ADDIS ABABAUNIVERSITY

COLLEGE OF NATURAL AND COMPUTATIONAL SCIENCE
DEPARTMENT OF MATHEMATICS

FIXED POINT THEOREMS FOR GENERALIZED (a -y-¢@-F)-RATIONAL
CONTRACTION TYPE MAPPINGS IN a —COMPLETE B- METRIC SPACES AND ITS
APPLICATIONS IN ORDINARY DIFFERENTIAL EQUATIONS.

By
Deme Sani

Adviser: Dula Tolera (PhD)



SEPTEMBER 2024

FIXED POINT THEOREMS FOR GENERALIZED (« -y-¢-F)-RATIONAL
CONTRACTION TYPE MAPPINGS IN a« —COMPLETE B- METRIC SPACES AND ITS
APPLICATIONS IN ORDINARY DIFFERENTIAL EQUATIONS

M.sc. Thesis

By

Deme Sani

Submitted to
Department of mathematics

In the Partial Fulfillment of the Requirements of Degree of Master of Science in

Mathematics



Approval Sheet

This is to certify that the thesis titled “FIXED POINT THEOREMS FOR GENERALIZED (« -
1 — -F)-RATIONAL CONTRACTION TYPE MAPPINGS IN a —COMPLETE B- METRIC SPACES
AND ITS APPLICATIONS IN ORDINARY DIFFERENTIAL EQUATIONS" submitted in partial

fulfillment of the requirement for the degree of Master of Science in Mathematics
to the Department of Mathematics, Addis Ababa University, and is record of
original research carried out by Deme Sani ID.No GSK/0778/09 under my
supervision and no part of the thesis has been submitted for another degree or
diploma. The assistance and the help received during the course of this
investigation have been duly acknowledged.Therefore [ recommended that it may

be accepted as fulfilling the thesis requirement.

Dula Tolera (PhD)

Name of Advisor Signature Date

Examiner Signature



Acknowledgment
First of all, I would like to thank almighty God for caring my life and blessing my activities in
advance of the completion of my research work.

My at most gratitude goes to my research advisor Dula Tolera (PhD) for his all the expertise and
encouragements he has shared me. Thus, this study would not have been completed without his
support, guidance and professional constructive feedback to me in request to complete this valid and
reliable output related to the title under study.

| would like to express my gratitude to all staffs of Mathematics department at Addis Ababa
University for their knowledge sharing and cooperation, and all classmates for their cooperative work
through our study time and doing the thesis.



Abstract

In this thesis we introduce Fixed point theorems for generalized ( a-y-¢-F)- rational contraction
type mappings in b-metric spaces and prove the existence and unique fixed point theorems for such
mappings and also we give its application in ordinary differential equations. Our result Generalizes
many fixed point theorems in the literature.

Keywords: b-metric space, fixed point, altering distance function, integral equation, admissible
mapping. o--complete b-metric spaces, a--continuous mappings, triangular o- admissible mappings ,
C-class functions, generalized (a-y)- @ -F)- rational-contraction type mapping.
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1. Introduction

In the development of nonlinear analysis, fixed point theory occupies a prominent place in many
aspects. It has been used in different branches of engineering and sciences. In particular, the famous
Banach contraction principle, is very popular tool of mathematics in solving a great deal of problems
in several branches of mathematics such as variational and linear inequalities, differentio-integral
equation, and approximation theory. To overcome the problem of measure and the convergence
induced by measurable functions, Bakhtin [5] or Czerwik [7] introduced an extension of metric
space, which is called b-metric space or metric type space, and proved a more general Banach
contraction principle in such space. Since then, many authors have been interested in investigating
fixed point theorems for single-valued and set valued mappings in b-metric spaces (see [2, 6, 8, 9,
12-18, 20-24]). On the other hand, Khan et al. [11] introduced the concept of altering distance
function, which is a control function that alters distance between two points in a metric space. Some
mappings will become weak if they act with altering distance functions. Afterwards, many
mathematicians obtained fixed point theorems associated with altering distance functions (see [14,
21-24]). Recently, Ansari [3] introduced C-class function in metric spaces and obtained some fixed
point results. Subsequently, many scholars were interested in fixed point theorems for C-class
function (see [4, 14, 19]). Throughout this paper, inspired and motivated by previous results in the
existing literature, we give several fixed point results for C-class functions in b-metric
spaces.Otherwise, we apply our results to prove the existence and uniqueness of a solution to
ordinary differential equation with initial value conditions. In addition, we deal with the existence

