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Notation

G = Graph/Network.

V = {wv,v9,....,u,} is a finite set of vertices.
E = {ej,eq,....;e,} is a finite set of edges.
n = the number of vertices/nodes.
m = the number of edges.
I = the set of demand nodes.

¢t = demand nodes

J = The set of candidate facility .

7 = candidate facility

h; = the demand at node 7 or the weight at vertex i.

;; = edge distance(or arc length)

d;; = the shortest path distance between demand node ¢ and node j.
X; = the location variables(facilities)

Y;; = the allocation(assignment) variables

p = number of facilities to be located.

P = Path from node 7 to node j in the graph G.

S(i) = Star distance.

S

r(i) = radial distance.

r = coverage distance that satisfies customers’” demand.

q(r) = Optimal value of the set covering problem

By, = Lower bound of the p-center objective function value.
By = Upper bound of the p-center objective function value.

xp—1 = the set of locations of (p — 1) facilities.

S]"? = the sum of the entries in each column of the matrix.
APSP = All pairs shortest path.

SSSP = single-source shortest path.

v



Abstract

Network location problems occur when new facilities are to be located on a network. The
facility location problems locate a set of facilities (resources) to minimize the cost of satis-
fying some set of demands (of customers) with respect to some set of constraints.

Locating a facility to the best place is a decision making problem. The best place de-
pends on criteria like the optimal distance, the capacity of the facility, population density,
and optimal cost etc. so the goal of solving location problems is to find the best location or
locations to fit one or more facility which will make the highest utility value.

In this project,two sets of location problems such as the median and the center location
problems are presented to locate facilities on weighted graphs(or networks).

To solve the optimal solutions that identify the median and center location of the weighted
graph, we first compute the all pairs shortest path distance of the weighted graph. thus,the
all pair - label correcting algorithm implemented by the Floyd-Warshals algorithm was ap-
plied to compute the distance matrix. We also examine some of the heuristic methods and
binary search techniques developed to solve the problems.



Chapter 1

Preliminaries

1.1 Introduction

Network location problems occur when new facilities are to be located on a network. The
network of interest may be a road network, an air transport network, a computer network,
or a network of shipping lines. For a given network location problem, the new facilities are
often idealized as points, and may be located anywhere on the network; constraints may be
imposed upon the problem so that new facilities are not too far from existing facilities|3].
Network location problems are concerned with finding the right locations to place one or
more facilities in a network of demand points[10], i.e., customers represented by nodes in
the network, that optimize a certain objective function related to the distance between the
facilities and the demand points. Usually, the facilities to be located are desirable, i.e.,
customers prefer to have the facilities located as close to them as possible. For example,
services such as police and fire stations, hospitals, schools, and shopping centers are typical
desirable facilities.

A network is a system of points with distances between them. A network can represent
roads, pipelines, cables etc. Typical problems with networks involve finding the shortest path
between one point in the network and another. In many real occasions, various attributes
(various costs and profits) are usually considered in a shortest path problem. Because of
the frequent occurrence of such network structured problems, there is a need to develop an
efficient procedure for handling these problems][1].

The shortest path algorithm is among a small group of efficient algorithms that exist for
this class of problems. In a network, any node may be connected by edges to any number
of other nodes. In most representations, a link also has a cost / weight / distance / length
that gives the cost for traveling across the link. Finding all pairs shortest path distances
can give us the best route(path) from one point to another in order to locate facilities in the
network|[1].

This project encompasses solution methodologies for two well-known basic location problems;
the median location problem and the center location problem. Hence, in the first unit we
will see some preliminaries like basic definitions and notations. in the second unit we will see
location problem models,basically the median and center location models.Finally we discuss
some solution proceeders with illustrative examples.



1.2 Problem definitions

Let G = (V, E) be a weighted graph (directed or undirected) which contains no negative

cycle.

Define a weight function w; : E — RT U {0} , where R" is the set of positive real
numbers, that determine the length of a path between all pairs of vertices, which
associates a length wy(e) = a;; > 0 to each arc e = (i,j) € E. Where, V = {v; : i =
1,2,3,...,n} is a set of vertices and F = {e; : i = 1,2,3,....,m} is a set of edges in G.

Define a weight function wy : V' — R™, that determine the weight of the nodes in the
graph G,which is the demand at each node i, That is ws (i) = h;.

For any two vertices i, € V| let d(i, j) be the length of the shortest path from i to j
in G. If P is the path in G, then the weighted distance from a vertex ¢ to P is defined
as the product of the demand associated with node i,(h;) and the distance d(i, j) from
a vertex i to that vertex j in P that is closet to i (i.e, weighted distance = h;d(i, j)).
Thus, the sum of the weighted distance from all the vertices in G to the path P is
given by;

Zhid(i,j), foreach 5 €pandi e G.

The path P which minimizes the sum is the median path of the graph GG and the node
j that identifies the path P with minimum sum is the median point of the graph G.

The path P which minimizes the weighted distance (h;d(i, 7)) from node i to a node
farthest from node 4,is the central path of the graph GG and the node that identifies the
central path is the center of the graph G.

Let D and D* be the matrices whose (7, j) elements are a;; and d(i, j) respectively. The
problem of computing D* is known to be the all pairs shortest path (APSP) problem.
Once we have computed the APSPP using Floyd-Warshals algorithm, two facility loca-
tion problems are taken in to consideration . The center and median location problems.

In this paper, we need to solve the optimal locations (solutions) that identify the median
and center of the graph G.

1.3 Definitions,Notations and Theorems

A graph G = (V| E) consists of none empty finite set V' = {vy, vg, v3, ..., v, } of vertices
and finite set F = {e1, e, €3, ..., e, } of edges, where each edge links a vertex to vertex.
Each arc (i, j) € E has an associated cost (or length) a;; [2].

A graph G = (V, F) is said to be a weighted graph (Network) if each edge e is assigned
a number, the weight of the edge e given by w(e) = a;;[2].

Depending upon the problem being solved, sometimes weights are assigned to the edges.
The weights could represent the distance between two locations, the travel time, or the



travel cost. It is important to note that the distance between vertices in a graph does
not necessarily correspond to the weight of an edge.

A graph G = (V, E) is said to be a digraph (directed graph) if each of its edge is a
directed edge (or arcs). Where as undirected graph is a graph where no direction is
associated with the edges [2].

Directed network is a directed graph whose nodes and/or arcs have associated numer-
ical values (typically costs, capacities, and/or supplies and demands). In this paper,
we often make no distinction between weighted graphs and networks, so we use the
terms "weighted graph” and "network” synonymously[2].

Path in a graph G = (V, E) is a sequence of adjacent edges (vy,v2), (v2,v3), .., (Vi—1, V¢)
where no edge and no intermediate vertex is repeated. v; is initial and v; is terminal
vertex of the path. All other vertices are intermediate vertices [2].

Cycle is a closed path,(vy,vs), (v2,v3), .., (ve—1,v4), (vs, v1), where the initial and termi-
nal vertices of the path are the same [2].

A negative cycle in a graph G is a cycle vg — v; — ... — v; — vy in which w(vg,v1) +
w(vy, ve) + ... + w(vg, vg) < 0.
Which mean a cycle whose sum of the weight of edges is a negative value.

Connectivity: Two nodes 7 and j are connected if the graph contains at least one path
from node i to node j. A graph is connected if there is a path between every pair of
its vertices. Otherwise, the graph is disconnected [2].

Strong Connectivity: A connected graph is strongly connected if it contains at least
one directed path from every node to every other node [2].

Trees is a connected graph that contains no cycle. A tree is a very important graph
theoretic concept that arises in a variety of network flow algorithms [2].

Distance label: an estimate (in particular, an upper bound) on the shortest path
distance from the source node to each network node [2].

A demand node is considered to be covered if the length of the shortest path (d;;) is
less than or equal to the coverage distance r (i,e.d;; < r). Where coverage distance
(r) is a pre specified distance.

A shortest path is the path between specified nodes having minimum weighted total
cost (or length),and is described as the minimum path cost.

minz hid;j, where i,5 =1,2,...,n

Definition
Let G be an n-vertex weighted graph. The point yy € G is defined as the absolute



median of G [4], if the sum of the weighted shortest distances between y, and every
other point y on G satisfies the inequality:

D had(vi,yo) <Y had(vi,y) (1.1)
=1 =1

Theorem 1. (Hakimi 1964)

An absolute median of a graph is always at a vertex of the graph.

Proof

let xg be an arbitrary point on the graph G, not on a vertex of G, there always exist
a vertex v,, of G such that

Zhid(vi,vm) < Zhid(vi,xo), (by definition 1.1).
i=1 i=1

Note that this result does not exclude other absolute medians existing on the network.
Let the point z be located on an edge (v,, ;). Nodes are re-indexed in such a way that
the point x, is located on the edge (v, v,41). For all nodes with indices smaller than
or equal to p, the shortest path connecting the node and the point xy goes through
node v,, (i.e. connected through the left of z) while for all nodes with indices larger
than p, the shortest path between the node and the point zy goes through node v,
(i.e. through the right of x).

Va m Xo: Vptlh h
O o o

Figure 1. Simple path.

