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ABSTRACT

Soil-structure interaction (SSI) is present in every problem, wherein a structural element is in
contact with soil. A concrete beam supported directly by the soil continuum is a very common
construction form. The response of the beam when it carries external load is influenced by
the soil, and the response of the soil is also influenced by the action of the beam under the
load. Thus, developing a subgrade model for soil-structure interaction problem is essential in
order to predict the response of both components of the system and arrive at an optimum
design. The simplest subgrade model is the single parameter Winkler mechanical model which
represents the foundation soil by a series of independent springs. Winkler model is widely
used and practiced in spite of its deficiency in depicting the continuous behavior of real soils.
Later, many advanced mechanical subgrade models have been proposed in order to improve on
the inherent lack of shear interaction among the individual springs. Moreover, these models
still have shortcomings with the nature of simplifying assumptions they make to ease the
mathematical relationships and not suggesting ways of estimating the model parameters. With
the objective to improve on such drawbacks, a generalized continuum-based model has been
recently proposed by Worku. This generalized subgrade model satisfies the fundamental elastic
laws and all the boundary conditions because it is derived by considering all stress, strain and
displacement components. The main objective of this work is to make a comparative study
between existing single and two parameter selected subgrade models. Microsoft Excel programs
are written for the computation of deflection, moment and shear force. Finite Element based
Plaxis 2D is used as a tool to determine the calibration factor for generalized models. Lastly,
numerical illustration is provided using these models in comparison with the Plaxis 2D model
and other simplified models for finite and infinite beam subjected to selected symmetrical
loading conditions. The results of the comparison show that the generalized models especially
the two-parameter model, are in very good agreement with the FE Plaxis 2D outputs.
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Chapter 1

Introduction

1.1 Background

Soil-structure interaction has been one of the challenging problems in geotechnical engineering
because of the complexity of soil behavior. In geotechnical and structural engineering practices,
soil-structure interaction is neglected to offer analytical simplicity. As a result, the superstruc-
ture and the substructure are analyzed independently. Neglecting soil-structure interaction
without considering its effects is not realistic and can lead to the unsatisfactory performance
of the designs.

Regular use of beams on elastic foundation in civil or mechanical engineering works initiated the
development of analytical methods for the analysis of foundations interacting with soils. The
key issue in the analysis is modeling the contact between the beam and the soil bed which is a
soil-structure interaction (SSI) problem. Finite-Element (FE) based software is often used by
geotechnical engineers to solve such problems. But to find FE software, which model both the
superstructure and the foundation soil as a unit is mostly unaffordable, especially in routine de-
signs. In addition, most static analysis software use the simplified Winkler’s foundation model
to account for the SSI effect, which represents the subgrade using a mechanical assemblage
of uniformly spaced elastic springs.Thus, there is a need for closing the gap between the FE
modeling and the use of highly simplified analytical foundation models such as that of Winkler,
by developing simple and yet sound analytical models that optimize accuracy and effort. Both
continuum and mechanical modeling approaches are available for this purpose (Worku, 2013).

The mechanical approach simulates the subgrade behavior by using a few mechanical elements
like springs, elements in pure bending, in pure shear or similar other arrangements. To this
effect, some models introduced additional mechanical elements of one type or another to in-
terconnect Winkler’s springs (Filonenko-Borodich, 1950; Hetenyi, 1950; Pasternak, 1954; Kerr,
1964). The elastic continuum approach, in contrast, idealizes the subgrade as an elastic layer
overlying a rigid base characterized by the elastic parameters of elastic modulus, Poisson’s ratio
and the layer thickness. Continuum models have the advantage that the elastic constants can
be established from tests but suffer from a common shortcoming that they are difficult to apply
directly. While in mechanical models, the higher order models were devised with the intention
of improving on the drawbacks of the simplest and long-enduring Winkler single spring bed
model by introducing additional elements to ensure shear interaction among the springs that
is missing in Winkler’s model. However, mechanical models suffer in general from a major
common drawback of not suggesting ways of estimating the model parameters. Synthesis of
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the two approaches has the benefit of using the strengths of both methods. Also, it provides
a means of quantifying the mechanical model parameters in terms of the known parameters of
the continuum model (Horvath,2002; Worku,2010).

Recently, by considering all stress, strain and displacement components, Worku (2010) pro-
posed a generalized continuum-based subgrade model. The proposed model can have a range
of applications including in the analysis of beams and plates on elastic foundations. Based on
this model, this paper tries to calibrate the model parameters and to compare the results with
the classical models and FE based Plaxis 2D software.

1.2 Objective of The Study

The main objective of this work is to make a comparative study between existing single and
two parameter selected subgrade models. Furthermore, evaluations of shear, moment and
deflection of beams are conducted through analytical solutions obtained in the excel spreadsheet
program. The response of both finite and infinite beams subjected to common loadings, such
as a uniformly distributed load, concentrated force and concentrated moment on soils with
different rigidity are studied.

1.3 Scope of The Work

The scope of this work is limited to the comparison of the response of finite and infinite beams
on an elastic foundation by using single and two parameter subgrade models. It includes only
beams with constant cross-sections, which are subjected to selected symmetrical loadings and
rest on homogeneous strata. The analysis of prismatic beams, unsymmetrical loadings, and
non-homogeneous strata is not included in this work. Analysis of the beams on the Kerr-
type subgrade model is not covered due to its relative complexity for analytical treatment,
and also for the reason that Worku (2014), showed that it can be replaced by an equivalent
two-parameter Pasternak-type model with no loss of accuracy.

1.4 Methodology

The research is conducted per the methodology outlined below to achieve the objectives:
Literature Review
Both existing mechanical and continuum subgrade models are reviewed. The synthesis of
mechanical and continuum models, which have the same order of differential equations, is
provided.
Analytical Work and Programming
The governing differential equations and solutions are presented. An excel spreadsheet program
is coded for the determination of deflection, bending moment and shear force based for the
closed-form solutions of the ordinary differential equation.
Comparison and Evaluation
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A comparison of the results was made between the synthesized advanced/rigorous analytical
models, conventional models and Plaxis 2D foundation software.

1.5 Applications of The Research Result

Despite the growth in technology, there are still many applications in routine practice where
the use of subgrade models is still preferred. Subgrade models are not as such complete consti-
tutive models as they attempt to replicate only certain aspects of soil behavior using analytical
relations. The Winkler model is the most commonly used subgrade model which is a poor rep-
resentation of subgrade behavior as it does not consider the important behavioral mechanism
of the stresses that occur within an actual subgrade, especially of the shear continuity.
Different mechanical models were later proposed to introduce shear interaction among Winkler
springs, but they do not suggest means of quantifying model parameters. In continuum models,
the elastic constants can be established from tests. The synthesis that relates the two sets of
parameters enables the determination of the mechanical model parameters indirectly.

1.6 Organizations of The Thesis

The thesis is organized in five chapters. The first chapter is a brief description of the background
of the study, its objective, scope, and methodology. In the second chapter, a review of both
mechanical and continuum models and their synthesis is made. In the third chapter, analysis of
both finite and infinite beams on elastic foundations subjected to some common loading cases
is conducted, and the formulation of the differential equations and their solutions using single
and two parameter subgrade models are presented. In the fourth chapter, calibration of the
rigorous continuum model with Plaxis 2D is undertaken. Also, a comparison of results between
the calibrated model and Plaxis 2D is made. In the last chapter, conclusions are drawn and
some recommendations made.
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Chapter 2

Literature Review

2.1 Review of Subgrade Models

2.1.1 General

The problem of beams resting on elastic foundations is very often encountered in the analysis
foundations of buildings, geotechnical, highway, and railway structures. These problems require
a material model for the ground that can be expressed mathematically. Such Subgrade models
represent a unique type of constitutive models in geotechnical engineering, because such models
are not intended to be general or complete material models. Rather, the intent of a subgrade
model is to strike a balance between theoretical accuracy and ease of use in routine geotechnical
engineering practice when solving a particular soil-structure interaction application. These pro-
cedures demand the modeling of (a) the mechanical behavior of the beam (b) the mechanical
behavior of the soil and (c) the form of interaction between the beam and the soil.

Assuming a linear elastic, homogeneous and isotropic behavior of the soil two major approaches
of subgrade modeling have been suggested in the past. Mechanical models proposed in the past
have varying degrees of mathematical complexity and different numbers of model parameters.
These models range from the classical single-parameter model to the multi-parameter mod-
els. In contrast, continuum-based subgrade models proposed in the past are relatively few in
number and highly simplified in most cases.

2.1.2 Mechanical Models

Mechanical subgrade models are assemblages of mechanical elements like springs, elements in
pure bending or in pure shear in various arrangements to simulate the subgrade behavior.
Such models are conceptually simple and easy to use. The models range from the simplest
single-parameter model to the more complex ones depending on the number of parameters
involves. Mechanical models may accordingly be of single-parameter, two-parameter, and three-
parameter (Worku, 2010).

2.1.2.1 Single Parameter Models

2.1.2.1.1 Winkler Single Parameter Model
The model was suggested by Winkler (1867), who assumed that the base is represented by

a bed of closely spaced, independent linear springs. The model is a highly simplified single
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parameter subgrade model, which uses the coefficient of subgrade reaction ks to describe the
foundation behavior. Winkler assumed that the deflection,w(x, y), of the soil medium at any
point on the surface is directly proportional to the stress p(x, y), applied at the same point,
and thus independent of stresses applied at other locations, i.e.

p(x, y) = ksw(x, y) (2.1)

where p(x, y) is an applied vertical surface pressure,ks is coefficient or modulus of subgrade
reaction with units of force per length cubed, w(x, y) is the vertical surface deflection.
For two dimensional (2-D) problems, like beams, Equation(2.1) reduces to

p(x) = ksw(x) (2.2)

This analogy is a discrete model, which may be represented by an assemblage of equally spaced
independent mechanical elements (springs). The response at one point is not dependent on the
response at any other point. In other words, there is no shear coupling or interaction among the
springs, whereas there is a definite load spreading by vertical shear within the actual soil mass.
Furthermore, for both types of loading shown in Figure (2.1c) and (2.1b), the displacements are
zero outside the loaded region. However, in reality for soils,the displacements of the foundation
surface are as shown in Figure (2.1a), in which the portion beyond the edges of the foundation
is also deformed due to the inherent continuity.

Figure 2.1: a)actual deformation b) surface displacement on a flexible foundation Winkler
model due to a uniform load c)surface displacement on a rigid foundation Winkler model due
to a concentrated load

In addition to the discontinuity behavior of the model, ks is not unique, and it depends
on various properties of the beam and the soil. The verity is as a result of the fact that the
simple linear relationship of Equation (2.1) does not represent the more complex soil-structure
interaction problem. A variety of approaches have been suggested over the years. Terzaghi
(1955), presented tables of recommended values of ks, showing that the modulus of subgrade
reaction depends upon the dimensions of the area acted upon by the subgrade reaction, and
size effects has been incorporated in the equations.
In an attempt to develop a more realistic method to determine ks , Biot (1937) solved the
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problem of an infinite beam with a concentrated load resting on a three-dimensional subgrade
by evaluating the maximum bending moment in the beam. Biot found that a good correlation
can be obtained with the Winkler model for maximum moment case by setting ks as follows
(Straughan, 1990).

ks =
0.95Es

B(1− υ2)

[
EsB

4

EI(1− υ2)

]0.108

(2.3)

where Es and E are elasticity modulus of the soil and the beam,respectively; I is the moment
of inertia of the beam, and υ is the Poisson’s ratio of the soil.
Vesic (1961), confirmed that ks depends up on both the stiffness of the soil, as well as the
stiffness of the structure, so that similar size structures of different stiffness’s will yield different
values of ks for the same applied load. He found the continuum solution correlated with the
Winkler model where all terms were previously defined (Straughan,1990).

ks =
0.65Es

B(1− υ2)
12

√
EsB4

EI
(2.4)

Note that such relations have an empirical nature and are available with varying forms.

2.1.2.2 Two-Parameter Models

Two parameter models where proposed to account for the continuity of the elastic foundation
by introducing a second parameter that effects interaction among the individual springs.Two-
parameter models (Filonenko-Borodich, 1950; Hetenyi, 1950; Pasternak, 1954) ensure the con-
tinuity of the soil medium by adding a second element which interacts with the spring elements.
These elements bring about another parameter to the subgrade model in addition to the coef-
ficient of subgrade reaction and result a higher order relationship of the general form:

p(x, y) = C1w(x, y) + C2∇2w(x, y) (2.5)

where C1 and C2 are model parameters.
Not that the complexity of Equation (2.5) compared to Equation (2.1) despite the addition of
just one more element.

2.1.2.2.1 Filonenko-Borodich Model
The model proposed by Filonenko-Borodich (1945), achieves continuity between the individ-

ual spring elements in the Winkler model by interconnecting them by a thin elastic membrane
under a horizontal constant tension T (Figure 2.2).
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Figure 2.2: Filonenko-Borodich Model

Selvadurai (1979), derived the surface deflection due to the pressure q by considering the
equilibrium of the membrane-spring system

p(x, y) = ksw(x, y)− T∇2w(x, y) (2.6)

where ∇2 = ∂2

∂x2
+ ∂2

∂y2

For two dimensional (2-D) problems, like beams, Equation(2.6) reduces to

p(x) = ksw(x)− T d
2w(x)

dx2
(2.7)

The two elastic constants necessary to characterize the model are ks and T . From the above
equations, it can be seen that the shear interaction of the spring elements is effected by the
tension field T in the membrane (Selvadurai, 1979).

