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A BSTRACT 

The complete sct of this project foclises on sohabili t) or the Dirichlet problem of the 

Iype 

!
~U = f 
u = cp 

in n 
on an 

and the Neumann problem or the type 

{
~U = f in n 
" I a' iJu = Ion fl 

The explicit so lutions of the problem in particular when r :: O. in elliptic linear operator 

specifically in Laplace 's operator and also di scuss the integral representation lor the SO IUli o ll of' 

the Dirichlet problem for harmonic functi ons in upper half space and in a ball in the whole 

of lll'l . 

Keywords Ball. Dirichlet problem. half space, harmonic functions. integral representation. 

Neumann problem 
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I "trod II c tioJl 

Laplace's equation is one of the most illlponanl part ial diOc rcntinl equati on in applied 

mathematics. Because il occurs in gra vity. clcctros t ~lIic . steady stale heal conduction. 

compress ible flllid now and so on . .. 

In n-dimensional. u depends on n-coordinatcs Xl_ X2' ... . Xn .The Laplace equati on III 11-

dimensional case given as 

a2 u 
.1u == I I:I-, . where i 1.2.3 . .. n. whose so llltions arc harmonic functions. 

iJX j 

We shall limit our di scussion on Dirichlet problem. integral representation of ha rmonic 

runction in upper half space and in a ba ll and Neumann pro blem. This project consists of 1\\ 0 

chapters. The first chapter is about preliminaries which simply to make the reader ramil iar with 

the concept or ell iptic Partial differential equati ons of second order spec ifically about Laplace' s 

equation. In thi s chapter definitions and notations. result 01' ad vanced calc ulus. change 01' 

variable le nnula. basic property of harmonic functi on. di stribution. and related n.:sult nrc 

di scussed. The second chapter deals mainly on integnll representation of harmonic func tions and 

it discusses fundamental solution. Newtonian potent ial. Dirichle t problem. Integral 

rl; presentation of hamlOnic function a in upper hall'·Spl.lcc. Integral representat ion of harl1lonic 

functi on in a Ball. Neumann problem and n: lall:d rl:sult. 
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e llAl'TEllONI: 

1'llELI MINA RIES 

The pu rpose of thi s chapter is to li x SOI11I.: tenninolng) \\ hi ch \\ ill be used through the 

project. to presen t a few ana lytical tool s which wi ll bl.: used in later chapter. 

1.1 No lations lind Ilcfinilions 

Points and Sets in Euclidcllll Space 

IRt will denote the set o f real numbers. 

IRt Il denotes the euclidean space of n-dimensiona l for'l > 1. We \\ ill be working in IR" . 

:= denotes ··cqual s by definition··: it is used to stress 111<11 an equation is defining sO !1leth -

mg 

• denote the end o f a proof. 

n always is an open subset of Ill" . 

an denote the boundary o . 

.n will denotc the closure n (i.e. 11 ;:::; n u an) . 

If x and y arc poin ts in iii" , we SCI 

, 
X · Y = L~l XiY i and Ixl:: (x .x)i 

We usc the following notations for sphere and b~lll s: if x E R" and r > 0 

• lJ(x,c) ,= [y E 01" ; Ix - yl < c) (opc" ball ) 

• il(x, c) ,= [y E 01" ; Ix - yl s c) (closed ball ) 

• Sex. r} ;:::; an :;:::; {y E Ill" ; Ix - yl = r} is culli:d a sphere (ci rcle if n 2) 

center al x and radius r . 

1 
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Defini tion A partia l difTerell ti,,! cqumion (PDE) is un cqualion involving derivatives of 

an unknown fUllction u: n ..... R. where n is nn open subset or R". 11 ~ 2 . 

Lei uCx) = uCx! .... ,x") be <J dirreren tiable function. We usc an) or the 

following notations to denole the partial dcrivmivc ofu \\ ilh rcspccllO the ilfl variable XI ' 

The second partial derivative or a twice cont inuollsly dirrcrcnlinblc runctions 1I wilh 

rcspccl10 Xj and Xj will be denoted by any or llle fo llowing nOIHi ions. 

azu 
uxrxJ • a2 

x/x, II • D. j u , Dxjx, u 'iJ a . 
XI Xl 

Lei n ~ jR:1I be an open sci and sllxn be thl! SCI or 11 x 11 rC<l1 symmetri c In<.ltriccs. 

1\ second order part ial diflcrcnli<J1 equation on n III an unknown 

lICX) = uCx l • ...• x") is an cqumion of the fo rm 

F(X,u , Du , {) ' u) ; 0 (I. I ) 

Where F: n x lit x 1R11 X S11X11 --+ R ./\ typi ca1 point y of r :::; n x III x A" X S11 X11 is 

given by y:::; (X, 7., 1], r) where X E 0,7. E R,II E Di ll ,r E SII X II . 

J)cfiniliun The second order partial di llcn.'l1tial cquation (1 .1) is c,]lled linc<'lr if it is of 

the form 

" I Uij(X ) IJiju 
Lj"" I 

" 
+ I b;(X){)iU + c(x)u + d (x) ; 0 

j :: I 

EX<lmplc The Lap lace eq uation lUI :::; 0 . where LlU :::; L i~ 1 f) jj ll , hcre 

r(x, x,~,,.) ; LT ('-) 

A partial diffe rential equat ion (1.1). and assume that F is difTerclltiable in the 

variable r .we extend F to the whole space of 11 x n matrices b~ S' I) 

where (x,7.,1}, JI) E n x R x Hn x S 11X11. the 

" n x n matrix U~j(Y)ln x11 is symmetri c where FI) ::::; iJr'l 

J)efinition The equation ( 1.1 ) is said to be elliptic at a point y :::; (X,z.1/.r) E r :::; 0 x 

III X Ill/I X snx/I if and onl y if Ihe matrix 1/;~/ (Y) l n )l n is posili \e definilc. that is 

2 
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Equivalen tly. the partia l dilTercntial equation (i) is elliptic 1lI y ifand only iflhc all Eigen 

va lues (they depend on y) ofl /~/(Y)ln )( n arc positive. 

Among the most importan t of all partinl dilTcrential equations arc undoubtedly 

Laplace's equat ions. 

( 1.2) 

Where xE nand th(' unknown is u : Q .... Ill, U = lI (x),whcre il c lIln is a gi\ cn open scI. 

Definition A C2 function u sati sfy ing (J .2 ) is ca lled a harmonic function. 

EXAMI'LES 

J) Show thaI u(x) = a.x is harmonic lora E lR./I 

Proor 

u(x) = a.x 

O,U(X) = u i 

D" u(x) = 0 

lIu(x) = L;'" D" u(x) = 0 

J lence u(x) = a.x is harmonic fun cton 

2) Show that u(x) = e X1 + ..... +xn - 1 sin (v'n'=1 xn) is harmonic on R,n 

proor 

Fori 1 ..... n·1 

For i I. .... n· J 

lIu(x) = 0 

l ienee u(x) = eXlo".,xn-1 sin(~ xn) is a hamlOnic functi on 

Function Space 

Let O:!; llin be a domain .The following function space \\ill bc used. 

• C(O:) or CoCo:) "i ll stand for the spClce of continuous func tions on il 

• Let k ~ 1 be an integer. 

;..... Ck(n):= {1I:!1 .... 1li: J)ttU is collUrwous ill Ofor ali la l:S k}. 

3 
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>- Ck(n) := (U E ck(n): D"U is IlIl i[onll fy continuous in o for all ial S k } 

).. C/(fl):= (u E Ck(n) :supp(u) is CI complIc sllbset of f1} , where 

Sllpp( ll ) = [x E rl : u(x) '" OJ. 

~ Cr Cfl):= {u:fl ..... R: u is infin ite ly ciifferentiable In O} 

,. Cc' (n ) wi ll be the space of infini tel y differentiab le function in n \\ith 

compact support. 

