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Abstract

We determine the stability of an axisymmetric geometrically thin and optically thick
accretion disc around a magnetized neutron star in the region where gas pressure is
dominant. Analysis is made with the inclusion of pressure from coulombic sources. The
opacity in the middle region is mainly due to electron scattering whereas that in the
outer region is mainly due to free-free emission. Starting from the vertically integrated
non-relativistic hydrodynamics equations we set up the basic equations which govern the
structure of the disc and for the stability analysis of the disc model we have kept the time
dependencies in the equations.

Although we include the effect of coulombic pressure it is thermally stable as if there were
gas pressure only and our graphical solution given at the end of this manuscript shows

that the disc is viscously unstable.
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Introduction

Over the last three decades, fluid dynamical studies of accretion disks around a mag-
netized neutron star have been extensively performed. The accretion disk is likely to be
formed when the compact star is a member of a close binary system and matter trans-
ferred from a giant type star onto its compact companion has high angular momentum.
Shakura and sunyaev (1973) initiated this discussion considering a very simplistic but ef-
fective standard model of a geometrically thin, optically thick accretion disk. They were
able to obtain an analytical solution of height integrated hydrodynamical equations by
using Newtonian gravitational potential.

The study of stability of the accretion disc is one of the important criteria in this
context. The stability of geometrically thin accretion discs has been studied extensively
after the construction of standard a-discs. According to the standard theory of accretion
discs (Shakura and Sunyaev 1973), the middle and outer parts of the disc are dominated
by the gas pressure. Those regions have been found to be stable to the thermal and
viscous modes but pulsationary unstable to the acoustic modes (Blumenthal,Yang, and
Lin 1984). Some recent research work about the isothermal accretion disc also obtained
similar results (Wallinder 1990; Wu et al.1995b; Wu, Yang, and Yang 1994).

Some early analyses about the stability of gas pressure dominated discs have incorporated
azimuthal perturbations (Livio and Shaviv 1977,1981; Van Hon, Wesemael, and Winger
1980.). However, the radial perturbations were neglected in all the studies . McKee (1991)
has investigated the contribution of gas pressure to the stability of a standard alpha-disc.

He found that the disc is stable when 5 < 0.6 (/3 is the ratio of gas pressure to the total



pressure ). This implies that a gas pressure dominated disc is more stable.

It has been also found that the disc is thermally and viscously unstable if it is
optically thick and radiation pressure dominated (Pringle,Rees and Pocholczyk, 1973;
Lightman and Eardely, 1976; Shahura and Sunyaev, 1976). There is also a possible mode
of pulsational overstability. In this case, one looks for instabilities in which oscillations
on the orbital timescale grow in amplitude because of the effects of viscosity (Lin and
Paploizou, 1996). Kato (1978) considered the evolution of small perturbations of all three
components of velocity as well as T and S. He found that the disc experience pulsational
instability besides the viscous instabilities and thermal instabilities. If a geometrically
thin disc is optically thin, it has been found also that it is viscously stable but thermally
unstable (Piran, 1978). Those instabilities are believed to be relevant to some light vari-
ation observed in many systems such as X-ray binaries. In the standard a model, the
viscous heating is balanced by radiative cooling. However, if the radiative cooling is not
efficient, the advection will be non negligible. Particularly in an optically thin disc, the
radiative cooling rate is so slow that most of the viscous generated energy is advected
radially. Recently, the accretion disc models with gas pressure dominated with either
electron scattering or free-free opacity have been studied(Abramowicz etal., 1988; Kato,
Honma and Matsumaoto, 1988;Narayan and Popham, 1993; Narayan and Yi, 1994, 1995a
, 1996b; Abramowicz et al., 1995; Chen et al., 1995; Chen, 1995). The gas dominated
disk model with electron scatering opacity has also been adopted successfully to explain
the observations of low and high luminosity systems ( Nayan, Yi and Mahadeven, 1995;
Narayan, Mcclintock and YI, 1996).

The possibility of steady and stable disc formation by incoming matter toward a
neutron star is allowed only for a certain sets of initial parameters. Abramowicz Zurek
(1981) studied the effective of angular momentum on the accretion and the corresponding
stability of the transonic nature of the in falling matter on to the star. The gas elements in

the disc lose angular momentum, due to the interaction or friction between adjacent layers



and spiral inwards. Part of the released gravitational energy increases the kinetic energy
of the rotation and the other part is converted in to thermal energy which is radiated
from the disk surface. Thus, viscosity converts gravitational potential energy in efficient
manner in to radiation Accretion disk around a compact star has been thought to play an
important role in various X-ray sources. The interaction between a magnetized star and a
surrounding accretion disc is one of the most poorly understood aspects of accretion.The
magnetic field of the star penetrates the surrounding accretion disc and couples the two.
According to the Ghosh and Lamb (1979) model, the part of the accretion disc that is
located inside the co rotation radius provides a spin up torque on the star, since it is
rotating faster than the star, while the more slowly rotating outer part of the accretion
disc brakes the star. The net torque is determined by the location of the inner edge of
the disc, which moves inwards as the accretion rate increases, thereby increasing the spin
up-torque on the star.