2.1.2.2.2 Hetenyi’s Model
Hetenyi (1946), proposed a model incorporating a pure flexural elastic plate in the case

of three-dimensional problems or an elastic beam in the case of two-dimensional problems to
introduce the interaction between the independent, linear spring elements.The response function
of the three-dimensional case is given by;

p(x, y) = ksw(x, y)−D∇4w(x, y) (2.8)

where ∇4 = ∂4

∂x4
+ ∂4

∂y4

D is the flexural rigidity of the elastic plate

For two dimensional (2-D) problems, like beams, Equation(2.8) reduces to

p(x) = ksw(x)− EI d
4w(x)

dx4
(2.9)

Where EI is the flexural rigidity of the beam (Selvadurai,1979). This model is not commonly
used because the missing connection is shear interaction, not flexure, which is less relevant in
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soils.

2.1.2.2.3 Pasternak’s Model
This model was proposed by Pasternak (1954), to model the soil behavior by including

the shear interaction among the spring through connecting the spring elements to a layer of
incompressible vertical elements which deform in transverse pure shear (Figure 2.3).

Figure 2.3: Pasternak Model

The governing partial differential equation for this model is:

p(x, y) = ksw(x, y)−Gp∇2w(x, y) (2.10)

Where Gp is the shear parameter of the layer and w(x, y) is the deflection. It can be seen
that Equation (2.10) becomes identical to Equation (2.8) when Gp is replaced by T . For two
dimensional (2-D) problems, like beams, Equation (2.10) reduces to

p(x, y) = ksw(x)−Gp
d2w(x)

dx2
(2.11)

With the two-parameter models considered so far, the Winkler case can be recovered when T ,
D, and Gp tend to zero (Selvadurai,1979).

2.1.2.3 Three-Parameter Models

The three-parameter models constitute a generalization of two-parameter models; the third
parameter has been introduced with the intention of making them more realistic. One of the
basic features of the three-parameter models is the flexibility and convenience that they offer
in the determination of the level of continuity of the vertical displacements at the boundaries
between the loaded and the unloaded surfaces of the soil but at the cost of mathematical
complexity. Among all the three parameter model, the Kerr model is the most widely known.

2.1.2.3.1 The Kerr or Modified Pasternak Model
Because of the occurrence of concentrated reaction along free edges of a structure when the
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Pasternak model is used, Kerr proposed a generalization of the Pasternak model by adding a
spring layer on top of the shearing layer as shown in Figure 2.4. Kerr model consists of two
layers of springs separated by a shear layer.

Figure 2.4: Beam Resting on Kerr Pasternak-Type Elastic Subgrade Mechanical Model

The beam equation is derived by considering the beam deflection consisting of two parts due
to the contraction or extension of the upper spring layer wu and due to the rest of foundation
wl (Worku and Degu, 2010).

w = wu + wl (2.12)

where w is the surface deflection.
According to (Figure 2.4) and for the equilibrium of the upper spring.∑

Fy = 0 = kudx(w − wl) = pdx (2.13)

wl = w − p

ku
(2.14)

The lower part is identical to Pasternak’s model except w is replaced by wl.Thus,

p(x) = klwl −Gk∇2wl (2.15)

Inserting the Equation (2.12) into Equation (2.14) and rearranging one obtains the relation
between the interface pressure and deflection of the plate as:

(1 +
kl
ku

)p(x, y)− Gk

ku
∇2p(x, y) = klw(x, y)−Gk∇2w(x, y) (2.16)

Where ku and kl, stiffness per unit area of the upper and lower spring beds, respectively; Gk
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coefficient of the shear element in Kerr’s model with the dimension of force per unit length.
The corresponding 2-D equivalent of Equation (2.16) is given by

(1 +
kl
ku

)p(x)− Gk

ku

d2p(x)

dx2
= klw(x)−Gk

d2w(x)

dx2
(2.17)

2.1.2.3.2 The Modified Filonenko-Borodich Model
This model is identical to the modified Pasternak model with the mere replacement of Gk by

T the three parameters involved are: ku, kl, and T .

Figure 2.5: Modified Filonenko-Borodich Mechanical Subgrade Model

The relation between the interface pressure and deflection of the plate given by;

(1 +
kl
ku

)p(x, y)− T

ku
∇2p(x, y) = klw(x, y)− T∇2w(x, y) (2.18)

The corresponding 2-D equivalent of Equation (2.18) is given by

(1 +
kl
ku

)p(x)− T

ku

d2p(x)

dx2
= klw(x)− T d

2w(x)

dx2
(2.19)

2.1.2.4 Higher-Order Models

2.1.2.4.1 Kerr and Rhines Models
Kerr and Rhines (1967) thought that any level of accuracy could be achieved by subsequent

modification of these models through the addition of more spring beds and shear elements
in various combinations. This is, however, more an academic exercise than is a realistic and
practical approach.

2.1.3 Continuum Subgrade Models

In soil media, surface deflection is not only occurring immediately under the loaded region but
also within certain limited zones beyond the loaded region. Elastic continuum models typically
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idealize the subgrade as a layer overlying a rigid base with the elastic modulus, Poisson’s ra-
tio, and layer thickness as parameters. In the past, certain assumptions are made concerning
selected stress, strain, and displacement components as well as compatibility conditions to pro-
duce a material with behavioral approximations built into it.
This category includes models developed by (Reissner, 1958; Vlasov and Leont’ev, 1966; Hor-
vath, 2002; Worku, 2009). All continuum models make certain assumptions to ease the mathe-
matical work involved; the rigor of a given model depends on how realistic are the simplifying
assumptions.

2.1.3.1 Reissner’s Simplified Model

Reissner (1958), proposed a subgrade model by introducing displacement and stress constraints
and making certain simplifying assumptions concerning the stress developed within an isotropic,
homogeneous, linear-elastic continuum of finite thickness as a result of applied surface stress
(Figure 2.6).

Figure 2.6: Reissner Simplified Elastic Continuum Model

Reissner specifically assumed that the in-plane stresses in the x-y plane throughout a soil
layer of thickness H are negligibly small; i.e σx = σy = τxy = 0.
The remaining stress components satisfy the well-known equilibrium differential equations.

∂τxz
∂z

= 0

∂τyz
∂z

= 0

∂τxz
∂x

+
∂τyz
∂y

+
∂τz
∂z

= 0

(2.20)
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The strain-stress and strain-displacement relations are

∂w

∂z
=

σ

Es
∂u

∂z
+
∂w

∂x
=
τxz
G

∂v

∂z
+
∂w

∂y
=
τyz
G

(2.21)

Where u, v and w are the displacement in x,y,z direction respectively.To solve Equation (2.20)
and Equation (2.21) the prevailing boundary conditions are required. At the base of the foun-
dation, the conditions are:

Z = H;u = v = w = 0 (2.22)

While at the surface of the foundation

Z = 0; v = u = 0, σ = p (2.23)

Applying the displacement boundary conditions at the bottom and at the surface the resulting
differential equation is

w − GH2

3Es
∇2w =

H

Es

(
p− GH2

12Es
∇2p

)
(2.24)

Where G is the shear modulus of the elastic continuum, Es is Young’s modulus of the subgrade,
p is the load intensity at the interface and H is the subgrade thickness (Reissner,1958).

2.1.3.2 Vlasov’s Model

Vlasov (1966), proposed a model of soil response which is a type of two-parameter elastic
model derived by introducing displacement constraints that simplify the basic equations for
linear elastic isotropic continuum . In addition to neglecting the horizontal deformations u and
v, this model further imposes a deformation mode shape, φ(z), which is determined by applying
the principle of minimum potential energy in the foundation-soil system as shown in Figure 2.7
(Vlasov and Leont’ev, 1966).

School of Graduate Studies, Addis Ababa University 12



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

Figure 2.7: Vlasov Subgrade Model

The strain in the foundation layer is assumed to be such that the displacement components
are;

u(x, y) = v(x, y) = 0;w(x, z) = w(x)φ(z) (2.25)

Where u and w are the displacements in the x and z directions,respectively, and the function
φ(z) describes the variation of the displacement w(x, y) in the z-direction.Several displacement
variations have been proposed by Vlasov and Leontiev (1966), including a linear one.The values
of φ(z) are stipulated such that φ(0) = 1.0 and φ(H) = 0.
The resulting differential equation is given by;

p(x) = kvw(x)−Gv
d2w(x)

dx2
(2.26)

where

kv = E

∫ H

0

φ2dz

Gv = G

∫ H

0

φ2dz

(2.27)

E =
1− υ

(1 + υ)(1− 2υ)
E

G =
Es

2(1 + υ)

(2.28)

Where G is the shear modulus of the elastic continuum, Es is Young’s modulus of the subgrade,
p is the load intensity at the interface and H is the subgrade thickness.
The vertical deformation mode shape, φ(z), as determined by applying variational principles is
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given by

φ(z) =
sinhγ(1− Z

H
)

sinhγ
(2.29)

Where γ is a dimensionless parameter.
The parameter γ is given by the following expression:

( γ
H

)2

=
G

E

∫ +∞
−∞

∫ +∞
−∞ (∇w)2dxdy∫ +∞

−∞

∫ +∞
−∞ w2dxdy

(2.30)

A more general expression of γ for plates on elastic foundations, which was used by Straughan
(1990), is

( γ
H

)2

=
(1− 2υ)

2(1− υ)

∫∞
−∞

∫∞
−∞(∇w)2dxdy∫∞

−∞

∫∞
−∞w

2dxdy
(2.31)

Substituting Equation (2.28) and Equation (2.29) into Equation (2.27),one obtains

kv =
E

H

(1− υ)

(1 + υ)(1− 2υ)

γ(sinh γ cosh γ + γ)

2 sinh2 γ
(2.32)

Gv =
GH(sinh γ cosh γ − γ)

2γ sinh2 γ
(2.33)

As could be noted, Vlasov’s model parameters, kv and Gv, are dependent upon the vertical
deformation mode shape and the layer thickness. The mode shape in turn depends on the
surface deformation through the parameter,γ. The general trend of Vlasov’s model parameters
is that the vertical stiffness increases and the shear parameter decreases with increasing values
of γ. The shear parameter is independent of the Poisson’s ratio, whereas the vertical stiffness
increases with increasing values of Poisson’s ratio υ (Worku 2014).

Note that for γ = 0, the deformation mode shape, φ(z), in Equation (2.29) becomes indeter-
minate. It can, however, be shown using L’Hospital’s rule that with the limit of γ approaching
zero, the mode shape assumes a linear shape given by:

φ(z) = 1− Z

H
(2.34)
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2.1.3.3 Horvath’s Winkler-Type Model

Horvath (2002),came up with a highly simplified form of Reissner’s model by using the same
physical model,but,assuming that all stress and strain components except the vertical normal
stress (σz), and strain (εz), were equal to zero.Horvath solved the following cases:
Es = A(constant with depth)
Es = A+Bz

Es = A+Bz0.5

Where: Es -Young’s modulus of the subgrade
A - Young’s modulus value directly beneath the loaded area
B– the rate of change of Young’s modulus with depth, z.
By making use of the equation of equilibrium, the stress-strain and strain–displacement relations
he derived the following Winkler-type simplified continuum model for the respective cases
mentioned above.

p = kscw (2.35)

Where : ksc equivalent modulus of subgrade reaction for simplified continuum

ksc =
A

H
(forEs = A)

ksc =
A

In(A+BH)− In(A)
(forEs = A+Bz)

ksc =
B2

2 [(A+BH0.5)− AIn(A+BH0.5)− A+ AIn(A)]
(forEs = A+Bz0.5)

(2.36)

Where H is the thickness of the stratum.Equation (2.35) is a highly simplified Winker-type
simplified continuum model (WTSC).

2.1.3.4 Horvath’s Pasternak-Type model

Horvath also came up with a two-parameter model by modifying Reissner’s concept by making
the assumption that the horizontal displacements are zero in addition to the in-plane stresses.
Horvath obtained the following Pasternak-type simplified continuum model (PLSC) for a con-
stant young modulus,Es with depth.

p =
Es
H
w − GH

2
∇2w (2.37)

Equation (2.37) has the same order as the Pasternak model in Equation (2.11). Again, it is to
be noted that Equation (2.37) represents another simplified version of Reissner model given by
Equation (2.24). Hence, both Equation (2.35) and Equation (2.37) may not be considered as
independent models.
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2.1.3.5 The Generalized Subgrade Model

According to Worku (2009), the subgrade is idealized as a homogeneous, isotropic elastic layer
of thickness H overlying a firm stratum (Figure 2.8) in the same way as Reissner’s idealization.