• !. ,, (fl) is the set of al l bounded measurable func tions in Q: the norm is defi ned 

by 

lIull ' .1l = esssup lu(x) 1 
xell 

The support of a functi on u. denoted by sU PP II . is Iht complement of the 

largest open set on which 11 = O. if OJ;; .R, II . we denote by Co CO cn ) the space of 

all C"'" functi ons on JR." whose support is compact and lies in n .(ln particular. if 

n is open such functions vani sh ncar an.) 

1.2 Rcsull from AdvllDccd C.llculus 

I f u is a di ITerentiable function dcfined ncar an. We can then defi ne the nOrT1l<.11 cieri \ alive 

of u on an by 

au 
- = v.grad 11 ;; v. Du au 

The Divergence Theorem Let vex) ;; (VI (x), ... , v/I (x)) be the unit oul ward normal to 

an at x E an. n be a c1 boundary and u E c l (n) 

( U . dx =f u v·da More generally we have In XI an I • 

rDiveregence theorem J 

Where w is a c 1 vector fiel d on n and the dot (.) denotes the euclidean product orvcctors 

in IRn. and da is the vo lume element or an. 

4 



-
Solutions to Dirichlet Proble m ,a nd Neumann Proble m 20 11 

If x E Ill". x = Ixl l; , :: rw. where T E (0, 00) and \\ !... E sn- I {x E 
1<1 

1Il'1: Ix l= l } which is a unit sphere. The formula x = rw is called the polar coordinate 

representati on or x. I.cbcsguc measure is given in polar coordinate by 

dx ::; r ,,- I dr da(w) 

Where cia is surface measure 011 S"- I, 

Iff is lebesgue measurable function in llif! such 1hal either f 2: 0 in R,n Or r E I,I(R"). 

then 

1 {(x) clx = (' f {(rw) r" ' cla(w)cl,· 
R" )0 Sit - I 

And. given f E J} (8) where Ii = IJ(X O, r ) 

f {(x)clx = ('f {(XO + rw) ,·>o-I cla(w)dr 
IJ(xil,r) )0 S"-1 

1.3 C h'lO gc of Varia ble Formula 

Let n be an open sct in iii", and \11:11 -t 11(" be a one-to-aile (.'1 functi on such Ihal 

lJr I :lfJ(n) -t n is also c 1 .suppose that r is lebesgue measurable on ljl(n).Thcn f ollJ is 

lebesgue measurable on n. and 

f., (n /(x)dx = f,,{C' p(x» IdetJ'I' (x)l dx. Where J'I'(x) is Ihe jacobian matrix 01" 'I' al 

x E 11. 

We also need 10 li:1\ some notations 

.:. Wn denote the volume of the unit ball B (D. 1) in IRn (i.e. Wn ::;; JIJ (O, I)I ), 11 

I"o llows Ihal IO/J (O, I )I: ~nw". 

LeI 'I'(y) ~ x ITy.ThcnJ'I'(Y) ~,· I . 

Note that 

5 
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= f. (o. ,)ldol U'I'(xllldx 

Since 'F(y) = (x, + ry"x, +"y +) 2 • ... ,Xn rYn 

[
" O~. 1 /'I'(x) = ~ 

Idetj'l'(x)1 = ,,' 

Thus II) (x.r) I = f,,(o. ' ) 1" dy = '" f,,(o. ,) ely = " " 11)(0, I ) I = " " w, 

Thcrclorc. 

II) (x, ,,)1 = ,,'w, 

Similarly. IBil(x, r)1 = r n- 1nwlI 

.:. For f E f}(/-t),and a measurable sct 1::. which fl (E)"* O.\\C usc the nOUllion 

ffd~ ,= (1/.,) f fel~ 
f,: J.t , H 

(The integral average olf over f:' 

1.4 Ihsic property of Harmonic f'uncfitlll 

Green's Theorem 

Lei U, wE cZ(O).Thcn we have 

i) h,U6wdx ·Ju Du , Dwdx I ff1U u!: du (Green's Firsl ldcnlil)) 

(l ien: Du is the grad ient of u) 

ii) I
n

( u6 w - wL\u)dx JiJo(u:: - 1V :~) cI(J (Gn.:cn·s Second Idcnlil)} 

6 
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diu(uf)w) = f)u. f)w + ullw 

diu(uf)w) - d · (( - tv illY ... ! •...• uWxn» 
_ \'" • ( 'w 
- ~j:: 1 -. u.-) x. x. 

::; Du. Ow + ulav 

Integrati ng with rcspccl lO dx on n 

In f)u dwdx I In u /!.wdx In diu(uf)w ) dx 

fan uDw. u du by (Divergence Theorem) 

fan u:: da 

ii) 

Therefore. 

( 1.3) 

Fi rst consider the I;J ll o\\ ing equation 

In WLludx ::; - In Ou. /)wdx + Jan w:: cia (1A) 

Subtract t:quation (1.4) from equiJtion (1.3 ): we gel Green' s second 

identity 

fn(wlw - wLlu )dx ::; fiJn(u~: - w:~)da • 

The Mean Vll luc Theorem If B(x. r) is a ball wit h center x and radius ,. \\hich is 

completely contained in the open sct n c JIt". then the va lue I/(x) of a harmonic fu nction 

u: (1 .... III at the center orlhe bal l is given by the uvcrage va lue 01'11 on the surface orlhe 

ball: this average value is also equal to the average vallie or 1/ in Ihe interior o f the ball. In 

other words 

u(x) = 1 J ucla = 1 J ucly 
llwn r n- 1 flwn r n 

iJ/J(xr) /I (x ,r ) 

Where. wn is Ihl' volume of Ihe unit balJ in n dimensions and 0 i ~ Ihe rI I d i ml'n~lOnaJ 

surface measure. 

7 
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Theorem (Maximum principle for h:lrm onic (uIIl"liuIIS) 

If u is harmonic (u E c 2en) n c(fi) . .1u ::; 0), in a bounded n. rhen 

max u ::; max (j 
n dn 

Moreover. if .Q is connected and if the maxim um ofu is obta ined in n. then 1I is conSlUnl. 

Remark 

• Thc second statement is also referred to as the strong max imum principle 

• The assertion holds also the minimum a fu. replace u by u. 

1'!"Oof we prove thc strong maximum princi ple. Suppose Ihal M ::; maxn 1/ is allaincd 

at Xo E n. then there ex ists 11 ba lll1 (xo. r) c n, ,. > O. M~an value property 

M = u(xo) = ii (X, ,<) u(y)c1y 

We ha ve equality 

~ u ::; M an /3 (xo, r) 

If u(x) < M for a poin t z E /3 (xo, r) . then we ge l a stric t inequality 

M = (x E ll ,u(x) = M} 

M is II closed in Q since u is constant; M is also open in n since it can be ,ic\\ cd as the 

unio n or open balls 

=> M :;;; n. u is constant in n. • 

8 
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1.5 Distrihutions 

Distributions (o r gcncnllizcd runctions) arc objecls Ihat generali t.:c functions. 

Distribut ions make it possible to differentiate functions \\hose dcrivali\'cs do not exisl in 

thc classical sense. In part icular. any loentl) integrable function has <t distri butional 

derivative. 

Definition A di stributions f E f) ' on a non empty SCI !lc Imll is any continuous linear 

funct iona l defined on Ihe space of basic fu nctions from D. 

I.e. 

<:ii' We write Ihc value oflbc functi onal f on basic func tion tp as < {,cp >; [ (({J) "hich 

is a (complex) real numbers. 

('#' Thc distribut ion f E IJ ' is a linear functional on thc space or basic functions D. Thai is 

ifqJ.tP E D and )..1l E i(. lilcn 

< f. AqJ + ~.p >; f(AqJ + ~.p) 

; A < f. qJ > +~ < f . .p > 

C'#'0 r E IJ ' is a continuous functional on D 

i.c. if CP71 -+ cp in D as n -. 00. then < {.C(JII > -+< { , qJ > 

1\ simple example of a di slribution is the Dirac delta O. dd"i llcd by 

9 
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Convolution 

l.e\ rand 9 be locally integrable functi ons on !lin , The cOl1\ olulion r . 9 of f and g is 

defined fo rmall y by 

f· g(x) = f {(x - y)g(y)dy = g. { (x) 

( rhc two integrals arc equal by change or variables) 

The convo lution of any distribution II with the Dirac dclw func tion ol!xisls and is eq ual 

10 'U (i.e. u * 8 = u ). Thc meaning or lhi5 formula is Ihal any distribute on II rna) be 

cxpand- ing in terms or delta functions (u (x) :; f u(y)8(x - y» 

10 
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CIIAI'TEI{ TWO 

INTEG RAL REI'Rt:SENTATION OF "ARMONIC FU 'CTIONS 

In this chapter we int roduce the Green's function. the I)o isson's kernel ;lI1d \\ C 

develop the I)oisson' s integra l IOflllllla whic h is integral n:prcsclllulion o f' harmonic 

function in upper half space and in a bal l Clnd lastl y \\ c shall sec cumann problem. 

