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Finite Difference Method

1. Introduction

Numerical Analysis is a branch of applied mathematics that devises methods, study their

efficiency for solving problems by purely numerical computations.

Many problems in science and engineering for example, the motion of a swinging

2
pendulum under certain simplifying assumptions i?%‘%sinﬂ =0 where L is the length
f

and @ is the angle the pendulum makes with the vertical can be reduced to the problem of
solving differential equation satisfying certain given conditions. The analytical methods of
solution can be applied to solve only a selected type (class) of differential equations. Those
equations which govern physical systems which are in general non-linear in nature do not
posses exact solutions and hence we must look for numerical methods to solve such

differential equations.

There are various numerical methods for solving differential equations.
These are  Taylor’s series
Euler’s method
Picard’s method of successive approximation
Runge-kutta methods
Finite difference method, etc.

1.1 Errors

In practical applications, one would finally require results in numerical form. For example,
a set of tabulated data is given and inferences have to be drawn from it, or a system of
linear algebraic equations is given and one is required to solve them. The aim of numerical
analysis is to provide efficient methods for obtaining numerical answers to such problems.

When solving problems one usually starts with some initial data and then computes to get
results. During such process errors will be introduced due to the finite word length of the
computing machine, the numerical data used may be approximations to two or three or

#
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Finite Difference Method

more significant figures or sometimes the methods used may also be approximate. Hence,
the errors in the computed result may be due to the errors in the data or the errors in the
method or both.
Definition: Error is defined as the quantity true value — Approximate value. That is if x is
the true value and ¥ is its approximate value of a quantity, then its error equal to |x- X |
1.2 Sources of error
In numerical analysis, most computations are inexact, either due to the given data being
approximate or due to the limitations of the computing aids such as mathematical tables,
desk calculators, the digital computers or due to the method used and so on.
1.3 Types of errors and minimization mechanisms
In Numerical analysis, we can group errors into two
i) Inherent errors: Most numerical computations are in exact either due to the given
date being approximate or due to the limitations of the computing aids such as
mathematical tables, desk calculators or the digital computers. Due to such
limitations, numbers have to be rounded-off, causing what are called rounding
eITors.
In computations inherent errors can be minimized by obtaining better data, by correcting
obvious errors in the data and by using computing aids of higher precision and in hand
computation, the round — off error can be reduced by carrying the computation to more
significant figures at each step of the computation.
ii) Truncation Error — These errors are caused by using approximate formulae in
computations such as the one that arises when a function f(x) is evaluated from an
infinite series for x after ‘truncating’ it at a certain stage. The error committed in a
series approximation can be evaluated by using the remainder after n +1 terms. Taylor’s

series for f(x) at x =a is given by

f(x) = f(a) + (x-a)f (a ) + ——— ja=d) f"( Yt o ___(x—'a)" " (a)+ R, (x) Where
n!
n+l
Rn(.“) = _(r_a_)_ f(n"ll( (ﬂ:) a< é <X
(n+1)!

For a series which is convergent, the remainder tends to zero as n — . If we approximate

f(x) by the 1 n — terms of a series, then the maximum error committed in this

ﬁ
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Finite Difference Method

approximation is given by the remainder term. Conversely, if the accuracy required is
specified in advance it would be possible to find n (number of terms) such that the finite

series yields the required accuracy.
1.4 Absolute, relative and percentage errors

1. Absolute error is the numerical difference between the true value of the quantity and its

approximate value. That is if x is the true value of a quantity and ¥ is its approximate
value, then the absolute error E is given by £, = |x —}l = AKX
2. The relative error Eg is defined by

BB s x—x‘z U:rmrl =E -
x x I ltrue value|  x

(FS )

The percentage Error E,, is defined as E, = 100 Eg

Example: if x=0.3100 x10 and x” =0.3000x10 then, £, =|x—;| = Ax = 0.01, the relative

error is 0.333. .. x10™ and its percentage error is 0.333... x 10=3.333...%

2.  Numerical solutions of Ordinary Differential Equations
There are various types of Numerical methods for solving ordinary differential equations.
Consider the general 1 order Initial value problem

% = f(x,y) , with the initial condition y(x) = yo (2.1)
X

The methods can in general be applied to the solution of systems of 1* order equations and
will yield the solution in one of the two forms
a) A series for y in terms of powers of x, from which the value of y can be obtained by
direct substitution.
Example the method of Taylor and Picards
b) A set of tabulated values of x and y
Example Euler, Runge- kutta, Adams Bashforth etc. these methods are called step
by step (marching) methods as the values of y are computed by short steps ahead for
equal intervals h of the independent variable

ﬁ
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Finite Difference Method

It is known that a differential equation of the n™ order will have n arbitrary constants in its
general solution. In order to compute the numerical solution of such an equation, we need
n-conditions.

Definition: Problems in which all the conditions are specified at the initial point only are

called initial value problems (IVP).
. d '
Example d_{z L), (%) = Yo

On the other hand, in problems involving second and higher order differential equations we
may prescribe the conditions at two or more points. Such problems are called boundary
value problems (BVP).

Example y"(x) + p(x) y' (x) + q(x) y(x) =r(x), a =X < b with the boundary conditions
y(a)=a and y(b)=p

There exist many methods for solving second order boundary value problems of the type
y"(x) + p(x) Y'(x) + q(x) y(x) = r(x) with the given boundary conditions of which finite —
difference method is the most popular one.

We need to introduce some terms before discussing the finite difference method.

I) Finite difference operators

Let the mesh points X, X, X2,. . ., X be equally spaced, that is
x; = Xo +ih,1=0,1.2... ., n. we now define the following operators:
Notation: f=f (x;), fis;=f(x;+ h), fi,;=f(x;- h) and so on

a) The shift operator: E f(x;) = f(x; + h) or Ef; = fis

b) The forward difference operator:

A (x)= f(x,+h) - f(x) Or

& =fw=Ji
¢) The backward difference operator:
Vf(x)=f(x)- f(x,=h)
Vi =f—Ta

#
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Finite Difference Method

d) The central difference operator:

J f(x)= f(-f. +g) = f(-r, -g)

I
2 2

e) The average operator:

M f(x)= % {/I(-", + g) + ,f'(x, - g]]

uf =%[f;4;_1 "‘.f;-uz]

IT) Higher order differences

Repeated applications of the difference operators lead to the following higher order
differences.