and uniqueness of a solution to a class of nonlinear integral equations. In the

sequel, we always denote by N, R, R* the set of positive integers, real numbers, and nonnegative

real numbers, respectively. The following definitions and results will be useful for proving our ma



2. preliminaries

Definition 2.1 ([5,7]) . Let X be a nonempty set and s > 1 be a given real number.

Afunctiond : X X X —» R* U {0} is called a b-metric on X if, for all x,y,z € X, the following

conditions hold:

(b1)d (x,y) = 0if and only if x = y;

(b2)d (x,y) = d(y,x);

(b3)d (x,z) < s[d(x,y) + d(y,2z)]. In this case,

the pair (X, d) is called a b-metric space. It is evident that the class of b-metric space is larger

than that of metric space since any metric space is a b-metric space with s = 1.
Example 2.1 ([15,21,22]) . Let (X, d) be a metric space and o, : X X X - R* be defined by

and og4(x,y) = [d(x,y)]? for all x,y € X, where p > 1 is a fixed real number. Then (X, o, ) is a

b-metric space with coefficient s = 2P~1In the following examples, we replace the coefficient
1 1,

s =20 by s =2v

Example 2.2 ([6,12,21 — 24]) .Let 0 < p < 1and define L,[a,b] by

b
Lyla,b] : = { x(t) Jlx(t)lpdt<oo ,

a

where the mappingd: L,[a,b]x L,[a, b]— R is defined



d(x,y) = ([}1x(® —y@Pdt)” foreachx = x(t),y = y(t) €

1
Ly[a,b].Then (Ly[a,b],d) is a b —metric space with coefficients = 27 .

In fact, we only need to prove that condition (b3) in Definition 2.1 holds. To this end,

let x = x(t), y = y(t), z = z(t), we show that

1

(P1x(0) —y(© P dt)’ <27 [(fa” () = y()IP dt)% +(Fly® - z(o P dt)%]. (1.1)

Denote u(t) = x(t) — y(t), v(t) = y(t) — z(t), then x(t) — z(t) = u(t) + v(t), so (1.1) becomes

1

(fu@® +v@P dt ) < 27 ()P dt)% + ([ 1w dt)%l. (12)

Next we prove (1.2). Noticing the following inequalities,
(a+b)P <a’+b? (a,b>0,0<p<1),

(a+b)P <2P7'(aP +bP) (a,b>0,0 < p=>1) we have
(1) + vl dt)% < ([7qu@! + [ dt)%
< (f7qu@r + |v(t)|p)dt)%
= ([ Qe de+ [ voP dt)%

< 2 l(ff x(6) = y(©IP dt>% + (@ -z dt)%l

Example 2.3 ([21]).Let X = {0,1,2} and define the mappingd : X x X - R*
by d(0,0)=d(1,1)=d(2,2)=0,d(0,1) =d(1,0)=d(1,2)=d(2,1) =1

and d(2,0) =d(0, 2) =m,
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where m > 2 is a real number. Then (X, d) is a b-metric space with coefficient s = % .

Definition 2.2 ([21, 22]). Let (X, d) be a b-metric space and {x,,} a sequence in X. We say that
(1) {x,} b-convergestox € Xif d(x,,x) - 0asn — oo;
(2) {x,} isab-Cauchysequenceifd(x,, x,) > 0Oasm,n — oo;

(3) (X, d) is b-complete if every b-Cauchy sequence in X is b-convergent. Each b-convergent

sequence in a b-metric space has a unique limit and it is also a b-Cauchy sequence.
Definition 2.3 ([2]).Let T: X = X and a: XxX — [0,0).Then T is « — admissibe if
a(x,y)=1 = a(Tx,Ty) > 1.

