we add an
amount Abs to the righthand side of this constraint (2.18), the constraint
changes to:

T —|— Tg = 8 —|— Abg

In the original problem formulation, it should be clear that, since zg, the
slack in this constraint is a basic variable in the final system of equations,
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xg is merely increased or decreased by Abs. In order to keep the current
solution feasible, x6 must remain greater than or equal to zero. From the
final tableau, we see that the current value of x5 = 11/7 ; therefore x4 remains
in the basis if the following condition is satisfied:

This implies that:

Aby > —11/7

or, equivalently:
by® = 8 + Abs > 45/7.

Now let us consider changing the righthand-side value of constraint (2.17) by
adding Abs, this constraint changes to:

10z1 4+ 2025 + 1023 + x5 = 150 + Aby

In the original problem formulation, as was previously remarked, changing
the righthand-side value is essentially equivalent to decreasing the value of
the slack variable x5 of the corresponding constraint by Abs; that is, sub-
stituting x5Aby for x5 in the original problem formulation. In this case, x5,
which is zero in the final solution, is changed to x5 = Aby. We can analyze
the implications of this increase in the righthand-side value by using the rela-
tionships among the variables represented by the final tableau. Since we are
allowing only one value to change at a time, we will maintain the remaining
nonbasic variables, r3 and x4, at zero level, and we let x5 = Aby. Making
these substitutions in the final tableau provides the following relationships:

Ty — 3/35/by = 30/7
v — 1/14Aby = 11/7

In order for the current basis to remain optimal, it need only remain feasi-
ble, since the reduced costs will be unchanged by any such variation in the
righthand-side value. Thus,

o = 30/7+3/35Aby > 0 (that is, Aby > —50)
xg = 11/7T+1/14Aby > 0 (that is, Aby > —22)
w1 =45/7 — 1/14Ab, > 0 (that is, Aby >< 90)

which implies:
—22 < Aby <90
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The General rule

We can change the coefficient by, of the k** righthand side in the initial tableau
by Aby with all the other data held fixed, simply by substituting

Tn+k — Abk

for x,.x in the original tableau. To see how this change affects the up-
dated righthand-side coefficients, we make the same substitution in the final
tableau. Only the terms §;rx,.x for i = 1,2, ..., m change in the final tableau.

To see how this change affects the updated righthand-side coefficients, we
make the same substitution in the final tableau. Only the terms Sz, for
i =1,2,...,m change in the final tableau. They become B (2,1 — Abg) =
Birx —n + kB Aby . Since B;Aby, is a constant, we move it to the righthand
side to give modified righthand-side values:

b; + B Aby  i=1,2,....m (2.24)

As long as all of these values are nonnegative, the basis specified by the final
tableau remains optimal, since the reduced costs have not been changed.
Consequently, the current basis is optimal whenever b; + B Aby > 0 for i =
1, 2,. .. ,m or, equivalently,

i,
Bik

The lower bound disappears if all ;;, < 0, and the upper bound disappears
if all By, > 0[8].

Max {_—bl|,3m > O} < Ab, < Mm{
ik

wm<o} (2.25)
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Chapter 3

Sensitivity Analysis in Non
Linear programming

In this section, we analyze the sensitivity of the optimal solution of a nonlin-
ear programming problem to changes in the data values.in the second chapter
of this paper( Sensitivity Analysis in linear programming problem) discussed
the effect of changes of (i) the cost coefficients, (ii) the right-hand sides of
the constraints. A similar analysis has been done for nonlinear problems.

It is relevant to note that, to perform a local sensitivity analysis, the objec-
tive function and the nonlinear constraints in of the general problem below
can be replaced by the corresponding quadratic approximations that share
tangent hyper planes and Hessian matrices at the solution point[2].

3.1 Constrained nonlinear optimization prob-
lem

Consider the following Constrained nonlinear programming problem:

min z = f(z,a), (3.1)
s.t. h(z,a) =0, (3.2)
g(x,a) <0, (3.3)

where f: R" x RP — R, h: R* x R? — Rl,g : R" x R? — R™, with
h(z,a) = (hi(x,a), ho(x,a), ..., h(x,a))T and g(x,a) = (91(z, a), g2(z, a), ..., gm(z, a))7T,
are functions over the feasible region

S(a) = {z|h(z,a) =0,g(x,a) <0} (3.4)
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and f,h,gc C?