The total weighted distance can then be expressed as the sum of two terms, representing
the sum of the weighted distances to the left-side nodes, and to the right-side nodes,
respectively:

n p n
> hud(vi,wo) = Y hid(vi o) + Y had(vi, o)
i=1 i=1 i=p+1

In turn, each distance can be decomposed in to two as follows:

n p p n n
D hid(vi o) = (Y hid(vi,v)+ Y hid(vp, w0)+( Y hid (v, vpe1)+ D had(vpi1, 20))
=1 =1 =1

i=p+1 i=p+1

since, Z hid(vpi1, o) = Z hid(vpi1,vp,) — Z hid(vy, x)

i=p+1 i=p+1 i=p+1



n p p
Z hid(v;, xo) = (Z hid(v;,vp) + Z hid(vy, o))+
i=1 i=1 i=1

(D hid(vi,vpn) + D had(vper,vp) = Y had(vy, 20))

1=p+1 i=p+1 i=p+1

n p n n
D hid(vi,wo) = (Y hid(vi,v) + Y hid(vivpn) + Y hid(vpi,v))+
i=1 =1

i=p+1 i=p+1

[Z hi— Y hild(vy, zo)

i=p+1

The term in square brackets is, the sum of node weights on the left, minus the sum
of the node weights on the right of the point xy. Without loss of generality, suppose
that the sum of node weights on the left is larger than or equal to the sum on the
right. Then, the term in square brackets is non-negative, and by reducing the distance
d(vp, xp) that multiplies the square bracketed term, i.e. moving the point zy to the
left, the total sum is reduced or, at most, stays the same. The minimum value for this
distance is zero, which happens when the median point z, is located on the node v,.
The same argument can be repeated when the sum of the node weights on the right of
xo is strictly larger than the sum of node weights on the left. In that case, the term
in square brackets is strictly negative, and moving the point xg to the right strictly
reduces the value of the total sum. The best value is obtained when x, is located on
top of v,41. This proves that there is always a median point on a vertex of the graph,
either on the left or the right of a point xy on an edge, i.e., for any point x,

z”: hid(vi, v) < z”: hid(v;, zo)
i=1 i=1

Under this generalization, the absolute median is the 1-median of the graph. the term
p-median refers to the set of vertices X,. the vertices in X, are called p-median vertices.

e Definition
Let G be a graph. If X, is a set of p points {x1, 23,..., z,} in G, and the distance of
a node v; to X, is,

d(vi, Xp) = min{d(v;, z1), d(v;, x2), ..., d(v;, z,) }

L.e. the distance between the node v; and its closest point z; € X, then the set X is
a p-median of the graph G, if for every X, on G, X satisfies:

> hid(vi, X;) <) hid(vi, X)) (1.2)
=1 =1

In other words, X is the set of p points on the graph such that, if these points were
facilities of some sort, the total weighted distance between the demands and their
closest facility would be minimized|5].



e Theorem 2. (Hakimi 1965)
There exists a subset V) of the set of vertices, containing p vertices such that for every
set of p points of X on GG

Zhdvl, ) Zhdvl, (1.3)

Proof

Let p be clusters of demand points, each cluster j consisting of a point z; in X and a
set of demands for which z; is the closest point in X. Then, if the point z; is on an
edge, by the theorem (Hakimi 1964), there is always a vertex median v} such that

i hid(vi, U;) < i hid(vi7 CC]')

i€clustery i€clusterj

The same inequality can be derived for each cluster. Note that the allocation of
demands has not changed; the demands that were in cluster j are still in the same
cluster. Adding up all these Inequalities.

Z Z hid(v;, v}) <Zhdvl,

i i€clusterj

The left hand side of this inequality consists of the sum of p terms, one for each one
of the original clusters. However, as the median point in each cluster moves toward a
vertex, it might happen that a demand node becomes reassigned to a different node in
V" . This only happens if the re-allocation contributes to decrease still more the total

sum, So
Zn:hid(vz, V) < Z Z hid(vi, v}) = zn:hid(vi,Vj*) < Zn:h,-d(v,-,X) |
i=1 i i€clustery i=1 i=1

1.4 Shortest path problems

In graph theory, the shortest path problem is the problem of finding a path between two
vertices(or nodes) in a weighted graph, such that the sum of the weights of its constituent
edges is minimized|[1].

Consider a road map; in this case, the vertices represent locations and the edges represent
segments of road and are weighted by the time needed to travel that segment(or path).
Researchers have studied several different types of (directed) shortest path problems. The
most common problems are:

e The single-source shortest path problem(SSSPP),which is used to find the shortest
paths from one node to all other nodes for networks with non-negative arc lengths using
label-setting (or Dijkstra’s) algorithm. It designate one label as permanent (optimal)
at each iteration, after it assign tentative distance labels to nodes at each step. The
distance labels are estimates of (i.e., upper bounds on) the shortest path distances [2].
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e The all-pairs shortest path problem(APSPP) determines shortest path distances be-
tween every pairs of nodes in a network. it assign tentative distance labels to nodes
at each step and considers all labels as temporary until the final step, when they all
become permanent. The distance labels are estimates of (i.e., upper bounds on) the
shortest path distances [2].

1.4.1 Optimality conditions

In this section we develop necessary and sufficient conditions for a set of distance labels to
represent shortest path distances.

Let d(j) for j # s, denote the length of a shortest path from the source node (s) to the node
J [we set d(s) = 0].

e [f the distance labels are shortest path distances, they must satisfy the following nec-
essary optimality conditions:

d(j) < d(i) + aij, for all(i,j) € E. (1.4)

These inequalities state that for every arc (4, j) in the network, the length of the shortest
path to node j is not greater than the length of the shortest path to node i plus the
length of the arc (i,7). For, if not, some arc (i,j) € E must satisfy the condition
d(j) > d() + a;;; in this case, we could improve the length of the shortest path to node
j by passing through node i, thereby contradicting the optimality of distance labels

d(j).

o If the distance labels d(j) satisfies the necessary optimality conditions above , they
also satisfies the sufficient condition for optimality.
Let s =14, — iy — ... — i), = 7 be any directed path P from the source node s to node j.
The necessary optimality conditions imply that;

d(]) = d(il, Zk;) S Qi + d(Z2>Zk)
d(ig, ’lk) < Aiyig + d<i37 Zk)
d(is, k) < igiy + d(ia, i)

dlig—1, 1] < ag,_,i, + d(ig, ix).
these inequalities, in turn, imply that
d(]) S aim + CLiQiS + ...+ aikfﬂ-k = Zaij, Where (Z,j) - P

Thus d(j) is a lower bound on the length of any directed path from the source to node j.
Since d(j) is the length of some directed path from the source to node j, it also is an upper
bound on the shortest path distance. Therefore, d(j) is the shortest path length, and we
have established the following result.



Theorem 3. Shortest Path Optimality Conditions
For every node j € G, let d(j) denote the length of some directed path from the source
node to node j. Then the numbers d(j) represent shortest path distances if and only if they
satisfy the following shortest path optimality conditions [2]:

d(j) < d(i) +aij, forall (i,7) € E. (1.5)

1.4.2 Label-correcting algorithm

The Label-correcting algorithm maintain a set of distance labels d(j) for every node j € G
at every stage. At intermediate stages of computation, the distance label d(7) is an estimate
of (an upper bound on) the shortest path distance from the source node s to node j, and at
termination it is the shortest path distance [2].

The label d(7) is either oo, indicating that we have yet to discover a directed path from the
source to node j, or it is the length of some directed path from the source to node j [2].

0, if Q=3
d(j) = { oo, if (i,j) 2 E fori#j.
d(i, j), if (i,j) € E fori#j.

For each node j we also maintain a predecessor index, pred(j), which records the node prior
to node j in the current directed path of length d(j).

, Nill, if (i,7) > E and i = j.
pred(])z{. o .
i if (i,7) € E for i j.
At termination, the predecessor indices allow us to trace the shortest path from the source
node back to node j. The label-correcting algorithm is a general procedure for successively
updating the distance labels until they satisfy the shortest path optimality conditions.
Formal description of the generic label-correcting algorithms [2].
Algorithm:- label-correcting;
begin
d(s) :== 0 and pred(s) := Nill;
d(j) := oo for each j € G — {s};
while some arc (4, j) satisfies d(j) > d(i) + a;; do
begin
d(j) = d(i) + a;j, where (i, j) € E.
pred(j) = i
end;
end;
This algorithm Selects arcs violating their optimality conditions and updates distance labels.

1.5 All-pairs shortest path problem

The all-pairs shortest path problem requires that, we determine shortest path distances
between every pairs of nodes in a network. Hence we suggest two approaches for solving the

8



all-pairs shortest path problem [2].

1. The repeated shortest path algorithm, which is well suited for sparse networks.
It preprocesses the network so that all (reduced) arc lengths are nonnegative. Then
applies Dijkstra’s algorithm n times with each node i € G as the source node. that
mean,

If the network has non-negative arc lengths, we can solve the all-pairs shortest path
problem by applying any single-source shortest path algorithm (SSSPA)(or Dijkstra’s
algorithm) n times, considering each node as the source node once [2].

If the network contains some negative arcs, we first transform the network to one with
non-negative arc lengths. Then we compute the shortest path distances in the original
network from the shortest path distances in the transformed network using SSSPA.

2. The all-pairs label-correcting algorithm, which is the generalization of the label-
correcting algorithm,and is especially well suited for dense networks. It determines
shortest path distances between every pairs of nodes in a network only if the network
contains no negative cycle by assigning tentative distance labels to nodes at each step
and considers all labels as temporary until they all become permanent[2].

