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ABSTRACT

The complete set of this project focuses on solvability of the Dirichlet problem of the

type
[au =f inQ
u=¢ on dQ
and the Neumann problem of the type
Au=fin Q
{d—u =hon 0
du

The explicit solutions of the problem in particular when f = 0, in elliptic linear operator
specifically in Laplace’s operator and also discuss the integral representation for the solution of
the Dirichlet problem for harmonic functions in upper half space and in a ball in the whole

ol R".

Keywords Ball, Dirichlet problem, hall space. harmonic functions, integral representation,

Neumann problem
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Introduction
Laplace’s equation is one of the most important partial differential equation in applied
mathematics. Because it occurs in gravity, clectrostatic, steady state heat conduction,
compressible fluid flow and so on. ..
In n-dimensional. u depends on n-coordinates X1. X3, ... Xy The Laplace equation in n-

dimensional case given as

d*u y ; 5= .
Au=Y1, = where i-1. 2, 3... n, whose solutions are harmonic functions.
!

We shall limit our discussion on Dirichlet problem, integral representation of harmonic
function in upper half space and in a ball and Neumann problem. This project consists of two
chapters. The first chapter is about preliminaries which simply to make the reader familiar with
the concept of elliptic Partial differential equations of second order specifically about Laplace’s
equation. In this chapter definitions and notations. result of advanced calculus, change of
variable formula, basic property of harmonic function, distribution. and related result are
discussed. The second chapter deals mainly on integral representation of harmonic functions and
it discusses fundamental solution. Newtonian potential.  Dirichlet  problem. Integral
representation of harmonic function a in upper hall-Space. Integral representation of harmonic

function in a Ball , Neumann problem and related result.
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CHAPTER ONE

PRELIMINARIES
The purpose of this chapter is to fix some terminology which will be used through the

project. to present a few analytical tools which will be used in later chapter.
1.1 Notations and Definitions

Points and Sets in Euclidean Space

R will denote the set of real numbers.

R™ denotes the euclidean space of n-dimensional for n > 1. We will be working in R".

*= denotes “equals by definition™; it is used 1o stress that an equation is defining someth-
ing
W denote the end of a proof.
€2 always is an open subset of R”™.
012 denote the boundary .
Q will denote the closure Q (ie. 2 = QU AN ).
If'x and y are points in R, we set
1

X.y=XYri%Yy and |x| = (x.x)2

We use the following notations for sphere and balls: if x € R" and r > 0

o B(x,r)={yeR";|x-yl<r} (openball)
o B(x,r)={y€eR";|x—yl<r} (closed ball)
o S(x,v) =00 :={y€R";|x—y|=r}iscalled a sphere (circle if n=2)

center at x and radius r.
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Definition A partial differential equation (PDE) is an equation involving derivatives of

an unknown function u: Q - R, where € is an open subset of R”. n > 2.

Letu(x) = u(xy,..,x,) be a differentiable function. We use any of the

following notations to denote the partial derivative of u with respect to the i variable x;.

axl u D tlu

ox,
The second partial derivative of a twice continuously differentiable functions u with
respect to x; and x; will be denoted by any of the following notations.
d%u
Uyx, i | xx U Dy, Dx[xju m
Let 2 € R™ be an open set and s™*" be the set of n X n real symmetric matrices.
A second order partial differential equation on € in an unknown
u(x) = u(xy, ..., x,) is an equation of the form
F(x,u,Du,D*u) =0 (1.1)
Where FiQ X R X R" X ™" — R .A typical point y of I' = Q x R X R" x $"*n jg
given by y = (x,z,n,7) wherex € ),z € R,n € R",r € §™*",

Definition The second order partial differential equation (1.1) is called linear if it is of

the form
n n
Z a;;(x)Djju + Z b(x)Du + c(X)u+d(x) =0
Lj=1 =1

Example The Laplace equation Au = 0, where Au = Y1, Dy, here
F(x,z,n,r) =tr(r)
A partial differential equation (1.1), and assume that F is differentiable in the
variable r.we extend F to the whole space of nxn matrices by say
Flx.z.5,7)== (x Z1,3 ~(A+ AT)) . where (x,z,m,4) EQX R XR" X ™" the

) - ~ dF
n X n matrix IFU(Y)]HXN is symmetric where F; = ary

Definition The equation (1.1) is said to be elliptic at a point y = (x,z,n,7) €' =2 x

R x R" x S™" if and only if the matrix [F;(y)|nxn is positive definite. that is

Wi 16 {,f}, > ( forall £ € R"\{0}
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Equivalently. the partial differential equation (i) is elliptic at y if and only if the all Eigen
values (they depend on y ) of [F;(¥)],xn are positive.

Among the most important of all partial differential equations are undoubtedly
Laplace’s equations.

Au=10 (1.2)

Where x€ Q and the unknown is u : Q = R, u = u(x),where Qc R" is a given open set.
Definition A C* function u satisfying (1.2) is called a harmonic function.
EXAMPLES
1) Show that u(x) = a.x is harmonic for a € R"
Proof
u(x) =a.x

= @y x; + azxy+, ..., QpXy
Diu(x) = a
Dju(x) =0
Au(x) =YL, D;u(x) =0
Hence u(x) = a.x is harmonic functon
2) Show that u(x) = e**-**n-1 sin(+v/n — 1 x,,) is harmonic on R"
Proof
Ml Ay = sin(Wn—1x,) . Fori-l.....n-l
Uyx, = X1t Insigin(in—Tx,) ., Fori=l....,n-l
Uy, =Vn—1e¥t -+ n1cos(vVn—1x,) .i=n
Ugx, = —(M— 1)eXr++*n-1gin(vn — 1x,) .i-n

Uy

Mu(x) = X Uy T Uxyxp

Au(x) =0

Hence u(x) = eX1*n-1sin(¥n — 1x,) is a harmonic function

Function Space

Let QS R™ be a domain . The following function space will be used.
o (() or €°(£2) will stand for the space of continuous functions on £2
e Let k > 1 be an integer.

> CK(Q) = {u:Q = R: DU is continuous in €2 for all |a| < k}.
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» €)= {u € C*(Q): DV is uniformly continuous in Q forall |a| < k)

Y

ckQ) = {u € C*(Q): supp(u) is a compac subset of €1}, where
supp(u) = {x € Q:u(x) # 0).
7 C"(Q) = {u:Q - R:uis infinitely dif ferentiable in Q}

v

Cc" (€2) will be the space of infinitely differentiable function in € with

compact support.

e L,(€) is the set of all bounded measurable functions in €: the norm is defined
by

[lwll, ¢, = ess suplu(x)|
XE(1

The support of a function u, denoted by supp w. is the complement of the
largest open set on which u = 0. if Q€ R". we denote by €, () the space of
all C* functions on R" whose support is compact and lies in €.(In particular. if

Q2 is open such functions vanish near df.)