Let z* be a local solution problem and a regular point of the constraints.
If J is the set of indices j for which g;(z*,a) = 0) ,a local solution z* is a
regular point of the constraints h(x,a) = 0 and g(z,a) < 0) if the gradient
vectors V, hi(z*,a), and V,g;(z*, a) are linearly independent. Optimality
condition is a condition that has to be satisfied for a feasible point z* to be
an optimal solution.

In order to find a local solution for the problem, the so-called first order
necessary conditions have to be satisfied. First, the Lagrangian function is
defined as:

Let f: R* — R, ¢;: R"* — R foriel = (1,2,..,k), h;: R" —
R, forjeJ=(1,2,..,1).

we consider the problem
min f(x)  (P) (3.5)

stx e Sa):={reU/g(x,a) <0,h(X,a) =0} (3.6)

Now, the Lagrange function for (P)is defined as:

L(x,u,\) = f(z,a)+ < p,g9(x,a) >+ < A\, h(z,a) > (3.7)

where A is the vector of Lagrange multipliers for the nonlinear equality con-
straints and p is the vector of Lagrange multipliers for the nonlinear inequal-
ity constraints.

Let x* be a local solution for the problem with the vectors of Lagrange mul-
tipliers A* and p* at the minimum point. Hence the necessary conditions
are:

l m

k=1 j=1

1> 0. (Dual Feasibility) (3.9)

hi(z*,a) =0, k=1,2,..1 (Primalfeasibility) (3.10)

gj(z*,a) <0 j=12,...m  (Primal feasibility) (3.11)
pigi(x*,a) =0 j=1,2,...m (Complimentary slackness) (3.12)
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the complementarity conditions that imply which nonlinear inequality con-
straint is active. The minimum point is acquired by satisfying the conditions.
As we know, the vectors A* and pu, are called the KKT multipliers. Further-
more, the Hessian of the Lagrangian at z*, u*, \*,

l m
Vaof(z®,a) + Z e Vaohe(2*,a) + Z 1;Vag;(x*, a) (3.13)
k=1 j=1

is assumed to be positive definite on the subspace orthogonal to the subspace
spanned by the gradients of the constraint functions. Then,for A and p geq0
near A* and p*,the dual function is defined as

D\, ) = ming[f(x,a) + Z A (2, a) + Z,ujgj(x, a)l, (3.14)

j=1

where the minimum is taken locally near x* and the dual problem is
mazy >0 P, p) (3.15)

whose solution is A*, u*. We aim at determining the sensitivity of the opti-
mal solution (x*, \*, u*, 2*) to change in the parameters;that is, we perturb or
modify x*, \*, u*, 2* in such a way that the KKT conditions still hold. Thus,
to obtain the sensitivity equations, we differentiate (3.1) and (3.7) to (3.11) as

(vmf(x*a a))Tdm + (Vaf(w*’ a))Tda - dz =0 (316)

l m
(ng(l‘*, a) + Z /\ZVzhk((E*, a) + Z ijng(m*a a)) dy

k=1 j=1

+

l m
(me(x*, @) + Y MVaahi(2®,a) + Y 1 Vaagi (2, a)) da

k=1 Jj=1
+
Vah(z*, a)d\ + V,g(z*, a)d, = 0,, (3.17)
(Voh(x*,a)) dz + (Vah(z*, a) da = 0, (3.18)

(Vogi(z*,a)) de + (Vag;(2*,a)) da =0, if p; #0,5€J (3.19)
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(Vagi(z*,a)) de + (Vag;(z*,a)) da <0, if w;=0,j€J (3.20)

—dp; <0, if w=0jeJ (3.21)
d; [(V:cgj(x*,a))Tda: + (Vagj(x*,a))Tda} =0, if pp=0,j¢€J (322)

where all the matrices are evaluated at the optimal solution and where
redundant constraints have been removed. More precisely, the constraints
(3.19)to(3.22) are simplifications of the constraints that result directly from
differentiating (3.9),(3.11) and (3.12) , i.e., from

