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Abstract

Three different model heat engines, two of which operate between two reservoirs at

inverse positive absolute temperatures and a third one that operates between two in-

verse negative absolute temperatures are investigated. As a working substance of the

engines, a system of two-level spin-half particles, in the thermodynamic limit, subjected

to a time-dependent external magnetic field, is used. We investigate the heat engines

under two schemes: the quasistatic and finite-time thermodynamic processes.

In the quasistatic process the system and the reservoirs essentially remain in ther-

mal equilibrium and exchange energy in the form of heat and work. As they link the

isothermal processes, adiabatic changes are also basic components of the quasistatic

processes. After setting the models, the expressions for net work done, net heat ab-

sorbed and efficiency of each model are analytically derive. For parameter values of

energy level spacing, occupation probability in the excited state and inverse tempera-

ture, the efficiencies coincide with the Carnot efficiency of each model.

In the finite-time process, the expressions for net work done, power and efficiency of

the heat engines are derived. In all the three models, power versus period (τ) initially

(τ ≤ τmp -period at the maximum power) shows a rapid increase with period; then it

shows a maximum value at mp before it decrease as period becomes longer and longer.

In the very long period limit, finite-time quantities including power, approach to their

corresponding quasistatic values.

Employing a unified criterion for energy converters, the model engines are effectively

optimized and found to yield optimum finite-time quantities. Efficiency-wise optimized

efficiencies are found to be better than efficiencies at maximum power; however, power-
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wise, the optimized power is smaller than its maximum power. The figure of merit of

model I, ψI , plotted against the quaistaitic efficiency, increases from its 1.12 to about

1.3, as its quasistatic efficiency increases from zero to the maximum possible value. So,

in the entire range of ηC , optimum working condition is an advantage for the model.

However, the figure of merit of model III, ψIII , generally decreases from its peak

value of 1.89 with an increase in ηC . Only in the small ηC 0.2 values, the optimum

working condition is preferred to the maximum power working condition. Else where,

the maximum working condition is better than the optimum working condition for the

model. In model II, the figure of merits, ψII , slightly decreases from its value of about

1.15 to 1.1 as at ηC increases from zero to 0.57.
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Chapter 1

Introduction

1.1 Localized spin system in an external magnetic

field

Spin is an intrinsic form of angular momentum carried by elementary particles. Since

the components of a spin-half particle subjected to an external magnetic field can have

two possible discrete values, it forms a two level state. As their magnetic moment

prefers to line up either parallel or anti parallel with the field, these two states are of

different energy values. The energy of a spin-half particle with magnetic moment µ in

an external field B is E = −µ.B: when its magnetic moment is aligned anti parallel

to the field, its energy is Eap = µB. When it is aligned parallel to the field, however,

its energy is Epa = −µB. Then, the magnitude of the energy difference, ∆, between

the two level states is

∆ = 2µB. (1.1)

For a given magnetic moment µ, the energy level spacing ∆ depends on the external

magnetic field in which the spin-half particles immersed.

Fig.1.1 depicts the two energy levels of a single spin-half particle in an external mag-

netic field. When the spin-half particle is aligned opposite to the external field, it is at

higher energy (in the excited state) whereas when its is aligned in the direction parallel

to the external field, it is at the lower energy (in the ground state).
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Figure 1.1: A spin-half particle in an external magnetic field B. Downward arrow indicates the

magnetic moment of spin-half particle aligned anti parallel to the filed (excited state) whereas upward

arrow indicates when the magnetic moment of the spin-half particle is aligned parallel to the field

(ground state). The bold upward arrow represents the external magnetic field.

Our interest is not in a one particle system; rather, it is in a large number of local-

ized system of spin-half particles in the thermodynamic limit in which the interaction

between each spin is assumed to be negligible. In such assembly of spins, the average

distance between the particles is assumed to be large enough that the magnetic field

produced by one at the position of its nearest neighbor is negligible. Moreover, the

spins are assumed to be localized in the sense that each particle is fixed in position

like atoms in a solid. This simplifies our system in two ways: firstly, each position

of the particle can easily be labeled by assigning a set of numbers to identify each as

distinguishable entities. Secondly, motional and other forms of energy associated with

spin-half particles can be ignored so that the total energy of the system is due to the

interaction of the external field with each spin. The energy, E, of N identical spin-half

particles each with the same magnetic moment µ in an external magnetic field, B, is

then

E = −(N1 −N2)µB = (N − 2N1)µB, (1.2)

where N1 is the number of spin particles aligned parallel to the field, N2 is the number

of spin particles aligned anti parallel to the field and N1 + N2 = N . We use Eq.(1.2)

in the discussion of entropy and temperature of the system.
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1.2 Entropy

Entropy is a quantity that measures the degree of randomness or disorder of a system.

It forms the fundamental bridge between the macroscopic thermodynamic quantities

and the microscopic variables which in the realm of statistical mechanics is a function

of the probabilities whereas within classical thermodynamics, it is the state function

demanded by the Second Law [1]. The basic formula which ties the two variables was

achieved by Ludwig Boltzmann (carved on his tombstone in Vienna) as:

S = kB ln Ωi, (1.3)

where S is entropy of the macroscopic quantity describing the system, Ωi is the number

of accessible microstates of the system and kB is Boltzmann’s constant. In relation to

the number of accessible states, entropy is the quantitative measure of disorder in the

relevant distribution of the system over its permissible microstates [2]. Mathemati-

cally, the number of accessible states, Ωi, for the N spin-half particles system we are

considering above is given by

Ωi =
N !

N1!N2!
. (1.4)

To simplify this expression further, let’s measure the energy of the system by setting

its ground state energy to zero. So, each N1 spin-half particles in the ground state has

zero energy and each N2 particles in the excited state has energy equal to 2µB. This

implies that

N2 =
E

∆
and N1 = N −

E

∆
. (1.5)

With these new variables Eq.1.4 can be rewritten as

Ωi(E,∆) =
N !

(N − E
∆
)!(E

∆
)!
. (1.6)

Next, we define the entropy per particle s(u,∆) for the system as [4]

s(u,∆) = lim
E,N→∞;E

N
=u

kB
N

ln Ωi(E,∆). (1.7)

Applying Stirling’s approximation to Eq.1.7, s(u,∆) becomes

s(u,∆) = −
u

∆
ln(

u

∆
)− (1−

u

∆
) ln(1−

u

∆
), (1.8)
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where kB is set to 1.

Eq.1.4 or 1.6 implies that when all the particles are in a single state, either in the

ground state (N1 = N) or in the excited state (N2 = N), entropy is zero. In between

these two, starting from the ground state, entropy of the system begins to increase

from zero value, attains a certain maximum value and then begins to decline until it

reaches zero again.

From the point of view of Eq.1.8, when all the spin-half particles are in the ground

state, u is zero; all the particles are in the ground state in which only a single state is

accessible. As a result Ωi is unity. Both from calculation of the number of states acces-

sible to the system or from the computation of Eq.1.8, the entropy per particle is zero.

An increase from the ground state energy of the system means that a corresponding

amount of particles will occupy the excited state. This increases the internal energy

per particle u and as a result entropy per particle increases. As u increases from zero

to 0.5∆, entropy on its turn increases from zero to smax = ln 2- the maximum entropy

per particle. This maximum entropy per particle corresponds to state where there are

equal number of particles in the ground and in the excited states.

Figure 1.2: Entropy per particle versus energy per particle for ideal spin-half particles.

Once there are equal number of spin-half particles in the ground and excited states,

further increase in energy makes the excited state to be more populated than the ground

state. This, in turn, results in a decrease in Ω. In other words, as energy per particles

4



increases from 0.5∆ to ∆, entropy per particle, s, decreases from its maximum value

smax to zero. When u = ∆, all the spin-half particles are already in a single excited

state-only one accessible state. Hence, entropy per particle is again zero. Beyond the

state u = 0.5∆, where more number of particles in the excited state than in the ground

state, population inversion, a phenomenon in which more particles occupy the excited

state than the ground state, takes place. In this region, the change in entropy per

particle with energy per particle becomes negative. Thermodynamics defines absolute

temperature as T−1 = ∂S/∂E [3, 4].

Fig.1.2 shows the entropy per particle versus energy per particle for a system of

spin-half particle. Entropy per particle increases from 0 to ln 2 in the left-half, and

decreases from ln 2 to 0 in the right-half part. The plots of Temperature in the kelvin

scale and inverse temperature parameter( its negative), −β, versus energy per particle

are also shown on the top part of the curve. In the next subsections we will discuss

temperature in more details.

Figure 1.3: Population inversion in a spin-half system of six spin particles [5]. In the case where

T > 0 (left), more number of spins (four) are in the lower (ground, GS) state than (two) in the higher

(excited state, ES). Whereas in the case T = ±∞ (middle plot), both lower and upper states are

equally populated. On the other hand, when absolute temperature is negative, excited state is more

populated than in the ground state.

Fig.1.3 shows how temperature varies with the state of spin-half system. The left plot

where more number of particles are in the lower (ground) state than in the upper

(excited) state, the temperature of the system is positive finite. In the middle in which

the population of particles in both states is equal, the temperature of the system is

infinity. The right plot shows the case where more particles occupy the higher state

than the lower; the temperature of the system becomes negative.

The discussions of thermodynamic quantities in this work are solely of a two-level sys-
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tem. However, one can extend it to systems (multi-level) capable of exhibiting negative

absolute temperature. In the subsequent subsections, we present these quantities in

relation to a system of two-level (spin-half) particles.

1.3 Negative absolute temperature

Absolute temperature is the fundamental temperature scale and in most natural sys-

tems it is usually bound to be positive [6]. It is one of the central concepts of statistical

mechanics and thermodynamics. Kelvin defined the absolute temperature scale in such

a way that nothing could be colder than absolute zero. Physicists later realized that

the absolute temperature of a gas is related to the average energy of its particles. Ac-

cordingly, absolute zero temperature is taken as the state in which all particles of a

given system have no energy at all and as a result all motions in system ceases whereas

higher temperatures correspond to higher average energies. Physicists started being

challenged with a class of systems and they realized this assumption is not always

possible, especially with the case in which higher energy assumed to correspond to

positive temperature alone. However, in some systems higher energy does not neces-

sarily corresponds to positive temperatures- the cause believed to be the beginning of

the study of negative absolute temperature.

The concept of negative absolute temperature was originally introduced by a Norwe-

gian chemist and physicist Lars Onsager [7]. However, they were E.M Purcell and R.

V. Pond [8] who conducted an experiment on a nuclear spin system at negative abso-

lute temperature and studied various properties of spin nuclear system in pure LiF (a

compound with long relaxation time in both strong and weak magnetic fields). But,

Ramsey is known to have developed the principle of negative absolute temperature in

thermodynamics and statistical mechanics [9].

Very recently, the study of absolute negative temperature has gained interest by the-

oretical and experimental physicists. A couple of experimental works and theoret-

ical illustrations demonstrate that negative absolute temperature is achievable, see

[6, 8, 9, 10] and references therein. However, study shows achieving negative absolute
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temperature is not by removing the energy from a system; rather it is by adding more

and more energy to a class of matter which has the quality whose thermodynamic

entropy is not a monotonically increasing function of its internal energy [8, 9]. In the

possible range of entropy (in which ∂S/∂E < 0), the addition of energy to a system

capable of negative absolute temperature would make them more orderly, decreasing

entropy and results in negative absolute temperature, see Fig.1.2. The expression for

temperature from Eq.1.8 is
1

T
=

1

∆
ln(

∆

u
− 1). (1.9)

It is straight forward to see that in the range from 0 to smax, temperature the inverse

of the slope of s versus u curve is positive. At the value when ∆ = 0+, T−1 is +∞

and T = 0. T increases from 0+ to +∞ in this range. As the energy level spacing,

∆ increases from 0.5∆ to ∆, temperature is negative and increases from −∞ to 0−.

But most naturally occurring systems including a classical gas are limited to positive

absolute temperatures. Only a special class of matter which have an upper bound

for the energy Emax of its particles is able to reach negative absolute temperatures.

This maximum possible energy corresponds to a limit after which the system stops

absorbing more energy even if there is plenty of available energy [11]. In the following

subsections, we discuss how entropy and temperature of such a spin system changes

when energy is added to it.

1.3.1 Negative absolute temperature and entropy of the sys-

tem

If infinitesimally small energy is added to the system per particle when it has equal pop-

ulation in the ground and excited states, some more particles will occupy the excited

state by leaving the ground state. Since the occupation of the higher state in this case

leads the system to a more orderly state, its entropy per particle begins to decrease,

though energy is being added to it. With the addition of more energy per particle, the

entropy per particle of the system decreases further. Finally, when the system attains

maximum possible energy, all the particles occupy only the excited state, leaving the

ground state vacant. In this case a single excited state is occupied; similar to the case
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of the ground state, Ωi, the number of accessible state is unity and entropy is zero

again. This is similar to the case where all the particles are occupying the ground state

with one basic difference: in the former case it is the beginning for entropy to increase;

in the later case it is the end of decreasing entropy.

