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ABSTRACT

In this paper we introduce the concept of Boolean ring and R satisfy the identity x? = x
which, of course, implies the identity x2y — xy? = 0. With this as motivation, we define
a Boolean like ring and subBoolean ring R to be a ring R which satisfies the condition
that x?y — xy? is nilpotent for certain elements x,y in R. A strongly Boolean ring is a
ring which x2y = xy? for some elements x,y in R. The commutativity behavior of such
rings is considered. Also, certain conditions which imply that these rings have a nil
commutator ideal are established. We consider some conditions which imply that the
subBoolean ring R is commutative or has a nil commutator ideal. We also prove that a
generalized Boolean ring with central idempotents must be nil or commutative. We

further consider conditions which imply the commutativity of a generalized Boolean ring.
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Notation

R

List of Mathematical Notations

Meaning

The set of real numbers
The set of rational numbers
The set of complex numbers
The set of integers

Union

Intersection

Subset of

Not Subset of

Proper subset of
Continuous

For all

An element of

Not an element of

Different from

Such that

The set of nilpotents

The center of aring R

The Jacobson radical of a ring R
The set of idempotents of R

A ring, not necessarily with identity

End of the proof



TABLE OF CONTENTS

Contents page
INTRODUGCTION. ...ttt sttt sta et seesseesbeaseesreesteansesseenseaneenrens 1
CHAPTER ONE ...ttt sttt ane e ta et e aseentaeteaneesneenaeaneenrens 2
PrEIIMINAIIES ...t 2
1.1, A COMMUEALIVE NG woeeeniiieeieie ettt ettt s te et e testeeseeneesseeneensesneensensenees 2
1.2 generalized PEriOTiC FiNQ.....cccuiecueeeieereereeree st e s e see e steeteeteeste e s e e steesraesrtesneeenseenteenseenseenns 4
1.3 SUDAITECE PrOTUUCTE FINQS....viivieeeiecieeiestesteetes et e et e et e st e steesa et e stesrsessesreessessesseessessenees 8
1.4 Subdirectly irreduCiDIE FING ....ocveeeeececeece et 8
CHAPTER TWO ..ttt 10
A generalization of BOOIEAN FINQS ....ccvvoviiieiicieieece e 10
2.1 BOOIBANS FINQ ...ttt sttt st sttt be b b sae e ne e 10
2.2 BOOIEAN-LIKE FING ..cviiiitiieieeee ettt 15
R I TU o] =Yoo - T I o 1o ST 23
CHAPTER THREE ...t 33
Generalized BOOIEAN MINQ .....cooiiiiiiieiie et 33
REFERENCES ... .ottt ettt bttt sttt et st nbe e e e nneas 39

Vi



INTRODUCTION

In this paper we proceed from the subdirect sum structure aspects of Boolean ring and by
broadening the component rings of the structure. We generate an over class of rings
which not alone includes as sub class that Boolean ring and generalized Boolean ring
referred to. Boolean ring play an important role in application of electronics and
computers. The concept has been generalized Boolean like, subBoolean and generalized
Boolean rings. Boolean like rings of AL.Foster [4] arise naturally from general ring
duality considerations and preserve many of the formal properties of Boolean ring. A
Boolean like ring is a commutative ring with unity and is of characteristic two. It is clear
that every Boolean ring is a Boolean like ring but not conversely. We also characterize all

Boolean like ring and subBoolean ring.

The aim of this project is to present a brief discussion about Boolean ring, Boolean like

ring, subBoolean ring and generalized Boolean ring.

In chapter one we will see four subtopics such that commutative ring, generalized
periodic ring, subdirect product rings and subdirectly irreducible rings which are needed
in writing the project are presented. In chapter two we will see three subtopics such that
Boolean ring, Boolean like ring and subBoolean ring. Further we see some properties of
Boolean like and subBoolean rings. Chapter three has one sub topic that is generalized

Boolean ring and also some Theorems and some examples.



CHAPTER ONE

Preliminaries

In this chapter we introduce certain definitions and results concerning commutative ring,
generalized periodic ring, subdirect product rings and subdirectly irreducible rings.
Further we prove some motivating results to introduce the concept of Boolean ring,

Boolean like ring, subBoolean ring, and generalized Boolean ring.

1.1. A commutative ring

In this subtopic we will see definitions of commutative rings.

Definition 1.1.1: A commutative ring R is a set with two operations, addition and

multiplication, such that:

1. (R,+) is abelian;

2. a(bc) = (ab)c forany a, b, c € R (associative law );

3. a(b+c)=ab+acand (a+ b)c=ac+ bcforanya,b,c €ER
(distributive law);

4. ab = ba for all a, b € R (commutative law );

5. There is an element 1 € R with 1 #0 and with 1.a =a = a.1 for
any a € R; 1 is identity element.

Definition 1.1.2: A sub set S of a commutative ring R is a sub ring of R if:

1) 1€S8;

2) Ifa,b €S, then a—b €S,

3) Ifa,b €S, then ab € S.

Definition 1.1.3: Let R be a ring. A non empty subset I of R is called:

1) Leftideal of R if:

i. Iisasubringof R; and



ii. a€l,r€Rthenra €l
2) Right ideal of R if:
i. Iisasubring of R; and
ii. a€l, reRthenar €1
3) A two sided ideal (or simply an ideal) of R if both a left and right ideal
of R.
Definition 1.1.4: An ideal M of a ring R is called maximal ideal if M # R and for any
ideal [of Rif MS IS RthenM =1orl =R.
Definition 1.1.5: An ideal P of a commutative ring R is called prime ideal if whenever
a,b € R,ab € Pthen a€ Porb € P.

Definition 1.1.6: The Jacobson radical of a ring R (or J) is the intersection of all maximal
ideals.

Definition 1.1.7: The nil radical of a ring R is denoted by Nil R = { r € R| r™ = 0 for

somen > 0, r € R}. Thisis an ideal inaring R.

Definition 1.1.8: Let (R,+,.) be a ring. If x € R and x? = x then we say x is
idempotent.
Remark: 0 and 1 are idempotent in every ring R.

Definition 1.1.9: An element r of a ring R is called nilpotent element if there is a

positive integer n such thatr™ = 0.
Definition 1.1.10: A ring R is called a reduced if Nil R= 0.

Definition 1.1.11: let R be a ring. The center of R is the set C(R) = {x € R\ ax = xa
foralla € R.}.
Proposition1.1.12: C(R) is a subring of R.

Definition 1.1.13: let R be aring. Let e = e and ex = xe for all x € R then ex = xe is

called central idempotent.



Remark: clearly 0, 1 are central idempotent elements in every ring R with unity.
1.2 generalized periodic ring

In this subtopic we will see generalized periodic ring and we prove some theorems. Now

we begin with the following definitions.

Definition 1.2.1: A ring R is called periodic if for each x € R there exists distinct

positive integers m = m(x), n = n(x) such that x™ = x™.

Definition 1.2.2: An element x of a ring R is called potent if x* = x for some integer
k>1.
Definition 1.2.3: A ring R is called subweakly periodic if x € R\(J U C) can be written

in the form x = a + b, where a is nilpotent and b is potent.

Definition 1.2.4: Aring R is called generalized periodic if for every x € R such that
x € (N uC), We have x™ —x™ € (N n (), for some positive integers
m,n of opposite parity. Or equivalently, x™ — x"** € N n C;
n,k € Z%; kodd; (x ¢ N U ().

Theorem 1.2.5: If R is a generalized periodic ring, then R is either commutative or
periodic.

Proof: Let N and C denote the set of nilpotents and the center of R, respectively.
Then to see this we need the following cases.

Case 1: For N € C, there exists x € R such that x ¢ C impliesx ¢ (N U C), and
hence there exists distinct positive integers m,n such that x™ — x™ € N,
with n > m.
Suppose (x™ — x™)k = 0, then (x — x" M T)kx k(m=1) = ¢,
This implies that (x — x® m+)km = (x — xn—m+1)kxkm=1) 5(x)

0, where g(1) € Z[1]

Thus, x —x" ™+l € N,vx ¢ C,wheren—m+1>1.