Figure 2.8: Worku Elastic Continuum Subgrade Model

Worku assumed that the elasticity modulus, Es, and the shear modulus, G, varies with
depth. Since his model is less sensitive to Poisson’s ratio, the Poisson’s ration is considered
constant. Unlike Reissner’s model, he didn’t neglect any of the stress, strain or displacement
components. According to this model the depth wise variation of the vertical shear stress
components, horizontal to vertical normal stress ratios and all components of the stress tensor
in the subgrade are regarded.
Lateral normal stresses are expressed in terms of the vertical normal stress:

σx(x, y, z) = gx(z)σz(x, y, z)

σy(x, y, z) = gy(z)σz(x, y, z)
(2.38)

Where gx and gy are functions of z.
Whereas the vertical shear stress components are expressed as

τzx(x, y, z) = Izx(z)τ zx(x, y)

τzy(x, y, z) = Izy(z)τ zy(x, y)
(2.39)

In which Izx and Izy are functions of z only, whereas τ zx and τ zy are functions of x and y. The
equilibrium equation in z-direction without body forces is given by

σz,z + τ zx,z + τ zy,z = 0 (2.40)

Necessary boundary conditions and stress-strain, strain-displacement relationships,which the
model uses for the formulation are;
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a) Boundary conditions:

σz(x, y, 0) = −p

u(x, y, 0) = v(x, y, 0) = 0

w(x, y, 0) = w0

u(x, y,H) = v(x, y,H) = w(x, y,H) = 0

(2.41)

b)Stress-strain and strain-displacement relationships:

∂w

∂z
=

1

Es(z)
[σz − υ(σx + σy)]

∂u

∂z
+
∂w

∂x
=
τzx
G

∂v

∂z
+
∂w

∂y
=
τzy
G

(2.42)

Worku after a lengthy mathematical work, came up with the following differential equation for
his model

p(x, y)− G

EsKI

(
LgI −

KgILg
Kg

)
∇2P (x, y) =

Es
Kg

w0(x, y)− GLgI
KgKI

∇2w0(x, y) (2.43)
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In which the terms in the coefficients are definite integrals given by

Kg =

∫ H

0

g(z)dz; KI =

∫ H

0

Iz(z)dz; KgI =

∫ H

0

g(z) ˜I(z)zdz

Lg =

∫ H

0

[∫
g(z)dz −

(∫
g(z)dz

)
Z=H

]
dz

LgI =

∫ H

0

[∫
g(z)Ĩz(z)dz −

(∫
g(z)Ĩz(z)dz

)
Z=H

]
dz

g(z) = 1− υ [gx(z)− gy(z)] ; Ĩz(z) =

[∫
Iz(z)dz

]
z=0

−
∫
Iz(z)dz

gx(z) =
σx(z)

σz(z)
; gy(z) =

σy(z)

σz(z)
; Iz(z) =

τxz(x, y, z)

τxz(x, y)
=
τyz(x, y, z)

τ yz(x, y)

(2.44)

Equation (2.43) is the mathematical model for generalized case of an elastic subgrade, the elastic
and shear moduli of which may vary with depth, and in which no simplifying assumption has
been made with respect to stress, strains or displacements. This formulation shows that the
maximum order of the governing differential equation of the non-homogeneous, isotropic elastic
subgrade is two.
The equation has the same order and form to that of Kerr’s mechanical model Equation (2.16).
For this reason,it is referred to as Kerr-type generalized continuum model. Based on this
generalized model, Worku noted that a number of model variants can be obtained by introducing
different simplifying assumption on the lateral deformations, the vertical shear stress, and the
depth-wise variation of the functions gx(z), gy(z) and I(z). Some of these model variants are
presented in the following sections.

2.1.3.5.1 Winkler-Type Continuum Model
According to Worku (2013),the generalized continuum model reduces to Winkler-type mod-

els,if the vertical shear stress alone are zero;i.e the necessary condition is.

τxz = τyz = 0 (2.45)

Not any additional simplifying assumptions are made regarding the normal stress components
or the shear stress τxy.With the assumptions made in Equation (2.45), the equilibrium equation
for the vertical direction becomes

σz,z = 0 (2.46)

Equation (2.46) implies that σz is constant with respect to depth.This constant is determined
from the boundary condition in Equation (2.41) so that

σz(x, y) = −p(x, y) (2.47)
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Substituting Equation (2.38) into Equation (2.42), integrating the resulting equation and ap-
plying the boundary condition, the following Winkler-type model is obtained:

p(x, y) = ksw0(x, y) (2.48)

Where, ks, the coefficient of subgrade reaction is given by

ks =
1∫ H

0
g(z)
Es(z)

dz
(2.49)

and

g(z) = 1− υ[gx(z) + gy(z)] (2.50)

Equation (2.48) is similar to Winkler model given by the Equation (2.1) and it is referred to as
the generalized Winkler-type continuum model.This result shows that disregarding the vertical
shear stress components alone suffices to arrive at a Winkler-type subgrade model without the
need to omit the lateral normal stresses unlike what was done by Horvath (1983) in Equation
(2.35).
Equation (2.50) can also be obtained directly from Equation (2.43) provided that LgI and KgI

vanish which again require that Iz is zero. Thus, the type of model sought is obtained with kw
given by 1

kg
.This yields

p(x, y) =
Es
kg
w0(x, y) (2.51)

Where Kg is a definite integral as defined in Equation (2.44).

2.1.3.5.2 Pasternak-Type Continuum Model
Worku(2010), has also shown that a Pasternak-type or( FB-type) continuum model can be

obtained from the generalized approach presented in Equation (2.43) when the lateral displace-
ments u(x, y) and v(x, y) alone are neglected. The model variant obtained in this manner is
thus referred to as the generalized Pasternak type (generalized FB-type) continuum model.

u = v = 0 (2.52)

Because of this assumption, the relationship between the horizontal and vertical normal stresses
becomes

σx = σy =
υ

1− υ
σz = k0σz (2.53)

Where k0 is the lateral earth-pressure coefficient for at-rest condition.
It has to be noted that the assumption in Equation (2.52) is not identical to assuming at
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rest condition, because this assumption is not limited to merely meanεxx = εyy = 0,but goes
beyond this and affects all the shear strain components.The vertical shear stress components
are represented by Equation (2.39).
The pertinent combined stress-strain and strain-displacement relationships are simplifies to

∂w

∂z
=
α0

Es
σz

∂w

∂x
=
τzx
G

∂w

∂y
=
τzy
G

(2.54)

where, α0 = 1−υ−2υ2

1−υ

By employing these relationship into the equilibrium Equation (2.40) and later introducing the
boundary conditions, Worku came up with the model.

p =
1

LE

[
1

α0

w0 + Lxw0,xx + Lyw0,yy

]
(2.55)

Where,

Lx =

∫ H

0

Ĩzx
EsIzx

Gdz; Ly =

∫ H

0

Ĩzy
EsIzy

Gdz; LE =
H

Es

Ĩzx(z) =

(∫
Izxdz

)
z=0

−
∫
Izxdz

Ĩzy(z) =

(∫
Izydz

)
z=0

−
∫
Izydz

(2.56)

If further, the assumption Izx = Izy = Iz is made, Equation (2.56) becomes

p =
1

LE

[
1

α0

w0 + L∇2w0

]
(2.57)

In which,

L = Lx = Ly =

∫ H

0

ĨzG

EsIz
dz (2.58)

Equation (2.57) is referred to as the generalized Pasternak-type continuum model which has a
similar form and order to the mechanical model of Pasternak given by Equation (2.11).
In the case of a homogeneous subgrade, Esand G are constant with depth so that Equation
(2.57) simplifies to;

p =
Es
Hα0

w0 −
GH

2
∇2w0 (2.59)
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For the particular case of zero Poisson’s ratio α0 , Equation (2.59) reduces to the form

p =
Es
H
w0 −

GH

2
∇2w0 (2.60)

p = Kpw0 −Gp∇2w0 (2.61)

This is identical to Equation (2.37) showing that Horvath’s version of model is highly simplified.

2.1.3.5.3 Kerr-Type Continuum Model
For homogenous elastic stratum of thickness H overlaying a rigid half space a generalized

mathematical relationship as obtained by Worku, (2010) given by Equation (2.43) is .

p− Gk

EskkI

(
LgI −

kgILg
kg

)
∇2p =

Es
kg
w − GkgI

kgkI
∇2w (2.62)

The approach of this model does not neglect any stress, strain or displacement in advance. The
differential equation is similar in form and order to Kerr’s mechanical model.Thus this equation
is referred to as the generalized Kerr-type continuum model(Worku,2010). It clearly shows that
this is the maximum order and form of differential equation that represents the physical model
of Figure (2.8).

2.1.4 Synthesis of Mechanical and Continuum Models

The approach and origins of mechanical model and simplified continuum models are different.
However, there is similarity in their governing differential equations. This similarity can be
utilized to synthesize corresponding models of the two categories so that the mechanical model
parameters can be quantified in terms of the continuum parameters. Thus, Synthesis of the
two approaches has the benefit of using the strengths of both models (Worku, 2013).

2.1.4.1 Synthesis of Single-Parameter Mechanical and Continuum Models

2.1.4.1.1 Synthesis of Winkler’s Mechanical Model with Horvath’s Continuum
Model
Winkler’s mechanical model Equation (2.2) and Equation (2.35) of Horvath’s Winkler-type

model have the same linear form of p = ksw, which implies that

k = ksc (2.63)
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Where

ksc =
Es
H

(2.64)

2.1.4.1.2 Synthesis of Winkler’s Mechanical Model with Worku’s Simplified Win-
kler- Type Continuum Model
The synthesis can similarly be made between Winkler’s mechanical model Equation (2.2)

and the Winkler-type generalized Equation (2.51). This results in

Ks =
Es
kg

(2.65)

This equation is a generalized form of expression in terms of the continuum parameter. The
definite integrals involved in this expression and defined in Equation (2.44) are evaluated once
the functionsgx(z), gy(z) and Iz(z) are specified.
Worku (2010, 2014), stated that the variation for the ratio of the lateral-to-vertical normal
stress components with depth σx

σz
, and σy

σz
, under circular and rectangular regions subjected to

uniformly distributed loads can be represented by an exponentially decaying function. Simi-
larly,the distribution of the vertical shear stresses can be expressed using a bilinear function.
Hence based on curve fitting to plotted data, relations for g and Iz are obtained as;

g(z) = 1− υ [gx(z) + gy(z)] = 1− υe−(3.96 z
H

)

Iz(z) =

 5z
3H
, 0 ≤ z

H
≤ 0.6

2.35− 2.25z
H
, 0.6 ≤ z

H
≤ 1

(2.66)

Substituting Equation (2.66) into Equation (2.44) and evaluating the pertinent definite inte-
grals,Equation (2.65) takes the following form:

Kw =
Es

(1− 0.4υ)H
(2.67)

The layer thickness H in the above equation is eliminated by using the substitution χw = H
B
,

which yields;

Kw =
Es

(1− 0.4υ)Bχw
(2.68)

Where χw is used as a calibration factor for Winkler’s model.
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2.1.4.2 Synthesis of Two-Parameter Mechanical and Continuum Models

2.1.4.2.1 Synthesis of Pasternak’s Mechanical Model with Vlasov’s Continuum
Model
Synthesis of Pasternak’s mechanical model, Equation (2.11), and Vlasov’s continuum model,

Equation (2.26), can be made by comparing the model coefficients.

kv =
E

H

(1− υ)

(1 + υ)(1− 2υ)

γ(sinh γ cosh γ + γ)

2 sinh2 γ
(2.69)

Gv =
GH(sinh γ cosh γ − γ)

2γ sinh2 γ
(2.70)

2.1.4.2.2 Synthesis of Pasternak’s Mechanical Model with Horvath’s Continuum
Model
Equation (2.11) of Pasternak’s mechanical model and Equation (2.37) of Horvath’s Pasternak-

type model have the same order of differential equation but, different in the determination of
elastic constants. When we compare the two models,one obtains the following equations for
the unknown coefficients.

kp =
Es
H

Gp =
GH

2
(2.71)

2.1.4.2.3 Synthesis of Pasternak’s Mechanical Model with Worku’s Simplified
Pasternak-Type Generalized Continuum Model
The synthesis can be made between Pasternak’s mechanical model, Equation (2.11), and the

Pasternak-type generalized Equation (2.59) of Worku’s model.This yields

kp =
Es
Hα0

Gp =
GH

2

(2.72)

For the special case of υ = 0, α0 becomes 1 so that,

kp =
Es
H

Gp =
GH

2

(2.73)

Worku (2014) pointed out that because of the neglected lateral deformations, the generalized
Pasternak-type model is obviously less accurate than the generalized Kerr-type model. For this
reason, better expressions for the Pasternak model parameters are presented in section 2.4.4
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that give results comparable with his rigorous model.

2.1.4.3 Synthesis of Three-Parameter Mechanical and Continuum Models

2.1.4.3.1 Synthesis of Kerr Mechanical Model with Reissner Continuum Model
Comparison of the coefficients in Kerr mechanical model, Equation (2.17) with Equation

(2.24) of Reissner’s continuum model, which has the same order of differential equation, gives
the following expressions

ku =
4Es
H

kl =
4Es
3H

kk =
4GH

9

(2.74)

2.1.4.3.2 Synthesis of Kerr Mechanical Model with Worku’s Generalized Contin-
uum Model
Equating the corresponding terms in Equation (2.17) and Equation (2.43) one obtains the

following expressions for Kerr’s model parameters (Worku, 2014);

ku =
LgIH

(kgLgI − kgILg)
Es
H

kl =
LgIH

(LgkgI)

Es
H

Gk =
LgI

2

(kILgkgIH)
GH

(2.75)

Similarly, substituting Equation (2.66) into Equation (2.44) and evaluating the definite inte-
grals, Equation (2.75) takes the following form.

ku =
Es

0.46− 0.18υ
H

kl =
Es

0.54− 0.26υ
H

Gk =

(
0.33− 0.15υ

0.14− 0.11υ

)
GH

(2.76)
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In the above equations the stratum thickness H is eliminated by using the substitution of
χk = H

B
as above where B is the width of the beam and χk is the calibration factor for Kerr’s

model (Worku, 2013).

2.1.4.4 The new Kerr-Equivalent Pasternak model

Two-parameter Pasternak model is more convenient for practical applications than the three-
parameter Kerr model.According to Worku (2014), Kerr-equivalent Pasternak parameters can
be established by seeking equivalence of performance to the calibrated Kerr model parameters
stated in Equation (2.76). For the two mechanical models shown in (Figure 2.9), with the
corresponding relations in Equation (2.11) and Equation (2.17) to yield equivalent results, it
may be required that they have to exhibit identical shear interaction (i.e. Gk must be equal to
Gp) and their surface deflection under the action of the same system of loading. This impels

w0 = wu + wl (2.77)

Where w0 is the surface deflection in both models, and wu and wl are the deflection in the
upper and lower spring beds, respectively, of the Kerr model.

Figure 2.9: (a) Kerr model; (b) Kerr-equivalent Pasternak model

The surface pressure in Equation (2.61) can be expressed as:

p = pp + psl (2.78)
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Where psl is the pressure attributed to the shear layer and pp is the surface pressure shared by
the Pasternak spring bed as shown in Figure (2.9b).