Definition 2. 4 [2]Let a: XxX — [0,).then amapping T : X — X is atriangular a —

admissible if
a) T is a — admissible
bya(x,z) 21& a(z,y)=1 = a(x,y) =1,x,y,z€X.

Definition 2.5 ([2]). Let (X, d) be b — metric space and a : XxX — [0, %) a mapping on X is
said to be a - complete if every b- Cauchy sequence {x,} in X with a (x; x,4+,) = 1 b- converges

in X.

Definition 2. 6 ([14] ).A function { : [0,00) — [0,00) is called an altering distance function if the

following properties are satisfied.

a) Y isnon - decreasing and continuous ;
b) () =0 t=0.
The family of all altering distance functions denoted by V.

Definition 2. 7[2] Let (X, d)be a metric space and a: XxX — [0,00) Amapping T: X —

X is said to be a — continous mapping if each sequnece {x,} in X with x,, - x as

n— oo and a(x,; x,4+1) = 1 forall neNU{0] implies Tx,, » Tx asn — co.

11



Definition 2.8 ([3]). Amapping F : [0,)? > Ris called a C-class function if

(i) F(s,t) < s foralls,t =20,
(i) F(s,t) =s = eithers= 0ort = 0,

(iii) F (s,t) is continuous in its variables.
Example 2.4. Each of the following functions F : [0,%)% — R is a C-class function:
(D FG6s,)=s—t

(2) F(s, t) =As, where 0 <A < 1;

S
@a+er’

(3) F(s, ) = r> 0

Definition 2.9 Volterra integral equation

a) of the first kind is expressed a

f@©) = [ k(ts)p(s)ds

b) For the second it is usually represented as

B(®) = g(t) + [ k(t,5)¢p(s)ds
Where

e (1) is the unknown function we want to find
e k(t,s)isthe kernel of the integral equation.
e g(t) is a given function.

e [a,t]isthe interval in which the equation is defined.

Lemma 2.1 [8] Let (X, d) be a b-metric space with coefficients >1and T: X - X be a

mapping. Suppose that {x,,} is sequence in X induced by x,,,; = Tx,

suchthat d(x, xp41) < kd (xp—1 Xp).

for all neN U {0} where ke[0,1)is constant.Then {x,} is b — cauchy sequence.

12



3. MAIN RESULTS

Let (X ,d) be a b-metric space with coefficients s > 1 and a: XxX — [0,00).T: X - X bea

mapping. Assume that

d(x,Tx)d(y,TY) d(x,Tx)d(y,Ty)

)

Ml(x'y) = Max{d(x,y),

} (3.1)

1+d(x,y) 1+d(Tx,Ty)
_ d(x ,Tx)d(x ,Ty)+d(y ,Ty)d(y,Tx) d(x,Tx)d(x ,Ty)+d(y,Ty)d(y,Tx)
M, (X ! Y) - maX{ d(X ’ Y) ’ 1+s{d(x,Tx)+d(y ,Ty) ! 1+s[d(x , Ty)+d(y ,Tx)] } (3'2)
d(x , Tx)d(y ,Ty) d(x,Ty)d(x,y)
M;(x,y) = max{d(x,y), } (3.3)

1+s[d(x,y)+d(x ,Ty)+d(y ,Tx)]’ 1+sd(x , Tx)+s3[d(y ,Tx)+d(y ,Ty)]
and N(x,y) = min{d(x,Tx),d(y,Ty),d(x,Ty),d(y,Tx)}. (3.4)
Definition 3.1