When a small amount of energy per particle is added to the system which is already at

positive infinite temperature, its temperature abruptly changes to negative infinity. In

other words, the slope of the entropy-energy curve changes from a very small positive

(+0) value to the same value with opposite sign. A spin-half system at temperatures

T = ±∞ describe physically the same distribution and same values of thermodynamic

quantities except for temperature [11]. As energy per particle of the system increases

from 0.5∆ to ∆, the temperature of the system also increases (from -∞ to -0). When

the energy per particle of the system attains its maximum value (u = ∆), all particles

occupy the excited state. The entropy versus energy curve becomes vertical; tempera-

ture of the system becomes zero; however, it comes from negative value. So for systems

which are capable of describing negative absolute temperature, entropy versus energy

curve forms some sorts of symmetry.

Figure 1.4: Absolute temperature (T) and inverse temperature (1/T) versus energy for a spin-half

system.
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Fig.1.4 shows absolute temperature and inverse thermodynamic beta of particles in a

given state versus energy per particle for spin-half system. T is the absolute tempera-

ture and 1/T is thermodynamic beta of the system.

1.3.2 Thermodynamic Beta (β ∝ T−1 )

β sometimes called thermodynamic beta is the reciprocal of the absolute temperature

of a system (kB is set to one) with a unit of inverse of joule. It describes the change in

entropy to change in energy (β = k−1
B ∂S/∂E). Unlike T, beta is a continuous variable

over the entire range of energy. This makes beta to be considered as a more funda-

mental and a preferable quantity in statistical and thermal physics than temperature.

As energy per particle increases from 0 to 0.5∆, β decreases from +∞ to zero; as

u increases from 0.5∆ to ∆, then β decreases further from zero to −∞. Taking the

advantage of β′s continuity in the entire range of energy, in this work we use beta

instead of temperature in the expressions of thermodynamic quantities. We suggest

that it makes sense if β had been defined as the negative of the inverse of temperature

T ( β ∝ −T−1). If that had been the case, beta would have been running from −∞

to +∞ smoothly and could have matched with our notion of the number line (see an

increasing solid line in the entire u range of Fig.1.4).

1.4 Heat engine with negative absolute tempera-

ture

Heat engine is a device that is capable of cyclically converting thermal energy to useful

work. However, due to dissipations, real heat engines do not convert all of the thermal

energy they absorb to useful work. Under a very ideal situation of quasistatic oper-

ations, which can be taken as reversible process, heat engines can not convert all the

thermal energy they absorb to useful work. In such a working condition, they would

be very efficient. The problem with such operation is that the power at which they

do the energy transduction is practically zero and hence quasistatic mode of opera-

tion does not represent a real heat engine. A good example of quasistatic efficiency is
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the famous Carnot efficiency, ηc = 1 − Tc

Th
where Th > Tc > 0. Heat engines can also

operate at a maximum power; but they can not be as efficient as that of the quasistatic.

In the times when energy resource is so meager, heat engines with minimum efficiency

are not in need. Heat engines need to operate at finite-time and the speed of the

thermodynamic cycles should be finite to produce non-zero finite power. Therefore,

it is important to investigate how large the efficiency of a heat engine can be reached

when the engine operates in the region of maximum power. One important finding

that is considered as universal is the Curzon–Ahlborn efficiency, ηCA = 1−
√

Tc

Th
, which

is the efficiency at maximum power for a macroscopically endoreversible heat engine

operating between a cold bath at temperature Tc and a hot bath at temperature Th

(with Th > Tc > 0) [13, 14].

Based on the working substance used, heat engines can be classified as classical or

quantum mechanical heat engines. Classical heat engines use for example gas filled

cylinders as a working substance whereas quantum heat engines employ multi-level

quantum systems. Common heat engines both classical or quantum mechanical run

cyclically between two thermal reservoirs at two positive distinct temperatures T1 and

T2.

Recent advances in experimental and observational techniques have made it possible to

study many-particle systems that can be thermally decoupled from their environment

[15]. Spin systems with bounded energy [8] and ultra-cold quantum gases [6] are good

examples. These systems are stable and capable of demonstrating negative absolute

temperature. In addition, such experiments concerning the consequences of matter at

negative absolute temperature is recently studied by S. Braun et .al [11]. As studies

show, a working substance for a heat engine would have the possibility to absorb heat

energy from a reservoir at absolute positive and negative temperatures. However, it is

difficult to adiabatically cross from positive to negative ( or from negative to positive)

absolute temperature. As a result, it is either very difficult or impossible to construct

a heat engine that operate between a positive and a negative absolute temperature.

Unlike the way it was defined in reference [16] in which efficiency is reported being
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greater than one -a violation of energy conservation, efficiency of a heat engine can not

be greater than unity.

Figure 1.5: Schematic diagram of a model heat engine.

In the study of a system capably of demonstrating negative absolute temperature, some

terms and concepts are not clear and may lead to misconceptions. It should be clear

that negative absolute temperature systems are not colder than absolute zero; no nat-

ural or scientifically prepared system can have temperature colder than absolute zero

Kelvin. To avoid the discontinuity of absolute temperature at maximum entropy, we

have chosen to use the continuous variable β for the remaining part of our work.

Previously, a number of heat engines which operate between two distinct positive tem-

peratures have been studied with broad category of quantum and classical heat engines.

Most of the quantum mechanical heat engine studies have focused on the quantum ana-

logue of classical Carnot engine and description of quantum thermodynamical processes

[17, 18, 19, 20]. Studies on the classical heat engines have focused on Carnot efficiency

and maximum power, for example, see references [13, 14, 21, 22]. None of these heat

engines could be modeled neither as a heat engine that may be optimized and operate

between two positive temperature reservoir nor as a heat engine that operates between

negative temperature reservoirs. However, the fact that a system of spin-half particles

are stable at negative absolute temperature and the possibility that a heat engine can

operate between either both positive or both negative temperatures open a new option

for a heat engine. As this area of study is demanding, we have described its quasistatic

and finite-time processes. In particular, thermodynamic quantities such as power and

efficiency of the heat engine in the finite-time scenario needs investigation. Besides the
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efficiency benefit, the heat engine we are exploring can be optimized by employing a

unified optimization criterion for any energy converters which have been proposed by

A. C. Hernánadez et .al [23]. Using parameters of the model, we search for points

where the engine operates as a heat engine. The figure of merit proposed for the

engine shows optimized mode operation to be better than its operations at maximum

power mode.

Room temperature of 300 K and kBT are, respectively, chosen to scale temperature

and energy; all values and numerical figures presented in this work are given in terms

of these units.

The rest of the thesis is organized as follows. In Chapter 2, model engines and qua-

sistatic thermodynamic processes are described. We derive the quasistatic thermody-

namic quantities such as net heat absorbed and quasistatic efficiency. In Chapter 3,

descriptions of finite-time mode of operation and the corresponding thermodynamic

processes are presented. Net finite heat absorbed, power and efficiency and thermody-

namic quantities at the maximum power mode of operation are derived. In Chapter

4, optimized modes of operations are explored: optimized power, optimized efficiency

and figure of merit for the models are determined. Finally, summary and conclusion

are given in Chapter 5.
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Chapter 2

Model of the system and quasistatic

thermodynamic processes

In this Chapter we describe our model heat engines while working under the quasistatic

condition whose working substances are systems of spin-half particles. In particular,

we use the systems of spin-half particles under the simplified assumptions that they

are very weakly interacting with each other and fixed in position. The quasistatic pro-

cesses refer to an extremely slowly changing process where the system is continuously

changing from one equilibrium state to the next. From the quasistatic thermodynamic

processes, the corresponding thermodynamic quantities such as net work done, power

and efficiency are derived.

2.1 Model description

We consider a system of two-level spin-half particles of excited (ground) state |e >

(|g >) which are fixed in position and have instantaneous eigen-energy Ee(Eg) in a

varying external magnetic field. Moreover, it interacts with heat baths of positive

inverse temperatures β1(5) and β2(6) in which β2(6) > β1(5) in regions I(III) and in

region II, the system of spin-half particles interacts with heat baths of negative inverse

temperatures β3 and β4 where β3 > β4 (|β3| < |β4|), see Fig.2.1.

Initially, the system (while it is in an external magnetic field) is kept in thermal equi-

librium with a heat reservoir at temperatures βs where s is either 1, 3 or 5 which

signifies the temperatures of the hotter (1 for I and 5 for III ) reservoirs and of the
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Figure 2.1: Schematic diagram of the three model engines working between reservoirs under qua-

sistatic mode of operations. The energy level spacing versus occupation probability in the excited

state is plotted from ∆ = (1/βr)ln((1 − pe)/pe), where r assumes numbers from 1-6 depending on

the inverse temperature of the reservoir. In regions I and III, the β′s are all positive and in region II,

however β′s are negative.

Figure 2.2: Schematic diagram of the three model engines working between reservoirs under qua-

sistatic mode of operations: models I and III represent model engines which operate between two

reservoirs at positive temperatures (the energy level spacing ∆′s are positive for model I and negative

for model III). In model II the the temperatures of the reservoirs are both negative and the energy

level spacings are positive. The curves represent isothermal processes and vertical segments show

adiabatic changes.

14



colder reservoir for model II. The heat exchange and the corresponding work done on

(by) the system changes the occupation probability and the energy level spacing. The

level spacing which is the energy difference between the excited and the ground states

of the system changes in proportion to the change in external field. The absorption

(release) of heat should be in an extremely very slow fashion to ensure that the system

always remains in equilibrium states during the isothermal processes.

In the quasistatic isothermal changes, the system is in thermal equilibrium with the

reservoirs, and obeys the Gibbs distribution function which can be simplified to give

pei =
1

1 + eβr∆i
, (2.1)

where pei is the occupation probability in the excited state of equilibrium state i, βr

is inverse temperature of the bath which the system is in contact with, βr ∝ 1/T and

∆i = Ee
i −Eg

i . The superscript e and g denote excited and ground states, respectively.

One can find the level spacing, ∆, to change with occupation probability in the excited

state pei to be given by

∆i =
1

βr
ln(

1− pei
pei

). (2.2)

For our model ∆i can assume positive, zero or negative value depending on the orien-

tation of the external magnetic field.

2.2 Internal energy, work and heat exchange in the

spin-half system

As a prerequisite for the subsequent discussion, we first derive fundamental relations

which we employ to find thermodynamics quantities such as internal energy, work done

and heat exchange. For this, we consider the mean internal energy per particle,〈u〉, of

the spin half system which is described as

〈u〉 =
∑

i

Eipi (2.3)

where pi is the occupation probability of the ith state, Ei is its corresponding energy

eigen-value per particle. The summation i runs over the excited and ground states.
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By taking an infinitesimal change in the mean internal energy per particle, we can get

expression for work done and heat absorbed from

d〈u〉 =
∑

i

[Eidpi + pidEi] (2.4)

where the first term of this Eq.2.4 is an infinitesimal energy change in the form of heat

dQ =
∑

iEidpi while the second term is infinitesimal energy change in the form of

work dW =
∑

i piEi so that

d〈u〉 = dQ+ dW. (2.5)

However, for a general process, dQ can be decomposed into two parts:

dQ = d̄Q+ dQirr (2.6)

where d̄Q is the part where a system interacts thermally with an external world while

dQirr is a dissipative thermal energy a system acquires due to an irreversible process.

In a similar way, dW , can be decomposed into two parts:

dW = d̄W + dWirr (2.7)

where the first term d̄W is a system’s interaction energy with external world via work

while the second term, dWirr, is the energy a system gets work-wise due to an irre-

versible process.

On the other hand, from the first law of thermodynamics:

d〈u〉 = Q+W. (2.8)

Comparing Eq.2.5 with 2.8, we then have

dQirr + dWirr = 0 (2.9)

However, from second law of thermodynamics dQirr is positive since there is heat

generation during any irreversible process. Hence, dWirr < 0 in order to satisfy Eq.2.9.

We will make use of Eqs.2.6 and 2.7 later in Chapter 3 when we deal with Finite-time

processes which involve irreversible work and heat.
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In the quasistatic processes of this chapter, there are no irreversible heat and work.

For the system of spin-half particles we are considering, the heat exchange is then

dQ = Eedpe + Egdpg = ∆dpe (2.10)

where ∆ = Ee − Eg, pe + pg = 1. The work done can then be written as

dW = ped∆ (2.11)

The quasistatic heat exchanged Qq and the work done W q in the continuum limit are

obtained by integrating Eqs. 2.10 and 2.11, respectively, as

Qq =

∫ pe
f

pe
0

∆Edpe, (2.12)

W q =

∫ ∆f

∆0

ped∆i, (2.13)

where ∆i and β are as defined in Sec.2.1 while {pe0,∆0} and {pef ,∆f} are, respectively,

the initial and final states of the system. The last two equations will be used in the

remaining parts of our work.

2.3 Thermodynamic quantities and processes (mod-

els I and III)

A thermodynamic process is a change of thermodynamic system from one (initial) to

another (final) state. There are two fundamental processes that take place in each of

the processes per cycle: isothermal and adiabatic processes. An isothermal process is a

change due to exchange of heat between the system and the reservoirs which takes place

at constant temperature. During the isothermal processes, the occupation probability

in the excited state changes. On the other hand, adiabatic processes are processes

which take place without any exchange of heat between the system and the reservoirs;

by increasing or decreasing the external magnetic field, the system either does work on

the reservoirs or the reservoir does work on the system.
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Figure 2.3: Schematic diagram of the model engines working between two positive temperatures

for quasistatic processes: model I represents when the energy level spacing ∆′s are positive; whereas

model III shows when ∆′s are negative. In both sketches, the curves represent isothermal processes

and vertical segments show adiabatic changes.