E"f, = finie E" (f(x,)= f(x,+nh)

A f(x,)= A" fx, +h) = A" f(x,)
A'f =A""f., —A""f ,Compactly this can be written as
" ' n
5 é("l)k F(;_—k), Jionc =§(-1)'(:J Srsni
V" f(x,)=V""f =V"" f_ Compactly this can be written as

" =V" = < _1V n!
V' f(x)=V"}, kzn( Y o

n n' n ”
— Vi! — _I k _'7 / = _I)ﬁ‘ i
f, Z( i Z( m_m
II1)  Interpolating polynomials
It is a way of approximating a given function by a class of simpler functions called

polynomials.
Definition: a polynomials p(x) is called interpolating polynomial if the values of P(x)

and/ or its certain order derivatives coincide with those of f(x) and/ or its same order

derivatives at one or more tabular points.

e ————
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Finite Difference Method

In general, if there are n+ 1 distinct points

a=X<X;1<X2<x3<... <X, =b

then the problem of interpolating is to obtain p(x) satisfying the conditions

i) p(xi)=fix;) fori=0,1,2,3,...,n or

i) p(xi)= f(x;)
p' (xi)=f(x;) for i=0,1,2,3,...,n

The condition in (i) give rise to Lagrange/Newton interpolating polynomial and the

derivative conditions in (ii) may be replaced by more general derivatives conditions

involving higher order derivatives and give rise to Hermite interpolating polynomials.

X

X0

X

X3

X4

Table 1

s AT A% At &%
.

fy

f> A

Af> A’
f3 A%

Afy

Forward difference table

Note that: In the forward difference table the differences A*fy lies on a straight line sloping

downward to the right.

e —————
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Finite Difference Method

_———

X f(x) ) V3£ vt vt
X0 ﬁi

Vi
X1 f| ¥ f:

X3

X4
Table 2. Backward difference table

Note that: In the backward difference table the difference V* /, liesona

Straight line sloping upward to the right.

Example: For the following data, calculate the differences and obtain the forward and
backward difference polynomials and interpolate at x = 0.25
X 0.1 0.2 0.3 0.4 0.5
f(x) 1.40 1.56 1.76 2.00 2.28

Solution: The difference table is as follows

0.1 1.40
0.16
0.2 1.56 0.04
0.20 0.0
0.3 1.76 0.04 0.0
0.24 0.0
0.4 2.00 0.04
0.28
0.5 2.28

ﬁ
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Finite Difference Method

—_— e — e —_—
a) The forward difference interpolating polynomial is given by

(x—.ru)%+(x—xo)(x—x,)a!j;, +(x—x‘,)(x—xl)(x—x1)A"ﬂ,
! h 2! h’ 3! h

. (x=xg Yx =, Nx =2, ). (x=x,.) A" £y

n! h"

P(x)=f,+

Now, f,=1.40,h=0.1, Af, =0.16, A’ f, =0.04, A’f, =0 ,A'f, =0
06.116 , (=01 )Z(x 0.2) ((()).’f:-; .
=1.40 + 1.6 (x-0.1) + 2(x-0.1) (x-0.2)
=1.40 + 1.6x — 0.16 + 2(x* — 0.3x + 0.02)
=1.40-0.16 +0— 04 + 1.6x + 2x* — 0.6x
=128 +x+2x
f(x) = p(x)=2x"+x+1.28
-, 1(0.25) = P(0.25) = 2(0.25)* + 0.25 + 1.28
=1.655
Hence (0.25) = 1.655

o P(x) = 1.40 + (x-0.1)

b) The backward difference interpolating polynomial is given by

PRNCE SN/ANCI Nk MVLP AN

T 2! g e S

plx)=

(x_xn)(x—xu-l)__ == xl) V”.f;:
n! h"

(x-0.5) 0.28 L (x=05)(x—-04) 0.04 o

P(x)=2.28 + ,
1 0.1 2! (0.1)°

=228 +2.8 (x-0.5) +2(x* - 0.9 x + 0.20)
=228 +28x—1.4+2x* - 1.8x + 0.40
=228 1.40 + 0.40 + 2.8x — 1.8x + 2x
=2x*+x+1.28

Since both the polynomials are identical, we obtain

f(0.25) ~ p(0.25) = 1.655

#
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Finite Difference Method

2.1 Derivatives and Finite differences

a) Consider the forward difference A f(x) = f(x + h) — f{x)
Using Taylor’s Expansion we have,

Af(x)=f(x+h)-f(x)

=| f(x)+hf"(x) + %f"(x) = —J = (%)

2 3

= hf'(%) +% _/"'(.r)+f;—!./""<x)+~——

Now neglecting terms of order two and above we have,
Af (x)=h f'(x) + o(h’) where, o(h?) means terms of order two and above are

truncated. Hence,

Af (x)
h

f'(x)= + o(h)

= f'(x) = Af;x)

Note: In forward difference the error is of o(h) which means the error is less than or
equal to some constant times h.

b) Consider the backward difference V/(x)= f(x)— f(x—h)

Using Taylor’s Expansion we have,

Vi(x)=[(x)- f(x=h)

2 3

= f(x)—[f(X)—hf'(X) + % .f"'(x)-%f”'(xh———

1

. ; o n
= ()~ F () + ') -%f"(x) ()=

2

= ) = [0 ) -

= hf'(x) + o(h?)
V()
h

f'(x) + o(h)

Vf(x)
h

Note: The error in the backward difference is also of order h.

= f'(x) =

S —————
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Finite Difference Method

For second order derivative,

) In forward difference we have,

3 - 2 . 2 &k 2 -
A f(x)=) (- m/ = Y, 1) ( )t
k=0 0 k

= .fu.'{ - 2./.“1 s j;
=f(x+2h)-2f(x+h)+ f(x)
y 2 rn
={j(x) e 2hf'(X) H 4;1' _f"(X)-f' — E= —} - 2[f(x)+ hf'"(x)_'_ h sz(x)
& h-j;l(x)"'———}-l"f(x)

:h2 £ (x)+h3 rll(x)+-_-

= f'(x)= A{f’” +o(h)

Hence, h
AT(x)
h!