One good strategy for investi gating any parti al di lTcrcnti al equation is fi rst \0 

identify some explicit solutions and then. provided the partial differenti al cqumion(PDI:} 

is linear. 10 assemble morc complicated sol ut ions out ur lhe spec itic ones. Fu rthcnnorc .in 

looking for explicit sol utions is orten wi se 10 restrict all cnlio ll [0 classes of functions wilh 

certain symmetry propcrly. Since Laplacc's cquutiol1 is invariant under rotlll ions. Now. a 

Iypica l rotation invariant quantity is the distance function rrom a point. for instance rrom 

thc origin. that is r :;:: Ixl. Thus. lei us look for radia l! ) s) mmctric harmonic 

function u ;::: y(lxl) . 

Ucfinilion 2. 1 A radia l func tion IS a functi on of thc form !l (x) :;:: y(lx l) fo r some 

functions y: rO.co) --+ Ill. 

Let liS therefore attempt to fi nd a solution u of Laplacc's eq uation 

II" = 0 in n (2. 1 ) 

having the form u(x) ;::: y(r) . where r :;:: Ixl J x t
2+ . ... ,+x; and y 10 be selectcd so 

that fl.u :;:: 0 ho lds. 

First notc for i ;::: 1, ... , n lhat 

We thus have 

iJr 1 2 2)=1._ 
- :;::-(Xt +""'+ XIl z. 2XJ-aXJ 2 

x, 
- . (x;tO) 
r 

au a,. XJ - = y, ( r ) - = y, ( r )­
iJXj aXJ r 

iI'" iI ( X,) -, = - y, (r ) -
iJxJ xJ r 

X ' (1 I) :;:: yrr;r + Yr ; + xJaxJ; 

II 
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Where 

Theil. 

Thus 

= Yrr + Yr (~ - ~) ,. r 

Resul t: I r uCx) = vCr) is a mdial ly symmetric solution oj" Laphlcc· s equal ion then 

(n-,) Yrr + Yr - ,- = 0 

2.1 The Fundamental so lution of the Laplllci:1n and the Newtoni 'lIl Potcnt ia l 

2.1.1 The Funda me nta l Solutio n of the t a plac ia n 

Special solution radially fo r solvi ng.1.u = 0 of the previous equation (2.2) 

AsslIming YCr) *0 

Integrate again 

Yrr I - n 
Integra te in r 

Yr r 

=> InYr = (1 - n)lnr + Inc1 

=>y -c r l
- " ,- , where inc l , is a constant 

c, 
n = 2: Yr = -::) Y = c1111r + Cz 

r 

c, 
n>3· y =--=> - . r r"- 1 

I c, 
Y = ----+c, 

n - 2 r "- z 

12 
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Consequently ifr > O. we have 

{

I " --+c vCr) = Z- Il r" -l Z 

c1 inr+cz 

if n > 2 

if II = 2 
(2.3) 

Where cland Cz are constants. That is II:X ~ yOx!) is a solution of 8 U = 0 

in 1R"\[Oj . 

Note:.1.y = 0 for x"* 0 but not defined if x = O . 

.1.y can be defined everywhere in the sense of di stribut ions . 

.1.y = 80 =" Dirac Mass" 

0" (x) = (6 
Ay(x - y) = [~ 

x = O 
x,,"O 

x = y 
X'*y 

Formally, thi s suggest a so lution formula for Poisson's equation 

fl.u = f in !Jlll 

<Imcty 

u(x) = J
R

" y(x - y)f(y)cly 

Therefore we set that by the translation in variance of the Laplace operator the functi on 

I" X 0--> y(lx - yl) 

is a solution of L\u = 0 on !)Rll\ {y} .we take Cz = 0 bu t would like to choose the constant 

c1 sueh Ihal 

(x E 1R"\[y) 

in the sense that 

J. y(lx - yl) Atp(y)(ly = tp(x) For all 'I' E c/ ( IR") 
R" 

For this, suppose cp Ee l CJR ll
) say rp is supporled in the open set Q. and let € > 0 small 

enough such Ihal B,(x) <;;; n . lei n, = il\iJ,(x) . 

Now we will assume for the case n ? 3 

Let uCy) denole the outer normal to aOE at) . Note that at y E iJ I/((x) 

x-y 
u(y) = Ix _ yl 

By Green's second ident ity we see that 

13 
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1 (y(lx - YDII<p(y) - lIy(lx - YD<p(y ))dy 
fl, 

r ( a<p ay( lx - YD) 
= Jail, y(lx - yl) au - <ply) au du ly ) 

Since l1y(lx - yl) :;::: 0 on Oe. and recalling tholt <p ;;: 0 nc,lr an \\ c sec thai 

1 l ( a<p ay ( lx - YI)) 
y(lx - YI)II<p(y)dy = y(lx - ylh;- - <p ly) a cIa(y) 

0 0:: ane uU V 

f ( a<p ay (l x - YD) 
= y(lx - yl) -a - <ply) cIa(y) 

Ix- yl::e u au 

C, f a<p f ily(lx - yD 
= (2 - n) E"- 2 ijU cIa(y) - <p ly) au cIa(y) 

IX- Ylze Ix- yl=-E 

For all r: > D. and y(lx - yl)Llrp(y) is integrable on Rn. by the lebesgue domirmling 

convergence theorem we sec Ihal 

lim 1 y(lx - yDII<p(y)dy = 1 y(lx - YDII<p(y)dy 
E~ ~ 0 

Since ({J E c "(n). and hence D..p (y ) is bounded it is clem 1ha1 

c, f a<p lim - daly) = 0 
e ... o (2 - 11) Ell - 2 Ix- YI",e iJu 

Note that thi s limit is still true provided thill D({J is locally bounded on n. 
illso. on iJl3.(x) 

Therefore 

ily(lx - yD = Dy y( lx - y D. u 
au 

= J) y(lx - yD .:::L y Ix- yl 

=~(n -2)~ lx - Yll - ". x- y 
(2 - n) Ix- yl 11' - y l 

= - cJlx _ y ll- n 

_ f <ply) 8y(lx - yD cIa(y) = ~' J f <p(y )da(y) 
11' - yl::£ au E Ix- yl-e 
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Therefo re we sec thaI 

, 
l ienee we choose '1 = -

nw, 

similarly For case n=2, we have 

Lr(lx - YI)~q:>(y)dy; c,2rrq:>(x), since 1i1IJ(O,I)1 ; 2rr, when n ; 2 

lienee again we choose '1 = ....!.... 
2, 

Therefore for x :1= 0 , we define 

{ 

21 (nlxl 
nx) ; rr 1 

n(2 - n)w, lxln , 

Definition 2.1.1 .1 :-The function 

{ 
, 

-(nix - yl 
r(lx _ yl); 2, , 

n(2- n)/un Ix - y ln-2 

i f Tl = 2 

if" > 2 

if n ; 2 

if n > 2 
(2 .4) 

defined tlX x E lffin\(y},x '* 0, is the fundamental SO{lIUOIl orl.aplaec' s equation, 

We will sometimes sl ightl y abuse notation and wrilc ,'Cx - y ) = r(lx - yl) to 

emphasize that the fundamental so lution is radial. 

