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Finite Difference Method 

I. Introduction 

Numerical Analysis is a branch of appl ied mathematics that devises methods, study thei r 

cmcicncy for solving problems by purely numerical computations. 

Many problems in sc ience and engineering for example, the mot ion of a swinging 

pendulum under certain simplifying assumptions dl~ +.!sinO= O where L is the length 
dl L 

and 0 is the angle the pendulum makes with the vertical can be reduced to the problem of 

so lving differential equation satisfying certain given conditions. The analytical methods of 

so lution can be applied to so lve only a selected type (class) of differential equations. Those 

equati ons which govern physica l systems which arc in genera l non·l inear in nature do not 

posses exac t solutions and hence we must look for numerica l methods to solve such 

di fferential equations. 

There arc various numerical methods fo r solving differential equations. 

These arc Taylor's series 

Euler's method 

Picard 's method ofsllccessive approximation 

Runge-kuna methods 

Finite differcncc method, etc. 

1.1 E rrors 

In pract ica l applications, one wou ld finally require results in numerical foml . For cxample, 

a sct of tabulated data is given and inferences have to be drawn from it, or a system of 

linear algebraic equations is given and one is required to solvc them. The aim of numerical 

analys is is to provide efficient methods for obtaining numerical answers to such problems. 

When so lving problems onc usuall y starts with some initial data and then computes to get 

results. During such process errors wi ll be introduced due to the finite word length of the 

computing machine, the numerical data used may be approximations to two or three or 
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morc sign ificant figures or someti mes the methods used may also be approximate. Hence, 

the errors in the computed result may be due to the errors in the data or the errors in the 

method or both. 

Definiti on : Error is defined as the quanti ty true value - Approximate value. ThaI is if x is 

the true val ue and x is its approx imate value ora quantity, then its error equal to 1 x· x I 
1.2 Sources of error 

In numerical analysis, most computations arc inexact, ei ther due to the given data being 

approx imate or due to the limitations of the computing aids such as mathematical tables, 

desk calcu lators, the digital computers or due to the method used and so on. 

1.3 Types of errors and minimizat ion mechanisms 

In Numerical analysis, we can group errors into two 

i) Inherent errors : Most numerical computat ions are in exact either due to the given 

date being approx imate or due to the limitations of the comput ing aids such as 

mathemat ical tables, desk calculators or the d igital computers. Due to such 

limitations, num bers have to be rounded·off. caus ing what are called rounding 

errors. 

In computations inherent errors can be minimized by obtaining better data, by correcting 

obvious errors in the data and by using computing aids of higher precision and in hand 

computation, the round - off error can be reduced by carrying the computation to more 

significant figures at each step o f the computat ion. 

ii ) Truncation E rror - These errors are caused by us ing approximate formulae in 

computations such as the one that arises when a function f(x) is evaluated from an 

infinite series for x after ' truncating' it at a certain stage. The error committed in a 

series approx imation can be evaluated by using the remainder after n +1 terms. Taylor'S 

series fo r f(x) at x = a is given by 

(x - a)' (x a)' 
f(x) ~ f(a) + (x-a)r (a) + -"'-~ r ' (a) + ... + ~ f "' (a) + R (x) 

2! n! 8 

Where 

( )'" , - a 
R,(x)= ' nn"I( ~),a<~<x 

(n + l)! 

For a series which is convergent, the remainder tends to zero as n --t 00. If we approximate 

f(x) by the 1st n - terms of a series, then the maximum error committed in thi s 
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approximation is given by the remainder tenn . Conversely, if the accuracy required is 

spec ified in advance it would be possible to lind n (number of terms) such that the finite 

series yields the required accuracy. 

1.4 Absolute, relative and percen tage errors 

1. Absolute error is the nu merica l difference between the true value of the quantity and its 

approxi mate va lue. That is if x is the true va lue o f a quantity and x is its approximate 

vallie, then the abso lute error EA is given by EA =lx-xl= Ll.\' 
2. The rel ative error EI{ is defined by 

F _ E, _ x - x _ IE/'/'orl 
~H - X - X - vrue va/llel 

6x 
- and 
x 

3. The percentage Error Ep is defined as Ep = 100 EK 

Example: ifx=O.3 100 xlO and x' =OJOOOx 10 then, Elf =1-" -xl = ax = 0.01, the relati ve 

error is OJ33 ... x lO·1 and its percentage error is 0.333 ... x 10 = 3.333 ... % 

2. Nu merical so lutions of Ordinary Differentiul Eq uations 

There are various typcs of Numerical methods for solving ordinary differential equations. 

Cons ider the general l SI order Initial value prob lem 

dy = I(x ,y) , with the initial condition y(xo} = Yo 
dx 

(2. 1 ) 

The methods ean in genera l be applied to the solution of systems of I S\ order equations and 

will yield the solution in one of the two fonns 

a) A seri es for y in tenns of powers of x, from which the value of y can be obtained by 

direct substi tution. 

Example the method of Taylor and Picards 

b) A set of tabulated values ofx and y 

Example Euler, Runge· kutta, Adams Bashforth etc. these methods are called step 

by step (marching) methods as the values of y are computed by short steps ahead for 

equal intervals h of the independent variable 
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It is known that a diffe rential equation of the nth order wi ll have n arbitrary constants in its 

general so lution. In order to compute the numerical solution of such an equat ion, we need 

n·conditions. 

I>cfin ilion: Problems in which all the condi tions arc specified at the initial point only arc 

calJed ini ti al value problems (IVP). 

dy 
Example -~ /(x, y) , y(xo ) ~Yo 

dx 

On the other hand, in problems involving second and higher order differential equat ions we 

may prescribe the conditions at two or more point s. Such problems arc call ed boundary 

value problems (BVP). 

Example y"(x) + p(x) y' (x) + q(x) y(x) ~ r(x), a ~ x ~ b with the bcundary conditions 

y (al ~u and y(b)~~ 

There exist many methods for solving second order boundary value problems of the type 

y"(x) + p(x) y'(x) + q(x) y(x) = rex) with the given boundary conditions of which finite -

difference method is the rnost popular one. 

We need to int roduce some tcrms before discussing the finitc difference method. 

I) Fini te d iffere nce operato rs 

Let the mesh points XQ. XI , Xl, ... , Xn be equally spaced, that is 

x, ;:: Xo + ih • i = 0, 1,2, .. . , n. we now define the fo llowing operators: 

Notat ion: fj=f (x i). fj+l= f(xl + h), fi .l=f(x j- h) and so on 

a) The shift operator: E f(x l) = [(XI + h) or Efl = fl ~ I 

b) The forward difference operator: 

l!.f(x, ) ~/(x, + il) - /(x, ) Or 

61, ~ f. .• - I, 

c) The backward difference operator: 

'ill(x,) ~ I (x,) - /( x, - il ) 

'ill, ~ I, - 1,-. 
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d) The central difference operator: 

o [(x, ) = ~ x, +~) -[(x, - ~) 

01. =[ ,- [ , 
,, ~ ,--

2 2 

e) The average operato r: 

II ) Higher order differences 

Repeated applications of the difference operators lead to the fo llowing higher order 

differences. 