2.3.1 Quasistatic isothermal processes (models I and III)

In quasistatic isothermal processes, the system of spin-half particles is kept in thermal

contact with a reservoir at constant temperature. By absorbing heat from the reservoir,

work is done by the system. Or equivalently, the environment may also do work on

the system while the system is releasing heat. This results in a simultaneous change of

both the occupation probability and the energy level spacing of the system; however,

the system remains in thermal equilibrium.

Fig. 2.3 describes cyclic thermodynamic processes. The curves representing two dif-

ferent quasistatic isothermal processes (for each model) are plotted using Eq. 2.2. In

the models, curves AB and ab represent isothermal processes in which the occupation

probability of the excited state increase, respectively, from pA to pB and pa to pb. Sim-

ilarly, curves CD and cd represent other isothermal processes in which the occupation

probability of the excited state decreases, respectively, from pC to pD and pc to pd.

Vertical segments represent adiabatic changes. For the purpose of brevity, in the sub-

sequent sections, we drop the the subscript e from the occupation probability, pe, that
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has been used to indicate ’excited’ as it does not bring any confusion after all.

The quasistatic isothermal process A→B and a→b

In the context of our model, in the quasistatic isothermal processes A→B (model I)

and a→b( model III) the occupation probability of the system increase due to the

exchange of heat between the system and the reservoirs.

We begin the description of isothermal processes (model I) in the case where the system

is initially at A {pA,∆A} in an external magnetic field whose magnitude is relatively

large as compared to its value at point C {pC ,∆C}, see Fig.2.3. Assisted by a varying

external magnetic field, the spin-half system changes isothermally from the initial state

{pA,∆A} to the final state {pB,∆B} where pA, pB are, respectively, the occupation

probabilities of the initial and final excited states while ∆A and ∆B are, respectively,

the energy level spacing of the initial and final states. The external magnetic field

should extremely slowly change to ensure quasistatic process. As the system absorbs

heat from the reservoir and does work, its occupation probability of the excited state

increases. As the external magnetic field decreases, the level spacing of the system also

decreases. In the course of decreasing the energy level spacing from ∆A to ∆B , the

occupation probability of the excited state increases from pA to pB according to

∆i =
1

β1
ln(

1− pei
pei

). (2.14)

The quasistatic heat absorbed, Qq
in(I), in the quasistatic isothermal process A→B, is

then simply the area under A→B curve (Qq
AB(I) =

∫ pB

pA
∆idpi). After integration, the

heat absorbed in this isothermal process turns oot to be:

Qq
AB(I) =

1

β1
[pB ln(

1− pB

pB
)− pA ln(

1− pA

pA
) + ln(

1− pA

1− pB
)]. (2.15)

The quasistatic work done, W q
AB(I), by the system in process A→B becomes

W q
AB(I) = ∆B −∆A +

1

β1
ln(

1 + eβ1∆A

1 + eβ1∆B
). (2.16)

For model III, a similar procedure can be followed except that the orientation of the

magnetic field is opposite to that of the field used in model I. One can begin from
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state {pa,∆a} and then isothermally (and quasistatically) changes the system to state

{pb,∆b}.

The quasistatic heat released, Qq
ab(III), in the quasistatic isothermal process a→b, is

then simply the area above curve a→b and the pe axis.

Qq
ab(III) =

1

β6
[pb ln(

1− pb

pb
)− pa ln(

1− pa

pa
) + ln(

1− pa

1− pb
)]. (2.17)

The quasistatic work done, W q
ab(III), by the system in process a→b becomes

W q
ab(III) = ∆b −∆a +

1

β6
ln(

1 + eβ6∆a

1 + eβ6∆b
) (2.18)

2.3.2 The adiabatic processes B→C and b→c

In model I, such an adiabatic process is a sudden change in which the system of spin-

half particles, previously in contact with the β1 reservoir, is now disconnected and

suddenly reconnected to the β2 reservoir, see Fig.2.3. Here, we decrease further the

magnitude of the external magnetic field without altering its direction. Due to the

sudden change in the external magnetic field, the energy level spacing instantly shifts

from ∆B to ∆C . There is no heat exchange between the system and the reservoir. The

work done, WBC , by the system in B →C is

WBC = pB(∆C −∆B). (2.19)

In model III, the system of spin-half particles is suddenly disconnected form the β6

reservoir and then is connected to the β5 reservoir, see Fig.2.3( model III). The magni-

tude of the external magnetic field increases further without altering its direction. Due

to the sudden change in the external magnetic field, the energy level spacing instantly

shifts from ∆b to ∆c. Note that in this region the energy level spacing is negative. The

work done, W q
bc, by the system in b→c is

Wbc = pb(∆c −∆b). (2.20)

In both cases however, the occupation probability of the system does not change during

the adiabatic processes. It should be noted that the operational time of an adiabatic

process is very short; negligibly small compared to that of the time for quasistatic
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isothermal processes. So, the adiabatic changes, both in I and III, are not quasistatic

processes rather they are finite-time processes.

2.3.3 The quasistatic isothermal processes C→D and c→d

In such isothermal processes, the occupation probability of the system in the excited

state decreases while the system is exchanging energy in the forms of heat and work

with the reservoirs. This process should be very slow so that the system remains arbi-

trarily close to equilibrium at all times (during its interaction with the reservoirs).

Quasistatic isothermal processes C→ D and c→d

These processes start after the previous adiabatic processes B→C . In model I, once the

system is brought in thermal contact with the β2 reservoir and relaxes to equilibrium,

then it is ready for the next isothermal process wherein it changes its state from

{pC ,∆C} to a state with lesser occupation probability of the excited state, {pD,∆D}.

Here, the external magnetic field increases (opposite to process AB) extremely slow

enough to meet the demand of quasistatic process. During this quasistatic change the

occupation probability in the excited state decreases as the system releases heat to the

reservoir. So, the heat released Qq
CD(I), in process C →D, is

Qq
CD(I) =

1

β2
[pA ln(

1− pA

pA
)− pB ln(

1− pB

pB
) + ln(

1− pB

1− pA
)]. (2.21)

Due to the change in the energy level spacing in the process C →D, quasistatic work

W f
CD(I), is done on the system:

W q
CD(I) = ∆D −∆C +

1

β2
ln(

1 + eβ2∆C

1 + eβ2∆D
) (2.22)

In model III, the system is brought in thermal contact with the β5 reservoir(see Fig.2.1)

and relaxes to equilibrium and then undergoes the change from a state {pc,∆c} to state

with lesser occupation probability of the excited state, {pd,∆d}. To conduct the pro-

cess, it suffices to decrease the magnitude of the magnetic field. During this quasistatic

change the occupation probability in the excited state decreases. This process enables

the magnitude of the energy level spacing and the occupation probability of the excited
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state to decline, bringing the system to another state {pd,∆d}, see Fig. 2.1. So, there

is energy exchange between the system and the reservoir. In the quasistatic isothermal

process C→D, the heat released, Qq

CD(I), by the system is

Qq
cd(III) =

1

β5
[pc ln(

1− pc

pc
)− pd ln(

1− pd

pd
) + ln(

1− pc

1− pd
)]. (2.23)

The corresponding work done, W q
cd, on the system can be shown to be

W q
cd(I) = ∆d −∆c +

1

β5
ln(

1 + eβ5∆c

1 + eβ5∆d
) (2.24)

2.3.4 Adiabatic process D→A and d→a

In model I, when the system reaches a state at D, it is suddenly disconnected from

the reservoir at inverse temperature β2 and then immediately reconnected back to the

reservoir at inverse temperature β1 . This process increases the energy level from ∆D

to ∆A and thereby returning the system back to the initial state. The work done,

WDA(I), on the system during this adiabatic change is then simply

WDA(I) = pA(∆A −∆D). (2.25)

In model III, when the system reaches a state at d, it is also suddenly disconnected

from the reservoir at inverse temperature β5 and then immediately reconnected back to

the reservoir at inverse temperature β6 . This process increases the energy level from

∆d to ∆a. This adiabatic process takes the system back to the original state and one

cycle is said to be completed. The work done, Wda(III), on the system during this

adiabatic change becomes

Wda(III) = pa(∆a −∆d). (2.26)

2.3.5 Net heat absorbed and quasistatic efficiency

In model I, the system absorbs heat in process AB and releases in process CD. There-

fore, the net heat absorbed Qq
net(I) per cycle can be calculated as Qq

net(I) = Qq
AB(I) +

Qq
CD(I). Hence,
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Qq
net(I) = α(pB ln(

1− pB

pB
)− pA ln(

1− pA

pA
) + ln(

1− pA

1− pB
)), (2.27)

where α = β−1
1 −β−1

2 . Note that the net heat exchanged is positive and hence the model

acts as an engine. It is simple to verify that the net work done W q
net(I) = −Qq

net(I).

The quasistatic efficiency of the system, ηq(I) under the quasistatic mode of operation

can be obtained by taking the ratio of the net heat absorbed to the heat absorbed by

the by the system. Hence, ηq(I) = Qq
net(I)/Q

q
in(I). Using Eqs. 2.15 and 2.27, ηq(I)

becomes

ηq(I) = 1−
β1
β2
. (2.28)

The net heat absorbed by the systenm in model III can be computed by adding Eqs.

2.17 and 2.23 to get

Qq
net(III) = Qq

cd(III)−
β5
β6
Qq

cd(III). (2.29)

The quasistatic efficiency of the system, ηq(III), which is the ratio of the net heat

absorbed, Qq
net(III), to the heat absorbed, Qq

cd(III) the system can be written in a

simple form using Eqs. 2.15 and 2.27, ηq(I). So,

ηq(III) = 1−
β5
β6
. (2.30)

2.4 Thermodynamic quantities and processes (model

II)

Description of thermodynamic processes and quantities given in Sec.2.3 apply also to

the description of models engines which operate between heat reservoirs with negative

inverse temperatures. Hence, we do not give detailed explanation for this section;

rather we elaborate isothermal and adiabatic processes.

2.4.1 Quasistatic isothermal process (model II)

In quasistatic isothermal processes, the system of spin-half particles is kept in thermal

contact with a reservoir at constant temperature. By absorbing heat from the reservoir,
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Figure 2.4: Schematic diagram of the model engine working between two absolute negative temper-

atures for quasistatic processes. The inverse temperature parameter β′s are negative. Smooth curves

represent isothermal processes and vertical segments, connecting the curves, represent adiabatic pro-

cesses.

work is done by the system. Or equivalently, the environment may also do work on

the system while the system is releasing heat. This results in a simultaneous change of

both the occupation probability and the energy level spacing of the system; however,

the system should remain in thermal equilibrium. Note that the two fundamental

processes discussed under models I and III apply for the model engine we are going to

discuss. The only difference is that the the reservoirs for these models are at negative

absolute temperatures.

Fig. 2.4 describes cyclic quasistatic thermodynamic processes in which a heat engine

operates between two negative temperatures. The curves representing two different

quasistatic isothermal processes are plotted using Eq.(2.2). In the model, curves EF

and GH represent isothermal processes. The vertical axis represents the energy level

spacing ∆i and the horizontal one represents the occupation probability in the excited

state pei . The vertical segments, connecting the curves, represent adiabatic changes.

β′s are inverse negative absolute temperatures of their respective heat reservoirs with

β3 > β4.

The quasistatic isothermal process E→F

We describe isothermal and adiabatic processes for such a model engine in a similar

manner to a heat engine working between two positive temperatures. Suppose that the

system is initially at state E, {pE,∆E}, in an external magnetic field whose magnitude

24



is relatively small as compared to its value around point F ({pF ,∆F}, see Fig.(2.4).

By increasing the magnitude of the external magnetic field to which the system is

subjected, the spin-half system changes isothermally (and quasistatically) from this

initial state to the final state {pF ,∆F} where pE, pF are,respectively, the occupation

probabilities of the initial and final excited states while ∆E and ∆F , respectively, are

the energy level spacing of the initial and final states. As the system absorbs heat from

the reservoirs, the occupation probability in the excited state increases.

The quasistatic heat absorbed Qq
EF between the system and the reservoir in the isother-

mal process E→ F is

Qq
in =

1

β3
[pF ln(

1− pF

pF
)− pE ln(

1− pE

pE
) + ln(

1− pE

1− pF
)]. (2.31)

The work done, W q
EF , by the system in this isothermal process work is

W q
EF = ∆F −∆E +

1

β3
ln(pF/pE). (2.32)

where β3 is the inverse absolute negative temperature of the reservoir at lower temper-

ature.

The adiabatic process F→G

In model II, adiabatic process F→G is a sudden change in which the system of spin-

half particles is detached from the β3 reservoir and is attached to the β4 reservoir, see

Fig.2.3. The external magnetic field decreases from its value at F to that at G. Due

to the sudden change in the external magnetic field, the energy level spacing instantly

shifts from ∆F to ∆G. There is no heat exchange between the system and the reservoir.