The generic all-pairs label-correcting algorithm develop a special implementation of this
generic algorithm, known as the Floyd-Warshall algorithm, that runs in O(n?®) time [2]. The
all-pairs label-correcting algorithm relies on all-pairs shortest path optimality conditions.

1.5.1 All-Pairs Shortest Path Optimality Conditions

The all-pairs label-correcting algorithm maintains a distance label d(i, j) for every pair of
nodes in the network; this distance label represents the length of some directed path from
node 7 to node j and hence will be an upper bound on the shortest path length from node 7
to node j.

The algorithm updates the matrix of distance labels until they represent shortest path dis-
tances [2]. It uses the following generalization.

Theorem 4. All-Pairs Shortest Path Optimality Conditions.

For every pair of nodes (i,7) € G x G, let d(i, j) represent the length of some directed path
from node i to node j. These distances represent the all pairs shortest path distances if and
only if they satisfy|[2]:

d(i,7) <d(i, k) +d(k,j), for all nodesi,j and k € G. (1.6)

Proof.

We use a contradiction argument to establish that the shortest path distances d(i,7) must
satisfy the conditions. Suppose that d(i,k) + d(k,j) < d(i,7) for nodes i, j, and k. The
union of the shortest paths from node i to node k and node k to node j is a directed path of
length d(i, k) + d(k, j) from node i to node j. This directed path decomposes into a directed
path, say P, from node ¢ to node j and some directed cycles. Since each directed cycle in the
network has non-negative length, the length of the path P is at most,d(¢, k)+d(k, j) < d(3, j),
which is contradicting the optimality of d(i, j).

9



We now show that if the distance labels d(i,7) satisfy the conditions and they represent
shortest path distances.

Let P be a directed path of length d(i, j) consisting of the sequence of nodes i = iy — iy —
i3 — ... — i = J. By optimality condition we have:

d(i,j) = d(iy,ix) < @i, + d(is,ir)
d(ig, ’Lk) < Aiyig + d<i37 Zk)
d(is, i) < igiy + d(ia, i)

dlig—1,11] < aiy_yi, + d(ig, ig).
These inequalities, in turn, imply that
d(l,j) < Qi =+ Qjnig 4+ ...+ iy iy = Zaij, for (Z,]) cP

Which contradicts our assumption that d(i, k) + d(k, j) < d(i, j).

Therefore, d(i,7) is a lower bound on the length of any directed path from node ¢ to node
j. By assumption, d(i, j) is also an upper bound on the shortest path length from node i to
node j. Consequently, d(i,7) must be the shortest path length between these nodes which
is the derived conclusion of the theorem.

The all-pairs shortest path optimality conditions immediately yield the following generic
all-pairs label-correcting algorithm: Start with some distance labels d(i, j) and successively
update these until they satisfy the optimality conditions [2]. If the operation checking
whether d(i, j) > d(i, k) 4+ d(k, j), then the algorithm set d(i, j) = d(i, k) + d(k, j) as a triple
operation.

Algorithm:- all-pairs label-correcting;

begin

set d(i,7) := oo for all (i,j) € G x G;

set d(i,4) := 0 for all i € G;

for each (i,7) € E, do d(i,j) := aij;

while the network contains three nodes i, j, and &

satisfying d(i,j) > d(i, k) + d(k,j) do d(i,j) := d(i, k) + d(k, j);

end;

To establish the finiteness and correctness of the generic all-pairs label correcting algorithm,
we assume that the data are integral and that the network contains no negative cycle.

1.5.2 Floyd-Warshall’s Algorithm

Floyd-Warshall algorithm is a procedure, which is used to find the shortest paths among all
pairs of nodes in a graph, which does not contain any cycles of negative length (for then
the shortest path is undefined. But,the graph may have negative weight edges. The main
advantage of this algorithm is its simplicity.

The Floyd-Warshall algorithm is an efficient matrix method algorithm to find all- pair short-
est paths on a graph. That is, it is guaranteed to find the shortest path between every pair
of vertices in a graph. This algorithm can also be used to detect the presence of negative
cycles; the graph has a negative cycles if at the end of the algorithm, the distance from a

10



vertex 7 to itself is negative (i.e. a; < 0).

The Floyd-Warshall algorithm obtains a matrix of shortest path distances within O(n?)
computations. The algorithm achieves this bound by applying the triple operations cleverly.
The algorithm is based on inductive arguments developed by an application of a dynamic
programming technique[2].

Let d™(i,j) be the length of the shortest path from node i to node j that uses only the
vertices 1,2,3,.......... ,n — 1, as intermediate vertices (nodes) in G x G.

Clearly, d**1(i, j) represents the actual shortest path distance from node i to node j.

The Floyd-Warshall algorithm first computes:

= d'(i, j) for all node pairs i and j.

= Using d'(i, j), it then computes d?(i, j) for all node pairs i and j.

= Using d?(i, j), it then computes d3(i, j) for all node pairs 7 and j.

= It repeats this process until it obtains d**1(4, j) for all node pairs i and j, when it termi-
nates.

= Given d*(i, j), the algorithm computes d**1(i, j) using the following property.

Property:-  d"*'(i,j) = min{d"(i, k) + d*(k,j), d*(i,j)}
This property is valid for the following reason. A shortest path that uses only the nodes
1,2, ..., k as intermediate nodes either:

e does not pass through node k, in which case d**'(i, j) = d*(i, j), or

e does pass through node k, in which case d**'(i, j) = d*(i, k) + d*(k, j).
Therefore, d**'(i, j) = min{d*(i, j), d*(i, k) + d*(k, j)}.

After n iterations, there is no need any to go through any more intermediate vertices, so the
distance d"(i, j) represents the shortest distance between i and j.

Algorithm:- Floyd-Warshall;
begin (Initialisation:)
Set d(i,7) := oo and pred(i, j := Nill; for all node pairs (i,7) € G x G.
Set d(i,7) := 0; for all nodes i € G .
Set d(i, j) := a;; and pred(i, j) := i; for each arc (i,j) € E .
for each k :=1—1to—n do
for each (i,7) € G x G do
if d(i,7) > d(i, k) + d(k, j) then,

begin

d(i,j) = d(i, k) + d(k, j);
pTGd(i, ]) = pred(k,j);
end;

end;

This algorithm updates or Corrects distance labels in a systematic way until they represent
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the shortest path distances and gives the following Output.

diy . ..dip Pi1-.-Pin
Distance Matrix D = AR , Predecessor matrix P = AR

dnl---dnn Pnl .- Pnn

where d;; is the length of a shortest path from i to j and (p;;, j) is the final edge of a shortest
path from ¢ to j that is p;; is the predecessor of the node j on a shortest i - j - path (if such
a path exists)[2].
The Floyd-Warshall algorithm uses predecessor indices, pred(, j), for each node pair (3, j).
the index pred(i, 7) denotes the last node prior to node j in the tentative shortest path from
node i to node j. The algorithm maintains the invariant property that when d(i, j) is finite,
the network contains a path from node ¢ to node j of length d(i, j). Using the Predecessor
indices, we can obtain this path, say P, from node ¢ to node j as follows. We backtrack along
the path P starting at node j. Let k = pred(i, j). Then k is the node prior to node j in P.
Similarly, | = pred(i, k) is the node prior to node k in P,h = pred(i,l) is the node prior to
node [ in P and so on. We repeat this process until we reach node i. Thus,by backtracking
the pathpis i1 —A—....—h—-1l—k—7.
The Floyd-Warshall algorithm clearly performs n major iterations, one for each i, and within
each major iteration, it performs O(1) computations for each node pair. Consequently, it
runs in O(n?) time. We thus have established the following result.

Theoremb.
The Floyd-Warshall algorithm computes shortest path distances between all pairs of nodes
in O(n?) time [2].
Proof:-
One may observe that all pair shortest paths can be computed applying Dijkstras algorithm
n times every time from a different source node. if n is the number of vertices in a graph or
network, the complexity of Dijkstras algorithm runs in O(n?) times.
In turn,the Floyd-Warshall algorithm runs Dijkstras algorithm (or O(n?)), n times. So, we
can compute the running time for Floyd-Warshall algorithm as: O(n x n?) = O(n?).
Hence,in this way one would get an overall complexity of Floyd-Warshall’s algorithm O(n?)
times.
Example.1:- Consider the directed graph(or Network)below.

Figure 2:Simple Graph(or network)

Computing all pairs shortest path distances using the Floyd-Warshall algorithm, one gets
the following matrices in which at each step the entries corresponding to a new path are
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replaced by the length of the shortest path. (i.e., whenever dff = dZ K1 T dk+1 )
For k = 0. Implies no intermediate node is used.

A B C D E A B C D E
A0 5 o 2 oo ANl A Nill A Nill
o1 v | Bloo 0 2 o0 oo o | B|Nil Niuw B Nill Nill
D) =1 cl3 o 0 oo 7 | Pes) =1 ol ¢ N Nl Nl C
Dlico co 4 0 1 D|Nill Nili D Nill D
Ell 3 o oo 0 E| E E Nill Nill Nill

d(A,A) =0 d(A,B) =5 d(A,C) = co.  P(A,A) = Nill, P(A,B) = A, P(A,C) = Nill

For k = A. Implies node A is used as intermediate node.

