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Abstract

We calculate the scattering cross section for inverse compton scattering in curved

spacetime in the presence of strong magnetic field. An approximate solution of

Dirac equation in a spatially flat RW spacetime has been established. And its

solution in Friedman universe is also discussed. The scattering cross section we

found contains the expanision parameter of the expanding universe and this makes

main difference from the special relativistic results. We investigate the role of

the expanission parameter to the scattering cross section of the inverse compton

scattering.
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Introduction

The properties of inverse compton scattering in a strong magnetic field has been

used in studies of pulsar radiation and have some important influence on theoreti-

cal models of pulsars. In astrophysics inverse compton scattering is actually more

important than compton scattering. A great number of electrons(or positrons)

must be accelerated to Lorentz factor γ = 106 − 107 in the gap of a NS accord-

ing to the Ruderman and Sutherland(1975;RS) model. Meanwhile very strong

thermal radiation fields and electromagnetic waves of various frequencies by some

other mechanisms exist there too. Thus the scattering of photons by electrons

must be analysed carefully in studies of pulsar radiation. In all pulsar theories,

very strong magnetic fields(1012 − 1013G) near the polar caps of neutron stars

are assumed. If the observed spectral X-ray lies from HerX-I are produced by

synchrotron radiation of quantized electrons in a strong magnetic field, this seems

to be a direct evidence of the presence of strong magnetic fields. Thus, in the

studies scattering of photons by electrons the effect of strong magnetic fields must

be taken into account[1].

Compton radiation in a strong magnetic field has higher efficiency than curvature

radiation in cetain cases, and it has been the important mechanisms for the en-

ergy loss of high energy electrons and for producing high energy photons near the

surface of a neutron star. Compton scattering of photons by relativistic electrons

is an efficient process to produce high- energy cosmic X- rays and γ- rays[1].

Now, in astrophysical scenario we erfer to the gravitational field produced by the

compact object(neutron star or black hole) can also play an important role for the

production of high enrgy photons in the polar caps of neutron stars[2,3].

1



2

The purpose of this thesis is to calculate the scattering cross section of inverse

compton scattering in curved spacetime; in a spatially flat RW spacetime in the

presence of stron magnetic field.The first chapter contains a brief introction to

neutron stars and the other compact objctcts in relation to NSs and tests of Gen-

eral Theory of Relativity in the study of NSs. In chapter two we discuss the exact

solution of Dirac equation in RW space time in the presence of strong magnetic

field and we derive the Fynmann propagator of an electron. The next two chapters

(chap. 3 and 4)contain the derivation of the differential scattering cross section of

inverse compton scattering in the presence strong magnetic field and discussions

and conclusions are given.



Notations

Latin indices i,j,k generally run over three spatial coordinate labels, usually, 1,2,3

or x,y,z.

Greek indices α, β, γ, δ, and so on generally run over the four spacetime inertial

labels 0,1,2,3 or t,x,y,z.

Greek indices µ, ν, κ, λ, and so on generally run over the four coordinate labels in

a general coordinate system.

Repeated indices are summed unless otherwise indicated.

The metric ηα,β in an inertial coordinate system has the signature(+ - - -).

Natural units are used G = } = c = 1, except when c.g.s. units are indicated.
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Chapter 1

Neutron star and Other Compact
objects

1.1 An introduction to neutron stars and pulsar

A star exclusivey composed of neutrons and very dense but without much of un-

known is referred to as neutron star(NS). The current knowledge about these

compact objects, particularly observational constraints and Theortical modelings,

shows that they must involve many aspects of modern physics in order to get a

satisfactory description. Some of the aspects that need to be considered, when

studing neutron stars are [4]

- a very strong gravitational fields;

- the presence of electromagnetic fields;

- the transition between the neutron (or nuclear) matter and the surface, with the

possibility of accretion of matter from the interstellar medium, the formation a

crust[4].

A more precise word for NSs could therefore be self-gravitating object at nuclear

density, particularly since there are not only neutrons[5]. The historical appreance

of the concept of NS has now become some kind of a myth; it is ofen said that,

in 1932, the very same day after the discovery of the existance of the neutrons

by James Chadwick, Lev Landau discovered(about) the possibility of dense stars

made onley of neutrons.

When a star whose mass is above the Chandrasekhar limit, about n}3/2/M2
NG

3/2

4
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reaches the end of its thermonuclear evolution and grows cold. Its internal pres-

sure then fails to support it, and it collapses. One possibility is that the star will

simply go on collapsing forever, in which case General Relativity will certainly

come into play. Another possibility is that the star will become so heated during

its collapse that it will explode, becoming a supernova. It might then blow off

enough matter so that its mass drops below the Chandrasekhar limit. It is be-

lieved that in this case the highly compressed remnant doesnot find its quietur as

a white dwarf, but rather becomes a superdense neutron star[6].

1.2 other compact objects:white dwarfs and black

holes

The other types of astrophysical objects sharing some features with NSs are white

dwarfs and black holes. All three types of bodies are the so-called compact stars,

for which the compactness parameter, Ξ: which measures the ratio between the

gravitational potential energy and the mass energy of the star, is becoming to

Ξ = v2
c/c

2 = 2GM/Rc2

unity, meaning that the surface gravity is becoming very strong. All three types

of objects also represent the possible final stages for stellar evolution, following

the mass M, of the main sequence star(the limitation values for the masses are

approximative):

−M. < 10M� → white dwarfs;

−10M� < M. < 40M� → neutron stars;

−40M� < M. → black holes.

White dwarfs have been observed as hot(and therefore white) stars. For instance,

one of the firt observed white dwarves, called sirius B, radiates as a black-body

at 24000K, and from the flux one can deduce the radius (∼ 5000km),the density

being therfore ρ ∼ 109kg/m3. In these objects,the gravitational force is balanced
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by the degeneracy pressure of the elctrons, provided that the mass is lower than

some critical value, called Chandrasekhar mass Mch:

Mch ' 1.5M�.

If they are not in a binary system, and don’t accrete matter, white dwarfs pro-

gressively cool down and become fainter and fainter.

More compact than neutron stars, black holes are regions of space-time causally

diconnected from asymptotic observers.The boundary of black hole is a pure geo-

metric notion and is called event horizon: it is a closed surface inside which, if a

light ray is emitted, it canot reach any outside observer. This is the reason why

this object is seen as black. It is called a hole because anything falling inside the

horizon is definitely lost. Black holes represent objects where gravity has overcome

all other forces and neutron stars seem, from today’s theory and observations,the

last stable stage where matter is still present and the gravitational field is so in-

tense.