£"1. = I.," i.e. £ " (f(x,) = [(x, +nh) 

l!," [(x, ) = l!," - ' f(x , + h) - l!,' - ' [ (x , ) 

g /, = 6 ,,-1/' ,1 - fj,"-'j, , Compactly this can be written as 

'i!" I(x, ) = 'V ,,-I/, - '\1,,-1/'_1 Compactl y this can be written as 

" , 
'V"[( ) 'V "1. " ( I)' n. I. 

X, = I = £..... - k'( _ k)! I_k *_0 . n . 

, , " (n) V" - ,* n. - 1 * => I. - L (-) k'( - k)'I.-. - L(- ) k 1.-. 
k~ . n . *~ 

III) Interpola ting polynomials 

It is a way of approximating a given function by a class of simpler funct ions called 

polynomials. 

Definition: a po lynomials p(x) is called interpolating polynomial i f the values of P(x) 

andJ or its certain order derivatives coinc ide with those of rex) and! or its same order 

derivatives at one or more tabu lar points . 
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In general, if there arc n+ I distinct po ints 

a = x()<x l< X2< X3< ... < xn = b 

then the problem of interpolating is 10 obtain p(x) sati sfy ing the condi tions 

i) p(x ,)~ f(x;) for i~ 0, I, 2, 3, ... ,n or 

ii ) p(x,)~ f(x ;) 

p' (x,)=f(x ,) for i= 0,1, 2, 3, ... , n 

The condition in (i) give rise to LagrangclNcwton interpolating polynomial and the 

deri vati ve conditions in (ii) may be rep laced by more general derivatives condit ions 

involving higher order derivati ves and give ri sc to Hermite interpolating polynomials. 

x f(x) M I!.'r I!.Jr I!. 'f 

Xo r. 

x, f, 

M, 

Xl f, 6?f. 4 

M, 6.1f. 

XJ fJ .12
r2 

MJ 
X, (, 

Table I Forward difference table 

Note thai: In the forward difference tab le the differences 6,kro lies on a straight line sloping 

downward to the right. 
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x f(x) w V'f V' f V'f 

xo fo 
W, 

f, 
\72

f2 

Vf, 
V' f, 

V2fJ 
Ii 

x, 

Vf, 

x, f, I, 

• 

Table 2. Backward difference table 

Note that: In the backward dirference table the difference Vi h lies on a 

Straight line sloping upward to the right 

Example: For the following data, calculate the diITerences and obtain th t;: forward and 

backward difference polynomials and interpolate at x = 0.25 

x 0.1 0.2 0.3 0.4 0.5 

I(x) lAO 1.56 1.76 2.00 2.28 

Solution: The difference table is as fo llows 

0.1 lAO 
0. 16 

0.2 1.56 0.04 
0.20 0.0 

OJ 1.76 0.04 0.0 

0.24 0.0 

0.4 2.00 0.04 
0.28 

0.5 2.28 
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a) The forward difference interpolating polynomial is given by 

1
'( ) - /. (x - x, )6!, (x - x, )(x - x,)6'1, (x-x, )(x-x,)(x-x,)6'1.. 

x - + + --+ --
" I! h 2! 11 2 3! hl 

(x - X, XX - x, Xx - x, ~ .. (X - x,_,) 6' I, + ... + --
n! /i" 

Now. r, ~ 1.40, h ~ 0. 1. 61, ~ 0.16, 6'1, ~ 0.04, 6'1, ~ 0 ,6'1, ~ 0 

:. P(x) ~ 1.40 + (x-0 .1 ) 0.16 + (x - 0. 1)(x - 0.2) 0.04, +0 
0.1 2 (0. 1) 

~ 1.40 + 1.6 (x-0. 1) + 2(x-0. 1) (x-0.2) 

~ 1.40 + 1.6x - 0. 16 + 2(x' - O.3x + 0.02) 

~ 1.40 - 0.16 + 0 - 04 + 1.6x + 2x ' - 0.6x 

= 1.28 + x + 2x2 

r(x) ~ p(x) ~ 2x' + x + 1.28 

:. r(0.25) ~ 1'(0.25) ~ 2(0.25)' + 0.25 + 1.28 

~ 1.655 

Hence 1\0.25) ~ 1.655 

b) The backward difference interpolating polynomial is given by 

() /. 
(x-x,) 'V!, (x - x, )(x-x,_,) 'V 'I.. 

PX = + + --+-- - + 
" I ! h 2! h2 

(X- X )(x - x ) ---(x - x) 'V'/. /I II - I I __ , 

II! h' 

P(x) ~ 2.28 + (x - 0.5) 0.28 + (x - 0.5)(x - 0.4) 0.04 + 0 
I! 0. 1 2! (0. 1)' 

~ 2.28 + 2.8 (x-0.5) + 2(x' - 0.9 x + 0.20) 

~ 2.28 + 2.8 x - 1.4 +2x' - 1.8x + 0.40 

~ 2.28 - 1.40 + 0.40 + 2.8x - 1.8, + 2x' 

= 2X2 + X + 1.28 

Since both the polynomials arc identical, we obtain 

r(0.25) ~ p(0.25) ~ 1.655 
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2.1 I>erivativcs and Finite differences 

a) Conside r the forward diITerenee 6 r(x) = f{x + h) - r(x) 

Using Taylor's Expansion we have, 

6 f (x) = f (x + h) - r(x) 

= k {X) + hf'{x ) + ~ /"{x) + - - -] -lex) 

= h/'{x) +~ f"{x )+ h' /'''{x)+ -- -
2! 3! 