The work done, WFG, by the system in F →G is

WFG = pF (∆F −∆G). (2.33)

The quasistatic isothermal processes G→H

This process begin after the system and the reservoir are first thermalize at G. Once

the system is brought in thermal contact with the reservoir at inverse absolute tem-

perature β4 and relaxes to equilibrium, then it is ready for the next isothermal process
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which changes its state from {pG,∆G} to another state, {pH ,∆H}. Here, the external

magnetic field decreases very slowly so that the system remains in equilibrium with

the reservoir. During this quasistatic change the occupation probability in the excited

state decreases as the system releases heat to the reservoir. The heat released, Qq
GH ,

in the isothermal process G→H is

Qq
out =

1

β4
[pE ln(

1− pE

pE
)− pG ln(

1− pG

pG
) + ln(

1− pG

1− pE
)], (2.34)

where pH = PE used. The corresponding work done on the system is

W q
GH = ∆H −∆G +

1

β4
ln(pH/pG). (2.35)

2.4.2 The adiabatic process H→E

This is the final process to complete one cycle. When the system reaches a state at

H, it is suddenly disconnected from the reservoir at inverse temperature β4 and then

immediately reconnected back to the reservoir at inverse temperature β3 . This process

increases the energy level spacing from ∆H to ∆E and thereby returning the system

back to the initial state. The work done, WHE(II), on the system during this adiabatic

change is simply

WHE(II) = pE(∆E −∆H). (2.36)

2.4.3 Net heat absorbed done and efficiency

The system absorbs heat in process E→F and releases it in process G→H. Therefore,

the net heat absorbed Qq
net per cycle can be calculated as Qq

net(II) = Qq
EF + Qq

GH .

Hence,

Qq
net(II) = γβ3 ∗Q

q
in (2.37)

where γ = β−1
3 − β−1

4 , β3, β4 < 0 and |β3| < |β4| .

The efficiency of the model engine, under quasistatic mode of operation, is the ratio of

the net heat absorbed, Qq
net(II) to Q

q
in
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ηqII = 1−
β3
β4
. (2.38)

Note that the efficiency expression is a form of Carnot efficiency, ηC .

2.5 Results and discussions

In the discussion of the quasistatic processes and quantities, we deal with processes

which involve isothermal processes that enable exchange of energy in the form of work

done and heat, and fast changing adiabatic processes which link the isothermal qua-

sistatic processes. We have derived analytic expressions for net heat absorbed, net work

done and efficiency of the heat engines. Both the net heat exchange and the work done

by the system are functions of the temperatures of the reservoirs and the occupation

probability of the excited state of the initial and the final processes. The efficiencies,

however, are only functions of the temperatures of the two reservoirs of each model.

In model I, heat is absorbed from the β1 reservoir and is released to the β2 reservoir.

The net heat absorbed per cycle enable the system to do work. From the ratio of net

heat absorbed to the absorbed heat per cycle, we define the quasistatic efficiency ηq for

the model and obtain that its efficiency is the Carnot efficiency. From the expression

of ηC = 1− β2/β1, we computed efficiency of model I as 0.47 (β1 = 0.8, β2 = 1.5).

The quasistatic efficiency of model III is also calculated in a very similar way with that

of the model I. In the model, the system absorbs heat from the β5 reservoir and releases

it to the β6 reservoir. As a result, the net heat absorbed enable the system to do work.

The quasistatic efficiency, the ratio of the net heat absorbed to the heat absorbed, is

only a function of the temperatures of the two reservoirs. In model III, the quasistatic

efficiency, ηq is the same as the Carnot efficiency of the model. We determine ηC for

the model to be 0.667 (β5 = 0.5β6 = 1.5).

In model II in which the engine does work between two reservoirs at negative absolute

temperatures, the system absorbs heat from the β3 reservoir and releases it to the β4

reservoir. The quasistatic efficiency of this heat engine is also the Carnot efficiency,
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ηc = 0.63 (β3 = −1.0, β4 = 2.75).
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Chapter 3

Finite-time thermodynamic

processes

In this Chapter we describe the finite-time thermodynamic processes and derive the cor-

responding thermodynamic quantities. Finite-time thermodynamic processes are more

realistic non-equilibrium processes that incorporate specifically time in the quantita-

tive description of physical quantities of interest. Net work done, net heat exchange,

maximum power (Pmp) and the corresponding efficiency at maximum power will be

derived.

3.1 The basic blocks for finite-time processes

There are three modes of operations in a finite-time process of our system. The first

one is the adiabatic change in which the system is detached from the reservoir and

subjected to a suddenly changing external magnetic field, for example from point A

to a point to the left of point 1, see Fig.3.1; the second one is a process in which the

system is left for relaxation. In this process, at a constant external magnetic field, the

system is left to relax to equilibrium so that it will be in equilibrium at state 1. In this

new equilibrium state, the system would have definite thermodynamic quantities. The

third process is attaching the system back to the reservoir. In this process the system

exchanges heat with the reservoir for thermalization and finally become in equilibrium

with the reservoir. Such consecutive processes complete the finite-time processes. It

should be clear that the adiabatic changes, a process in which the system evolves
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towards new equilibrium states and the thermalization processes where the system

exchanges heat with the reservoir are irreversible processes. However, state A, state 1,

and state 2 etc. are all equilibrium states.

In general, the finite-time process involves: detaching the system from a reservoir

instantly and adiabatically(changing the level spacing as a result) followed by leaving

the system to equilibrate at a constant magnetic field. This is followed by attaching

the system back to the reservoir (allowing heat exchange) and wait for thermalization.

Concerning the time scales of the processes, the time, τa, required to change each

adiabatic process (and, hence, time to change the external magnetic field) is much

shorter than the time, τr, required by the system to relax to its new equilibrium state.

The other period is the period for thermalization process where the system is attached

to the reservoir, τt. The order of these time scales satisfy the relation τa ≪ τr ≪ τt

[17].

3.2 Internal energy, work and heat exchange in finite-

time process and the spin-half system

The finite-time process we deal with in this section involves irreversible process. As

shown in Eqs.2.6 and 2.7, there are irreversiblity terms accompanying both heat and

work done. As the result, entropy generated, dirs, for example (in Model I), in sub-

process A→1 is

dirs =
∆A −∆1

T1
dpe. (3.1)

As it is evident from Fig.3.1, the term dpe = p1 − pA is usually small making the

dissipation effect much smaller than the energy exchange in the subprocess. T1 is the

temperature the isolated system attains when it is at equilibrium state 1. Further the

relaxation period to equilibrate at 1 is much shorter than the period for thermalization

(1→2) after which the system equilibrates at 2. With this assumption, in the remaining

calculation of thermodynamic quantities, irreversiblity terms have not been included.

As a result, all equations in Chapters 3, 4 and 5 are approximate expressions.
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3.3 Finite-time processes (model I)

In the finite-time models, we consider the same working substance as that of quasistatic

models. However, the way the external magnetic field varies per process and hence the

mechanism of doing work are different.

Figure 3.1: Model heat engine working between two reservoirs at distinct positive temperature for

finite-time process. Zig-zag segments represent the finite-time process and broken curves represent

quasistatic isothermal processes. β1 is the inverse temperature of the reservoir at higher temperature;

whereas β2 is the inverse temperature of the reservoir at lower temperature.

Fig.3.1 represents the finite-time processes of model I. It is adapted from the qua-

sistatic model presented in Fig.2.2 in a zig-zag way. Same as to the quasistatic model,

here also the vertical axis represents the energy level spacing, ∆, while the horizontal

axis represents the occupation probability in the excited state. The zig-zag segments

show the finite-time processes while the smooth curves show the quasistatic isother-

mal processes (shown here only for comparison). The inset is the magnification of

the finite-time process around the state {p1,∆1}. The modes of operations are clearly

shown in the plot. The mode of operation at constant occupation probability in the

excited state in which the system is detached from the reservoir at state A and where

its energy level spacing is decreased in a very fast manner from ∆A to ∆1. During this

sudden change, work of pa(∆1 − ∆A) is done by the system. The second mode is to
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wait till the system in isolation attains an equilibrium state at 1 (see Fig.3.1). This will

then be followed by attaching the system back to the reservoir and wait until it attains

state 2 at constant external field (at ∆1). During this mode of operation, the system

is allowed to exchange heat with the reservoir so that the occupation probability in

the excited state changes from p1 to p2. As compared to the first two processes, this

process should be very slow. During this slow process, 1 → 2, the system absorbs

heat of amount ∆2(p
2 − p1). So, Fig.3.1, processes represented by vertical segments:

A → 1, 2 → 3, 4 → 5, B → C, C → 6, 7 → 8, 9 → 10 and D → A correspond to the

first mode of operation-the adiabatic changes. These precesses should immediately be

followed by a relaxation of the system to a new equilibrium state before being attached

to the reservoir. On the other hand, processes represented by horizontal segments:

1 → 2, 3 → 4, 5 → B, 6 → 7, 8 → 9 and 10 → D correspond to the third mode of

operation-where heat exchange takes place. The entire finite-time process is, therefore,

combination of processes adiabatically detaching the system from the reservoir, relax-

ation of the system to a new equilibrium state and then attaching the system back to

the reservoir for thermalization.

The discussion of the following subsections is based on the model diagram given in

Fig.3.1. In particular, heat exchange, work done, power and efficiency will be derived.

We begin with the zig-zag route A→ B.

3.3.1 The finite-time process A→ B

In process A→ B, the spin-half system is connected to the β1 reservoir until it becomes

in thermal equilibrium with initial the state {pA,∆A}. Then, it is detached from the

reservoir and undergoes an adiabatic change in which its level spacing decreases from

∆A to ∆1 (process A→ 1). This allows the system to do work WA→1 of amount:

WA→1 = pA(∆A −∆1). (3.2)

The system should wait until it equilibrate at state 1. With the assumption that the

energy exchange during this relaxation is small, we did not quantify and include in the

calculation of both heat and work. We also follow the same logic for the remaining

sections. Immediately after it relaxes to equilibrium, the system is attached back to
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the β1 reservoir. The general expression to calculate the heat exchange is of the type

dQi→i+1 = ∆i+1(p
i+1 − pi). For subprocess 1 →2, Q1→2, for example, is

Q1→2 = ∆2(p
2 − p1). (3.3)

The absorbed heat, in turn, increases the occupation probability from p1 to p2 (process

1 → 2). The total heat absorbed during the finite-time process A → B (for n=3 is

the number of subdivisions used), Qf
AB, is then equal to the sum of the heat absorbed

during the subprocesses 1→2, 3→4 and 5→ B. Hence,

Qf
A→B = ∆Bp

B −∆Ap
A +∆(pA + p2 + p4), where p1 ≈ PA (3.4)

and the corresponding work done by the engine is

W f
AB = −∆(pA + p2 + p4), (3.5)

where ∆ = (∆A−∆B)/n, in Fig.3.1, n=3. Note that, in the finite-time of our interest,

Qf
AB is positive, whereas the work done by the system is negative since the system

looses its internal energy.

3.3.2 The adiabatic process B→C

When the system reaches state B, {pB,∆B}, it is detached from the β1 reservoir and

instantaneously connected to the β2 reservoir. Simultaneously, the level spacing of the

system instantly changes from ∆B to ∆C . However, the occupation probability of the

system remains unchanged (i.e, pB = pC). It is important to note that there is no heat

exchange between the system and the reservoirs during this adiabatic change. The

amount of work done by the system, WB→C , is

WB→C = pB(∆C −∆B). (3.6)

3.3.3 The finite-time process C→ D

This is a process in which the occupation probability of the spin-half particles in the

excited state decreases. Just after the adiabatic process B→C is completed, the system

is left to exchange heat with the β2 reservoir with which thermal equilibrium should
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be reached before the next adiabatic change commences. By increasing the external

magnetic field adiabatically, it is possible to increase the energy level of the system

from ∆C to ∆6. At the same energy level spacing (∆6), the system has to relax to an

equilibrium state. After relaxation, it is ready to be attached back to the β2 reservoir.

In the same manner, processes 6→7, 8→9 and 10→D continue while intermittently

attaching to the β2 reservoir in between. The finite-time heat released Qf
CD by the

system in process C→D (see Fig. 3.1) is thus

Qf
C→D = ∆Dp

D −∆Cp
C −∆

′

(pC + p7 + p8). (3.7)

Once again the dissipation term due to irreversiblity is ignored with the same reason

given in the previous subsection. So,the work done on the system along the path

C → D, which is positive, is

W f
CD = ∆′(pC + p7 + p8), (3.8)

where ∆′ = (∆D −∆C)/n, n=3 in Eq.(3.7).