1.2 Result from Advanced Calculus

If w is a differentiable function defined near d). We can then define the normal derivative

ol u on dQ by

du
— =, du=v.Du
e v.grad u

The Divergence Theorem Letv(x) = (v, (x), ..., vy (X)) be the unit out ward normal to

0Q atx € 9. Q be a ¢! boundary and u € ¢'(£2)
Jo i dx =[5 uvido. More generally we have
Jdivwdx <[, wudo [Diveregence theorem]

Where w is a ¢! vector field on Q and the dot (.) denotes the euclidean product of vectors

in R™, and do is the volume element of d€2.
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II'xElR".x=lel-i-l=rw.whcrcr€(O,r)undw I-i-I-Es““ {x €

R™:|x|=1} which is a unit sphere. The formula x = rw is called the polar coordinate

representation of x. Lebesgue measure is given in polar coordinate by
dx =r""1drdao(w)
Where do is surface measure on s" 1,
If' f is lebesgue measurable function in R™ such that cither f = 0 in R™ or f € L'(R"),
then

4 d = ' ?aat n--ld d.
R")'(x) X fu Ll_‘)‘(rw)r o(w)dr

And. given f € L'(B) where B = B(x°,r)

f f(x)dx = frf fX°+rw)r* do(w)dr
B(x%r) 0 Jgn-1

s

1.3 Change of Variable Formula
Let € be an open set in R™, and ¥:Q — R™ be a one-to-one ¢ function such that
WLW(Q) - Qs also ¢ .suppose that [ is lebesgue measurable on ‘W(Q2). Then foV is
lebesgue measurable on €. and
f.l,m)f(x)dx = [, f(P(x)) [det)*¥(x)|dx. Where J'¥(x) is the jacobian matrix of ' at
x €.
We also need to fix some notations
* w, denote the volume of the unit ball B (0, 1) in R" (i.e. w, = |B(0,1)] ).It
follows that |@B(0,1)] : “nw, .

Let W(y) = x+ry.Then J¥(y) -1l.

Note that
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|B(x,1)| = fg{x.r)dy - f‘}‘(ﬂ(u.l)](‘y

r ls{u,ulde[ (J¥(x))ldx

Since Y(¥) = (xy +1y1. % +71y5 X0 + 1Y)

rooe 0]
0 5 4y

|detj¥(x)| = r™

J¥(x) =

Thus |B(x,7)| = [

n = M
H(U.l)r @Y=

;;([,_”d}f = % B(0,1)] =" w;

Therefore.
|B(x,7)| = r"w,
Similarly, |[0B(x,7)| = r" 'nw,

< For f € L'(u),and a measurable set . which u(E) # 0.we use the notation

fran= 5 [ ran

(The integral average off over [

1.4 Basic property of Harmonic Function

Green’s Theorem
Let u,w € c%(Q).Then we have

i) fuu./_\wdx —quu.Dwdx t j’mu'“fdo (Green's First Identity)

dau

(Here Du is the gradient of u)

du

i) fsz(qu — wAu)dx jau(uf‘;—‘[‘: - w=-)do (Green's Second Identity)
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Proof 1) div(ubw) = Du. Dw + udw

div(ubw) = div((uwyy, ..., uwy,))

. n d dw

i=15, (U3

dJu Idw  p 4w
z' 19xi° 0n+ ':ludxt‘

= Du.Dw + uldw

Integrating with respect to dx on Q

Jo Du dwdx + Jo u Awdx Jo, div(ubw) dx
“Jyqubw.vdo by (Divergence Theorem)

t!w
Idﬂ du do

Therefore.

fn uAwdx = — fu Du. Dwdx + f'mu'li,‘: do (1.3)
i) First consider the following equation
Jowbudx = — [ Du.Dwdx + [, w3t do (1.4)
Subtract equation (1.4) from equation (1.3): we get Green's second
identity
fn(ué‘.w — whAu)dx = ffm(uau wido =

The Mean Value Theorem If B(x. r) is a ball with center x and radius » which is
completely contained in the open set  © [R”, then the value u(x) of a harmonic function
u:£2 = R at the center of the ball is given by the average value of « on the surface of the
ball: this average value is also equal to the average value of » in the interior of the ball. In

other words

_.—1 o = 2 f udy
u(x) =< nwnrn_] L — n{unrﬂ

dB(xr) B(x.r)

Where. w,, is the volume of the unit ball in n dimensions and o s the 71 dimensional

surface measure.,
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Theorem (Maximum principle for harmonic functions)
If' w is harmonic (u € ¢*(Q) N ¢(Q), Au = 0). in a bounded €. Then
maxu = max u
Moreover, if L is connected and if the maximum of u is obtained in €2, then u is constant.
Remark

* The second statement is also referred to as the strong maximum principle

e The assertion holds also the minimum of u, replace u by —u.

Proof we prove the strong maximum principle. Suppose that M = maxg u is attained

at x, € €, then there exists a ball B(x,,r) € Q, r > 0. Mean value property
M =u(x) =, . u()dy

Mdy = M

s B(xg,r)
We have equality
=u=Mon B(xy,7)
[I'u(z) < M forapoint z € B(x,,7), then we get a strict inequality
M = {x € Qu(x) = M}

M is a closed in Q since u is constant; M is also open in €2 since it can be viewed as the

union of open balls

= M = ). uisconstant in £. ]
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1.5 Distributions

Distributions (or generalized functions) arc objects that generalize functions.
Distributions make it possible to differentiate functions whose derivatives do not exist in
the classical sense. In particular, any locally integrable function has a distributional

derivative.

Definition A distributions f € D’ on a non empty set QQc R™ is any continuous lincar

functional defined on the space of basic functions from D.
e.

@ We write the value of the functional f on basic function ¢ as < f, @ >= f(¢) which

is a (complex) real numbers.