1.3 Tests of general relativity: Emission and de-

tection of gravitational waves

Binary pulsars yield very accurate observations, through the timing of the arrival

of pulses. The first binary pulsar to be observed was PSR1993 + 16 in 1974 by

Hulse and Taylor. The precise timing of this pulsar over a couple of decade al-

lowed for a comparison with general relativistic predictions for the evolution of

the binary pulsar parameters and, in particular, the periastron shift and angular

momentum loss due to the emission of gravitational waves. The remarcable agree-

ment between observations and predictions was not only a constraining check of

the theory of general relativity, but an indirect evidence of the existance of gravi-

tational waves. All these aspects have motivated the award of the Noble Prize to

Hulse and Taylor in 1993.

The ground-based gravitational wave detectors, which have been recently built are
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aquiring data, and a direct detection of gravitational waves would be very exciting.

These detectors are Michelson-type LASER interferometers, which arm-lengths are

3km(for the French-Italian project VIRGO) and 4km(for the US project LIGO)

and with almost perfect vacuum. We recall that the gravitational frequency is,

within a factor[6] 2, the mechanical frequency of the emitting system. There-

fore, many astrophysical sources of such radiation imply NSs[6]. First, supernovae

giving birth to neutron srars can produce a fair amount of gravitational waves, al-

though they are not so much efficient because the whole phenomenon remain close

to spherical symmetry. Soon after this collapse, proto-neutron stars can undergo a

growth of unstable oscillations, inducing deformations and a strong gravitational

wave burst. Then, isolated neutron stars can be slightly deformed and thus emit

gravitational waves. This might not produce great wave amplitudes, but the signal

is very regular(as for radio/X pulsars) and the radiation can be integrated over

a long period increase the signal-noise ratio. Finally, binary systems of neutron

stars or neutron star/black hole are known to lose angular momentum from the

gravitational wave emission. They end up in a violent coalescence, producing a

large amount of waves[7].



Chapter 2

Solution of Dirac Equation in
Curved spacetime in the presence
of strong magnetic field

2.1 Solution of Dirac Equation in Curved space-

time in the presence of strong magnetic field

During the last years a large amount of observational data has been reported

showing that our universe is almost isotropic and homogeneous. The study of

the structure of the Cosmic Microwave Radiation leads us to conclude that the

ratio of the total density to the critical density of the universe Ω0 is likely to be

close to one [8,9,10], favoring a spatially flat Robertson-Walker metric over other

topologies.

It is well known that general relativity is a local metrical theory and therefore the

cor- responding Einstein field equations do not fix the global topology of spacetime

and con- sequently the universe may have compact spatial sections with a nontriv-

ial topology [11,12], then the observational data does not rule out the possibility

that our universe possesses a hyperbolic topology [11,13.14,15].

The study of cosmological models with nonstandard topologies is not new and

goes back to the works by Zelmanov [16,17], showing that upon different coor-

dinate transformations, spatially closed or flat sections can be transformed into

hyperbolic sections and vice versa. The line element associated with an spatially

8
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open Friedman universe has the form

ds2 = a(η)2[dη2 − dr2 − sinh2(dθ2 + sin2θ)dΦ2]. (2.1.1)

Making the coordinate transformation the metric in eqn.(2.1) becomes

ds2 = a2(η)[dη2 − dz2 − e−2z(dx2 + dy2)]. (2.1.2)

In order to solve quantum processes in curved spacetime one has to fulfill a pre-

liminary step which constists in having a description of the single-mode solution

of the relativistic particles or perturbation in those background field, i.e., exact

solution of the relativistic scalar and spinor wave equations. we have different

methodes of solving relativistic wave equation in curved space; among them, the

methode of separation of varirables is one most widely used.

2.2 Spinors of the Dirac equation

The Dirac equation is a system of coupled partial differential equations which is

separable in a very restricted set of metrics. Among the spacetimes where the

separability of the Klein-Gordon and Dirac equations has been studied one can

mention the Stäckel spaces [18], which are those metrics where the Hamilton-

Jacobi equation is separable. Nevertheless recently it has been shown that this

condition is neither necessary nor sufficient in order to guarantee a complete sep-

arability of variables in the Dirac equation . A systematic classification of the

gravitational backgrounds where the Dirac equation is separable with the help of

the algebraic method is presented[20]. The line element in Eq. (2.2.2) belongs to

this family and consequently one can apply the algebraic method of separation.

The covariant generalization of the Dirac equation in curved spacetime is[21,22]

γ̄µ(∂µ − Γµ − ieAµ)Ψ̄ +MΨ̄ = 0, (2.2.1)

where the curved Dirac matrices γ̄µ satisfy the anticommutation relation

{γ̄µ, γ̄ν} = 2gµν , (2.2.2)
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and the spinor connection Γµ are [22]

Γµ =
1

4
gλα[(

∂bβν
∂xµ

)aαβ − Γανµ]Sλν , (2.2.3)

where

Sλν =
1

2
(γ̄λγ̄ν − γ̄ν γ̄λ), (2.2.4)

and Γανµ is the affine connection can be computed from the usual

Γανµ =
1

2
gδα{∂gµδ

∂xν
+
∂gνδ
∂xµ

+
∂gµν
∂xδ
} (2.2.5)

the matrices bβν , aαβ establish the connection between the Dirac matrices γ̄µ on a

curved space-time and the flat Dirac matrices γµ as follows:

γ̄µ = bβνγα, γ̄
µ = aµβγ

β. (2.2.6)

from gµν = eaµ(x)ebν(x)ηab it easy to see that we can also write

ηab = eµae
ν
bgµν (2.2.7)

since the line element in Eq. (2.1.2) is associated with a diagonal metric, we can

workin the tetrad gauge for γ̄µ.

The spinor connections in Eq. (2.2.3) can easily be calculated to give,

Γ1 = −1

2

e−z

a(η)
{a(η)γ1γ3 +

da(η)

η
γ0γ1}, (2.2.8)

Γ2 = −1

2

e−z

a(η)
{a(η)γ2γ3 +

da(η)

η
γ2γ0}, (2.2.9)

Γ3 = −1

2

da(η)

η

1

a(η)
γ3γ0, (2.2.10)

Γ0 = 0. (2.2.11)

The curved spacetime Dirac matrices in Eq. (2.2.6) can be evaluted in accordance

with Eq. (2.2.7). Then substituting the above expressions in Eq. (2.2.1), the
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Dirac equation will take the form,

=⇒ [γ̄0(
∂

∂η
− 0) + γ̄1(

∂

∂x
− {1

2

e−z
a(η)

a(η)γ1γ3 − 1

2

e−z
a(η)

da(η)

dη
γ1γ0} − ieA1(y))

+γ̄2(
∂

∂y
−{1

2

e−z
a(η)

a(η)γ2γ3−1

2

e−z
a(η)

da(η)

dη
γ2γ0})+γ̄3(

∂

∂z
−{1

2

da(η)

dη

1

a(η)
γ3γ0]Ψ̄+MΨ̄) = 0

⇒ [γ0(
∂

∂η
)+γ1ez(

∂

∂x
−{1

2
e−zγ1γ3−1

2

e−z

a(η)

da(η)

dη
γ1γ0}−ieA1(y)+γ2ez(

∂

∂y
{1

2
e−zγ2γ3−

1

2

e−z

a(η)

da(η)

dη
γ2γ0}) + γ0(

∂

∂z
+

1

2

1

a(η)

da(η)

dη
γ2γ0)]Ψ̄ +Ma(η)ψ̄ = 0.