A B C D E A B C D E
A0 5 o 2 oo A|INill A Nill A Nill
Al Bloo 0 2 o0 oo A v _ | BNl Nit B Nill Nill
D*(d;j) cl3 8 0 5 7 |’ P(pij) = cC|l ¢ A Nil A C
D/icc oo 4 0 1 D | Nill Nill D Nill D
El1l 3 o 3 0 E| E E Nil A Nill
d(C, B) = min{d°(C, B),d°(C, A) + d°(A, B)}. P(C,B)=P(A,B)=A
d(C, B) = min{co,3+5} =8

For k = {A, B}. Implies node A and B are used as intermediate nodes.

A B C D E A B C D E
A0 5 7 2 o~ AINil A B A Nil
Bisy_ | Bloo 0 2 oo oo B, \_ | B|Nil Nil B Nil A
D¥Mdy)=1 cl3 5 0 5 7 | PPri) =1 cl ¢ a4 Nu A C
Dlioco co 4 0 1 D|Nill Nil D Nill D
El1 3 5 3 0 E|E E B A Nil

d(A, C) = min{d*(A,C),d*(A, B) + d*(B,C)}. P(A,C) = P(B,C) =

d(C,B) = min{oco,5+2} =7

For k = {A, B,C}. Implies node A, B and C are used as intermediate nodes.

A B C D E A B C D E
A0 5 7 2 14 AINil A B A C
o Bls5 0 2 7 9 o . | Bl ¢ Nu B A C
D™(dy) cl3 8 0 5 7 |’ PP =1 ol ¢ 4 N 4 C
D7 12 4 0 1 Dl ¢C A D Nill D
El1 3 5 3 0 E|E E B A Nil

d(A, E) = min{dP(A, E),dP(A, B) + d®(B,C) + d®(C, E)}. P(A,E)= P(C,E)=C

d(C,B) = min{co,5+2+ 7} =14
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For k = {A, B,C, D}. Implies node A, B C and D are used as intermediate nodes.

A B C D FE A B C D E
A0 5 6 2 3 A|Nill A D A D
b | Bl5 0 2 7 s b« | Bl c N B A D
D) =1 cls s 0 5 6 | PPos)=1 ¢l ¢ 4 ~Nu a4 b
D|7 12 4 0 1 D| C A D Nil D
E|{1 3 5 3 0 E| FE E B A Nill
d(B, B) = min{d®(B, E),d°(B,C) + d°(C, A) + d°(A, D) + d°(D, E)},  P(A,E) = C
d(C,B) =min{9,2+3+2+1} =
For k = {A, B,C, D, E}. Implies node A, B C,D and E are used as intermediate nodes.
A B C D FE A B C D E
A0 5 6 2 3 A|Nil A D A D
g | Bl5 0 2 7 38 s . | Bl C Nl B A D
DHdi) =1 cl3 8 0 5 6 | PPow) =1 ¢l ¢ 4 Nm 4 D
D|2 4 4 0 1 D| E E D Nil D
E|{1 3 5 3 0 E| E E B A Nill
d(D, B) = min{d®(D, B),d” (D, E) + d°(E, B)}. P(D,B)=P(E,B)=FE

d(C,B) =min{12,1+4 3} =4
The final matrices contain the length of all pairs shortest paths and all the information al-
lowing their reconstruction.

Example.2:- Consider the undirected graph(or Network)below.

Figure 3:Simple Graph(or network)

Computing all pairs shortest path distances using the Floyd-Warshall algorithm, one gets
the following matrices, in which at each step the entries Correspondin% to a new path are
replaced by the length of the shortest path. (i.e., whenever dgﬁl) = dgﬁcﬂ + di(ﬁu)-

For k = 0. Implies no intermediate node is used.
A B C D FE A B C D

E
0 20 oo 77 28 Nil A Nl A A
20 0 36 oo 30 P(py) = B Nill B Nill B
00 36 0 37 31 | ” Nill ¢ Nl C C
77 oo 37 0 40 D Nill D Nill D
28 30 31 40 0 E E E E Nil

D(dy;) =

DO Qm
mHO QW
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A A)
A

=0 d(A,C) = oo P(A, A) = Nill, P(A,B)=A, P(A,C)= Nill
d(A,B) =2

0 d(A,D)=17

For k = A. Implies, A is used as intermediate node.

A B C D FE A B C D E
Al 0 20 oo 77 28 A|Nill A Nill A A
Acsy_ | B120 0 36 97 30 A v_ | B| B Nil B A B
D) =1 ¢l 36 0 37 31 | P =\ clvaw ¢ ~n ¢ ¢
D77 97 37 0 40 D| D A D Nil D
E |28 30 31 40 O E| FE E E E  Nill
dA(B, D) = min{d*(B, D), d°(B, A)+d°(4, D)} P(B, D) = P(B, A)+P(4, D)
= min{oo,20 + 77} = 97 = d(D, B). =P(A,D)=A
For k = {A, B}. Implies, A and B are used as intermediate nodes.
A B C D FE A B C D E
Al 0 20 56 77 28 A|Nil A B A A
s, | B|20 0 36 97 30 5, . | Bl B Nl B A B
D) =1 ¢ 56 36 0 37 31 | PPei)=1lclB ¢ Nt ¢ c
D7 97 37 0 40 D| D A D  Nil D
E |28 30 31 40 O E| FE E E E Nl
dB(A,C) = min{d*(A,C),d* (A, B)+d*(B,C)}. P(A,C)= P(A,B)+P(B,(C)
— min{oo,20 + 36} = 56 = d(C, A). — P(B,C)=B
For k = {A, B,C}. Implies, A,B and C' are used as intermediate nodes.
A B C D FE A B C D E
Al 0 20 56 77 28 A|Nill A B A A
cian_ | BJ120 0 36 73 30 co. .| B| B Nill B C B
D) = 56 36 0 37 31 | P =1 cl s ¢ ~u ¢ ¢
D7 73 37 0 40 D| D C D Nil D
E 128 30 31 40 0 EF| FE E E E Nl
d°(B, D) = min{d® (B, D),d?(B,C) + d?(C, D)}. P(B,D)=P(B,C)+ P(C, D).
= min{97,36 + 37} = 73 = d(D, B). =P(C,D)=C
For k = {A, B,C, D}. Implies, A,B,C and D are used as intermediate nodes.
A B C D FE A B C D E
Al 0 20 56 77 28 A|Nill A B A A
b, | Bl20 0 36 73 30 b, . | Bl B Nt B C B
D (dig) = C|5 36 0 37 31 |’ P(py) = C| B C Nill C C
D|77 73 37 0 40 D| D C D Nil D
E 128 30 31 40 O E| FE E E E  Nill
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For k = {A, B,C, D, E}. ITmplies, A,B,C' D,and E are used as intermediate nodes.

A B C D E A B C D E
A0 20 56 63 28 AINil A B A4 A
g, | Bl20 0 36 70 30 5 . | Bl B Nu B E B
D¥di) =1 156 36 0 37 31 | Prei)={ ol B ¢ Nu C C
D68 70 37 0 40 Dl D E D Nill D
E |28 30 31 40 0 E|E E E E Nil
dP(A, D) = min{dP(A, D),dP(A, E) + d°(E,D)}.  P(A,D) = P(A,E)+ P(E, D).
= min{77,28 + 40} = 68 = d(D, A). = P(E,D)=E
d¥(B, D) = min{d”(B, D),d”(B,E) + d°(E,D)}.  P(B,D)= P(B,E)+ P(E,D).
= min{73,30 + 40} = 70 = d(D, B). = P(E,D)=FE

Where, D¥(d;;) = D*(d;;)

The final matrices D¥ and P contain the length of all pairs of shortest paths and all the

information allowing their reconstruction respectively. Therefore,from the final matrices, we
can see that the shortest path from node D to B has length d(D, B) = 70 and movies from
D to B via E = Pred(D, B).
To determine the associated path,we recall that the path (7, j) represents a direct link only
if p;; = i. Otherwise, ¢ and j are linked through at least one other intermediate node. This
is because, ppp = E # B,implies that the path from D to B is not direct. Hence the path
is initially given as D — E — B. Now since ppp = D and pgpp = B,implies the path P is
direct from node D to E and from E to B respectively. Therefore, no further dissecting is
needed,and the path D — E — B defines the shortest path from D to B.

Effectiveness and Finiteness of the algorithm for shortest path problems

To establish the effectiveness and finiteness of the generic all-pairs label correcting algo-
rithm, we assume that the data are integral and that the network contains no negative cycle.

We first consider the effectiveness of the algorithm. At every step the algorithm maintains
the invariant property that whenever d(i, j) < oo, the network contains a directed walk of
length d(i, j) from node i to node j. We can use induction on the number of iterations to show
that this property holds at every step. Now consider the directed walk of length d(z, j) from
node ¢ to node j at the point when the algorithm terminates. This directed walk decomposes
into a directed path, say P, from node ¢ to node 7, and possibly some directed cycles. None of
these cycles could have a positive length, for otherwise we would contradict the optimality of
d(7, 7). Therefore, all of these cycles must have length zero. Consequently, the path P must
have length d(i, 7). The distance labels d(7, j) also satisfy the optimality conditions (1.4), for
these conditions are the termination criteria of the algorithm. This conclusion establishes
the fact that when the algorithm terminates, the distance labels represent shortest path
distances.