Let (X, d) be a b-metric space with coefficients s > 1 and a: XxX — [0, ). A mapping T: X =X

is said to be generalized (a- Y -¢-F) rational contraction type mapping

Ifa(x,y)=1 = ¢ (s"d(Tx,Ty)) <F (Mi(X, ), 9(M;(x,y)) + BN(x.y) (3.5)

Forallx,y eX,wherea > 0,k > Oand f > 0 are constants, {5, ¢ : R* - R*
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are altering distance functions F: R*x R* —» Ris a C- class function, and M;(x,y) (i=1,2,3)

and N(X,y) are defined by(3.1) — (3.4) .
Theorem 3.1

Let (X ,d) be a b-metric space. Assume that a: X x X = [0, ). And T: X—X are mappings.
Suppose that the following conditions holds.

(i) (X, d)isan a - complete b- metric space;

(i) T is a generalized ( (a- Y -¢-F) rational contraction type mapping;
(iii)  Tis triangular a - admissible mapping;

(iv) There exists xy €X,suchthata(xy,Txy) = 1;

(v) Tisan a - continuous mapping

Then T has a fixed point x* in X . more over for any x,€X, the iterative sequence { T"x,} be

converges to the fixed point x*.
Proof. Define a sequence { x,,} in X by x,,,1 = Tx,,(n € Nu {0}).
if x,,0 = X041 for some nyeN, then x,,0 = X041 = TXn041-
In this case x,, is a fixed point of T. Suppose that x,, # x,,, for all(n € Nu {0}).

Since T is « — admissible mapping and a(x, x;) = a(xy Txy) we deduce that a(x; x;) =
a(Txy Txy) = 1. On continuing this process we get that a(xn,xnﬂ) =
1.for all (n € Nu {0}). Since T is a generalized (a- { -¢-F) — rational contraction type mapping

and a(xn, xn+1) > 1 we have

v (Sk d(xn,xn+1) =y (Sk d(Txp-1,Txy))
=< F(w(Mi(xn—l ,xn)): Qo(Mi(xn—l,xn))) + .BN(xn—l ,xn) (3-6)
= ll’ (Mi(xn—l, xn)) + ﬁN(xn—l ,xn) ’

d(Xn, Xn+1)d(Xn-1, Xn) d(Xn Xn+1)d(Xn—1,%n) }

where (M (x, xp—1)) = max{d(x, xX,—1), P R S v p—

Ad(xXn Xn+1)d(Xn-1,%n) d(xn Xn+1)d(Xn-1, Xn) } (3 7)

< max{d(x, X,_1), )
{d(xn xn-1) d(¥n Xn—1) A(Xn+1 Xn)

14



= max{ d(xn Xn—1 ), d(Xpn Xn+1)}

d(xn, xn+1)d(xn, xn)"‘d(xn—l, Xn)d(Xn-1 Xn+1)
1+s[d(xp Xn41 ) +d(xXn—1%1 )]

(Mz(xn, Xp-1) :maX{ d(xn, Xn-1 ) ,

)

d(xn,xn+1)d(xn i xn)+d(xn—1 Xn)d(Xn-1, Xn+1) }
1+s[d(xn xn )+d(Xn-1,%n+1 )]

d(xXn-1, xn)d(xn—l,xn+1) d(xXn-1 %n)d(Xn—1 Xn+1 )} (3 8)

=max{d(x, Kn-1 )'1+S[d(xn, Xni1 )Hd(xn—1, xn )]’ 1+sd(xn—1, Xn+1 )]

sd(xn-1, xn)[d(xn—l, xn)+d(xn, Xn+1)]  d(n—1%n )d(Xn—1, Xn+1 )}

<
- max{d (¥ , Xn-1 ), 1+s[d(xn, xn+1 )+d(xn—1 xn )] " 1+sd(xn—1 Xn+1 )]

sd(xXn-1 xn)d(xn—l, xn)"'d(xn Xnt1)]  d(xn Xn—1 )}
)

sld(xn xp41 )+d(xn—1 xn )] s

< max{d(x, Xn-1) < d(xn Xp-1)

d(xXn Xn+1)d(Xn—1 Xn)
1+5[d(xn Xn—-1 )+d(xn Xn )+d(xn—1 Xn+1)] ’