@ The distribution f € D' is a linear functional on the space of basic functions D. That is

if @, € D and 4, u € C, then
< f.Ap +wp >= f(Ag + uyp)
=A< fio>+u< fp>
@ f € D' is a continuous functional on D
ic.ifp, 2@ inDasn—- oo then< f,9p > <[, >
A simple example of a distribution is the Dirac delta 8. defined by

5(p) =< 6,9 >=¢(0)
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Convolution

Let f and g be locally integrable functions on R, The convolution f+«g offand g is

defined formally by
frg(x)=[flx=y)gdy =g+ f(x)
(The two integrals are equal by change of variables)

The convolution of any distribution u with the Dirac delta function & exists and is equal
to u (i.e. u * & = u ). The meaning ol this formula is that any distribute on u may be

expand- ing in terms of delta functions (u(x) = [ u(y)8(x - y))

10
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CHAPTER TWO

INTEGRAL REPRESENTATION OF HARMONIC FUNCTIONS

In this chapter we introduce the Green's function, the Poisson’s kernel and we
develop the Poisson’s integral formula which is integral representation of harmonic
function in upper half space and in a ball and lastly we shall see Neumann problem,

One good strategy for investigating any partial differential equation is first 1o
identify some explicit solutions and then, provided the partial differential equation(PDI)
is linear, to assemble more complicated solutions out of the specific ones. Furthermore in
looking for explicit solutions is often wise to restrict attention to classes of functions with
certain symmetry property. Since Laplace’s equation is invariant under rotations. Now. a
typical rotation invariant quantity is the distance function from a point, for instance from
the origin, that isr = [x|. Thus, let us look for radially symmetric harmonic
function u = y(|x|).

Definition 2.1 A radial function is a function of the form u(x) = y(|x|) for some
functions y:[0,%) = R.
Let us therefore attempt to find a solution u of Laplace's equation

Au=0 inQ (2.1)
having the form u(x) = y(r) . where r = [x]| =y x,%+, ..., +x,% and y to be selected so
that Au = 0 holds.

First note for i = 1, ..., n that

67' 1 . v _l = X
ax =g (a0 720 = (£ 0)

We thus have

du dr X
a—‘n =¥, (r )d_Jq =y (r) -
o*u @ X,

axlz —, x_‘(yr(r) ‘;’)

XIZ dx 1)
':Yrr?:z—"'Yr(;'!'xr “fr

11
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—— — 1

Where
3= —ni T L 2y% x
i7 =000 4 . 420, Y) T = =50 4 42, T2 = -5
>
Then.
%u xi? 1 x?
i = et (-5
Thus
d*u
Ay = T
dx,-

Result: If u(x) = y(r) is a radially symmetric solution of Laplace’s equation then

Yer + ¥ () = 0 (2.2)
2.1 The Fundamental solution of the Laplacian and the Newtonian Potential

2.1.1 The Fundamental Solution of the Laplacian
Special solution radially for solving Au = 0 of the previous equation (2.2)
Assuming y(r) #0

it S Integrate in r

Vr r

= Iny, = (1 = n)Inr + In¢,

= ¥ =cr'™"  where Inc, is a constant
Integrate again
(&)
n=2.y% =?=ay=c',lnr+cz
1 ¢

(8]
> 3: =—= = - et 02
n= 3 Yr rn_l V n-— 2,-1‘! 2

12
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Consequently if r > 0. we have

. . .
y(r) = { 2-nrn-z T C2 ifn>2 (5.3}
¢lnr+c, ifn=2

Where c¢yand ¢, are constants. That is u:x +— y(|x|) is a solution of Au =0
in R™\{0}.
Note: Ay = 0 for x # 0 but not defined if x = 0.
Ay can be defined everywhere in the sense of distributions.

Ay = 8, =" Dirac Mass"

é‘u(X) = [(} x=0

x#0
(1 xX=y
fly(x-yJ—[U %y
IFormally. this suggest a solution formula for Poisson’s equation
Au=f inR"
Namely

u(x) = [ v(x = y)f(y)dy
Therefore we set that by the translation invariance of the Laplace operator the function
u:x = y(lx =yl
is a solution of Au = 0 on R™"\{y} .we take ¢, = 0 but would like to choose the constant
¢y such that

Ayy(lx = yl) = 8y (x) (x € R"\{y})

in the sense that
[ rx=shaemy =@ Forattpec &)
ml‘l

For this, suppose @ € ¢ "(R") say ¢ is supported in the open set €, and let € > 0 small
enough such that B, (x) c Q. let Q¢ = Q\B(x).

Now we will assume for the case n > 3

Let v(y) denote the outer normal to €l at y. Note that at y € dB.(x)
X =Y

|x =yl

v(y) =

By Green's second identity we see that

13



Solutions to Dirichlet Problem and Neumann Problem | 2011

(r(Ix = yDAp(y) - ay(Ix = y)o(y))dy

dy dy(lx = yl)
J:)u‘. (V | YD du o) du )da(y)
Since Ay(|x — y[) = 0 on Q. and recalling that ¢ = 0 near Q we see that

dy(lx - yl)

- " N 2P e SOV (X =9l
Lty(lx yDAp(y)dy f (y(lx y”au @) o )da(y)

FI

o~ O dy(|x = yl)
—Luylze(y(lx yl)av (p(y)—au )da(y)

d 0 -
i f 2® do(y) - [ ol E I e
|x—yl=€

g (2 == 'ﬂ.) Eﬂ—z (j'U II‘)":E aU
For all e > 0. and y(|x — y|)A@(y) is integrable on R". by the lebesgue dominating

convergence theorem we see that

lim f y(lx = yDAe()dy = | y(Ix = yDap()dy
Q Q

Since @ € ¢ ”(Q). and hence D¢ (y) is bounded it is clear that

¢ dg
ims—— — dao(y) =0
‘IEIE?J (2-n) E"‘ZL_N;E dv o)
Note that this limit is still true provided that D¢ is locally bounded on €.

Also, on 0Be(x)

dy(lx - yl)
i — X - U
3 y v(x =yl
x=y
=s yY(Ix—y|)|x_y!
_ G L an YR _ oilen =Y
_(z-m(" z)lx--yllx Yl “lx-yl

=—¢lx -y "

Therefore

X~ 5}
f ] = —f p(y)do(y)
‘ffx__y!=g ‘P(}’) au O'(y) EPI 1 royjaie

14
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=clnw,,)f _90)do(y)
X=y|=€

= G Nw,@(x)ase -0

Therefore we see that

LYUX = yDAp(y)dy = c;nw,p(x)
¢

Hence we choose ¢; =
Ny

similarly For case n=2, we have

fy(lx —yDA@(y)dy = ¢,2np(x), since |0B(0,1)| = 2n, whenn = 2
Q

= 1
Hence again we choose ¢, = =
Therefore for x # 0 . we deline

1 A4 ;
- Einlxl trn=
Fitx) = 1

- ifn>2
n(2 — n)wy,|x|" 2 W

Definition 2.1.1.1:-The function

: ﬁfn[x—y[ ifn=12 .
I(lx=yl) = 1 ifn>2 24)

n(2-n)wylx-y|"*

defined for x € R™\{y}, x # 0, is the fundamental solution of Laplace’s equation.