Now neglec ting terms of order two and above we have, 

t!.f (x)= h f '(x) + 0(h2) where, 0(h2) means terms of order two and above arc 

truncated. Hence, 

f'{x)= N{x) + o{h) 
h 

=> f'{x ) = 6/{x) 
h 

Note: In forward diITerence the error is of o(h) which means the error is less than or 

equal 10 sOlne constant times h. 

b) Consider the backward diITerenee V/{x) = f{x) - f{x - h) 

Using Taylor's Expansion we have, 

V/{x)=/{x)- f {x - h) 

=/(X)-[l{X) - h('{X) + h; l"{x) - h; f"'CX)+ ---] 

11 2 hl 
= /CX) -lex) + h/'Cx) -2 f"Cx) + 3 (",Cx) - --

h,r'c) h' /"C) h' /"'C ) = '.I X -- X +- X +-- -
2 3 

= hf'Cx) + o{h') 

f'{x)= VfC x) + o{h) 
h 

=> f 'Cx) = Vf{x) 
h 

Note: The error in the backward difference is also of order h. 
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For second order derivative, 

I) In forward difTerence we have, 

[\ ' f(x) = t o ( - I ) ' (;)1..--. = ~ (-I)'(~ )f''' _ . 
=f .. ,- 2f .. ,+f, 

= f(x + 211) - 2f(x + II) + f(x) 

[ 
411 ' ] [ II ' /,,(x) = f(x) + 2 II/, (x) + - /,,(x) + - - - - 2 f(x) + 1If" (x) + _-'-:c--'---'-

2! 2! 

11'1"' (.<) 1 + +--- +f(x) 
3! 

= h' r" (x) + hJ f"(x)+ - --

=> /"(x) = [\' f(x) +0(11) 

Hence, ] 11 2 

f "() [\-f(x) 
x:::: 2 

II 

Note: the error is of o(h) 

II ) In Backward di fference we have, 

, (2) '1 ' f(x) = I (- I)' f.-. = f(x) - 2f(x - II) + f(x - 211) 
hO k 

[ 
II ' ~ ] = f(x) - 2 f(x) - 1If'(x) + - /,,(x) --/",(x) + ---
21 3! 

+ f(x)-2 11(' (x) + 411 ' /,,(x)- 811 /,,'(x)+ ---
. 2! 3! 

=h' r "(x) +0 (hJ) 

/,,(x) = '1 'I,(X) +0 (h) 
II-

=> /"(x) ~ '1' f( x) 
h' 

The error is of o(h) 

Similarly we can derive for higher order deri vat ives 
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3. Finite difference method 

Finite diITerence method is one of the most popular numerical methods to find a solution to 

boundary value problems. The method mainly consists in replac ing the derivatives 

occurring in the differentia l equation and in the boundary conditions as we ll by means of 

their finite-difference approximations and solving the resulting system of equations by a 

standard procedure. 

The part icular difference quotient and step size h generall y chosen so thaI a certain order of 

truncat ion error is maintained. However, h cannot be chosen too small because of the 

instab ility orthe derivative approximation. 

In the linear second order boundary value problem, 

y"(x) + p(x) y'(x) + q(x) y(x) = r(x) where, a~ x ~ b, y(a) = cr, y(b) = P 

80th, y' and y" should be replaced by their finite di ITerence approximation. 

To accomplish this task , we se lect an integer N > 0 and di vide the interval [a, b] into N+l 

equal subinterva ls, whose end po ints are the mesh po ints, Xi = a + ih for i = 0, I, 2, 3, - - -, 

b-a 
N+l where" =-­

N+1 

• At the interi or mesh points Xi, the diITerentia l equation to be approximated is 

Y"(x,) + P(x;) y'(x,) + q(x;)y(x,) = r(x;) 

y''i + PiY'i + q,Yi = ri where y,=Y(Xi), Pi=P(Xi) and so on 

3.1 Finite-difference approx imation to derivatives 

To obtain the appropriate finite-diffe rence approximation to derivatives, we proceed as 

follows: 

i) Expanding Y in Taylor polynomial about Xi and evaluated at X,+ I , we have 

h' y"(r) h' y"'( r ) 
y(x;+h) = y(x,) + hy'(x,) + " + " +-------(3. 1.1) 

2! 3! 

h' y"(x) h' y'" 
=:> hy'(x,)=y(x, +II)-y(x,) - 2! ' -)1('<' )---
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Neglecting terms of order greater than one we have 

hy'(x,) ~ y(x, + h) - y(x,) 

, y(x,+ h) -y(x) I 
=>y (x, )~ h ' ~hlly(x, ) ----------------(3. 1.2) 

This is called forward difference quotient approximation for Y'(Xj). 

ii) Expanding y in Taylor polynomial about x, and evaluated at X, _I we have, 

y(x, - h) ~ y(x,) - hy'(x,) +.!. h' y"(x,) -~ y"'(x,) + - - - -- - (3. 1.3) 
2 6 

=> hy'(x,) ~ y(x,) - y(x, - Ii ) + h; y"(x,) - '~ y"'(x,) + ---

'( ) y(x,) - y(x, - Ii) h "( ) h' "'( ) ::;>y x, = h +"2Y x, -6Y x, +---

Neglecting terms of order greater than one we have, 

'() y(x,)-y(x,-h) I nl ) y x, ~ Ii ~hvy\X, ---- -- --------- (3.1.4) 

This is called backward difference approximation for Y'(Xj). 

iii) Subtracting equation (3.1.3) from (3. 1. \ ) i.c. 

I 
h' ~ 

y(x, + h) ~ y(x, )+hy'(x,) +2' y"(x')+6 y'''(x,)+ ---

- y(x, - h) ~ y(x,) - hy'(x, )+~ Y"(x,) -~ y'''(x, )+ ---
2 6 

2h' 
y(x, + h) - y (x, - h) ~ 2hy'(x,) +6 y"'(x,) + - - - , and negleeting terms of order 

three and above, we get 

y(x; + h) - y(x;-h) ~ 2h y'(x;) + o(h' ) 

=> 2hy'(x;) ~ y(x; + h) - y(x,-h) 

y(x +h)-y(x - h) (h') d . h' 
::;> y '(X, ) = ' 2h ' + 0 ,an wecanwntcl IS as: 

=> y', ~ y,., ?~ y,-, ___ _ _ ------------- ------ --(3. 1.5) 
_ J 

Equation (3. 1.5) is called central difference approximation for y'(x) which is a better 

approximat ion to y'(x) than the forward and backward difference approximation. 
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iv) Adding equations (3 .1.1 ) and (3. 1.3) we get an approximation for y" (x) . That 

IS, 

1 
h' h' 

y (x, + h) = y(x,) + hy'(x' )+2 y"(x,) + 6 y'''(x,) + ---

+ " 
y(x, - h) = y(x,) - hy'(x,) + h2 y"(x,) - : y"'(x,) + - --

2h' "(,) 2h" ''' ( ) =:oy(x +h)+y(x -h) = 2y(x) + y " + y x, + __ _ 
I I I 2! 41 

Neglecting Icnns of order three and above, we have: 

Y(X i + h) + Y(Xi - h) = 2y(x,) + h' y"(x,) + O(h' ) 

h' y"(Xi) = Y(X i + h) + y(xi-h) - 2Y(Xi) + O(h') 

"() y(x, + h) - 2y(x,) + y(x, - h) O(h' ) 
=> yx, = ~ + 

fI-

=> y", =:: Y .. l - 2~1 + Y,-I _ ________ -----------(3. 1.6) 
h-

In this approximation of y"(x,) the error is o(h2) 

Note: In a similar manner, it is possible to deri ve finitc·differencc approximation to higher 

derivati ves. 