The partial differential equation (2. 1) is unchanged, and so x ........ rex - y) is also 

harmonic as a function of x,x :1= y,letlis now take f: Ill" -+ R and note thatthc mupping 

x ~ I'Cx - y)fCy) (x '* y) is harmon ic for each point yE llin, and thus so is the sum of 

finitely Illany sllch expressions built for dillhent points y . 

This reason ing migh t suggest that the convolution 

u(x); J
R

, r(x - y)f(y)dy (2.5) 

15 



" .., ,; .. \ 
I ,, '" - "" ~ ' \ __ t . . '" ', ..... \. 

J'" " .. ... . '. , . },-. ( -.. .. \ 

· 1" -· . 
'. 

• 
\ 

Solutions to Dirichle t Problem and Neu ma nn Problem 20 11 

{ 

2~ I., Inlx - ylf(y)dy 
u(x) = 1 f(y) 

n{2 - n)wu f a " Ix_yllt-2 

l{n :;2 

if n > 2 

is a so lution of l1.u ::::; f at least when f E co'''(lIi.n) . In the next theorem we show that 

th is is indeed the case. 

T heorem 2. 1.1.1 : Let f E c/(Dln) .Then the function dclined by (2.5) is in c2(Rn) and 

satisfies l1.u ::::; { on !lin. 

Proof 

• we first rewrite the integral. by change of variable in (2 .5) as 

u(x) = f. !,(y)f(x - y)dy ." 
Since r(y)l1.x f(x - y) in llin unifon11l y in x. we <:an differentia te under the integral 

sIgn. 

lienee 

u(x + he,) - u(x) = f. rcY)lf(x + he, - y) - f (x - y)ldy 
h R il II 

Where h '* 0 and ei ::::; (0, ... ,1, ... ,0) . the I in the i1h slot .but 

'-
f (~x-.:+-.:h:.:'e,,----cY'-'.) _--,-f-'.-( X_--,Yc:.) a f ( ) 

~- x - y 
h iJxi 

LJni !ormly on 1R:7! as h --+ O. and thus 

au f. af -(x) = I'(Y)-a (x - y)dy 
iJX j H it XI 

Similarly 

~(x)=J: " r(y)~(x-y)dy 
iJxiiJXj R iJxiiJX/ 

(i.i = 1 •.. . . n) 

And 

Llu = f. rcy)Llxf(x - y)dy ." 

(i = ( ) ..... nn 

(2 .6) 

A I . Ih , 'lght hand side of (2.6) is cont inuous in the \ariable x. \\c s t 1e expressIon on c 

see u E c2 ( IJi.n). 

16 
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• Since r blows up 10 O. we wi ll need for subscqucllI calculations to isolate this 

singulari ty inside a small ball. So lor E > 0 we wri le 

fm(x) = f. r(y)~x{(x - y)dy + f. r(y)~x{(x - Y) lly 
BCO,c) R n\BCO,c) 

= I, (x) + ] , (x) 

We wish to show below that 

lim,_o I, (x) = O. and lim, _o], (x) = ((x) 

1/, 1 51 f) ' {I,.' cR") f IlCO,,)II'(Y)ldy 

< ICE Iinel- e (n ~ 2) 
- tCE' (n;o,3) 

In particular: Ie --+ 0 as € --+ D.Now we consider jc(x ).{irsl. we note that lJ.~ r(x­

Y) = ~yf(x - y). s ince (E c/ (R") we have 

f. r(y)~x{(x - y)dy = 1 r(y)~x{(x - y)dy 
R n\BCO,E} O\ B(O,C) 

= f. I '(y)~y{ (x - y)dy 
R ',\!J(Q,I ) 

By Green's second identity, ami not ing thaI rex - y) is harmonic on il\B (O.E) \\ c lind 

1hal 

] , (x) = fnIB(o,, ) I'(y)~y{(x - y)dy 

= ( rcy)-(x-y) - {(x - y)-a.;- du ty) ( 
a{ al' (Y )) 

Ji1(U \ IJ(O,C)) au 

( 
a{ arty)) =1 J'(y)-(x - y) - { (x -y)-a.;- duty) 

lyl::E au 
Ii is casy 10 sec thai 

lim 1 I'(y) ar (x - y)du(y) = 0 
e- o Iyl=e iJu 

As before we sec that 

ai' I 
( ) 011 all (O.,) 

(}u y = - nWnf" 1 

Therefore 

17 



l ienee 

Solutions to Dirichlet Proble m a nd Ne uma nn Problem 

; lim f f(x - y)c1u(y) 
e-o IYI=e 

; f(x) 

llU = f on 1R,1I • 

2. 1.2 Th e Ncwtonilln Potential 

The Fundamental solution of Laplacian is 

{ 

flnlxl 
I"(x ) ; IT 1 

n(2 - n)w. lxl·-2 

if II ; 2 

ifn ;>:3 

20 11 

By choosing C2 = 0 and c, = 2.. ifn=2. c, = - '- ifn;::: 3. l3ut ifwc choose cz;; 0 and 
211 /H,-,,, 

, Of ' c, ;;- \ n=2.c, ;; - ifn=3 we ha ve 
2n 4n' 

{ 

2-lnlxl 
r(x) ; 2IT 1 

---1ITlxl 

if II ; 2 

if II ; 3 

is also called a fundamental so lut ion for the Lap/acc operator ll. the: above choosc of the 

constant c
1 

is made in ordcr to have llr(X) = Sex) . Where 6(x) dcnot~s the Dime 

measure at x = O. 

Th~ phys ical mc,ming of r is remarkable: ifn = 3. in standard units. - 41lr 

represents the electrostati c potential due to a unitary clUlrg~ located aI the origin and 

vanishi ng at infinity. 

Clearl y, if the origin is replaced by a point y. the corrcsponding potenti al IS 

I"(x - y) and 

tlxl"(x - y) ; 5(x - y) 

By symmetry. we also havc llyr(X - y) = 6(x - y) 

18 
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Suppose thai [(x) is Ihc density of a charge located inside a compact SCI in RJ , 

Then rex - y)f(y)dy represents Ihc potential at x due to charge {(y)dy inside a small 

region of volume dy around y. The full potent ial given by thc sum ofal llhc co nlribulion~ 

we get 

u(x) = f
R

, rex - y)f(y)dy = - -"-! , f(,) dy 
4 1\' R Ix- yl 

Which is the convolution between rand rand i1 is called the Ncwtoni :11I pOle nti al of f. 
Formally. we have 

Llu(x) = f Ll,r(x - y)f(y)dy = f o(x - y)f(y)d = [(x) 
Rl Rl 

under suitable hypothesis on f. 

2.2 The Dir-ichlet I'rob lcm 

Thc Dirichlet problem is Ihc problem of fi nding a funclion \\ hieh solves a spccilicd PDI ~ 

in Ihc in terior of a given region lakes prescribed values on 11ll" boundar) of the region. 

In thi s section we show the existence and uniqueness of a so lut ion 10 Ihl.: dirichlet 

problem 

I Llu = 0 
lu = 'P 

in n 
on an 

where ({J E c(fJ.I1) and for some x E 1It'1. 