We will sometimes slightly abuse notation and write I'(x —y) = I'(Jx = y|) to
emphasize that the fundamental solution is radial.

The partial differential equation (2.1} is unchanged, and so x ~— I'(x — y) is also
harmonic as a function of x,x # y.let us now take f: R" = R and note that the mapping
X — I'(x = y)f(y) (x # y) is harmonic for cach point y € K", and thus so is the sum of
finitely many such expressions built for different points y.

This reasoning might suggest that the convolution

u(x) = [ul(x = )f )y (2.5)

15
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1
B gfszIx—yIf(y)dy ifn=2
u(x) = E_ iy 0] iy . Y
RZ-n)wy IR [r—y|12 fn>2

is a solution of Au = f at least when f € ;™ (R") . In the next theorem we show that
this is indeed the case.

Theorem 2.1.1.1: Let f € ¢, 2(R™).Then the function defined by (2.5) is in ¢*(R™) and
satisfies Au = f on R™.

Proof

¢ we first rewrite the integral. by change of variable in (2.5) as
ut) = [ o)y
R

Since I'(y)Axf(x —y) in R™ uniformly inx, we can differentiate under the integral

sign.
Hence
u(x + he;) — u(x) : (x+he;=y)—f(x—y)
: ( =f roiL , |dy
wn 1
Where h # 0 and ¢; = (0, ...,1,...,0) . the 1 in the i*" slot .but
f(x + he; —y)—f(x—y)_'_d_l;(x_y)
h dxi
Uniformly on R™ as h — 0 , and thus
du af e
i = I'(v) —(x - y)d (i=(1..,n))
0= [ 105wy
Similarly
9%u _ - 321. = ir=1 .. R (2.6)
e, = S 105 -y (G )
And

bu= [ TOIBS =)y
m n
e of (2.6) is continuous in the variable x. we

As the expression on the right hand sid

see u € c?( R™).
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¢ Since I'blows up to 0, we will need for subsequent calculations to isolate this

singularity inside a small ball. So for € > 0 we write

Au(x) = f

B(0,€)
= 1e(x) + Je(x)
We wish to show below that
limegle(x) =0.and  lim 4/ (x) = f(x)
e < D21y gy Sy VO Idly

[ce |lnel—e (n=2)
< ;
~ Lce? (n=>3)

In particular: I, = 0 as € - 0.Now we consider J,(x), first we note that A, f(x —

F(y)Ayf(x — y)dy + L t F(WAf (x = y)dy
(0,€)

y) =4, f(x —y).since f € ¢.”(R") we have

[, romfa-nay=] o=y
R "\B(0,€) \B(0,€)

= f F)Af(x — y)dy
R’ "\B(0.)

By Green's second identity, and noting that I'(x — y) is harmonic on Q\B (0.€) we find
that
Je(x) = ISI\B(O,E) P4y f(x = y)dy

S : al(y)
= FE) = =) =f(X=¥)— )ffa(y)
L(n\u(o.c)) ( dv dv

al'(y)
= f (I‘(y)g—ﬁ(x -y)=flx=y) —(%) do(y)
lyl=€

It is easy 1o see that

€0

. N
im [ T0) 5 (=)o) =0

As before we see that

ar 1 _
— = — on dB(O,E)
av (y) n-1

nwy€

Therefore

17
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—lim f(x-y)

€20 Jiyl=¢

or
6(y) do(y) = “m—“l—f f(x = y)da(y)
lyl=€

v €~0 Nw, €M1

= lim f(x=y)do(y)

€20 Jiyl=e

= f(x)
Hence
Au = f on R" ®

2.1.2 The Newtonian Potential

The Fundamental solution of Laplacian is

1

— In|x| ifn=2
. 2

| (X) = 1

. ifn=3
n(2 —n)wy,|x|"? /

: L . o - e
By choosing ¢; = 0 and ¢, = = ifn=2, ¢ = —ifn 2 3, But if we choose ¢; = 0 and
mn

T.v5 Xl
€ =5-ifn=2, ¢ =~ if n=3, we have

1 ! 1
— In|x| ifn=2
I'(x) = 2
2 ifn=3
~ 4nlx|

is also called a fundamental solution for the Laplace operator A, the above choose of the
constant ¢, is made in order to have AlI'(x) = 8(x). Where 8(x) denotes the Dirac

measure at x = 0.

The physical meaning of I" is remarkable: ifn = 3. in standard units, =4l

represents the electrostatic potential due to a unitary charge located at the origin and
vanishing at infinity.
Clearly, if the origin is replaced by a point y, the corresponding potential is
I'(x — y) and
AT (x—y) =08(x—Y)

By symmetry, we also have 4, '(x —y) = 5(x—y)

18
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Suppose that f(x) is the density of a charge located inside a compact set in RY.
Then I'(x — y)f(y)dy represents the potential at x due to charge f(y)dy inside a small
region of volume dy around y. The full potential given by the sum of all the contributions

we get

u(x) = [, Tx—y)f(y)dy = == [, -9 gy

am TR |-y
Which is the convolution between f and I" and it is called the Newtonian potential of

[Formally. we have
bux) = [ 8=y = [ 8= i = 10
w3 n3

under suitable hypothesis on f.

2.2 The Dirichlet Problem
The Dirichlet problem is the problem of finding a function which solves a specified PDL
in the interior of a given region takes prescribed values on the boundary of the region.

In this section we show the existence and uniqueness of a solution to the dirichlet
problem

Au=0 in
2.7
{u=(0 on 00 et}

where ¢ € ¢(9%) and for some x € R".
Theorem 2.2.1 :( Green’s Representation Formula)

let Q be a domain with C' boundary. If u € C?*(Q) .Then for anyx €L

u(x) = [, 1 — B u)dy = (T =52 =) 3 (= y)doly)  28)

du

Proof
I'(x —y) is harmonic in y in R™\{x} for n =2.let X € Q. then B(x,e) cc Q for

some € > 0. Let Q, = Q\B(x,€)

Now u(y) and I'(x — y) are in ¢2(€);) .We apply Green's second identity
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(I'(x = y)Auly) —u(y)Al'(x - y))dy

0,

1 ((x - y)—(y)— (y) ( ))a o(y) (2.9)

s _ o du dal'(x - y) ,
L I'(x = y)Au(y)dy = L“‘ I(x = y) == (y)da(y) - -Ln, u(y) —5——do(y)

¢

Now we note that

Iimf I'(x — y)Au(y)dy =J I'(x = y)Au(y)dy
Q¢ Q

€0
We make the following claims about the limits of the other two terms as € = 0

Claiml:

dl
I:m [ I u(y)——(x - y)do(y)| = f u(y) = (x = y)do(y) + u(x)
e 0 du

Claim2:

. 5 du [ L) d_‘_‘
o [lefl(x-y)%(y)da(y) —Lul(x ¥) 5 )do(y)

e—=0

Proof of claim 1

ar
- — (x —y)da(y)
Lutu(y) o (x —y)da(y

al’ dl
o —(x - y)d +f u(y) — (x = y)da(y)
[ worgye-naaon+ | w0,

Now,

Yeme bl iip . il

v, I(x - y’)"-—|>¢—}?l1 “ly

L (x—y) = Yyl (x=y)v0)
=Y, F @~ IE yI

And the outward normal dcrivali\-c on B(x,€)1s

v(iy) = fory € 0B(x,€)

|x v!