Now consider the finiteness of the algorithm. Since all arc lengths are integer and C' is the
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largest magnitude of any arc length, the maximum (finite) distance label is bounded from
above by nC' and the minimum distance label is bounded from below by —nC Each iteration
of the generic all-pairs label-correcting algorithm decreases some d(i, j). Consequently, the
algorithm terminates within finite number of iterations.

Hence, the algorithms that we have stated to solve the shortest path problems are more
effective and efficient because they are simple and easy to implement.
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Chapter 2

Location Problem on Weighted
Graphs

2.1 Median location problem model

The median location problem locate median facilities on the network GG in order to minimize
the sum of the weighted distances from each node to its nearest facility. This particular
technique is very useful in problems where we are interested in finding the location of p-
facilities to serve demand nodes so that the transportation cost is minimized [7].

In median problems, the relationship between the distance between facilities and demand
nodes and the cost associated with the facility/demand pair is usually linear. there are no
capacity constraints at the facilities and therefore it is optimal to satisfy the demand at
a demand node from a single facility. an optimal solution can be found by restricting the
search to the demand nodes [7].

The p-median problem is to find the location of p facilities on a network so that the total cost
is minimized. Therefore, the cost of serving demands at node ¢ is given by the product of
the demand at node i, (h;) and the distance between demand node i and the nearest facility
to node i, (d;;) [7].

That is, transportation cost/weighted cost/length = h;d;;.

Then,the total cost of serving demands at node i (or total transportation cost)is defined as
the sum of the weighted distance from node ¢ to all other nodes in the graph G.

Zhidij7 for all Z,j € G.

Definition

Let G = (V, E) be a weighted graph and d(i, j) be the length of the shortest path between
two nodes ¢ and j in G. The star distance S(i) of a graph G is defined as the sum of the
weighted distance from node 7 to all other nodes in the graph G[2].

S(Z) = Z hidij7 for all ’L,j € G.

Definition
Let G = (V, E) be a weighted graph. The median of the graph(or Network) is the minimum
of the star distance S(i) of the graph G[2].
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Median of the graph G = min{S(i) =Y h;d;; | 1 € N(G)}, for alli,j € G.
To formulate the median problem model we define the following inputs
e | = the set of demand nodes indexed by 1.
e J = The set of candidate facility locations, indexed by j.
e d;; = distance between demand node ¢ and site j.
e h; = demand at node 1.
e p = the number of facilities to be located.

Decision variables are defined as follows:-
Let X;; be location variable and Y;; the allocation variable.such that,

~J 1, if facailityiis located at site j
v 0, Otherwise.

1, if demand node i is assigned to afacility at site j.
ij = :
0, Otherwise.

Since, > Y;;, is the total demands served by(or assigned to)a facility at node j,the total
demand - weighted distance is the product of the total weighted distance and the total
demands served by the facility at node j.

Total demand - weighted distance is computed as follows:-

(Zz hidij)(zz' Yij) = Zz Zj hidinij'

Which is the objective function to be minimized.Thus, the p-median problem model can be
formulated as follows:-

iel jeJ
Subject to : ZXj =p (2.2)
Jj€J

d V=1, Viel (2.3)
jedJ
Vi —X; <0, Viel,jel (2.4)
X;€{0,1}, Viel,jelJ (2.5)
Y;; €{0,1}, Viel,jeJ (2.6)

The objective function (2.1):- minimizes the total demand-weighted distance between each
demand node and the nearest facility.Constraint set (2.2):- states that exactly p facilities
are to be located. Constraint set (2.3):- requires that each demand node i is assigned to
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exactly one facility j. Constraint set (2.4):- restricts demand node assignments only to open
facilities. Constraint (2.5):- established the sitting decision variable as binary. Constraint
set (2.6):- requires the demand at a node to be assigned to one facility only.

Constraints (2.4) link the location variables (X;;) and the allocation variables (Y;;). They
state that demands at node 7 can only be assigned to a facility at location j (Y;; = 1) if a
facility is located at node j(X;; = 1). This constraint is a strong version of the constraint
linking the location and allocation variables. If no facility is located at node j (X;; = 0),
then all of the allocation variables using this facility must be 0 (i.e, > Y;; = 0). That is,
vertices cannot be allocated to non p-median vertices.

2.2 Center location problem

The centre location problem considers that a demand point is served by its nearest facility
and therefore gives full coverage in the sense of set covering models.

2.2.1 Set covering problem model(SCP)

The set covering problem is to find a set of facilities with minimum cost from among a finite
set of candidate facilities so that every demand node is covered by at least one facility. The
set covering model minimize the number of facilities needed to cover all demand nodes[7]. A
demand node is considered to be covered if the shortest distance (d;;) is less than or equal
to the coverage distance r, (i,e.d;; < r). Daskin (1995) formulated the set covering model
as follows;

e f; = Cost of locating a facility at candidate site j.

1, if demand at node i can cover candidate site j (i,e d;; <r).
Cij = . .
! 0, if not (i,ed;; > ).

let the decision variables be

{1, if we locate facility at candidate site j
i= .
0, ¢f not

With these notations, the set covering problem is formulated as follows;

Minimize Z fiX; =q(r) (2.7)
jeJ
subject to : Zcinj >1 Vi (2.8)
jeJ
Xj = {07 1}7 \V/]

The objective function (2.7) minimizes the total cost of the facilities that are selected. Con-
straints (2.8) stipulate that each demand node i, must be covered by at least one facility.
Note that the left-hand side of (2.8) gives the number of located facilities that can cover
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demand node 1.

If all the costs are identical(f; = 1),then the objective function >, ; f;X; = > .., X;. We
stipulate a coverage distance r, such that d;; < r implies demand node i can be covered
by facility j. This affects constraints (2.8), because the relationship between d;; and r will
determine whether ¢;; is 1 or 0.

2.2.2 Center location model

The center location problem locate facilities on the network G in order to minimize the
maximum weighted distances from each node to its nearest facility.

In the center location problem, each demand point has a weight. these weights may have
different interpretations such as time per unit distance, cost per unit distance or loss per
unit distance [7]. So the problem would be seeking a center to minimize a maximum time,
cost or loss. The p-center problem [4][5] addresses the problem of minimizing the maximum
distance that demand is from its closest facility given that we are siting a pre-determined
number of facilities.

There are several possible variations of the center location problem. among these,the vertex
p-center problem restricts the facility to be on the nodes of the network; while the absolute
p-center problem permits the facilities to be anywhere on the network [7].

Both versions focus on the weighted graphs or networks.In the weighted model, the distances
between demand nodes and facilities are multiplied by a weight associated with the demand
node.

Definition

Let G = (V, E) be a weighted graph and d(i, j) be the length of the shortest path between
two nodes ¢ and j in G. The radial distance r(i) of a graph G is defined as the distance from
node 7 to a vertex(or node) farthest from node ¢ in the graph G.

Definition

Let G = (V, E) be a weighted graph. The center of the graph G is defined as the minimum
of the radial distance (i) of a graph G.

To formulate the center problem we define the following inputs.

e | = the set of demand nodes indexed by 1.

7 = The set of candidate facility locations, indexed by j.

d;; = distance between demand node 7 and candidate site j.

h; = demand at node 1.
e p = the number of facilities to locate.
Decision variables

~J 1, if facility i is located at candidate node |
Y010, Otherwise
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_J 1, if demand node i is assigned to facility at candidate node ]
Y 0, Otherwise

Objective function

Let r(i) = the maximum(or farthest) distance between a demand node i and the nearest
facility j to which it is assigned. With this notation, the p-center problem can be formulated
as follows:

Minimize (i) (2.9)

Subject to : ZXj =p (2.10)
jed

V=1, Viel (2.11)
Jj€J

Y, —X; <0, Yiel,jel (2.12)

r(i) =Y hid;Yi; >0, Vi€l (2.13)

X;€{0,1}, VjeJ (2.14)

Y;; €{0,1}, Viel,jeJ (2.15)

The objective function (2.9):- minimizes the maximum demand-weighted distance between
each demand node and its closest facility. Constraint (2.10):- stipulates that p-facilities are to
be located. Constraint set (2.11):- requires that each demand node is assigned to exactly one
facility. Constraint set (2.12):- restricts demand node assignments only to open facilities. it
also state that demands at node ¢ cannot be assigned to a facility at node j unless a facility is
located at node j. Constraint set (2.13):- defines the lower bound on the maximum demand-
weighted distance, which is being minimized. Constraint set (2.14):- established the sitting
decision variable as binary. Constraint set (2.15):- requires the demand at a node to be
assigned to one facility only.
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Chapter 3

Solution methods

In this section we present algorithms and computational procedures to solve the median
and center location problems based on the all pairs shortest path distance computed by the
Floyd-Warshal’s algorithm in chapter one.

3.1 Median location problem

3.1.1 Median location problem on weighted graph

Let G = (V, E) be a weighted (directed or undirected) graph with edge costs of non-negative
real numbers.

Let a(i, j) be the arc length (edge cost) and d(i, j) be the length of the shortest path from
1 to 7. The shortest path from node i to node j is the path with the minimum sum of edge
costs over all possible paths connecting nodes ¢ and j.

Let the matrices D and D* be the matrices whose (i,j) elements are a(i,j) and d(i, j)
respectively. The problem of computing D* is known to be the all-pairs shortest path
(APSP)problem.

