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Introduction 

When we study the theory of structure of a ring we encounter theori es wh ich hold in 

commutat ive case rather than non-commll tutivc case. For instance if P is a prime idea l of a ring 

R, then R / P is a domain in commutative case but it need not be a domain in the case of non­

commutati ve. Thus a morc relaxed definit ion for the concept of structures ora ring in non­

commutative case is desirable. And since theory of modules over a ring in a commutati ve case is 

differ from that of non-commutative case, a more re laxed definition for the concept of modules 

ove r a ring in a non-commutative case is desirable . 

In thi s seminar we sha ll sec that modu les over a ring R such as bimodulcs and prime ideals o f a 

ring R such as affiliated prime ideals. (R may be commutati ve or non-commutat ive) . 

Bimodules have become of increasing importance in the ideallhcory ofa noetherian ring R, 

part icu larly ideal factors 1/ J where J ;2 J are idea ls of R, and over rings S :! R ,v iewed as (S,R)­

bimodulcs. To make the noli on more convenient in both case, we study bimodules in general. 

Thus we investigate the structure ofbimodul es over noetherian rings, particu larl y bi modulcs 

which are noetherian or art inian on at least one side, and we ill ustrate the results by ind icating a 

number of applicati ons, particularl y to the relationships between the prime ideals of a ring and 

the prime ideals of a sub ring. 
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CHAPTER-I 

PREREQUISITES AND PRELIMINARIES 

1.1 Modules 

J)cfinilion : Let R be a ring. A left R-module is an additive abelian group A 

together with a function (sca lar multiplication R x A _ A (the image of (r, a) 

being denoted by Ta) such that for all r,S E R and a, b E A: 

I. r(a+b)=ra+rb 

II. (r+s}a = ra+sa 

Ill. r(sa) = (rs)a 

Remark : A right R-modulc is derined similarly via a function 

A x R -+ A denoted (a, r) .......... aT and satisfying the obvious ana logues of(iHiii) 

.:. Examples: 

• Every ri ng is a modu le over itself. 

• A Z-modulc can be interpreted as an abe lian group (and vice 

versa). 

• An additive group consisting of 0 alone is a module over any 

ring. 

• An ideal of a ring R is an R-modulc. 

• Vector space over a field F is F-modules. 

Definilion : LeI R be a ring, A be an R-rnodule and B a noncmpty subset of A. Then B 

is a submodule of A provided thai B is add itive subgroup of A and rb E B for all 

rER,bEB. 
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Let R be a ring. Then 

l. A le ft R·module A (denoted RA) is called 

• Noetheri an; if A sati sfies ascending chain condition (ACe) on 

submodules. 

• Art inia nj if A sati sfies descending chai n condi tion (DeC) 

on submodules. 

• Simple; if A has no proper submodules and RA "* O. 

• Torsion; if each clement of A is torsion clement of A. 

• Torsion free; ir O is the only torsion clement of A. 

• Divisib le; if xA = A for all regular element x of R. 

II. A submodule B ofa le ft R·module A is called 

• Essen tia l; if it has nonzero intersection wit h every nonzero 

submodule of A. we writeB <e A 

• Socle; ifi t is the sum of all simple submodule of A and denoted 

Soc (A). 

Remark: the ri ght R·module A (denoted AR ) defined similarl y as (I ) and ( II) above. 

>- Let R be a ring and let A be a left R·module. Then 

I. If B is a submodule of At then the facto r group A/B a left R·module 

called factor module. 

2. A is said to be semisimple ifSoc(A)= A . 

3. If X is a subset of A, then the intersection of all submodu les of A 

containing X (say B) is called the submodule generated by X. If X is 

finite and X generates the module B, is sa id to be finite ly generated. 

Note that: ·Let A be a right modu le over a ring R. given any subset X ~ A,the 

ann ihi lator of X is the set anneX) = (r E Rlxr = 0 for all x E X} which is a right 

ideal o f R. In case the ring R must be made explicit, we write annR(X) and refer to 

the an nih il ator of X in R. Similarly to emphasize that we are taking an annihilator on 

the right side of X (because A is a right modu le), we may write r. anneX) for 
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ann(X).When x consists of a single clement x, we abbreviate ann({x)) to ann(x) . 

We have already noted that ann (X) is a right idea l of R; moreover, if X is a 

submodule o f A, then ann (X) is an idea l of R. 

Remark: 

1. Annihi lators of subsets of a le ft R·modlll e are de fined analogously, and are 

left ideals of R. 

II. A ri ght (le ft) annihi lator in a ring R is any right (left ) ideal o f R which equals 

the right (left) ann ih ilator o f some subset 01" R. 

O bscn ':ttion: Let R be a ri ng. Then 

I . II" an R·module A is noe thcri an(artin ian}, then An is also noethe rian(art inian) 

fo r n E N 

2. Le t B be a submodule of a right R·module A. Then if B <e A, then AlB is 

torsion. 

3. If A is finite ly generated and scmisimple, then it is arti nian . 

1.2 The structures of rings 

Let R be a ring. Then 

L A proper ideal I of R is called 

• Prime; if for any ideals }./ of R,j}/ ~ I implies either} ~ I or 

r c;;. 1 

• Semiprime; il" it is any idea l of R which is an inte rsect ion o f prime 

ideals. 

• M inima l prime; if it is any prime ideal of R that does not properly 

contain any other prime ideal s 

• M axima l; if there exists no ideal } with I ~ } ~ R. 

• Nilpotent ; if In = 0 fo r some nE N 

• Left (righ t) primitive ; if it is the left (right) ann ihilator of a simple 

left(right)R -module . 
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• Semiprimitive; if it is any ideal ofR which is an intersection of len 

(right) primitivc ideals. 

II. R is called 

• Noetherian; ifR is noetherian as an R-module. 

• Artinian; ifR is artinian as an R-module. 

• Sim ple; if 0 is maximal ideal. 

• Semisimple; if 'R R or RR is semi simple. 

• Primitive; if 0 is primitive ideals. 

• Semiprimitive; if 0 is a semi primitivc ideal. 

• Prime; if 0 is a prime ideal. 

• Semi prime; if 0 is a semiprime ideal. 

• Left (right) Quotient ring with respcct to a multip licative sct of 

regu lar clements X ~ R: if for any ring S ;? R (a) Every clement of X 

is invcrti ble in S (b) Every clement of S can be expressed in the form 

ax- 1 (x - 1a) for some a E R and x E X. 

• Left (right) Goldie ring; if (a) R sati sfies the ACC on left(right) 

annihilators 

(b) Every independent set of left (right) ideal ofR is fin ite. 

)- 1. Let R be a ring and let I be an ideal of R. Then R / I is said to be a fac tor 

ring if R/ J is a factor R-modulc. 

2. Let S be a commutative ring with identity and R a subring of S 

eontain ingl s . Then S is said to be an extension ring of R. 

Observation: 

I. If R is a prime Ictvright Goldie ring, then every nonzero ideal of 

R contain a regular clement. 

2. Let R be prime right Goldie ring. Then all submodules of 

torsion free right R-modulcs are torsion free. 
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3. Let R be a semiprime ri ght Goldie ring with ri ght Go ldie Quotient ring Q. Then 

every torsion free di visible right R-module has a unique right Q-module structure 

compatible with its right R-module structure. 

4. Lct R be a noctherian ring.Then J = {a E RI al = 0 [or some I <e RR] IS 

ni lpotent. 

5. Let P be a minimal prime in a semi prime right Go ldie ring R. then RI P torsion 

free as both a ri ght R-module and a right RI P-modul e. 

6. Let P be a prime ideal in a semi prime right Go ldie ring R. Then TFAE 

a) P is minimal c) P is right annihilator 

b) P is left annihilator 

7. If R is a semiprime left and ri ght Goldie ring and B is finitely gene rated torsion 

free left R-module, then B can be embedded in a finitely generated free left R­

module . 

8. Every left/right noetheri an ring is a left/right Goldie rin 

1.3 Modu le composition series 

A strict ly descending chain 

A = Ao ;;1 Al ;;1' •• ;;1 A, = 0 (1) 

Of sub modu les of A, starting in A and ending in 0, is called a normal series of A of 

lengthl . One call s (I) a composi ti on series o f A if each module Aj_ 11Aj where 

1 :::; i :::; I is simple. 