On the @B(x,€) . we have I'(x — y) = I'(e)

Therefore.
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g 1-n
()_nwne

Therefore.
. u(y)
J-amx e}u(y) (x y)da(y) Idﬂ{xc)m O'(J/)

6‘[(}
- - Ia[;(x” “(Y)da{y}

o nwnc"-‘- f.«m[x.f; u(y)da(y)

= It
C |@B(x.€)] fdli{x.() u(y)da(y)
Thusase = 0

m 6B{x.r}U(Y)dg(y) %)

Therefore, we have

0

; or .
lim J; o YO (=)o) = )

Proof of claim 2

Now we know

) du
[, re-ng oo

i —au d I'( )d—-u( )da(y)
= _ -— — - /)
Lul(x J’)au (y)da(y) x=y)5-0 y

dB(x.c)
We just need to show that

- du .
Jyseee T = 9) 52 () do(y) > 0 Ase 0

Substituting in the explicit formula for I forn 2 3
We see that

d
: ﬁg(y)| da(y)

n(2-—n)wnLB(”}|x I"‘zldv
Idli{irld (}’)

IRCE )5 (o )| <
dB(x.€)

= E.J(y |.f (H{If” n(2- n]i‘x)n(

do(y)

< S S
Sice Idli{x.r | J-ﬂli(x,(]
= C€

Therefore, ase = 0
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; a
-["}B(:r.() Fifa= J’)ﬁ(J’)dU()’) -0
After taking limit as € = 0 (2.9) becomes
; X P : |
J T = )8 u)dy = [, I(x = y) = (y)da(y) - [ U(y)%(x et )

Hence

: d ar
u@ =~ | [1x=n5 0do0) - u) G (- )] da)

+j I'(x = y)Au(y)dy s
0

Lemma 2.2.2: If u € C%(Q)is harmonic in €, then
. du ar
u(x) =— J;“ (l (X =) 5-0) ~u() 5 (x - y)) da(y)

Proof
The proof follows from the above theorem

u(x) = [, TGc—yAu@)dy - [, (F(x = y) 5 () = u(y) “o-2da(y) . since

=0

w 1s harmonic.

Therefore

u0) = = f, (=N R 0) ~u 3 (x =) do(y) m

We would like to use the Green's representation formula (2.8) to solve
I Au=finQ
u = ¢ on dsl
for u. But we don’t know all this information .We know Au on £ and u on d€2. We want

_1If we knew Au on £ and u on d€2 and % on 0€2. then we could solve

to eliminate one unknown term by adjusting I'.
We proceed as follows. For eachx € 2. we introduce a corrector function
¢* () which satisfies the following boundary value problem.

{ Ap*(y) =0 in At (2.10)
@x(y) = —-]‘(x — y) on d€l
We use Green's second identity on € with u(y) and ¢*(y) we get

u dg” g
[, ¢* AUy = [y ("N 0) —uN G- ) do ) 21D
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]

Subtracting (2.11) to (2.8) we have
u() = J, (0 =) + " 0)AuG)dy ~ [y, (10 = 3) + %)) % 9) -

u(y) a(ux—;}um: (y))) do(y)

0IN(x = y) +¢*(y) i

du )

(%) = f (1 =)+ #*0)sudy + [ u)
[ aLl

d
= f (Ix =y +¢*(») a—u(y)da(y) (2.12)
a0 U

Definition 2.2.1 G(x,y) =1"(x—=y) + ¢*(y).Vx,y € (), x # y is called the Green's
function for the laplacian on 2.
Theorem 2.2.3 (Representation formula)

If u € c?(€2) solves the Dirichlet problem

[ Au=fin{Q
u = ¢ on 052
I'hen
d
u(x) = [, GefO)dy + [, 0() 5 (x,y)da(y)
Proof

From equation (2.12) we have
u(x) = [,,(FGe—y) + ¢*())Au)dy + [5, u) M%:M do(y) -
L, M=y + ¢*()) % (»)da(y)
u(x) = [}, GOuy)Au@Idy + [y, u0) 2 (1, 1)do(y) = [y, G(3) 55 (1))
Since G(x,y) = 0 Yy € 0Q and Vx € 2 now becomes

u(x) = [, Gl y)Au@dy + [, u(y) S (x,y)do(y)

u(x) = [ G Y)F Gy + [y, 00) 5, (7)o ()

Green’s function= fundamental solution with zero boundary data

A,G(x,y) = 8,(x) y€Q
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Corollary 2.2.4

If u is a harmonic in Q. i.e f = 0in (Q, then
u(x) = [, 0() 5 (x,y)do(y) (x€Q)
Theorem 2.2.5: (symmetry of Green's Functions)
Green's function G(x,y) is symmetric in Q X Q. i.e. G(x,y) = G(y,x) forx # y € ().
Proof

Pick xy,x, € Q with x; # xz.choose r > 0 small such that B(x,,r) N B(x,,r) = @ .Set
G,(y) = G(x;.y) and G,(¥) = G(x,,y) .We apply Green's formula in Q\B(x,,r) U
B(x,,r) and get

Figure |

f (GG, — G Gy)dy
(N\B(xy,7)UB(x2,7)
[

- [ w52-c Mhyag— [ Gy =G s
— a— a i
a0 ; d v aB(xy.r) ; d “ ov

3G, G,
= G - G,——)do
J;B(Iz,r} : a au

i = 1,2,and vanishes on d0) we have

Since G; is harmonic for y # X;,

dG dG. aG
f (019&— Gz—-—l)do-i-[ (Gl—d—z— Gle‘)da: 0
9B(xy,1) dv dv B(xz7) v v
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Note that the left side has the same limit as the left side in the following as r — 0

. 0G, al al aG
IF'——- G, ——)da+J Gi=———T—==)do=0
LB(I;,‘.") dv E dv AB(xsr) ( : dv dv ) -

While we have

aG. G
f r—-fda—»o,f [—dg —0as r—0
AB(xy,7) AB(xy,1) dv

And

ar , ar
f G, —do - Gy(xy), Gy—da - Gy(x) asr =0
dB(xy,1) v dB(x,r) dv
I'his implies
i Gz(xl) + GI (Xg) - 0,07' (;(Xz,xl) = (;(Xl,.l’z) B

Theorem 2.2.0 (Uniqueness Theorem)

The solution of the Dirichlet problem is unique.