Let d(i,7) be the length of the shortest path between two nodes i and j in G. The star
distance S(i) of a graph G is defined as the sum of the weighted distance from node ¢ to all
other nodes in the graph G.

The median point which is the optimal location of the graph(or Network) is the minimum
of the star distance S(4) of the graph G.

Median of G = min{S(i) = >_ h;d(i,j)}, for alli,je€G.

Once we have constructed the matrix D* of the all-pairs shortest path distance from the
graph (or network) using Floyd-Warshal’s algorithm, we compute the sum of the entries in
each column of the matrix.

The smallest of such a sum identifies the optimal location(solution) which is the median
point of the graph (or Netwok).

Example 3. Now consider the matrices D* computed from the graph of figure 2 and 3 in
chapter one of pages 13 and 14 respectively.
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A B C D FE
0 20 56 68 28
20 0 36 70 30
26 36 0 37 31
68 70 37 0 40
28 30 31 40 O
S(i) |11 20 17 17 18 S(i) | 172 156 160 215 129

The last raw shows the sum of the entries in each column of both matrices.

Median of Gy = min{S(i) = Y., d(i,j)} = min{11,20,17,18} = 11

This shows that the optimal location is at the column with the minimum sum. Hence, the
median of the graph G is at vertex A.

Median of G5 = min{S(i) = ZiE:A d(i,7)} = min{172,156, 160, 215,129} = 129

This implies that the optimal location is at the column with the minimum sum. Hence, the
median of the graph G is at vertex F.

2

=~
o QW
— N W Ot O
W b~ 00 © ol
Tk O NN Q)
w o ot g
O~ o 00 Wiy

2

=~
o QWe

3.1.2 Median location problem on a General weighted Graph

The p-median problem can be solved on a general graph as well as a tree using a number of
heuristic algorithms.

e Heuristic algorithms

A heuristic algorithms is a procedure that determine the optimal solution to an optimization
problems. These heuristics fall into two broad classes of heuristics: construction algorithms
and improvement algorithms. Daskin (1995)discus three heuristics: a myopic algorithm,an
exchange heuristic and a neighborhood search algorithm.

The myopic algorithm is characterized as a heuristic algorithms, in such a way that, it is a
construction algorithm in which we attempt to build a good solution for p-median problems.
The myopic algorithm constructs a solution by locating the first facility at the one location
that minimizes demand weighted total distance. This objective is calculated through total
enumeration of the possible solutions. Subsequent facilities are located in a similar fashion,
while holding the previously located facilities constant. The myopic heuristic algorithm that
we outline here is, often gives results that are either provably optimal or very close to optimal.
This algorithm is called myopic because it is a shortsighted approach for decision-making.
It is also simple and easy to understand and apply.

If we were to locate only a single facility on the network, we could easily find the optimal
location by enumerating all possible locations and choosing the best (i.e., by total enu-
meration). Specifically, since we know that at least one optimal solution to any p-median
problem consists of locating only on the demand nodes, we could evaluate the 1-median
objective function,

Sj =22 hidy;

that would result if we locate at demand node j , for each demand node. We would then
choose the location that result in the smallest value of S; . If we only want to locate a single
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facility, it is clear that this approach would give an optimal solution, since we would have
tested each possible location.

Suppose now that we are given the location of (p — 1) facilities. Let X,_; denote the set
of locations of these (p — 1) facilities. Also, let d(i, X,—1) be the shortest distance between
demand node ¢ and the closest node in the set X,,_;. Similarly, we let d(i,j U X,,_1) be the
shortest distance between demand node i and the closest node in the set X,_; augmented by
candidate location j. The best place to locate a single new facility, given that the first (p—1)
facilities are located at the sites given in the set X,_;, is at the location j that minimizes;

S; =S hd(i, j U Xp_1).

This approach leads to the myopic algorithm for constructing a solution to the p-median
problem on general weighted graph.

Myopic Algorithm for the p-Median Problem

e Step 1:-Initialize k = 0 and X, = (),the empty set,
where(k is the number of facilities we have located so far) and (X}, will give the location
of the k facilities that we have located at each stage of the algorithm).

e Step 2:- Increment k, the counter on the number of facilities located.

e Step 3:- Compute S} = >~ hyd(i, j U X;_1) for each node j which is not in the set
kal-
Note that S]"? gives the value of the p-median objective function if we locate the k"
facility at node j, given that the first (k — 1) facility are at the locations given in the
set Xx_1 (and node j is not part of that set).

e Step 4:-Find the node j*(k) that minimizes S} that is, j*(k) = argmin{S}}.
Note that j*(k) gives the best location for the k' facility, given the location of the
first (k — 1) facility. Add node j*(k) to the set Xj_1, to obtain the set Xj; that is,
seth = Xk—l U]*(k)

e Step 5:-If k = p (i.e., we have located p facilities), Stop.
The set X, is the solution to the myopic algorithm. If £ < p, go to step 2.

Analysis and convergent property of myopic Algorithm

The myopic heuristic algorithm works in the following way. Firstly, a facility is located
in such a way as to minimize the total cost ( the demand-weighted total distance) for all
customers. Facilities are then added one by one until p is reached. For this heuristic, the
p-facility location that gives the minimum cost is selected, Hence,the algorithm adds as the
p- facility locations reduces the total demand weight distance for p-median problem as much
as possible holding the locations of the first p — 1 facilities fixed. the facility sites continue
to be added until p- facility sites have been included in to the solution. All candidate fa-
cility sites are examined and the one whose addition to the current solution reduces the
demand-weighted total distance the most is added to the incumbent(current) solution. The

25



process continues until the solution includes p- facilities. If the algorithm does not include
p-facilities, it forms a loop infinitely many times until it includes p-facilities. If the algorithm
includes the p-facilities then it satisfy the termination condition, hence, we say the algorithm
converges and have a solution,which is unique solution. Therefore, the set of solution X,
obtained by the myopic algorithm above is unique solution. which is to mean that, we can
not find another set different from the set X, simultaneously whose elements are optimal
solution for the p- median problem.

Example:-Consider the general weighted graph shown below.
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Figure 4:simple general network for p-median

Numbers in boxes next to nodes are the demands(h;) which are the weight associated with
nodes of the network or graph . We need to locate 5-median points. Thus,p = 5.
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Computing the All pair shortest paths weighted distance Matrix D(h;d;;) for the above
Network using Floyd - Warshal’s algorithm gives.

A B C D E F G H I J K L
A 0 225 555 825 360 900 270 495 720 600 870 1005
B | 150 0 220 400 380 520 330 480 420 550 610 610
C | 444 260 0 216 192 360 492 336 240 696 468 468
D | 990 720 324 0 612 216 1062 828 432 1116 774 612
E | 120 190 80 170 0 180 125 60 120 235 185 215
D(h;d;) = F 1440 1248 720 288 864 0 1368 1008 288 1200 744 528
G | 198 363 451 649 275 627 0 165 495 242 440 671
H | 528 768 448 736 192 672 240 0 480 592 400 736
I | 624 546 260 312 312 156 585 390 0 494 247 247
J | 880 1210 1276 1364 1034 1100 484 814 836 0 418 880
K 1102 1159 741 817 703 589 760 475 361 361 0 399

L | 1340 1220 780 680 860 440 1220 920 380 800 420 0
S(i) | 7816 7913 5855 6457 5784 5760 6936 5971 4772 6886 5576 6371

Since S]]-C is the sum of the entries in each column of the matrix, the minimum sum is 4772.
that is j*(k) = argmin{SF} = 4772. this implies that the first facility (for k = 1) is located

at node I.

The value of the 1-median objective function is the smallest SJ’-c value corresponds to j =1,

that is S} = 4772.

If we locate only one median (node I) for the network (or weighted graph)G, then the optimal

total demand-weighted distance can be calculated as follows:

L

>N hidyYir = had(A, I)Yar + hpd(B,I)Yp; + hed(C,I)Yer + hpd(D, I)Yp;

i=A j=I

To locate a second median, we need to compute h; x min{d(i, I),d(i,j) : j = A, B,C, ...., L}

+hpd(E, DYg; + hpd(F, I)Yp; + had(G, I)Yar + hyd(H, )Yy,
Fhyd(I1, 1Yy + hyd(J, DYy + hid(K, )Yk + hpd(L, 1)Yy, = 4772.

for each node/candidate location pair (i, 7).

o haxmin{d(A,I),d(A, A} =15x min{48,0} =15 x0=0

ha X Hlln{d(A,

d
1),d(A, B)} = 15 x min{48,15} = 15 x 15 = 225
ha x min{d(A,I),d(A,C)} = 15 x min{48,37} = 15 x 37 = 555

ha x min{d(A,I),d(A, L)} = 15 x min{48,67} = 15 x 48 = 720

e hp x min{d(B,
hp x min{d(B,

1).d
1),d

(
(B,
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B, A)} =10 x min{42,15} = 10 x 15 = 150
B,B)} =10 x min{42,0} =10 x 0 = 0




hg x min{d(B,I),d(B,C)} = 10 x min{42,22} = 10 x 22 = 220

hp x min{d(B,I),d(B, L)} = 10 x min{42, 61} = 10 x 42 = 420

o he x min{d(C, I),d(C, A)} = 12 x min{20,37} = 12 x 20 = 240
he x min{d(C, I),d(C, B)} = 12 x min{20, 22} = 12 x 20 = 240

he x min{d(C,I),d(C, L)} = 12 x min{20, 39} = 12 x 20 = 240

Computing all h; x min{d(i, I),d(i,j) : j = A, B,C, ...., L} , resulting for second myopic
median as follows.