Recall that, in this case, we assumed that N < C,and x —x* ™"l € C,vx & C.

If x € C, we see that x — x"®) € C, for some n(x) > 1, where x € R (arbitrary).

Case 2:

Case 3:

Therefore, R is commutative, by Theorem of Herstein [8].

For C € N, then x ¢ N implies x ¢ (N U C), and hence there exist distinct
positive integers m,n such thatx™ —x™ € N, with n > m. Repeating
the argument we see that:

x—x""t € Nvx ¢ N,(n—m+1 > 1). Itis satisfied for all
x € N, we conclude that x — x*¥®) € N, for some k(x) > 1, where
x € R by Theorem of Chacron [10]. Hence R is periodic.

ForC £ Nand N € C.Letz € C\N,u € N\C. this implies that:
z+ué¢Cand z+u &N, and hence (z+u)"—(z+u)™ € N,for
some integers n > m > 1.Since z commutes with the nilpotent element
u, implies that z" — z™ + u’ € N, Where u’ € N, u' commutes with z.
Hence z" —z™ € N, for n > m > 1. Now, the repetition of the
argument used in the proof of x — x»™*1 € N shows that z — z" ™ *1 €
N, Vz € C\N,where (n—m+1>1). Triviallyx —x*¥ € N,vx €
N,Vk € Z*.

Finally, if x ¢ (N UC), then x™ —x™ € N, for some integers n > m >
1. Again, we see thatx —x™* ™"l e N,vx ¢ (NuUC),where(n—m +
1 > 1).We conclude that x —x *@®) e N, for some k(x) > 1, where
x € R (arbitrary). Thus, by Chacron’s theorem [10], R is periodic. This

completes the proof. ]

Lemma 1.2.6: Let R be a generalized periodic ring. If e is any nonzero central

Proof:

idempotentin R and a € N, thenea € C.

The proof is by contradiction. Suppose the lemma is false, and

Let /10 € N, elo e C. (1)
Sincee € C and A, € N, therefore eA, is nilpotent.
Let (edg)* € C,Va = a,, Where a, minimal.

Since e 4y & C (see (1)), therefore ay > 1.let 1 = (edy)*0~L.
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Then, 2= (edy)* 1 €N, 2 ¢ C (by the minimality of «),

AecC, vk =22 e€C, e =e + 0, e¢ N. (2)
Equation (2) impliesthate + 1 € Cande + 4 &€ N, and hence (see
Definition 1.2, 4) (e + )™ — (e + )" € C, ©)
Where m',n’" are of opposite parity. Combining (2) and (3), we see that
(keep in mind that eA = 4; see (2)) (m —n)ed € C, (4)
Wherem "—n' is an odd integer. Equation (2) also implies that (—e +
A)isnotin (N U C),so(—e + )™ — (—e + )™ € N, (5)
Where m”,n" are of opposite parity. Combining (2) and (5), we see that
(—e)™ —(—e)™ € N, and hence 2e € N, sincem” and n” are of
opposite parity. Therefore, (2e)¥ = 0,y € Z*, and thus 2¥e = 0, which
implies that 2YeA € C;where y € Z™. (6)
Now, combining (4) and (6), keeping in mind that (2¥,m' —n") =1, we
see that el € C, and hence, by (2), A = el € C, which contradicts (2).

This contradiction proves the lemma. ]

Recall that for any x, y € R then [x, y] denotes the commutator xy — yx.

Theorem 1.2.7: Suppose R is a generalized periodic ring, and suppose that there exists

an element ¢ € C, with ¢ # 0, such that:

Proof:
Case 1:

c[x,y] = 0implies [x,y] = 0,V x,y € R (7),then R is commutative.
We distinguish two cases.
For ¢ € N. In this case, c ¥ = 0 for some positive integer k, and hence
ck[x,y] =0,V x,y € R. (8)
Combining (7) and (8), we see that:

c*lx,y]=0

= clc*1x,y] = 0

= [ 1x,y] = 0

= c*1x,y]= 0



=>clx,y]=0
= [x,y] = 0.
Thus, c*[x,y] = 0 implies [x,y] = 0, and hence R is commutative.

Case 2: Forc ¢ N. In view of Theorem 1.2.4, we may assume that R is periodic.
This implies, in particular, that ¢c™ is idempotent for some positive integer.
Furthermore, ¢c™ =0 (Since ¢ € N in our present case).on two cases
(since c € C also) c™ = e is a nonzero central idempotent in R.

Leta € N. By Lemma 1.2.6 we have ea € C, and hence [ea,x] = 0 for
all x € R, which implies [c"a,x] = ¢™[a,x] =0, Vx €R. 9)
The argument used in Case 1 of Theorem1.2.4 shows that c™[a,x] = 0
implies [a,x] = 0, and hence (see (9)) [a,x] = 0 Vx € R,Va € N.Thus,
R is a periodicring with the property that N < C. by Theorem of Herstein

[10], it follows that R is commutative, and the theorem is proved. ]

Theorem 1.2.8: Suppose R is a generalized periodic ring. Suppose, further, that there
exists a nonzero central element ¢ such that ca = 0 implies a = 0,
Y a € N. Then R is commutative.
Proof: If R is a generalized periodic ring, then the nilpotents N form an ideal and
R/N is commutative.
Let x,y e R.For all x,yinR/N, xy = yx, and hence [x,y] € N.
Taking a = [x,y] € N, then we see that:
clx,y] = ca
clx,y] =0
[x,y] =0,V x,y €R.

Therefore R is commutative. ]



1.3 subdirect product rings

In this subtopic we will see subdirect product ring and some examples. Now we begin

with the following definitions.

Definition 1.3.1: A ring R is said to be sub direct product of the family of rings {R; /i €
I} if R is a sub ring of the direct product mR; such that m; (R) = R, for
all kel, wherei €l. m,:mR; = R, is the canonical epimorphism,

wherei € I.

Example 1.3.2: The direct product mR; is itself a sub direct product of the rings R;.
There could be other sub directs of the rings R;.
If a ring R is isomorphic to a subdirect product T of rings R; fori € I. T

may be called a representation of R as a sub direct product of the rings R;.

Theorem 1.3.3: A ring R has a representation as a subdirect product of rings R; fori € I
if and only if for eachi € I, there exists an epimorphism ¢; — R; such

that if r = 0 In R, then ¢; () # 0 for at least one i € I.

Example 1.3.4: The ring Z is a sub direct of the field Z,, for all prime numbers p.
To prove this, let ¢, : Z — Z, be the canonical epimorphism.
¢p,(n) = n(modp) = [n],. If r # 0 in Z, then r can not be a multiple of

all primesp € Z, and hence there is at least one prime number p such that
¢, (r) # 0.Then, Z is a fields Z,,.

1.4 Subdirectly irreducible ring

In this subtopic we will see subdirectly irreducible ring and some examples. Now we

begin with the following definitions.

Definition 1.4.1: A ring R is sub directly irreducible if the intersection of all nonzero
ideals of R is not {0}.



Recall that a ring r is called simple if R? # (0) and R has no ideals other then (0) and R.

Example 1.4.2: A nonzero simple ring R has no proper nonzero ideals, and hence the
intersection of all nonzero ideals, is R # {0}. Thus, a nonzero simple ring

is sub directly irreducible.

Proposition 1.4.3: Let R be a subdirectly irreducible ring with identity and let e be a
central idempotentin R. Thene = 0 ore = 1.