(Vagj(x™, a))de + (Vagj(z™, a))Tda <0, jeJ (3.23)

(15 +dp;)(g; (", a)) = pjg;(x”, a)+du;(g; (™, a)+dg;(z*, a), j€J (3.24)

Since all these inequality constraints are active, we have

gi(z*,a)=0, V,eJ (3.25)

then, (3.24) results in (3.14) for p; # 0 and in (3.22) for p} = 0,finally since
(3.19) implies (3.23), for uj # 0,(3.22) must be written only for ;i = 0, that
is (3.20)

Note that:

e Constraint (3.19) forces the constraints g;(z*, a) = 0 whose multipliers
are different from zero (45 # 0) to remain active.

e The constraint (3.20) allows the optimal point to move inside the fea-
sible region, the constraint (3.21) forces the Lagrange multipliers to be
greater or equal to zero.

e The constraint (3.22) forces the new point to hold the complementary
slackness condition for u} = 0.

e The last constraint is a second-order constraint that implies that one
of the constraints (3.20) or (3.21) has to be equality constraint.
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3.2 Price Interpretation of Lagrange Multi-
pliers

Lagrange multipliers can be viewed as the equilibrium prices of an optimiza-
tion problem. This interpretation forms an important link between mathe-
matics and theoretical economics.

To illustrate this interpretation, we consider an inequality-constrained prob-
lem,

min f(z) (3.26)
gj(x) <0  forj=1,..r

and assume that the functions f, g; are smooth and convex over R", and that
the optimal value of this problem is finite. The Lagrange multiplier condition
for this problem is that, under appropriate assumptions, at a given global
minimum z*, there exist nonnegative multipliers uj, ..., i such that

VI + Y V() =0, (3.27)

where the ] satisfy the complementary slackness condition:
wigi(x*) =0, forall j=1,.,r (3.28)
We next consider a perturbed version of problem (3.26) for some u = (u, ..., u,)

min f(z) (3.29)

gj(x) <wu;,  forj=1,..r (3.30)

We denote the optimal value of the perturbed problem by p(u). Consid-
ering vector u = (uq, ..., u,) as perturbations of the constraint functions, we
call the function p as the perturbation function or the primal function.

We interpret the value f(x) as the cost of choosing the decision vector x.
Thus, in the original problem, our objective is to minimize the cost subject
to certain constraints.

We also consider another scenario in which we are allowed to relax the
constraints to our advantage by buying perturbations u.The price being j per
unit of perturbation variable. Then, for any perturbation u, the minimum
cost we can achieve in the perturbed problem (3.26),plus the perturbation
cost, is given by

p(u) + Zﬂjug‘ (3.31)
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and we have

i fucr {p<u> +y ujug} < f(a") (3.32)

i.e., the minimum cost that can be achieved by a perturbation is at most as
high as the optimal cost of the original unperturbed problem. A perturbation
is worth buying if we have strict inequality in the preceding relation|[5].

3.3 Optimal solution and Optimal value bounds

In order to find optimal solution and optimal value bounds,we describe a
procedure originally proposed by Facco [2], for calculating piecewise linear
continuous global upper and lower parametric bounds can be improved in
a systematic manner until a desired accuracy, as measured by the maximal
deviation from the optimal value over the interval of parameter values, is
achieved. We first derive bounds on the optimal solution of an unperturbed
problem using a uniform quadratic underestimation of the objective func-
tion. Then we combine, these result with the optimal value bounds to derive
computable parametric solution for several classes of perturbed convex pro-
grams. In addition, a parametric feasible solution is readily available, as well
as a systematic procedure for refining the solution bounds[5].

Let us consider a general parametric nonlinear programming problem P(¢)
The optimal value function of P(e) is defined by

f*(e) = min, {f(x,e) : x € R(e)} (3.33)
Where R(¢) is the feasible set of the problem P(e) given by

R(e) ={x € R(¢) | g(z,e) > 0, h(z,e) =0} (3.34)

Assume that P(e) is a jointly convex program, that is f convex in (x,¢),the
components of g are concave in (z,¢), and the component of h are affine in
(x,€). Then the program’s optimal value function, f*(¢), is convex. This will
be the case even if we generalize the assumptions on g and h by requiring
only that the feasible point-to set map R is convex.