A B C D E F G H I J K L
A 0 225 555 720 360 720 270 495 720 600 720 720
B | 150 0 220 400 380 420 330 420 420 420 420 420
C | 240 240 0 216 192 240 240 240 240 240 240 240
D | 432 432 324 0 432 216 432 432 432 432 432 432
E | 120 120 80 120 0 120 120 60 120 120 120 120
D(h;d;) = F | 288 288 288 288 288 0 288 288 288 288 288 288
G | 198 363 451 495 275 495 0 165 495 242 440 495
H | 480 480 448 480 192 480 240 0 480 480 400 480

1 0 0 0 0 0 0 0 0 0 0 0 0
J | 836 836 836 836 836 836 484 814 836 0 418 836
K | 361 361 361 361 361 361 361 361 361 361 0 361

L | 380 380 380 380 380 380 380 380 380 380 380 0
S(i) | 3485 3725 3943 4296 3696 4268 3145 3655 4772 3563 3858 4392

Computation for second myopic median

The smallest total demand-weighted distance is the minimum of the sum of the entries in
each column, which is column G. that is j*(k) = argmin{S}} = 3145. this implies that the
second facility (k = 2) is located at node G.

Then,the optimal distance when the median at node G is calculated as follows;

L
) hidicYic = had(A, G)Yae + hpd(B, G)Yse + hed(C,G)Yea + hpd(D, G)Yn
i=A j=G

+hgd(E,G)Ygg + hpd(F,G)Yre + had(G,G) Yoo + hud(H,G)Yuc
+hid(I,G)Yie + hyd(J,G)Y 6 + hgd(K,G)Yka + hpd(L,G)Y q = 3145
The column totals correspond to node G is SJ2 = 3145. To locate a third median facility, we

would compute h; x min{d(i, G),d(i,I),d(i,j) : j = A, B,C, ...., L} for each node/candidate
location pair (7, 7). Then, find the column totals corresponding to S;’ and the column with
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the smallest total, and then locate at the corresponding node. Proceeding in this manner,
we obtain the results shown in Table 1 for the first five myopic medians.

medians | location | total demand-weighted distance
1 I 4772
2 G 3145
3 F 2641
4 J 2157
5 A 1707

Table 1:- Results for the first five myopic medians

Once we have located some facilities(5-median)whether they are optimal or not, each de-
mand node should be assigned to the nearest facility. This creates sets of nodes such that
all nodes in the same set are assigned to the same facility. We refer to the nodes within the
set as being in the neighborhood of the facility to which they are assigned.

Note that in assigning demand nodes to facilities, we can break ties arbitrarily. Thus, de-
mand node FE is assigned to the neighborhood of the facility at node A even though it could
also have been assigned to the neighborhood of the facility located at node I. Within each
neighborhood, we would expect that the median would be located optimally. In other words,
we expect that the facility serving each neighborhood would be located at the optimal 1-
median site for the nodes within the neighborhood. Since finding the optimal 1-median may
be done simply by enumeration, we can readily ensure that this condition is satisfied. This
leads to the neighborhood search improvement algorithm.

Neighborhood search algorithm

The neighborhood search algorithm can begin with any set of p facility sites. For example,
we could begin with the 5 facilities identified by the myopic search algorithm. For each facility
site, the algorithm identifies the set of demand nodes that constitute the neighborhood
around the facility site. within each neighborhood, the optimal 1-median is found. If any
sites have changed, the algorithm reallocates demands to the nearest facility and forms new
neighborhoods. If any of the neighborhoods change, the algorithm again finds the 1-median
within each neighborhood, and so on.

Figure 5 below is a flowchart of the neighborhood search algorithm. Maranzana (1964) was
the first to propose such an algorithm.
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Figure 5:Flowchart of neighborhood search algorithm.

Returning to the neighborhoods identified for the myopic 5-median solution shown in Figure
6, the only neighborhood in which the location of the 1-median is suboptimal is that asso-
ciated with node G. specifically, we move the facility from node G to node H. This reduces
the total demand-weighted distance from 1707 to 1632.

Figure 6 displays the neighborhoods associated with the five myopic medians of the network
shown in Figure 4 above.

Figure 6:- Neighborhoods associated with myopic 5-median solution.
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We now attempt to reassign demands to the new set of facilities and find that node £ should
now be assigned to the facility at node H. This further reduces the total demand-weighted
distance to 1572. The resulting neighborhoods are shown in Figure 7.

Figure 7:-New neighborhoods after facility relocation and demand node reassignment.

Within each neighborhood, we again find the optimal 1-median. Now the 1-median locations
do not change and the algorithm stops.

Hence, we retain the solution shown in figure 7. Therefore, nodes A,F',H,I and J are the
median of the weighted graph of figure 4 above.

Solution is not always optimal for the p-median problems (except 1-median), therefore this
algorithm is used only as first step for other algorithms. The aim of the improvement
algorithms is to find an optimal or a sub-optimal solution for the facility location. By
integrating the myopic algorithm into one of the improvement algorithms, we can find an
optimal solution for p-median problem that minimizes the total demand-weighted distance
between the demand nodes and the facilities.

3.2 Center location problem

3.2.1 Center location problem on weighted graph

The p-center problem seeks the location of p-facilities. Each demand point receives its service
from the closest facility. The objective is to minimize the maximal(furthest) distance for all
demand points. The p-center problem consists of choosing p facilities among a set of possible
locations and assigning demand nodes to them in order to minimize the maximum distance
between a demand node and the facility to which it is allocated.

Let G = (V,E) be a weighted (directed or undirected) graph with edge costs(or length)
of non-negative real numbers. the vertex set V' = {vy, v, vs3,....,v,} and edges are pairs of
vertices. Let a(i,j) be the edge cost(or length) from vertex i to vertex j, and d(i, j) be the
length of the shortest path from i to j. The shortest path from ¢ to j is the path with the
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minimum sum of costs of edges over all possible paths.

Let the matrices D and D* be the matrices whose (i,j) elements are a(i,j) and d(i, j)
respectively. The problem of computing D* is known to be the all-pairs shortest path
(APSP)distance matrix.

The radial distance 7(i) of a graph G is defined as the distance from node ¢ to a vertex(or
node) farthest from node i in the graph G. Hence,the optimal location which is the center
of the graph G is the minimum of the radial distance (i) of a graph G.

Center = min{r(i);i =1 : n}.

Once we have constructed the all-pairs shortest path distance matrix D* of figure 21 using
Floyd-Warshal’s algorithm,then we compute the maximum entries in each raw of the matrix.
The smallest of such a maximum identifies the optimal location(solution) which is the center
of the graph (or Netwok).

Now consider the matrices D* computed from the graph of figure 2 and 3 in chapter one
respectively.

A B C D E|r() A B C D E|r@

A0 5 6 2 3| 6 A0 20 56 68 28] 68

. Bl5 0 2 7 8| 8 o B|120 0 36 70 30| 70
D*(d;;) cls s 05 6l s |l P@)=1 clss 36 0 37 31! 56
D|2 4 4 0 1] 4 D|68 70 37 0 40| 70

El1 3 5 3 0|5 E |28 30 31 40 0 | 40

The last column of the matrices shows the maximum entries in each raw, which mean the
farthest node j in the column from each node ¢ in the raw. Thus the minimum of these
maximum entries (or farthest node) identifies the optimal center of the graph.

Center of fig 2= min{r(i)} = min{6,8,4,5} =4

Therefore,the center of the graph G of figure 2 is node D.

Center of fig 3= min{r(i)} = min{68,70,56,70,40} = 40

Therefore,the center of the graph G of figure 3 is node E.

Example:-Vertex 1-Center on a weighted tree Network (Daskin 1995)
Consider the weighted tree network in the Fig below.

Figure 8:weighted tree network
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First we need to compute the all pairs shortest path weighted distance matrix D(h;d;;) of
the graph using Floyd-Warshal’s algorithm.

A B C D E F|r(i)
0 6 10 4 14 12| 14
9 0 24 15 12 9| 24
20 32 0 28 48 44| 48
4 10 14 0 18 16| 18
21 12 36 27 0 21| 36
12 6 22 16 14 0| 22

T Qm

The maximum entry (r(7)) in the i* row of the matrix D are 14,24,48,18,36 and 22. then
taking minimum of the maximum entry, that is;

Center = min(r(i)) = min{14, 24, 48, 18, 36, 22} = 14.

Any row with the smallest value the maximum entry identifies a vertex center.that is raw
A, which implies v, is a vertex 1-center on this weighted tree graph.

Set covering problem on weighted graphs
The set covering problem is to find a minimum number of p facilities such that no user is
farther than a maximum service-distance away. We first solve the optimal value of the set
covering problem when the d;; <.
Example. To illustrate the formulation of the set covering problem, we consider the network
shown below.

1a

Figure 9:General weighted graph.

the matrix of all pairs shortest path distance is computed using Floyd-Warshal’s algorithm
as follows.

A B C D E F|r@
0 8 15 10 21 26 26
8 0 12 7 16 23| 23
15 12 0 19 9 11| 19
10 7 19 0 11 17| 19
21 16 9 11 0 13| 21
26 23 11 17 13 0 | 26

The minimum of the maximum entry along the rows gives the the optimal center, that are
the 3" and 4" rows of the matrix. Thus, nodes C' and D are the facilities to be located as

MmO QWm e
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center in network or graph.