3.3.4 The adiabatic process D→A

When the system reaches state D, {pD,∆D}, it is detached from the β2 reservoir and is

instantaneously reconnected back to the β1 reservoir. Simultaneously, the energy level

spacing of the system changes from ∆D to ∆A without affecting the distribution of the

spin-half system, i.e, pD = pA. The amount of work done on the system WD→A in this

subprocess is

WD→A = pA(∆A −∆D). (3.9)

In general, the system begins from the (initial) state {pA,∆A} and returns back to the

same state in one cycle. Note that when the stairs describing the finite-time process is

infinitesimally small (i.e., when large number of subdivisions is used), the finite-time

process approaches the quasistatic process. A magnification of the state around state

2 in Fig.3.1 is shown in the inset and this is to make clear how the finite-time process

approaches the corresponding quasistatic process when large number of subdivisions is

used.
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3.3.5 Net heat exchange and net work done per cycle (model

I)

The system absorbs heat, Qf
in(I), in process A→B and releases heat, Qf

out(I), in process

C→D. So, the heat absorbed and released, respectively, are

Qf
in(I) = (∆Bp

B −∆Ap
A) + ∆(pA + p2 + p4), (3.10)

and

Qf
out(I) = (∆Dp

D −∆Cp
C)−∆′(pC + p7 + p9). (3.11)

And the net heat absorbed per cycle, Qf
net(I), is the sum of the heat exchange in the

process A→B and C→D so that

Qf
net(I) = (∆Bp

B −∆Ap
A)(1−∆C/∆B) + (∆pA −∆′pC) + (∆−∆′)(p2 +P 4). (3.12)

Work is done by the engine during the processes A→ B →C. The work done by the

system on the reservoir, W f
sr, is

W f
sr(I) = (∆C −∆B)p

B −∆(pA + p2 + P 4), (3.13)

whereas the work done on the system, W f
rs, is the work done in the processes C→

D →A. Hence,

W f
rs(I) = (∆A −∆D)p

A +∆′(pC + p7 + P 9). (3.14)

The net work done, W f
net(I) = W f

sr(I) + W f
rs(I), is then

W f
net(I) = (∆Ap

A −∆Bp
B)(1−∆C/∆B) + (∆′pC −∆pA) + (∆′ −∆)(p2 +P 4). (3.15)

3.3.6 The finite-time power and efficiency (model I)

Power in a heat engine which performs a task in a cycle is the amount of work done per

unit time. So, to derive the expression of power, it is important to find the time dura-

tion taken by each subprocesses and its relation to the number of subdivisions used to

study the finite-time process. Indeed, when the number of subdivisions n is large (and
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approaches infinity), the finite-time processes approach their corresponding quasistatic

isothermal processes. So, the quasistatic limit (infinite time) corresponds to finite-time

process, where the number of subdivisions is infinitely large (n→ ∞). Small number

of subdivisions would mean fast process (as n is Small, the time to complete a process

is also small and the process takes finite time). We can, therefore, assume that time to

complete a process is proportional to the number of subdivisions. This assumption has

also been used earlier by M. Alemye [25] and W. Chegeno [26] in their study of a model

quantum heat engine working in a finite-time. Therefore, we take the assumption t ∝ n.

In the three basic modes of operations (Sec.3.1.), the adiabatic process in which the

system is detached from a reservoir and the external magnetic field is instantly changed

by a finite amount and in the process where the system relaxes to an equilibrium state

before attaching to a reservoir, no time elapses are assumed. However, in the ther-

malization process where the system is brought in contact with the reservoir until it

equilibrate with it, there is time elapse. Therefore, the time taken to change on the

external magnetic field to undergo adiabatic changes and the relaxation time are much

smaller than than the time required by the system to equilibrate with the reservoirs.

The period of a cycle, the total time taken to complete one cycle, is simply the sum of

the time elapsed during the equilibration processes.

Thus in model I, for example, t = n(to under go at constant occupation probability in

the excited state in process A→B) or n(to under go at constant occupation probability

in the excited state in process C→D). This implies n = t. With these and the net heat

absorbed by the system, we can write the expression of power for model I, PI(t), as

PI(t) = −
W f

net(I)

t
. (3.16)

The negative sign only indicates that the work is done by the engine. Using Eq.3.15,

the expression of power for model I can be written as

PI(t) =
M

t
−
L

t2
, (3.17)

where M = (∆Bp
B −∆Ap

A)(1 −∆C/∆B) and L = (∆D −∆C)p
C − (∆A −∆B)p

A +

(∆D +∆B −∆C −∆A)(p
2 + p4),∆ = (∆A −∆B)/n, ∆

′

= (∆D −∆C)/n and t ∝ n .
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The efficiency of model I, ηI(t), is the ratio of net heat absorbed (net work done) by

the engine (Qf
net(I)), to the heat absorbed by the engine , Qf

AB. Hence,

ηI(t) =
M − L

t

J + K
t

= 1 +
∆Dp

D −∆Cp
C −∆

′

(pC + p7 + p9)

∆BpB −∆ApA +∆(pA + p1 + p2)
, (3.18)

where J = ∆Bp
B −∆Ap

A and K = (∆A −∆B)(p
A + p2 + p4). In the very long period

of operation, the efficiency ηq of model I would reduce to a simple expression of either

1−∆C/∆B or 1−∆D/∆A both of which are simply the Carnot efficiency of the model.

In the finite-time processes of model I, the system absorbs heat from the β1 reservoir

and does work in A→ B. By the time the system reaches state B, the internal energy

U of the system decreases from UA to UB. In the adiabatic process B → C, in which

the system is detached form the β1 reservoir and attached to the β2 reservoir, the

system has done additional work done causing its internal energy to further decrease

from UB to UC . So, the decrease in internal energy of the system from A to C appears

as the work done by the system in the finite time process A → B → C. The system

releases heat in the finite-time subprocess C → D. In this process, work is done on the

system thereby increasing the internal energy of the system from its UC to UD. The

adiabatic process D → A, further increases the internal energy of the system UD to UA

and returns the system to the original state A.

3.4 The finite-time process (model III)

This model engine is similar to the model engine presented in Sec.3.3. The notable dif-

ferences are the direction of the external magnetic field to which the system of spin-half

particles is subjected to and the range of values of the occupation probability pe in the

excited state. In the former case, pe < 0.5; whereas in this case pe > 0.5. The model

engine absorbs heat as the occupation probability in the excited state decreases and

releases heat as pe increases. Other than these, both have similar modes of operation.

Fig.3.2 represents the finite-time process of model III and is adapted from the qua-

sistatic model engine presented in Fig.2.1. The zig-zag (broken) segments show the
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Figure 3.2: Model heat engine working between two positive temperatures for finite-time process.

Broken segments represent the finite-time process. Smooth curves represent quasistatic isothermal

processes. β5 is the inverse temperature of the reservoir at higher temperature; whereas β6 is the

inverse temperature of the reservoir at lower temperature.

finite-time processes. The three basic building blocks of a finite-time process presented

in Sec.3.2 also apply here. Though, for simplicity, it is better to start the process from

state {pc,∆c} and then move the system towards the state {pd,∆d} during which the

system absorbs heat from the reservoir, however, we begin from state {pa,∆a} to adapt

the previous scenario.

3.4.1 The finite-time process a→ b

In the finite-time process a → b, the spin-half system is initially connected to the β6

reservoir until it becomes in thermal equilibrium with the initial state {pa,∆a} at point

a. Then, it is detached from the reservoir and undergoes an adiabatic change in which

its level spacing decreases from ∆a to ∆1 (process a → 1). This allows the system to

do work Wa→1 of amount

Wa→1 = pa(∆1 −∆a). (3.19)

Before attaching the system with the β6 reservoir, it is left to relax and find a new

equilibrium state around (to the right and close to point 1) state 1. Similar to model

I, assuming dissipation effects small, irreversible heat and work have not been taken

into account.
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The next process is to attach the system to the reservoir until it equilibrates with the

β6 reservoir. In this equilibration process, 1 → 2, there is heat release, Qf
1→2 from the

system to the reservoir of amount

Qf
1→2 = ∆1(p

2 − p1). (3.20)

Note that ∆1 is negative so thatQ
f
1→2 < 0, signifying that our system looses heat.Similarly

in the subprocesses 1 →2, 3→ 4 and 5→b the system looses heat to the reservoir. The

heat released in the finite-time process a →b, Qf
ab, is, therefore, the sum of the heat

released in these subprocesses. Hence,

Qf
ab = ∆bp

b −∆ap
a +∆”(pa + p2 + p4). (3.21)

where ∆” = (∆a − ∆b)/n, n=3. The corresponding finite-time work done by the

system in the process a → b, W f
ab, is the sum of the work done by the system in the

subprocesses: a→1, 2→3 and 4→5.

W f
ab = −∆”(pa + p2 + p4), (3.22)

where ∆” = (∆a −∆b)/n, n in Eqs.

3.4.2 The adiabatic process b→c

This adiabatic process is a process in which the system is detached from the β6 reser-

voir and then attached to the β5 reservoir instantaneously. Only energy level spacing

changes by this subprocess; as a result, there is only work done, W f
bc, of amount

W f
bc = pb(∆c −∆b) (3.23)

is done by the system.

3.4.3 The finite-time process c→ d

This process takes place after the adiabatic process b→c and the system equilibrate

with the β5 reservoir. It is a process in which the occupation probability of the spin-

half particles in the excited state generally decreases. This finite-time process begins
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with detaching the system from the β5 reservoir and then increasing the energy level

spacing from ∆c to ∆6 during which work of amount, W f
c→6 = pc(∆6 −∆c), is done on

the system. After the system is subjected to an adiabatic change and its levels spacing

increases ( from ∆c to ∆6), the system should be let free to equilibrate. Then the

system is attached back to the β5 reservoir so that it will be in equilibrium with the

reservoir. So, work is done on the system in the subprocesses c →6, 7→ 8 and 9→10.

On the other hand, heat is absorbed in the subprocesses 6 →7, 8→9 and 10→D. The

work done, W f
cd, on the system in the finite-time process is thus

W f
c→d = ∆t(pc + p7 + p9), (3.24)

and the heat absorbed in finite-time process c→d, Qf
cd, is, see Fig. 3.2,

Qf
c→d = ∆dp

d −∆cp
c −∆t(pc + p7 + p9), (3.25)

where ∆t = (∆d −∆c)/n > 0, n is as defined in Sec.3.2.1.

3.4.4 The adiabatic process d→a

This is the final process to complete one cycle. Once the system equilibrates at the

state D, {pd,∆d}, it is detached from the β5 reservoir and suddenly attached back to

the β6 reservoir. Instantly, the energy level spacing of the system is made change from

∆d to ∆a without affecting the distribution of the spin-half system, i.e, pd = pa. The

amount of work done on the system, W f
d→a, in this subprocess is then

Wd→a = pa(∆a −∆d). (3.26)

3.4.5 Net work done and net heat exchange per cycle (model

III)

The system does work in the process a→ b →c. The amount of work done by the

system in this process, W f
abc, is

W f
abc = (∆cp

c −∆bp
b)−∆”(pa + p2 + p4), (3.27)

whereas work done on the system in the process c→ d→a, W f
cda, is
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W f
cda(III) = (∆ap

a −∆dp
d) + ∆t(pc + p7 + p9). (3.28)

The net work done per cycle, W f
net(III), is the sum of the work done by the system,

W f
abc, and the work done on the system, W f

cda,:

W f
net(III) = (∆cp

c −∆dp
d)(1−

∆a

∆D

) +
L

′

t
. (3.29)

where L
′

= (∆d − ∆c)p
c − (∆a − ∆b)p

a + (∆d + ∆b − ∆c − ∆a)(p
2 + p4). The heat

absorbed, Qin, takes place in process c→d of Eq.3.25; whereas an amount of heat,

Qout(III), is released in process a→b of Eq.3.21. Hence, the net heat exchanged per

cycle of the model is

Qf
net(III) = −W f

net(III) = (∆dp
d−∆cp

c)ηC+∆”(pa+p2+p4)−∆t(pc+p7+p9), (3.30)

where ηC = 1−∆a/∆d and ∆a/∆d = ∆b/∆c.

3.4.6 Finite-time power and efficiency (model III)

Similar to the explanations given above for model I, power for model III, PIII(t), is

simply net work done per unit time (per cycle) and is given as

PIII(t) =
Qf

net(III)

t
. (3.31)

Using Eq.(3.28) in Eq.(3.30), we get the expression for PIII(t) to be

PIII(t) =
M

′

t
−
L

′

t2
, (3.32)

where M
′

= (∆dp
d −∆cp

c)(1−∆a/∆d).

Efficiency of model III, ηIII(t), is the ratio of net heat absorbed to the heat absorbed

by the system in subprocess c→ d. Hence,

ηIII(t) =
M

′

t− L
′

J ′t−K ′
(3.33)

where J
′

= ∆dp
d −∆cp

c and K
′

= (∆d −∆c)(p
c + p7 + p9).
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3.5 Finite-time process (model II)

This is a process which takes place between a system of spin-half particles and two

reservoirs at negative absolute temperatures. In this process, the occupation proba-

bility of the excited state is at least greater than or equal to 0.5. With the aid of

external magnetic field and heat exchange between the system and the reservoirs, the

tree modes of operation should sequentially complete a cycle. During such changes,

there are heat exchange and wok done on(by) the system. In particular, in processes:

1→2, 3→4 and 5→F, the system absorbs heat from the reservoir (see Fig.3.3). In pro-

cesses E→1, 2→ 3, 4→5 and H→E, work is done by the system. In processes: F→G,

G→6, 7→8 and 9→10 work is done by the system. Processes: 6→7, 8→ 9 and 10→H,

the system releases heat. It is these finite number of alternate adiabatic and changes

at constant probability that completes the finite-time process E→ F → G → H →E,

see Fig.3.3

Figure 3.3: Model heat engine working between two negative absolute temperatures for finite-time

process. Broken segments represent the finite-time process. Smooth curves represent quasistatic

isothermal processes. β3 is an inverse negative temperature of the reservoir at lower temperature;

whereas β4 is the inverse negative temperature of the reservoir at higher temperature.