Proof

Suppose u, and u, are solutions, take u; = u, on 00
maxg (u; — up) = maxgq(u; - uy) =0
Du —U; =0inQ
= Uy = Uy inQ

Hence there exist at most one solution
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i

2.3 Integral Representation of Harmonic Function in Upper Half-space

2.3.1 Green’s Function for Upper Half ~Space

In this subscction we will build Green's functions for the half-space R’
Everything depends up on our explicitly solving the corrector problem (2.10) in these

regions and this in turn depends up on geometric reflection tricks.
T ={x=(xpix,) € R"x:>0}.

Definition 2.3.1.1 If x = (xy, ..., X, 1, X,) € R, its reflection in the plane d R? is the

POINts &~ = (Xgyeov0 Xn—1: = Xn)
We will solve problem (2.10) for the half-space by setting
¢*(y) = —I'(x* —y) = —T'(X; — y1.X2 = ¥2: s Xn-1 = Yn-1.—%n — ¥n) (x,¥ € R})

The idea is that the corrector ¢* is built from—I" by “reflecting the singularity™ from

x € R,"tox" & R?, we note
¢*(v) = =I'(x—y) If y € @ R? and thus

X = . n
[Aqb = WETRYE T are required.

¢* =-I'(x—y) on IR}
Definition 2.3.1.2 Green's function for the half space RY is

Glo,y) =T(x=y)-I'(x*=y),(x,y € R, x#Yy)

2.3.2 Using Green’s function to solve Laplace’s equation in Upper Half-space

Suppose now u solves the boundary value problem

Au=0 in R} (2.13)
[u:go on R}

Now
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lorn = 3:

Then
a6 i) < HE-y) o' -y)
ayn v ayn ayﬂ

Xn = Yn Xn + Yn
nwylx = y|*  nw,lx* - y|"

s 1 [ ~Yn  Xnt n
nwy, Ix ™ T =yl"

|

.. 2%
[ nwy|x — y|"

Consequently if y€ad R, ¥, =0,|x=y|=[x" =y
G a6 2%,
a—v(I-)f) = d—y-(x.Y) e

n

Then from representation formula we have

u(x) = zx"fam If(;)nda(y) (x € R}) (2.14)

which is called a Poisson’s integral formula (integral representation of harmonic

. 2xp
functions in upper half space). And the function k(x,y) = =75 (X € Ry €
d R7 ) is a Poisson’s kernel.

Forn = 2. let RZ be the upper half-planc in R % that is
R2 = {(x;,%,) € R%x; >0}

We will look for the Green's function for R, ".In particular we need to find a

corrector function P* for cach x € Ri. i e
Ap* =0 in R%
[(px =—|'(x—y) ond R3
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Fix x € R{.weknow AyI'(x —y) = 0 for x # y .therefore, if we choose 7 & €, then
Ayl (z—y) = 0 forall y € Q Now, if we choose z = z(x) appropriately. z € €. such
that I'(z —y) = '(x —y) for y € Q. then letting ¢*(y) = —I'(x — y) we will have found

a corrector function ,Recall forn = 2
F(z-y) &) 1
72— J— i
¥ 2n e

Therefore, I'(z—y) is a function of |z — y|, for x = (x,,x,) € R?%. we see that for all

y € d R}
lx =yl = |(x1»xz) - 1,0)| = (%, =x3) = 1, 0)] = [x* =y|

Where x* = (x;, —x;) is the reflection of x in the plane

& x*

Figure 2

Therefore, a Green’s function for the upper half-plane is given by
Glx,y) = -I'(x" =y) +I'x=y)

1 . v =
=—§;tn|x -yl + 5 Inlx ¥

Then

28



Solutions to Dirichlet Problem and Neumann Problem ' 2011

_orGx -y) a(x—y)
2y, dy,
:_1_12—JV2+i X;t+Y,;
2n|x—y|*  2n|x* —y|?
:_]-_ xz")’z+ x2+?z]
2nlx —y? " |x* -yl

Xy

aG ledl=
—(x,y) =
dy, %

=nh~yP

Consequently if y € d R% yz =0,|x—y|=|x" -y

aG Xy
( Y) =s—=(xy) = = g

Suppose now u solves the boundary value problem
{ Au=0 in R}
u=g ond RS

Then from representation formula we have

u(x) :?f IR, if(‘;!z da(y) (x € R%) which is called a Poisson’s

integral formula.  And the lunction

(x€ R, y€ dR?) is a Poisson’s kemel.

k(x,y) =

Theorem 2.3.2.1 (Poisson’s formula for a half-space)

nlx ylz

~ (482
Assume @ € c(R™ ) n(*(R"™") .and u(x) = fan+"1 D da(y) -Then

Ny

(1) uec”( Ry I"( R
(i) Au=0in R,"
(i) lim,_0u(x) = @(x°) for cach point x° € oR,".x € R,"
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Proof

i) For each fixed x,the mapping y » G(x,y) is harmonic except for y = x.As
G(x,y) = G(y,x) according to theorem 2.2.5. x = G(x, y) is harmonic except
. o a6 . 45
forx = y.Thus x » é—;(x,y) = k(x,y) is harmonic forx € R,".y € dR,"

i) A direct calculation, the detail of which we omit

1= [ jp nk(x,y)do(y) (2.15)

For eachx € R,", as ¢ is bounded, u defined by (2.14) is likewise bounded.

Since x = k(x,y) is symmetric for x # y, we casily verify as well u € ¢”(R,") with

pux) = f B,k(xy)oly) do(y) = 0

oR,
=2A0Au=0
iii)  Now fix x° € dR," .for € > 0.choose § > 0 so small that

= . o n
lp(y) — p(x°)| <€ If |y—x°|<8.y€adR," Then 1ﬂx—x"|<;.xER.