In the sense of set covering problem,demand is considered to be covered if the distance (d,;)
is less than or equal to r that is d;; < r. But, if d;; > r,then it will be eliminated.

Let the pre-specified distance to be used in this example be r = 11.

A B C D E F

A0 8 — 10 — —

B8 0 — 7 — —
D(dy;) cl- - o0 9 11
D|10 7 — 0 11 -

El-— — 9 11 0 -
Fl— — 11 — — 0

Hence,set covering problem is formulated as follows.

Minimize Xa+Xp+Xec+Xp+Xg+Xp

Subject to: Xo+ Xp+ Xp > 1. Node A covered
s Xa+Xg+Xp > 1. Node B covered
: X+ X+ Xp > 1. Node C' covered
s Xy +Xp+Xp+Xg > 1. Node D covered
s X+ Xp+ Xg > 1. Node E covered
: Xo+ Xr >1 Node F covered

Integrality constraints : Xa, Xp, Xc¢, Xp, Xg, Xrp ={0,1}.

When all of the costs are equal (i.e.f; = 1), we can often reduce the size of the problem
using a variety of reduction rules.Hence we use this reduction technique to reduce some rows
and columns of the problem.

e Column reduction:- For any columns j and &, if ¢;; < ¢;;, for all demand nodes ¢ and
cij < ¢, for at least one demand node 4, then location k£ covers all demands covered
by location j. Location k is said to dominate 7 and hence column j is eliminated.then
we set X; = 0.

e Row reduction:- For any row i , if ) ¢;; = 1 then, there is only one facility site that
can cover node 7. In such case, we find location j such that ¢;; = 1 and set X; = 1.
We then eliminate rows containing Xj. since those constraints with X; = 1 will be
satisfied.

In the problem above,candidate site D dominates nodes A and B (since a facility located at
D will cover nodes A, B, D, and F, while a facility located at A will only cover nodes A, B,
and D, and a facility at B will only cover nodes A, B, and D).Thus, we eliminate column A
and B and set X4 = Xp = 0. Similarly, candidate site C' dominates site F' (since a facility
located at C' covers demand nodes C, E, and F, while a facility at I’ covers only nodes C
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and F'). We therefore we eliminate column F' and set Xp = 0. This leads to:

Minimize Xc+ Xp+ Xg
Subject to : Xp >1
: Xp >1
Xo+ Xg >1
Xp+ Xg >1
 Xe+ Xp+ Xg >1
Xe > 1

Integrality constraints : Xc¢, Xp, Xg = {0, 1}.

Using the row reduction, since Y ¢;; = 1, holds for the first,second and the last constraints,
we set Xp =1 and X¢ = 1 and eliminate all the rows containing Xp and X. The solution
thereforeis Xe = Xp=1and X4 = Xg=Xg=Xr=0.

SH{Xc+ Xp} =2
The objective function equals 2;that is g(r) = ¢(11) = 2 the facility will be located at X¢
and XD.

From the above matrix, Node C' covers itself, node E and node ' Whereas Node D covers
itself, node A, node B and node E.

3.2.2 Center location Problem on a General weighted Graph.

A solution approach to solve the vertex p-center on a general weighted graph is outlined in
this section. A general graph is a network G = (V, E') which has at least one cycle. A path
in a network is called a cycle if the initial and final vertices in the path are identical.
Example

Consider vertex 2-Center on a General weighted Graph (Francis 1992)

Figure 10:General weighted graph.
To find a vertex center,compute the Matrix D = (h;d;;) using Floyd-Warshal’s algorithm.

A B C D |r()
A0 10 8 14| 14
D(hidi)= | B|15 0 18 18| 18 ||, then
Cl16 24 0 12| 24
D14 12 6 0| 14
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The maximum entry for each row of the matrix are 14,18,24 and 14. Any row with the
smallest value of the maximum entry identifies a vertex center.that is;

Center = min(r(i)) = min{14, 18,24, 14} = 14

This implies that nodes A and D are centers on this simple general weighted graph.

For a simple graph, computing the vertex 1-center or 2-center is easy, but when the graph is
a more complicated, it becomes more difficult. However we can generalize the approach in
the following manner.

The p-centre model considers that a demand point is served by its nearest facility and
therefore gives full coverage in the sense of set covering models.

A solution approach to solve the p-center on a general weighted graph is outlined here. We
assume that all link distances are integer values. (Since all rational values can be converted
to integer values by multiplying them by a sufficiently large number, this is not a restrictive
assumption).

In this approach, we search over the range of coverage distances to find the smallest one
that allows all nodes to be covered by a vertex center. The search procedure is called binary
search.

In this procedure, we define initial lower and upper bounds for the objective function value
of the p-center problem. Using the average of the lower and upper bounds, we solve the set
covering problem. If the number of facilities needed to cover all nodes is less than or equal to
p, we will find out that the objective function of the p-center problem cannot be larger than
this coverage distance. So we replace the upper bound to the current coverage distance. If
the number of facilities needed to cover all nodes is greater than p, then similarly we will
find out that the objective function value of the p-center problem must be larger than the
current value, because we have to cover all nodes with a smaller number of centers and hence
a larger coverage distance. In this case we would replace the lower bound with the current
coverage distance plus 1.

Let g(r) denote the optimal value of the set covering problem when the coverage distance
is r. also let By, and By be as lower and upper bounds on the p-center objective function
value. The initial values of lower and upper bounds are defined as follows:

B, =0 and By = (n — 1)(max;;(a;;))(max(h;))

Where n is the number of nodes in the graph and d;; is the length of link (¢, 7).

Binary search algorithm for the vertex p-center on a general weighted graph:

e Step 1:-Set B and By. Using the above equations. Note that by setting these values
in this manner, we make sure that every possible value for the coverage distance is
considered.

e Step 2:-Set r = | ZUEEL | Where|z],denotes the largest integer less than or equal to
.
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e Step 3:-Solve a set covering problem with a coverage distance of r and let the solution

be q(r).
e Step 4:-If q(r) < p, reset By to r; else reset By, to r + 1.
e Step 5:-If By # By, go to step 2; otherwise stop.

The lower bound By, is the optimal value of the objective function and the locations corre-
sponding to the set covering solution for this coverage distance are the optimal locations for
the p-centre problem. That is, we stop when By = By .When the iterations are completed
with By, = By, we consider the r values and check for the r value that equals the stopping
By, value. The solution is found at the iteration that gives this r value. r is the optimal
value for the objective function of p-center problem.

Example:-

To illustrate this algorithm, consider the vertex 2-centre weighted graph below.

10

17

Figure 11:vertex 2- centre on a weighted graph.

We solve the vertex 2- centre on a weighted graph as follows. Since the number of nodes are
(n =6), Then

= the lower bound (B)=0

= the upper bound (By) = (n — 1)(max;;(a;;))(max(h;)) = (6 — 1)(17)(15) = 4675

= the coverage distance (r) = |BuEEL | = [46740 — |2337.5| = 2337

Then,Solve a set covering problem with a coverage distance of r=2337. Note that in solving
the set covering problem, demand node i is covered by facility site j only if h;d;; < 7. So
the iteration of vertex 2- centre algorithm is summarized as follows:
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iteration | By | By r | q(r)| location
1 0 | 4675 | 2337 | 2 XA, XE
2 0 | 2337|1168 | 2 Xa, Xg
3 0 | 1168 | 584 2 Xa, Xp
4 0 | 584 | 202 | 2 Xp Xz
) 0 292 | 146 3 | X, Xe, Xr
6 147 | 292 | 219 | 3 | Xa, Xp, Xp
7 220 202 | 255 | 2 | Xa X
8 220 | 255 | 237 | 3 | Xa, Xp X
9 238 | 255 | 246 2 Xa, X
10 | 238 | 246 | 242 | 2 X, Xp
11 | 238 242 | 240 | 3 | Xa, Xp, X5
12 | 241 | 242 | 241 | 3 | Xa, Xp, X5
13 | 242 | 242 | stop

Table 6:- Iteration vertex 2- centre algorithm

We stop at iteration 13, because we have B;, = By. The solution is at iteration 10 where
By, of iteration 13 equals the coverage distance (r) of iteration 10. The optimal value of the
objective function is 242 and the facilities should be located at X, and Xg.

X4 covers X4, XpandXpg. Where as Xg covers Xg, XcandXp.
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Summary

In this project we have discussed the location problems on weighted graphs, such as center
location problem and median location problems.where,the graph contains no negative cycle.
The all-pairs shortest path problem solved by label-correcting algorithms were applied and
the Floyd-Warshal’s algorithm was used to compute the shortest distance between every
pairs of vertices.

Therefore,we use the matrix computed by Floyd-Warshal’s algorithm to locate the optimal
center and median as facilities. In center location problem we locate p number of facilities on
either of the nodes or links for a vertex center and an absolute center problems to minimize
the maximum demand-weighted distance between a demand node and the nearest facility to
the node. Here,we outlined a binary search technique to solve the center location problem.
In median location problems we locate facilities so that the total demand-weighted distance
between each demand node and the nearest facility is minimized. To solve median location
problems a number of heuristic algorithms, such as simple myopic algorithms,neighborhood
search and an exchange algorithm were presented.
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