Similarly, the pressure sharing in the Kerr model of Figure (2.9a) can be written as

p = pl + psl (2.79)

Where psl is the pressure attributed to the shear layer and pl is the pressure carried by the
lower spring bed of Kerr’s model.Since the upper spring layer of Kerr’s model directly transfers
the entire contact pressure to the shear layer and the lower spring bed, the pressure shared by
this layer is identical to p. i.e.

pu = p (2.80)

Substituting Equation (2.78) and Equation (2.79) into Equation (2.77) together with the defi-
nition of a linear spring, the following expression is obtained:

p− psl
kp

=
p

ku
+
p− psl
kl

(2.81)

Dividing Equation (2.81) by p and rearranging, one obtains:

kp =
kukl

ku + ηkl
(2.82)

Where
η = 1

1−( psl
p )

To obtain the normalized equivalent Pasternak spring coefficient, the expressions of ku and kl
in Equation (2.75) are inserted into Equation (2.82) giving;

k̄p =
kp(
Es

H

) =
LgI

2H

kgILgLgI + η(kgLgI
2 − kgILgLgI)

(2.83)

Similarly, the normalized shear parameter for the replacement Pasternak model in Equation
(2.75) can be written as:

Ḡp =
Gp

(GH)
=

LgI
2H

kgILgkIH
(2.84)

For most actual cases the value of η may be expected to be close to unity.
For η = 1, Equation (2.83) simplifies to:

k̄p =
kp(
Es

H

) =
H

kg
(2.85)

Thus, the replacement Pasternak model is fully established with the two Pasternak parameters,
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k̄p and Ḡp ,found as in Equation (2.83) and Equation (2.84).
The plot of the normalized spring stiffness of the Kerr-equivalent Pasternak model against
Poisson’s ratio shows for that the stiffness is sensitive to Poisson’s ratio (Worku, 2014). With
the introduction of the evaluated definite integrals defined in Equation (2.44) and additional
observations from the plots of the respective normalized forms, linear relationships are fitted.
This, together with the introduction of the calibration factor, leads to the Kerr-equivalent
Pasternak model parameters:

kp =
(0.4υ + 0.67)Es

χpB

Gp = (1.36υ + 2.28)GBχp

(2.86)

Equation (2.86) together with the values of the rigorous Kerr model calibration factor,χk,
complete the development of the calibrated Kerr-equivalent Pasternak model that yields the
same results as the calibrated rigorous Kerr model (Worku, 2014). Instead of using calibration
factors of generalized Kerr model in Equation (2.86) determined earlier (Worku and Degu,
2010), this thesis attempts to independently calibrate the Kerr- equivalent Pasternak-type
model for beams under basic loading cases.

2.2 Analysis of Beams on Elastic Foundation

2.2.1 Formulation of the Differential Equation of the Beams

Beams are structural elements with a large length-to- width ratio and is subjected to loads
that cause bending deflection in addition to stretching (Figure 2.10a).The transverse load q is
assumed to be uniform at any section parallel to the x-axis, i.e., q = q(x). In such a case, the
vertical deflection w0 of the beam is a functions of x only.

Figure 2.10: a) Beam Element b) section of Beam Element

Consider the equilibrium of the beam element shown in (Figure 2.10b) of length dx subjected

School of Graduate Studies, Addis Ababa University 27



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

to the force systems shown.∑
Fy = 0

− V + (V + dV ) + pdx− qdx = 0
(2.87)

−dV
dx

= p(x)− q(x) (2.88)

Where p is the contact pressure and q is the applied vertical surface pressure.
Using the relation, V = dM

dx
,one can write

dV

dx
=
d2M

dx2
= p− q (2.89)

Using now the classical beam theory, −M = EI
(
d2w
dx2

)
, and differentiating twice one obtains

the following relations for a beam of uniform rigidity EI

d2M

dx2
= −EI d

4w(x)

dx4
(2.90)

Combining Equation (2.90) with Equation (2.89) gives

EI
d4w

dx4
= q(x)− p(x) (2.91)

In the following sections, the differential equations (DE) of beams on elastic subgrade are
formulated for some typical subgrade models discussed in the previous chapter including single-
parameter and two-parameter models.

2.2.2 Beams on Single-Parameter Subgrade Model

Hetenyi (1946), Selvadurai (1979), and Edward (2013), solved the problem of the beam on
elastic foundation subjected to different loading conditions resting on Winkler’s foundation. As
discussed in the previous chapter, Winkler idealized the subgrade by a bed of equally spaced
independent springs (Figure 2.11).
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Figure 2.11: Winkler’s mechanical model

Introducing Winkler’s model, p(x) = ksw(x) , into Equation (2.91), one obtains

EI
d4w(x)

dx4
+ ksw(x) = q(x) (2.92)

B is the width of the beam and EI is its flexural rigidity.The homogeneous counterpart is given
by

EI
d4w(x)

dx4
+ ksw(x) = 0 (2.93)

Hetenyi (1946) solved Equation (2.93) and arrived at the following general solution for the
beam.

w(x) = eλx(C1 cosλx+ C2 sinλx) + e−λx(C3 cosλx+ C4 sinλx) (2.94)

Where
λ = 4

√
Ks

4EI
is the soil-beam relative rigidity factor and Ci are integration constants.

2.2.2.1 Solution for Infinite Beams

By considering a beam of infinite length,Hetenyi (1946), solved the problem of beams subjected
to different loading conditions resting on an elastic foundation. Since the deflection has to vanish
at large distances,for axis symmetric problem considering the right portion of the beam (x≥0),
C1 and C2 in Equation(2.94) should be zero. Such that, for an infinite beam

w(x) = e−λx(C3 cosλx+ C4 sinλx) (2.95)

2.2.2.1.1 An Infinite Beam Subjected to a Vertical Concentrated Force
Hetenyi (1946), and Selvadurai (1979), solved this problem by introducing the pertinent
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boundary conditions (Figure 2.12). The origin of the coordinate system is located just under
applied force,

Figure 2.12: An infinite beam Subjected to a Concentrated Force

(a)w′(0) = 0

(b)EIw′′′(0) =
P

2
(2.96)

Then the following expressions are obtained for the various responses:

w(x) =
Pλ

2Ks

A(λx) (2.97)

θ(x) = −Pλ
2

Ks

B(λx) (2.98)

M(x) =
P

4λ
C(λx) (2.99)

V (x) = −P
2
D(λx) (2.100)

Where, w(x) is the deflection,V (x) is the shear force,M(x) is the moment, θ(x) is the slope,
P is the applied force and A(λx) to D(λx) are dimensionless functions of the dimensionless
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quantity λx given by;

A(λx) = e−λx(cosλx+ sinλx)

B(λx) = e−λx(sinλx)

C(λx) = e−λx(cosλx− sinλx)

D(λx) = e−λx(cosλx)

(2.101)

Equations (2.97) to (2.100) give the values of w(x) ,V (x) ,M(x) and θ(x) for the right-hand
side (x ≥ 0) of the beam. On the left-hand side of the beam, (x < 0), w(x) and M(x) remain
unchanged, whereas θ(x) and V (x) change their signs.

2.2.2.1.2 An Infinite Beam Subjected to a Concentrated Moment
Hetenyi (1946),and Selvadurai (1979), solved the problem of an infinite beam subjected to

a concentrated moment in a similar manner using a combination of two concentrated forces
acting at a small distance t apart to yield a concentrated couple (Figure 2.13).

Figure 2.13: An Infinite Beam Subjected to a Concentrated Moment

They obtained the following expression:

w(x) =
M0λ

2

Ks

B(λx) (2.102)

θ(x) =
M0λ

3

Ks

C(λx) (2.103)

M(x) =
M0

2
D(λx) (2.104)
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V (x) = −λM0

2
A(λx) (2.105)

where, M0 is the applied concentrated moment, w(x) is the deflection, V (x) is the shear
force,M(x) is the moment, θ(x) is the slope and A(λx) to D(λx) are the same functions of
λx given by Equation(2.101). Equations (2.102) to (2.105) give the values of w(x) ,V (x) ,M(x)

and θ(x) for the right-hand side (x ≥ 0) of the beam. For the left-hand side of the beam,
(x < 0) θ(x) and V (x), remain unchanged, whereas w(x) and M(x) change their signs.

Figure 2.14: Infinite Beam on Winkler’s model subjected to uniformly distributed load (a)
point C is under the loaded region; (b) point C is to the left side of the loaded region; (c) point
C is to the right of the loaded region

2.2.2.1.3 An Infinite Beam Subjected to a uniformly distributed load
Three cases,as shown (Figure 2.14), are considered depending on the location of the point at

which deflections and internal actions are sought. The solution for each case are obtained by
(Hetenyi 1946; Selvadurai 1979), and are given below:
(a) Case I: point C is below the loaded region

w(x) =
q

2Ks

[2−D(λa)−D(λb)] (2.106)

θ(x) =
qλ

2Ks

[A(λa)− A(λb)] (2.107)

M(x) =
q

4λ2
[B(λa) +B(λb)] (2.108)

V (x) =
q

4λ
[C(λa)− C(λb)] (2.109)
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(b) Case II:point C is to the left of the loaded region

w(x) =
q

2Ks

[D(λa)−D(λb)] (2.110)

θ(x) =
qλ

2Ks

[A(λa)− A(λb)] (2.111)

M(x) = − q

4λ2
[B(λa)−B(λb)] (2.112)

V (x) =
q

4λ
[C(λa)− C(λb)] (2.113)

(c) Case III: point C is to the right of the loaded region

w(x) = − q

2Ks

[D(λa)−D(λb)] (2.114)

θ(x) =
qλ

2Ks

[A(λa)− A(λb)] (2.115)

M(x) =
q

4λ2
[B(λa)−B(λb)] (2.116)

V (x) =
q

4λ
[C(λa)− C(λb)] (2.117)

2.2.2.2 Solution for Finite Beams

A finite beam may be considered as a portion of an infinite beam under the same loading. Het-
enyi(1946) proposed the method of superposition for beams of finite length which are subjected
to different external loading. Consider a beam of finite length subjected to a given loading P
and q, as shown (Figure 2.15a).
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Figure 2.15: Finite beam on Winkler subgrade model

In Figure (2.15b) the bending moments (MA,MB), and shearing forces (VA, VA), are those
in the infinite beam at the locations A and B, the ends of the finite beam, due to the given
loads. But in Figure (2.15a) M = 0 and V = 0 in the finite beam. This condition is satisfied
by applying the end conditioning shear forces (V0A ,V0B), and moments (M0A, M0B) at those
points (Figure 2.15c).
Shear forces V0A and V0B, give rise to the moments VOA

(
C
4λ

)
and VOB

(
C(λl)

4λ

)
, respectively,at

A.
Similarly, the momentsM0A andM0B give momentsMOA

(
D
2

)
andMOB

(
D(λl)

2

)
, respectively,at

A.
Therefore, to satisfy the zero-moment condition at A in the finite beam, the sum of these four
should balance with MA; i.e.

VOA

(
C(λ)

4λ

)
+ VOB

(
C

4λ

)
+MOA

(
D

2

)
+MOB

(
D(λl)

2

)
= −MA (2.118)

Conditions similar to Equation (2.118) derived for the remaining three boundary conditions.
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As a result, we obtain simulations equations for the unknowns V0A ,V0B, M0A and M0B.

VOA
C

4λ
+ VOB

C(λl)

4λ
+MOA

D

2
+MOB

D(λl)

2
+MA = 0

VOA
C(λl)

4λ
+ VOB

C

4λ
+MOA

D(λl)

2
+MOB

D

2
+MB = 0

− VOA
D

2
+ VOB

D(λl)

2
−MOA

λ(A)

2
+MOB

λA(λl)

2
+ VA = 0

− VOA
D(λl)

2
+ VOB

D

2
−MOA

λ(Aλl)

2
+MOB

λA

2
+ VB = 0

(2.119)

Equation(2.119) can be represented in the matrix form:



C
4λ

C(λl)
4λ

D
2

D(λl)
2

C(λl)
4λ

C
4λ

D(λl)
2

D
2

D
2

D(λl)
2

λA
2

λA(λl)
2

D(λl)
2

D
2

λ(Aλl)
2

λA
2





VOA

VOB

MOA

MOB


+



MA

MB

VA

VB


= 0 (2.120)

For conciseness Equation (2.120) can be written as

[Cw][R] = [F ] (2.121)

Where; [Cw] is the coefficient matrix
[R] unknown end conditioning force matrix
[F ] external force matrix
From the coefficient matrix A(λ0), C(λ0) and D(λ0) are unity. Using inverting matrix rela-
tionship in Equation (2.121) we have

[R] = [Cw]−1[F ] (2.122)

Where [Cw]−1 is the inverse of the coefficient matrix.
Hetenyi (1946), for a finite beam of freely supported ends, derived the following expressions for
the end conditioning forces;

VOA = P ′0 + P”0

VOB = P ′0 − P”0

MOA = M ′
0 +M”0

MOB = M ′
0 −M”0

(2.123)
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Where;

P ′0 = 4E1[S ′A(1 +D(λl)) + λM ′
A(1− A(λl))]

P ′′0 = 4E2[S ′′A(1−D(λl)) + λM ′′
A(1 + A(λl))]

M ′
0 = −2E1

λ
[S ′A(1 + C(λl)) + 2 ′A(1−D(λl))]

M ′′
0 = −2E2

λ
[S ′′A(1− C(λl)) + 2λM ′′

A(1−D(λl))]

(2.124)

S ′A =
1

2
(VA − VB)

S ′′A =
1

2
(VA + VB)

(2.125)

M ′
A =

1

2
(MA +MB)

M ′′
A =

1

2
(MA −MB)

(2.126)

E1 = [2(1 +D(λl))(1−D(λl))− (1− A(λl))(1 + C(λl)]−1

E2 = [2(1 +D(λl))(1−D(λl))− (1 + A(λl))(1− C(λl)]−1
(2.127)

2.2.3 Beams on Two-Parameter Subgrade Models

As mentioned earlier, several researchers, recognizing the inherent problems with the Winkler
model, attempted to make the model more realistic by introducing some form of interaction
among the spring elements that represent the soil continuum. Pasternak introduced shear
interaction among adjacent spring elements to improve the Winkler model and proposed the
second parameter,Gp, which represents the stiffness of the vertical shear interaction (Figure
2.16).