-The length L(A) of A is defined to be the supermom of all length I of chains of the 

form (1) we have leA) E No U (00) 

- A module A is sa id to have finite length if leA) < 00 
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Observat ion: I . Let R be a ring and leI A be an R-module. Then TFAE 

a) A has fin ite length 

b) A has a composition sc ri es 

c) A is noetherian 

d) A is artinian 

2. Lct R be a ring and let A be an R-module that posscsses a compos it ion series. Then 

all composi ti on series o f have the same length L. and L = leA). (Jordan Holder 

theorem) 

1.4 prime Idea ls 

Let R be a ring. Then a len R-module ,R A is call ed 

• Faithfulj ifannR (A) = a 
• Fully fa ithful ; if A and all nonzero submodules o f A arc faithful 

• Prime; if A is nonzero R-module which is full y fai thful as a module over 

RlannR CAl· 

-Lct A be a nonzero module over a ring R. Then 

• An ~lDnihilato r prime for A is any prime ideal P of R whi ch equals the 

annihilator of some nonzero submodulc of A. in thi s case, annA(P) is 

clearl y nonzero and is faithfu l (RI P)-module. 

• Associated prime of A is any annihilator pri me P which equals the 

annihi lator of some prime submodule B of A. 

• A prime series for A is a series o f submodules of the fonn 

Ao = a < At < ... < An = A Where fo r each i = 1,' . " n thc modu le 

Ad Aj _ 1 is a prime submodu le of AI Ai_ 1 

Obscn'ation : For any ring R we have the fo llowing propcrti es 

I . Let A be an R-module. Then A is faithful module overRlann R (A ). 

2. If R is prime ring. then every nonzero right/left idea l o f R fai th ful. 
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3. Let A and B be an R-module. Then ir B!; A, then annR(A) ~ annH(B) 

4. Let A be an R-module and P be an ideal orR. Then P !; annR(annA (P)) 

5. Let A be an R-mod ule and I be an ideal of R s. t I !; annRCA). Then A is an 

Rll-module and annRCA) I P = annRIP CA ). 

Theorem 1. 1 let A be nonzero module over a ring R. suppose that there exists an 

idea l P max imal among the annihilators of nonzero submodule or A. then P is prime 

ideal or R, and annA(P) is a full y faithful CR/P)-module. 

Proof: For spec ificity, suppose that A is a right R-modu lc 

Since P is the annihilators or nonzero submodule of A, there is a nonze ro submodulc 

B o f A such that P = annRCB) and P *' R because 8 * 0 

I . We show that P is a prime idea l o f R: let I and} be ideals or R. Then we need 

to show that if I} !;; P, then I !; P or } !;; P (or by contra positive) 

if P el and P c J. then IJ g; P 

Now 10 show I} g;; P , suppose IJ !;; P 

SinceB * 0, consider a nonzero submodule BI of A 

Let S E j.Then rs E If ~ P for rEI 

= rs E P = bCrs) = 0 for all rEB = Cbr)s = 0 Since B is a ri ght R­

module 

= s E annRCBI) 

HeneeJ ~ annRCBI) 

Thus Pc} !;; annRCBI) contradicti ng the max imali ly of P 

Therefore IJ Ii: P 

Hence P is a prime ideal o f R 

2. We show that annACP) is a full y faithful CR IP)-module: 
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LeI C := annA(P) .Then C is a submodule of A and 

Hence by maximality of P, P = annR(C) ( I ) 

Since C is fai thful over RlannR (C), by ( I) C is faithful ove r RIP 

Given any nonzero submodule D ~ C, we have annR(C) !: annR(D) 

By (I), P !;; annRCD) .1t follows by maximality of 1', P = annRC D) 

Since 0 is faithfu l over i? lannR (D), it is fai th ful over RI P 

There fore C is fully fa ithful as a ri ght (RIP)·mod ule • 
In general. give n an R·module A, the family of an nihilators o f nonzero submodule of 

A need not have any maximal elements. If R is either ri ght/left noetherian, the 

ex istence of maxi ma l annihi lators is automatic. 

Lcmm .. 1.2 : If A is a prime module over a ring R, then show that anrIR(A) is a prime 

ideal o f R. 

Proof: letP:= annR(A) . Then by hypothesis, A is full y fai th ful over RI P - module 

We cla im that RI P is a prime ring.i. e we need to show that {P} is a prime ideal o f 

RI P 

Suppose not i. e{P } is not a prime ideal o f RI P .then there are ideals I I P and J I P of 

RIP such that (lIP) UI P) = {P} with li P , f l P '" {P} 

Since I ~ I' ,I = annR(B) for some O:;t B submodulc of A 

= li P = annR(B)IP = annRIP (B) 

Since A is fully faithful as RI P - mod ule , l i P = annRIP(B) = (P} .... ~ 
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Therefore {P} is a prime ideal of RI P. It follows RI P is a prime ring. 

Therefore P is a prime ideal of R • 
T heorem 1.3: let A be a nonze ro right module over a ri ght noetherian ring R. if A is 

finitel y generated, then A has a prime series. If Ao = 0 < A] < ... < An = A is a 

prime series for A and Pi = annR(Ad Ai - t ) f or i = I , . " n , then each Pi IS prime 

idcal of R and Ad A/_ t is a full y fa ithful right (UI P/)-modulc . 

Proof: I . we show that A has a prime serics: Dy hypothes is we have A is a ri ght 

noetheroan R-module 

~ A satis fies ACC on submodules i. e we have 

Ao = 0 < Al < . .. < An = A where Ai is a submodule of A for each 

i = 1,. ··,n 

Also we have an ideal which IS maximal among the annihil ators of nonzero 

submodule of A 

~ By theorcm 1.1 , A contains a prime submodule, say At , if A * At, AI At contai ns 

a primc submodulc, say AzI Al . If AI Al * Ad Al , AI Az contains a prime 

submodule say, AJI Az 

Cont inuing th is process we gct prlmc submodu lcs Ad A/_ t of AI A1_ I fo r cach 

i = 1," ' , n 

lienee Ao = 0 < At < ... < An = A a prime se ries for A 

2. We show that Pi is prime ideal of R for each i = I ,. ", n : by hypothesis, Ad Ai _ t a 

prime module over R for each i = I,. . " n 

~ By lemma 1.2. Pi = annR(AdAi _ t ) is prime ideal of R 
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3. We show that Ai/Ai _ t is a fully faithful right (R/ Pj) -module: since Ai/AI_t a 

prime module over R for each i = 1,· .. , n, by defi ni tion of prime modu le it is a fu ll y 

fai thful over R/ annR(Ai/AI _ t ) for each [= 1,· ", n 

I-Ience Ai/Ai- t is a fu ll y faithfu l right (U/Pj)-module • 
Theorem 1.4: let A be a module over a ring R, assume that A has a prime series 

Ao = a < AI < ... < An = A and set Pi = annR(AdAi_ t ) for each i = 1," ·,n . 

if P is any prime minimal over annR(A) , there is an index i such that P = Pi 

Proof: assume that A is a ri ght R-module. Dy theorem 1.3, Ad Ai_ t is a fu ll y faithfu l 

right (U/ Pi) -module for each i = 1," ', n 

i. e For i = 1, AI is a fa ithfu l right (R / PI) -modulc 

(I) 

Fori = 2, A,/ A, is a Fully Fai thFu l right (R/ P,)-modulc 

= annRi p, (A,/ A, ) = {P,] 

= (r + P, E R/ P,I(a, + A,)(r + P,) = A, fo r 0/1 a, E A,] = {P, ] 

= A, P, ~ A, = (A,P, )P, ~ A,P, = 0 by (I) 

=:) by induct ion on n,we have APnPn_1 • • • PI = a 

Letx E PnPn- 1 ••• PI> then ax E APnPn_1 ••• PI for all a E A 

=:) ax = a for all a E A 

= x E annR(A) (because x E R) 
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Since P is primc.3 i 3 Pi ~ P 

On thc othcr hand Ict r E annR(A). Thcn ar = 0 for all a E A 

=> aj" = 0 for all aj E AI 

Sinccajr = 0 E Ai_I. (a j + Ai_1)r = Ai_I for all aj E Ai 

=> r E ann R(AdAi_ 1 ) = Pi 

J Icncc annR(A) ~ Pi for cach i = 1," ', n 

Since P is primc minimal ovcr annR(A) . P ~ Pi 

Frolll (2) and (3), P = P, 

(2) 

(3) 

• 
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CHAPTER TWO 

BIMODULE AND AFFILIATED PRIM E ID EALS 

2.1 Definition and examples of Bimodulcs 

Ocfinition~ Lei Rand S be rings. An (R,S )-Bimodulc is an abelian group A equipped wi th a left 

R-modulc structure and a right S-modulc structure (bolh utili zing the given addition) such 

that r(as) ;::; (ra)s for all r E R,a E A,s E S. The symbol RAs is lIsed to denote thi s 

situation. 