1) = (x0)] < |f 4,k )9G) ~ 9(x)]da ()] (2.16)

u(x) = @(x°)] < [ 4, paceo sy KX PN9G) = ()] do ()

+ IR, "\B(x,6) k(x, V)lpy) = o(x°1d(y) (2.17)

=14
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R

Figure 3
Now (2.15) and (2.16) implies
I<ef om k) dy =€
Furthermore il |x — x"| < % and |y — x| = &, we have
ly = x° < Iy—xl+§£ ly — x| +:}|y—x“|;andso
ly = x| = 2|y — x°| Thus
] < 2lell S R M p(x0.5) K% ¥)do(Y)

< pn+2 “‘P"L'xl’lj‘

L L0pen | :
oy ﬂm"\stx“ﬁ)ly x| "da(y) » 0as x, = 0

Combining this calculate with estimate (2.17), we deduce |u(x) - @(x"| < 2¢ provided

|x — x°| is sufficiently small. =
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2.4 Integral Representation of Harmonic Function in a Ball
2.4.1 Green’s Function for the Ball

To construct the Green's function for the ball B = B(0, R).we use the method of
reflection for any x € R". we define its reflection x* with respect to the sphere dB(0, R)

as lollows

R*x N 8
§* = W if x #
x ifx=0

Now, for each x € B(0, R). define

]

P*(y) = —I'(F(x‘ —y)) vy € B(O,R) if x # 0

1

n(2 = n)wn (Rhr-2)x — yn-2

P (y) = -

And

¢°(y) = —=I'(R)
Note that ¢p*is harmonic in B(0, R) forany x € B(0,R)

Lemma 2.4.1.1 For x,y € B(0,R). Then
X y
R——|x |=|R—— lxl

Proof

This follows by squaring cach side and showing that these reduce 1o the same quantity

X B ( X ) X
e 14 =|R—— XV H——|1|)')
IRle lrly' [x] Ixly )€ [x]
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=i lelz 2 2
=R lx—lz-—ny-ny+|x| |v]

= 2Rxy + |x|*|y|?

IRM ”WZ{P%‘”wxhﬁ'”ﬂ)

— Rxy — Rxy + |x|%|y|*

= R% = 2Rxy + |x|*|y|?
Tm&hﬁ—uw[—p——wﬂ

= [RE— Ixly| = [R &%~ Iyl]

Hence
X y
Be——x l=|R—-|y|x| =
[f = o] = [R5
To show that ¢*(y) = =I'(x—y) for (x,y) € B x B
Now
x| . = x| R*x |
XY =R T
7
—lxI(R)
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Im

IR' by the lemma 2.4.1

==

=|x-y| ify€adB(0,R)

¢ () =T (B (x* —y)) = ~I'(x~y)..ifx € BO,R) and y € B0, R)
Therefore. the Green's function of the ball B(0,R) is
Gx,y) =¢ ") +1'(x—y) (2.18)
Ix] .
0tx.y) = ( x*=y))+I(x=y) ifx#0
—I'(R) + 1'(y) ifix=10

Fig 3. The image x* of x in the construction of the Green's function for the sphere
2.4.2 Using Green’s function to solve Laplace’s equation in a Ball

Assume now u solves the boundary value problem

Au=0 inB(O,R)
{u =¢@ 0ndB(O,R)

Then using the representation formula in theorem 2.2.3 we sce
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u(x) = IaB(O,R¢(y)§—z(x = y)da(y) (2.19)

According to formula (2.18)

e = yDDy e = y1)
0
» 1 (_ %=y )_ 1 1 x*t - Y5
nwn|x_y|n~1- |x—y| (|Ix_{|)ﬂ_znw"|x'_yin..1{ Ix* _yl
By (D*x"-y)
nwnlx=yI" * nan((Rlx -y
Now if v = = is the outer unit normal vector ficld on dB(0, R), then for y € dB(0,R)

| |
we see that
G
—(x y) = D,G(x, y) M
e By
nw,lylIx =yl nwylyllx =yl

. Recall that l%l (X = }’)I =|x—y|

- |x|?

3 nwyRIx = y|"

Hence formula (2.19) yield the representation formula

_ RE={x? o) This is called a Poisson's integral
By = fau(onnx i 400 iy

_farmu!a(inregra! representation of harmonic funct ions in a ball).

R?~|x|? R)) is i
Where the function k(x )’)— m '(1'6""(0-”)-3'&0”(0' J) I8

Poisson’s kernel for the ball B(0, R).
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Theorem 2.4.1.1 (Poisson representation formula; solution of the Dirichlet problem
on Ball)

RE-1x1? L)
Letg € c(@B). letu(x) ={ nwyR fau(u R) [x—y[" da(y) x| <R
qa(x) |x| —

Then u € ¢*(B) N ¢(B) and solves the dirichlet problem {Au =1 o
u=¢@ ondB

Proof

1) It is clear that u is infinitely differentiable . To compute the laplacian Au we will use

the following simple formula .If w, v € ¢?(Q)then A(vw) = vAw + 2Dw. Dv + wAv

IFirst note

R% — |x|? 1 : -2x
D = D N =
( nwy, R ) nw, R (=17 nwy R

.and

R? — |x|? -2
A( nwy,R )_— nw, R Al = wy, R

py)

ey do(y)is infinitely differentiable and

Next we note the boundary integral de(URH
that one can differentiate under the integral .Let us note that

D(x—y|™) = —nlx—y|™"2(x—y),and A(]x —y| ™) = 2n|x = y| "~*

Therefore.

2 1vl2
au(x)=a(R—Ix|—) f 20 _ o)
d

Tl(tJnR B(0.R) Ix = Y|n
2 - |x|? ¢(y)
+2D R——m—).n U - da(}’))
nw,R acor X =Yl
- A [x|2

a(f "=yl ‘p( dcr(y)}
dB(0.R)

nw, R
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= do(y) + 2(- ) f L e o)
wnR aB(0,R) |x — yll'l (y) nwﬂR i) ".(x )’) |x = y]nfz da(y)

R? — |x|? 2
+ |x|f ng(y) do(y)
d

nwaR - Japopy Ix = y|™*2

— ex —yl? 1 S
= ——da()+(—.)f 4 2« .
WnR Japory |X—yln+? e e (Ix]* = x.y) Ky da(y)

R*= [x}® 2¢(y)
s R f o 40 (y)
Wn as(or) X =yl

1
e M-—Z(ZIx—yI"'-**’r(!xl‘*-—x-y)—2*&’2+2|-’f|z)f“’0’)

wnR J5p0,r) b Sy

=0

A much simpler argument would be to notice that, since G(x,y)is harmonic in x €

B(0, R)for each y € dB(0,R)
g—j(x, y) = DyG(x,y).v(y) is also harmonic in x for cach y € dB(0, R)

Therefore u is harmonic.