Suppose now that we have evaluated f*(¢) and its slope at two distinct val-
ues ¢! and €2 of the parameter. The global definitional properties of convex
functions immediately provide global parametric continuous, piecewise-linear
bounds via linear supports and linear interpolation on the graph of f* over
the line segment (e',¢?) . Practical implementation of bounds calculations
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requires only the information provided by most standard nonlinear program-
ming algorithms. In particular, the solution of problem P(e) as well as the
associated optimal Lagrangian multipliers must be determined for two dis-
tinct parameter values.

The Lagrangian multipliers can be used to compute the directional deriva-
tives or the sub gradients of f*(¢) and therefore also the lower bounds on f*.

To illustrate how bounds can be calculated when the assumption of the sen-
sitivity analysis from the previous section results hold,suppose that z*(e!)
and z*(g?) are optimal solution of P(e') and P(g?), respectively.
Suppose also that the gradients if f* at €' and €2, V.f*(¢') and V.f*(¢?)
exist.

Under these assumption, the following relationships hold for a € [0, 1].

Lo(a) < f*(e(a)) < U(e) (3.35)

where
g(a) = (1 —a)e! + ag?

Ule) = (1 —a)f*(e) +af*(?)
Lo(a) = mazx {Li (), La(a) }
Li(e) = f*(") + Ve f (") (e(a) — ")

Ly(a) = (") + Vef"(e*) " (e(a) — &%)
The functions U(a) and Ly(a) are computable parametric linear and

pairwise- lineae upper and lower bounds respectively on the convex opti-
mal value function f* on the interval [¢!,&?].

A-by-product of this approach is the observation that since the feasible map
R is assumed convex and z*(¢') € R(e!) and x*(?) € R(¢?), it follows that
z(e(a)) = (1 — a)z*(e?) + az*(e?) € R(e(a)) Thus, a parametric feasible so-
lution solution Z(e(«)) of a problem P(e(«)) can be calculated whenever the
feasible map R is convex, even if function f is not convex. As a consequence,
we also obtain an upper bound on f* given by f(a) = f[z(e(a)), e(a)].
Since the calculation of Z(e(a)) does not depend on f, this does not require
f to be convex.
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Figure: Parametric bounds on convex f*

If f is convex in (x,¢),then f(a) is also convex and provides a sharper
parametric upper bound on f*, since the following in equalities hold for
a € [0,1]:

f(e(@)) < flz(e(a)), e()] < Ula) (3.36)

The bounds given by in inequalities:(35) and (36) are illustrated by the
above figure.[5]
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Conclusion

Sensitivity analysis shows how the optimal solution and the value of its ob-
jective function change, given changes in various inputs to the problem. The
task of sensitivity analysis is to find out the change limits of data, in other
words the stable interval, so that optimal solution or optimal basis will remain
within its range of optimality. The solution of the optimization problem is
terminated when it reaches a minimum value subject to the given constraints.
If the solution belongs to the boundary of some constraint, such constraints
are called active and the impact of these active constraints on the solution
could be found by acquiring the Lagrange multiplier associated with these
constraints. Since the solution is optimal,the Lagrange multipliers associ-
ated with inequality constraints have nonnegative values [7]. To understand
how sensitive is the optimal solution with respect to the small change in the
right-hand side of the active constraints, the constraints are perturbed and
the new so-obtained optimization problem is solved.

The sensitivity analysis provides information for both linear and nonlin-
ear programming problems, including dual values (in both cases) and range
information (for linear problems only). The dual values for (nonbasic) vari-
ables are called reduced Costs in the case of linear programming problems,
and reduced gradients for nonlinear problems.The dual values for (binding)
constraints are called Shadow Prices for linear programming problems, and
Lagrange Multipliers for nonlinear problems. The active constraints are not
assumed to remain active if the problem data are perturbed, nor the partial
derivatives are assumed to exist. In other words, all the elements, variables,
parameters, KKT multipliers, and objective function values may vary pro-
vided that optimality is maintained and the general structure of a feasible
perturbation.
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