3.2 Finite - difference Method for linc:tr problems 

The finite difference method for the linear second order boundary va lue problem(BV I», 

y" = p(x)y' + q(x) y + r(x) a :" x :" b, y(a) = a , y(b) = P requires the differenee quotient 

approx imations be used to approximate both y' and y". 

To accomplish this task, we select an integer N > 0 and divide the interva l [a, b] into N + 1 

equal subintervals whose endpoints are the mesh points 

XI =- a + ih for i = 0, 1, 2, 3, ... . N + 1 , h I b - a h ' h ' h ' h' were 1 = -- e ooslng 1 e step size In t IS 
N + 1 

manner faci li tates the application of a matrix algorithm which solves a linear system 

involving an N x N matrix . 
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At the interior mesh points Xi. for i = I, 2, 3, ... • N the differential equation to be 

approximated is 

y "(x,) = p(x, )y'(x, ) + g(x, )Y(x,) +r(x, ) 

Now, substituting YI = YI+I - YI- I and y" ;:;: YI- l - 2Yi + Y,..-I 
2h I h ' 

in the BVP 

y"(x) = p(x) y'(x) + q(x)y(x) + rex), we have 

Yr.! - 2y, + Y HI = P [ Y, .I- Y,.']+ +r 
1/ ' 211 q,Y, I 

Multiplying both sides by h2 we have, 

h " 2 ' Y,.I - 2y, + Yul ="2 P, Yh , -"2 P,Y.-I +" q,Y, + "-r, 

Multiplyi ng both sides by (- I) 

we gct, 

. , " '( " ) FOil = I , we have (2 + " -q(x, ))y, - (1- '2 p(x, ))y, = - h-rex,) + 1 + '2 p(x,) a 

For i = 2, -(I +~ P(X, )) y , + (2 + h' q(x, ))y, -( I - ~ p(x,) y, = -h' r(x,) 

For i = 3, -( I +~ P(X, )) y, + (2 + h' q(x, ))y, -( I -~ p(x, ) )y, = -h'r(x,) 

Jemal Endri s Page 14 



• 

Finite Difference Method 

For i = n- I, - ( I + ~ P(x"_,») y"_, + (2 + h' q(x"_, »y"_, - ( I - ~ p( ., "_,) )y" = - h' ,.(x" ) 

For i = n, - ( I + ~ P(X,, ») y"_, + (2 + h' q(x"»y" = - h' ,.(x") +( 1- ~ P(x"») p 

This leads to the fo llowing system 

, ( h I" 2+h q(x,)y,- 1-'2 P(x,)y, , ( h ) =- h r(x,)+ 1+'2 P(x,) a 

-(I +~ p(x, ) )y, + (2 +h' q(x, »)y, -( I -~ p(x, ) )y, = - h' ,.(x, ) 

- ( I + ~ p(x, ) )y , + (2 + h' q(x, »)y, -(1- ~ p(x,) y. = - h' r(x, ) 

These system of equations give an equation of the form A Y = B where, A is a tri-diagonal 

matrix of order NXN. That is 

2+h'q(x,) 
h 

0 0 0···0 - I+- p(x) 
2 ' 

h 
2+ h''1(x, ) 

h 
0···0 - 1-- p(x, ) - I+

Z 
p(x, ) 0 

2 
II h 0···0 

A= 0 - 1--P(x,) 2+h'q(x, ) - I+-p(x) 2 2 J 

II 
h 

0 2 + h' q(x"_,) 
- I +-p(x ) o ... O - I - Zp(x~, ) 2 n- I 

h 
2+h'q(x") 0 0 - 1- Zp(xJ 
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Finite Difference Method 

y, - h 2r(x, )+ 

y, -h' r(x, ) 
y~ y, 

and 8 ~ -h ' ~(x, ) 

Y,,-l 
- h' r(x._, ) 

y. 
- h' r(x. )+ 

Solving A Y=B by Gauss elimination gives Yl, Y2, YJ , .. . Yn . Then the approximate solution 

of the differential equation is obtained by interpolating the points 

., ' 
(x" Yo), (x"y,),(x" y,),(xJ,YJ),. '" (x" y"),(x""y",). That is Y(x) ~ L L.(x)y, where L,(x) ,., 
is Lagrange Fundamental polynomial. 

The following theorem gives conditions under which the tri·diagonal Linear system A Y=B 

has a un ique solution. 

T heorem : suppose that p, q and r, arc continuous on [a, b] . If q(x) ? 0 on [a, bj . then the Iri-

d iagu nallincar system A Y = B has a unique solution provided that h < 2/L where 

L ~ max [P(x)1 
a:: x:: b 

Nole: the hypothesis of thi s theorem guarantee a unique solution to the BYP but it doesn' t 

guarantee that Y E c4 fa, bl. we need to establi sh that l~) is continuous on fa , b] to ensure 

that the truncation error has order o(h
2
) . 

Example solve y" ~ ~(y'-21 y(1/ 2) ~ 3,y(l) ~ 3 
x 

Using fi nite difference method for n = 4 

I 
1- -

. b- a 2 I 
Solution h =-- ~-- = - = 0.1 

n+ 1 5 10 

" - 2(y, 2) Y ~- -
x 

le mal Endris 
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Finite Difference Method 

y,_, - 2y, +y,., _-2[Y,.,- y,_, ] .. . . . 
h 2 - --;: 211 - 2 , multi plYing both sides of this equation 

by h2xi we have, 

X,Y,_I - 2x,y, + X,Y .. I = - h[Y,.1 - Y,_I]+ 4h2 

(x, - h )y,_, - 2x,Y, + (x, + h )y", = 411 ' 

X,. IY,_ I - 2x,Y, + X"IY,.I = 4h2 fo r i = 1, 2,3, 4 Then we have the fo llowing linear 

system of equations 

Fori = 1, xoYo- 2XIYl + X2Y2 = 4h
2 

=> - 2x1YI + X2Y2 = 4h2 - x"y" = 4172 - ~ 

For i = 2, XIY' - 2X2Y2 + X3YJ = 4h2 

For i = 3, X2Y2 - 2xJYJ + X4Y4 = 4h2 

For i = 4, xJY) - 2X"Y4 + xsYs = 4h2 but since Xs = I, Ys = 3 

=> X
3
Y3 - 2X4Y4 = 4h2 - XsY s = 4112 - 3. This leads to the following system of equation 

XIYl - 2x2Y2 + XJY) 

= 4h' - ~ 

= 4h' 

= 4h' X2Y2 - 2X3YJ + XAY" 

Xl Y) - 2X4Y" 
= 4hz _ 3 which leads to an equation of the Conn 

- 2x) 0 0 y, ' 3 x, 411 - -

-2X2 0 
2 

x, x, y, 4h' 
AY = B that is = 

0 x, - 2x} x, y, 411 2 

0 0 x, -2X4 y. 4h2 - 3 

Since h = 0.1 , Xo = 0.5, XI = 0.6, Xl = 0.7, Xj = 0.8, x" = 0.9 and Xs = 1.0, Then 

- 1.2 0.7 0 

0.6 - 1.4 0.8 

o 
o 

y, 

y, 

Jemal Endris 

o 
o 

0.7 - 1.6 0.9 y, 

o 0.8 - 1.8 y. 