M3(xn,xn—1 ) :maX{ d(xn,xn—l ) ,

d(xXn  xXn)d(Xn, Xp—1) (3.9)

1+sd(xy xp41 )+83[d(xn—1  Xns1 )+d(xn—1 xn )]

d(xXn Xn+1)d(Xn-1 Xn) 0}
1+s[d(xn, xp—1 )+d(xn-1, 2%n41)]"’

=max{ d (X Xn1)

d(xn Xn+1)d(Xn-1 ,Xn)
d(xn Xn-1)

Srnax{d(xn,xn—l ): } = max{d(xy, xn—1 ),d(Xn Xn+1)}

and N(xn ,xn—l) :min{d(xn,xn+1) ’ d(xn—l,xn) ’ d(xn,xn) ’ d(xn—l,xn+1)}

= min{d(xp Xn41), d(Xn-1,%0) , 0, d(xXn Xn41)}= 0 (3.10)

Next we prove d(x, Xp41) < Sikd(an,xn), for all neN U{0} (3.11)
If substitute M; = M, ,thenby (3.6) , (3.7), and 3.10) it follows that

lp(skd(xn,xrwl) < (l-p (Ml(xn—l,xn)) < gb(max{d(xn,xn_l )rd(xn ,xn+1 )} (3-12)

since ¥ is monotone, then it is easy to see from (3.12) that
Skd(xn ,xn+1) < maX{d(xn,xn—l ):d(xn,xn+1)} (3-13)

Ifd(x, xp-1) < d(x, xn41) then by (3.13) it yields that

15



d(xy Xp41) < Sikd(xn,xnﬂ) < d(xy Xp4+1), thisis a contradiction. Hence,
d(xy Xp—1) = d(xy xp41)- Again by (3.13), which implies that (3.11).
If M;= M,,then by (3.6) ,(3.8), and (3.10) itis obvious that

Y(s*d(xn Xnp1) < W (My(xp-1 %)) < ¥(d(x xn-1 )), again by monotonicity of ¢ (3.11)
holds.

If M;= M3,then by (3.6) ,(3.9), and (3.10) together with the case of M;= M;

Mentioned above we get (3.11) .As a consequence by (3.11) and lemma 2.1 we obtain {x, }isa

b-cauchy sequence. Since (X, d ) is a-b-complete there exists ueX such thatlim,_,, x, =u.
By condition (v) T is a-continuous we have

u=lim,oTx, = Tlim,_,,x, = Tu.Thereforeu = Tu.Hence T has a fixed point u.

Theorem 3.2 Let (X, d) be a b-metric space. Assume that a: XxX — [0,0).And T: X — X are
mappings. Suppose that the following conditions holds.

Let (X, d) be a b-metric space. Assume that a: XxX — [0,).And T: X — X. Suppose that the

following conditions are satisfied

[.  (X,d)isana - complete b- metric space;
[I. Tisageneralized (a-y-¢-F) rational contraction type mapping;
III. Tistriangular @ - admissible mapping;

IV.  There exists x; €X, the such that a( xy,Txg)=> 1;

V.  If{x,}isasequence in X such that a(x, x,.,) = 1 for all neN U{0} and x, > x"€X as

n — co. Then there exists a subsequence {x;)} of {x; } such that a( x, ), x*) =1 forall keN.

Then T has a fixed point x*eX and{ T"x,} converges to x".