Figure 2.16: Pasternak’s mechanical model
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The mathematical model given for two parameter model in Equation (2.11) and is re-written
as

p(x) = ksw(x)−Gp
d2w

dx2
(2.128)

Combining Equation (2.128) with the beam equation of Equation (2.91) and rearranging, one
obtains

EI
d4w

dx4
+ ksw(x)−Gp

d2w

dx2
= q(x) (2.129)

The homogeneous counterpart is

EI
d4w

dx4
+ ksw(x)−Gp

d2w

dx2
= 0 (2.130)

Where; Gp = BGp and ks = Bks

Equation (2.130) is an ODE with constant coefficients that has the known solution of the form
w = Cemx. Substituting this into the equation and after some rearrangements,the following
algebraic form is obtained;

m4 − Gp

EI
m2 +

ks
EI

= 0 (2.131)

Equation(2.131) is a characteristic polynomial which may generally have four separate roots
given by

m1,2,3,4 = ± 4

√√√√ Gp

2EI
± i

√
ks
EI
−
(
Gp

2EI

)2

(2.132)

The solution takes the form;

w(x) = C1e
m1x + C2e

m2x + C3e
m3x + C4e

m4x (2.133)

Three cases are possible depending upon the internal square root value

Case (a) D = Gp

2
√
KsEI

= 1 mean when the shear interaction is equal to double the square

root of the product of the beam rigidity and the soil stiffness. Then, the internal square root
will be zero.

Case(b) D = Gp

2
√
KsEI

> 1 mean when the shear interaction is greater than to double the square

root of the product of the beam rigidity and the soil stiffness. Then, the internal square root
will be negative.

Case(c) D = Gp

2
√
KsEI

< 1 this case is the most common case in practice, as the shear interac-
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tion can rarely be larger than double the square root of the product of the beam rigidity and
the soil stiffness. In this case, the internal square root Equation (2.132) will be positive, and
the four roots form two pairs of conjugate complex numbers expressed as;

m1,2,3,4 = ±
√
α± iβ (2.134)

where;

β =

√
λ2 − Gp

4EI
(2.135)

α =

√
λ2 +

Gp

4EI
(2.136)

Then by substituting the roots into Equation (2.133) and expanding the exponential functions,
one obtains

w(x) = (C1e
αx + C2e

−αx) cos βx+ (C3e
αx + C4e

−αx) sin βx (2.137)

Only the solution case(c) is provided in here, whereas the expression for other two cases is
provided in Annex A.

2.2.3.1 Solution for an Infinite Beams

For axis symmetric problem considering the right portion of the beam (x≥0) at large distance
C1 and C3 in Equation (2.137) dwindle to zero. Such that, for an infinite beam as in case of
Winkler’s model

w(x) = e−αx(C2 cos βx+ C4 cos βx) (2.138)

2.2.3.1.1 An Infinite Beam Subjected to a Vertical Concentrated Force
The problem of an infinite length of the beam subjected to a vertical concentrated load resting

on Pasternak foundation is solved by using the following boundary condition (Selvadurai,1979).

(a)w′(0) = 0

(b)EIw′′′(0) =
p

2
(2.139)
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The first derivative of Equation (2.138) becomes

w′(x) = αe−αx(−C2 cos βx− C4 sin βx) + βe−αx(−C2 sin βx+ C4 cos βx) (2.140)

Applying the boundary condition (a) to Equation (2.140), one obtains

−C2α + C4β = 0 (2.141)

C4 =
α

β
C2 =

α

β
C (2.142)

Then Equation (2.140) becomes

w(x) = Ce−αx(cos βx+
α

β
sin βx) (2.143)

Applying the boundary condition (b) to Equation (2.143), one obtains

C =
Pλ2

2ksα
(2.144)

Then Equation (2.143) becomes

w(x) =
Pλ2

2ksαβ
e−αx(β cos βx+ α sin βx) =

Pλ2

2ks
Ã(α, β) (2.145)

Successive differentiations of Equation (2.145) yield the expressions for slope, moment and shear
force:

θ(x) = − P

4EIαβ
e−αx(sin βx) = − P

4EI
B̃(α, β) (2.146)

M(x) =
P

4αβ
e−αx(β cos βx− α sin βx) =

P

4
C̃(α, β) (2.147)

V (x) = − P

4αβ
e−αx(cos βx+ (α2 − β2)2 sin βx) = −P

4
D̃(α, β) (2.148)
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Where;

Ã(α, β) =
1

αβ
e−αx(β cos βx+ α sin βx)

B̃(α, β) =
1

αβ
e−αxα sin βx

C̃(α, β) =
1

αβ
e−αx(β cos βx− α sin βx)

D̃(α, β) =
1

αβ
e−αx(2αβ cos βx+ (α2 − β2) sin βx)

(2.149)

Equations (2.145) to (2.148) give the values of w(x) ,V (x) ,M(x) and θ(x) for the right-hand
side (x ≥ 0) of the beam. On the left-hand side of the beam, (x < 0) w(x) and M(x), remain
unchanged, whereas θ(x) and V (x) change their signs.

2.2.3.1.2 An Infinite Beam Subjected to a Concentrated Moment
Selvadurai (1979) solved the case of an infinite beam subjected to a concentrated clockwise

moment at the point O of the beam resting on Pasternak foundation. For the common case of
D < 1, he obtained the following expressions;

w(x) =
M0

4EIαβ
e−αx sin βx =

M0

4EI
b̃(α, β) (2.150)

θ(x) =
M0

4EIαβ
e−αx(β cos βx− α sin βx) =

M0

4EI
c̃(α, β) (2.151)

M(x) =
M0

4αβ
e−αx

(
2αβ cos βx− (α2 − β2) sin βx

)
=
M0

4
D̃∗(α, β) (2.152)

V (x) = −M0λ
2

2αβ
e−αx(β cos βx+ α sin βx) = − M0

4EI
Ã(α, β) (2.153)

Where,D̃∗(α, β) = 1
αβ
e−αx (2αβ cos βx− (α2 − β2) sin βx)and Ã(α, β) to C̃(α, β) are the same

to given by Equation(2.149).
Equations (2.150) to (2.153) give the values of w(x) ,V (x) ,M(x) and θ(x) for the right-hand
side (x ≥ 0) of the beam. On the left hand-side of the beam, (x < 0) θ(x) and V (x) , remain
unchanged, whereas w(x) and M(x) change their signs.

2.2.3.1.3 An Infinite Beam Subjected to uniformly distributed load
Selvadurai (1979) also solved the problem of an infinite beam subjected to a uniformly dis-
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tributed load q on Pasternak foundation in a similar manner to that of the distributed load in
Winkler foundation and obtained the following expressions;
(a) Case I: when point C is below the loaded region

w(x) =
q

2ks

[
4− D̃(α, β, a)− D̃(α, β, b)

]
(2.154)

θ(x) =
qλ2

2ks

[
Ã(α, β, a)− Ã(α, β, b)

]
(2.155)

M(x) =
q

4

[
B̃(α, β, a) + B̃(α, β, b)

]
(2.156)

V (x) =
q

4

[
C̃(α, β, a)− C̃(α, β, b)

]
(2.157)

(b) Case II: when point C is to the left of the loaded region

w(x) =
q

2ks

[
D̃(α, β, a)− D̃(α, β, b)

]
(2.158)

θ(x) =
qλ

2ks

[
Ã(α, β, a)− Ã(α, β, b)

]
(2.159)

M(x) = −q
4

[
B̃(α, β, a)− B̃(α, β, b)

]
(2.160)

V (x) =
q

4

[
C̃(α, β, a)− C̃(α, β, b)

]
(2.161)

(c) Case III: when point C is to the right of the loaded region

w(x) = − q

2ks

[
D̃(α, β, a)− D̃(α, β, b)

]
(2.162)

θ(x) =
qλ

2ks

[
Ã(α, β, a)− Ã(α, β, b)

]
(2.163)
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M(x) =
q

4

[
B̃(α, β, a)− B̃(α, β, b)

]
(2.164)

V (x) =
q

4

[
C̃(α, β, a)− C̃(α, β, b)

]
(2.165)

2.2.3.2 Finite Beams on a Pasternak Subgrade

Owing to the continuous character of the two-parameter soil model it is necessary to define a
generalized shearing force which takes into account the effects of shearing stresses in the soil
medium and beam Selvadurai (1979).

Figure 2.17: Finite beam on Pasternak subgrade model

The prevailing boundary conditions considered at x = 0 or x = l are

(a)Ṽ (x)−BGp
dwe
dx

= 0

(b)M(x) = 0
(2.166)

Where we is the surface displacement in the appropriate region exterior to the beam, B is width
of the beam. Ṽ (x) is the generalized shear force defined by

Ṽ (x) = V (x) +Gp
dw

dx
(2.167)

Where; Ṽ (x) generalized shearing force

V (x) = −EbI d
3w
dx3

the classical shear force of the beam

Gp
dw
dx

shear stresses in the soil medium

For the regions x < 0 and x > l, the surface displacement of the two-parameter medium are of
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the form

we(x) = w0e
ξx forx < 0

we(x) = wle
−ξ(x−l) forx > 0

(2.168)

Where ξ2 = ks
Gp

and w0, wl deflections of the beam at its edges. Hence using, Equation
(2.168),the boundary condition corresponding to Equation (2.166) reduced to the form

Ṽ (0) = −ξBGpw0

Ṽ (l) = −ξBGpwl
(2.169)

Make the moments and shear forces vanish at point A and B on the infinite beam, by applying
the end conditioning moments, (M∗

OA, M∗
OB) and shearing forces (V ∗OA,V ∗OB) at those points

(Figure 2.17).
The deflection of the beam at point A and B due to end conditioning moments and shear forces
becomes

w0 =
V ∗OAλ

2

2ks
A(α, β, 0) +

V ∗OBλ
2

2ks
A(α, β, l) +

M∗
OA

4EI
B(α, β, 0) +

M∗
OA

4EI
B(α, β, l) + w∗A

wl =
V ∗OAλ

2

2ks
A(α, β, l) +

V ∗OBλ
2

2ks
A(α, β, 0) +

M∗
OA

4EI
B(α, β, l) +

M∗
OA

4EI
B(α, β, 0) + w∗B

(2.170)

Where w∗A and w∗B are the deflection in the infinite beam, at the location A and B due to
external loads
The shear forces V ∗0A and V ∗0B give rise to the moments V ∗OA

(
C̃(α,β,0)

4

)
and V ∗OB

(
C̃(α,β,l)

4

)
, re-

spectively,at A.

Similarly, the moments M∗
0A and M∗

0B give moments M∗
OA

(
D̃∗(α,β,0)

4

)
and M∗

OB

(
D̃∗(α,β,l)

4

)
, re-

spectively,at A.

Therefore, To satisfy the zero-moment condition at A in the finite beam, the sum of these
four should balance with M∗

A ; i.e.

V ∗OA

(
C̃(α, β, 0)

4

)
+V ∗OB

(
C̃(α, β, l)

4

)
+M∗

OA

(
D̃(α, β, 0)

4

)
+M ∗OB

(
D̃(α, β, l)

4

)
= −M∗

A

(2.171)

Conditions similar to Equation (2.171) derived for the remaining three boundary conditions.
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As a result, we obtain simulations equations for the unknowns N∗0A ,N∗0B, M∗
0A and M∗

0B.

− V ∗OA
D̃(α, β, 0)

4
+ V ∗OB

C̃(α, β, l)

4
−M∗

OA

λ2Ã(α, β, 0)

2
+M∗

OB

λ2Ã(α, β, l)

2
= −ṼA + ξBGpw

∗
A

− V ∗OA
D̃(α, β, l)

4
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λ2Ã(α, β, l)

2
+M∗

OB

λ2Ã(α, β, 0)

2
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Equation (2.119) can be represented in a matrix form



C̃(α,β,0)
2

C̃(α,β,l)
2

D̄(α,β,0)
4

D̃∗(α,β,l)
4

C(α,β,l)
2

C(α,β,0)
2

D̃∗(α,β,l)
4

D̄(α,β,0)
4

− D̃(α,β,0)
4

D̃(α,β,l)
4

−λ2Ã(λ(α,β,0)
2

λ2Ã(λ(α,β,l)
2

− D̃(α,β,0)
4

D̃(α,β,l)
4

−λ2Ã(λ(α,β,0)
2

λ2Ã(λ(α,β,l)
2





V ∗OA

V ∗OB

M∗
OA

M∗
OB


=



−M∗
A

−M∗
B

−ṼA + ξB∗Gpw
∗
A

−ṼB − ξB∗Gpw
∗
B


(2.173)

For conciseness Equation (2.173) can be written as

[C∗w][R∗] = [F ∗] (2.174)

Where; [C∗w] is the coefficient matrix
[R∗] unknown end conditioning force matrix
[F ∗] external force matrix
Using inverting matrix relationship in Equation (2.174) we have

[R∗] = [C∗w]−1[F ∗] (2.175)

Where [Cw]−1 is the inverse of the coefficient matrix.