Proof: Suppose e is a central idempotent element withe = 0 and e # 1.
Let A= eR. A is a two sided ideal since e is central. Since e? = e # 0
and e? € A, then A # {0}. Since e # 1 and e is central, then there exists
r € Rsuchthatr —er + 0.
Let B ={r —er|r € R}.Then B =+ {0}. since e is central and then B is
two sided ideal.
Now, we will show that An B = {0}.
Letx e ANB, then x=er=1r"—er and e?r =er —e?rwhich
implies that er = er’ — er’ = 0. Thus x = 0. Since A # {0} and B # {0},
The n(all non zero ideals) € A n B, and hence
N(all non zero ideals) € AN B = {0} which contradicts the hypothesis

that R is sub directly irreducible. Therefore,e = 0 ore = 1. [ |

Theorem 1.4.4: (Birkhoff’s theorem) every ring is isomorphic to a sub direct product of

sub directly irreducible ring.



CHAPTER TWO

A generalization of Boolean rings

In this chapter we introduce the concept of Boolean ring, Boolean like ring and
subBoolean ring. Further we see some properties and theorems of Boolean ring, Boolean
like and subBoolean rings.

2.1 Booleans ring

In this subtopic we will see the structure of Boolean ring and some examples. Now we

begin with the following definitions.

Definition 2.1.1: A Boolean ring is a ring in which every element is idempotent; that is

x? =xforallx €R.
Example 2.1.2: 1) A ring which contain only 0 and 1 is the simplest Boolean ring.

2) The ring of integers modulo 2 is a Boolean ring denoted by ordering integer 2
i.e. (2,+, *)where 2= {0, 1} with + and * are defined as:
0+0=0 0x0=0
0+1=1 0x1=0
1+1=1 1%1=1,Hencex?=x,forallx € 2.

3) Let P(x) be the power set of a set x. define addition and multiplication as follows:
A+B=(ANB)Uu@A' nB) and A.B=ANB, then (p(x),+,.) is

Boolean ring.

Proof: 1. Toshow (p(x),+) is an abelian group. Let 4, B, C € P(x), clearly
a) (A+B)+C=A+ (B+C) ie.addition is associative
by A+d=(UANG)U(4A+0)
=(ANU)UD

10



=AUQ
=A Similarlyp+A=A4
Hence, @ is the identity element for addition
) A+A=AnA)ud nA)
=QuUgp
=@ forall A € P(x).
d A+B =(ANB)U(A NnB)
=B NnAUBNA)
=B+ A

Hence (p(x),+) isan abelian group.

2).A.(B.C)=An(BNC)
=AnB)nC

= (A.B).C i.e. multiplication is associative.

3) By the definition of addition and multiplication and application of U and N
We also have:
A (B+C)=AB+A.Cand(A+B).C=A.C+B.C
Hence (p(x), +,.) isaring.
4).clearlyA.A=ANnA=A forall A€ P(x).

Therefore, (p(x), +,.) is Boolean ring. |

4). Anon trivial example of a Boolean ring is the set 2* of all functions from an arbitrary

non-empty set x into 2 = {0,1}.

The elements of 2* are called 2-valued function on x. This distinguished elements

and operations in 2* are defined point wise. This means that 0 and 1 in 2*are the

functions defined for each x € X by 0(x) = 0 and 1(x) = 1. And if f and g are 2-valued

functions on x then the functions f + g and fg are defined by:

((f+9)(x) = f(x) + g(x) And (fg) = f(x)g(x)
Hence (ff)(x) = f2(x) = f(x)f(x) forall x € 2*. Hence if f(x) = 1, then

11



P =flfx) =1
= f(x) and f(x) = 0, then
f200) = fFOf(x)
=0
= f(x).
Hence f2 = f for allf € 2*.

5). Z% as a Boolean ring for n > 1.

6). 2/, isaBoolean ring.

Proposition 2.1.3: A sub ring of a Boolean ring is Boolean. Furthermore, a
homomorphic image of a Boolean ring is also Boolean.
Proof: Let S be a sub ring of the Boolean ring R. Then, for every x € S, x is an
element of R and hence x is idempotent.
Therefore S is a Boolean.
Let T be a homomorphic image of R where m:T - R is a ring
epimorphism.
Lett € T, Thent = m(r) for some r € R.
Hence t? = n(r)n(r)
= m(r?)
=mn(r),since r> =r
= t,sincent(r) = t.

Therefore every element of T is idempotent. Therefore, T is Boolean. ]

Lemma 2.1.4: Let R be a Boolean ring. Then char(R) = 2.
Proof: Letx,y € R.Thenx + x = (x + x)?
=x% + 2x + x?
=x + 2x + x (since x? = x and
(x+x)? =x +x)

Hence 2x = 0. ]

12



Lemma 2.1.5: If aring R is Boolean, then R is commutative.
Proof: let x, y € R, we want to show that xy = yx.
Since R is Boolean, we have x? = x and y? = y, for all x,y € R.
Now x +y = (x + v)?
=x2+xy+yx+y?
=x+xy+yx+y
By Lemma2.14,xy +yx =0andx = —x
Hence xy = yx. ]

Remark: every Boolean ring R is periodic ring.

Proposition 2.1.6: Let R be a field. If R is Boolean, then R = Z,.

Proof: Letx € Rand x # 0.
Then x? = x which implies that x> —x = 0 , hence x(x — 1) = 0. But
x~ 1 exists, thus x = 1.
Therefore R = {0,1} = Z,. |

Proposition 2.1.7: Let R be a Boolean ring with identity. Then every prime ideal is
maximal in R.

Proof: Let P be a prime ideal of R. To show that P is maximal, we will show
that R/, is a field. Let x + p € R/, wherex +p = p; that is, x € P we
have (x + p)? = x% +p

= x + p and hence x> — x € P which gives that
x(x —1) € p,sincex & P and P is prime ideal , then x —1 € P.
Thus x + P =1+ P. Therefore, R/, = {p,1+ p} and hence R/ isa
field.

Therefore every prime ideal is maximal in R. [ |

13



Corollary 2.1.8: Let R be a sub directly irreducible ring with identity 1 # 0. If R is

Proof:

Boolean, then R = Z,.

letx € R, since R is Boolean, then x is a central idempotent (R is
commutative). But R is sub directly irreducible with identity, then by
proposition 2.1.6, x = 0or x = 1.

ThereforeR = Z,. [

Theorem 2.1.9: If R is a finite Boolean ring, then R has 2* elements for some positive

Proof:

integer k.

Suppose |R| = m. We will show that m = 2* for some positive integer k.
Suppose not, thenm has a prime factor p other than 2. Since R is an
additive group, then by Cauchy’s theorem R has an element x + 0 of
order p; that is, p.x = 0. Since p is odd, then p = 2n + 1. Thus
(2n+1).x =0, but char(R) = 2by Lemma 2.1.4, and hencex =0, a
contradiction.

Therefore R has 2* elements for some positive integer k. [ ]

Theorem 2.1.10: let R be a ring with identity 1 # 0. then R is Boolean iff R is

Proof:

isomomorphic to a subdirect product of copies of the field Z,.

Let R be a Boolean ring. By Birkhoff’s theorem, R is isomorphic to a
subdirect product of nonzero subdirectly irreducible ringsR;, i € I. for
eachi € I, R; is the homomorphic image of R, and hence each R; is a
Boolean ring with a nonzero identity. But, R; is a subdirectly irreducible

ring, and then by corollary 2.1.8, R = Z, foreach i € I.

Therefore, R isomorphic subdirect product of copies of Z,.

Conversely: - Let R be isomorphic to a subdirect product of copies of Z,.

Note that for x € Z,, x> = x. Then every element x € Z, X Zy X Zyx .....,
x = (x;) fori € I, satisfies the identity x? = x since x? = (x;)? = x for

i €l. thus, every element of the direct product Z, X Z, X Zyy ....., IS

14



idempotent. Since R is isomorphic to a subdirect product of copies of Z,,
then R is isomorphic to a subring of
Zy X Zy X Lys ....., This is Boolean.