3.5.1 Finite-time process E → F

As far as the the process moves clock-wise, one can start from any equilibrium state.

Thus, let us start the process from state E with coordinate point {pE,∆E} at the β3

inverse temperature . To start the process, we detach the system from the reservoir and
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suddenly increase the external magnetic field so as to change its energy level spacing

from ∆E to ∆1. In this process, there is only work done by the system (of amount

WE→1 = pE(∆1 −∆E); no change in occupation probability. Then the system should

attain a new equilibrium state before attaching it back to the β3 reservoir. What follows

is a process at constant external field which allows the system to absorb heat, of amount

Q1→2 = ∆1(p
2 − p1), from the reservoir. Similar alternate operation of detach, wait

for relaxation and attach to the reservoir will successfully take the system through

the zig-zag up to F. Heat absorption takes place in this finite-time subprocesses (the

horizontal segments ) of E →F. The heat absorbed, Qf
EF , in E→F is sum of absorbed

heat in the horizontal segments and its sum becomes

Qf
EF = ∆Fp

F −∆Ep
E −∆r(pE + p2 + p4), (3.34)

On the other hand, work is done by the system in the finite-time subprocesses(in the

vertical segments) of E→F. Thus, the work done, W f
EF , is the sum of the work done

in the vertical segments:

W f
EF = ∆r(pE + p2 + p4), (3.35)

where, both in Eqs.3.34 and 3.35, ∆r = (∆F −∆E)/n and n is the number of subdivi-

sions, n being equal to 3 in this case.

3.5.2 Adiabatic process F→ G

This is a process in which our system is detached from the β3 reservoir and is attached

to the β4 reservoir. The work done by the system, W f
FG, in this adiabatic process is

W f
FG = pF (∆G −∆F ). (3.36)

3.5.3 Finite-time process G→ H

In this process, the occupation probability in the excited state generally decreases as

we go from pG to pH . After the system is thermalized with the β4 reservoir at state G,

{pG,∆G}, it is suddenly brought to {p6,∆6} by decreasing the external magnetic field

and then left for relaxation after which it is attached back the reservoir with which it
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exchanges heat. Similar to the previous processes, the total heat released during the

process G→H then can be added together to give Qf
GH as

Qf
GH = ∆Hp

H −∆Gp
G +∆s(pG + p7 + p9), (3.37)

whereas the work done by the system, W f
GH , in this finite time process becomes

W f
GH = −∆s(pG + p7 + p9), (3.38)

where, ∆s = (∆G − ∆H)/n and n = 3, for example in Fig.3.3, is the number of

subdivisions and is equal to 3 in this case also.

3.5.4 Adiabatic process H→ E

This change is the final process to complete one cycle. It can be carried out by dis-

connecting the system from the β4 reservoir and immediately attaching it to the β3

reservoir whereby the energy level spacing of the system increase from ∆H to ∆E .

This would finally bring the system to the initial state. The work done on the system

in this adiabatic change is thus

W f
HE = pE(∆E −∆H). (3.39)

3.5.5 Net heat exchange and net work done per cycle of model

II

In this section, we summarize the net heat and net work done by model II. This model

is different from the models presented in the last two section due to the fact that it

performs a task between two reservoirs which are at negative absolute temperatures.

In a cycle, the net heat exchanged by the model engine during the finite-time process,

is the sum of the heat absorbed in the process E→F, Eq.3.34 and that released in the

process G→H, Eq.3.37:

Qf
net(II) = ∆Fp

F (1−
∆G

∆F

)−∆Ep
E(1−

∆H

∆E

)+∆s(pG+p7+p9)−∆r(pE+p2+p4) (3.40)

The net work done by the system is the same as the net heat exchange by the system

but it is negative.
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3.5.6 Finite-time power and efficiency of model II

Since the time taken to switch on the external field which drive the adiabatic changes

and the relaxation time for the system are assumed to be much faster than the time

taken to undergo equilibration process of the system with the reservoirs, time elapsed

during all the adiabatic changes and the relaxation processes are considered to be neg-

ligible and hence are not accounted to in the calculation of period. And consequently,

the period of a cycle, the total time taken to complete one cycle does not include the

periods for these two changes.

Thus, similar to the two models presented in Sec.3.3. and 3.4, in model II also ,

t = n(to under go finite-time process E→F) or n(to under go finite-time process G→H).

This implies n = t. Using this concept and the net heat absorbed, we can write the

expression for power and efficiency of model II, PII(t), as

PII(t) =
Qf

net(II)

t
, (3.41)

In a simple form:

PII(t) =
R

t
−
V

t2
, (3.42)

where R = (∆Fp
F −∆Ep

E)ηC , V = (∆F −∆E)(p
E+p2+p4)−(∆G−∆H)(p

F +p7+p9)

and ηC = 1−∆G/∆F = 1−∆H/∆E.

And efficiency of model II, ηII(t), the ratio of net heat absorbed to the heat absorbed

by the system, can be written as

ηII(t) =
Rt− V

rt− v
(3.43)

where r = ∆Fp
F −∆Ep

E and v = (∆F −∆E)(p
E + p2 + p4)

In this subsection, we have described the finite-time process and derived the expressions

for the net heat absorbed, power and efficiency of model II.
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3.6 Thermodynamic quantities at maximum power

In this section, we explore the maximum power and efficiency at maximum power for

the models. Maximum power mode of operation in heat engine refers to the operation

of the engine in which task is accomplished and work is extracted from the system in

such a finite-time of operation enabling the engine to attain maximum power. Since

power, both in the shortest and longest (quasistatic limit) times of operation, is zero,

maximum power working condition, in which task is accomplished at finite time, is

important for a heat engine. Thus, in the subsequent subsections, we explore power

and other finite-time quantities such as efficiency and period under the maximum power

working conditions.

3.6.1 Maximum power (Pmp) and efficiency at maximum power

(ηmp)

Taking an Atwood machine as a mechanical energy converter, six decades ago, early

study of efficiency at maximum power was conducted by Odum and Pinkerton [27].

However, as a finite-time thermodynamic quantity, maximum power mode of operation

of heat engine has been studied two decades latter by Curzon and Ahlborn [14]. Start-

ing from some simple assumptions, they have obtained an expression for the efficiency

at maximum power (EMP) as ηmp = 1−
√
Tc/Th for a heat engine operating between

two distinct positive temperatures Th (hot) and Tc (cold) where Th > Tc. Since then

many model energy converters have been studied and their efficiencies at maximum

power (and maximum power) have been reported, [27, 28, 29]. These works show that

it is possible to maximize power of heat engines to accomplish tasks in a short enough

finite time. But such a working condition usually does not give good performance for

heat engine due to poor corresponding efficiency.

3.6.2 Pmp and ηmp of model I

In order to find the maximum power Pmp of the model engine, the expression for power,

P(t) from Eq.3.17 should be subjected to the condition:
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dPI(t)

dt
|t=τmp

= 0, (3.44)

where Pmp = PI(τmp) and τmp is the period at which the power attains its maximum

value. Therefore, the period at which the engine attains its maximum power is

τmp =
2L

M
, and (3.45)

PImp =
M2

4L
(3.46)

Efficiency of the model engine at maximum power, ηI(τmp) = ηImp, can hence be

simplified to give

ηImp =
ηC

2(1 + 1
2
zηC)

, (3.47)

where the ratio of K and L, z = (∆A−∆B)(pA+p2+p4+...)
(∆D−∆C)(pC+p7+p9+...)−(∆A−∆B)(pA+p2+p4+...)

.

3.6.3 Pmp and ηmp of model III

Similar to model I, the maximum power Pmp of model III could be computed from

dPIII(t)

dt
|t=τmp

= 0, (3.48)

And this is satisfied when

τmp =
2L

′

M ′
. (3.49)

Hence, the maximum power and efficiency at maximum power for the model, respec-

tively, are

Pmp =
M ′2

4L′
, (3.50)

ηmp =
ηC

2(1− 1
2
xηC)

, (3.51)

where x = K
′

L
′ .
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3.6.4 Pmp and ηmp of model II

In order to find the the maximum power for the model, we need to subject Eq.3.42 to

the condition:

dPII(t)

dt
|t=τmp

= 0. (3.52)

The period at which this condition is fulfilled is τmp = 2V/R. The corresponding

maximum power, Pmp(II) is

Pmp(II) =
R2

4V
. (3.53)

One can easily find the efficiency of the system at the maximum power for model II

from ηII(τmp) = ηII(mp) and get

ηmp(II) =
1

2

ηC
(1− ηC

2
χ)
, (3.54)

where χ = v
V
.

3.7 Results and discussions

The results of the thermodynamics quantities are generated with Fortran programming

As demonstrated in Fig.3.4, the system takes time to absorb heat that is large enough

to yield net work done. As a consequence, power start at τ = 4 and rapidly increase

until it reach its peak value at τ = 7. Once the maximum power(Pmp) is reached,

however, power decreases continually and loses half of its value in the next two fold of

the period required to attain Pmp. In the very long period limit (τ → large), where the

system takes longer and longer period to do some finite work, power approaches the

quasistatic limit, wherein, it eventually becomes vanishingly small.

At the beginning, the system takes time to absorb heat and, therefore, for some time

interval, the net work done and consequently power is negligible. After τ = 4, because

of the increment in the net absorb heat and therefore of the increment of the net work

done, power increase continually. However, as period τ becomes longer and longer

(but τ ≤ τmp ), its effect becomes so significant that power is unable to further increase
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with an increase in the net work done, and this leads to the existence of a maximum

power(Pmp) at a particular period τ = τmp (see Fig.5.1). Beyond this point, due to the

longer time taken by the system to do some finite work, power decreases continually

and approaches the quasistatic limit.

Figure 3.4: Plt of power versus period for model I. β1 = 0.80, β2 = 1.5, pA = 0.02 and pB = 0.34.

Figure 3.5 shows efficiency versus period of the heat engine of model I. Efficiency first

grows exponentially at early periods and then slow down after τ = 15 period unit. The

observed sharp increases are the combined effect of the work done by the system and

the work done on the system: both of them (see Fig.3.1, zig-zag segment A →B) and

the decrease in the work done on the system (see the same Fig, zig-zag segment C →

D) have contributed to the increment of the net work done, which in turn increases the

efficiency of the system. Hence, with increment in period the system becomes more

and more efficient and approaches the quasistatic limit in the longer periods.

The efficiency of the system becomes positive after the system begins doing net work

(τ ≥ 4). Because the net work done by the system increases with period in the first

about 16 units of period, efficiency of the system increases very rapidly with period

and then slow down the increasing rate. Eventually, in the very longer period ( 60 unit

and above), it becomes the quasistatic efficiency (0.45) which approaches the Carnot

efficiency (0.47) for the model and hardly increases any more.
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Figure 3.5: Plot of efficiency versus period for model I. β1 = 0.80, β2 = 1.5, pA = 0.02 and pB = 0.34.

Fig.3.6 shows power versus period for the finite-time process of model III. As it is

depicted in the Fig., the system takes some time to absorb net heat from the reservoirs.

So, both power and net work done are essentially small during those periods. Power,

which depends on the net work done and period, increases as the net work done by

the system increases. This is because period is not long enough to influence the power.

So, the dominant factor, when period is short, is the net work done. Due to this fact,

power increases with an increase in the net work done. However, as period becomes

longer and longer, power has come to a point where any further increase in net work

done does not increase it any more and reaches its maximum power Pmp(III) at a

particular period, τmp, see Fig.5.3. Beyond this, period dominates power. As a result

we observe a decrease in power as the period increases further.

The system begins operating as a heat engine after period becomes 5 units. The power

of the system increase until it attains the maximum power,Pmp, at t = 9. Once Pmp

is attained, it decreases very slowly. In the long period of operation, the power of the

system approaches the vanishingly quasistatic power.

Fig.3.7 shows the plot of efficiency versus period for model III. It is observe that the

system takes initially some time before doing some net work done. Once it starts doing

net work done, efficiency sharply increases as the work done by the system increase.

The implication is that the net work done increase more than the work done by the
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Figure 3.6: Plot of power versus period for model III.β5 = 0.50, β6 = 1.5, pd = 0.54 and pc = 0.80.

system. The increase from the work done by the system (see Fig.3.2, zig-zag segment

c → d) and the decrease of the work done on the system ( see the same Fig, zig-zag

segment a→b) have both contributed to the increment of the net work done-which in

turn increases the efficiency of the system. So, with increment in period the system be-

comes more and more efficient. However, once it approaches the quasistatic efficiency,

in the very long period, it hardly increase.