Theorem 2.2.1 :( Green's £{cp rcscnilltion Fonnuhl} 

(2.7) 

Lei 0. be a domain with C1 boundary, If u E «l(O) Then ror any x E n. 

u(x) = fn r(x - y)Ll u(y)dy - f .n(rex - y) .~~) - u(y) :~ (x - y ))cIu(y) (2.8) 

I' roof 

r(x - y) is harmonic in y in 1It"\{x} for 11 2: 2. kl X E O. lhcl1 IJ (X,E) CC 0. for 

some E > O. Let 0 , = ow (x, E) 

Now u(y) and rex - y) are in c2(Or) .We appl ) Green 's second identity 

19 
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i (r(x - y)6 u(y) - u(y)6r(x - y))dy 
0, 

f - au al '(x - y) 
= ( I (x - yJ,-(y) - lI(y) a )c/a(y) 

(JOr uV V 
(2,9) 

( I"(x - y)6l1(y)dy = ( I"(x _ y) au (y)da(y) _ ( u(y) al"(x - y) da(y) 
JOt Jail! iJu Jan, iJu 

Now we nOIe that 

l im ( I"(x - y)6 u(y)c/y = ( r (x - y)6l1(Y)'/y 
E-O )~ hI 

We make the following claims about the limits oflhc other twO terms as (-t 0 

Claim I : 

lim - ( u(y)-(x - y)da(y) = - lI(y) -a (x - y)cIa(y) + lI(X) 
[ 

al" 1 f al" 
(-0 Jane au no v 

Claim2: 

[f au j f au lim I"(X - y)-a (y) c/a(y) = I '(x - y)ij(y)da(y) 
( ..... 0 ao( u 01/ U 

l'I'oof of claim I 

ar 
- ( u(y) - (x - y)c/a(y) 

Jall( au 

f ai ' f ar = _ u(y)-(x - y)da(y) + u(y)ij (X - y)cIa(y) 
an au iJlI (x,c) U 

Now, 

1 I' " I" (X-Y) = Ix-y -
n(2-n)w" 

I y - x 
v l"(x_y)=_lx-yll-o

l 
1 

y n~ y-x 

ar --(x - y) = Vy l (x - y),v(y) a, 
"' x- y 

= Vy l (x - y)' lx- yl 

And the outwa rd normal derivative on B(X,E) is 

() 
x - y fO,. Y E all(x,c) 

v y = Ix- yl 

On the ol] (x, f) , we ha ve r (x - y) = rtf) 

Therefore. 

20 
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(Jr ( ) _ I 1- n -. --. ilu nWn 

Thcrc lorc. 

f ( ) ~ ( - )d ( ) - I f , (y) 
iJlJ (x,£) U Y iJu X Y (J Y - nWn iJB(u ) Ix_yl n- l da(y) 

Thus as E ~ 0 

Thcrc lorc. we have 

PrOl~r of claim 2 

Now we know 

01 (,) f 
= a;- oB(x,c) u(y)cla(y) 

:;:::; nWIl~n- 1 JOB(X,C) u(y)da (y) 

= I'B (~,<)I f.,, (x,,) u(y)M (y) 

la B/ )1 ( u(y)M(y) ~ u(x) 
X. E JaH(x.C) 

L 
ar 

lim u(Y) -a (x - y)cia(y) = u(x) 
' .... 0 JIJ(x,c) U 

L 
au 

I '(x - Y)-a (y)M(y) 
iJll, v 

= ( rex - y) a" (y)cia(y) -1 r(x - y) aa" (y) da(y) 
JiJ{l iJu oBCx,£) U 

We just need to show that 

f rex - y) ., (y)da(y) ~ 0 ils. ~ 0 
iJ/J (x,c) au 

Substituti ng in the explicit formula for r for 11 ? 3 

We sec that 

I ( rex - Y/a" (Y)da(y) 1 ,; n(2 ~ n)w 1 Ix _ ~ I " z I~~ (y) 1 M (y) 
Jau(x .C) U n (} B(x,f:) 

< 1"'( )1 I f dalY) - au Y I.'(H(X,(» n( 2- n)wn C" -Z ()8(x.() 

:$ CE lim(~.() 1 JiJ lI (X.l ) da(y) 

~ Cf 

Therefore. as E --t 0 

21 
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Iall(x.,/(x - y) :: (y)da(y) ~ 0 

Alier laking limit as f -+ a (2.9) becomes 

h, rex - y)ll u(y)dy = Iao rex - y) :: (y) da (y) - Iao u(y) '!!. (x - y)da(y) + u(x) a, 
li enee 

J [. au al" I u(x) = - 1 (x - Y)-a (y)da(y) - u(y)- (x - y) <Ia(y) 
ao u au 

+ f I'(x - y)ll u(y)dy 

" 
Lemma 2.2.2: Ifu E C2 (n)is harmonic in n, the,t 

• 

J (. au al") u(x)=- r (x-y)-(y)-u(y)-(x-y) daly) 
an au au 

Proof 

The proof fo llows from the above theorem 

u is harmonic. 

Therefore 

u(x) = - Ia" (r(x - y) :: (y) - u(y) :~ (x - y)) cIa(y) • 

We would like \0 usc the Green's rcprcscl1lalion IOTmuia (2.8) to S01H' 

I tni = f in n au 
ar. . If we knew lloU on nand u on an and -;;- on an. Ihen \\c could soh c 

u = cp on H "II 

for 14. But we don '\ know all this information . We know .1u on nand u on an. We \\urn 

10 elim inate one unknown term by adjusting r. 

We proceed as follows. For each x E n. we introduce a corfeelor function 

¢ X(y) wh ich satisfies the loll owing boundary vallie problem. 

I llCPX(y) = 0 
l<l>x(y) = -rex - y) 

inn 
onan 

We usc Green"s second identity on Q with u(y) and 4Jx(y) \\t.! gel 

( '" ··' )d ) h, <I> X (y) ll u(y)dy = Ian <l> X(y) a, (Y) - u(y),,(y) a(y 

22 
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Subtracting (2.11) to (2. 8) we have 

u (x ) = f" ( r (x - y) + ¢ X(y»)6 u(y)dy - fa" ( ( I' (x _ y ) + ¢ X(y» ) a, (y) _ ., 

u(x) = J ( r (x - y) + ¢ X(y»)6 u(y) dy + f u(y) 8(r (x - y ) + ¢ X(y )) du(y) 
n an iJu 

-f (r'(x - y) + ¢ X(y») ~u (y )du (y ) 
ao vI) 

(2,12) 

Dclinil ion 2.2.1 G(x, y):= rex - y) + ¢ X(y). 'Vx ,y E n ,x '* y is ca ll ed the Green's 

fu nction for the laplacian on n. 
Theorem 2.2.3 (Representat ion formula) 

If u E c2 (n) solves the Dirichlet problem 

Proof 

!
.6U = f in n 
u = '" on 80 

u (x ) = fn G(x,y)[(y )dy + fan <p(y) :~ (x ,y)du(y ) 

From equation (2. 12) we have 

) 
11(1 (x_y)+q,X(y» 

u (x) = f" ( r(x - y) + ¢ X(y) 6 u(y)dy + fan u(y) ., du(y) -

fan (l' (x - y ) + ¢ X(y ») ::(y)du(y) 

aG f " ') u (x ) = f" G(x,y)6 u(y)d y + fan u(y) . , (x , y )du (y ) - an G(x,y) ., (y)cIu(y 

Since G(x, y) = a 'tty E dn and 'r/x E n no\\ becomes 

'G u (x) = f" G(x, y)6 u(y)dy + fa" u(y) . , (x,y)du (y) 

u(x) = f" C(x, y) f (y)dy + fa" <p(y) :~ (x,y)du(y) • 

Green's funclion= fundamental so lution with zero boundary data 

!
6 y G(X,Y ) = o/ x ) 

G(x,y ) = 0 

23 
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Coro llary 2.2.4 

I r u is a harmonic in n. i.e f == 0 in n. then 

f
oG 

u(x) = iJfl <ply) 0' (x.y)du(y) (x E 0) 

Theorem 2.2.5: (symmetry of Green 's Functions) 

Green's fu nction G(x,y) is symmetric in n x O. i.c. G(x.y) = G(y, x) for x '* yEn. 

I' rouf 

Pick Xt.Xz En with XI '* x2.choose r > 0 small slich that IJ (Xt./") n IJ (x2, r) = 0 .S!'!1 

G, (y) = G(x ,. y) and G, (y) = G(x,. y) . Wc apply Green's fo r11111la in O\lJ (x ,. r) U 

13 (x2. r) and get 

'., '. Q " . 
.. .... ...:.. '.: ' .. :"', ~ . :, . 

• , \ , . " <"; .,' " " , • , ', '"., .' '. ' ' .. 

I .. ' t _ . ' • ' ,,':" ',: • . ' " .~, ', .~ , .. ~ ' " , ":-~" .. ", 
'. \. ' .1'. ' ::~' .. :-: • ' . " ' .: i . ,': -." ;. .;. '. : "'q,m~, _'. : .. 
.. , . .' ! '" ", .. . 