= 

- 1.46 

0.04 

0.04 

- 2.96 
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Solving the system by using Gaussian elimination! Thomas! we have Yl "= 2.8667, Y2 ~ 

2.8286, Yl = 2.850, Y4:::;; 2.9\ then the approximate so lution y(x) is obtained by interpolat ing 

the six points (0.5 , 3), (0.6, 2.8667), (0.7 , 2.8286), (0.8, 2.850), (0.9, 2.91 ),( 1,3) that is y(x) 

~ P,. , (x) ~ P,(x) 

3.3 Finite - difference Methods for non-linear problems 

For the general non-linear boundary va lue problem 

y" ~ / (x ,y,y'\ a $ x $ b, y(a) ~ a, y(b) ~ p , the dirrerencc method is similarto the 

method applied to linear problems, here however, the system of equations will not be linear. 

so an iterative process is required to so lve it. 

For the development of the procedure, we assume throughout that f satisfies the foll owing 

conditions 

• fand the partial derivatives fyand fy arc all continuous on 

D ~ {(x,y,y')} a ~ x ~ b, - <Xl <y<<Xl, -<Xl<y' <<Xl} 

• fy (x, y, y')::: b on 0 , for some 0 > 0 

• Constants k & L exist, with k -== max Ify (x, y, y')1 and 
(xs.y') c D 

L ~ max If,. (x,y.y')1 
(x .y.y) cD 

This ensures that y" = f(x ,y,y') has unique solution . As in the linear case, we divide [a, b] 

into (N+ I ) equal subintervals whose endpoints are at x, = a + ih for i = 0, I, 2 •... , N + I . 

Assuming that the exact solution has abounded fourth deri vat ive allows us to replace 

y" (Xi) and y'(xj) in each of the equat ions 

y"(x,) = f(Xi, y(x,), y'(Xi» by the appropriate centered difference fomlula. This 

gives, fo r each i = 1,2,3, ... ,N . 

y", - 2y, + y,~ , -== j x Y Y,.1 - Y,-1 _ ,,2 y"(n ) + 
hI j l "" 211 6 -" 

~~ y! 4 ) (~, ) for some '1, and ; , in the interval (X ,.I' x,") 

jemal Endris 
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Finite Difference Method 

As in the linear case, the diffe rence method results when the error terms arc deleted and the 

boundary conditions are employed Yo = a, YN+I = P 

and y •• , - 2y. + y •. , = f(X y YO" - Y •. , ) 
h 2 It I t 2h 

, 
Multiplying both sides by h- , 

we have 

2 h' ri' YO" - y,.,) 0 
Y,.I - y , + Y,-I - J l x" Y" 2h = 

For i = 2, - YI +2Y2 - Yl +h2~ X2'Y2 ' Yl2~Y' )=0 

For i = 3, - Y2 + 2y] - Y4 + h
2 f( Xl'Yl' Y~;hY2 ) = 0 

' f( Y."-Y •• ' ) - = 0 
For i = n, - Y,, _I + 2y" + h x".Y~, 2h Y~.1 

'f ( p - y' . ') P - 0 => - Y .. _ I + 2y" + h xII.Y .. , 211 - -

Jemal Endris 
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Finite Difference Method 

The system 

=0 

= 0 

= 0 

- Yn- 2 + 2Yn_1 - Yn + h2 f( XII_I'YII_I> y" ;:,.-2 ) = 0 

- Y._, + 2y. + h '~ X .. y .. P ~;,.- , ) - p = 0 

has unique solution provided that h < 2JL 

Where L = max If( (x,y,y')1 
(~.)· . y·) c 0 

3.4 The Error in the numerica l solution of finile difference method 

To estimate the eITor in the numerica l solution we define the local truncation error, 1" by 

r = [y,-, -~' + y" , _ y, "J + p,[ Yo. , ~:'" - y' , J ------------------ -- -- (3.4. 1) 

Expanding Yi-1 and Yi+1 by Taylor's about Xi we ge l 

+ • •• 

h , h2 
" " l ,II h4 (41+ 

Y -y +- y +- y +-y +- y 
.. I - I I! ' 21 ' 3! ' 4! ' 

i) Y,-I - 2y, + Y'~I = 1,_1 + 1" . - 2y, 
h 2 /7 2 

2h2 " 2h4 (4) 2 
2y, +- y ,+- Y, + ... - y, 

= ___ ~2~! ____ ;4~! ---------
h' 

lemal Endris 
Page 20 



• 

Finite Difference Method 

_ h
2 

( 4) OCh' - y , + 12 y, + ) -------------------------C') 

217' 17-
2hy' + __ ' +---

"") Y,.1 - Y, I ' 3' II = . 
217 217 

h2 Y '" 
~ y', + - 6'- + OCh') - - - -----------C") 

Substituting (.) and (**) in the equation (3.4. 1) and simpli fyi ng we get 

17 ' 
r ~ -(y:' ) +2p,y; )+OCh') 

12 

= ~~ (y(4)(C1) + 2p,Y - (e2 ) }vhere, &.,&2 E (X,." x .. . ) 

Thus, the finite-d ifference approximation 

_ (I+~ p, } ,_, + C2 +q,h' ) y , - ( I - ~ p,) Y.-, ~ r,h' 

has second-order accuracy for functions with continuous fourth derivat ives on Ixo. xnJ. 

Further, it follows that t --+ 0 as h--+ 0, implying the greater accuracy in the result can be 

achieved by using a smaller value of h. BUI, in such a case, of course, more computational 

effort wou ld be required since the number of equations became larger. But h should not be 

100 small not to cause round ing error. 