2.2.3.3 Beams on a Three-Parameter Subgrade Model

As described earlier, the Kerr model consists of two linear elastic spring layers of constants
ku and kl interconnected by a unit thickness shear layer of constant Gk and unit thickness.
The governing deferential equation describing the deflection behavior of beams on elastic Kerr
foundation is found by combining the Kerr’s mathematical model (Figure 2.18) with the PDE
of the beam.
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Figure 2.18: Kerr’s Mechanical Model

Kerr’s mathematical model is given by

(1 +
kl
ku

)p(x)− Gk

ku

d2p(x)

dx2
= klw(x)−Gk

d2w(x)

dx2
(2.176)

Combining Equation (2.176) with the beam equation of Equation (2.91) and rearranging ,one
obtains

Gk

ku
EI

d6w

dx6
− EI

[
1 +

kl
ku

]
d4w

dx4
+Gk

d2w

dx2
− klw =

Gk

ku

d2q

dx2
−
[
1 +

kl
ku

]
q (2.177)

The homogeneous counterpart of the governing differential equation is

Gk

ku
EI

d6w

dx6
− EI

[
1 +

kl
ku

]
d4w

dx4
+Gk

d2w

dx2
− klw = 0 (2.178)

The three parameter models are not further dealt with in this work ,because for routine analysis
purposes the two-parameter Pasternak model is more convenient. Instead,two-parameter model
proposed by Worku (2014), is employed, as it yields results of the same level of accuracy as
Kerr’s model while computation simplicity is achieved.

2.3 Analysis of Beams Using Finite Element Software

2.3.1 Finite Element Software-Plaxis

Plaxis is a finite element program for geotechnical applications and in foundation engineering
in which models are used to simulate the soil behavior. The program code and soil mod-
els have been developed with great care. Although a lot of testing and validation has been
performed, it cannot be guaranteed that the plaxis code is free of errors. Moreover, the simu-
lation of geotechnical problems by means of the finite element method implicitly involves some
inevitable numerical and modelling errors in general. The accuracy at which reality is approxi-
mated depends highly on the expertise of the user regarding the modelling of the problem, the
understanding of the soil models and their limitations, the selection of model parameters, and
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the ability to judge the reliability of the computational results. There are 2D and 3D versions
of Plaxis, where the 2D package is intended for the two-dimensional analysis of deformation
and stability in geotechnical engineering. Plaxis 3D Foundation is a three-dimensional Plaxis
program, developed for the analysis of foundation constructions including raft foundations and
offshore structures. Beams on elastic foundation can be modeled by using both 2D and 3D
versions of Plaxis.
Finite element calculations for geotechnical applications give special requirements to the finite
element model being used. When structures are involved, structural behavior as well as soil-
structure interaction needs to be taken into account. Soil model, interface elements, and the
coarseness of finite element mesh play an important role.

2.3.1.1 Soil Models and Properties

The choice of an appropriate soil constitutive model may have significant influence on the
accuracy of soil-structure interaction analyses. For this work from the available Plaxis 2D soil
models linear elastic model is used. The model used to perform linear elastic analysis. The
model is based on Hokes’s Law of isotropic elasticity. It involves two basic elastic parameters,
i.e., Young’s modulus (Es) and Poisson’s ratio (υ) (Gowthaman, 2017; Plaxis 2D, 2002).

2.3.1.2 Interface elements

Many geotechnical applications involve the interaction between soil and structures in or on the
soil. Soil-structure interaction problems can be modelled using interface elements with limited
shear strength and tension capacity. Several factors such as structural material, soil properties,
and surface roughness have been investigated to better understand their effects on the interface
characteristics. Interface was categorized into three zones: "smooth," "intermediate," and
"rough". The shear strength in the interface can conveniently be related to the shear strength of
the surrounding soil by using an interface strength reduction factor (Rinter). Interaction between
a structure and the soil is intermediate between smooth and fully rough. The roughness of the
interaction is modelled by choosing a suitable value for the strength reduction factor in the
interface (Rinter). Rigid option is used when the interface should not have a reduced strength
with respect to the surrounding soil (which corresponds to Rinter = 1.0) (Gowthaman, 2017;
Plaxis 3D, 2006).
Strength properties in the interaction zone between soil and structures are lower than the
adjacent soil. This reduction can be specified using the Rinter parameter. Hence, using Rinter

< 1.0 gives a reduced interface friction and adhesion compared to the friction angle and the
cohesion in the adjacent soil. Rinter greater than 1 would not normally be used (Gowthaman,
2017).
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2.3.1.3 Meshing

In particular for stability and bearing capacity problems, the accuracy of the solution depends
on the type and size of the elements. Upon global or local mesh refinement, the accuracy of
results tends to improve. In addition to the refinement of the mesh the quality of the mesh has
to be considered. It is preferable when the quality becomes 1.
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Chapter 3

Numerical Analysis

In this chapter, a numerical study is conducted using the different solutions obtained for finite
and infinite beams under several loading conditions. Calibration factor for Winkler and Kerr-
equivalent Pasternak-type subgrade models developed by Worku are determined. Among the
different solution cases that ascended in the previous chapter under beams on a two-parameter
subgrade, only case III, D <1, considered. Because for the practical purposes, the other two
cases are very unlikely to take place. This observation can be made by plotting the parameter D
against another carefully selected parameter combining all factors that influence D for selected
values of the thickness of the stratum, H. D is a function of modulus of elasticity of the
beam(E), modulus of elasticity of the soil(Es), and Poisson’s ratio of the soil(υ). Poulos
(2002), suggested the use of the following dimensionless stiffness factor or relative rigidity of
soil-beam system.

kr =
16EI(1− υ2)

πEs(2l)4
(3.1)

Where l is half the length of the beam, and kr is the relative rigidity of the soil-beam system.
The soil and beam properties taken to identify the case are given in Table 3.1. Taking these
values the effect of relative rigidity on D for several values of stratum thickness are shown in
(Figure 3.1).

Table 3.1: Soil and beam Properties (Bowles, 1997; Briaud, 2013)

Soil parameters Beam Property
Es(Mpa) υ B(m) H(m)

Loose sand 25 0.36 Short beam 0.3 0.3
Medium dense sand 50 0.3

Dense sand 120 0.25 Medium beam 0.3 0.5
Soft clay 15 0.4

Medium stiff clay 30 0.35 Long beam 0.5 1

Stiff clay 100 0.25 Ec(Gpa) 30
υc 0.2
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Figure 3.1: Effects of kr and H on D

The above plots of D against kr for a wide range of stratum thickness revealed that the
value of D lies in case III (D <1). Therefore, it can be concluded that for all practical purposes,
it is sufficient to consider the case of D<1 only.

3.1 Calibration of the Winkler-type and Pasternak-type Continuum models

Calibration is possible with the use of existing theoretical results, FE-based software, or lab
model testing. For this paper calibration efforts have been made using the FE-based Plaxis 2D
software.
All continuum models including the generalized continuum models developed by Worku are
sensitive to the thickness, (H), of the stratum. When the thickness of the soil layer increases, it
may give unrealistic or excessive deformation. Therefore, it is important to calibrate this model
by using Finite Element based Plaxis model; whereby a calibration factor associated with H is
introduced by using Plaxis software as a tool.The first step in this process to select between
the 2D and 3D versions of the software. To this effect analysis of selected cases of both finite
and infinite beams using the two versions are shown in Figures (3.2) to (3.9). For this purpose
and subsequent analysis the beam parameters and soil type employed are listed Table 3.2.

Table 3.2: Soil and beam Properties

Soil parameters Beam Property
Es(Mpa) υ B(m) H(m)

Loose soil 25 0.36
Beam

0.3 0.3
Hard soil 110 0.25
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Figure 3.2: Finite beam resting on loose soil subjected to concentrated force

Figure 3.3: Finite beam resting on hard soil subjected to concentrated force

Figure 3.4: Finite beam resting on loose soil subjected to uniformly distributed load
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Figure 3.5: Finite beam resting on hard soil subjected to uniformly distributed load

Figure 3.6: Infinite beam resting on loose soil subjected to concentrated force

Figure 3.7: Infinite beam resting on hard soil subjected to concentrated force
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Figure 3.8: Infinite beam resting on loose soil subjected to uniformly distributed load

Figure 3.9: Infinite beam resting on hard soil subjected to uniformly distributed load

As we can see in Figures (3.2) to (3.9) the deflection results using Plaxis 2D and 3D models
are almost the same for both finite and infinite beams. For this reason, and for the simplicity
of computation, Plaxis 2D is used in this paper.
Then the next step is fix the interface element and the mesh type. This is due to the fact that
all the output of the Plaxis is affected by the mesh size and could be influenced by interface
element used. When the mesh size is decreased, more accurate results will be obtained. But
it will take a longer time to get the results. Hence, it is necessary find the optimum mesh size
and see the effect of interface element. The effect of interface reduction factor on deflection for
beam and soil parameters given in Table 3.2 are shown in Figure (3.17) to (3.17).
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Figure 3.10: Finite beam resting on loose soil subjected to concentrated force

Figure 3.11: Finite beam resting on hard soil subjected to concentrated force

Figure 3.12: Finite beam resting on loose soil subjected to uniformly distributed load
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Figure 3.13: Finite beam resting on hard soil subjected to uniformly distributed load

Figure 3.14: Infinite beam resting on loose soil subjected to concentrated force

Figure 3.15: Infinite beam resting on hard soil subjected to concentrated force
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Figure 3.16: Infinite beam resting on loose soil subjected to uniformly distributed load

Figure 3.17: Infinite beam resting on hard soil subjected to uniformly distributed load

As could be seen in Figures (3.2) to (3.9) regardless of the interface reduction factor ranging
from smooth to rough for the problem on hand the deflection is independent to the interface
reduction factor.

Figure 3.18: Quality of the mesh
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Figure 3.19: Effects of mesh size on deflection

As it is shown in the (Figure 3.19), the average mesh size is determined by drawing a
horizontal tangent line where the plot becomes almost constant.
The next step is the calibration of the Winkler-Type and Pasternak–type continuum models
of Worku. This is attained after a large number of analysis involving different types of soils
is conducted, with various relative thickness of the stratum. Subsequently, the maximum
deflection (wmax), is plotted against χ for finite and infinite length beams subjected to different
loading cases (Figure 3.20).

Figure 3.20: Determination of χ

Finally, a calibration factor for each combination of representative type of soil and loading
condition is obtained by establishing best fitting trend between the identified range of values
of χ against λ. These plots are presented in Figures (3.21) to (3.28). In addition to the soil
beam properties given in Table 3.1 the following parameters are used as input for calibration:

• Length of the beam

– Finite beam 4m
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– Infinite beam 30m

• Vertical Concentrated force

– P=100 kN

• Concentrated moment

– M=100 kNm

• Uniformly distributed load

– q=100 kN/m

– Loaded region

∗ 10m for infinite beam

∗ 2m for finite beam

• Combined load

– P=100 kN,M=100kNm and q=100kN/m

(a) Calibration of Winkler’s subgrade model subjected to different beam and soil
type combinations

Figure 3.21: χ for beams subjected to a concentrated force
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Figure 3.22: χ for beams subjected to a concentrated moment

Figure 3.23: χ for beams subjected to a distributed load

Figure 3.24: χ for beams subjected to combined loading

(b) Calibration of Pasternak’s subgrade model subjected to different beam and
soil type combinations
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Figure 3.25: χ for beams subjected to a concentrated force

Figure 3.26: χ for beams subjected to a concentrated moment

Figure 3.27: χ for beams subjected to a distributed load
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Figure 3.28: χ for beams subjected to combined loading

As shown in the above plots of χ versus the soil-beam relative rigidity factor λ, it can be seen
clearly that almost all points lie on a narrow horizontal band and the plots of both models show
consistent trend irrespective of the loading type. Also Pasternak’s model exhibits lower values
of χ compared to Winkler’s model and less scattering of data. The recommended calibration
factors for a beam to selected loading cases as established from the plots are presented in Table
3.3 and Table 3.4.

Table 3.3: χ for Winkler’s subgrade model

Recommended value of calibration factor χ for Winkler’s subgrade model
Load type χw

Concentrated force 2.69
Concentrated moment 3.08
Uniformly distributed load 2.83
Combined load 3.13

Table 3.4: χ for Pasternak’s subgrade model

Recommended value of calibration factor χ for Pasternak’s subgrade model
Load type χp

Concentrated force 2.87
Concentrated moment 2.66
Uniformly distributed load 2.87
Combined load 2.98

Since continuum models generally are sensitive to the thickness of the stratum for an actual
stratum with H > χB,the calibration factors given in Tables 3.3-3.4 are to be employed;
whereas when H < χB, the actual soil stratum thickness is used.
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3.2 Calibrated Model Parameters

The Calibration parameter, which relates the soil layer thickness to the beam width, was
introduced through the relation:

χ =
H

B
(3.2)

Where H is the thickness of the soil,B is the width of the beam and χ is the calibration factor
for the subgrade model given in Tables 3.3-3.4.
Introducing Equation (3.2) in Equation (2.68) and Equation (2.86), one obtains the calibrated
model parameters of Worku’s model as given below:
Winkler’s Type model

Kw =
Es

(1− 0.4υ)Bχw
(3.3)

Pasternak’s Type model

kp =
(0.4υ + 0.67)Es

Bχp

Gp = (1.36υ + 2.28)GBχp

(3.4)

3.3 Numerical Comparison

In this part of the work numerical comparison of the response of beams on single-parameter
and two-parameter subgrade models with FE-based Plaxis 2D are performed. The comparison
is done for beams having finite and infinite length subjected to selected loading conditions
and different soil-beam rigidity. The comparison includes Worku’s calibrated models as well
as selected other models that enjoy wide usage. Hetenyi (1946), classified beams as finite and
infinite based on their beam length and soil-beam rigidity λ.

• λl ≥ 6 infinite beam

• λl < 6 finite beam

This classification is used in the analysis presented in the following sections.

3.4 Infinite Beam

Numerical computations for an infinite (long length) beam subjected to a concentrated vertical
force,a concentrated moment, a uniformly distributed load, and combined loads are carried
out for different types of soil. Subsequently, the results obtained from single-parameter and
two-parameter subgrade models and finite- element-based Plaxis 2D model are compared. The
input parameters are given below.
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Excel Program Input Parameters:

A) Beam Properties (Concrete)

• Elastic modulus of the beam (Ec) =30 GPa

• Width of the beam (B) = 0.3 m

• Depth of the beam (d) =0.3m

• Poisson’s ratio(υc) = 0.2

B) Soil data taken from (Briaud ,2013).