:'~.,~ :\,., ,~(; ~' ... :: .. ~: ._ ...... r-, ::.-:.. .. : .... ; .. 
. '" :; .. '; ''''. ; ~ " .. ~ .. .... , ,I,· .: ~ •.. ; 

, ',:', ;: : \ ,:. ~ " . : :.::.:.' \ t~ , :: ", '-: • 

.... , , ' ,\ / , . . ' . 
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iJG 1 IJG, BG, 

1 IJG, G ')d + (G -- G,-)du=O (G,--- 2- a I au au 
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Note that the left side has the same limit as the left side in the following as ,. -. 0 

1 ' aG, ,ai' i ,ai', aGo 
( I - - G, -)du + (G, -, - I -)da = 0 

iW (x\ ,r ) iJu iJu (tU(xl,r) iJu iJu 

While we have 

l aG, 1 aGo r--da -+ 0, r-- ctu ...... 0 as r ...... 0 
JB(xl,r) au iJll(xz. r ) au 

And 

This implies 

- G,(x,) + G,(x,) = 0 ,01" (,(X" X,) = G(x" x, ) • 

Theo rem 2.2.0 (Uniqueness Theorem) 

The solution of the Dirichlet problem is unique. 

I' roof 

Suppose Ul and Uz arc solutions. take Ul = liZ on an 
maxn(uj - uz) = maxan(u j - li Z) :; 0 

=> U I - Uz = 0 in n 

=> III = Uz in n 
li enee there exist at most onc solution 

25 
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2.3 Integra l Representa tion of Harmoni(' Function in UJlPl'r lI ulf-space 

2.3. 1 Crccn's Function for Upper Illllf - Space 

In this subsec tion we will build Green's functions for the half-space R7 . 

Everything depends up on OUT ex pl ic itly solving the corrector problem (2.10) in these 

reg ions and this in turn depends up on geometric reflection tricks. 

Definition 2.3.1.1 If x = (XI .... ,xn_t'xn) E IR~. ils reflection in the plan\.! iJ Bl7 is the 

points x' = (Xl."', Xn _ l, -Xn) 

We wi ll so lve problem (2.10) for the hal f-space by selling 

The idea is that the corrector ¢x is built from - I' by "rcl1ccling the singuluril )" from 

x E 1Ii+ n to x' e IR~. we note 

¢ '(y) = - r ex - y) Ify E a BIZ and thus 

( 
l1¢x = 0 in IR~ 

arc required. 
¢' = - rex - y) on oBl~ 

Dclinition 2.3.1.2 Green' s function for thc ha ir space JJl~ is 

G(x,y)=rcx-y)- I'(x ' - y),(x,yE BI~, x" y) 

2.3.2 Using Green ' s runclion to solve I,llpilice's cq ulltion in pjler lI alr-S PIIl'(' 

Suppose now u solves the boundar)' value problcm 

( 
.llu = 0 in 1Il~ 

u = cp on a IR.~ 

Now 

26 
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For n ~ 3: 

oG ol '(x-y) i!I '(x ' - y) 
a(x,y);-~:..:. 

Yn iJYn iJYn 

;;;: Xn - Yn + XII + Yn 
nwnlx - yl'l nwnlx' - YI" 

_ 1 I Xn - Yn + X'I + Yfl 
- nw, Ix YI" lx' _ YI' 1 

Consequen tly if yEa IR~. Yn :::; 0, Ix - yl = Ix' - yl 
i!C oG 2x, 
-0 (x,y);,-(x,y) ; I I' 

v vYn l1Wn X-Y 

Then from represen tation ro mlll ia we have 

20 II 

(2, 14) 

which is call ed a Poisson's integral formu!:1 (inlcgrlll rcprcscnllililln of h:lrnwnic 

funclion s in upper halfspacc) . And the function k(x,y) = 2, X
n 

I" (x E !ll~, y E flWn x - y 

a IR~ ) is a Poisson '5 kernel. 

. , 
('or n = 2. let IR!.~ be the upper half-plane in R that is 

We will look for the Green ' s function fo r R+ 2. 10 particular \\ c need to find II 

corrector function for 

f Ml x 
; 0 

LV ; - I '(x - y) 

27 
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fix x E 1R!.we know l1yr(x - y) = 0 for x ~ y .therefore. if we choose 1. e n. then 

.1yr{z - y) = 0 for all yEn .Now. if we choose 1. = 1.(x) appropriately. z e O. such 

that r(z - y) = rex - y) for yEn. then letting q, X(y) = - rex - y) we \\ill tUl\e found 

a corrector function .Recall for n = 2 

1 
I"(z - y) = 2rr In Ix - yl 

Therefo re. '-(z - y) is a function oflz - YI. for x = (xj,xz) E R!. we see that for all 

yEa 1R1~ 

Where x · = (x\. -xz) is the reflection ofx in the plane 

, 
.-. -.-: .... R. 

.. '. 

x' 

Figure 2 

" • f: • f: h cr halt'..phne is given bv 'herefore. a Green S lunct!on lor 1 e upp , . 

G(x,y) = - I"(x ' - y) + I"(X - y) 

. -

= -2- 11I lx ' - yl +2-11I lx- yl 
Zn 2n 

Then 

28 
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ac Cx,y) = _ arcx ' - y) + arcx - y) 
ay, ay, oy, 

__ 1 x 2 - Y2 1 .x"'c.+:...y" ,,-- +-7 
2n Ix - yl' 2n Ix' _ yl ' 
_ 1 Xz - Y2 Xz + yz 
--I + I 

2n Ix - yl ' Ix' _ yl ' 

= -,._x-"'---~ 
nix - yl ' 

Consequently i f yEO Iffi~ .y, = D.lx - yl = Ix ' - yl 
oC ac x, 
-0 Cx.y) = -0 - Cx.y) = I I' u Yz 7rx -y 

Suppose now u solves the boundary value problem 

f ~u = 0 

tu = '" 

Then rrom representation ronnula we have 

C) x, f . (Y) d C u x ::;:: - ~. '-, -,~ (J y) n ,,~ x- y 

integral formula . A nd the function 

in JIl2 , 
on iJ 1Il~ 

(x E iii! ) \\hich is called a Iloisson's 

kCx.y) = 1 x, I' 
rr x -y 

(x E 1Il~,y E iJ Ill; ) is a Poisson's kernel. 

Theorem 2.3.2.1 (Poisson's rormula ror a haIr-space) 

C) ". f .(Y) d C ) '1'1 u x ;: - "R '-, - , (] Y . len 
nWIt II.. x- y II 

(i) u E cOOC Iffi+ n) n (' C Iffi, n) 

(ii) LlU ::;:: 0 in IR.+ n 

(i ii) limx ..... xo u(x)::;:: qJ(XO) rorcach point X
O E iJ R+ n,x E R+ n 

29 



I 

.r , , 
• 'I 

i) 

ii ) 

Solutions to Dirichlet Problem and Neum.lI1n Problem 201 t 

For each fixed x,the mapping y I-t C(x,y) is harmonic except for y ;;; x.As 

G(x,y) = C(y,x) according to theorem 2.2.5. x H G(x,y) is harmonic except 

for x = y.ThUSX H :c (x,y)=k(x,y) isharmonic/orxE R .. ".yE aRjn 
"y, 

A direct calculation. the detail of which we omit 

1 = f .... , k(x,y) duty) (2 .15) 

For each x E Ill+ n. as qJ is bounded. u defined by (2 .14) is likewise bounded. 