Note: the error is of o(h)

S'(x) =

II) In Backward difference we have,
2 2 _
Vo) = Z(-l)‘{k) fa=f(xX)=2f(x=h)+ f(x-2h)
k=0
e ] hz " h‘ il
= f(x)=2| f(x)=hf"(x)+ o 7 (-V)-;.f (B F===

A, o SR
T f (A)_i'f (&) +——=

+ [(x)—2hf"(x) +

=h*f"(x) +o (h?)

Vi
£(x) = ﬁf” +o (h)

Vi f(x)
hE

The error is of o(h)

= f"(x) =

Similarly we can derive for higher order derivatives

——————————————
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Finite Difference Method

3. Finite difference method

Finite difference method is one of the most popular numerical methods to find a solution to
boundary value problems. The method mainly consists in replacing the derivatives
occurring in the differential equation and in the boundary conditions as well by means of
their finite-difference approximations and solving the resulting system of equations by a

standard procedure.

The particular difference quotient and step size h generally chosen so that a certain order of
truncation error is maintained. However, h cannot be chosen too small because of the
instability of the derivative approximation.
In the linear second order boundary value problem,

y"(x) + p(x) y'(x) + q(x) y(x) = r(x) where, a< x <b, y(a) = a, y(b) =
Both, y' and y" should be replaced by their finite difference approximation.
To accomplish this task, we select an integer N > 0 and divide the interval [a, b] into N+1
equal subintervals, whose end points are the mesh points, x;=a+ihfori=0,1,2,3,---,

N+1 where h= b-a

+1
e At the interior mesh points x;, the differential equation to be approximated is
Y'"(xi) + P(xi) y'(xi) + q(xiy(xi) = r(xi)
vy +piyitqyi =1 wherey=y(xi), pi=p(x;) and so on
3.1 Finite-difference approximation to derivatives

To obtain the appropriate finite-difference approximation to derivatives, we proceed as

follows:
1) Expanding y in Taylor polynomial about x; and evaluated at xi:;, we have
2.n I.om
yxth) = y(x) + by + AL CD L I 4 G.1)
h? " h.‘ jm
= hy'(x,) = y(x, +h) - y(x) - lm(x,) \ ;" (x)-—-

#
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Finite Difference Method

Neglecting terms of order greater than one we have

hy'(x,) = y(x, + h)— y(x,)

X  +h)—
B T LR e o I O (3.1.2)
h h
This is called forward difference quotient approximation for y'(x;).
i) Expanding y in Taylor polynomial about x; and evaluated at x;.; we have,
) I " h‘ "t
Y, =)= y(x) =By () + S HY"(x) === " () + === === (3.13)

2 3

= hy'(x,) = y(x,)— y(x, —h)+hy"(\') hy'"(x)+———

2

y(x;)_y(xu_h) ﬁ " _h_ " it
P +2y(x,) e (x,)+

=)y'(x)=
Neglecting terms of order greater than one we have,

=
Yix )= 2D ;‘1’(”' ’::%V}.-(x_) --------------- (3.1.4)

This is called backward difference approximation for y'(x;).

iii)  Subtracting equation (3.1.3) from (3.1.1) i.e.
(] h‘ " h‘ n
Y+ =y (x)Hhy () =y )t Y (R ) =
= , 1

W h
y(x, —h) =y(f.)-hy'(x,)+7y"(x;)—?y"'(x,)+———

y(x, +h)—y(x,—h) = 2hy‘(x,)+%—y"'(x,)+——— , and neglecting terms of order

three and above, we get
y(x; + h) — y(xi-h) = Zh y'(x;) + o(hj)
= 2hy'(x;) = y(x; + h) — y(xi-h)

yx, + h)‘);y(x* —h) + o(h%), and we can write this as:

= y'(x)=

>y, J*—',Jh)—" ——————————————————————————— (3.1.5)

Equation (3.1.5) is called central difference approximation for y'(x) which is a better
approximation to y'(x) than the forward and backward difference approximation.

#
Page 12

Jemal Endris



Finite Difference Method

iv) Adding equations (3.1.1) and (3.1.3) we get an approximation for y''(x). That

is,

h! 3
y(x,+h)=y(x)+ hy'(x)+—y"(x)+ h—y"'(x_)+ -
¢ 2 6
' hl " h‘
v(x, =h) =y(x,)-hy(x,)+?y (x,)-zy

)=

2.0 4 JII-1,'|
= y(x, +h)+y(x,—h)=2y(x)+ 28 ';I(x*) + 2 )41 (x,) +——=
Neglecting terms of order three and above, we have:
y(xi + h) + y(xi —h) = 2y(x)) + h’y"(x;) +0(h")
hy"(xi) = y(xi+ h) + y(xi-h) - 2y(xi) + O(h*)

Y +B) - 2y(x) + Y% k) | a2y
W

i y"(x[) =
) =2y, +
S e i S R S SRSt (3.1.6)
h._
In this approximation of y"(x,) the error is o(h?%)
Note: In a similar manner, it is possible to derive finite-difference approximation to higher

derivatives.
3.2 Finite — difference Method for linear problems

The finite difference method for the linear second order boundary value problem(BVP),
y'=p(x)y' +q(x)y +r(x) a<x<b, y(a) =a,yb)=p requires the difference quotient

approximations be used to approximate both y' and y".

To accomplish this task, we select an integer N > 0 and divide the interval [a, b] into N + 1

equal subintervals whose endpoints are the mesh points

xi=a+ihfori=0,1,2,3,...,N+1, where h= i’_al choosing the step size h in this
+

manner facilitates the application of a matrix algorithm which solves a linear system

involving an N x N matrix.