Figure 3.7: Plot of efficiency versus period for model III. β5 = 0.50, β6 = 1.5, pd = 0.54 and

pc = 0.8.
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From period point of view, we observe that efficiency increases sharply in the first 20

period units, see Fig.5.4. For about the next 10 period unit, efficiency increases gently

with period and then tends to behave steadily. After 60 period units, the efficiency of

the system increases so slowly that no significant change is observed.

Fig.3.8 shows power versus period of model II. In this model as well, power depends

on both net work done and period. Since it is dominated by net work done in the

small period values, we observe an increase in power as the net work done increases.

However, as period τ becomes longer and longer (but τ ≤ τmp), power does not simply

increase with an increase in net work done rather period also becomes so significant

that power is unable to further increase with an increase in the net work done. At

a particular value of period τ = τmp, further increase in power stops. Beyond this

point, power is dominated by period and decrease as period increases. As the system,

then, takes longer and longer period to do some finite work, power is approaching the

quasistatic limit, wherein, it eventually becomes vanishingly small.

Figure 3.8: Plot of power versus period for model II. β3 = −1.0, β4 = −2.75, pE = 0.64 and

pF = 0.74.

In general, the power of this model initially increases as period increase from τ = 4 to

τmp = 8, see Fig.5.5. For longer periods than τmp, power essentially decreases. By the
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time when period is 40 units, power has decreased to 31% of its pmp. At the end when

period is 64 units, power has dropped to less than 20% of its peak value. For curiosity,

we have checked that when period is 120 units, power is only 10% of its maximum

power.

Fig.3.9 depicts efficiency versus period for model II. The efficiency of model II increases

similar to the other two models. It naturally approaches the quasistatic efficiency as

the period of operation is very long. The calculated quasistatic efficiency, from Eq.3.43

is 0.577. The the efficiency of this model also increase with period as the work done

by the system increase in the first 9 period units. But, efficiency of this model changes

in a narrow range from 0.47 to 0.5. Even though, it is small range, it takes almost the

same period interval to reach the quasistatic efficiency.

Figure 3.9: Plot of efficiency versus period for model II. β3 = −1.0, β4 = −2.75, pE = 0.64 and

pF = 0.74..

In the next Chapter, we deal with optimized quantities: optimized period, optimized

power and optimized efficiency of the model engines and their corresponding figure of

merits.
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Chapter 4

Optimized power, period and

efficiency

In this Chapter we present the optimized power, period and efficiency of the mod-

els It is clear that optimization for energy transduction devices plays an important

role in energy utilization as it improves efficiency. We optimize important quantities

which are used to characterize how well the model engines perform in the optimum

working conditions. Since maximum power working condition which accomplish a task

in a very short time is costly energy-wise and quasistatic working condition is costly

time-wise, engines’ performance under optimized condition is another option to consier.

Optimizing thermodynamic quantity is finding the quantity of interest that leads to a

process out of which as much work as possible is harvested while, at the same time,

performing with efficiency better than that of efficiency at maximum power [23]. And

also power-wise, it should give a non-zero finite power output contrary to the power

of a quasistatic process. The aim of optimization is, therefore, to look for the rate at

which the engine operates better both power-wise and efficiency-wise [23].

A number of optimization methods have been proposed by researchers, but as most of

them lack generality, they are only applicable to specific heat devices [30, 31]. However,

A.C. Hernánadez et .al [23] have come up with a unified criterion for optimization of

any energy converters. According to these authors, a thermodynamic criterion devoted

to analyze the optimum regime of operation in a real process should meet three re-
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quirements: its dependence on the parameter of the process should be a guide in order

to improve the performance of the process; it should not depend on the parameter of

the environment and finally, it should take into account the unavoidable dissipation

of energy provoked by the process. It is used to identify the point of operation of an

engine where the trade-off between energy cost and fast transport is compromised. The

criterion, tested against a number of model engines, is found to qualify in a number

of simple heat engines, for example, [21, 22, 24]. For irreversible heat engines, the

criterion gives a performance of an optimized efficiency that is not as poor as the poor

efficiency of a fast process(ηmp ), nor as ideal as the maximum efficiency of a quasistatic

process (ηq); it is found to lie somewhere between these extreme values - a regime con-

sidered optimum. Power-wise, the criterion gives a value which is not as poor as the

power of a very slow (fast) nor as large as that of a maximum power, rather, it lies

somewhere between the two values. For these reasons, we use this method to optimize

thermodynamic quantities of our model heat engines.

The criteria used by A.C. Hernánadez et .al [23] are as follows. Suppose that for a given

input energy Ein(x; {γ}) the heat engine produces a useful energy Eu(x; {γ}) per cy-

cle, which is the difference between the maximum Emax({γ}) and minimum Emin({γ})

amount of energy that can be possibly extracted. Emin({γ}) refers to the minimum

possible amount of work that can be extracted from the engine under the worst con-

dition while Emax({γ}) refers to the maximum amount of work that can be extracted

from the engine under a very slow speed and most efficient energy transduction. Thus

the useful energy is in the range

Emin({γ}) ≤ Eu(x; {γ}) ≤ Emax({γ}), (4.1)

where x is the independent parameter and {γ} denotes a set of parameters similar to

the external magnetic field which can be controlled. Here, we define two important

quantities. The first is effective useful energy Eu,eff (x; {γ}), the difference between

the useful energy and the minimum amount of energy that can be extracted from the

engine, defined as

Eu,eff (x; {γ}) = Eu(x; {γ})− Emin({γ}), (4.2)

and the second is the lost useful energy EL,u(x; {γ}), the difference between Emax({γ})
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and useful energy

EL,u(x; {γ}) = Emax({γ})− Eu(x; {γ}). (4.3)

To evaluate the best compromise between useful energy and lost useful energy, an

objective function (called Ω - function) is introduced [23] as the difference of these two

quantities:

Ω(x; {γ}) = Eu,eff (x; {γ})− EL,u(x; {γ}). (4.4)

Note that in optimizing, the output energy should be as close as possible to the maxi-

mum output energy; the lost useful energy as small as possible in such a way that the

useful output energy is as close as possible to the maximum output energy and as a

result, the effective useful energy is large enough that the engine yields more work, see

Fig. 4.1.

On the other hand, the efficiency of the engine is defined as the ratio between the useful

energy Eu,eff (x; {γ}) and the input energy, Ein(x; {γ}):

η(x; {γ}) =
Eu,eff (x; {γ})

Ein(x; {γ})
. (4.5)

η(x; {γ}) satisfies the condition

ηmin({γ}) ≤ η(x; {γ}) ≤ ηmax(x; {γ}) (4.6)

where ηmin({γ}) and ηmax({γ}) are the minimum and the maximum values of η(x; {γ}),

respectively.

Fig. 4.1 illustrates the effective useful energy and the lost useful energy. The minimum

output energy corresponds to the worst performance of the heat engine where it deliv-

ers the least work out of the input energy. The maximum output energy corresponds

to the best performance of the heat engine where it delivers most of the input energy

to work.

When the output energy is made close the maximum output energy, the effective use-

ful energy increases thereby decreasing the amount of lost useful energy. On the other

hand, when the output energy decreases and becomes closer to the minimum out put
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Figure 4.1: Schematic representation of the output energy by the heat engine under the worst,

optimized and best conditions and ranges of Effective useful Energy and Lost useful Energy.

energy, the effective useful energy decreases. The former increases the efficiency of the

heat engine whereas the latter decreases it. Somewhere in between the two would lead

to optimized performance.

So far, we have been discussing quantities in general terms. At this point, let us use

the independent parameter of our model, time t and leave the set of parameter {γ} as

it is. So the objective function, Eq.4.4, becomes

Ω(t, {γ}) = (2η(t, {γ})− (ηmax + ηmin))Q
f
in(t, {γ}). (4.7)

We can further drop the set of control parameters in the sense that they will not

explicitly be written in the expressions of the objective function. Our interest in this

study is in the case where the minimum efficiency is zero and the maximum efficiency

is ηC . The objective function per unit time is

Ω̇I = (2η − ηq)Q̇
f
in, (4.8)

where ΩI is the objective function of model I, ηmax = ηC , ηmin = 0, η = Q̇net/Q̇in and

Ω̇ denotes the objective function per unit time of model I.
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4.1 Optimized period (τopt), optimized power(Popt)

and optimized efficiency (ηopt) of model I

To find the optimized quantities of model I, we should subject the objective function

per unit time (Ω̇I(t)) to the condition:

dΩ̇I(t)

dt
|t=τopt = 0, (4.9)

and quest for τopt. The optimized power and efficiency can be computed from P (τopt)

and η(τopt). τopt is the period at which the engine performs at optimum speed. The

optimized period, τopt is

τopt = 2(1 +
1

2
ηCz)τmp (4.10)

Thus, the corresponding optimized power, Popt, becomes

Popt =
3

4

(1 + 2
3
ηCz)

(1 + 1
2
ηCz)2

Pmp. (4.11)

Using the value of τopt in Eq.(3.10), the optimized efficiency becomes

ηopt =
3

4

(1 + 2
3
ηCz)

(1 + 3
4
ηCz)

ηC . (4.12)

the expressions for K,L and Pmp are previously given in Sec.3.6.2.

4.1.1 Popt and ηopt of model III

To find the optimized quantities of model III, we should subject its objective function

per unit, Ω̇III(t), to the condition:

dΩ̇III(t)

dt
|t=τopt = 0, (4.13)

where Ω̇III(t) = 2Q̇net − ηcQ̇in and search for τopt. The optimized power and efficiency

can be computed from P (τopt) and η(τopt). τopt is the period at which the engine

performs under optimum condition. Using eqs.(3.14) and (3.17), the optimized period,

τopt is
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τopt = 2(1 +
1

2
ηqx)τmp, (4.14)

Thus the corresponding optimized power, Popt = PIII(τopt), becomes

Popt =
3

4

(1 + 2
3
ηCx)

(1 + 1
2
ηCx)2

Pmp. (4.15)

And the optimized efficiency, ηopt = η(τopt), of the model is

ηopt =
3

4

(1 + 2
3
ηCx)

(1 + 1
4
ηCx)

ηC . (4.16)

The expression of x in Eqs. 4.15- 4.16 is K
′

/L′, see Sec.3.4.6. Whereas the expression

for Pmp is given in Eq. 3.50.

4.1.2 Popt and ηopt of model II

To find the optimized quantities of model II, similar to models I and III, we should

subject its objective function per unit, Ω̇II(t), to the condition:

dΩ̇II(t)

dt
|t=τopt = 0, (4.17)

where Ω̇II(t) = 2Q̇net − ηcQ̇in and search for τopt for the model. The optimized power

and efficiency can be computed from P (τopt) and η(τopt). τopt is the period at which the

engine performs under optimum condition. Using eqs.(3.14) and (3.17), the optimized

period, τopt is

τopt = 2(1−
1

2
ηqχ)τmp, (4.18)

Thus the corresponding optimized power, Popt = PII(τopt), becomes

Popt =
3

4

(1− 2
3
ηCχ)

(1− 1
2
ηCχ)2

Pmp. (4.19)

And the optimized efficiency, ηopt = η(τopt), of the model is

ηopt =
3

4

(1− 2
3
ηCχ)

(1− 3
4
ηCχ)

ηC . (4.20)

The expression of χ in Eqs. 4.18- 4.20 is v/V , see sec.3.5.6. Whereas the expression

for Pmp is given in Sec. 3.6.2.
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4.2 The figure of merit ψ

The other most important quantity to analyze such a heat engine is the figure of merit.

The figure of merit ψ is a quantity used to characterize the overall performance of a

device. Previously, it has been defined for a thermoelectric single-level quantum dot

as a the ratio of the product of scaled quantities of power and efficiency to period,[21].

However, we realize that the contribution of period has been two fold: one from period

itself and the other from power. So, to avoid double count in period, we drop the

contribution of period in the calculation of the figure of merit and redefine it as as the

product of scaled power ω and scaled efficiency ǫ. Scaled quantity, in our context, is

the ratio of the optimized quantity to the quantity at maximum power. Hence, the

scaled power ω, the scaled efficiency ǫ and the the figure of merit ψ are, respectively,

defined as follows. The scaled power for model I, ωI , is

ωI =
Popt(I)

Pmp(I)
. (4.21)

The scaled power for model III, ωIII , is defined as

ωIII =
Popt(III)

Pmp(III)
. (4.22)

The scaled power for model II, ωII , is defined as

ωII =
Popt(II)

Pmp(II)
. (4.23)

The scaled efficiencies for models I, III and II, respectively, are

ǫI =
ηopt(I)

ηmp(I)
, ǫIII =

ηopt(III)

η∗mp(III)
, and ǫII =

ηopt(II)

η∗mp(II)
(4.24)

where η∗mp(III) and η∗mp(II) are, respectively, the particular efficiency values at the

maximum power of models III and II.