We find that the Dirac equation takes the simple form

{γ0 ∂

∂η
+ γ1ez(

∂

∂x
− eA1(y)) + γ2ez

∂

∂y
+ γ3 ∂

∂z
+Ma(η)}Ψ = 0, (2.2.12)

where we have introduced the spinor Ψ̄

Ψ̄ = a(η)
−3
2 ezΨ, (2.2.13)

the factor a(η)
−3
2 was introduced in order to cancel the contribution due to the

spinor connections. Regarding Eq. (2.2.12) we should mention that it does exhibits

a nonfactorizable structure[23,24]. In order to solve Eq. (2.2.12) we apply the

algebraic method of separation of variables[25]. The method consists in rewriting

the Dirac equation, Eq. (2.2.12) as a sum of two first order differential operators

K̂1,K̂2 satisfying the relation

[K̂1, K̂2] = 0, {K̂1, K̂2}Φ = 0, (2.2.14)

where the spinor Φ is related to Ψ via the expression γ3γ0Ψ = Φ and k is a

separation constant. The operators K̂1 and K̂2 read

K̂1(x, y)Φ = {γ2 ∂

∂y
+ γ1(

∂

∂x
− eA1(y))}γ3γ0Φ = ikΦ, (2.2.15)

K̂2(z, η)Φ = ez{γ0 ∂

∂y
+ γ3 ∂

∂η
+Ma(η)}γ3γ0Φ = −ikΦ. (2.2.16)

It should be noticed that using the pairwise scheme of separation one has been

able to reduce the problem of solving the Dirac equation to finding solutions of

the decoupled system of Eqs. (2.2.15) and (2.2.16). A further problem arises when
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we try to separate variables in Eq. (2.2.16). Here it is not possible to reduce the

problem to a set of two commuting first order differential operators. In order to

separate variables in Eq. (2.2.16), we re-write it in the following form:

(L̂1γ
3γ0 + L̂2)Φ = 0, (2.2.17)

where L̂1,L̂2 are two commuting differential operators given by the expressions

L̂1 = γ0 ∂

∂η
+Ma(η), (2.2.18)

L̂2 = γ0 ∂

∂η
+ ikez. (2.2.19)

In order to separate variables in Eq. (2.2.19) we introduce the auxiliary spinor Y

(L̂1γ
3γ0 + L̃2)Y = Φ, (2.2.20)

where the differential operator L̃2 is given by the expression

L̃2 = γ0 ∂

∂z
− ikez (2.2.21)

substituting Eq. (2.2.21) into Eq. (2.2.19) we obtain that Y satisfies the following

equation

{M̂1, M̂2} = 0 (2.2.22)

with [M̂1, M̂2] = 0, and

(M̂1 + λ̃)Y = (− ∂2

∂z2
− iγ0ke2z + λ̃)Y = 0 (2.2.23)

(M̂2 − λ̃)Y = (− ∂2

∂η2
− iγ0M

da(η)

dη
+M2a2(η)− λ̃)Y = 0 (2.2.24)

where λ̃ is separation constant. Introducing the new variable u = 2kez , we have

that Eq. (2.2.24) can be written as

(
∂2

∂u2
+

i

2u
γ0 − 1

4
+ (

1

4
− λ)

1

u2
)S = 0, (2.2.25)

where

u
−1
2 S = y. (2.2.26)
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Choosing the following representation of the Dirac matrices,

γ0 =

(
0 −i
−i 0

)
, γi =

(
0 σj

σj 0

)
. (2.2.27)

We readily obtain that the spinor Φ has the following structure

[σ1
∂

∂y
− iσ2(kx − A1(y))]Φ1 = ikΦ2, (2.2.28)

[−σ1
∂

∂y
+ iσ2(kx − A1(y))]Φ2 = ikΦ1, (2.2.29)

Φ =

(
Φ1

Φ2

)
= Φ =

(
φ(y)

Fσ3φ(y)

)
exp(ikxx) (2.2.30)

where

φ(y) =

(
A(y)

B(y)

)
(2.2.31)

Using the representation (2.2.27) we obtain that the solution of Eq. (2.2.25) can

be written in terms of Whittaker functions

S1,2 = D1W−1/2,
√
λ(u) +D2M−1/2,

√
λ(u), S3,4 = D3W1/2,

√
λ(u) +D4M1/2,

√
λ(u),

(2.2.32)

where D1 , D2 , D3 , D4 do not depend on the variable u. Looking at (2.2.28)

and (2.2.29) we have that, for regular solutions at u = 0, the spinor Y has the

following structure:

Y =


a(y)c1(η)u−1/2M+ 1

2
,
√
λ(u)

b(y)c1(η)u−1/2M+ 1
2
,
√
λ(u)

c(y)c2(η)u−1/2M− 1
2
,
√
λ(u)

d(y)c2(η)u−1/2M− 1
2
,
√
λ(u)

 exp(ikxx) (2.2.33)

Substituting (2.2.33) into Eq. (2.2.20) and noticing that Eq. (2.2.24) is equivalent

to the following system of equations

(
∂

∂η
− iMa(η)c1(η)) =

√
λ̃c2(η), (2.2.34)

(
∂

∂η
+ iMa(η)c2(η)) =

√
λ̃c1(η), (2.2.35)
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we obtain that the spinor Φ has the following structure

Φ =



A(ν)c1(η)u−z/2M
− 1

2
,
√
λ̃(2kez)

B(ν)c1(η)u−z/2M
− 1

2
,
√
λ̃(2kez)

iA(ν)c2(η)u−z/2M
1
2
,
√
λ̃(2kez)

−iB(ν)c2(η)u−z/2M
1
2
,
√
λ̃(2kez)


exp(ikxx), (2.2.36)

where A(ν) and B(ν) satisfy the system coupled system of equations

(
d

dy
− (kx − A1(y)))B = ikA, (2.2.37)

(
d

dy
+ (kx − A1(y)))A = ikB, (2.2.38)

where

ν =
A1y − kx√

A1

. (2.2.39)

The corresponding solution of Eq. (2.2.36) in terms of the Whittaker functions

Wk,µ(z) has the form

Φ =



i
√
λ̃A(ν)c1(η)u−z/2W

− 1
2
,
√
λ̃(2kez)

−i
√
λ̃B(ν)c1(η)u−z/2W

− 1
2
,
√
λ̃(2kez)

A(ν)c2(η)u−z/2W
1
2
,
√
λ̃(2kez)

B(ν)c2(η)u−z/2W
1
2
,
√
λ̃(2kez)


expi(kxx+kyy+kzz) (2.2.40)