Therefore, R is Boolean. [
2.2 Boolean-Like ring

In this subtopic we will see Boolean like ring. Further we see some examples. In
Theorem 2.2.7 we characterize all commutative Boolean-Like and strongly Boolean-Like

rings.

Definition 2.2.1: (1) A ring R is called a Boolean-Like if x2y — xy? € N forall
x, y,inR\ (NuUQC).
(2) R is called strongly Boolean-Like ring if x? y = xy? for all
x, y,inR\ (N UC). (1)
It is clear that all commutative rings are both Boolean-Like and strongly Boolean-Like;

however the converse is not true.

Remark: every Boolean ring is Boolean like ring. But the converse is not true.

Example: R = {(8 8) (8 1) G 8) (i 1):0,1 € GF(2) } is both Boolean-Like

and strongly Boolean-Like but it is not commutative.
The following two lemmas will be needed in the proofs of the main theorems.

Lemma 2.2.2[8]: Suppose R is a ring such that x — x? € C for all x in R.then R is
commutative.
Lemma 2.2.3 [5]: suppose R is a ring in which each element x is central, or potent in the

sense that x* = x for some integer k > 1. then R is commutative.

Theorem 2.2.4: A Boolean-Like ring R with central nilpotents is commutative.

Proof: Since N € C, definition 2.2.1 implies that  x?y - xy? € N

15



forall x,y € R.
We claim that x — x% € C for all x € R.

Suppose not. Let x € R be such that x — x2 € C. Then, x € C and

2
xx?¢Cand x%(x — x?)— x(x-x?) ==x*-x5€N. Hence, for

some f (1) € Z[1],

(x-xH)* = (x- x*)x’f (x)

= (x* = x°) f(x) €N,and thusx — x? € N € C .therefore,
x —x% € C, Contradictsto x — x> & C .
This contradiction proves x — x% € C

Therefore R is commutative. ]

Corollary 2.2.5: A reduced Boolean-Like ring is commutative.

Theorem 2.2.6: Suppose R is a Boolean-Like ring. Then,

Proof:

Case 1:

Case 2:

(i) Forallx e R\ C, x —x? € N.
(i) Forallx e R\ C, x™ = x™e forsome m > 1 and some e € xZ[x]
for which e? = e.
(iii) Every sub ring and every homomorphic image of a Boolean-Like ring
is Boolean-like.
(i) Suppose not. Letx & C, x — x> & N.
Then,x € N,x2% ¢ N.
Forx? ¢ C. Then, x & (NUC), x> & (NUC), and hence by Definition
2.2.1, with y = x? we get x* — x> € N.
Which, as we see in the proof of Theorem 2.2.4, implies that x -x? € N,
contradictingx ¢ C, x — x> & N.

Forx? e C.Then x — x? & C (sincex & C),and x — x 2 & N.

The net result is: x — x> ¢ (NUC)and x € (NUC) either. So, by

setting y = x — x? in Definition 2.2.1, we see that (2) holds, and thus, (as
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shown above), x — x? € N, contradicting x € C, x — x*> € N again.
This contradiction proves (i).

(ii) By part (i), if x & C, then x - x? € N, and hence ( x - xz)m = 0 for
somem > 1.Thus, x™ = x™ (x g(x)) for some

gA) e Z[A]. Lete = (x g(x))™. Itis readily verified that x ™ = x™e
and e?=e € xZ[x] . This proves (ii).

(iii) This follows at once from the definition of a Boolean-Like ring. ]

Theorem 2.2.7: A Boolean-Like ring is commutative if and only if the idempotents of

Proof:

R are central and N N J is commutative.

Clearly a commutative Boolean-Like ring satisfies the above stated
conditions on the idempotents and on N nJ. To prove the converse,
suppose that R is a Boolean-Like ring for which ECC,NNn]j is

commutative, ( E is the set of idempotents).

Claimthat N €]
To prove this, let a € N, x € R. By Theorem 2.2.6 (i), ax € C or
ax — (ax)? € N. If ax € Cthen ax € N. On the other hand, if ax & C,

then by Theorem 2.2.6(ii), (ax)™ = (ax)™e for some idempotent
e € axZ[ax] . Hence,e = ee

= ear

= aer, forsome r € R
Re-iterating, we see that aer implies that:

e = aer

= aker* for all positive integers k.

Since a € N, leta* = 0. Then, by aker® , e =0, and hence

(ax)™ = (ax)™e

= a?er?
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= 0, Which implies that ax € N. Hence, in any

case, ax € N, and thus ax is right quasi regular for all x € R. So

a € J, hence the claim. Since N € J, NnJ = N is commutative.

Claim N is commutative. (1)
By Theorem 2.1.10, R is isomorphic to a subdirect sum of subdirectly
irreducible rings R; , (i € I). 1"
Let B: R — R; be the natural homomorphism of R onto R; , and

Let f: x = x;.
We prove that the set N; of nilpotents of R, € S(N) U C;, center of R;. (2)
To prove this, letd; € N;,d; € C;,and let 3(d) = d;,d € R. Thend € C,
and hence by Theorem 2.2.6. d —d ? € N. Suppose dik = 0. Then,
d—dtl =(d—-d?)+d(d—-d»)+ ...+d*1(d — d?) € N (Since d —
d? € N), this implies that 8(d — d**1) € B(N).

Hence, d; — d,*™ € B(N) ; thatis, d; € B(N), hence (2) holds.

Next to this we prove that:

Every element of R; is nilpotent or a unit or central. 3)
To prove this, letx; € R; \ C;,and let B: x — x;, x € R, then x ¢ C, and
hence by Theorem 2.2.6: (iii) x™ = x™e forsomem > 1, e €

xZ[x], e? = e. Therefore, since e € C (by (1)), e; = B(e) € C and, of
course, e;2 = e;. Thus x; = x;™e;, where e; is a central idempotent

in R;. Moreover, since R; is subdirectly irreducible,e; = 0or ¢; = 1.If
e; = 0, then x; is nilpotent, while if e; = 1, then x; is a unit (Since

e; € x;Z|[x;]), which proves (3).

Next, we prove that N; € C;. 4)
Suppose not. Then there exists a; € N;, a; € C; , and thus for some

b, €R;,[a;, bj]#0.Hence[a; , bj] # 0, a; EN;, b; €ER,. (5)
Now, by (2), N; € B(N) U C;, and furthermore, N is commutative, by
(1). So N; is commutative. Combining this fact with (5), we see that b; &

N; and, of course, b; & C;. Hence, by (3), it follows that b; is a unitin R;.
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Moreover, by Theorem 2.2.6 (i), b; - b;? € N;, and hence

b, (b; - b;*) € N;; thatis, 1 — b; € N, since a; € N; and N, is
commutative, [a; ,1 — b; ] = 0 which impliesthat[a;,b;] =0, a
contradiction (see (5)). Hence (5) holds.

Note that R;, as a homomorphic image of R, satisfies (in particular)
conclusion (i) Theorem 2.2.6.; that is,

x; € R;\ C; impliesthatx; — x,2 € N,. (6)
Combining (2), (6), and lemma 2.2.2 we conclude that R; is commutative,
and hence the R is commutative (see (1)). |

Note that the above Theorem also holds for strongly Boolean-Like Rings.

Corollary 2.2.8: A Boolean-Like ring with central idempotents and commuting

nilpotents is commutative.

Recall that an element a € R is said to be right quasiregulr if there is an element ¢’ € R
such that a + @' + aa’ = 0. we call a’,a right quasiregulr. Ring R is said to be a left
primitive ring if and only if it has a faithful simple left R-module. Ring R is said to be a
division ring if it is a ring with unity and for each non zero a € R, there exist an element
b € R such that ab = ba = 1. If Jacobson radical J(R) # 0, then R is called semisimple

ring.

A concept related to commutatively is that of a ring having a nil commutator ideal.

In this connection, we have the following.