• Stratum thickens H=10m for all types of soil

• Hard/Dense Soil

i. Elastic modulus of the soil (Es) = 110MPa

ii. Poisson’s ratio (υ) = 0.25

• Soft/ Loose Soil

i. Elastic modulus of the soil (Es) = 20MPa

ii. Poisson’s ratio (υ) = 0.35

C) Loading Conditions

i. Vertical Concentrated force

• P=100 kN

ii. Concentrated moment

• M=100 kNm

iii. Uniformly distributed load

• q=100 kN/m , Loaded region 8m

iv. Combined load

• P=100 kN,M=100kNm and q=100kN/m

Finite Element (Plaxis 2D) Inputs

(a) Rough foundation soil interaction (Rinter = 1)

(b) Soil model

• Linear elastic model

(c) Material model for the beam

• Elastic model

(d) Mesh type

• Fine

Subgrade Models:

A) Single parameter subgrade models
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• Biot

• Vesic

• Horvath

• Worku Winkler type

B) Two parameter subgrade models

• Vlasovγ = 0

γ = 10

• Horvath

• Worku Pasternak type model

For Vlasov model the γ values between 0 to 10 is a wide range to represent the model.The
results of deflection, moment and shear force are evaluated and presented graphically for an
infinite beam and soil parameters given above. Plaxis 2D analysis sample output for different
loadings are graphically presented in Annex B.
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Infinite beam subjected to a vertical concentrated force on a single-parameter
subgrade model

Figure 3.29: Infinite beam resting on soft/loose soil subjected to a vertical concentrated force
on a single-parameter subgrade model
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Figure 3.30: Infinite beam resting on hard/dense soil subjected to a vertical concentrated force
on a single-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• Deflection shows deviation near the mid-span and becomes much better elsewhere.

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• In the particular case of hard/dense soil, FE based Plaxis 2D has shown a variation
outside the mid-span deviation that may,however, amount up to 5% only.

• Horvath subgrade model gives the highest deflection compared to the other models.

• Vesic and Biot subgrade models give a lower deflection value when compared to Plaxis
2D.

• Shear and moment are not affected in comparison to the deflection.
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Infinite beam subjected to a vertical concentrated force on a two-parameter sub-
grade model

Figure 3.31: Infinite beam resting on soft/loose soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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Figure 3.32: Infinite beam resting on hard/dense soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• Deflection shows deviation near the mid-span and is much better elsewhere.

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• In the particular case of hard/dense soil, FE based Plaxis 2D has shown a variation
outside the mid-span deviation that not exceed 3%.

• Vlasov subgrade model underestimates the deflection compared to Plaxis 2D when γ = 10.

• Vlasov subgrade model has shown deflection, shear and moment variation compared to
the other models when γ = 10.

• Shear and moment are not affected in comparison to deflection for most models other-than
Vlasov’s model for γ = 10.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 2.5 and γ = 2 for loose and hard soil, respectively.
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Infinite beam subjected to a Concentrated moment on a single-parameter subgrade
model

Figure 3.33: Infinite beam resting on soft/loose soil subjected to a concentrated moment on a
single-parameter subgrade model
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Figure 3.34: Infinite beam resting on hard/dense soil subjected to a concentrated moment on
a single-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by the Worku model is in a very good agreement with the FE
based Plaxis 2D model throughout the beam span.

• Horvath subgrade model has shown large deflection (more than six fold), shear and mo-
ment variation compared to the other models, its use thus questionable.

• Shear and moment are not affected in comparison to deflection for other models other-
than Horvath.
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Infinite beam subjected to a Concentrated moment on a two-parameter subgrade
model

Figure 3.35: Infinite beam resting on soft/loose soil subjected to a concentrated moment on a
two-parameter subgrade model
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Figure 3.36: Infinite beam resting on hard/dense soil subjected to a concentrated moment on
a two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• In the particular case of hard/dense soil, FE based Plaxis 2D shows a variation outside
the mid-span deviation not exceeding 3%.

• Vlasov subgrade model underestimates the deflection and overestimates the maximum
shear when γ = 10, compared to the other models.

• Vlasov subgrade model has shown deflection, shear and moment variation compared to
the other models when γ = 10.

• Moment is barely affected in comparison to deflection and shear.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 5 and γ = 4 for loose and hard soil, respectively.
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Infinite beam subjected to a Uniformly distributed load on a single-parameter
subgrade model

Figure 3.37: Infinite beam resting on loose/soft soil subjected to a uniformly distributed load
on a single- parameter subgrade model
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Figure 3.38: Infinite beam resting on hard/dense soil subjected to a uniformly distributed load
on a single- parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• Horvath subgrade model shows the highest deviation and moment compared to the other
models.

• Shear is not affected in comparison to the deflection and moment.
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Infinite beam subjected to a Uniformly distributed load on a two-parameter sub-
grade model

Figure 3.39: Infinite beam resting on loose/soft soil subjected to a uniformly distributed load
on a two- parameter subgrade model
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Figure 3.40: Infinite beam resting on hard/dense soil subjected to a uniformly distributed load
on a two- parameter subgrade model
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A review of the curves reveals a number of significant observations:

• Deflection shows deviation near the mid-span and much better beyond.

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• Vlasov subgrade model highly underestimates the deflection when γ = 10, in contrast to
Horvath’s model underestimates it significantly.

• Vlasov subgrade model has shown deflection, shear and moment variation compared to
the other models when γ = 10.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 6 and γ = 5 for loose and hard soil, respectively.
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Infinite beam subjected to a combined load on a single-parameter subgrade model

Figure 3.41: Deflection ,shear force and moment for the case of infinite beam resting on
loose/soft soil subjected to a combined load in single parameter subgrade model
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Figure 3.42: Infinite beam resting on hard/dense soil subjected to a combined load on a single-
parameter subgrade model

School of Graduate Studies, Addis Ababa University 83



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• In the particular case of hard/dense soil FE based Plaxis 2D shows a variation outside
the midspan deviation does not exceed 5%.

• Horvath’s subgrade model gives the highest deflection compared to the other models.

• Shear and moment are not affected in comparison to the deflection.
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Infinite beam subjected to a combined load on a two-parameter subgrade model

Figure 3.43: Infinite beam resting on loose/soft soil subjected to a combined load on a two-
parameter subgrade model
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Figure 3.44: Infinite beam resting on hard/dense soil subjected to a combined load on a two
-parameter subgrade mode
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A review of the curves reveals a number of significant observations.

• Deflection shows deviation near the midspan and become less affected elsewhere.

• The deflection obtained Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• In the particular case of hard/dense soil, FE based Plaxis 2D has shown a variation
outside the mid-span deviation does not exceed 2.5%.

• Vlasov’s subgrade model underestimates the deflection when γ = 10, compared to the
other models.

• Vlasov’s subgrade model has shown significant deviation deflection, shear and moment
compared to the other models when γ = 10.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 4 and γ = 3 for loose and hard soil, respectively.

The maximum deflection obtained by the two models of Worku is in a very good agreement
with the FE based Plaxis 2D model. However, there is a modest deviation of deflection when
moving away from the mid-span. This becomes more pronounced in the Winkler-Type model
especially in hard/dense soils in both concentrated force and combined load cases. This is due
to the fact that Winkler-Type model does not consider the shear interaction behavior of the soil
from the outset despite the calibration. Additionally, because the calibration factor determined
is solely dependent on the maximum deflection, it is not surprising to have deviations when
moving away from this location.
Unlike the deflection, the bending moment and shear force show little deviation between the
models and the Plaxis 2D outputs, in all cases of loading conditions. Furthermore, in the case
of a concentrated vertical force, the shear force is invariably the same for all models at the mid-
point. Furthermore, in the case of a concentrated moment, the bending moment is consistently
the same for all models at the midpoint. This implies that midpoint span shear force and bend-
ing moment are independent of soil rigidity in the case of the concentrated force and bending
moment, respectively. Biot’s model consistently underestimates the response more than Vesic’s
model does.To be noted is that both vesic’s and Biot’s models were derived based on semi
analytical studies on beams specifically with the objective to propose relationship for ks while
sticking to Winkler’s model. On the other hand, Horvath’s models (both single and two pa-
rameter) result in excessively overestimated response. These models are not recommended for
practical use. In the case of Vlasov’s model, its overall capacity to predict the soil-foundation
response further depends on values of γ.
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Table 3.5: γ values for infinite beam where Vlasov’s model gives the closest result to Plaxis 2D
and Worku’s model

Load type
γ

Loose soil Hard soil
Concentrated force 2.5 2

Concentrated moment 5 4
Combined loading 3 4

Uniformly distributed load
Partially loaded 6 5

In general, the two-parameter Worku calibrated Kerr Equivalent Pasternak-type model gives
more compatible results to the Plaxis 2D output than the Winkler-type model in all loading
cases. The calibrated Winkler- type model of Worku has also performed quite well in many
cases.

3.5 Finite Beams

Numerical computations for a finite beam subjected to a concentrated vertical force, a con-
centrated moment, and uniformly distributed load are carried out for different types of soils.
Subsequently, the results obtained from single-parameter and two-parameter subgrade models
and Finite Element based Plaxis 2D model are compared. The input parameters are given
below.

Excel Program Input Parameters:

A) Beam Properties (Concrete)

• Elastic modulus of the beam (Ec) =30 GPa

• Width of the beam (B) = 0.3 m

• Depth of the beam (d) =0.3m

• Poisson’s ratio(υc) = 0.2

• Length of the beam (l)

Case 1 λl < 6 for different soil-beam combinations l = 2m

Case 2 λl = 6 for different soil-beam combinations l = 4m

B) Soil data taken from (Briaud ,2013).

• Stratum thickens H=10m for all types of soil

• Hard/Dense Soil
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i. Elastic modulus of the soil (Es) = 110MPa

ii. Poisson’s ratio (υ) = 0.25

• Soft/ Loose Soil

i. Elastic modulus of the soil (Es) = 20MPa

ii. Poisson’s ratio (υ) = 0.35

C) Loading Conditions

i. Vertical Concentrated force

• P=100 kN

ii. Concentrated moment

• M=100 kNm

iii. Uniformly distributed load

• q=100 kN/m , Loaded region 2m and 4m

Finite Element (Plaxis 2D) Inputs

(a) Rough foundation soil interaction (Rinter = 1)

(b) Soil model

• Linear elastic model

(c) Material model for the beam

• Elastic model

(d) Mesh type

• Fine

Subgrade Models:

A) Single parameter subgrade models

• Biot

• Vesic

• Horvath

• Worku Winkler type

B) Two parameter subgrade models

• Vlasovγ = 0

γ = 10

• Horvath

• Worku Pasternak type model
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The results of the deflection, moment and shear force are evaluated and presented graphically
for a finite beam and soil parameters given above. Plaxis analysis sample output for different
loadings are graphically presented in Annex C.
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Finite beam subjected to a vertical concentrated force on single-parameter sub-
grade model

Figure 3.45: Finite beam resting on soft/loose soil subjected to a vertical concentrated force
on a single-parameter subgrade model
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Figure 3.46: Finite beam resting on hard/dense soil subjected to a vertical concentrated force
on a single-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The maximum deflection obtained by Worku model is in a very good agreement with the
FE based Plaxis 2D model. However, there is a deviation of deflection when moving away
from the mid-span of the beam.

• Horvath subgrade model gives the highest deviations compared to the other models.

• Vesic and Biot subgrade models give a lower deflection value when compared to Plaxis
2D, this was not pronounced in the case of infinite beams.

• Shear and moment are least affected in comparison.
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Finite beam subjected to a vertical concentrated force on a two-parameter subgrade
model

case(a) λl = 6

Figure 3.47: Finite beam resting on soft/loose soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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Figure 3.48: Finite beam resting on hard/dense soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by the calibrated model of Worku is in a very good agreement
with the FE based Plaxis 2D model throughout the beam span.

• Vlasov’s subgrade model underestimates the deflection when γ = 10, for γ = 0, the model
gives deflection that deviate noticeably over the majority of the beam length.

• Vlasov subgrade model has shown deflection and shear variation compared to the other
models when γ = 10.

• Horvath subgrade model gives the highest deflection and moment compared to other
models.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
at γ = 3.5 and γ = 2 for loose and hard soil, respectively.
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case(b) λl < 6

Figure 3.49: Finite beam resting on soft/loose soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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Figure 3.50: Finite beam resting on hard/dense soil subjected to a vertical concentrated force
on a two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is again in a very good agreement with the FE
based Plaxis 2D model throughout the beam span.

• Horvath subgrade model gives the highest deflection and moment compared to other
models.

• Vlasov subgrade model underestimates the deflection in both values of γ compared to
Plaxis 2D.

Comparison of case(a) with case(b) shows that when the length of the beam decreases maximum
deflection and moment increases. Kerr-Equivalent Pasternak model of Worku is in a very good
agreement with the FE based Plaxis 2D for both cases.In case(b) Vlasov’s model underestimates
the deflection for both γ values compared to the other models also, increasing value of γ make
Vlasov’s model further deteriorate the deflection.
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Finite beam subjected to a Concentrated moment on a single-parameter subgrade
model

Figure 3.51: Finite beam resting on soft/loose soil subjected to a concentrated moment on a
single-parameter subgrade model
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Figure 3.52: Finite beam resting on hard/dense soil subjected to a concentrated moment on a
single-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• Horvath subgrade model gives the highest deflection and moment compared to the other
models.

• Shear and moment are not affected in comparison to the deflection.

School of Graduate Studies, Addis Ababa University 102



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

Finite beam subjected to a Concentrated moment on a two-parameter subgrade
model

Figure 3.53: Finite beam resting on soft/loose soil subjected to a concentrated moment on a
two-parameter subgrade model
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Figure 3.54: Finite beam resting on hard/dense soil subjected to a concentrated moment on a
two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by the calibrated model of Worku is once again in a good agree-
ment with the FE based Plaxis 2D model throughout the beam span.