Let us look for solutions of the system (2.2.37) and (2.2.38) when the electro-

magnetic potential has the simple functional dependence A1(y) = A1y. In this

case one can obtain exact solutions for A(ν) and B(ν) in terms of hypergeometric

functions. After making the change of variable (2.2.39) and using the recurrence

relations

(b− 1)M(a, b− 1, z) = (b− 1)M(a, b, z) + z
dM(a, b, z)

dz
, (2.2.41)

1

a

dM(a, b, z)

dz
+M(a, b, z) = M(a+ 1, b, z), (2.2.42)

dU(a, b, z)

dz
− U(a, b, z) = −U(a, b+ 1, z), (2.2.43)
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we find that the general solution of the system of equations (2.2.37) and (2.2.38)

reads

A =

√
2A1

ik
e−1/2ν2(c1M(− k2

4A1

+
1

2
,
1

2
, ν2)) + c2U(− k2

4A1

+
1

2
,
1

2
, ν2)), (2.2.44)

B = e−
1
2
ν2ν(c1M(− k2

4A1

+
1

2
,
3

2
, ν2)) + c2U(− k2

4A1

+
1

2
,
3

2
, ν2)). (2.2.45)

2.3 Dirac Equation and it’s solution In Robertson-

Walker Spacetime

Consider the following spatially flat isotropically changing RW metrics given by[8,13]

ds2 = dt2 − a2(t)dxidxj, (2.3.1)

where a(t) is the scale factor of the expanding Universe. we suppose that the

cosmological scale factor has an arbitrary time dependence that asymptotically

approaches constant values at early and late values of the cosmic time to this

cosmic time t is the proper time of a set of clocks on a geometric worldlines that

remains at constant values of spatial coordinates (x,y,z) we take[26]

a(t) ∼

{
a1, t→ −∞
a2, t→ +∞

, (2.3.2)

interms of the conformal time parameter given by

η =

∫
t

dt

a(t)
, (2.3.3)

the line element (2.3.1) to be

ds2 = a2(η)(dη2 − dxidxi). (2.3.4)

For a particle of charge eQ, the Dirac equation in presence of a magnetic field is

given by[27,28]

(iγµ∂µ −ma)ψ = 0;

(iγ0~α.(~∇− ieQ ~A)− βma)ψ = iγ0∂0ψ, (2.3.5)
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where ~α, γ0 and β are the Dirac matrices,a is expantion and ~A is the vector

potential. In our convention, e is the positive unit of charge, taken as usual to be

equal to the proton charge. For stationary states. we can write,

ψ = eiEct

(
Φ

χ

)
, (2.3.6)

where φ and χ are 2-component objects. We use the Pauli-Dirac representation

of the Dirac matrices, in which

α =

(
0 ~σ

~σ 0

)
, β =

(
1 0

0 1

)
, (2.3.7)

where each block represents a 2 x 2 matrix, and ~σ are the Pauli matrices. With

this notation, we can write Eq. (2.3.5) as

(Ec −m)φ =
1

a
~σ.(−i~∇− eQ ~A)χ, (2.3.8)

(Ec +m)χ =
1

a
~σ.(−i~∇− eQ ~A)Φ. (2.3.9)

Eliminating χ, we obtain

(E2
c −m2)2a2φ = [~σ.(−i~∇− eQ ~A)]2Φ. (2.3.10)

We will work with a constant magnetic field ~B. Without loss of generality, it

can be taken along the z-direction. The vector potential can be chosen in many

equivalent ways. We take the external magnetic field Aµ = (0, A(x)) is a c number

and the assymetry gauge is taken here

A(x) = (0,−By, 0). (2.3.11)

With this choice, Eq. (2.3.10) reduces to the form

(E2
ca

2 −m2a2)2φ = [−~∇2 + (eQB)2y2 − eQB(2iy
∂

∂x
+ σz)]φ. (2.3.12)

Noticing that the co-ordinates x and z do not appear in the equation except

through the deriva tives, we can write the solutions as

φ = ei
~P . ~Xyf(y), (2.3.13)
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where f(y) is a 2-component matrix which depends only on the y-coordinate,

and possibly some momentum components, as we will see shortly. We have also

introduced the notation ~X for the spatial co-ordinates (in order to distinguish it

from x, which is one of the components of ~X), and ~Xy for the vector X with its

y-component set equal to zero. In other words, ~p. ~Xy = pxx+pzz, where px and pz

denote the eigenvalues of momentum in the x and z directions. There will be two

independent solutions for f(y), which can be taken, without any loss of generality,

to be the eigenstates of σz with eigenvalues s = ±1. This means that we choose

the two independent solutions in the form

f+(y) =

(
F+(y)

0

)
, f−(y) =

(
0

F−(y)

)
. (2.3.14)

Since σzFs = sFs , the differential equations satisfied by Fs is

d2Fs
dy2
− (eQBy + pz)

2Fs + (E2
ca

2 −m2a2 − p2
z + eQBs)Fs = 0, (2.3.15)

which is obtained from Eq. (2.3.12). The solution is obtained by using the dimen-

sionless variable

ξ =
√
eQB(y +

px
eQB

), (2.3.16)

which transforms Eq. (2.3.15) to the form

d2Fs(ξ)

dξ2
− ξ2Fs(ξ) + asfs(ξ) = 0, (2.3.17)

where

as =
(E2

ca
2 −m2a2 − p2

z + eQBs)

eQB
. (2.3.18)

This is a special form of Hermites equation, and the solutions exist provided

as = 2ν + 1 for ν = 0, 1, 2, [29]. This provides the energy eigenvalues

E2
c =

1

a2
(m2a2 + p2

z − eBQs+ eB(2ν + 1)), (2.3.19)

and the solutions for Fs are

Fs(ξ) = (

√
eQB

2νν!π1/2
)1/2e−ξ

2/2Hν(ξ) = Iν(ξ), (2.3.20)
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where Hν are Hermite polynomials of order ν, and Nν are normalizations which

we take to be

Nν = (

√
e|Q|B

2νν!π1/2
)1/2. (2.3.21)

We stress that the choice of normalization can be arbitrarily made, as will be

clarified later. With our choice, the functions Iν satisfy the completeness relation

∑
ν

Iν(ξ)Iν(ξ∗) =
√
e|Q|Bδ(ξ − ξ∗) = δ(y − y∗), (2.3.22)

where ξ∗ is obtained by replacing y by y∗ in Eq. (2.3.16). So far, Q was arbitrary.

We now specialize to the case of electrons, for which Q = 1. The solutions are

then conveniently classified by the energy eigenvalues

E2
cn =

1

a2
(m2a2 + p2

z + 2neB), (2.3.23)

which is the relativistic form of Landau energy levels. The solutions are two fold

degenerate in general: for s = 1, ν = n − 1 and for s = −1, ν = n. In the

case of n = 0, only the second solution is available since ν cannot be negative.