Proof. By analogous proof as in theorem 3.1 we can construct a convergent sequenc{x,, } defined

by Xn41 = Tx, for all (neN U {0}) converging to x*eX anda(x,xn41) =1 for all neN U {0}.
16



By condition (V) there exists a subsequence{ x,, } of (x,, } such that a( x,), x*) = 1 forall

keN. Hence using generalized (a-  -¢-F) rational contraction type mappings we have
l/) (Sk d(xn(k)+1’ Tx* ) = l/)(Txn(k)' Tx* )
SF@ (M;(engey, 7)) @Mi(Xny , 7)) + BN(Xney , X7) (3.14)

< U (M (xXp), X)),

d(xn(k) , Txn(k))d(x*, Tx*) d(xn(k) , Txn(k)_)d(x*, Tx*) }

Where Ml(xn(k), x" ) =max{ d(xn(k) X*) ’ 1+d(xp() , X*) ’ 1+d(Txpi) , Tx")

dCnk) , Xn)+1)d(x", x*)  dQeyky, Txnp),)d(x%, TX*)}
1+d(xXpk) , X*) ’ 1+d(Txp ) , Tx*)

< max{ d(Xpu) , x"),
= max{d (xpx) x*),0,0} =d(xpx) , x*), (3.14a)

d(xpnay, Tx*)(d@pry , Tx*)+d(x* T d( 2", T (X k)
1+s[d (xni), T(Fnge) )+d(x7,Tx)]

M (Xn ,x™ )=max{ d(xyu) X*),

)

d(xn(k) , Txn(k))d(xn(k) , Tx*) +d( x*,Tx*)d(x*,T(xn(k)) }
1+S[d(xn(k)_ Tx* )+d( x*,T(xn(k))]

d(xpmy , %) (A , x*)+d(x*, x)A( X", Xpi+1)
1+s[d(xn(k)‘ (Xn(y+1 )+d(x*Tx")]

)

< max{ d(x,x) x*),

d(xn(k) , xn(k)+1 )d(xn(k) , x*)+d( x*, x*)d(x*, xn(k)+1) }
Ls[d(xnery , x* )+d( %%, Xngy+1)]

=max{d (Xnx) X*) , d(Xn@) , x)dXny , x7) 0} = d(xngy , x7) d(xn@) x7) (3.14b)

d(xXna) , T(Xn(ry)d(x*, Tx*)
1s[d(xnqiy, x* ) +(dQenqry , Tx)+d( 27, TCpa)]

M3 (xpy x* )=max{ d(xpx) X*),

dQna |, Tx)(d@ng LX) )
1+S[d(xp), » Tene )+s3[A( 2%, T(xp)+d(x*, Tx*)]

d(xn) ny+1 )dx®, x)d(x*, x*)
14s[d(xney, 6% )+d(xnay 2 +d(x%, Cona+1)]

< max{ d(xx) x*),

d(%naey, ¥) )(dCenae , x*)
[ (s(d(Xnky, Fngry+1 )+s3[A(x", Cngoy+1)]

17



d(xn, ) )(dxnpy , x*)
1+53[d( X", (Kn(ry+1)]

=max{ d(xpx) x*),0, Y=d(xng) x7) (3.14¢)

And N (xp) x™)=min{d (xn) , TXn)), (d(x*,Tx"), (A, Tx™), d(x*, T (xXn@)) }

=min{d (Xn(o) Xn(+1) » A", TX), d(Xngey x7), A( X7, (1)} (3.14d)
Substituting equation (3.14a) - (3.14d) in equation (3.14) and letting k— oo we obtain that
Y(d(x", Tx") < ¥ (0) =0.

Thus ¥ (d(x*, Tx*)=0,this implies that d(x*, Tx*)= 0.hence x* = Tx".

Theorem 3.3

In addition to the hypothesis of theorem 3.1 and theorem 3.2.

assume that for all x# y eX.There exists v eX such that a(x,v) > 1, a(y,v) = 1
and a(v,Tv) = 1.Then T has unique fixed point.