ωI =
3

4

(1 + 2
3
ηCz)

(1 + 1
2
ηCz)2

, ωIII =
3

4

(1 + 2
3
ηCx)

(1 + 1
2
ηCx)2

(4.25)

ǫI =
3

2

(1 + 2
3
ηCz)(1 +

1
2
ηCz)

(1 + 3
4
ηCz)η∗mp(I)

, ǫIII =
3

4

(1 + 2
3
ηCx)

(1 + 1
4
ηCx)η∗mp(III)

(4.26)
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The expression for scaled power, ωII , and scaled efficiency, ǫII , for model II, are

ωII =
3

4

(1− 2
3
ηCχ)

(1− 1
2
ηCχ)2

, ǫII =
3

4

(1− 2
3
ηCχ)

(1− 3
4
ηCχ)ηmp(II)

(4.27)

The figure of merit ψI for model I, which is the product of ωI and ǫI becomes

ψI =
9

16

(1 + 2
3
ηCz)

2

(1 + 1
2
ηCz)(1 +

3
4
ηCz)η∗mp(I)

. (4.28)

The figure of merits ψIII and ψII for models III and II, the product of their respective

which is the ω and ǫ become

ψIII =
9

16

(1 + 2
3
ηCx)

2

(1 + 1
2
ηCx)2

((1 +
1

4
ηCx)η

∗

mp(III))
−1. (4.29)

ψII =
9

8

(1− 2
3
ηCχ)

2

(1− 1
2
ηCχ)2

((1−
3

4
ηCχ)((1− 0.5χηC))(II))

−1. (4.30)

In this Chapter, we have proposed three theoretical model engines two of which op-

erate between two reservoirs at positive inverse temperatures and a third one that

operate between two negative absolute temperatures at finite-time schemes. The finite-

time thermodynamic processes are described and the expressions of the accompanying

quantities are derived . The engine’s performance is explored under optimized working

conditions. The optimum point of operation for the engines is determined. From the

estimation of the figure of merit suggested for the models, better performances are

found under the engine’s optimized operation than that of the maximum power work-

ing conditions.

4.3 Results and Discussion

In this subsection, the comparisons between the optimized power and efficiency with

their values at maximum power for the models are plotted against the quasistatic effi-

ciency.
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4.3.1 Scaled power, scaled efficiency and figure of merit for

model I

Here, we compare the optimized power with the maximum power and optimized ef-

ficiency with efficiency at the maximum power of model I. The left parts of Eqs.4.27

and 4.25, respectively, have been derived for scaled optimized efficiency and scaled

optimized power for the model. So, using these equations, we plot and discuss scaled

optimized power, scaled efficiency and the figure of merit against the quasistatic effi-

ciency.

Figure 4.2: Plot of scaled power ωI versus ηq for model I. β1 = 0.80, β2 = 1.5, pA = 0.02 and

pB = 0.34.

Fig.4.2 shows a plot of scaled power, ωI , versus quasistatic efficiency, ηC for model I.

As the quasistatic efficiency(ηC) increases, scaled power decreases. As the plot clearly

shows, the engine utilizes a maximum of 75% of the maximum available power at a very

small values of ηC . When the quasistatic efficiency increases from zero to three-fourth

of the maximum possible value, the scaled power has lost about 70% of its maximum

power. Eventually, at the maximum value of ηC , the engine is performing with a value

quite less than 20% of the peak scaled power.

Fig.4.3 is a plot of the scaled efficiency, ǫI , versus the quasistatic efficiency, ηC for model
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Figure 4.3: Scaled optimized efficiency, ǫI versus ηC . β1 = 0.80, β2 = 1.5, pA = 0.02 and pB = 0.34.

I. As the quasistatic efficiency increases from zero to the maximum possible ηq value,

ǫI increases monotonically from about 1.5 to a maximum of 9. The increment of ǫI , the

ratio of two efficiencies, is due to two reasons. The first one is the net work done by the

system increase with time. The second is efficiency at maximum power, the denomi-

nator of the expression for ǫI , deceases with time. The combination of these makes ǫI

gains a factor of about 6 folds in the quasistatic limit. So, efficiency-wise the optimum

working condition has a better advantage than the maximum power working condition.

Fig. 4.4 is a plot of the figure of merit, ψ1, versus quasistatic efficiency, ηC for model

I. Figure of merit is a product of scaled power and scaled efficiency. It is, therefore, a

compromise between the decreasing scaled power and the increasing scaled efficiency

of the model. Except in the region 0.05 < ηC < 0.25, where ψ1 is relatively rising,

it is observed that the figure of merit is steadily increasing with increase in ηC . In

particular, when ηC close to zero, ψI is very slowly increasing with ηC . Whereas as

ηC approaches its maximum value of 0.46, ψI , the increasing scaled efficiency and the

decreasing scaled power tends to balance each other.
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Figure 4.4: Plot of figure of merit versus ηC . β1 = 0.80, β2 = 1.5, pA = 0.02 and pB = 0.34.

4.3.2 Scaled power, scaled efficiency and figure of merit for

model III

In this subsection, the comparisons between the optimized power and efficiency with

their values at maximum power for model III are plotted against the quasistatic effi-

ciency. We employ the right part of Eqs.(4.19), (4.20) and (4.21) for the plots.

Fig.4.5 shows a plot of scaled power (ωIII) versus quasistatic efficiency, ηC for model III.

In this model also as the quasistatic efficiency(ηC) increases, scaled power decreases in

a similar trend to that of ωI . As we observe in Fig.5.10, the engine utilizes a maximum

of about 75% of the maximum available power at a very small values of ηC . When the

quasistatic efficiency(ηC) increases from zero to three-fourth of the maximum possible

quasistatic value, the scaled power has already lost about 90% of its maximum power.

Eventually, at the maximum value of ηC , the engine is performing with only 5% of the

peak power. The comparison between ωI and ωIII shows ωI > ωIII in the ranges of

values where they can be compared, see inset of Fig.5.10. The inset shows that in the

entire range of possible ηC , model I is more powerful than model III.

Fig.4.6 is a plot of the scaled efficiency ǫIII versus the quasistatic efficiency, ηC , for
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Figure 4.5: Plot of scaled power ωIII versus ηq. β5 = 0.5, β6 = 1.5, pd = 0.54 and pc = 0.8. Inset

is the comparison between ωI and ωIII . Note that the condition under which model I performs is

different from model III.

Figure 4.6: Plot of scaled efficiency ǫIII versus ηq. β5 = 0.50, β6 = 1.5, pd = 0.54 and pc = 0.80.
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model III. In the very smallηC values (from 0 to 0.2), ǫIII increases almost exponen-

tially from about 6. The fact that efficiency increase with an increase in the net heat

absorbed has contributed to the gain in efficiency. We observe a steady increase in

scaled efficiency as the quasistatic efficiency increases beyond 0.2 and finally leveled

off. So, efficiency-wise the optimum working condition has a better advantage over the

maximum power working condition.

Figure 4.7: Plot of figure of merit versus ηq for model III. β5 = 0.50, β6 = 1.5, pd = 0.54 and

pc = 0.80.

Fig.4.7 depicts the figure of merit ψIII versus ηC for model III. The figure of merit ψIII

for this model, the product of scaled power ωIII and scaled efficiency ǫIII , tells us how

well the system is performing as compared to its value at the maximum power. ψIII

is about 1.89 as ηC → 0. The figure of merit for the model drops sharply as the ηC

increases. One can easily observe from the plot how the scaled power dominates the

scaled efficiency for the model. The plot also shows mixed advantages: In the case

where 0 < ηC < 0.1, ψIII > 1 and hence optimum working condition is referred to the

maximum power working condition. However, when ηC > 0.1, ψIII < 1 and, therefore,

maximum working condition is preferable to the optimum condition.
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Figure 4.8: Plots of ωII , ǫII and ψII versus ηC for model II. β3 = −1.0, β4 = −2.75, pE = 0.64

and pF = 0.74.

Fig. 4.8 shows the scaled power(upright triangle), scaled efficiency(plus sign) and

figure of merit(cross) versus ηC for model II. The scaled power, ω increases linearly

from 0.75 to about 0.94. Since the optimized power of the model engine is scaled with

its maximum power, it is expected that ω of the model should remain less than unity in

the entire range of ηC . The scaled efficiency of the model ǫ, however, decreases linearly

from 1.47 to about 1.1 as ηC increases. The figure of merit, ψII , also decreases from

its peak value of 1.1209 to about 1.04, but no appreciable change is observed in ψII as

compared to the scaled power and scaled efficiency. ψII > 1 and that the optimized

mode of operation is better than its maximum mode of operation for the model.
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Chapter 5

Summary and Conclusion

In this Chapter we summarize and give brief conclusion to the findings of our work.

In the present work, we model engines which perform tasks due to interaction between

thermal reservoirs and time dependent external magnetic field. A system of spin-half

particles is taken as a working substance between two reservoirs where the reservoirs

are either at two distinct positive or negative absolute temperatures. The systems are

studied in the quasistatic and finite-time schemes and relevant thermodynamic quan-

tities are derived.

Room temperature of 300 K and kBT are, respectively, chosen to scale temperature

and energy; all values and numerical figures presented in this work are given in terms

of these units. In the Finite-time processes simple Fortran Programmings are used to

generated data to plot quantities; however, the data are rounded off to two decimal

point for simplicity.

A complete cycle in the quasistatic processes consists slowly changing isothermal pro-

cesses where the system and the reservoirs are in thermal equilibrium and fast changing

adiabatic processes which link the isothermal processes. In the slowly changing isother-

mal processes there are work done by(on) the system and heat exchange between the

system and the reservoirs. In the adiabatic processes, there are only work done by(on)

the system. From the net heat absorbed by the system, efficiency, perhaps the most

important quantity in the discussion of the quasistatic process is derived analytically

for the three models to help compare with the corresponding finite-time processes.
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A complete cycle in the finite-time process is a combination of alternate adiabatic

change, relaxation of the system at constant external field and a (thermalization) pro-

cess that takes place at constant external magnetic filed so as to allow thermal inter-

actions. The finite-time process is systematically adapted from the quasistatic process

in such a fashion that the system is adiabatically detached from a reservoir then relax

to a new equilibrium and attached to a reservoir until the system equilibrate with the

reservoir and detach and so on. So, it follows a series of three distinct basic blocks in

a complete cycle. As compared to the quasistatic process, this is faster and represents

real process. From the changes in the occupation probability in the excited state and

the energy level spacings, net heat absorbed, power and efficiency for each models are

determined.

For the finite-time models, the plots of power versus period of the three models are

found to be monotonically increasing when time of operation is small but not too small.

Power attains a maximum value, Pmp at some finite-time τmp and then decline for fur-

ther increase in period. when period is longer and longer, power keeps decreasing and

eventually approaches the small quasistatic limit.

Period at maximum power is shorter than the optimized period in the three models;

hence period-wise, the engines accomplish a task in a shorter period of time under

its maximum power working conditions. But, efficiencies at the maximum power are

poorer than the respective optimized efficiencies. So, efficiency-wise, maximum power

working conditions do not have advantage. Due to this fact, operation under the

optimized condition is explored for the models.

We employed an optimization criterion suggested by A.C. Hernánadez it .al [23] to

optimize and compared the optimized values to the corresponding quantities at the

maximum power. According to the comparisons made for model I and III, the optimized

power is about three-fourth of the maximum power when the quasistatic efficiency of

the models is very small(ηC → 0) and decline for higher quasistatic efficiency values.

So, the engines are powerful when ηq is small. For model II, however, the optimized

power increases as the quasistatic efficiency of the models increases from zero to its

maximum value, ηC = 0.63.
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Each optimized periods is found to be at least twice the period of the maximum power

for each model, see Eqs. (4.10) and (4.14). The optimized efficiency of models I

is at least one and half times the efficiencies at the maximum power and increases

monotonically for further increase in quasistatic efficiency. A gain of about six fold

is observed in the scaled efficiency for model I. Scaled with respect to the efficiency

at the maximum power, the optimized efficiency of model III is at most 1.89 time the

efficiency of the model at maximum power and decreases as the quasistatic efficiency of

the models increase. It takes longer period for each system when they perform under

optimized conditions than under the maximum power. It can be possible to conclude

that from efficiency point of view, each models utilize more energy under the optimized

conditions than the maximum power condition but at the expense of longer periods.

The scaled efficiency of model II, ǫ, decreases from 1.47 to about 1.1 as ηC increases.

To compare the advantages of the engines, we introduce the figure of merit,ψ to each

model and quantify the overall performance of the models under study. The scaled

power, ω and scaled efficiency, ǫ with respect to their values at maximum power are

used in the estimation of the performance of the engines. Hence, the figure of merit of

the heat engine is defined as the product of the scaled quantities. In model I, the figure

of merit increases as the ηC increases; but for models II and III, the figure of merit

decreases. Note that ψ > 1 would mean that the performance of the system is bet-

ter under the optimized condition than under the maximum power mode of operation.

So, in the entire range of quasistatic efficiency, the model engines proposed have good ψ.

The scaled power, ω increases linearly from 0.75 to about 0.94. Since the optimized

power of the model engine is scaled with its maximum power, it is expected that ω of the

model should remain less than unity in the entire range of ηC . The scaled efficiency

of the model ǫ, however, decreases linearly from 1.47 to about 1.1 as ηC increases.

The figure of merit, ψII , also decreases from its peak value of 1.1209 to about 1.04,

but no appreciable change is observed in ψII as compared to the scaled power and

scaled efficiency. ψII > 1 and that the optimized mode of operation is better than its

maximum mode of operation for the model.
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