ﬁ
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Finite Difference Method

—_—————————_———_—._——_—— e,

At the interior mesh points x;, for i = 1, 2, 3, . . ., N the differential equation to be

approximated is
¥'(x) = p(x,)y (x,)+g(x)y(x,) +r(x)
y: =R p:y; =+ q:yi * rg'

yH—l = y!‘l
2h

y"(x) = p(x) ¥'(x) + q(X)y(x) + r(x), we have

Now, substituting Y, = and )’: =

-2y +
i hy Yisl i the BVP

Yial _-2.};.- +yr+| = P { yml _y.'-ll

2 + ] J+r.‘
h* 2h } Lz

Multiplying both sides by h* we have,

h :
y:—l —'2}’; +yl+i =Epr (-Vlﬂ -yr-1)+h-qryx 75 ;?2".,

h h : 2
J"'.'~I_2y|+yn1:7)—p: y“]_‘z'p;}’l_,“‘hql'}’,"‘hf:
h 2 h 2

yr—! +;pr y:—l -2})1 _hbq:yr +yn| _Ep:)j;&l :h r;

[l + g P, ] Vo —Q2+hq)y, + {l - g P, )ym = h’r, Multiplying both sides by (-1)
we get,

= —[l +gp, JJ’;--: +(2+h’q)-(1 -gp, )i ==,
2 h 3 h
Fori=1, we have (2+h°q(x,))y, —(1- ;p(x, Ny, = —h'f‘(-¥1)+(| +E p(x, )]a
. h 2 h 3
Fori=2, —(l+5p(x3)) n+@2+hq(x,))y, —(1 —Ep(xz)}}g =-h"r(x,)

2 h 2
Fori=3, - (I - g p(.rj)} v, +(2+hq(x;))y; - (1 =5 p(x3))y., =-h"r(x;)

———————————————————————————————
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Finite Difference Method
R h 5 . B
Fori=n-I, —(1 +5 p(x,,_,)} Yoa tQR+87q(x, )y, = [l —Ep(x,,_, )]yn = _hl;-(x,,)

e h 3 3
Fori=n, —[I + 5 p(xﬂ)) Voua+R+h7g(x,)y, ==h"r(x,)+ [l - g p(x,,))ﬁ
This leads to the following system

2 h
2+ h7q(x)y, —(1—5;:(.'(',))))1 = —hzr(.r,)+[l +gp(x])}z
- I+h ( ; h 2

Ep(xz) n+@2+h ‘?(xz))}h" 1“§P(Xz) y; =-hr(x;)

h 2
- (l + 5 P(xg)J}’g + (2 + hifq(.vc_‘))y3 - [l - g p(;c_‘)}y4 =-h'r(x,)

h ) h . 2
_[] +5P(xn-l )}yn—z +(2 + h—q(xu-1 ))yn - _[I = Ep(xﬂ--l ))yn = _er(xrl—l)

5P ) ; }
-(l * ;’ ﬁ(x,,)Jy,._I +@+nq(x,))y, =-hr(x,)+ [1 3 5’ P(r,.))ﬁ

These system of equations give an equation of the form AY = B where, A is a tri-diagonal

matrix of order NXN. That is

_2+h2q(x,) —1+gP(x,) 0 0 0:--0 -
—I—gp(xl) 2+hq(x,) —l+I—21p(x3) 0 0---0
bl D ‘I“'gp(-“s) 2+ hg(x,) —]+§p(x3) S
0 0 ...O—I;ﬁp(x ) 2+ iq(x, ) -l+§p(x,,;)
2 n-1 n-1 Z
0 0 - -1-gp(x,,) 2+hg(x,)

#
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Finite Difference Method

e e e e e e e

g < : h ]
Y, =hr(x,)+ (l+5pt.r.))a

Y2 —hlr(xzj
Y=| 2 | and B=| -hr(x,)

yn—l

L yn _hlr'(xn-l)

/
- -hr(x,)+ (l—éﬂ(-"ﬂ NB

Solving AY=B by Gauss elimination gives y;, y2. y3, ... yn. Then the approximate solution

of the differential equation is obtained by interpolating the points

n+l

(Xos yﬂ)! (Xl,y|),(Xz,)fz),(xj,yz.),..., (xl'h }’n)9(xn+hy“-+ 1) That is Y(X) = Z L&(-\')y; where Lk(x)
k=0

is Lagrange Fundamental polynomial.

The following theorem gives conditions under which the tri-diagonal Linear system AY=B

has a unique solution.

Theorem: suppose that p, q and r, are continuous on [a, b]. If q(x) > 0 on [a, b], then the tri-

diagonal linear system AY = B has a unique solution provided that h < 2/L. where

L = max |P(x)|

a<x<b
Note: the hypothesis of this theorem guarantee a unique solution to the BVP but it doesn’t
guarantee that Y € C* [a, b], we need to establish that y* is continuous on [a, b] to ensure

that the truncation error has order o(h?).
Example solve y"= —_—2(_1/'-2), y(1/2)=3,y(1)=3
X

Using finite difference method for n= 4

o

Tk
b_ :———2=—1—=0.1

n+1 5 10

Solution s =
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h’ x

!

y:—'l —2}’, +yr+l ___2_[));‘1 _yr-l
2h

- 2] , multiplying both sides of this equation
by h’x; we have,
x:yr-l _leyf + x:yffl = _h[ynl _yr—|]+ 4h2
xryr-I _hya—l 'r?"xiyr +x:yul +hy..| = 4h3
(xr _h)yr—l = 2xlyl + (xr =k h)ynl = 4;12
X Vi =2y, + XY, = 40 fori= 1,2, 3,4 Then we have the following linear
system of equations
Fori =1, XoYo— 2X1y1 + X2y2 = 4h?
= _leyl +x2y3 = 4h1 25 xuyu =4h2 _%
Fori =2, X1y1—2Xay2 + X3y3 = 41’
Fori =3, xay2- 2X3y3 + X4y = 4h?
Fori =4, x3y3 — 2X4ya + Xsys = 4h” but since xs = 1, ys = 3

= Xy p; = 2%,V =4k = x5 = 4/ -3, This leads to the following system of equation

r'le)ﬂ + X2y2 = 4h’ - %
{ X1¥1 — 2X2y2 + X3y3 = 4h?
X2y2 — 2X3y3 + Xay4 = 4h?
' X3y3— 2X4Y4 = 4h%- 3 which leads to an equation of the form
-2x, X, 0 0 Y -4}13 #%—

X, =25 % 0 o
AY=B thatis | il 4 4’
X, —2x X Vs ah?