Proof. suppose x*& y* are two fixed point of T such that x* # y* ,then by assumption ,there
exists v eX such that a(x*,v) = 1, a(y*,v) = land a(v, Tv) = 1.Since T is triangular a-

admissible ,we have a(x*,T"v) > 1 and a(y*, T"v) > 1 for all neN U {0}.
This implies that y (d(x*, T"*1v)) =y (d(Tx*, TT™v))

<F@ (M;(x", T"v)), oM;(x", T"v))) + BN(x", T"v)
< (U (M;(x*, T™))+ BN(x*, T"v),for all neN U {0}. (3.15)

d(x*Tx*)d(T™v , T* 1), d(x*, Tx*)d(T™v , T 1p)

* n —_ * n
WhereM; (x*, T"v) =max{d(x*,T"v), Tt A0 T ) ) Trd(Tx T D)

<max{d(x*,T"v),0,0} =d(x*, T"v),

18



x*, Tx*)(d(x*, Tx*)+d(T™ , T v)d(T™, Tx*)

MZ(x T"v) =max{d(x",T"v), 1+sd(x*, Tx*)+ d(T™v Ty )

)

d(x*, Tx*)d(x*, T ) + d(T™v , T" v)d(T"v,Tx")
1+ s[d(x* T )+ d(T"v,Tx*)]

<max{d(x*,T"v),0,0} =d(T™"v,Tx")

d(x*Tx* )d(T™ ;T 1v)
1+s[d(x*, T™)+d(x* T, )+d(T™v ,Tx*) ]

M;(x*, T™v) =max{d(x*,T"v),

)

d(x* T 1p)d(x* ,T™)
’ 1+sd(x*,Tx* )+s3 [d(T™ ,Tx* )+d(T™w,T"*1 )]

d(x*, T ) d(x*, T™),
1+s3[d((T™, Tx*)

< max{d(x*,T"v , , }=d(T™v,Tx").

and N (x*, T"w)=min{d (x*, Tx*),d(T™v ,T""1v),d(x*, T"*v), d(T™v,Tx*)}
=min{ 0,0, d(x*, T"*1v),d(T™v,Tx*)}= 0.

By theorem 3.1 ,we deduce that {T"v} converges to a fixed point z* of T.This implies that
limd (0 x*, T™) =d(x*, 27).
Taking n— oo in (3.15) it follows that d(x*, z*) = 0 or @d(x*, z*)=0.

*

Therefore d(x*, z*)= 0,hence x* = z*, similarly we can prove that y* = z*.
Hence x* = y™*. Then T has a unique fixed point.

Corollary 2.4. Let (X, d) be a b-complete b-metric space with coefficients > 1 and T: X — X be a mapping
such that a(x,y) = 1 implies y(s®d(Tx, TY)<y(M;(X, y)) — 6(M; (X, y)) + PN(x, ¥),

forall x,y € X, where a >0 ,k > 0, B> 0 are constants, y, ¢ : R* — R* are altering distance functions,
and M;(x,y)(i=1, 2, 3) and N(x , y) are defined by(3.1) - (3.4). Then for each i € {1, 2, 3}, T has a unique
fixed point in X. Moreover, for any x € X , the iterative sequence {T™x} (neN U {0}. b-converges to the fixed

point.
Proof. Taking F (s, t)=s—t (s, t>0) in Theorem 3.1, we obtain the desired result.

.Corollary 2.5. Let (X, d) be a b-complete b-metric space with coefficient s>1 andT:X — X bea

mapping
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M;(x,y)

— 1 impliec ok
such that a(x,y) = 1 implies s“d(Tx, Ty) < T Cey)

for all x, y € X, where a > 0, k> 0 are aconstants, and M;(x, y)(i =1, 2, 3) are defined by (3.1)-(3.3). Then for
each i € {1, 2, 3}, T has a unique fixed point in X. Moreover, for any x € X, the iterative sequence{T"x}

(neN U {0}) b-converges to the fixed point.
Proof. Take F(s,t) = % (s> 0) and p = 0, the claim holds.