2) Let us now show that u is continuous on dB(0,R) with u = ¢ on dB(0,R).1¢t

x° € 9B(0,R)
u(x) —u(x®) = u(x) — ()

[ Kxneodo0) - [ kxyeaiow)
dB(0,R) d )

B(O.R
Let € > 0 be given. since ¢ is continuous at x" there is § > 0 such that
P(¥) — (x| < vy € 0B with [y —x° [ <&

Now for x € B, but K(x,y) =20

0(x) = @ £ J 0 KE NG = 9(D)]do(Y)
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= f k(x,)ley) = o(x°)|da(y)
ly—x%<é
+ f k)0 — p(x®)da(y)
ly-x%]26

,y € 0B
But [p(y) — (x| < lo)| + l9(x°)] < 2 max,,| el
000 = 9GO S k(o) +

1
y=xU28 [x—y|"

L= &
Zmaxa,,lrpl 2 =, do(y)

1
do

_xﬂl>6 Ix e

o i)
7 nggxqo nw,R Iy

. . 5 .
Now consider x € B with |x — x| <= and [x=y| 2|y —x" = |x°=x| =6~

g 1
==wf
2 2

" 1 I T e T Y
I'herefore fly_x‘,bﬁmda(y) < f}y_xubé.é—):da(y) . provided that |x — x| <=

Thus lu(x) —u(x)| <5+ 2 maxgglg| - “' =) [,y do(y)
{6.)"r1w,H" 1
< £+ 2maxgplol ()"R™ (R — [x[)

Choose 0< &' < & so that |x|? is very close to R? such that

2 2 : €
“ynpn-2 RZ ~ X[}' < -
2max|o| (5)"R (R* = IxI") < 3

Therefore

lu(x) —u(x")| = lu(x) — (x| <efor|x—x'| <z n
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2.4.3 Harnack’s Inequality and Liouville’s theorem

FFrom the mean value and Poisson’s formulas we deduce the inequality, known as
harnack’s inequality:

Theorem 2.4.1.2 (Harnack’s Inequality)

et u be harmonic and nonnegative in the ball B = B(0,R) € R™".Then for any

x € B(0O,R)

(R)"2(R = Ix]) (R™2(R + |x|)
(R+ |x])nt =) = (R = |x])n? u(0)

Proof
Let R > 0 be arbitrary and let x € B(0, R) .Then by the Poisson integral formula

R%=|x|? [ u(y)
nwnR JIB(OR) [x—y[P

u(x) = dao(y) . forx € B(0,R) and y € dB(0,R)

lx =yl < |x|+ |yl = Ix| + R also |[x =y| = |y| = |x] = R = |x|

Therefore R—|x| < |x—y| <R+ |x|

1 1 1
(RElx)™ = (lx—yh* = (R-]xD"

Multiply through by u(y) and integrating on dB(0, R) we get

1 uly) 1
Wfastu.mu@) do(¥) = Jypom Gy 490D < ey Jonom #O) 4o

'-|.t|‘
kR

Next multiply the inequality by
We find
R?—|x|? ALl S
?;:T(Rﬂx{)" fas(on)uo’) do(y) < nw.n Iﬂh‘(URHIr yhr 2

R?~|x|* [
= nwyR (R- le}“ dB(O.R)

u(y)do(y

l.e
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L R = xf? u(y)
nwxR (R + |x])*=2 f u(y)do(y) < ——— —da(y)
i : - 2860E) 08 amum(lt o
R 1
T nwpR (R - |x])n? f u(y)do(y

JdB(0.R)

Recall that [0B(0,R)| = nw,R"*

Therefore using the mean value property and Poisson formula we find that

(R)H_I(R — |X|) (R)"_](fi’ + IxI)
ROR+ )™ f uy)doy) = ulx) s g

dB(0.R) dR(0.R)

u(y)da(y)

again recall: u(0) = '-{?)B(o.k} u(y)da(y)

(R™2(R - |x]) (R (R + [x])
®+ O =ul) s —E— e

u(0)

Corollary 2.4.1.4 (Liouville’s Theorem)

If u = 0 is harmonic in R™, then it is a constant in R".
Proof

The function u is harmonic and nonnegative

Fix x € R™ and choose R > |x| : Harnack's inequality gives

(R2(R — |x) (R)"*(R + [x)
@+ O ¥ = T O

Letting R — =, and observing that

REHR = Ixl) _ (RER 16D
lim =T A (R— kD™

Thus we find

u(0) < u(x <u(0)
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= u(x) = u(0)
Since x is arbitrary, we conclude
u = u(0)

Hence u is constant |

2.5 The Neumann Problem
We can find a representation formula for the solution of a Neumann problem as

well.
Theorem 2.5.1

If u be a solution of the Neumann problem

Au=finQ
2.20
{"—“ = h on 0 ey
dv

where f and h have to satisfy the solvability condition(compatibility condition)
fooh)da(y) = [ f()dy.Then
1
U(x) ==t u(Y)da(Y)=f N Yf() = | N y)h(y)do(y)
0

|00 a6
atl

Proof
Keeping in mind that u is uniquely determined up to additive constant. From theorem
2.2.1 we can write

al o s |
() = T =) — fyy Tx = YROIO0) + g w0 3o e =Vlda) 22D
and this time we get the integral. containing the unknown data u on a0, Mimicking what
we have done for the Dirichlet problem. We try to find an analog of the Green’s function,

that is a function N=N(x, y) given by
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N(x,y) = I'(x,y) + ¢*(y)

Where for x fixed. ¢* is a solution

Ay p* = in
a ¢ 4
:: (x y) on dQ

: aN . :
in order to have T (x,y) = 0 on dQ.But this Neumann problem has no solution because

the compatibility condition
ar
— o 5:(x=y)da(y) =0
is not satisfied. In fact letting u = —1 in (2.8) we get
ar — 2 Mo bs |
_Iana(x_)’)da(J’) = -1 (2.22)

Thus. taking in the account (2.22), we require ¢ 10 satisty

Ayp* = 0 in Q 5

x (2.23)
ag* _ _ar, ;
e (x y) +— |m| on 0l

_E( y) + .—)dg'(y) = () and (2.23) is solvable. Note that, with

In this way [, (=55 10|

the choose of ¢*, we have

N = il (2.24)
a(x y) = o on 01
Apply Green's identity to u and ¢* we find
725
0= [, $* 0N ) =, * RGO + [y u) 5 (o) (2.25)

Adding (2.25) to (2.21) and using (2.24) we obtain

u(x) = o= [y, o) = f, N ) = [y N, Y)h(Y)do ()
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Thus the solution of the Neumann problem can also written as the sum of two potentials,

up to the additive constant € = m_lm-,'an u(y)da(y) . the mean value of u .
) Au=0in 0
when f = 0. 1L.e. {g_% — h on dq - then we have

1
u(x) *mm u(y)do(y) = *L“N(x,y)h(y)da(y)

Thus the function N(x,y) is called Neumann function (also Green's function for the

Neumann problem) n
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