0 X3 =2 | Ll |apt-3

Since h=0.1,x0=0.5,x; = 0.6, x2=0.7, X3 = 0.8. x4 = 0.9 and xs= 1.0, Then

12 07 0 0 7][n] [-146
06 -14 08 0 |[»] [ 004
0 07 -16 09 ||x]| | 004
o 0 08 =18]|xn] |-29%

ﬁ
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Solving the system by using Gaussian elimination/ Thomas/ we have y; = 2.8667, y» =
2.8286, y3 = 2.850, ys = 2.91 then the approximate solution y(x) is obtained by interpolating
the six points (0.5, 3), (0.6, 2.8667), (0.7, 2.8286), (0.8, 2.850), (0.9, 2.91),(1,3) that is y(x)
~ Ppey (x) = Ps(x)

3.3 Finite — difference Methods for non-linear problems

For the general non-linear boundary value problem
y'= f(x,y.y') a<x<b, y(a@)=a,y(b) = f, the difference method is similar to the

method applied to linear problems, here however, the system of equations will not be linear,
so an iterative process is required to solve it.
For the development of the procedure, we assume throughout that f satisfies the following
conditions

e fand the partial derivatives fy and fy are all continuous on

D = {(x,y,y)} <X <b, - 0 <y<oo, -c0<y' <0}
o fy(x,y.y)>do0nD, for some &> 0

o Constants k & L exist, with k = max Ify (x, y, y)l and
(xyy) €D

L = max [fy (X,y,y)|
(xy.y) €D
This ensures that y" = f(x.y,y') has unique solution. As in the linear case, we divide [a, b]
into (N+1) equal subintervals whose endpoints are at X; =a + ihfori=0,1,2,...,N+1.
Assuming that the exact solution has abounded fourth derivative allows us to replace
y" (x;) and y'(x;) in each of the equations

y"(x;) = f(xi, y(xi)s Y'(Xi) by the appropriate centered difference formula. This

gives, for éachi=1.2.3,. ..\

2

Y _2y: + Vi = Y = Vi _f‘_ " +
hz .f(x:"y:' 2’] 6 y (ql]

2
?—2}2‘“(;) for some n, and &, in the interval (X,,,, X,.;)
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As in the linear case, the difference method results when the error terms are deleted and the

boundary conditions are employed y, = a, yn+1 =

and 221~ 2;;‘ TVt o f(x, s LL]Z__hL) Multiplying both sides by W,

we have

yH -y!-
yul _zy: +y:—| _hl-f[xi"y”T} =0

For i=l;=2y,+ ¥; _hz./.(x“y“y_:zjig_n_]_ Yo =0

5 ol / 4
2y, —y3+h“f[x1,yl.%—]—a =(

Fori=2,—y+2y,-; +h2f(xz'y2’y32_hyl J &

Fori=3,—y,+2y;— ), +h2f(x3'y3*yd2_hy2]=0

2 yn_yn-l 8z
Fori= H—l, — Y +2yn-| =W +h-f[xn_.|_ny,,_'|1 2h ]_‘ 0

3 .});n _yn— —
FO!‘ izn‘—-yn—-1+2y|:+hﬁf(xu?yrl‘ lzh I)_y'""_o

2 _J’"- -
= = Yo + 2}’11 + hhf(x"ﬁy;u E_ﬂ_—l) F ﬁ =0

%
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The system
2 el ¢
zyl_yz"'h f[r.,y;,%}:—-}-a =0

=¥ +2y3—y3+h3./'(x3,y2,y¢2?h_y'~) =0

-V, +2y;—y +h’ (x, ,y“‘_y3)
k 4 Il %375 2

= V2 +2yn-'| = Vn 15 hzf(xﬂ-layn--hz%lJ =(

__yu—l +2yu + hzif{x”‘yﬂ.‘_ﬁ_;:;'".’_l]_ﬂzo
1

has unique solution provided that h < 2/L

Where L = max [fy (x,y.y")|
(x,)’._\") ED

3.4 The Error in the numerical solution of finite difference method

To estimate the error in the numerical solution we define the local truncation error, T by

y:—l_2y1+yul " ynl yul ]
= itV _ el p, | e 3.4.1)
s ], [ty (
Expanding yi. and y;. by Taylor's about x; we get
ﬁ hz _ﬂ h4 (4) 4 eovoo
ya-l yf .llyi Zy.- 3' y.- 4 i
h h’ h‘ h‘ o
— ] —_— H S— Sm— + aww
ylrl }J+ lu!J;l 21 y ' 3' )l 4. ]
i) },:—1 _-2},: +ynl s yn—!. +),|+1 g ?'yi
h?_ h.'!
2h " 2h (4) e XY
= 2.}':+ 2.[ yl+ 4' y: +.. "'}:
h!

= 2})’.}..}121"_*.4_;14 H'+ ..._2_yL
h’ W 124 h*
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B e e —— e e

2

o A
=5 +EJ’,“) +0(h") (*)
oyt 2R,
iy B SO 3
2h 2h
h! "
= e )

Substituting (*) and (**) in the equation (3.4.1) and simplifying we get

2

r= %(yf“ +2p,y; )+ 0 (h")

h’ ’
= (@) 2y (o) wheres 6y € (505

Thus, the finite-difference approximation
h i i 2
'[1"'5}7, ]y,-l +(2+q,h7) Y, - {l —;!P,]y,.. =nh”

has second-order accuracy for functions with continuous fourth derivatives on [Xo, Xn].
Further, it follows that T — 0 as h— 0, implying the greater accuracy in the result can be
achieved by using a smaller value of h. But, in such a case, of course, more computational

effort would be required since the number of equations became larger. But h should not be

too small not to cause rounding error.

4. Numerical solutions to partial differential equations
Partial differential equations occur in many branches of applied mathematics, such as, in
hydrodynamics, elasticity, quantum mechanics and electromagnetic theory. The analytical
treatment of these equations is rather involved process and requires application of advanced
mathematical methods. On the other hand, it is generally easier to produce sufficient
approximate solutions by simple and efficient numerical methods. Several numerical

methods have been proposed for the solution of partial differential equations but the finite

difference method is the most popular one.
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The general second order linear partial differential equation is of the form

o’u o’u o'u ou ou
A—+B—+C—+D— ou — G Thi _
P a0y % =+ o +E o + Fu=G This can be written as

Auy + Buyy + Cuyy + Dug + Euy +Fu=G. ... 4.1)
Where A, B, C, ..., G are all functions of x and y.
Equations of the form (4.1) can be classified with respect to the sign of the discriminant
A=B*-4AC
i) If A < 0 at a point in the (x, y) plane, the equation is said to be of elliptic type
i) If A = 0 at the point in the (x, y) plane, the equation is said to be of parabolic
type
iiiy  If A> 0 at the point in the (X, y) plane, the equation is said to be of hyperbolic
type.
Example: 1. Consider the Laplace equation Uy + Uy, = 0
kereA=1,C=1,B=D=E=F=G=0 and
A=B2-4AC =-4 <0 = The Laplace equation is of elliptic type.