-An CR.,S)-sub- bimodulc of A (or just a sub- bimodulc ,if Rand S arc clear from thc contex t) is 

any sub group of A which is both a left R-submodulc and a right S-submod ul c. 

Note that : - if B is a sub bimodulc of A ,Ihe factor group A/B is a bimodulc in thc obviolls 

manner. 

-An (R, R)-bimodulc is known as an R-bimodulc. 

Examples - If R is a ring, then R itself is an R-bimodulc and so is Rll (I hc n-fold direct product 

orR) 

-Any two-s ided ideal ofa ring R is an R-bimodul c. 

-Any module over a commutative ri ng R is automatically an R-bimodule . 

-I f A is a left R-module. then A is an (R,Z)-bimodulc where Z is the ring of intege rs .Similarly 

,ri ght R-module may be interpreted as (Z,R)-bimodule.and indeed an abelian group moy be 

treated as a (Z,Z)-bimodule.- If R is a subring ofS,then S is an R-bimodule .11 is also an (R,S) and 

an (S,R)·bimodulc. 
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2.2 Noetherian Bimodules 

By a "Noetherian bimodulc " is usuall y meant a bimodulc RAs which not onl y has the ascending 

chai n condit ion (ACC) on sub- bimodu lcs, but also is noetherian as lert R-module and as a right 

S-modulc. 

LelUma 2.1 Let RAS be a bimodulc and B a right S-submodulc of A such that R(RB) is finitel y 

generated. (The latter hypothesis is automatically satis fi ed if RA is noetherian.) If 

I ;; r. anns(B) ,there exists n E N such that 5/1 is isomorphic to a (right) submodulc of B" . 

Proo r: given that RB = {Lfil1ite rb ; r E R, be 8} is finitely generated. 

Let {XI , ... x,, } be generated sct of RB .Then 

= R L {inife rb + ... + R L flnite rb since Xi E RB. i ;; 1, ... n 

= L fi11ite Rrh + .. .. + L flnite Rrb 

= L rlnile Rb + .... + L fjnfre Rb Since RB is a left R-modulc 

= R Lfini!e b + .... +R L finile b 

= Rbi + ... +Rbn since (Lfinile b) E B 

=8 

Hencc B is a left R·submodule of A generated by b l , ' • " bn and hence B is an (R,S)· sub 

bimodule o f A and so is Bn 

Also RB is a direct sum of Rbi' . ", Rbn 

·Since RB has finite summands,Rb l + ... +Rb" = RbI x· ·· x Rbn 

Now / = r. annsC R) = r· annsC RB) = ,. . anns(Rb1 x ... x Rbn} 

=(s E SI(rb l ... rbnls = 0 f or all (r bl ,"· ·.rbnl E Rbi x··,x Rbnl 0" r E R 
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~ (s E SI(r(bls)"" r(bns» ~ o} Since B is an (R,S)-bimodule 

~ r , anns(bl) n'" n r, anns(bn) 

Define a map (from a right S-modulc S to a right S-modulc 8") 

[:5 --> Bn by S ~ (bls", ,bns) Then 

I.W e show that f is well defined: Let 51,52 E S with 51 = 52 . 

;:::::::) f Is well-defined 

2. We show that fis a right S-modulc homomorphism: For any 51,52 E 5, [(51 + 52) = 

(b l (Sl + s,), ' , bn(SI + s,») ~ (bls, + blS" ' ',bns l + bns,) 

And for an scalar a E S.[(sa) ~ (b l (sa), ' "bn(sa» 

~ « b,s)a" ,, (bns)a) ~ (b,s, , "bns)a ~ [(s)a) 

;:::::::) f is right S-modulc homomorphism 

3,We show that ke r(f) ~ I: ker(f) ~ (s E SI[(s) ~ 0 ~ (0, ' ' ,0) E Bn} ~ 

(s E SI(bls" "bns) ~ (0,' ',o)} ~ (s E Slbls~" ',~ bns ~ o) ~ r,anns(bl) n" ,n 

r, anns(bn) ~ 1 

4.Wc show that imet) = 8": 

im(f) ~ (y E Bnly ~ [(s)for some s E S) ~ (y E Bnly ~ (bls, ' "bns) E B x ' , , B} ~ 

{y E anly ~ (b l", ,bn)s) ~ (y E Bnls ~ (b . .'. ,bJ ~ Bn 
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5ince [o r arbi trary y E Bn we have s E 5 (i. e [is onto) 

Finally by FTH , we have 5/1 == en as a right S-module • 
Theorem 2.2: Le RAS be a bimodule and B a ri ght S-submod ule of A such that K (RH) is 

lin itcly greeted.Sel I = r. anns(B), I [ Bs is artinian(lloetherian), then 5/1 is ri ght 

artinian(noe tberian), 

Proof: By lemma 2.1 3n ENs. t 5/1 == B" as a right S-module 

Since Bs is arlinian(noelherian),we have B"s is art inian(noelherian). 

l lence 5/1 is right arti ni an (noetherian). • 
Lemm:! 2.3 : Let RAs be a bimodule such that R A is noetherian and S is a primc right Gold ie 

ring. Lct C be a sub bimodule of A and B a right S-submodule containing C. If B/C is tors ion 

as a right S-module, there is a nonzero ideal I of S such that BI !: C, 

Proof: R A is noetherian => R(A/C) is noetherian ....... (1) 

Since B is a right S-submodule of A, H/C is a right S-submodule ofA /C (2) 

Consider { = r.anns(B/C) . 

As ( I) and (2), by lemma 2. 1, we sec that there is n E N such that, 5/1 == (B /C)" as a right S-

module . (3) 

Observe that (B/C)" is right S-submodulc ofB/C 

Since (B/C)s is torsion and S is prime right Goldie ring, (B/C)s" is tors ion (sec chapte r -1). 

Hence 5/1 is to rsion as right S-modulc by (3) 

We need to show 1,* (0) . 

Suppose 1= (o) .then S is torsion as right S-module 

::::;:) sc = (o)[or all S E 5and [or some regular element c E 5 => SC = (0) 

= (e) = (0) = e = 0 -H- .Thus { '" (0) 
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Finally ror any 0'" rE I, we have (b + C)r ; Cfor all b E /J 

::::::) br E C ~8r E C 

= 81 ( C • 
Theorem 2.4 Let RAs be a bimodule . where R is a pri me left noetherian ri ng and S is a prime 

right noetherian ring ,and suppose that the module R A and As arc both fin itely generated and 

torsion free. Let Band C be sub-bimodulcs of A withB :1 C .Then the following condit ion arc 

equival ent; 

a) B / C is torsion as a right S-modulc 

b) BI C is torsion as a left R-module 

c) There is a nonzero idea l J ors such thatBI ~ C.(t lwt is , Bi e is an unfaithful 

right S-modulc) 

d) There is a non zero ideal J o f R such that J B !;; C. (that is , 8 I e is an unfa ith fu l 

left R-modulc) 

c) C is essential as a right S-submodule of B 

f) C is essent ial as a le ft R-submod ulc of B 

Proof ea ~ c) suppose Ble is torsion as a right S-rnodulc 

From R is noctheria and R A finitely genera ted , we have R A is noetherian. 

Sinee every ri ght noetheri an ri ng is right Go ldie, S is a right Goldie ring whence 

S is a prime ri ght Goldie ri ng. 

Thus by lemma 2.3 there is a nonzero ideal I of S such thatBI ~ C. (that is, 8 lC Is an 

unfa ithful right S-modulc. 