Theorem 2.2.9: The commutator ideal of a Boolean-Like ring R is nil.

Proof: First, we show that the commentator ideal C(R) is contained in J (7)
To prove this, recall that R /] is isomorphic to a subdirect sum of primitive
rings R; (i € I) by Theorem 2.2.6. (iii) R; is a Boolean-Like ring. If the
primitive ring R; is a division ring, then for any x; which is not central, we
have, by Definition 2.2.1, x;2 (x; + 1) — x;(x; + 1)> = 0, and hence

x; = 0or x; = —1, a contradiction. This contradiction proves that R; is
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indeed commutative in this case. Next, suppose that R; is a primitive ring
which is not a division ring. Since Definition 2.2.1 is inherited by all
subrings and all homomorphic images of R;, it follows, by Jacobson’s
density theorem [9], that there exists a division ring D and an integer
k > 1such that the complete matrix ring D, satisfies Definition 2.2.1.
This, however, is false, as can be seen by taking x = E;1, y = Ej; +
E,,, wherex,y € D,. (To verify this, note that (x%y- xy?)3 =
x%y - x y* & N).This contradiction proves that R; must be a division
ring, and hence (as shown above), R;is commutative. So R /] is
commutative, hence (7) holds.

Our next goal is to show that ] € N U C. (8)
Let jeJ, j& C. Then, by Theorem 2.2.6 (ii), j™ = j™e for some
m=>1 and some e €jZ[j], e = e, which implies that e =0.
Thus, j™ = j™e = 0 and hence j € N, hence (8) holds.

Combining (7) and (8), we see that C(R) €] € N U C.

Next, we prove that N € J. 9
Leta € N, x € R, and suppose a" =0.Letx =x+ ] € R /]. Since, by
(7), R /] is commutative, we have (ax)" = (a)"(x )*= 0, and
hence (ax)" €J S NUC (by(2)). Therefore, (ax)™ € N (which
implies thatax € N), or(ax)" € C. If(ax)" € Cithen ((ax)™)" =
(ax)™ (ax)" ... (ax)™ = a"r,for somer € R, and hence ((ax)™)" =
0 (sincea™ = 0). Again, ax € N. It follows that ax € N for all x inR,
and thus ax is right quasi regular for all x in R. Hence, a € J, hence (9)
holds. Combining (9) and (8), weget N € J S NUC (10)
Next, we prove that N is an ideal. (11)
Letae N, x e R,by(11), a€J, x € R, and hence ax € ] CcUC (by
11). So ax € N orax € C, of course, if ax € C, then ax € N, and hence

ax € N in any case. Similarly, xa € N.
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Finally, supposea,b € N. Then, by (11), a,b €] and hence a—b €
J SNuUC.

Soa—beN,ora—beC.Ifa—b e C,then a commutes with b and
hence againa — b € N, hence (11) holds.

To complete the proof, since N is an ideal (by (11)), R/N is a Boolean-
Like ring (by Theorem 2.2.6 (iii)), and hence by Theorem 2.2.6 (i) (with
R/N playing the role of R), every element of R/N is central or potent.
Therefore, by lemma 2.1.3 R/N is commutative, which proves the

theorem. ]

We now turn our attention to strongly Boolean-Like rings. In this connection, we have:

Theorem 2.2.10: Every strongly Boolean-Like ring R with identity is commutative.

Proof:

First, we prove that the set N of nilpotents of R is commutative.

To prove this, let a,a’ € N and suppose[a,a’] # 0. Since 1+a €
R\(N uC)and 1+ a' € R\( N U (), It follows by definition 2.1.1 (2)
that (1+ a)>(1+a’) = A+a)(1+ a')?andhencel+a=1+
a', which contradicts the hypothesis that [a,a’] # 0, hence the set N of
nilpotents of R is commutative. Next, we prove that all idempotents are
central. To this end, supposee? =e, x ER, a = xe - exe. Suppose
a# 0.Then e # 0,and hencee & (NUC), sincee € C. Also, 1+ a ¢
C (since 1+ a € C implies a € C, and hence ea = ae, which yields the
contradiction 0 = a). Moreover, clearlyl1+a & N, and thus 1+ a ¢
(NUC).sinceeg (NuC)and1+a €& (N U ), it follows by Definition
2.2.1 (2) that (1 +a)?e = (1 +a)e?, which implies that(1+a)e =
e? = e, and hence ae =0; that is, a =0, contradiction. This
contradiction proves that a = 0, and thus xe = exe. A similar argument
shows that ex = exe, and hence all idempotents are central

This proves the Theorem. [ ]

Theorem 2.2.11: Suppose R is a strongly Boolean-Like ring with central idempotents.
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Then, R is isomorphic to a subdirect sum of rings R;, where R; is either nil
or Commutative.

Proof: Since R is also a Boolean-Like ring, it follows, by Theorem 2.2.6 (ii), that
forall x € R\C, x™ = x™e for some m > 1, where e?> = e € xZ[x]. (12)
Write R as a subdirect sum of subdirectly irreducible rings R;. Since R;
inherits (12) from the ring Rwe see that for allx; € R; C; ,x;,™ =
x™e;, wherem > 1, ¢; 2 = e; € x;Z[x;] (13)
Moreover, since (by hypothesis), e is central in R;e; is central in the
subdirectly irreducible ring R;, which implies that e, = 0ore; = 1. If R;,
does not have an identity. Then e; = 0, and hence by (13),

R; = N; U C;, N;is the set of nilpotents of R;, C; is the center of R;.  (14)
It is easy to see that (14) implies that R; = N; or R; = C; (if R; , does not
have an identity). If, on the other hand, 1 € R;,thenR; is a strongly
Boolean-Like ring with identity, and hence R; is commutative, by
Theorem 2.2.10. This proves the Theorem. |

We conclude with the following:

Remark: Theorem 2.2.7 and Theorem 2.2.10 are not true if we replace the exponent

.|

2in (1) or (2) byaprimep > 2. To see this, consider the ring

a b c
0 a® 0|:a,b,c€eGF4)
0 0 a

It is readily verified that:
(D) x’y =xy’ Forallx,y € R\(N U C);

(ii) All idempotents of R are central,
(iii) N is commutative;
(iv) 1 €R.

But R is not commutative.

Remark: Theorem 2.2.10 is not true if 1 € R, as can be seen by considering the four

element ring of matrices in the introduction.
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2.3 SubBoolean ring

In this subtopic we introduce the concept of SubBoolean ring and we prove some
theorems. Further we see some examples. Theorem 2.3.11 below gives a characterization

of subBoolean rings.

Definition 2.3.1: A ring R is called subBoolean if x?y — xy? € N for all

x,y ER\(NUJUQO).
Note that the class of subBoolean rings is quite large, all commutative rings, all nil rings,
and all rings in which J = R. on the other hand, a sub Boolean ring need not be a Boolean
or commutative.

Example: 2.3.2: R = {(8 8)(} DG 8)(8 1):0,1 € GF(Z)} IS

SubBoolean ring but neither Boolean nor commutative.

We begin with the following.

Lemma 2.3.3: If R is a sub Boolean ring with central idempotents, then the set N of
nilpotents is contained in the Jacobson radical J of R.