Similarly, the wave equation, u — —l;u,, =0 is hyperbolic type and the heat equation
P

Uy — U = 0 where (x, y) are space coordinates and t is the time coordinate is of parabolic

type

4.1 Finite — difference approximations to partial-derivativcs

In partial differentiation, we consider any one variable at a time and treat the remaining
variables as constants. Consider a function f(x.y) of two variables. let the values of the
function f(x.y) be given at a set of points (x;, ¥j) in the (X.y) plane with spacing h and k in x

and y directions respectively. Then we have x; = Xo + ih, y; = yo+ Jk fori,j=123...

Notation: f;=f(Xi, ¥i): fior =fOxith, ¥i) 5 fi.1 =f(xi-h, ¥j) » fi 1 =f(Xis Yi+k)s fig-1=1(xi, yj-K).
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To derive approximations for the partial derivatives we use Taylor’s series expansion
1) Expanding fisji.e. f(xi + h, y;) using Taylor’s about the point (x..y;), we have
f(xith,yi) = fisij
" Bt W .
= f(xi,y;) +hfu(xi, yi) + ?j"(x, )y,) + 3 fod(®yy, )4 === (4.L1)
/A 3
= iy =L (%, 9,)+ ?.In(xﬂy,ﬂﬁ(h )

Jixl) _./;_,: e h/r (x:'y_a )+0(h1)
2 (%5,)= fin, =i, +O(R)

f;il jn;
h

:(%J(x,,y,h——ﬂ"" . i O i e Q)

2) Expanding fi.;;i.e f(xi-h, yj) using Taylor’s about the point (x;, y;), we have

]

= fo(x.¥)= +0(h)

f(xi - h,y;)=f(xi, yj)- hfx(x;, )’J)+ fn(x Y, ) ..f;.(.t(-".e)’:)+___ (4.12)

fo =L (%) + -’;—",f;,(x.,y,>+ow-‘)

2

k8
-1 _ﬁ.; & _2__.f.r.t(x.-’y;)+ 0(h3) 3 _h[t(x{‘y;)

: -
=5 fx(x*’yf)=£L:}f__m_+0(h)
= (%J (5,9 = 2ot ﬁ;,f'"" $O(H)...— === === === i)

3) Expanding fij.1, i.e f(x;, y; + k) using Taylor’s about the point (x;, y;), we have,

k’
f(x.y, +k)=f,_m=f(x,,_v,)+kf‘(.r,,y,)+ ffesy, )+ fm(r ¥y, )+0(k*)---- (4.1.3)

=1, & 1, (%Y, )+0(k*)

r.ll

= kf,(x,,7,)=fn =i +0(k%)

1. (x.2; )ﬁ—’ﬁk—-f-‘im(k)
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- @’ A e

4) Similarly expanding f(x;y;-k) using Taylor’s about the point (xi, y;) we have:

f(x,y,-k)=f(x,y,)-kf, (.Y, )+%.fw(x,.y,)" [y (%23 )+ 0(K")...(4.1.4)
=f,, =K, (x,,y,)+0(k%)

= f,.(x,,y,)=£"—ﬂkj‘i+0(k)

(ZJ (x,,,) = Syt _kf‘-*“ +o(k)

e

5) Subtracting (4.1.2) from (4.1.1), that is

: . h’ ;
/I+]_J’ =j‘r_j +hfr(x;"yj)+_z_fu(x;'!yj)-*'o(h-)

2
j;‘l-f =-f;-J _-;?f\'(xr’y,l)+%.fu(x,l!yj)+0(h])!

=y = L = 2hf.(x,,y,)+0(h")

= -fl' (xr’y:): ‘ﬁ‘l-f;h'ﬁ‘1-f + O(hz)

af ﬂ*l.r-‘f;-l..' |
(ax](x L TR )

This is called second order

approximation for({;’ )(x v, )
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B —————

6) Subtracting (4.1.4) from (4.1.3) that is

Rir™ f,,+kf(x.,y,)+ f..(x,,y )+0(k*)
S =f,.,—’Ur_,-(-’fny})*‘?fn.(xﬂy,)w(k )

= | R :; -1 2&f (I_,,y )+0(k )

f;,ft! _.f;. -
2k

"L 4+ 0(k*) Hence, the second order approximation for g

= [,(x:¥)=
oy

[@J(x“y’)“ - ™

7) adding equations (4.1.1) and (4.1.2) that is
2 3

o f;+wwxya+”fuxy)+iwmu))+mh)
+

. h'
j*‘l-f : f v hf (x y )+ ju(t: ?y )_ fn_l(xﬂyj).[- O(h )

= [, + fray =20, +H fo(x,9,)+0(H")

2}1 ft\'(xa’y ) f:+| 2./;_;+.f;--|_;+0(h4)

.f.--*l._; _2];._: +./;—1.f +

0(h*
7 (h”)

folx,y,)=

Hence

[-an“)(X,,} )‘- f:..ul _2:‘;1 +f, L s (Vll)

8) Adding equations (4.1.3) and (4.1.4) that is
' K’
i;t' f1;+kf(r;’y )+ fU(X )')+ j\n( y)+_-_-

-+ ) 3

k .
f;4=ﬂﬁfﬂfxy)+k Ty~ Fp ) ===
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= f:--f“l +-f;-1‘| = 2f:.' + kz.fn(xi.y,‘)-}'o(ka)
= kK f“(x"y) ﬂ!‘ 2 .:..t + e +0{k4)

f:,;—l = f:._; +ﬁ;.l
k!