(e ~ f) Suppose there is a nonzero idea l I or s suc h that BI ~ C 

Since I is non zero ideal in the prime right Goldie ring S, it containing a regular clement c .Then 

by hypothesis Be ~ C ( I) 
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SinceAs is torsion free, B is torsion free as a right S-module(bccause S is a semi prime 

ri ght Go ld ie ring (see chapter- I ) 

1·lence [or any 0 '* b E B ,be '* 0 for all regular clement c of S 

Thus we have a monomorphism [: B ..... B by b ~ be where b E B, c regular clement c of S 

Since R is a prime left Go ld ie ring, S is a prime ri ght Goldiering and Bs is finitel y generated 

torsion free , we have B has finite rank and hence [(B) ~e'R B (sce chuptcr- l ) Be ~e'R B 

whence ,R C ~e'R B by(J) 

(f;:::) b) suppose'R C 5 e'R B .Thcn since C is a subrnodu lc ofa ri ght S-Illodulc B 

and'R C 5 e.R 8 , 81 C is torsion as a leli R-modu lc 

Finally Cb => d), Cd => eland Ce => a) arc holds by symmetry 

2.3 Affi lia ted prime ideals 

• 

If RAS nonzero noetherian bimodule ,then the right module As and the le ft modu le R A have 

prime series, by theo rem 1.3 

Such a "right prime series" and a "left prime series" that co incide , but unless we choose them 

carefu lly, such series need not even consist ofsub-bimodules of A. 

When sllch series consists of sub-bimodules of A? 

As has prime series implies Ai l Ai- t prime right S-subrnodu le of AI Ai _ t for each i= 1, ... ,n. 

particularl y ,for i= I , At is prime ri ght S-submodule of A. 

By lemma 1.2 there is prime idea l PtofS such that Pt = anns(At) 

Also by theorem 1.1 annA(Pt ) is prime ri ght S-submodule o f A. 

Moreover annA (Pt ) is a sub-bimodule o f A. 

I-Icnce A/ annA(P1) is non zero noctherian bimodule 

Thlls Al annA(Pt ) has prime se ries for As by theorem 1.3 
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Ag. in by lemm. 1.2, there is a prime ide.1 P ofS such th.t P = onns(AII Bl/ (A,_II Bl 

=> by t h ird isomorphism theoremP = annsCAd AI _ t ) 

1·lcncc annA/ A 1_
1 
(P) is prime ri ght S- submodulc of AI AI - t - Morovcr,annA! AI_

1 
(P) Is a sub 

bimodulc of A/ Ai_ t . 

Thus Ad A i _ t is a sub-bimodu le of AI Ai - 1 

lienee Ai Is a sub-birnodule of A for each j:::: 1, ... n 

Therefore As consists a sub- bimodu lc of A. 

Defi n ition: I .Let A be a nonzero module over a ring R. An affiliated submodulc o f A is any 

submodule orthe form annAP). where P is an ideal of R max imal among the annihi lators of 

nonzero submodu le of A. 

We note that such an ideal P is associated prime of A by theorem 1.1 and that P equa ls the 

annihilator in R orthe affi liated submodulc annA(P) 

2. An affi liated series for A is a seri es of sub modules orthe form 

Ao =O < AI<· ··<An= A 

Where for each i= ) .. . n the module AJ A1_ 1 is an affi liated submodulc of AI Ai_I ' 

If Pi = annR(A J Ai-I) , then the list PI" . " Pn is the li st o f affiliated pri mes of A 

corresponding to the given affiliated scries. In general an affi liatcd prime of A is a prime idea l 

of R wh ich appears in thc list of affiliated primcs corresponding to some affi li ated series of A. 

T heorem 2.S: I f A is a nonzero finitel y generatcd right module over a right noetherian ring R, 

then A has an affi li ated series. If Ao = 0 < AI < .. . < An = A is such an affil iated scries, 
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and PI"'" Pn are the corresponding affiliated primes, then each Ad Ai_ 1 is a fully faithful right 

(RI pa-module, and each Aj = annA(PjPi_1 ••• PI) .ln particu lar, any affiliated series for A 

is a prime series. 

Proof: 1. we show that A has an affiliated seri es: by theorem 1.3, we have 

Ao = 0 < AI < ... < An = A With Ad Ai_I is prime submodule o f AI Ai _ t , 

Pi = annR(Ad Ai_I) Is a prime ideal o f Rand Ajis submodule of A for each i= I, ... n 

-since R is noetherian , PI is maximal among annih il ater of nonzero submodu lc of AI AI _ t for 

each i 

Hence by theorem 1.1 ,Ad Ai_I = annA!AI_
1 
(Pi) . it follows Ad AI_1 is affi liated 

submodulc of AI AI_t for each i 

Therefore A has an affiliated series 

2. We show that Ad Ai_1 is fully faithfu l: by theorem 1.3 clearly Ad Ai_I is fully faithful 

3. We sho w that each Ai = annA(PjPi_ 1 ••. PI) : Given that PI = anllH (AdA I_t ) .by 

defin ition of an affiliated submodu le ,we have 

Let a be arbitrary element ofAz. Then a + At E Azi Al ~ (a + A, )Pz = AI for all pz E Pz 

Hence A, = (a E AlaP, ~ annA(P, )} (1) 

= (ap,)Pl = Of or all ap, E aP, 
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= (ap,) p, = 0 f aT all p,p, E P,P, 

Hence A, S;; annA (P' P' ) (2) 

Let aE amlA(PZP1)·then a E annA(PZ) since PZP1 !;;; Pz 

;::::) apz :;; 0 for all pz E Pz ~ aPz :;; a 

Since P, '* R.annA(P') '* (0 ) 

(3) 

From (2)and (3) , A, = annA (P, P,) 

Continuing by induction, we conclude that 

• 
Theorem 2.6: Let R be right notherian ring and A be a nonzero finitely generated right R· 

module , and leI PI"'" Pn be affi liated primes corresponding to some affiliated seri es for A 

.Then ,if P is a prime minimal over annR(A) ,there is an index i such that P :;; Pi 

Proof : Since any affiliated series for A is also prime series thi s result follows from 

theorem 104. • 
Remark -Associated primes are always annihilator primes 

-All annihi lator primes are affiliated primes 

-All affi li ated primes need not be annihilators, unless fo r a fin itely generated module over a 

commutati ve notheri an ring. 

- Annihilator primes need not be associated 

We nex t consider affi liated submodules and affil iated primes in the contex t or bimodu1cs. 
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Definition: Let RAS be a bimodule .a ri ght affil iated sub-bimodule of A is any affil iated 

sub-module fo r As, a right a ffiliated series for A is any affil iated seri es Ao = 0 < AI < ... 

< Am = A for As,and the corresponding affil iated prime ideals PI = T. anns(Ad AI_I), are 

ca lled righ t affiliated primes of A (i n case of need ,one can view a zero bimodule as having a 

ri ght affi li ated series with length zero and no affil iated primes.) 

Left a ffi liated sub-bimodule, series and primes are defined analogously. 

T heorem 2.7 Let RAs be a nonzero bimodule such that R A is noetherian and S is right 

nothcrian .then there exists a ri ght affiliated series 

Ao = 0 < Al < ... < Am = A for A. If PI " .', Pm arc the corresponding ri ght affil iated 

primes ,then each Ad Ai_ l is a torsion free right (5/Pi )-module. 