Since x H k(x,y) is symmetric for x * y. we easily verify as well u E c' (Ill .. 'I) with 

6u(x) = J 6xk(x,y)~(y) daryl = 0 
aR+ /I 

~.1u = 0 

iii ) Now fix XO E Cf IR+ n .lor E > a.choose 8 > 0 so slllalllhal 

l<p(y) - <p(xO) 1 <E I f Iy - xOI < 6. y E aU!, ' .Then inx - xOI <~. x E II,' 

lu(x)-<p(xO)1 :5 If •• ; ,k(x,y) I<p (y)-<p(xO)lda(y)1 (2 .16) 

lu(x) - <p(xO)I:5 f ";"nIJ(x, .• ) k(x,y)I<p(y) - <p(xO)lda(y) 

+ f OR. '\II (x'.,) k(x, y)I<p(y) - <p(XO 1 dey) (2. 17) 

=: J + J 

30 
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/I 

, 
-
1 

,. .. ' f 

Figure J 

Now (2 .15) and (2.16) implies 

IS Ej . R.,k(x.y)dy = E 

Furthermore if Ix - xOI < ~ and Iy - xUI ~ 0, we have 

Iy - xOI Sly - xl + i Sly - xl + i lY - xol;and so 

Iy - xl" i ly- xOI Thus 

J S 211'1'11 ", f aR.' \8(X' .6)k(x.y)da(y) 

Combining this calculate wi th cstimate (2 .17). \\c deduce Iu(x) - <p(xol :5 2E prO\ idcd 

Ix - xOI is suflicicntly small. -
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2.4 In tcgntll{cprcsl'n llilion of Harmonic FUliciion in a Ball 

lA . 1 Grecn's FUlic ti on fur the B:I II 

To construcllhc Green's function for the ball IJ = IJ(O, I? ).\\c usc the method of 

rcOcl:lion for any x E Ill". we deline its rcncclion x ' \\ ilh respect to Ihe sphcrl.! iJlleD, U) 

as follows 

{

/l l X 

X· = ~12 

No w. for each x E IJ(O, R). dclinc 

And 

if' x * 0 

if x = 0 

<p0(y) = - I '( ll) 

Note that 4> xis harmonic in /J (D, U) lor an) x E /3 (0, U) 

Lemllla 2A.I . 1 For x,y E /J (O, U). I hen 

Proof 

This follows by squaring each side and showing that these reduce \0 the same quanti ty 

32 

I 
I 
.' 

I 
\, , 
• 



Solutions to Dirichle t Proble m and Neuman n Problem 20 11 

lxi' 
~ R'lxl ' - Ilxy -Ilxy + Ixl ' lyl' 

~ II' - 211xy + Ixl ' lyl ' 

Iyl' , I' ~ II ' Iyl ' - IIxy - IIxy + Ixl Iy 

~ II ' - 211xy + Ixl ' lyl ' 

lienee 

• 

To show Ihal ", X(y) ~ -rex - y) lor (x,y) E II x 811 

Now 

I
RX 

Y I ~ !xi - Ixl(ii) 

33 
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by the lemma 2.1.1 

• •• 
= Ix - yl if y E all (0, II ) 

<J>X(y) = - I' C:1 (x ' - y») = - rex - y) . if x E /J (O, II ) lind y E aIJ(O, II) 

Therefore. Ihe Gn:cn° s functi on of the ba ll IJ(O,II) is 

G (x, y) = <J>x (y ) + I '(x - y) (2. 1 X) 

{

- I" (!:! (x ' - y») + I"(x - y) 
G(x,y) = H 

- I"( I{) + I"(y) 

if x '" 0 

if x = 0 

.r 

Fig 3. The image x· of x in the construction orlhe Green' s function ior the sphere 

2A.2 Usin~ Grt.'cn's function 10 sol \' l' I.lIpi:U.' {" s t'tlu:lti un in :1 Ball 

Assume now u solves the boundary valm: problem 

r 6u = 0 in /J(O, II) 
\u = rp On alJ (O, /I) 

Then using the representation fonnula in theorem 2.2.3 \\c sec 

3' 
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u(x) = faH(o.R 'P(Y) :~ (x - y)da(y) (2. 19) 

According to formula (2. 18) 

1 
DyC(x,y) = ((Ix - yDOy(lx - yl) - I I,'Clx ' - yl)IJyClx' - yD 

(~I)H 

_ 1 (X - Y ) 1 1 x' - Y 
- nw" lx - ylo-!' - Ix - yl - (1~1)" _ , llw,,lx ' - yl"- ' (-Ix' - yl) 

(,x,),( , ) 
x-y + U x - y 

nwnlx-Yln nwn«I;I)!x ' - YI)" 

Now if u = -IY is the outer unit nomlal vector field on aIJ(O, I?). then for y E all(D, Il ) 
yl 

we sec that 

ac ,y 
au (x,Y) = DyG(X,Y) ,jyi 

x,y -Iyl' (l#)'(X'y-lyl') 
= - + 

nw"lyllx yl" Ilw"lyllx - yl" 

, Rccall ihat 11;1 (x ' - y)1 = Ix - yl 

II ' _l xi' 
= nwnRlx - yIn 

l ienee formula (2. 19) yield the representation formu la 

- R'-Ixl' f <p(y ) da( ) 
u(x) - ,"w"R o/3(O,R) Ix-YI" Y 

This is called a I)o;ssofl 's il11exrnl 

jormula(il11egral represeI1Utt;Ol1 oj /llIrmrll1;ejllllcliolls ill (I hull). 

Where Ihe func lion k(x,y) = n:n"~I~~:I" ,(x E II (O, H),y E all(O, II )) is • 

I'oisson's kernel for the ball /3(0, U). 

)5 
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Theorem 2.4.1.1 (Poisson representation formula: solution of [he Dirichlet problem 

on Ball) 

Let rp E c(aIJ ), let u(x) = nw, R all (O,R) " - y" u(y) ! R'-Ixl' f ",(y ) d 

tp(x) 

Then U E c2 ( /1) n c(lJ) and solves the diri chk'l problem [.111 = 0 illall~ 
u = cp on 'J 

Proof 

Ixl < II 

Ixl = /I 

I) Jt is clear Ihat u is infinitely differentiable .1'0 compute the laplacian au we will usc 

the following simple tormula .I[w, v E C2(n),lhcn .1 (vw) = v.1w + ZDw. iJv + w.1v 

Firsl note 

o = -- /J(lxl ' ) = --(1/' - IXI') I , - 2x 
nwn.l? llwnR I1WnR 

. and 

Next we note the boundary integral 1 cp(y) du(y) is infinitely diffcn:ntiablc lind 
iJIJ (O,H) Ix_yin 

1hal one can different iate under the integral .Let liS note that 

Therefore. 

~u(x) = ~ (1/' -IXI') r I rp (y)" du(y) 
nwTlR JaB(O,R) x - y 

+ 2D (1/' -IXI'), /J (r rp(y) , (IU(Y)) 
nwnR Jall(O,H) Ix - yl 

+ 1/' - lxi' cl ( r rp(y)" du(y)) 
nwnR JaH(O,R) Ix - yl 

36 

I 
, I 
, , 

'\ 
I , , 



I 
I I 

~ 
I 
I 

I ~ 

Solutions to Dirichlet Problem and Neumann PI-oblcm 2011 

_ -2 ( <p(y) d (y) ( 2X) ( <p(y) 
- wnR JaH(O,H) Ix - yin (J + 2 - nwnU J

aR
(o.Il )- n(x - y) Ix _ ylnt 2 du(y) 

II ' -lxi ' i 211<p (y) 
+ . do(y) 

nWnR 08(0,H) Ix - yln -+-2 

= - 2 ( <p(Y)l x - yl ' do (y) + (_1_) ( 1( x ' _ x <p (y ) 
wnR J all (O,H) Ix - yln +2 W'lU l all(O,H} I I -y) Ix _ yl,H 2 daCy) 

II ' - lxi' i 2<p(y) 
+ 0+ ' do(y) 

wnl? iJII(O.H) Ix - yl 

= - w
1

/1 { I ~(~~+, (21x - YI' - 1{1xl ' - x.y) - 211' + 2Ixl')do(y) 
II JaB(O.R) X Y 

= 0 

A much s impler argument would be to notice Ihal. since C(x,y)is hannonic in x 

IJ (O, lI)for each y E ali(O, II) 

:~ (x,y) = DyG(x, y), vCy) is al so harmonic in x for each y E iJ IJ (O, Il ) 

Therefore u is hannonic . 