= f,(xy)= +0(k?)

o’ -2f
{ 6y{] (x,y,)= fi l{" + Lo (viii)

Note: of _ [af ) _a_[iﬂiﬂ_fl]
axdy ox\dy) o 2k

szax[f;,il f,l]

¥ _1_ f:u_,u Sl (ﬁql,;—! —f;--l.,i-’)
2k 2h 2h

[ﬁn_‘m _.f;—l.u-l —'(j:al_; 1 _.ﬂ-l.; I)]

£ g
4kh

1 : . g
m[j;“” -j;-l_“l _.fnl,;—! +-]I~'Lj-|]

L [af] LR [f —f,-u]
oyox dylox] o 2h
1 [ 141,41 fa BN, (f;-l.m _.f;--l..-—l)]

2h 2k 2k

: [/l;l jll; Jusi g fl,,-1]

o' f o' f
Hence [Er—a;] (xy,)= (ay I)(X +Y;)

= Z:‘_;;[r/;.l.;-l = S = St +f;'ul]
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Example: 1 if f(x,y) = x> +y* —x. Find

5 8 - '
a) g{-a% at the point (1,1) using first order formulas withh=k =1

b)

2
»‘2’ 1‘52

Exi at the point (1,1) using second order formulas with h = k=1

Solution:

a) The first order formulas are:
f—r'l.j _f:_; +0(h)
( f](x WY )= h
MMk

[ f] (] 1) < f(xr +h:y;}:—.f(x.sy,)

LS ™ SR

z.f(z'!l);'f(]!l)=3'__1l=2

- f(x, H-f(0]) 1-1
[g_](l,])zf(x,y,) fx.y) _fAD-FOD 1-1_,

h 1 1

Similarly, we can find (%](x,, y,) using

f f!,,ul,;-.ff.; +0(k)
n)[ ](x,,y )=9, _
aJ j;,_.r kf:‘_;—l +0(k)

b) The second order formulas are

af _ .f;d..i ,_f;_” 0 hl
['é;](-’f,»_}’,) . zh + ( )

(x +hy)-f(x,—hy,)
[af)(x F ) slhe 2h

.,IQJ);L@_),E-_LLI

i 2 2 @
a_f- - .f{,,'f! —.f:,j—l 0 kz
(537](&’}}*)“ 2% i L
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}(x,,y, LSy 0= f(*.y, =)
2k

L S0.2)-7(10) 4-0
2 2

0’ -2
[-—'i)(x,,y,)z Jins ;2" W +0(h*)

(__ZJ(, o LA =27 () £0=hD)

x? 1

=2

@

~ f2)-2/(LD+ f(0))

=3-2+1=2
(a’f}(x,,y )wfu*l_z ;,;"",_,_;
oy k*

= Fy) =2y )+ (X, - k)
k!

[%‘-;zi)(l,l) ~ f(1,2)-2f LD+ f(1L.0) =4~ y+0=2

Example 2 The following table of values are given for the function f(x.y)

y/x 0.1 0.2 a3 |
0.1 2.0200 2.0351 2.0403
0.2 2.0351 2.0801 2.1153

| 0.3 2.0403 2.1153 2.1803

Table. 3

i) Estimate the value %—g at (0.2, 0.1) by 1 and 2" order formulas
\

- 3%

ii) Estimate the value [—s;;}—] at (0.2, 0.2) using second order formula.
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Solution i) from the table above, we have h = k = 0.1 and the first order formula is

[Qf_] (xiy)= Sy _f:.; ” f(x, +h.y,)—f(xpy,)

kK h

(f] (0.2,0.1)= f(°-2+°-l10-;)—,f(0.2,o.1)

_ £(030.)- £(020.1)
h

_ 2.0403-2.0351
0.1

=0.0520

The second order formula is

(af) (xl J) fi+1.l hfl 1,1 +0(h2)

f(x,+hy,)-f(x,—hy,)
[iaj;) (xi y)) = h

[af] (0 2 0. 1) fcu.:.m_o(l;z_ﬂul,nn = f;na.uno_z.f;u:.uu

z2.0403-~2.0200 . 0.203 _ 0.1015
0.2 0.2

11) [ a.f ] (xp y_]) i [.fr 1, Hl : -1, 4+l f:ll.!‘l ¥ f’ -1t ]] ls lhe Sccond Ordcr fonnlﬂa

o.f (X y) = ———[)‘(x vhy, +k)=f(x,~hy, +k)-f(x,+h,y,-k)+f(x,-h,y,-k)]
Gxay

o'f Y | 4 W'y
['5;5);] (0.2,0.2)= 2(0.1)(0. 1)[fl1101} Jioron —Joson ) |,]

0'0 [2.1803 — 2.0403 - 2.0403 + 2.0200]

~ 25 [4.2003-4.0806] =25(0.1196)

[ﬂ} (0.2,0.2) = 2.9925
oxdy
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4.2. Solving partial differential equation using finite difference method
In this topic, we restrict ourselves to the study of those partial differential equations which
can be replaced by their finite difference analogues. These analogues or difference

equations are then used to the concerned partial derivatives.

The general procedure is to replace the partial differential equation by a finite difference

analogue and then obtain the solution at the mesh points.

Consider the Laplace equation in two dimensions, Uy + Uy = 0 then. its finite difference

U, —2u,  +u u =2, U, e ) 2
analogue will be -—‘i’——h—;’———ﬂi +—L2 k'z" 14— 0 multiplying both sides by b,
we have ,
h 2
Uy, =2, Uy, +[;] (“:.;-l -2u,, +u,_,,,)=0 Rearranging the terms we gel,

hY )
N;_L_i'f“llhl”‘-l'('k (N”_|+ll””
e N

R

For simplicity consider the case when Ax = Ay = h= k. Then,

‘ ]
My = I HWivls + W,y T Bl W Wiy gt Jrovseese

This shows that the value of u at any point is the mean of its values at the four

neighboring points. This is called the standard 5 — point formula see fig 4.2a below
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U+
i Upp ot Wiap 541
Uiy Ui Uint v
X
U
-l Uiy 41
Ui -1
Fig4.2a Fig. 4.2b

1
U, =7 [u,_,., Uy U, T u,_M]

= Y, T Wi F U, T U0 T du, = 0 ===== (4.2.2)

By expanding the terms on the right side of eqn. (4.2.1)by Taylor’s series. It can be shown

that

+u, , U

i+ il

Uy, +U, ~4u,, = hz(u“ +u, )— éh‘um +o(h®)

Instead of using the standard 5- point formula. We may use the formula

1 :
u,‘j=—£[u,_1_r1+u”“_|+u”,‘;_,,+ul_,_j,‘l.........'.........'......‘(4.2.4) which uses the

function values at the diagonal points as shown in fig (4.2b) above.