Proof; I . we show that A has a ri ght affi liated series: As ,R A is noetherian, by lemma 2. 1 we 

see that 5/1 == An is a right S-module => (5/1)5 is noetherian (because S is right noetherian) 

=> An is noetherian as a right S-module=> As is noctherian 

I-Icnec As is fin itcly generated 

Thus by theorem 2.5 As has an affi liated scries 

i-lel1ce A has a ri ght affi li ated series 

2. We show that Ad Ai _ I is a torsion free right (5/ Pj )-modu le: it suffi ces to show that AI is 

a torsion free righ t (5/ PI ) -mod ule 

Now since AI is faith full as a right (5/Pd-module, AI is an (R,S/PI ) - bimodule 

Let 13 be the torsion submodule of Alas a ri ght (S/Pj)-modllle.Then since AI is a right S­

module and B~ AI' B is a right S-module and RB is left R-submodule of At 

=>,R (RB) Is finite ly generated 

='R (RB) = ,R B .Hence B is a (R,Sj PI ) - sub bimodule of AI 

Observe that -PI is prime ideal=> 5/PI is prime ri ng 

21 



·S is ri ght noetherian=> S I PI is right noetherian 

Thus SIP, is prime right noetherian ring and hence SIPt is prime right Goldie ring 

We need to show that 8 = (0) 

Suppose 8,* (O).Then as 81(0) is torsion as a ri ght (SIP1)·module, by lemma 2.3 there is 

an idea l (0) * l of 5/1', such tha t BI ; (0) 

=> 1 ; j / 1', Sueh ,ha' j is an ideal of 5 and 1', [; j and bx ; 0 for all b E fJ and x E 1 

=> bey + 1', ) ; Of or all b E B where x; y + 1', fOT some y E 1 

Observe; At is fully faithful as a right (SIP1)·modu lc and B is a sub·module of At as a right 

(5/P,)-module => anns/p,(B) ; {P,l 

Thus y + 1', E anns/ p, (8) ; {P,l 

lienee 1', ; j, it fo llows I; {P,l - H -

Thus B ; (0) 

There fo re A t is a torsion free right (S I Pt ) -modu le. • 
\Corollary 2.8: let RAs be a nonzero bimodule such that R A and As are fini tely generated. If R is 

left noetherian and S is right noetherian, there ex ists a chai n of sub bimodules 

Ao = 0 < At < . . . < Am = A (a) 

Such that the ideal Qi = l.annR(A;!Ai_ t ) and Pi = r.anns(A;!Ai_t) are primc,and A;!Ai _ 1 

is torsion free both as a left (RIQa -module and as a ri ght (SjPj)-modu lc, for each I = I, ... , III 

Inpanicular, the chai n (a) is both a prime series fo r As and a prime series for RA 
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Proof: it suffices to show that A contains a nonzero sub- bimodulc B such that I . annR(B) and 

r. anns(B) are prime ideals and B is torsion free on the left over R/ l. annR(B) and on the ri ght 

over Sir. anns(8) . 

Since by theorem 2 .7 A has ri ght affil iated series, there exists a ri ght affi liated sub-bimodule o f 

1\ (say C) and since C is an (R, S)-bimodul e ,C has left affiliated seri es .it foll ows there ex ists a 

left aflil iated sub-bimodule orc (say B) 

Moreover, if P :::; r. anns(C) and Q:::; t. annR(B), then 

I. P is max imal among right annihil ator of nonzero sub- modu le o f A and Q is maxi mal 

among left annihilator of nonzero sub- module o f C 

II . P and Q are prime idea ls ofS and R respectively 

III. C is a torsion free right (5/P)-mod ul e and B is a torsion free left (H/Q)-modulc 

In addition Bs !;; Cs ~ P :::; r. anns(C) !;; r. anns(B) 

lienee by maxi mal ity of P, T.anns(B) :::; P 

Thus 13 is a torsion free right (5/P)-module • 
Note that : comparing theorem 2.7 wit h theorem 2.5 ,we see that the advantage of work ing 

with noetherian bimodule as opposed to a noetherian module is that in bimodule case we 

obta in sub-modules which arc tors ion free , rather than just fully faithful ,modules over prime 

fac tor rigs 

Theorem 2.9: RAs be a nonzero bimodule, where R is a left noetherian ring and S is a prime 

right noet herian ring, and suppose that the mod ul e II.A and As are both finitely generated and 

that As is torsion free. 

Let Ao :::; 0 < At < .. . < Am ;;: A be a left affi liated seri es for A .then each fac tor A/ Af _ l 

( i :::; 1,. . " m) is a torsion free right S-module .ln particu lar r. anns(Ad Ai_ l ) :::; 0 

Proof; It suffices to show that (A/ At )s ) is tors ion free . Sct Pt :::; I. annR(A t ) so that 

At:::; r. annA (Pt ) .If a E A and ax E At for some regu lar element x E 5, then Pt ax ;;: a. 

since As is torsion free, Pta;;: a ,and so a E At ~ A/At;;: {At} 
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1·lcnce AI A I is torsion free as a right S-module • 
2.4 Artin i.n Bimodules 

Like noetherian bimodulc , artinian bimodule is usually meant a bimodulc ,R As which not only 

has the DeC on sub-bimodu les but also is artinian as a left R-modulc and as a ri ght S-modulc . 

Lcmm :' 2. 10: Let RAS be a bimodule such that S is a semiprime ri ght Goldie ring and As is 

tors ion free .Iet Q be the right Gold ie quoticnt ring ofS 

a) If R A has finite length ,then As is div isi ble 

b) If As is divisible ,its right S-module structure extends to a right Q- modulc structure and 

A becomes an (R,Q)-bimodule. 

Proof: a) By corollary of Goldie's regular element lemma S conlain regu lar elemcnt, say c 

Consider the map f: A --+ A by a 1-+ ac 

Clearly { is we ll -defined 

Ker(f) = [a E AI[(a) = OJ = [a E Alae = OJ = [OJ since c is regular clement 

=; [is inject ive .it follows A'" [(A) = Ae (I) 

Also {is left R-modulc endomorphism of A (becausc A is a bimodule) 

~Ae is a left R- sub-modu le of A (2) 

Since «A has finite length, by ( 1) Ac has the same length as A (3) 

from (2) and (3), Ae = A 

Since c is arbitrary Ac = A {or all regular element c of S 

The refo re by definition As is di visible. 

b) from chaplcr- I A has a unique right Q-module structure compatiblc with its right S-module 

structure 
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~ As extends to AQ .Next we need to show A is an (R, Q)-bimodule 

Given r E R, a E A q E Q.we can write q ;;; sc- 1 for some s, C E S with c regular 

Now [r(aq) ]e = r[(aq)e] since A is a right Q·modulc and also an (R,S)·bimod ulc 

=r[aqe] 

= r[ase - Ie ] = r[as] = (ra)s => r(aq) = [(Ta )s]e - I = (Ta)se- I = (ra)q 

Therefore A is an (R, Q)-bimodule. • 
Lemma 2.11: let RAS be a bimodule such that RA and As arc finitel y generated. Assume that S 

is a semi prime right noetherian ring and that A is a tors ion free,faithful , di visible right S­

module. then S is semisimple ring and As is semisimple module with fini te length. 

Proof: Given that S= semiprime right noetherian ring ( I) 

RA = finitely generated (2) 

As::: finite ly generated (3) 

As= torsion free (4) 

As= faithful (5) 

As= divisible (6) 

From (1) we have S is semiprime ri ght Goldie ring (7) 

==> S has right Goldie quotient ring 

Let Q be the right Goldie quotient ring ofS. Then by lemma 2.10 A is an (R, Q)-bimodule 

We claim that AQ is faithful 

Since by (5), T. anns(A) = 0 fOT any s E S,as = 0 fOT all a E A = s = 0 (8) 

Let q E r. anno(A). Then aq = 0 fOT all a E A 
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:> a(sc - I
) = 0 fOT a ll a E A = (as) c- I = 0 fOT all a E A 

:>as = OfoTali aE A 

From (8). we have s = 0 

Since q is arbitrary, T. annQ(A) ;;; 0 

'-Ience AQ is fa ithful (9) 

As .R A noetherian, by lemma 2.) we see that (Q / J)Q :;; AQ n for some n E N 

ilul from (9),/ = T. annQ (A) = 0 

(10) 

From ( I) and (3 ), As is noetherian ~ Qs is noetherian 

Now given any regular element Z E 5, the chain S :5 Z - 1 S :5 z - 2S :So . . of ri ght S·submodule 

ofQ must terminate i.e 3m E N such that z-mS ;;; z -(m+ l )s ==> z - mS = z- m- Is ==> S = 

Z- I S (mult ip lying byzm) = Z - I E S 

Thus all regular elements of S are invertible, whence Q ;;; 5 ( I I ) 

Since Q has identity clement, every right ideal of Q is regular (12) 

Also by (7), there arc only finitely many distinct maximal idea l in Q and there intersection is 0 

(sec chapter- I) ( I J) 

From ( 12) and (13) , the intersection of all regular maximal ri ght ideal of Q is 0 

Hence by defin ition Q is semisimple ring 

::::::> QQ is simisim plc module it follows by (10) , AQ n is simisimple module 

::::::> AQ is simisimple module 

Also by ( 11), As is simisimple module 

Therefore S is semisimplc ring 
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Finally since S is nonzero unitary semisimple right S-module. S is scmisimple right artinian (see 

chapter-I) 

===> by (3) As is artinian 

Thus As is both noctherian and artinian 

Therefore As has fin ite length • 
Theorem 2. 12 : (Lenagan) let RAS be a bimodule such that RA has finite length and As is 

noetherian. Thcn As has finite length. 