4. Numerical so lu tions to pa rtia l differentia l equations 

Partia l differential equations occur in many branches or appli ed mathematics, such as, in 

hydrodynamics, elasticity, quantum mechanics and electromagnetic theory. The analytica l 

treatment or these equations is rather involved process and requ ires application or advanced 

mathematical methods. On the other hand, it is generally easier to produce surfieient 

approximate so lutions by simple and crficient numerical methods. Several numerical 

methods have been proposed ror the solution or partial differential equations but the finite 

diITerenee method is the most popular one. 

lema! Endri s 
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Finite Difference Method 

The general second order linear partial differential equation is of the form 

fi ll alu a211 Oll au A-, + 8-- +c- + D-+ E-+ Fu = G This can be written as 
Ox OxBy By' Ox By 

Au.~x+ BUxy+ CUyy + Du,l[+EUy+ Fu=G.... (4. 1) 

Where A. B, C, ... , G are all functions ofx and y. 

Equations of the form (4. 1) can be classified with respect to the sign of lhe discriminant 

l> ~ 8' - 4AC 

i) If 6 < 0 at a point in the (x, y) plane, the equation is sa id to be of elli ptic type 

ii ) If /). = 0 at the point in the (x, y) plane, the equati on is said to be of parabolic 

type 

i ii) If /). > 0 at the point in the (x, y) plane, the equation is said to be of hyperbolic 

type. 

Example: I . Consider the Laplace equation Uu + Uyy = 0 

here A ~ I, C ~ I, B ~D ~ E ~ F ~ G ~ 0 and 

!J. = 8 2 _ 4AC = - 4 < 0.:::) The Laplace equat ion is ofcl liptic type. 

Similarl y, the wave equation, lin -~ 1I 11 "" 0 is hyperbolic type and the heat equation 
c 

U
xx 

_ Ul "" 0 where (x, y) are space coordinates and t is the time coordinate is of parabolic 

type 

4.1 Finite difference approximat ions to partial.derivatives 

In partial differentiation, we considcr any onc variable at a time and treat the remaining 

variables as constants. Consider a func ti on f(x ,y) of two variables. let the values of the 

function f(x,y) be given at a set of points (x" Yj) in the (x,y) plane with spacing hand k in x 

and y directions respectively. Then we have x, = Xo + ih, Y1 "" yut- jk for i, j = 1,2,3 ... 

Page 22 
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Finite Di fference Method 

To derive approximations for the partial deri vatives we use Taylor's series expansion 

1) Expanding C+l j i.c. [(XI + h, YJ) using Taylor's about the point (x"YJ)' we have 

f(x ,+h,y,) = fi-+ij 

h' , 
=> I" J = I J + lif. (x" y,) +"2 l a (x"y, ) + O(h ) 

=> I ... , -.~ ., = hl,(x"y, )+O(h' ) 

=> h(,(x" Y, )=I ... , - I, +O(h' ) 

I ( ) =I., .. , -I.·' +O(h) 
::::::> $ x" y) h 

(01) ) I." J - I. ., O(h) ( .) ::::::> Ox (x/,y , = h + .. ,----- - ---- I 

(4. 1. 1) 

2) Expanding fi.lj i.e f{xi-h, Yj) using Taylor's about the po int (Xi. YJ)' we have 

h' ( ) h' 
f(x,· h,yj)=f(x " Yj)· hf,(x" YJ)+"2 la X,) ', - T! I = (x"y, )+-- - (4. 1.2) 

h' 
I..,., = I. ., - hl. (x"y, ) +"2 lu(x"y ,) + O(h' ) 

h' 
=> I. . ,., - I. ., - "2 I" (x"y,) + O(h') = - lif,(x, ,Y, ) 

I ( ) = I. .. , - I.. ,., + O(h) 
=> J( x" Y) II 

=> (01) « y) = I.. , - f.-, ., +O(h) ... - ______ - --.(ii) 
Ox . I ' I h 

3) Expanding fiJ i It i.e f(x" Yj + k) using Taylor's about the point (Xi, YJ)' we have, 

kl k3 , 
l(x" Y, +k) = I..,., = I(x"y,)+k!, (x" y' )+"2 !,,(X,,y, )+ 3' !,,,(x,,y, )+((k ) .. -- (4.1.3) 

I. .,. , = I. J + k I , (x"y,l + O(k ' ) 

=> kl) (x" Y, ) = 1..,. , - 1.., + O(e) 

I ( ) = 1.., ., - I. ., +O(k) 
) X"YI k 

lemal Endris 
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:. (~) (x" y) = /" " 'k- /,., + O(k) .... (iii) 

4) Similarly expanding f(xi,Yj-k) using Taylor's about the point (Xi, YJ) we have: 

kl e 4 

I(x" y, -k) = I(x"y, )-k 1,(x" Y)+2 I " (x,,y, ) -3i I m (x"y)+ O(k ) ... (4.1.4) 

=> I. .,., = I. ., - kl, (x , ,y) + O(e) 

I ( ) = I. .) - I. .,.) O(k) 
=> J' x"YJ k + 

. (a I) ( ) _ I.. , - I..H ('v) 
.. By x" YJ - k ... 1 

5) Subtracti ng (4.1.2) from (4.1.1), that is 

I 
h' 

I." J = I..) +11,(x" Y' )+ 2 lu(X"y,l + O(Ii) 

- h' 
1..,., = I. ., - hi, (x, ,y, ) + 2 f . (x"y, ) + 0(1)' ). 

=> I. ... , - 1..,., = 2hl, (x" y)+O(h' ) 

f (X ) I. ... , - /, ... , +O(h' ) 
=> ~ " Y, 211 

. (af ) (x y ) ~ 1..,., - /'. ,. , .' . (v) .. ax I > J 211 
This is called second order 

approximat ion for ( :) (x" Y/ )· 

Page 24 
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6) Subtracting (4.1.4) from (4. 1.3) that is 

I
f "., = I.J + if, (x"y.) + ~ I» (x" y,) + Ole) _ 2 

k' 
I. J-, = I.J - if,(x" y,) +'2 I ». (x" y,) + O(k') 

=> I. .,. , - 1..,_, = 2if, (x" y, )+O(k ' ) 

=> r (x y) = I..,., - .(..,-, +O(k' ) 
.I Y I' ) 2k 

Hence, the second order approximation for 0/ 
By 

IS 

(
01 )( )_1..,., - 1..,-, ( .) 
By x" Y, - 2k . .. V I 

7) adding equations (4. 1. J) and (4.1.2) that is 

1

1..1., = I.J + hi, (x"Y, ) + '~ I~ (x"y, ) + ';: In, (x,Y, ) + o(h' ) 

+ h2 /7' ~ 
1._,., = I.., - hl, (x"y, )+'2 1~ (x"y' ) -21 1=(x"Y, )+O(h ) 