The solutions can have positive or negative energies. We will denote the positive

square root of the right side by Ecn . Representing the solution corresponding to

this nth Landau level by a superscript n, we can then write for the positive energy

solutions,

fn+ =

(
f+(ξ)

0

)
=

(
Iν(ξ)

0

)
=

(
In−1(ξ)

0

)
,

fn− =

(
0

f−(ξ)

)
=

(
0

Iν(ξ)

)
=

(
0

In(ξ)

)
. (2.3.24)

For n = 0, the solution f+ does not exist. We will consistently incorporate this

fact by defining

I−1(y) = 0, (2.3.25)

in addition to the definition of In in Eq. (2.3.20) for non-negative integers n. The

solutions in Eq. (2.3.24) determine the upper components of the spinors through

Eq. (2.3.13). The lower components, denoted by χ earlier, can be solved using
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Eq. (2.3.9), and finally the positive energy solutions of the Dirac equation can be

written as

e−ip.XyUs(y, n, ~py), (2.3.26)

where Xν denotes the space-time coordinate. And Us are given by

U+(y, n, ~py) =


In−1(ξ)

0
pz

a(Ecn+m)
In−1(ξ)

−
√

2neB
a(Ecn+m)

In(ξ)

 , U−(y, n, ~py) =


0

In(ξ)

−
√

2neB
a(Ecn+m)

In−1(ξ)

− pz
a(Ecn+m)

In(ξ)

 .

(2.3.27)

A similar procedure can be adopted for negative energy spinors which have energy

eigenvalues E = Ecn. In this case, it is easier to start with the two lower compo-

nents first and then find the upper components from Eq. (2.3.8). The solutions

are

e−ip.XyVs(y, n, ~py), (2.3.28)

Where

V+(y, n, ~py) =


pz

a(Ecn+m)
In−1(ξ̃)

√
2neB

a(Ecn+m)
In(ξ̃)

In−1(ξ̃)

0

 , V−(y, n, ~py) =



√
2neB

a(Ecn+m)
In−1(ξ̃)

− pz
a(Ecn+m)

In(ξ̃)

0

In(ξ̃)

 ,

(2.3.29)

where ξ̃ is obtained from ξ by changing the sign of the px-term.

2.4 The Dirac field propagator of the electron

It is obvious that the spinors us,n(y, p), vs,n(y, p),s = 1, 2 form a complete and or-

thogonalized basis in the four-dimensional vector space. Therefore the dirac field

operator can be expanded as(for the rest of the calculation we used the gauge

A(x) = (0, Bx1, 0)

ψ(x) =
∞∑
n=0

2∑
s=1

∫
dp2dp3

2π
[cs,n(p, t)us,n(y, p) + d+

s,n(p, t)vs,n(y, p)]exp(ip1x1 + ip3x3),

(2.4.1)
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ψ+(x) =
∞∑
n=0

2∑
s=1

∫
dp2dp3

2π
[c+
s,n(p, t)u+

s,n(y, p)+ds,n(p, t)v+
s,n(y, p)]exp(−ip1x1−ip3x3).

(2.4.2)

From the commutation relation

|ψα(x, t), ψ+
β (y, t)| = δαβδ

3(x− y), (2.4.3)

the commutation relations between the annihilation and destruction operators can

be derived as

{cs,n(p1, t), c
+
r,m(p2, t)} = δsrδnmδ

3(p1 − p2), (2.4.4)

{ds,n(p1, t), d
+
r,m(p2, t)} = δsrδnmδ

3(p1 − p2). (2.4.5)

Therefore the Feynman propagator of an electron is defined by

SF (x, y) = −i〈0|Tψ(x)ψ̄(y)|0〉. (2.4.6)

Now substituting Eq. (2.4.1) and (2.4.2) into Eq. (2.4.6)gives

SF (x, y) = −i〈0|
∞∑
n=0

2∑
s=1

1

L2

∑
p2,p3

[cs,n(p, t)us,n(x1, p)c
+
s,n(p, t)u+

s,n(y1, p)]

×exp(ip2(x2 − y2) + ip3(x3 − y3))γ0|0〉. (2.4.7)

Then employing the commutation and anticommutation relations and summation

over s gives after some algebra

SF (x, y) = − i

L2

∞∑
n=0

∑
p2,p3

[u1,n(x1, p)u
+
1,p(y1, p) + u2,p(x1, p)u

+
2,p(y1, p)

×exp(ip2(x2 − y2) + ip3(x3 − y3))γ0], (2.4.8)

where operators are all the interaction operators. This can further be simlified to

give

SF (x, y) =
1

L2

∑
p2,p3

∫
dω

2π

∞∑
n=0

Sn(x1, y1, p)

(ω + iε)(En +m)

×exp(−iω(tx − ty) + ip2(x2 − y2) + ip3(x3 − y3)), (2.4.9)
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Where

Sn(x1, y1, p) =


(En +m)In−1In−1 0 −p3In−1In−1 i

√
2neBIn−1In

0 (En +m)InIn −i
√

2neBInIn−1 p3InIn

p3InIn −i
√

2neBIn−1In −(En −m)In−1In−1 0

i
√

2neBInIn−1 −p3InIn 0 −(En −m)InIn

 ,

(2.4.10)

in which InIm is the abbrevation of In(x1, k2)Im(y1, k2) and En stands for Ecn

given by Eq. (2.3.23).

In the initial Minkowski spacetime the metric is that of Eq. (3.2.1) with a(t) =

a1. The coordinates can be rescaled with x′i = a1x
i, so that we have the usual

Minkowski metric, and x′i is the physical or measured distance. The appropriate

physical momentum is then taken k′i = ki/a1, and the physical energy of the

particle is |~k′| = k/a1. The physical volume is a3
1V , and in the final Minkowski

metric the physical quantities will have the same form but in this case a2 replaces

a1.



Chapter 3

Inverse Compton Scattering in
curved spacetime in the presence
of strong magnetic field

In many scattering problems in curved space time most authors use the plane

wave solution for a free particle not affected by gravitational fields [30,31]. These

authors introduce the effect of gravitational field as a perturbation in the expansion

of the S-matrix. In our case we have the quantized fields in a strong magnetic

field and the curvature effects are neglected from the S-matrix i.e. a spatially flat

RW space time behaves like a Minkowskian space time in the asymptotic regions.

Hence, we can use the vacuum state of the Minkowskain space time for the creation

of particles. We have not included the Bogolibov transformation for the creation

and annihilation operators of the in and out modes.