Proof: Supposea € N, x € R. Supposeax € (NUJ U ().
If ax € N, then ax is right quasiregulr (r.q.r). Also, ax € J implies that
ax isr.q.r.
Now suppose ax € C (center of R). Then (ax)™ = a™x™ for all positive
integer m, and hence ax € N (since a € N), which again implies that ax is
r.q.r.
Next, consider the case (ax)? € (NUJ U C). Again (ax)? € N implies
that ax is r.q.r., while (ax)? € C implies
(ax)?* = (ax)?(ax)? ... (ax)? = a*t for some t € R, which implies that
ax € N (since a € N), and hence ax is r.q.r.
Finally, if (ax)? € J, then (ax)? is r.q.r., and hence is r.q.r. combining the
above facts, we have:
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Ifax e (NUJUC)or (ax)? € (NUJUC), then ax isr.q.r.
Now, suppose ax € (NUJUC) and(ax)> & (NUJUC). Then by
Definition 2.3.1, ((ax) ?)?(ax)- (ax)?(ax)* € N. (1)
From (1), we see that (ax)"® = (ax)"*!'g(ax); g(1) € Z[A]; n > 1.
Lete = [(ax)g(ax)]". Thene? = e, and (ax)® = (ax)"e. Hence,
(ax)" = (ax)"e; e = [(ax)g(ax)]*; e? = e; (a € N). 2
Suppose a™ = 0 (recall that a € N). Since the idempotents are central, (2)
readily implies that:
e =ee

= e [(ax)g(ax)]"

= eat

= aet, forsome tinR,

Andthuse = aet

= aet?

= gmet™

= 0. Hence, by (3), ax € N and thus ax is r.g.r.
Thusifax € (N U J U C)and (ax)?> € (NU JUR),then ax isr.q.r.
Combining (1) and (2), we conclude that ax is r.q.r. for all x in R.

Hence a € J, this proves the lemma. ]

Theorem 2.3.4: If R is a subBoolean ring with central idempotent, and then R/] is

Proof:

commutative.

By Lemma 2.3.3, N € J and hence by Definition 2.3.1,

x%?y —xy? =0 for all noncentral elements x,y € R/]. Since the
semisimple ring R/] Is isomorphic to a subdirect sum of primitive rings R;

(i € I). We have x2y—xy? =0 for all noncentral elements x,y € R;

((iel.
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Casel:

Case 2:

If R, is a division ring. Suppose R; is not commutative. Letx; be a
noncentral element ofR;. Then, x;%2(x; +1)—x;(x; +1)> =0,and
hence x; =0or x; =1, a contradiction which proves that R; is
commutative.

If R; is a primitive ring which is not a division ring. In this case, by
Jacobson’s Density theorem [9], there exists a division ring D and an

integer k > 1 such that the complete matrix ring D, satisfies x?y — xy? =
0 for all noncentral elementsx, y € R/]. This, however, is false, as can be
seen by takingx = E;5, y = E;; + I, x,y € D,.. This contradiction
shows that case 2 never occurs, which forces R; to be a division ring, and

hence is R; commutative (see case 1). This proves the theorem. ]

Theorem 2.3.5: Suppose R is a reduced (N = {0}) ring and R is a subBoolean ring.

Proof:

Remark:

Suppose, further, that J is commutative. Then R is commutative.

Since R is reduced, all idempotent are central, and hence by Theorem

2.3.4, R/] is commutative. Therefore, since J is commutative,

[[x, ], [z, t]] =0 forall x,y € R. (3)

Note that (3) is a polynomial identity which is satisfied by all elements
of R. However, (3) is not satisfied by any 2 x 2 complete matrix ring over
GF(p) for any primep, as can be seen by taking [x,y] = [E11, E12],
[z,w] = [E;,, E21]. Hence, the commutator ideal of R is nil, and thus R is
commutative (since N = {0}). [ ]

The Jacobson radical of a Boolean ring is {0}.

Corollary 2.3.6: suppose R is a ring with identity, and suppose R is reduced and

Proof:

subBoolean. Then R is commutative.
Letj,j €/ and suppose [ j,j] # 0, then, by Definition 2.3.1,
A+ )D*A+)— @@ +)A+j)% € N ={0}, and hence
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A+ H{A+)— A +;)}1+;) =0, which implies that (since 1+ j
and 1+ jare units inR), j = j' contradiction. This contradiction proves
that / is commutative, and the corollary follows from Theorem 2.3.5.

Hence R is commutative. m

Theorem 2.3.7: Suppose R is a subBoolean ring with central idempotents, and
suppose /] € C. Then R is commutative.

Proof: By Lemma 2.3.3, N €] and hence N €] € C, which, when combined
with definition 2.3.1, yields x?y —xy? € N forall x,y € R/C'

Suppose x ¢ C. Setting y = —x in above equation, we get 2x3 € N, and
hence 2x € N € C (See above).Thus, 2x € C for all x € R.

Next, we prove x? € C forall x € R.

To see this, recall that by Theorem 2.3.4, [x,y] € ] € C and hence [x, y]

is central for all x, y € R. Using this fact and from above equation, we get

[x%,y] = x[x,y] + [x,y]
= 2x[x, y]
= x[2x,y]
= 0. Hence x? € C forall x € R.
Now we prove this Theorem 2.3.7 by contradiction. Suppose x € C for some x € R.Then,
x+x%¢C and by above equation, we getx(x + x?) — x(x + x?)? € N, and thus
x3(x + x%) € N.
Therefore, for some polynomial g(4) € Z[A] ,we have that:
(x +x2)* = (x + x2)3(x + x2)
= (x*g () (x + x?)
= x3(x + x?)g(x). This equation is a sum of pairwise
commuting nilpotent elements x + x? € N € C. (see above). Therefore,
using above, x? € C for all x € R , we conclude that x € C, for all x € R,

contradiction.
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Hence R is commutative. m

Theorem 2.3.8: Suppose R is a subBoolean ring with identity and with central

Proof:

idempotents. Suppose, further, that / is commutative. Then R is
commutative.

By Lemma2.3.3 N C J. We claimthat] € N U C. 4)
Suppose not. Letj € J,j € N,j & C. Since N < ], Definition 2.3.1 implies
x2y —xy? e Nforall x,y € R\ (JuUC). (5)
Notethat 1+ j & J U C,and J? € C (since J is commutative). Therefore,
1+ j+j% ¢ ] uC,and hence by equation (5),

A+j+2)?A+)— @A +j+j2( +j)? €N this implies
j2(1+j+j2)@ +j)€NSince (1+j+ %)t and (1 + ;) are units
in R, and since they both commute with j, it follows that j? € N, and
hence j2 € N, contradiction. This contradiction proves equation (4). In
view of equation (4) and Definition 2.3.1, we have x>y — xy? € N for
all x,yinR\(N U C). (6)
Now, suppose x € N, x+1 & N, x ¢ C (and hence x + 1 € C). Then, by
equation (6), we see thatx?(x + 1) — x(x + 1)2 € N, and thus x(x +
1)€eN. Since xe€N or x +1 € N implies thatx(x +1) € N, we
conclude that x + x> = x(x + 1) € N forall x € R\C (7)
Since x € C implies —x € C, we may repeat the above argument with x
replaced by (- x) to get (see (7)) x — x% € N for all x € R\C (7)
By Theorem 2.1.10, R isomorphic to a subdirect sum of subdirectly
irreducible rings R; (i € I).

Let 6: R — R; be the natural homomorphism of RontoR;, and let 6 :
x — x;. We claim that:

The set N; of nilpotents of R; is contained in §(N) U C;, (8)
Where C; denotes the center of R;. To prove this, letd; € N;, d; & C;, and
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let 5(d) =d;,d € R.Then d & C, and hence by equation (7), d —d? €
N. Since d; is nilpotent, let di" = 0, and observe that (since d — d? € N),
d—d*'=({d—-d>)(1+ d+d?+--- +d¥1)?% € N, this implies
that 8(d — d?) € §(N). Thus d; — d,;*™ € §(N), and hence d; € 5(N),
this proves equation (8). Our next goal is to prove that:

Every element of R; is nilpotent or a unit or central. 9)
To prove this, let x; € R;\C;, and suppose §(x) = x;, x € R. Then x & C,
and hence by equation (7" , x —x? € N, and thus x™ = x™*1g(x) for
some g(A) € Z[A]andm > 1. the last equation implies that x™ =
x™[xg(x)]™ and [xg(x)]™ = e is idempotent. Therefore x™ = x™e; e =
[xg(x)]™; e? = e. This reflects in R; as follows:

™ =x" e e = [xig(x)]™; e = ey (10)
Since, by hypothesis, the idempotents of R are central, it follows that
e; = 6(e) is a central idempotent in the subdirectly irreducible ring R;,
and hencee; = 1ore; = 0.