=> 1..1., + 1._,., =21.., + h'/~ (x"y , ) + O(h') 

J-Ience 

(
02/) (x y) ~ 1.., .,- 21.., +1._,., ... (vii) 
Ox2 "I h2 

8) Adding equat ions (4. J .3) and (4. J.4) that is 

k2 e 
/',, +1 = /, J +kf y(x" J' , ) + 2! f"(x,,y, )+3'! [ ", (x,),, )+---

+ k2 e 
/',r

l 
= /,,/ - kf , (x"J' / ) + ""?I I" (x" Y, ) - 3! 1m (x" J' , ) + - --

lemal Endris 
Page 25 



p 

Finite Difference Method 

=:> 1..
"
, + I. J-, =21.J +k' / ,,(x,.y,)+O(k') 

=:> k' I " (x,, y,) = I.J" - 21. J + I. J-, + O(k') 

=:> I ( )=I..,-,-2I.J +I.J" O(k ' ) 
»' x,.YJ k2 + 

:. (8' I) (x y) z 1..,-, - 21. ., + I. .,., (viii) 
0'1 I' ) e 

Note !~ = ;( :) = ;[I.I · '2~1. ' -'] 

= 21k ; [I. ,., - 1. ,-,] 

= _I [I." J" - I.-I.,. ' _ v." J-'- 1.-1.,-,)] 
2k 2h 2h 

(a'/) (a'/) Hence axay (x,y,)= ayax (x" Y, ) 

Jema! End ris 
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Example: I if f(x , y) ~ x' + y' - x, Find 

a) of, of at the point (I , I) using first order fonnulas with h ~ k ~ I 
axay 

b) of, if, o'~, o'{ at the point( I,I ) using second order fonnulas with h ~ k ~ I 
ax ay ax' ay 

Solution: 

a) The first order formulas are: 

:, (:) (1 ,1) ~ f(x, + h, y,~ - f(x"y,) 

~ f(2,1) - / (1 ,1) ~ 3 _ I ~ 2 
I 

(0/) (1,1) ~ /(x,y,)- /(x"y, ) /(1,1) - /(0,1) ~ I - I ~ 0 

ox h I I 

Similarly, we can find (~}x"y, ) using 

1

1."" - f." +O(k) 
,,)o/( ) k 
" - x"YJ = (ay) f." -/'" +O(k) 

b) The second order formulas arc 

(
0/)( ) ~ f., .. , - f..", + O(h') 
Ox x,.Y) 2h 

(
0/) _ /(x, +h,y,)- /(x, - h,y, ) 
ax (x"y, )- 2h 

j(2,1)- / (0,1) _ 3- 1 ~~~ I 
- 2 2 2 

(0/)( )~I." ,,-I. "" + O(k ' ) ay x" y , 2k 
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(~ }x" y , ) ~ I(x" y , +k)2~f(X" y, -k) 

(
af)( II ) ~ 1(1,2) - 1 (1,0) _ 4 - 0 _ 
0" 2 - 2 -2 

(
a1 /)(X y )~I.., ., -21.., +I." J O(h' ) 
GX 2 " J h2 + 

(
a1 f) (1,1) ~ 1(1 + h, I)- 2f(I,I)+ 1(I -h, l) 

GX 2 1 

~ f (2,1)- 2/(1,1)+ f(O ,I) 

~3-2+ 1 ~ 2 

(
a1/)(X y )~ I. ." , -21.J + I. .,., 
0'2 .' J k2 

f(x"y", ) - 2/(x"y,) + I(X"y, - k) 
~ k' 

(~)(I ' I ) ~ f( I,2) - 2f(I,I)+ I(I,O)~ 4 - 2 + 0 ~ 2 

Example 2 The following table o f vnlucs are given for the function f(x ,y} 

y/x 0. 1 0.2 OJ 

0.1 2.0200 2.035 1 2.0403 

0.2 2.035 1 2.080 1 2. 11 53 

OJ 2.0403 2. 11 53 2. 1803 

Table. 3 

i) Estimate the value (!) at (0.2. 0.1) by ISland 2
nd 

order fannulas 

ii) Estimate the value ( a
l 
J ) at (0.2 , 0.2) using second order fannula. 

frc0' 
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Solution i) from the table above, we have h = k = 0. 1 and the first order rormula is 

(Of) (x. Y.) c 1 .. 1., - I.J c I(x, +h,y, )- I(x"y,) 
Ox IJ h h 

(Of) (0.2, 0.1) c 1(0.2 + 0. 1,0.1) - 1(0.2,0. 1) 
ax II 

The second order formula is 

c 1 (0.3,0.1) - 1(0.2,0. 1) 
h 

c 2.0403 - 2.035 1 c 0.0520 
0. 1 

.. (a' 1 ) _ 1 [I. I. - I. + I. ] is the second order [omlUl. 
11 ) OxOy (Xi. Yj) - 4kh ,,1./.1 - ,- l.J ,1 ,.1 ,)-1 ,- IJ - I 

( a'l) (X; Yj) C _1_ [/(x, +II,y, +k)-I(x, - II,y, +k) - I(x, +/;,y , - k)+ I(x, - /; ,y , - k)] 
axay 4kh 

(~') (0.2,0.2) C 4 (0. 1~(0. 1 ) [1;".03' - I." .• J) - I.".", + 1.01." ,] 

~ ~ [2.1803 - 2.0403 - 2.0403 + 2.02001 
0.04 

~ 25 14.2003-4.08061 C 25 (0.1196) 

( a'l) (0.2,0.2) ~ 2.9925 
axay 
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4.2. Solving partial differential equation using finite difference method 

In th is topic, we restrict ourselves to the study of those partial differential equations which 

can be replaced by their finite difference analogues. These analogues or difference 

equations are then used to the concerned partial deri vatives. 

The general procedure is to replace the partial differential equation by a finite difference 

analogue and then obtain the so lution a l the mesh points. 

Consider the Laplace equation in two dimensions, U.\ll + Uyy :=: 0 then, ils finite difference 

analogue will be 
1f ,_I,) - 2u,.} + 11 ,,1,1 

h' 

If , ,_,-2U
"

+II" ,, + .1 . . = 0 
k' 

multiplying both sides by h
2

, 

we have . 