2) Let us now sho w that u is continuous 011 d/JCO, /?) with u = qJ on iJ/J(O, 1l).Le l 

XO E a/J(O, II ) 

u(x) - u(XO) = u(x) - <p(XO) 

= ( k(x,y )<p(y)do(y) - i k(x,y)<p(xO)do(y) 
Ja8(0.R) iJB{O,H) 

Let f > 0 be given. since qJ is continuous at X O there is 0> 0 such that 

l<p(y) - <p(x O) 1 < ~ V Y E a/J wi th Iy - XO I < Ii , 

Now for x E /J, bUI K(x,Y) 2': 0 

l<p(x) - <p(x O) 1 ,; J k(x,y)I<p(y) - q> (xO)l cia(y) 
aB(O,H) 
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= ( k(x,y)I'I'(Y) - 'I'(xO)lda(y) J1y _xOI<6 

,y E an 

Now consider x E 8 with Ix - xOI < i and Ix - yt ~ ty - xOI - lxo - xl ~ 1)­

~ = ~o 
2 2 

Thcrclorc 'I ' -'-da(y)'; 'I '1'+ da(y ) . pro' idcd ,ha, Ix - xOI <~, 
Jly - x 1>05 Ix - y in Jly - x > (-lit , 

Thus 

Choose 0< 8' < 0 so that tx lZ is vcry close 10 R2 such lhal 

Thererore 

2 E 
2 maxl'l'l (- )"R" - ' (II ' - Ixl ') < '2 

a. Ii 

° Ii lu(x) - u(xO)1 = lu(x) - 'I'(xO)1 < E [or Ix - x 1<2" 
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2.4.3 Ibrnack's Incq uaJilJ' a nd Liouville' s thcorl'1J) 

From the mean value and Poisson 's lonnulas we deduce the incqualil). kno\\n 3S 

harnack's inequa lit y: 

Theorem 2.4 .1 .2 (J larnack 's Inequa lity) 

Lei u be harmonic and nonnegati ve In the ball /J = BCD, I?) c R". rhcn for (lilY 

x E !J (O, II ) 

(l1 )n-2 (11 - Ixl) (11)"- '(11 + Ixl) 
(II + Ixl)" , u(O)" u(x)" (/I Ixl) "- ' "(D) 

I.e\ I? > 0 be arbitrary and \el x E IJ (O, I?) .Thell b) the Poisson integral rormul:t 

u(x) = R'-Ixl' f "(Y) da(y). for x E !J (O, II ) and y E aB(D, II ) 
nwnR aB(D,R) Ix_yin 

Ix - yl " Ixl + Iyl = Ixl + /I , also Ix - yl ~ Iyl - Ixl = /1 - Ixl 

There fore R - Ixl " Ix - yl " II + Ixl 

::,--;'-::-:; < ' < ",,-,'= 
(U+ lx!) " - (Ix yl)I! - (U Ix!) " 

Mult iply through by u(y) and inlcgralingon iJBeO,H) we gel 

' J )) J " (Y) I (y) < 'f " (y) da(y) 
(H+lxD" aB(o.H) u(y da(y :s i.lll(O.H) (lx-yl) " ((J - (II-Ixl)" iJB(O.H) 

. RZ _lxlz 
Nex t mUltiply the inequali ty by - - ,-

IIW'1 

We find 

2 12 R
l _lxl 2 f u{y) du(y) 

Rn:~xR (R+:xDR JiJ8(O.R) u(y) da(y) $: -;;;;;H iJ8 (O.R) (lx - yI)R 

$: H::~X~2 (H :xun Jcl8(OR ) IlCy) du(y 

i. e 
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II - Ixl 1 J II ' - lxi ' J II (Y) 
nw, ll (II + Ixi)'- ' u(y) da(y) S IIw,lI (Ix _ yl)' da(y) 

oB(O.R) a8(0 R) 

II + Ixl 1 J 
s IIw, ll (II - lxl)H u(y) da(y 

(weO.H) 

Rccall l iJm lillJ (O, 11)1 = nw,II" - 1 

"f hcrefore using the mean value property and Poisson formula we find tlmt 

(11), - 1 (II - Ixl) f (11)" - 1 (II + Ixl) f 
11(11 + Ixl)' 1 II(Y) daryl S II(X) S 11(11 Ixl) ..-J II(Y) da(y) 

iJIJ(O .R) iJB (O II ) 

again recall, 11(0) = +'. (0 H) II (y) da(y) 

(11)' - '(11 - Ixl) (11)" - ' (11 + Ixl) ) 
(II + Ixl)H u(O ) S II(X) S (II - lxI)' 1 11(0 

Corollary 2.4. 1.4 (Liouv il le's Theorem) 

I r u ;:::: 0 is harmonic in IRn. then it is a constant in nan" 

Proof 

The runction u is harmonic and nonnegmive 

Fix x E ~n and choose U > Ixl : Ilarnack' s inequality gives 

(IIr'(l1 - Ixl) (11)'-' (11 + Ixl) (0) 
(II + Ixl)H 11(0) S u(x) S (II -lxI)' 1 II 

I.ctting U ...... 0:: , and observing that 

Thus we find 

ufO) S u(x S 11(0) 
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=> u (x) = u(O) 

Sinee x is arbi trary. we conclude 

u = u(O) 

lienee u is constant • 

2.5 Thc Ncumann I'roblem 

We can lind a representation formula lor the sol ution of a NellJllnnn problem as 

wel l. 

Theorem 2.5. 1 

I rube a solu tion of the Neumann problem 

{ 

lIu = ( in II 
au 
Oll ::;:: h 011 an 

where f and h have to satisfy the solvubi lilY condition(compatibilit~ condition) 

fan h(y)da(y) = fn{(y)dy.Thcn 

u(x) - la~ 1 f u(y)da(y) = f N(x,y){(y) - f N(x,y)It(y)da(y) 
ao n an 

I'roof 

Keeping in mind that u is uniquely dctermined up to additive constant. From theorem 

2.2. 1 we can ""'fite 

u(x) = fn r (x - y)f(y) - fan I'(x - y)h(y)da(y) + fal , u(y) :~ (x - y)lda(y) (2.21) 

and this time wc get the integra l. conta in ing the unkno\\n data u on an. Mimiding \\hal 

we have done fo r the Dirichlet problem . We try to find an analog of the Green' s function. 

that is a function N'="N(x. y) given by 
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N(x.y) = !'(x.y) +¢x(y) 

Where for x lixcd. ¢ x is a so lution 

! lly¢X = a 
i}(/)X ar 
-=--(x-y) au au 

in n 
011 an 

20 II 

in order 10 have ~: (x,y) = 0 on an.Bul this Neumann problem has no so lution hccuusc 

the compatibility condition 

ar 
- fa" a, (x - y) du(y) = a 

is nol sati sfied. In fact lett ing u = - 1 in (2.8) we gel 

f
or 

- i10 a,(x - y ) du(y) =-1 (2.22) 

Thus. taking in the account (2.22). we require ¢x to salisly 

in n 
011 an (2.2 ) 

In thi s way fan (- :: (x - y) + la~l) dCT(Y) = 0 and (2.23) is solvable. Note Ihal. \\ilh 

the choose of ¢ x. we have 

aN ( ) 1 on an a, x -y =1001 
(2.24) 

Apply Green"s identity to u and cf>x we tind 

a.' 
a = fn ¢ X(y) f(y) - fan ¢X(y)h(y)du(y) + fUl , u(Y)-..;-(y)du(y) (2.25) 

Addi ng (2.25) to (2.2 1) and using (2.24) we obtain 

u(x) - -' f u(y)du (y) =~, N(x.y )f (y) - f"" N(x.y)h(y)du (y) 
IOnl an J vu 
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Thus the solut ion ofthc Neumann problem can also written as the sum ort\\ O poten tials, 

up to the additi ve constant C ;;;: ,a~ 1 fail u(y)du(y) . the- mean \alue or" . 

{

LlU ;;;: 0 in n 
\Vh~n f ;;;: O. i. c. iJu;;;: h on an . then \\c have 

"' 
u(x ) - l a~1 f u(y)da(y) = - f N(x,y) h(y) cla(y) 

iJO an 

Thus the function N(x,y) is called Neumann function (al so Green's function ror thc 

Ncumann problem) • 
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