Proof: we may assume that A "* 0, and we may replace A by B from theorem 2.2 we have 5 I I is 

right noetherian where I = r. anns(A) 

===> 5 is right noetherian (I) 

Also by theorem 2.7, there exists a right affi liated seri es 

Ao = 0 < Al < ... < Am = A for A and for each i=l. .. m , the ideal PI = r . anns(AJ Ai_I) is 

a prime ideal ofS, Aj/Aj _ 1 is torsion free and faithful right SIPi -mod ule (2) 

R(Aj) is both noetherian and artinian sinee RA has finite length 

~'R (A d A i- I) is both noetherian and artinian.it follows ,R (Ad Ai_I) has finite Icngth (3) 

Since Pi is prime ideal of S, S / Pi is prime ring. 

~ S / Pi is semiprime ring. (4) 

From (2) and (3), Ad Ai_ 1 is left R-module and right 51Pj - module. Also for r E R, ai E 

A,and s E S, [,-(a,) + A,_,l(s + P,) ; [era,) + A,_,] (s + P,) 

since A is an (R,S)-modulc 

Thus Ail Ai _ 1 isa(R,Sjpa -bimodule (5) 

From ( I) and (2), S / Pi is semiprime right noetherian ring (6) 
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Also from (3). we have ,R (Ad Ai_ I) is finitely generated (7) 

And since Pi = r. anns(Ad Ai- I), by lemma 2. 1 3n E N such that (S I P,)s " 

(A,/ Ai-\)s " (8) 

Observe that: let T = 51anns (A). then the T-submodules of A are precisely the same as the S­

submodule of A. 

Since A,/ A' _ I is both the (SI P') and the S - submodule of Ad A'_I , 

(A,/ A' _I )s/ p/ = (A,/ A'_I ls 

Since (S I Pih/ p/ is noetherian, (Ad Ai _ 1 hlPt n is noetheri an. 

;:::::::> (Ad Ai _ 1 hlPt is finitely greeted. 

As (3) we see by lemma 2. 10, we have (Ail Ai - I h l Pt is di visible (10) 

Also as (2),(5),(6),(7),(9) and (10) we see by lemma 2.I I,wc have Ad A' _I has finite length.it 

rollows by (8), (Ad A'_I ls has finite length.ror i=I, ... m 

For i=l, (AI h has finite length 

For i=2, (Ad A I )s has finite length .i t follows as (AI )s has fini te length, 

(Az) s has fi nite length. 

Therefore by induction on" m" (Am h = (A)s has finite length. • 
Corolla ry 2. 13: RAS be a bimodule whi ch is noetherian on each side.Then R A is art inian ifand 

only if As artinian . 

Proof: (=» suppose RA is art inian.then we need to show As is art inian . 

Since RA is noetherian, by assumption RA has fini te length and since As is noetherian, by 

theorem 2. 12, As has finite length 
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Hence As is art in ian. 

(<=) Suppose As is artinian .Then we need to show KA is artinian 

Observe that : theorem 2. ) 2 holds true for interchanging len R-module to ri ght S-module and 

vice ve rsa 

Now since As is noetheri an, by assumption As has fi nite length and since RA is noctheri an, by 

theorem 2. 12. KA has finite length . 

I lence KA is arti nian. • 
Corolla ry 2.14: let / be an ideal in a noetheri an ring R.Then K is art inian ifand only if fR is 

artinian. 

Proof: I is an ideal of R;;;;;) / is an (R, R)-bimodule and it is both len and right R-submodule of 

an J< -module R 

As J< is noetherian , both ,R / and JR are noetherian 

By Corollary 2. 13, we have ,R / is artinian ifand only if JR is artinian. • 

Corollary 2.15: RAS be a bimodule which is noetherian on each side.There exists a unique sub­

bimodule B :s A such that B is artinian on each side and B contain all artini an ri ght or left 

submodule of A. 

Proof: let B be the sum of all the artinian ri ght S-submodule of A and 

C be the slim of all the artin ian left R-submodule of A .Then B is ri ght S-submodulc of A and C 

is left R-submodule of A 

As As is noetherian,Bs is finitely generated 

=> B is the sum of fi ni tely many artinian right S-submodule of A ( I) 

=> Bs is anin ian 

Simi larly RC is art inian 
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For any x E R, (xB)s is an epimorphic image of Bs 

~ (xB )s is art inian 

~ xB ~ B Since B is max imal ri ght S-submodule of A (2) 

Since xb E xB for any x E R, by (2),xb E B 

Thus 8 is left R-module (3) 

From ( I) and (3 ),8 is a sub-bimodule of A. it fo llows as A is noetherian on each side and so isB. 

Similarl y C is a sub-bimodule of A which is noetherian on each side 

By coroll ary 2. 13 ,R B and Cs are artinian.it follows B and C have finite length 

=> B = C 

Particul arl y ,R B is artini an and B contain all the artinian left R-submodule of A 

To show uniqueness, let ,R Ds be sub bimodule of A such that D artinian on each side .Then ,R Ds 

has finite length 

Thus since B, 0 ~ A, B = D • 
Definit ion: The sub-bimodule B in Corollary 2.15 is called the artinian radica l of A 

Theorem 2. 16: (Ginn - Moss) let R be anoetheri an ring .if SOC(RR) is essential as either a ri ght 

or a left ideal of R, and then R is an artinian ring. 

Proof: if I ;;: SOC( RR), IR is semisimple 

Since IR finite ly generated and semisimple,it is artinian (sec chapter- I) 

By corollary 2. 14 ,R J is artinian 

We now have symmetric hypothesis. Namely, we have an ideal I of R which is artinian on both 

sides and essential on (at least) one side .Hence it is enough to consider the case that JR :5e R R 
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If N = r. annR (I), then, as 'R I is artinian, we see by lemma 2.2 that R / N is left artinian (artinian 

as left R-module) 

On the other hand,N I = a since NI S I ,N '* R and I is simple , 

Since N I = a and I R Se RR ,N is ni lpotent (see chapter-I) 

For i = 0, 1,- .. note that N i+1 :5 Ni 

N is left ideal (or left R-submodule) of R =? Ni /Ni+1 is left R module and left R/ N -module 

Since R / N is noetherian, N i 
/ Ni

+
1 is finitely generated as R / N - module and since R/ N is 

artinian, 'R / N (N i/N i+1) isartinian 

Since N is nilpolent,N k = 0 far same kEN i.e we ean put k = i + 1, i::; 0,1", . 

~'R N is artin ian 

Thus R/ N and N are left artinian 

~ R is left artin ian 

By Corollary 2.1 4 ,R is righ t art inian as well 

Therefore R is an art inian ring • 
2.5 prim e ideals in finite ring extensions 

In thi s section, we will study the relations between pri me idea ls in rings Rand S,where S is 

an ex tension ring of R. Suppose that R is noetherian ring and R is a subring of a ring S such 

that the modules ,R 5 and SR are finitely generated; this immediately implies that S is 

noetherian .we can,of course regard S itself as an (R,S)-bimodule or as an (S,R)-bimoduJe , 

but there are other bimodules arising from these which give even more infonnation about the 

relation between the ideal theories of Rand S. 
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If P is a prime ideal ofS, then (unl ike the commutative case) P n R need not be a prime (or even 

a semi prime) ideal of R .for instance , let R = [g ~l and S = M,(Q), while P = O. 