" ,_", _ 2"", +Ii" ," + (~)' (""'_' - 2"," +""", )= 0 Rearranging Ihe lerms we gel, 

For simp li city consider the case when I:lx = I:ly =:> h = k. Then, 

" 

=~ [u +u + 11 ,+ U _1).········ ... (4 .2. 1) I.' 4 ,.1.) 1- 1,) 1./' 1,/ 

Thi s shows that the value of u at any point is the mean of its values al the four 

neighborin g points. This is called the standard 5 - point fonnula sec fig 4.2a below 
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U'J" U,.I J ol U"IJ'1 

U,.l J U,j U,t! J U" 

U,j_1 
U," J-L 

ll ,. l J" 

Fig 4.2 a 
Fig. 4.2b 

=> tI ,_I.J + ",.j_' + 11 ,.1., + 11 ,,/ ,1 - 411 ',1 = 0 - - - - - (4.2.2) 

By expanding the terms on the right side of cqn. (4.2.1 )by Taylor' s series. It can be shown 

that 

= _~h4 11 .u,,' + 0(11") .. ........... .. ...... ·················(4 .2.3) 

Instead of using the standard 5- point formula. We may usc the fannula 

11 ,., = ~ k ,.,., + 11 " ,.,., + 11 ", ./" + 11 , . .. , ..). ........ ....... ······· ····(4.2.4) wh ich uses the 

function values at the diagonal points as sho'\.vn in fig (4.2b) above. 

Expanding the terms on the right side 01' (4.2.4) by Taylor" s series, it can be shown that 

_ 2 4 to 
It ,.I.J-l + II,. lr ' + II ,.I,},' + Il" ' J , l - 4u,., - ") " II ... " +0(11 ) ....................... . {4.2.5) 

Neglecting terms of order h' , it folloWS from (4.2.3) and (4.2.5) that the error on the 

diagonal formula is four limes Ihat of Ihe standard 5·poinl formula. Hence, we should prefer 

to use the standard 5-point ronnula whenever possible. 
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Finite Differe nce Method 

4.2.1 Laplace equation 

Suppose we wish 10 solve Laplace equation u xx + u»' = 0 in a bounded region R with 

boundary C. Let the values of u be specified everywhere on C. For simplicity. let R be a 

square region so that it can be divided into a network of small squares of side h and the 

values of u(x , y) on the boundary C be given by Ci and let the interior mesh points and the 

boundary points be as shown below. 

c, c c 
l 

12 " c 10 c, 
U, U, u, , c, c, 

c, , '" u, U. c, 

c, , u, u, u, c, 

, C, l , c, 

Now, the equation UX~ + Uyy = 0 can be replaced by the standard five point fannula or the 

diagonal 5 _ point fo rm ula. Tht: approximate function values at the interior mesh points can 

now be computed according to the following scheme: first we usc the diagona l fi ve point 

formula 10 compute U5, U7, Uq, Ul and UJ respectively, thus we obtain. 

III =~[CI + c1 + li s +cu l 

III =..!.. k +CS +C7 +US] 
4 

we then compute, the remain ing quantit ies in the order Ug, UJ, lIt. and U1 by the standard 
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5- point fannula 

1 [ 1 
116=- UJ +C7 +U9 +Us! II z =- [c +u +u +u j 

4 4
1 l S 1 

Once all the Ui (i = 1, 2, 3 ... 9) are computed their accuracy can be improved by anyone 

of Jacobi's Method, Gauss-Seidel method or S.O.R method. 

Jacobi's method 

Lei u~.~) denote the nih iterative value of U,j ' 

An iterative procedure to solve II , + u , + II + If , - 411 = 0 is ".J ' •. j I.j+ l 1,,- I.) 

fo r the interior mesh points. This is called the po int 

Jacohi method 

Gauss-Seidel Method 

The method uses the latest iterative values avai lab le and scans the mesh points 

systematically from left to right along successive rows. 

The iterati ve formula is 

It can be shown that the Gauss-Seidel scheme converges twice as fast as the Jacobi scheme. 

Example: Solve Laplace's equation as given in the fi gure below 

5 
100 100 100 50 0 

o UN U~ U" o 

o Un U" U" o 

o Un U" U" o 

o 
Solution 
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Finite Difference Method 

Now, we have given the boundary values, we need to compute the interior mesh points. We 

can find II ~~) . II ~~), u~~), u ~i) and u!~)by diagona l 5~poinl formula as follows 

/I ;~I =~ [0+50+0+50] =25.00 

1 u\7 = 4 [50+25+ 100+0]= 43.75 

( I ) 1 [ III 1 1 1I42 =- lIu + 0+ 0+0 = - (25) = 6.25 
4 . 4 

Next, we wi ll find U~~I, II ~~), u~~l, and 1I 1~) respectively using the standard 5 - point 

formula. That is 

1I ~~) = 2. (1I 1~) + 1I ~~) + 1I ~~) + 100]= '!' [25 + 43.75 + 43.75 + 1 00] 
4 4 

= ~(2 1 250) = 53. 125 
4 

We have thus obtained the I S\ approximations of all the nine mesh points and now to find 

2nd, 3rd. 4t\ ... iterations we use Gauss·Seidcl method 
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Finite Di ffe rence Method 

(2) I [ 0) ( Il (2) ( I) 1 I [ J 11 2,3 ='4 111,3 + 11),3 + 11 2,2 +112,4 ="40+25+7.03+43.75 = 18.94 

1I ~~l = ~ [u ~~I + 1I!~~ + lI j~1 + 111 ~~ 1= ~ [1 8.94 + 18.75 + 9.57 + 53. 125] = 25. 10 

II!~I = ~ [u~~l + u~~l + 1I ~~~ + 1I1~~ ] = ~ [25. 1 0 + 0 + 7.08 + 43.75] = 18.98 

1I ~~1 = ~ (U:.~) + 1I ~~~ + u~~1 + 1I ~~~ ] = ~ [O+ 53. 125 + 18.94 + 100] = 43.02 

1I ~~1 = ~ [1I ~~! + ,, ~~! + 1I~~1 + u!~: ) = ± {43.02 + 43.75 + 25. 1 0 + 1 00] = 52.97 

/I~ ~1 = ~ [II !~: + II ~~! + II! ~; + /I !~ ! ] = ~ [52.97 + 0 + 18.98 + 1 00] = 42.99 

We will continue in thi s manner for k=2, 3, 4 ... until we gel to successive iterates which arc 

very close to each other. 

The fo llowing table gives the fi rst four iterates obtained by using the Gauss-Seidel 

fo rmula for the above problem. 

Un Un u'u U" UJJ U" UH UJ" U .. 

7.03 9.57 7.08 18.94 25. 10 18.98 43.02 52.97 42.99 

7. 13 9.83 7.20 18.8 1 25. 15 18.84 42.94 52.77 42.90 

7. 16 9.88 7. 18 18.8 1 25.08 18.79 42.89 52.72 42.88 

7. 17 9.86 7. 16 18.78 25.04 18.77 42.88 52.70 42.87 
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