If e, =0, then by equation (10), x; is nilpotent. On the other hand,
if e, = 1, and then again by equation (10), x; is a unit in R, which proves
(9). Next, we prove that:

Every unit u; in R; is central or u; = 1 4 a; for some nilpotent element

a; €N. (11)
To prove this, suppose u; is a unit in R;, which is not central, and suppose
5(d) = u;,d € R. Thend € R\C, and hence by (7)), d — d?> € N, which
implies that u; — u?; € §(N). Therefore, u;? — u; is nilpotent; say,

(u;? —u;)" = 0.Hence, (w; — 1™ = 0, Andthusu; — 1 =a;, a;
nilpotent; that is, u; = 1 + a;, a; € N; and hence (11) holds. Returning to
(8), note that since N < J (lemma 2.3.3) and J is commutative (by
hypothesis), N itself is a commutative set, and hence by (8), the set N; of
nilpotents of R; is commutative also. Moreover, by (9) and (11), the ring

R; is generated by its nilpotent and central elements, and hence R; is
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commutative, which implies that the ground ring R itself is commutative. ]

Theorem 2.3.9: A subBoolean ring with identity and with central nilpotents is

Proof

necessarily commutative.
First, we prove that the set U of units of R is commutative.

Suppose not. Let u, v be units in R such that [u, v] # 0.Then, by
Definition 2.3.1, u?v —uv? € N. Also, since N € C, N is an ideal of R,
and hence u~'(u?v — uv?)v~! € N, whichimpliesthat u—v € N <

C. Thus,[u, v] = 0 contradiction. This contradiction proves the set U of
units of R is commutative. Let j,j € J. Then The set U of units of R is
commutative,[1 +j,1+ ] = 0, and hence [j,j] = 0; that is, J is
commutative. Furthermore, since all nilpotents are central, the
idempotents of R are all Central.

Therefore, by Theorem 2.3.8, R is commutative. |

Theorem 2.3.10: Suppose R is a subBoolean ring. Suppose, further, that the idempotents

Proof:

of R are central and J is commutative. If, in addition, R is subweakly
periodic, then R is Commutative (and conversely).

To begin with, if zero is the only potent element of R, then (by definition
of a subweakly periodic ring), R=N UJUC =] UC (since N € ], by
Lemma 2.3.3), and hence R is commutative, since J is commutative. Thus,
we may assume that R has a nonzero potent element. Let a be any nonzero
potent element of R, and let aX = a with k > 1. Lete = aX~1. Theneis
a nonzero idempotent which, by hypothesis, is central. Hence, eR is a ring
with identity. Moreover, eR is a subBoolean ring (keep in mind that the
Jacobson radical of eR is e], where ] is the Jacobson radical of R). Also,
the idempotents of eR are central, and the Jacobson radical of eR

(namely, e]) is commutative. Hence, by Theorem 2.3.7 eR is
commutative. Let y € R. Then e[a, y] = [ea, ey] = 0. Recalling that

e =a¥1 e Cand aX = q, it follows that:
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0 = ela,y]
= af'[a,y]
= afy - a¥lya
= afy - yak
= ay — ya,forall yin R, and hence
All potent elements of R are central. (12)
To complete the proof, let x,y € R\ (JU C). Then
x=a+b, y=a + b’ a, a € N; b, b’ Potent. (13)
By Lemma 2.3.3, N < J and hence by (13),
x =a+b, y=a +b;a a €]J; b, b potent. (13)
Therefore, by (12) and the hypothesis that / is commutative,
[x,y] =[a+b,a +b]
= [a,a]
= 0 (see (13))).
By a similar argument, [x,y] =0 alsoifx € Ju Cory €] U C. This completes the
proof. [

A concept related to commutativity is the notion that the commutator ideal is nil. In this

connection, we have the following theorem.

Theorem 2.3.11: Suppose R is a subBoolean ring with identity and with central

idempotents. Then the commutator ideal of R is nil.

Proof: First we prove that] € NuU C
Supposenot. Let j € J,j&€N,j¢C. Thenl+j€&J,1+j¢&N,1+j ¢
C. We now distinguish two cases.

Casel: If j2¢C.Inthiscase,1+j2¢ ], 1+j2¢ N, 1+ j2¢ C.Hence, by
Definition 2.3.1, (1 + HD?(1+ jH -1+ (A +j>)?*€EN
And thus j(1 — j*) € N.Since (1 — j*)~! is a unit in R which commutes
with j, it follows that j € N, contradiction.
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Case 2: If j? € C. In this case, a similar argument shows that, since
1+j+j2¢(NujucCand 1+j¢ (NUJUC),

A+D*A+j+j5)-QQ+)H@A +j+j*? e N, Thisimplies

21+ HA+j+j>) eN. Since [(1+/)(1+j+,j2)]tis aunitin R
which commutes with j2, it follows thatj? € N, and hencej? € N,
contradiction. This contradiction (in both cases) ] € N U C.

Next, we prove that N is an ideal of R.

By Lemma 2.3.3, N € J, which when combined with ] € N U C yields
NCJCS NuUC.

Now, suppose a,b € N. Then,a,b € ] and hence a—b €] S (NUC)
which implies a—b €N or a—b € C, and thus a—b € N (in either
case). Next, suppose a € N, x € R. Then, a € J and hence ax € ] €
(N U C), which implies ax € N or ax € C. If ax € C, then (ax)* =
akxk for all k > 1, and hence ax € N (since a € N). So in either case,
ax € N. Similarly ax € N, hence N € ] € N U C holds.

Returning to/j € N UC, we see that NUJUC = N U C, which when
combined with Definition 2.3.1 shows that x’y —xy? € N for all
x,y ER\(NUC). x>y —xy? =0 for all noncentral elements x,y €
R/N. Suppose x € R/N is noncentral. Then x +1 € R/N is non central
also and hence by x?y —xy? =0 for all noncentral elements x,y €
R/N, x*(x +1) — x(x + 1)® = 0. Therefore, x(1 + x) = 0 this implies
that x(1 +x)(1 —x) =0, that is, x3 = x (if x is noncentral). Hence
every element of R/N is central or potent (satisfying x3 = x).

It follows, by Lemma 2.2.3 that R/N is commutative, and hence the

commutator ideal of R is nil. ]
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We conclude with the following:

Remark:

If in the definition of a subBoolean ring (see Definition 2.3.1), we replace
the exponent 2 by n, where n is a fixed positive integer other than 2, then

neither Theorem2.3.8 nor Theorem 2.3.10 is necessarily true.

a b c
Tosee this,let R={|0 a® 0|:ab,c € GF(4)
0 0 a

It can be verified that R satisfies the condition;

x’y —xy’ € N forall x,y in R.

Furthermore, R satisfies all the hypotheses of both Theorem 2.3.8 and Theorem 2.3.10

(except, of course, the exponent 2 is now replaced by 7). But R is not commutative.
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CHAPTER THREE

Generalized Boolean ring

In this chapter we see the concept of generalized Boolean ring and we prove some

Theorems. Further we see some examples. Now we begin with the following.

Definition 3.1 A ring R is called generalized Boolean if for every x € R such that
x & (N U C), there exists an even positive integer n such that x — x" €
(NN Q).

A generalized Boolean ring is also a generalized periodic ring (see definitions 1.2.4 and
3.1). Therefore we have the following corollary and remarks which is proved by the
authors in [6].

Corollary 3.2: If R is a generalized Boolean ring, then R is either commutative or
Periodic.

Remark 1:  Suppose that R is a generalized periodic ring with identity 1. Then,
R is commutative.