3.1 The S-matrix element

Charged particles residing on excited Landau levels have a much short life-time τ

due to the cyclotron radiation, τ ≤ 10−15. Hence, it is worth to assume that an

electron either before or after the scattering should reside on the ground Landau

level.The ground Landau level is not degenerate due to u1,0(x1, p) = 0, therefore

the initial and final states of an electron-photon scattering system can be repre-

sented by

22
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|i, ti〉 = c+
0 (ai, pi, ti)a

+
λi

(ki, ti)|0〉, (3.1.1)

|f, tf〉 = c+
0 (af , pf , tf )a

+
λf

(kf , tf )|0〉. (3.1.2)

In the above two expressions c+
0 denotes c+

2,0, pi(f) and ai(f) means that the incident

(outgoing) electron has a momentum pi(f) in the direction of the magnetic field

and the center of the Landau orbit is −λ2ai(f). We stress here that the operators

in these two expressions are Heisenberg ones, but not the free ones(interactions

have been considerd).The scattering matrix can be generally expressed as

Sfi = lim
ti→−∞,tf→∞

〈0|T [c0(af , pf , tf )aλf (kf , tf )c
+
0 (ai, pi, ti)a

+
λi

(ki, ti)]|0〉. (3.1.3)

Introducing the incoming interaction picture and making pertubation expanisions,

this becomes under Born approximation[2]

Sfi = lim
ti→−∞,tf→∞

e2

∫
a3

1d
4x1a

3
2d

4x2〈0|Tc0(af , pf , tf )ψ̄(x1)|0〉γµ〈0|Tψ(x1)ψ̄(x2)|0〉γν

∗[〈0|Taλf (kf , tf )Aµ(x1)|0〉〈0|Ta+
λi

(ki, ti)Aν(x2)|0〉

+〈0|Taλf (kf , tf )Aν(x2)|0〉〈0|Ta+
λi

(ki, ti)Aµ(x1)|0〉]

∗〈0|Tψ(x2)c+
0 (ai, pi, ti)|0〉, (3.1.4)

where a1 and a2 are expanision constants of the remote past and the remote future

of the cosmic time.

It is convenient to impose into the normilization constant periodic boundary condi-

tions in a box having sides of coordinate length L and coordinate volume V = L3,

for the cancellation of the volume factor V. So now, introducing all the operators

into Eq. (3.1.4) and manupilating all the scalar products by imposing the com-

mutation relation between the annihilation and creation operators(after the same

mathematical trick as in [32]) the scattering matrix reads

Sfi =
(2π)2

V L2

e2a3
1a

3
2

sqrt(4ωiωf )
[(

(Ei +m)(Ef +m)

4EiEf
)1/2exp[−λ

2

4
(ω2

i sin2 θi + ω2
f sin2 θf )]
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×exp[−iλ2ai(kix − kfx) + i
λ2

2
(kixkiy) + kfxkfy]X

×δ(Ei+ωi−Ef +ωf )δ(pi+ki cos θi−pf −kf cos θf )δ(ai+kiy−af −kfy), (3.1.5)

where θi and θf are incoming and outgoing angles of the electron and X is

X =
∞∑
n=0

1

n!
[(
λ2k−i k

+
f

2
)nexp(iλ2kiykfx)(

X1

(Ei + ωi)2 − E2
i,n+1

+
X2

(Ei + ωi)2 − E2
f,n

)

+(
λ2k−i k

+
f

2
)nexp(iλ2kixkfy)(

X ′i
(Ei − ωf )2 − E2

f,n+1

+
X ′2

(Ei − ωf )2 − E2
f,n

)], (3.1.6)

in which k±i = kix ± ikiy, k±f = kfx ± ikfy,

E2
i,n =

1

a2
1

(m2 + (pi + ωi cos θi)
2 + 2neB), (3.1.7)

E2
f,n =

1

a2
2

(m2 + (pi − ωf cos θf )
2 + 2neB), (3.1.8)

and Xi, X
′
i, i = 1, 2 are given by

X1 = [
(Ei + ωi +m)pi(pi + ωi cos θi − ωf cos θf )

(Ei +m)(Ef +m)
+ (Ei + ωi −m)]e−i e

+
f

+(
pi

Ei +m
+
pi + ωi cos θi − ωf cos θf

Ef +m
)

×[k+
f efze

−
i + k−i eize

+
f − (pi + cos θi)e

+
f e
−
i ], (3.1.9)

X2 = [
(Ei + ωi +m)pi(pi + ωi cos θi − ωf cos θf )

(Ei +m)(Ef +m)
+(

pi
Ei +m

+
pi + ωi cos θi − ωf cos θf

Ef +m
)

×(pi + ωi cos θi) + (Ei + ωi −m)]efzeiz, (3.1.10)

X ′1 = (
(Ei − ωf +m)pi(pi + ωi cos θi − ωf cos θf )

(Ef +m)(Ei +m)
+ (Ei − ωf −m))e+

i e
−
f

−(
pi

Ei +m
+
pi + ωi cos θi − ωf cos θf

Ef
+m)

×[k+
i eize

−
f + k−f efze

+
i + (pi − ωf cos θf )e

+
i e
−
f ], (3.1.11)

X ′2 = [
(Ei − ωf +m)pi(pi + ωi cos θi − ωf cos θf )

(Ef +m)(Ei +m)
+ (Ei − ωf −m)
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+(
pi

Ei +m
+
pi + ωi cos θi − ωf cos θf

Ef +m
)(pi − ωf cos θf )]eizefz, (3.1.12)

where ei and ef are polarization of the incident and scattered photons and

e±i = eix ± ieiy, e±f = efx ± iefy.

3.2 The Transition Amplitude and Transition Rate

The diffeferential cross section is proportional to |Sfi|2; the transition amplitude,

and thus squaring Eq. (3.1.5) and neglecting unimportant phase factors the tran-

sition amplitude becomes;

|Sfi|2 =
(2π)2

L4V 2

e4a6
1a

6
2

4ωiωf
[
(Ei +m)(Ef +m)

4EiEf
]exp[−λ

2

2
(ω2

i sin2 θi + ω2
f sin2 θf )]

×exp[−iλ2ai(kix − kfx)− iλ2(kixkiy + kfxkfy)]|X|2

×δ2(Ei + ωi − Ef − ωf )δ2(pi + ki cos θi − pf − kf cos θf )

×δ2(ai − kiy − a− f − kfy). (3.2.1)

In the expressions X1, X2, X
′
1 and X ′2 employing the conservation of momen-

tum, i.e. pi + ωi cos θi − ωf cos θf = pf , we get the following,

X1 = {[A−B(pi +ωi cos θi)]e
+
f e
−
i +B(k+

f efze
−
i +k−i eize

+
f )}(Ef +m)−1(Ei +m)−1,

(3.2.2)

X2 = {[A+B(pi + ωi cos θi)]efzeiz}(Ef +m)−1(Ei +m)−1, (3.2.3)

X ′1 = {[A′−B(pi−ωf cos θf )e
−
f e

+
i −B(k−f efze

+
i +k+

i eize
−
f )}(Ef+m)−1(Ei+m)−1, and

(3.2.4)

X ′2 = {[A′ +B(pi − ωf cos θf )]efzeiz}(Ef +m)−1(Ei +m)−1. (3.2.5)

In the above two expressions the coefficients A,A′, B are defined by

A = (Ei + ωi +m)pipf + (Ei + ωi −m)(Ei +m)(Ef +m), (3.2.6)
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A′ = (Ei − ωf +m)pipf + (Ei − ωf −m)(Ei +m)(Ef +m), (3.2.7)

and

B = pi(Ef +m) + pf (Ei +m) (3.2.8)

respectively.