Corollary 2.6. Let (X, d) be a b-complete b-metric space with coefficients > 1and T : X — X be a mapping
such that a(x, y) = 1 implies skd(Tx , Ty) < AM; (X, V),

forall x,y € X, where o> 0, k> 0 and 0 <\ <1 are constants, andM; (X, y)(i = 1, 2, 3) are defined by (3.1) -
(3.3). Then for each i € {1, 2, 3}, T has a unique fixed point in X. Moreover, for any x € X, the iterative

sequence{T™x} (neN U {0}) b-converges to the fixed point.

Proof. Take F (s,t) = As (s > 0)and = 0, this completes the proof .

4. Applications

In this section we apply theorem 3.1 to solve the second order initial value problem of the form

LY 4 0Lt $,0y = 400, x €[0, %] (41)
y(O) = Cy ;yl(o) =0

where ¢, (x), ¢, (x), q(x)e C[0, xy]the set of all continuous real functions defined

on|0, x,] are given and ¢y, ¢; are constants.
Theorem 4.1

Consider initial value problem (4.1), and set M = o Jnax [, ()t —x) — P (x) | If
<X, SXO

2kx2M? < 1 is satisfied or some k > 0,then(4.1) has a unique solution in C ([0, x,]). Further the

solution is written as follows.
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Y=Y, fox(x-t)un(t)dt +c1x + ¢,
Where Up(x) =q(x)- C1P1x)C1XP2(x) — CoP2(x)s

Un(x)= f;c[(pz(x) (t - x) - ¢1(x)] un—l(t) dt ,n=1,2, ...

Proof.putu(x) = %, p(x)= Z—z, then u(x) , p(x)e C([0, xy]),considering the initial conditions
,we obtain that

d

2= [ u®)dt+c, (4.2)
Y= f:p(s)ds +cy = fox[ f;u(t)dt + ¢q ]ds +¢, (4.3)

= fox f;u(t)dtds + ¢1x +c
= fox dt ftxu(t)ds +c1x +cp= fox(x — tu(t)dt+c,x +c

Substituting (4. 2)and (4. 3) into (4 .1), we obtain that(4 .1) is equivalent to the following

volterra type integral equation
U= [ k(x, Hu(®)dt + Q(x),

Where k(x, )= ¢, (x)(t- X) - p1(x), Q(x)=q(X) - ¢1P1(x) - c1x5(X) - co2 (X).

Let X= C([0,xo]). put d : XxX = R*as d(u,v)= maXpey<y, [u(x) — v(x)|?. Itis clear that (X, d) is

a b-complete b-metric space with coefficient s=2.
Define a mapping T : X = X by

Tu(x) = [ k(x, Hu(t)dt + Q(x),

For any u, ve C([0, x,]), we have

d(Tu, Tv) = max | [ kG, Du®)dt = [ k(x Hv(e) dt?

= max |f0Xk(x,t)[u(t) —v(t)]dt|? (4.4)

0<x<x
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< xfM? max |u(t) — V(¢t) |?
OSXSXO

= x¢M?d(u,v).
Lety(t) = sik (t= 0, F(&,n)=s%x2M?((&,1 = 0), then ¥ is an altering distance function and F is
a c-class function because of s¥x2M? = 2¥x2M? < 1. Otherwise by (4.4), we have
P(s¥d(Tu, Tv)) = d(Tu, Tv)
< xfMZ2d(u, v).
=skxZM? d(u, v).
< s¥x2M2Y(M;(u, v)).

=F(M;(x,y)), (M;(x,y)))+ BN(x,y)),wheref = 0, p: R* U {0} » R U {0}is any
altering distance function, Owing to the above statement, all conditions of theorem 3.1 are
satisfied ,then by theorem 3.1 T has a unique fixed point in X .That is to say ,the initial value

problem (4.1) has a unique solution in C ([0, x;]).

5. Conclusion
This thesis has established fixed point theorems for generalized (o—y— ¢ —F)-rational contraction
mappings in a-complete b-metric spaces. We have demonstrated the application of these theorems to

ordinary differential equations, showing how they can be used to prove existence and uniqueness of
solution.
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