Note that remark 1 follows at once by taking ¢ = 1 in theorem 1.2.7.
Remark 2: A generalized Boolean ring with identity 1 is necessarily commutative.

Theorem 3.3: A generalized Boolean ring R with central idempotents is necessarily nil
(R = N) or commutative (R = C).

Proof: Since R is also a generalized periodic ring, therefore by Theorem 1.2.5 R
IS commutative or periodic. If R is commutative, there is nothing to prove.
So we may assume that R is periodic. We now distinguish two cases.

Case 1: (C © N). Recall that, by hypothesis, the set E of idempotents is central,
and hence E € C S N (in the present case). Thus, E € N, and hence

E = {0}. Therefore, zero is the only idempotent of R. 1)
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Case 2:

Letx € R. Since R is periodic, therefore x* is idempotent for some
positive integer k, and hence by (1), x* = 0, hence R is nil.

(C € N). Then, for some ¢ € R, we have:

c € C,wherec ¢ N. (2)
Again, since R is periodic, ¢c™ is idempotent for some positive integer m.
Moreover, ¢c™ #+ 0 (since ¢ € N ). The net result is (see (2))

e = ¢™ is a nonzero central idempotent of R (3)
Now, suppose a € N. Since 0 #= e € C and a € N, therefore e+a & N.
Suppose a € C. Thene +a & C (sincee € C), and hence e+a & (N U
C). Therefore, by Definition 3.1, (e + a) — (e + a)™ € (N n C), for some
even integern > 2. 4
Since R is also a generalized periodic ring, therefore by lemma 1.2.6 (see
(3)eat€C,Vi € {1,...,n—1},where (0 e = e?,e €C,a€
N)(5) combining (4) and (5), we see that:

a—a" € C,Va € N\C. (6)
Since (6) is trivially satisfied for a € (N n C), therefore

a—a™ €C,Vae€N,wheren > 2. @)
We claimthat N € C. (8)

The proof is by contradiction. Suppose (8) is false. Then, for some a € R,
we have a € N, where a & C. 9
Since a € N, there exists a positive integer &, such that:

a® € C,v5 = &, where §, minimal. (10)
Moreover, since a & C (see (9)), therefore §, > 1. Now, applying (7) to
the nilpotent element (a®0~1 )", we see that:

a%~1 — (ab~1)m e ¢, for some n = n(a®1) > 2. (11)
Furthermore, since (6, —1)n = (6, — 1)2 = §, (since §, = 2), (10)
implies that (a%~1)* = q@—n e ¢, (12)
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Combining (11) and (12), we conclude that a®~! € ¢, which contradicts
the minimality of &, in (10). This contradiction proves (8). Since R is a
periodic ring satisfying (8), therefore, by theorem of Herstein [10], R is

commutative. ]

Corollary 3.4: A generalized Boolean ring with central idempotents and commuting

Corollary 3.5

Proof:

Theorem 3.6:

Proof:

nilpotents is commutative.

: If R is a generalized Boolean ring, and if R is 2-torsion-free, then Ris nil

or commutative.

We claim that all idempotents of R are central. Suppose not, and suppose
e is a non central idempotent in R. Then —e € (N U C), and hence (see
Definition 3.1) (—e) — (—e)" € C,wheren even. Thus, 2e € C, and
hence [2e,x] = 0 for all x in R. Since R is 2-torsion-free, 2[e,x] =0
implies [e,x] =0, and thus e € C, a contradiction. This contradiction
proves that all idempotents of R are central, and hence R is nil or

commutative, by Theorem 3.3. ]

Let R be a generalized Boolean ring in which every finite subring is

either commutative or nil. Then R is either commutative or nil.

By contradiction. Thus, suppose R is a generalized Boolean ring such that
every finite sub ring of R is either commutative or nil. Suppose, further,
that R is not commutative and not nil either. By Theorem 3.3, there must
exist a non central idempotent elemente € R, and hence e & (C U N).
Thus (see Definition 3.1), since —e € (CUN), (—e) — (—e)" € (NN (),
where n even.This implies that 2e € (N n C), and hence

(2e)* = 2ke = 0, for some k € Z. Since e € C, we must have the

following:
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Remark:

Example 3.7:

Either ex — exe # 0forsomex € R,orx'e —ex'e # 0 forsomex €
R.Suppose u = ex —exe =0.Then,eu = u = 0 # ue =
u?, where (u = ex —exe # 0). Moreover, 2u = [2e,ex]

= 0 (since 2e € C).

Furthermore, the sub ring generated by e and u is(e, u) = {re +
su|r,s € Z}.

Since 2ke = 0and 2u = 0, the subring (e, u) is finite. Indeed,
(e,uy={re+su|1l < r < 2K, where1 < s < 2}. On the other hand,
if x'e —ex'e = 0 for some x' € R (the only other possibility), then the
sub ring, {e, v) generated by e and v = x'e —ex'e is (as is readily

verified) hypothesis. This contradiction proves the theorem. ]

A careful examination of the proof of Theorem 3.6 shows that we only
need to assume that “every subbing S, with |S| = 2™ for some positive
integer m, is Commutative or nil” in order for the ground generalized
Boolean ring R to be commutative or nil. Indeed, [{e,u)] = 2%.2 =
2k*1 since the representation of any x in this subbing in the form
X = re+su; r,s € Z,isunique. For, suppose x = re + su

And x = r'e+su.Then, (r —r')e = (s — s)u. Recall that 2u = 0,
andue = 0. Thus, if s'—sis even, then (r — r ) e = 0, and hence
re = r'e,su = su. on the other hand, if s'— s is odd, then (r —
r Je = u, and hence (r —r Jee = ue = 0. Again, we obtain re =

re,su = su.

We conclude with the following examples:

a b c
LetR =3[0 a® 0|:a,b,c € GF(4)
0 0 a

It is readily verified that the idempotents of R are central and
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Example 3.8:

Example 3.9:

x—x’ = 0,vx € R\(N UC), but R is neither nil commutative. Hence,
Theorem 3.3 is not true if we drop the hypothesis that “n is even” in the
Definition of a generalized Boolean ring.

0 a b
LetR = (O 0 c|:ab,c€GF(3)
0 0 O

This example shows that we cannot drop the hypothesis that “N is

commutative” in Corollary 3.4 (note that R is not commutative.)

LetR = {(8 8), (1 8) (8 }) (1 1) 10,1 € GF(2)}

This example shows that we cannot drop the hypothesis that *“the
idempotents are central” in Corollary 3.4. (Note that R not commutative.)
This example also shows that we cannot drop the hypothesis that “R is 2-
torsion-free” in Corollary 3.5 Note that, in this ring R, x — x? = 0 for all
x € R\(N U C), even more is true. This ring R also shows that we cannot
drop the hypothesis that “1 € R” in Remarkl, nor the hypothesis that
“1 € R” in Remark 2.

Returning to the ring R in Example 3.7, we see that this ring further shows
that we cannot drop the hypothesis that “m and n are of opposite parity” in
the Definition of a generalized periodic ring in connection with remark1,
or the hypothesis that “n is even” in the Definition of a generalized
Boolean ring as far as remark 2 is concerned.

(Recall that x — x” = 0 for all x € R\(N U ©)).

Example 3.10: Let S be any noncom mutative ring such that S3 = (0). (For example, we

may take S to be the ring of all 3 x 3 strictly upper triangular matrices
over a field F). LetR = GF(4) @ S. It is readily verified that x3 = x° for
all x € R, and hence R is indeed a generalized periodic ring. Moreover,
the only idempotents of R is (0,0) and (1,0), and thus the idempotents of

R are certainly central. Had R been a generalized Boolean ring, then, by
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Corollary 3.3, R would have to be either nil or commutative, which is certainly false here
(recall that S is not commutative). This example shows that the set of generalized
periodic rings is a wider class than that of generalized Boolean rings, and thus Corollary

3.3 does not hold for generalized periodic rings.
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