Substituting these results back into the expression for X, one can get after some

algebra;

X =
∞∑
n=0

1

n!
[(
λ2ωiωf sin θi sin θf

2
exp(−i(φi−φf )))nexp(iλ2ωiωf sin θi sin θf cosφf sinφi)

×(
[A−B(pi + ωi cos θi)]e

+
f e
−
i +B(k+

f efze
−
i + k−i eize

+
f )(Ef +m)−1(Ei +m)−1

(Ei + ωf )2 − E2
i,n+1

+
[A+B(pi + ωi cos θi)]efzeiz(Ef +m)−1(Ei +m)−1

(Ei + ωf )2 − E2
i,n

)

+(
λ2ωiωf sin θi sin θf

2
ei(φi−φf ))nexp(iλ2ωiωf sin θi sin θf sinφf cosφi)

×(
[A′ −B(pi − ωf cos θf )e

−
f e

+
i −B(k−f efze

+
i + k+

i eize
−
f )(Ef +m)−1(Ei +m)−1

(Ei − ωf )2 − E2
i,n+1

+[
[A′ +B(pi − ωf cos θf )]efzeiz(Ef +m)−1(Ei +m)−1

(Ei − ωf )2 − E2
f,n

)]. (3.2.9)

Now defining Y = (Y1 +Y2) = X(Ef +m)(Ei+m) i.e. X = Y
(Ef+m)(Ei+m)

implying,

|X|2 =
|Y |2

(Ef +m)2(Ei +m)2
. (3.2.10)

And substituting |X|2 interms of |Y |2 into |Sfi|2 gives;

|Sfi|2 =
(2π)2

L4V 2

e4a6
1a

6
2

4ωiωf
[
(Ei +m)(Ef +m)

4EiEf
]exp[−λ

2

2
(ω2

i sin2 θi + ω2
f sin2 θf )]

×exp[−iλ2ai(kix − kfx)− iλ2(kixkiy + kfxkfy)]
|Y |2

(Ef +m)2(Ei +m)2

×δ2(Ei + ωi − Ef − ωf )δ2(pi + ki cos θi − pf − kf cos θf )

×δ2(ai − kiy − a− f − kfy). (3.2.11)
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3.3 The Scattering Cross Section

In deriving the scattering cross-section, we take T and V finite, to begin with. In

this case, the transition probability per unit time

w = |Sfi|2/T (3.3.1)

involves the factor of the type [δγν(
∑
p′f −

∑
pi)]

2. For large values of T and

V we can then take

δTV (
∑

p′f −
∑

pi) = (2π)4δ(4)(
∑

p′f −
∑

pi), (3.3.2)

and

[δTV (
∑

p′f −
∑

pi)]
2 = TV (2π)4δ(4)(

∑
p′f −

∑
pi), (3.3.3)

with errors which tends to zero as T → ∞ and V → ∞. To find the transition

probability in the intervals (p′f , p
′
f +dp′f ), f = 1, ..., N , we must multiply w by the

number of these states which is

ΠfV
d3p′f
(2π)3

. (3.3.4)

We take in Eq. (3.3.4) the final states of the scattered photon and electron to be

V d3ωf

(2π)3
=

V ω2
fdΩf

(2π)3
and

V d3pf
(2π)3

respectively.

The differential cross-section is the transition rate into this group of final states

for one scattering center and unit incident flux. With our choice of normilization

for the stares, the volume V which we are concidering contains vrel/V where vrel

is the relative velocity of the colliding particles. Combining these results with the

equation for w, we obtain the required exppresion for the differential cross-section

dσ = w
V

vrel

V ω2
fdΩf

(2π)3

V d3pf
(2π)3

, (3.3.5)

where vrel = (Ei−pi cos θi)
Ei

. Therefore, substituting the expression for w in the above

equation and using the usual rule(L3 = V ),

|δ(Ei + ωi − Ef − ωf )|2 =
T

2π
δ(Ei + ωi − Ef − ωf ), (3.3.6)
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and

|δ(pi + ki cos θi − pf − kf cos θf )|2 =
L

2π
δ(pi + ki cos θi − pf − kf cos θf ), (3.3.7)

the differential cross-section becomes

dσ =
(2π)6m2r2

0a
6
1a

6
2

V 34ωiωf
(

1

Ef
)exp(

−λ2

2
(ω2

i sin2 θi + ω2
f sin2 θf ))

×exp(−2iλ2ai(kix − kfx)− iλ2(kixkiy + kfxkfy))

|Y |2

(Ei +m)(Ef +m)

1

(Ei − pi cos θi)

V 3ω2
fdΩf

(2π)3

d3pf
(2π)3

δ2(ai − kiy − af − kfy), (3.3.8)

where |Y |2 is the exppresion given in Eq. (3.2.10) and r2
0 = e4/16π2m2 is the

classical electron radius.

Integrating Eq. (3.3.8) over p′f by letting

~ki = ωi(sin θi cosφi, sin θi sinφi, cos θi), and ~kf = ωf (sin θf cosφf , sin θf sinφf , cos θf )

and therefore,

(
λ2

2
k−i k

+
f )n = [

λ2

2
ωiωf sin θi sin θfe

−i(φi−φf )]n (3.3.9)

and

(
λ2

2
k+
i k
−
f )n = [

λ2

2
ωiωf sin θi sin θfe

i(φi+φf )]n, (3.3.10)

where k−i k
+
f = (kix − ikiy)(kfx + ikfy), the differential cross-section will becomes

to be

dσ

dΩf

=
r2

0

4

ωf
ωi

m2a6
1a

6
2

(Ei +m)(Ef +m)

exp[−λ
2

2
(ω2

i sin2 θi + ω2
f sin2 θf )]|Y |2

(Ei − pi cos θi)(Ef − (pi + ωi cos θi − ωf cos θf ) cos θf )
.