Expanding the terms On the right side of (4.2.4) by Taylor's series, it can be shown that

2
TR o R Rt W Uy — W =§h‘u‘m FO(H°)orernenerenessmseaseaces (4.25)

Neglecting terms of order he, it follows from (4.2.3) and (4.2.5) that the error in the

ur times that of the standard 5-point formula. Hence. we should prefer

diagonal formula is fo

{o use the standard 5-point formula whenever possible.
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e ——,—

4.2.1 Laplace equation

Suppose we wish to solve Laplace equation u_ +u, =0 in a bounded region R with

boundary C. Let the values of u be specified everywhere on C. For simplicity, let R be a
square region so that it can be divided into a network of small squares of side h and the
values of u(x, y) on the boundary C be given by C; and let the interior mesh points and the

boundary points be as shown below.

Ci Ci Ci Cio

Co
Cu L te Y Cs
Cis t Us s C,
Clt’: uy U, U Cb
Cs

Ci 2 3 4

Now, the equation uy + uy, = 0 can be replaced by the standard five point formula or the
diagonal 5 — point formula. The approximate function values at the interior mesh points can
now be computed according to the following scheme: first we use the diagonal five point

formula to compute us, U, Ug, U; and u;y respectively, thus we obtain.

Uy = %[c, +ey+es+0s]
u, =%[“s +e+e +0s)
” =%[u5 +ey+e;+ey)
4= %[c, +y+ug 0]

Uy =-;—.[C"1 +C5+C +U5]

we then compute, the remaining quantities in the order ug, Us, Us and u, by the standard
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ﬁ

5- point formula

1
Ug = —‘I[a‘,a‘i + Uyt ‘f‘u?], u, = [lll +u5 + U, +C15]

1
v =l e v ) s = gle bt )

Once all the u; (i=1,2,3 ...9) are computed their accuracy can be improved by any one

of Jacobi’s Method, Gauss-Seidel method or S.0.R method.

Jacobi’s method

Let u"! denote the n'" iterative value of u,;.

An iterative procedure to solve u,,  +u, ., U . FU ~4u,, =01is
(n+1) I (n} (n) (n) (n) : : : i, .
g =% Uy Uy L U for the interior mesh points. This is called the point

Jacobi method

Gauss-Seidel Method

The method uses the latest iterative values available and scans the mesh points
systematically from left to right along successive rows.

The iterative formula is

(n+1) __1_[ (n+l) (n) (n+1) (n) ]
if == 4 u;‘-]‘j +u;‘i|.j +u|'.,!»-l +ui-_)""|

It can be shown that the Gauss-Seidel scheme converges twice as fast as the Jacobi scheme.
Example : Solve Laplace’s equation as given in the figure below

100 100 100

0 a1 u24 u_‘l-l ul-l 0
gl Uas Us; U | 0
1} A .. ity . 1 Mg -6

0’__-0*—____0"__(5’—- 0

Solution
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e

Now. we have given the boundary values, we need to compute the interior mesh points. We

m .m0 () ()
2

can find S, us, . uy . us) and u;'by diagonal 5-point formula as follows

1
ull = Z[0 +50+0+50]=25.00

1
ull) =Z[50+25+100+0]= 43.75

ull= %[u{'«,’ +50+0+1 00]
= %[25+150]=43.75
ul) = %[u;;’ +0+0+0]= %(25) =6.25

s 1
H:I;’ = z u;']} +0+ 0+0].—_%(25) =6.25

Next. we will find 2,1, u), and uf; respectively using the standard 5 — point

formula. That is

0 = Ll +ul) +uly + 100]= % [25+43.75+43.75+100]

Uy, _Z
= %(212.50)=53.125

Uy = % ul +uly) +us) + 0]= %[25 +6.25+43.75]=18.75

uy = i[u},‘; +uld +ufy +0]: i[6.25+25+43.‘?5 +0]=18.75

= 33

W= -:I[O +uld +ul) +ugy + 0]: ;11[0 +25+625+6.25]=9.38

We have thus obtained the 1% approximations of all the nine mesh points and now to find

2"", 3 4™ ... iterations we use Gauss-Seidel method

kst _ V[okst k kel k ]
- :E[h'#—l.}+”IF'T.I+'”'.J'!+N’.f‘|

1]

(2) n (2) i ] Yo
[”--1.; Uy, Uy U Hence

&|—=

Fork =1 uf_; =
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ﬁ

2 2 1
[ +ul +u® + )= ;[0+938+0+18.75]27.03

":_::] =
u'? :l[ulll + 4™ @, m]_]
3.2 4 22 THy, +us, U3 |= 2[703 +6.25+0+ 25]3 9.57
2 1
2+ + )+ )= J[9:57+0+0+18.75]=7.08

2 1
)+l +ul) +ul) = Z[0+25+7.03+43.7f5]= 18.94

11 1
il = el o) +uld +u;f;]=1[18.94+1s.75+9.57 +53.125]=25.10

w1 !

u = L@ 448 +u@ 44 ]= Z[25.10 +0+7.08+43.75]=18.98
(2) _ l[ R 1) I o ) YoM ) 1

) = gl 4y 4l e Z[0+53"25 +18.94+100] = 43.02

2 2 2 I
u) = —[ul) +ul) +ul + ul|= Z[43.02 +43.75+25.10+100] = 52.97

Ju | o—

g %[u”’ +ul) +uyy+ u;f;]= %[52.97 +0+18.98+100]=42.99

34

We will continue in this manner for k=2, 3, 4... until we get to successive iterates which are

very close to each other.

The following table gives the first four itcrates obtained by using the Gauss-Seidel

formula for the above problem.

sz Usn Us Uz Uss Uss Uz Usq Uss

7.03 9.57 7.08 18.94 25.10 18.98 43.02 52.97 42.99
7.13 9.83 7.20 18.81 25.15 18.84 4294 52.77 42.90
7.16 9.88 7.18 18.81 25.08 18.79 42.89 52.72 4288

7.17 9.86 7.16 18.78 | 25.04 18.77 |4288 |52.70 |42.87

|
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