Lemma 2.17: let R be noetherian ring which is a subring of a ring S such that RS and SR arc 

finitely generated , and let P be a prime ideal of S .For any prime ideal Q of R which is minimal 

over P n R ,there exist nonzero bimodules .R/Q As/ p and .s/ p BR/ Q which arc finitely generated 

and torsion free on each side .Simi larly if Ql and Q2 arc prime ideals of R which are both 

minimal over P n R , there exist nonzero bimodules .R/QI CR/Q2 and .R/Qz DR/Q I whieh arc 

finitel y generated and torsion free on each side . 

Proof: without loss of generali ty we may assume that P = 0 

-since [: R -t 5 is a ring homomorphism,f-l(p) :: [ - 1(0) = 0 is a prime ideal ofR 

==> pn R :: 0 ~ Q ==> Q is minimal prime ideal ofR over pnR 

==> Our assumption is true that is 0 is a prime ideal of S .it follows S is prime ring. 

Gi ven a minimal prime Q ofR , the first bimodule we need to find is an (R / Q,S)-bimodu le 

whieh is fi nitely generated and torsion free as a left (R / Q)-module and as a right S-module .Wc 

first regard S as (R,S)-module and choose a left affi liated series So :: 0 < S1 < ... < Sn :: S 

for thi s bimodule 

As S is noetherian, S is semi prime right Goldie ring. It follows 5s is torsion free (sec chapter-I ) 

By coro llary 2.8 and theorem 2.9, each factor SJSi- l is a torsion free left (R / Li )-module, where 

Li :: r. annR (SJSi_l), and a torsion free right S-module. 

Q is minimal impl ies Q is left annihilator i.e Q is min imal over l. annR(S), 

Hence by theorem 2.6 we must have Q :: Lj for some index j . 

Thus we obtain the desired bimodule A by choosing A :: S/ Sj_ l . 

The bimodule B is obtained by a symmetric argument. 

Now suppose that Ql and Q2 are minimal primes of R . 
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Let .R/ Q, As be the bimodule obtained in the previous paragraph, and now regard A as a 

(RI QI ' R)-bimodule. Since A is faithful right S-modu le (by theorem 2.9), it is also a fa ithful 

right R-module. 

Let Ao:;:::: 0 < Al < ... < Am :;:::: A be a right affi liated series for this bimodule 

Since RIQI is semi prime right Goldie ring. ,R/QI (RI Q1) torsion free 

Thus by corollary 2.8 theorem 2.9 again each fac tor Ad Ai - 1 is torsion free as a IcFt (R I Q1) _ 

module and as a right (RI Pj ) - module where 1'j :;:::: T.annR (At/Ai_I)' 

Since Qz is minimal, Qzis right annihilator (see chaptcr-I ) 

==> Qz is minimal over T. annR (A), we again apply theorem 2.6 to sec that Qz :;;: PI( for some 

index k. 

Therefore we may choose C :;:::: AkiAk_I' the corresponding argument (beginning with B as an 

(R,R/QI)-bimodule) . • 
Thl'orcm 2.18 :(Jategaonkar,Letzer) Jet R and S be prime noetherian rings and RB S a nonzero 

bimodule which is fini tely generated and torsion free on each side .Then 

a) If R is semi primi tive, so is S 

b) If R is right primitive, so is S 

Proof: First observe that, since B is fini tely generated and torsion free as a left R-mod ule, 

.R B embeds in a free left R-moduJe (sec chapter-I ) i.e .R B :=,R R . 

Let T = LU(B) I! E HomRCR B'R R) } and observe that T is a nonzero ideal of R, we claim 

that B/IB = 0 only if(R / I)T = 0 

Gi ven any ! E HomRCR B'R R), it follow from B/ IB = 0 (i. e B = IB) that { (B) = 

((fB) = I{(B ) ,; I 

Hence T ,; I , and so let xt such that x E R/ I and t E T (i.e xt E (R/ I )T). 
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Then x = r + I for some T E Rand xt = (r + I) t = rt + I = I 

Since xt is arbitrary clement of ( R/I)T), (R/ I)T) = 0 as claimed . 

a) Let J = J (5) = nj Pi with Pi is a primitive ideal of S (i. e J is semi primitive idea l of S ) 

We need to show that J = 0 

Suppose not i. e J *' O. Then by theorem 2.2(applied to the sub bimodules 8 ~ 8J) . there is 

n nonzero ideal K of R such that KB ~ BJ ( I ) 

Next I. we need to show that: T () K *' 0 

Suppose not i.e T n K = O. Then TK ~ T () K = 0 

~ 0 is primi ti ve ideal of R since R is semi primiti ve 

~ 0 is prime ideal of R. It follows R is a prime ring 

Now TK !;;;; T () K = 0 ~ TK = 0 => T = 0 or K = 0 -H- with T, K *' 0 

Thus T () K *' 0 

2. we need to show (fi nd) a maximal ri ght ideal J of R such that I docs not contain T () K. 

Suppose not i. e T () K ~ J 

o is ri ght primi tive ideal of R implies r. annR(A) = 0 where A is simple right R-modulc (sec 

chnpter-I ) 

Also R/ / is simple right R-module where lis maximal right ideal of R implies R/ I is 

faithful simple module 

= ann.(R/ I) = 0 

= (r E RI" (a+ I) = I [ oralia E R) = 0 

= (r E Rlra E I [or ali a E R) = 0 

Hence ra E I => r = 0 for all a E R 
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LeI r E K n T .Then r E K and rET ~ ra E K and ra E T {or all a E R 

:;::::) ra E K n T ~ I=> ra E I {or all a E R ::) r:: 0 

Hence K n T = 0 ~t-

Thus K n T r;, I .Also K r;, I (because if K >; I, then K n T >; K >; 1). 1t follows 

imlllediately that K + I = R 

:;::::) KB + IB = RB => KB + 18 = 8 Since RB is finitely generated (2) 

On the other hand ,(R//) l' *" 0 (as 1,* R).By the claimed proved, above 

B/IB '" 0 ( i.e B '" 18) 

8 '* IB implies we can find a maximal right submodule C in B such that 18 !; C. 

Since B/C is simple right S-modu le, (8/C)] = 0 (3) 

Let bi such that b E 8 and i E] (i. e bi E 8j). Then 

(b + C)i E (8/ C) = C by (3) 

=> bj + C = C = bi E C 

li enee O) ~ C (4) 

Combining ( I), (2) and (4),we get 8 >; C 

lienee C:: B ~t-

Thus) ;;:: O. Therefore S is semi primitive 

b) Since there exists a maximal right ideal I in R such that R/ I isa faithful simple 

module,(R / I) T '" 0, and the claim above shows that 8 / 18 '" 0 

LeI C be maximal right submodule ofB containing IB 

We claim that the simple right S-modulc B/C is fai thfu l 

Suppose not i.e8 / C is not faithful. Then r.ann, (8 /C) " 0 
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=> (s E SI( b + C) s = C for all bE B) ,,0 

=> 3 0 "s E 5 s. t (b + C) = C for all bE B 

=> bs E C f 01' all b E 8 

:::) 81 !'; C for some nonzero ideal J of S (I) 

Applying theo rem 2.4 again, there is a nonzero ideal K of R s. t KB !:: B} (2) 

By proor or part (a), K g; f and hence K + f = R and so K B + f B = 8 (3) 

Combining ( I ),(2) and (3 ),we get C !;; B 

lienee C = 8 -H-

Therefore 8/C is fai thful simple right S-modulc 

Therefore S is right primitive. • 
Coroll :l ry 2. 19: let R be noetherian ring which is a subring of a ring S such that I(S and SR arc 

fin itely generated, and assume that S is prime ring . Then S is right (left ) primitive if nnd only if 

al least olle mini mal prime ideal of R is ri ght (left) primi ti ve, if and only if every minimal prime 

ideal of R is right (left) primitive. 