(3.3.11)

3.4 The Scattering Cross-Section in the electron’s

rest frame

To simplify calculations, we choose the coordinate system which enables the mo-

mentum ~ki of the incident photon lying within its x-z plane, i.e. φi = 0. denoting
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φf = φ, we then obtain

~ki = ωi(sin θi, 0, sin θi), ~kf = ωf (sin θf cosφ, sin θf sinφ, cosφ) (3.4.1)

Accordingly, polarization of the incident and scatterd photons can be taken as

e
(1)
i = (− cos θi, 0, sin θi), e

(2)
i = (0,−1, 0), (3.4.2)

e
(1)
f = (− cos θf cosφ,− cos θf sinφ, sin θf ), e

(2)
f = (sinφ,− cosφ, 0). (3.4.3)

Averaging over the polarization of incident photons and summing over those of

scatterd photons, the differential cross section will be;

dσ

dΩf

=
1

2

∑
e
(1)
i ,e

(1)
f ,e

(2)
i ,e

(2)
f

r2
0

4

ωf
ωi

m2a6
1a

6
2

(Ei +m)(Ef +m)

×
exp[−λ

2

2
(ω2

i sin2 θi + ω2
f sin2 θf )]|Y |2

(Ei − pi cos θi)(Ef − (pi + ωi cos θi − ωf cos θf ) cos θf )
. (3.4.4)

Now we define reduced quantities as

∆i =
ωi
m
,∆f =

ωf
m
,∆0 =

ω0

m
, (3.4.5)

where ω0 = eB/m is the cyclotron frequency. We denote the reduced Doppler

frequencies by

∆ir = γi(1− βi cos θi)∆i,∆fr = γf (1− βf cos θf )∆f . (3.4.6)

We can now write Eq. (3.4.4) interms of Eqs. (3.4.5) and (3.4.6), by keeping the

effect of Eq. (2.3.2)

dσ

dΩf

=
∑

e
(1)
i ,e

(1)
f ,e

(2)
i e

(2)
f

|Y |2

m2

r2
0a

6
1a

6
2

8

∆f

∆ir(1 + γi)(1 + γi + ∆i −∆f )

× e
−Bc
2B

(∆2
f sin2 θf+∆2

i sin2 θi)

[γi(1− βi cos θf ) + ∆i(1− cos θi cos θf )−∆f sin2 θf ]
, (3.4.7)
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in which Bc = m2

e
≈ 4.414 × 109T is called the critical magnetic field and where

Y = Y1 + Y2 and is given by:

1

m2
(|Y (1i→ 1f)|2 + |Y (1i→ 2f)|2 + |Y (2i→ 1f)|2 + |Y (2i→ 2f)|2. (3.4.8)

Here λi → λf ,λi(f) → 1i(f), 2i(f) represents the scattering from the polarization

λi → λf . Defining ξ = Bc

2B
∆i∆f sin θi sin θf and η = 2ξ sinφ′ and substituting the

polarization of the incident and scatterd photons and integrating over φ, the most

simlified expession for
∑
|Y |2/2π interms of the reduced quantities defined in Eq.

(3.4.5) and Eq. (3.4.6) will become for n = 0;

Yr =
|Y |2

2πm2
= C2

1S
2
i,1 + C2S

2
f,1 + [(A+Si,0 − A′−Sf,0)2 + 2(1− J0(ξ))A+A

′
+Si,0Sf,0]

(sin θi sin θf )
2+2[(A− cos θi−B2)(A′− cos θi+B2)+(A− cos θf−B1)(A′− cos θf +B1)

−D1D2−A−A′−]J2(−ξ)Si,1Sf,1−2[D1A
′
+Si,1Sf,0+D2A+Si,0Sf,1] sin θi sin θfJ1(−ξ),

(3.4.9)

where;

Si,n+1 =
1

(2(∆ir − n∆0) + ∆2
i sin2 θi)

, (3.4.10)

Sf,n+1 =
1

(2(∆ir + n∆0)−∆2
f sin2 θf )

, (3.4.11)

D1 = (A− cos θf −B1) cos θi −B2 cos θf , (3.4.12)

D2 = (A′− cos θf +B1) cos θi +B2 cos θf , (3.4.13)

C1 = [D2
1 + (A− cos θi −B2)2 + (A− cos θf −B1)2 + A2

−], (3.4.14)

C2 = [D2
1 + (A− cos θi)

2 + (A′− cos θf +B1)2 + A′−
2], (3.4.15)

A± = a(((βiγi + ∆i cos θi), A
′
± = a′(((βfγf −∆f cos θf ), (3.4.16)

B1 = B∆f sin2 θi, (3.4.17)

a = βiγi(1+γf−∆f )(βiγi+∆i cos θi−∆f cos θf )+(γi−1+∆i)(1+γi)(1+γi+∆i−∆f ),

(3.4.18)
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a′ = βiγi(1+γi−∆f )(βiγi+∆i cos θi−∆f cos θf )+(γi−1+∆f )(1+γi)(1+γi+∆i−∆f ),

(3.4.19)

B = βiγi(1 + γi + ∆i −∆f )(βiγi + ∆i cos θi −∆f cos θf )(1 + γi), (3.4.20)

and Jn(ξ) are the Bessel functions[29].

Therefore, the total scattering cross section will be;

σ =
πr2

0a
6
1a

6
2

4

∆fe
−Bc
2B ∆f sin2 θf

∆ir(1 + γi)(1 + γi + ∆i −∆f )

Yr
[γi(1− βf cos θf ) + ∆i(1− cos θi cos θf )−∆f sin2 θf

],

(3.4.21)

where Yr is given in Eq. (3.4.9).



Chapter 4

CONCLUSION AND
DISCUSSION

The effect of the expanision parameter constants on the scattering cross section

can be seen from Eq. (3.4.21). In this expression the expanision parameter con-

stants affects for example, all the reduced quantities because of the dependence of

the physically measured quantities like, the energy, momentum, and distance.

If we naively set a1 = a2 = a, the cofficient of the scattering cross section in Eq.

(3.4.21) is proportional to a12. In the electron-rest frame of reference pi = 0, Eq.

(3.4.21) is reduced to Herold’s expression, with the presence of the expanision

parameter constants as a coefficient.

In fact these expanision constants also affect the expression for Yr in Eq. (3.4.9)

by the rest of the physically measured quantities like in the reduced quantities

defined earlier. Therefore, the main feature of our result can be deduced for a par-

ticullar solution of Einstein’s equation for a spatially flat isotropic Universe. The

expanision parameter constants in the remote past and future of the cosmic time

can therefore be deduced from the solution of Einstein’s equation for our Universe.

Our result can also predict the cosmological evolution of the Universe. This can

be understood from the conservation of momentum in the process. Conservation

of momentum in the z direction imply;

pf + kf cos θf = pi + ki cos θi.

32
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Now if we take θi = 0, in the electron-rest frame of reference the above equation

interms of the physically measured quantities can be written as;

a2

a1

≤ kf
ki

(1 +
pf
kf

),

which is resonable and in accordance to mathematical and physical principles.

This expression is derived from conservation of momentum to give an approximate

expression for possible limit in which our Universe will expand in the future.

In our study as a beginning researcher we have used the most approximate solu-

tion of Einstein’s equation for a spatially flat isotropic Universe[26].

Finally a more general study can be conducted using the exact solution of Ein-

stein’s equation. And this will be beyond our scope for now and we left this for

future study.
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