• Vlasov(γ = 0) and Horvath subgrade models give the highest deflection compared to the
other models.

• Moment is not affected in comparison to the deflection.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 5 and γ = 4 for loose and hard soil, respectively.
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Finite beam subjected to a Uniformly distributed load on a single-parameter sub-
grade model

Figure 3.55: Finite beam resting on soft/loose soil subjected to a uniformly distributed load on
a single-parameter subgrade model
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Figure 3.56: Finite beam resting on hard/dense soil subjected to a uniformly distributed load
on a single-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by Worku model is in a very good agreement with the FE based
Plaxis 2D model throughout the beam span.

• Horvath subgrade model gives the highest deflection and moment compared to the other
models.

• Shear is not affected in comparison to the deflection and moment.
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Finite beam subjected to a Uniformly distributed load on a two-parameter sub-
grade model

case(a) Loaded region=2m

Figure 3.57: Finite beam resting on soft/loose soil subjected to a uniformly distributed load on
a two-parameter subgrade model
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Figure 3.58: Finite beam resting on hard/dense soil subjected to a uniformly distributed load
on a two-parameter subgrade model
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A review of the curves reveals a number of significant observations:

• The deflection obtained by the calibrated model of Worku is in a very good agreement
with the FE based Plaxis 2D model throughout the beam span.

• Horvath subgrade model gives the highest deflection and moment compared to the other
models.

• Vlasov subgrade model underestimates the deflection when γ = 10,compared to the other
models.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 6.5 and γ = 5 for loose and hard soil, respectively.
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case(b) Fully Loaded

Figure 3.59: Finite beam resting on soft/loose soil subjected to a uniformly distributed load on
a two-parameter subgrade model

School of Graduate Studies, Addis Ababa University 112



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

Figure 3.60: Finite beam resting on hard/dense soil subjected to a uniformly distributed load
on a two-parameter subgrade model
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A review of the curves reveals a number of significant observations.

• The deflection obtained by Worku model is in a good agreement with the FE based Plaxis
2D model throughout the beam span.

• Horvath subgrade model gives the highest deflection and moment compared to the other
models.

• Vlasov subgrade model underestimates the deflection when γ = 10, compared to the other
models.

• Vlasov’s model overlaps with the generalized Kerr-Equivalent Pasternak model of Worku
when γ = 6 and γ = 5 for loose and hard soil, respectively.

Comparison of case(a) with case(b) shows that Calibrated Kerr-Equivalent Pasternak model of
Worku is in a good agreement with the FE based Plaxis 2D for both cases.

The maximum deflection obtained by the two models of Worku is in a very good agreement
with the FE based Plaxis 2D model. Unlike single parameter models, Two-parameter models
give a non-zero shear at the end of the beam. This is due to the shear continuity. Vlasov’s
model underestimates the short beam deflection for the entire range of γ in concentrated force
case. Vlasov’s model capacity to predict the soil-foundation response depends on values of γ
employed. Vlasov’s model underestimates the short beam deflection for the entire range of γ.

Table 3.6: γ values for finite beam where Vlasov’s model gives the closest result to Plaxis 2D
output

Load type
γ

Loose soil Hard soil
Concentrated force

λl = 6 3.5 2
λl < 6 0∗ 0∗

Concentrated moment 6 4
Uniformly distributed load

Fully loaded 6.5 5
Partially loaded 6 5

:- 0∗ mean that Vlasov’s model gives the closer result to Plaxis 2D and Worku’s model when
γ = 0 but steal-underestimate the deflection. The more increase the value of γ cause deflection
more underestimated.
Comparison of Vlasov’s model γ value given in Tables 3.5-3.6 to Worku’s subgrade model
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calibration factor given in Tables 3.3-3.4 show that the Worku’s models calibration factor found
in a small range.

3.6 Overall Comparison of Single and Two Parameter Subgrade Models

In this section cross comparison between both single and two parameter Worku’s models, Vesic,
Vlasov’s model, and Plaxis 2D are made. Vlasov’s model calibrated using different values of γ
for a given loading case as presented in Tables 3.5-3.6. Vesic’s model gives the closest results to
Plaxis 2D and Worku’s models, though it consistently yields smaller estimates of the deflection.
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Figure 3.61: Infinite beam resting on soft/loose soil subjected to a vertical concentrated force
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Figure 3.62: Infinite beam resting on hard/dense soil subjected to a vertical concentrated force
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Figure 3.63: Finite beam resting on soft/loose soil subjected to a vertical concentrated force
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Figure 3.64: Finite beam resting on hard/dense soil subjected to a vertical concentrated force
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Figure 3.65: Infinite beam resting on soft/loose soil subjected to a concentrated moment

School of Graduate Studies, Addis Ababa University 120



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

Figure 3.66: Infinite beam resting on hard/dense soil subjected to a concentrated moment
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Figure 3.67: Infinite beam resting on loose/soft soil subjected to a uniformly distributed load
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Figure 3.68: Infinite beam resting on loose/soft soil subjected to a uniformly distributed load
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In general, the two-parameter Worku Kerr Equivalent Pasternak-type model gives more
compatible results to the Plaxis 2D output for the considered mesh size (Figure 3.19) and
loading cases. The Winkler-type model of Worku has also performed quite well in many cases.
Thus, this models can be proposed as an efficient means to analyze the finite and infinite beam
on elastic foundation.
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Chapter 4

Conclusions and Recommendations

4.1 Conclusions

The major part of this study has been centered around the comparison of subgrade models of
special interest in the application of single-parameter and two-parameter generalized continuum
models developed by Worku for the analysis of finite and infinite beams. A spreadsheet program
is developed to compute the internal actions for selected loading conditions. In the process,
generalized continuum model developed by Worku has been calibrated to obtain the adjusted
formulas for the model parameters. The results obtained by classical models are compared with
Finite–Element based Plaxis 2D model results and with Worku’s models. From the foregoing
analysis, the following conclusions are drawn:

• Thickness of the stratum obtained for Worku’s model which is 2.9-3 times the width of the
foundation is in agreement with the range of depth of stress influence commonly known.

• Among the different solution cases that ascended in the determination of closed form
solutions for beams on a two-parameter subgrade model, case III (i.e.D<1) is almost
exclusively the case of practical significance.

• For finite beams, the discrepancies in deflection are slightly higher in Winkler’s model,
especially at the locations further away from the midspan. These differences are attributed
to the end conditions and due to the fact that the model does not include shear interaction
behavior of the soil. Another reason is that, the calibration factor is obtained based only
on the maximum deflection.

• Considering the internal actions of both finite and infinite beams, the discrepancies in
shear and moment are much smaller than observed in the deflection.

• Of the two-parameter subgrade models, Vlasov’s model shows significant variation. This
is due to the arbitrary assumption of negligible horizontal deformation components, u
and v and also, the performance of the model depends on the value of γ it employs.

In general, the two-parameter Worku Kerr Equivalent Pasternak-type model gives more com-
patible results to the Plaxis 2D output than the Winkler-type model in all loading cases. The
Winkler- type model of Worku has also performed quite well in many cases.
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4.2 Recommendations

The Kerr-Equivalent Pasternak type model better represents the real physical problem than
the Winkler model. Because it directly accounts for shear interaction from the outset.
The following recommendations are put forth for further studies:

• The generalized subgrade model is also applicable for beams subjected to unsymmetrical
loadings, which is done by the method of superposition. Further works dealing with this
is recommended.

• Further study needs to be conducted on non-homogenous soil strata which is an important
case.
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Appendix A

Solution of Beam On Two Parameter Subgrade Model

For infinitely long beam on Pasternak foundation model the solution of ODE is derived by
combing differential equation of the beam from classical beam theory to the model. The ODE
for homogenous case is given by

EI
d4w

dx4
+ ksw −Gp

d2w

dx2
= 0 (A.1)

d4w

dx4
+

ks
EI
− Gp

EI

d2w

dx2
= 0 (A.2)

Equation (A.2) is an ODE with constant coefficients which have the solution of the form
w = Cemx . Substitute it into Equation (A.1) gives;

m4 +
ks
EI
− Gp

EI
m2 = 0 (A.3)

Let m2 = n into Equation (A.3) gives

n2 − G

EI
m+

ks
EI

= 0 (A.4)

Then the roots of the quadratic equation become

n1,2 =
G

2EI
±

√(
G

2EI

)2

− ks
EI

(A.5)

The roots of Equation(A.3) become

m1,2,3,4 = ±
√
ni = ±

√√√√ G

2EI
±

√(
G

2EI

)2

− ks
EI

(A.6)

Let,D = G
2
√
EIks

There are three possible cases of the general solution of Equation (A.2) depending on whether,D <

1, D = 1 or D > 1.
Case I (D < 1) In this case the root is the complex number then Equation(A.6) re-written as;
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m1,2,3,4 = ±

√√√√ G

2EI
± i

√
ks
EI
−
(

G

2EI

)2

(A.7)

From the algebra of complex numbers, the following relation is known(Tanahashi, 2004).

√
y ± iz = ±

[√
1

2
(r + y + (sign(z))i

√
1

2
(r − y)

]
(A.8)

Where,r =
√
y2 + z2 Applying the relationship to Equation(A.7) gives

m1,2,3,4 = ±

√√ ks
4EI

+
G

4EI

± i
√√ ks

4EI
− G

4EI

 (A.9)

m1,2,3,4 = ±

[√
λ2 +

G

4EI

]
± i

[√
λ2 − G

4EI

]
(A.10)

Where,λ2 =
√

kS
4EI

m1,2,3,4 = ±(α± iβ) (A.11)

Where

α =

√
λ2 +

G

4EI

β =

√
λ2 − G

4EI

(A.12)

Substituting Equation (A.12) into w = Cemx

w(x) =
4∑
i=1

Cie
mix (A.13)

w(x) = C1e
(α+iβ)x + C2e

(−α−iβ)x + C3e
(−α+iβ)x + C4e

(α−iβ)x (A.14)

w(x) = C1e
αx(cos βx+ i sin βx) + C2e

−αx(cos βx− i sin βx)+

C3e
−αx(cos βx+ i sin βx) + C4e

αx(cos βx− i sin βx)
(A.15)
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w(x) = (C1e
αx + C2e

−αx) cos βx+ (C3e
αx + C4e

−αx) sin βx (A.16)

Where, C1, C2, C3, C4 are open constants.
Case II (D = 1)

m1,2,3,4 = ±
√

G

2EI
(A.17)

α =

√
G

2EI
(A.18)

w(x) =
4∑
i=1

Cie
mix (A.19)

w(x) = C1e
αx + C2xe

αx + C3e
−αx + C4xe

−αx (A.20)

w(x) = (C1e
αx + C2e

−αx) cos βx+ (C3e
αx + C4e

−αx) sin βx (A.21)

Where, C1, C2, C3, C4 are open constants.
Case III (D > 1) In this case the root is the real number then

m1,2,3,4 = ±

√√√√ G

2EI
±

√(
G

2EI

)2

− Ks

EI
(A.22)

All are real roots;the following relation is known(Tanahashi, 2004).

√
y + z = ±

[√
1

2
(r + y +

√
1

2
(y − r)

]
(A.23)

Where,r =
√
y2 + z2

Applying the relationship to Equation(A.22) gives

m1,2,3,4 = ±

√√ Ks

4EI
+

G

4EI

±
√√ G

4EI
− Ks

4EI

 (A.24)
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m1,2,3,4 = ±

[√
λ2 +

G

4EI

]
±

[√
G

4EI
− λ2

]
(A.25)

Where,λ2 =
√

KS

4EI

m1,2,3,4 = ±(α± β) (A.26)

Substituting Equation (A.26) into w = Cemx

w(x) =
4∑
i=1

Cie
mix (A.27)

w(x) = C1e
(α+β)x + C2e

(α−β)x + C3e
(−α+β)x + C4e

(−α−β)x (A.28)

ex = coshx+ sinhx

e−x = coshx− sinhx
(A.29)

Substitute into Equation(A.28)

w(x) = C1e
αx(cosh βx+ sinh βx) + C2e

−αx(cosh βx− sinh βx)+

C3e
−αx(cosh βx+ sinh βx) + C4e

αx(cosh βx− sinh βx)
(A.30)

w(x) = (C1e
αx + C2e

−αx) cosh βx+ (C3e
αx + C4e

−αx) sinh βx (A.31)

Where, C1, C2, C3, C4 are open constants.
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Appendix B

Infinite beam Plaxis 2D result samples

(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure B1: Plaxis 2D model output of infinite beam subjected to concentrated Force
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(a) Deformation

(b) Shear force

(c) Bending Moment

Figure B2: Cont’d....

School of Graduate Studies, Addis Ababa University 134



A Comparative Study of Beams on Elastic Foundations Using Available Subgrade Models

(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure B3: Plaxis 2D model out put of infinite beam subjected to concentrated moment
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(a) Deformation

(b) Shear force

(c) Bending moment

Figure B4: Cont’d....
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(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure B5: Plaxis 2D model output of infinite beam subjected to uniformly distributed load
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(a) Deformation

(b) Shear force

(c) Bending moment

Figure B6: Cont’d....
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Appendix C

Finite beam Plaxis 2D result samples

(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure C1: Plaxis 2D out put of finite beam subjected to concentrated load
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(a) Deformation

(b) Shear force

(c) Bending moment

Figure C2: Cont’d....
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(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure C3: Plaxis 2D out put of finite beam subjected to concentrated moment
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(a) Deformation

(b) Shear force

(c) Bending moment

Figure C4: Cont’d....
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(a) Plaxis 2D model

(b) Generated mesh

(c) Deformed mesh

Figure C5: Finite beam subjected to uniformly distributed load
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(a) Deformation

(b) Shear force

(c) Bending moment

Figure C6: Cont’d....
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