Proo f: we need to show that TF AE 

a) S is right (left) primitive 

b) at least one minimal prime ideal orR is right (left) primitive 

c) every minimal prime ideal ofR is right (left) primitive 

(a~b) since R is noetherian, there exists finitely many minimal prime ideals 

Let Q be a minimal prime ideal ofR. Then since S is prime, 0 is prime ideal ofS, it fol lows 0 is 

prime ideal of R 

~ 0 = a n R is a prime ideal of R 

Hence Q is min imal prime ideal of Rover P n R where P is prime ideal of S 
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Thus by lemma 2. 17, there are nonzero bimodules .R/ Q As and ,s BR/Qwhieh are fin ilely 

gene rated and lorsion free on each side ( I ) 

Since S is ri ght (left ) primitive by theorem 2.18, (b) R/ Q is right (left) primitive 

::) zeros of R/ Q = Q is right (left) primitive ideal ofR 

(b ::) c) Since Q arbitrary, every minimal prime ideal of R is right (left) primitive 

(c ~ a) Q is righl (left) primi tive ideal ~ R/ Q is right (left) primitive ring 

As ( I), tak ing ,R/ Q As , we see by theorem 2.18, (b), S is is right (left) primitive ri ng. _ 

Definition: A Jacobson ring (sometimes called a Hilbert ring) is a ring in which every prime 

ideal is semi primiti ve, i.e every prime factor ring has zero Jacobson radical. 

Curolhl ry 2.20: (Cortzen-Small ) let R be a noetheri an ring which is a subring ora ring S such 

Ihal ll.S and SR are finite ly generated .if R is Jacobson ring, then so is S. 

Proof: Assume S "* 0 and let P be a prime ideal of S. Then we need to show P is semi primitive. 

Since R is noetherian , there is a minimal prime ideal Q of R 

::) Q is semi primitive ideal since R is Jacobson 

::) R/Q is semi primi tive ring (I ) 

On the other hand by lemma 2.17, we have a nonzero bimodulc .R/ Q As/p which is fi nitely 

generated and torsion free on each side 

As ( I) we see by theorem 2. 1 8,(a), S / P is semi primitive ring 

Hence P is semi primitive ideal ofS 

Therefore S is Jacobson ring. • 
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2.6 Bimod ule composition series 

MOSI terminology relating to submodules of a module can be directly carried over to sub. 

bimodulcs of a bimodulc.For instance, a bimodulc CR is simple provided C is nonzero and its 

only sub-bimodulcs are 0 and C. 

Definition: A bimodule composition series for C is a chain 

Co = 0 < [1 < [2 < .. . < em = C of sub-module ofC such that Ci/Ci_1 for j:a: I, ... ,m is a 

simple bimodul c. 

Theorem 2.2 1 : Ie rCR be a bimodule such that rC has li nilc length and let 

Co ;:: 0 < C1 < C2 < . . . < em = C be a bimodule composition series for C. 

a) Each Qi is a prime ideal of R, and i f R/ Q/ is ri ght Goldie, then Ci/CI _ t is torsion free as 

a righ t (R/Q,)·module 

b) If Do = 0 < Dl < D2 < ... < Dm = C is another bimodulc composition series for C, 

then n ::; m, and there exists a pennutation TT of {1,2," " m] suc h that 

r. annR(Dd DI- d = Q T(i) for i=l , . .. ,m 

Proof: To show Qi is aprime ideal of R for each i E {1,2,"', m] 

Lei I,} be any ideals of R. Then we need to show IJ ~ Q, ~ I ~ Qi or } !;; Qi 

Or by Contra positive, we need to show I g; Qi and J g; Qi ~ IJ g; Qi 

Suppose f 'J, Q, and J 'J, Q, . Then we need to show /j 'J, Q, 

Now f 'J, Q, => 3 a E f s. t a ~ Q, = T . annR (C';Ci-l) 

( I) 

On the olher hand, x = y + CI _ 1 E Cd Ci - 1 and a E I ~ xa E (Cd Ci - t )! 
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OUI XCI ~ (y + Ci-l) a ~ ya + C'_I * C'_I by (I) 

Similarly} 'f Q, implies (CJ C'_I)} * [C,_,} 

Since CJCi - 1 is simple bimodul and (CdCi- 1) / . (Ci/Ci- 1)J arc sub-bimodulc ofCi/Ci _1
• we 

have (CJC' - I)I ~ CJ C'_I ~ (CJC,_,)} 

",. I} rJ; Q, 

Therefore Qi is prime ideal ofR. 

To show Ci/Ci _ 1 is torsion free as a right (R / Qj)-module 

Assume that R/ Q, is right Goldie. Then R/ Qi is semi prime right Goldie ri ng 

:=) we have a theorem in chapter- l namely, if A is any ri ght (R / Qj)-modulc, then teA) is a 

torsion submodule of A as a right (R/ Qj)-module 

Since Ci/Ci_ 1 is an (R/ Qa -modulc (we wi ll see latter), there is a torsion submodulc ofCi/C1_1 

as a ri ghl (R/Q;)-module 

LeI 0 be the tors ion suhmodule of Ci/Ci _ 1 as a right (R/ Qd-modulc . Then since CII[I_I is a 

right R-modulc, D is a right R-module 

Since TO is both le ft T-module and right R-module and.T (CdCi - t ) is noetherian" T (TO) is 

finitely generated.it fo ll owS.T D is finitely generated and hence 0 is left T-module. Thus D is a 

sub-bimodule of ['/C· [ [-1 

Since Ct/Ci _ 1 is simple bimodule, either D = 0 or D = CdCi- 1 

Suppose D :;::: Ct/Ci _ 1 .Then CJCi - 1 is torsion as a ri ght (R/Q/)-module 
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Since ,T (CdCi- l ) is fin itely generated (say, (a l + Cj _ t .. •• ,Un + CI_t1 be generaling sct ) 

,x E CdCi- t => X = tt (at + [i - I) + ... +tn(an + Ci_ l ) where 

x E CtiCi- 1 ,i = 1 .. ", n 

As CtiCi - 1 is torsion, x E CtlCi_ 1 implies 3 a regular element C E R/Q/ s. r xC = C
1
_

1 

::) [tl(a l + Ci - I) + . . . +tn(an + Ci_ I)]c = Ci - 1 

(2) 

On the other hand C;/C,_, is fai thful ri ght (R/Q,) -module i. e ann'IQ, (C,/C, _,) = (Q,) 

Let r + Qj E annR/ Q/ (CdCi_ l ) Then T E Qi for all r E R 

by (2) ~ ... 

Hence D = a 

Therefore CtlCi _ 1 is torsion free overR /Qj. 

b) This is immediate from the Jordan-Holder theorem(see chapter-i) which says that n=m and 

there is a permutat ion 1C of (1,2, "' , m} that DJDi- t == Cn(I) /[n(O - 1 for i = 1,2, .. ', m 

Il'mma 2.22: Let TC R be such that ~ has fin ite length and R is right noetherian. let 

Co = a < C1 < C2 < ... < Cm = C be a bimodule composition series for C and 

• 
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8
0

:::: 0 < CBI < B2 < . . . < 8m ;;;; C be a ri ght affili ated series fo r C. Let 

Qi :::: r.arlnR(CjCi - l ) fo r i= I, ... , m and Pj = T.annR(Bj / 8j _ 1) for J=I •... ,n . 

Then (QI," " Qml ~ (PI," " PNl 

Proof: we Illay assume thate :;:. O. Since the set {Q I, . " Qm} is indepcnd 
~ 

enl of the choice of a bimodule composition series for C (by theorem 2.2 1), we may assume that 

OUT bimodule composition series is a refinement of the given right affili ated series. 

Thus there exist intege rs i(O) :::: 0 < i( l ) < .. . < i (n) ;;;; n s. t CiU) :: B} for j=o ... n 

To prove the lemma it su ffices to show that Qi ;;;; ~ for j=1 ... n and i=iU- I)+I, ... iG) 

Tlwt is we need only prove the lemma for each of the bimodules 8,/8/- 1, 

lI etlee we Illay assume thai the right affiliated seri es for C is just 80 :::: 0 < BI :::: C and we 

must prove that all Qi :::: PI 

We may replace R by R / P1.Thus we may assume that R is prime and CR is faithful , and it remain 

to show that all Qi ;;;; 0 

Suppose Qi :;:. 0 for some i. Then since R is a prime right Goldie ring, Qi contains a regular 

clement (sec ehapler- I) 

On the other hand, by theorem 2.7 C is torsion free a right R-module. 

As Cj is a bimodule which has finite length on the left , lemma 2.10 say that Cj is divisible as a 

right R-module, i. e Cjx :::: Ci rt. CI_1 for all regular element x E R 

Whence the ideal Qi = T . annR(CjCi_ d contains no regular element -H-

Thus Q, ~ 0 

Therefore Qi :: PI • 
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