In this respect Shapiro et al. (1976) gave a detailed two-temperature disk model
which might be promising if radiation pressure dominated inner region of the disk was
secularly unstable. On the other hand, Bisnovatyi-Kogan and Blinnikov (1977) proposed
a corona disk model where the accretion process would not be steady, by investigation
of particle motions taking account of the radiation from the disk and gravitational field
of a black hole.

In all the studies of stability mentioned above, we see that although a gas pressure
dominated region with either an electron scattering dominated or free-free absorbation
opacity is studied, consideration of the effect of coulombic pressure is not made. The aim
of this work is then to expound on the effect of coulombic pressure on the stability of thin

Keplerian accretion discs.



Chapter 1

COULOMBIC PRESSURE

Since we are concerned with real gases which have direct applications in astrophysics
as compared to ideal gases we have to include the effect of interactions between the
various charged components of the system. We now include coulombic potential on top
of gravitational potential,Vj.

Recall that from the kinetic theory of gases, gas pressure is given by

2K
P=—-—— 1.0.1
3 v ( )
where K is average kinetic energy of the gas. From Virtial theorem we have K = %VO
thus,
—1V,
P=—— 1.0.2
o (1.0.2)
where Vj < 0.

In the presence of coulombic potential Ugs, we expect the total pressure to carry
additional term P,.,,;. Since U. > 0, We expect

1U.

Pow == 1.0.3
=3~ (103)
Hence, the total pressure in the absence of degeneracy becomes
2K 1U.
P=-——+4+-— 1.04
3 v * 3 v ( )

So to find P, one has to calculate first U.. Since our system is a plasma that is, polariz-

able, the potential of every ion is shielded and its long range effect is cut short. When ever

4



we want to consider the behavior of a gas on a length scales comparable to the mean free
path between collisions, we must use the idea of plasma physics that will be important
to our study of accretion. A plasma differs from an atomic gas or molecular gas in that
it consists a mixture of two gases of electrically charged particles, an electron gas and an
ion gas, with very different particle masses m. and m;

The electrons and ions interact with each other through their electrostatic coulom-
bic attractions and repulsions. These coulomb forces decrease only slowly (oc r~2) with
distance and do not have a characteristic length scale. Thus, a plasma particle interacts
with many others at any one instant, and this makes the description of the collisions more
complicated than in atomic or molecular gases, where the inter particle forces are very
short range.

A further complication arises from the great differences in particle masses m,. and
m,;. Since collisions between particles of very different masses can transfer only a small
fraction of the kinetic energy of order m./m; << 1, it is possible for electrons and
ions to have significantly different temperatures over appreciable time scales. These two
properties- the long range nature of the coulomb force and the disparity in electron and
ion masses give the physics of plasmas its particular character. A further series of complex
phenomena occurs when the plasma is permeated by a large scale magnetic field, this is
particularly relevant for the study of gas accreting on highly magnetized neutron stars.

Formally the shielded potential is given by

ef(const)r

Vo —— (1.0.5)

r

where r is the distance between the two interacting particles.

It is calculated from the requirement that,

—zeV
kgT

)

pq = poexp(



—zeV
kgT

where p, = e _(zn,) is the charge density and n, = noexp( ) is the number of ions
per unit volume, for our system to be nearly perfect we expect, n, << 1. Since p, satisfies

Poisson’s equation,

V2V = —dnp, = —dme Z(znz)

—zeV
ksT

V2V = —4re Z(zno)exp(

z

For slightly real system zeV << kgT", thus

).

V2V ~ —4me(l — _k;?/) ;(zno)
using the fact that the number densities of ions and electrons at any point must be ap-
proximately equal, and therefore a plasma must always be close to charge neutrality: even
a small charge imbalance would result in very large electric fields which would act to move

the plasma particles so as to restore neutrality very quickly.

Hence e (2ny) = 0, We have

Or
V2V = K}V,

where

4rre?
K} = (°n)
D ksT Z

4
From the fact that % has the dimension of length and ny has the dimension of inverse

length cube we notice that Kp is an inverse length.The solution to Poisson’s equation is

easily determined by inspection based on the facts

) pg = poexp(32F)

i) Voo 1.



We therefore expect the solution to be of the form

e—KDr

V' = const.
”

This can be checked by direct substitution in to V*V ~ KV, and to find the constant
we use the boundary condition that lim, .. V' = <, implying const = =,
Hence

e*KDT

V =ez

-
The fact that we have weak interaction is telling us, Kpr << 1.

—Kpr

In this case e may be written as

G_KDT% ]_—KD

And it gives, V(r) = € + @, where &, = —ezKp, is the potential due to other charges
at the ion.

The coulomb energy per unit volume is commonly given as

U. 1

=3 g (zeno®,), where
v

47Tf€2p)
k?gmpT

Here we use the parameter f = Y (2* 4+ z)%= , where z, is the mass abundance of the

N

djz = —BZKD,KD = (

gas and A, is atomic weight. Since we are considering the disk system (whirling gas) as
a hydrogen gas for which the atomic number, z = 1 and its abundance x, = 1 and its
atomic weight A, = 1.0079, thus for hydrogen f = 2.0079 and the mean molecular weight

is =06 %=—¢ <k5T) (fpN,)2. Thus the coulomb pressure, Po, = 1% followed

from this will be

1

Poow = =3¢ (,%T)?(fp o).

And hence the total pressure, P = P, 4+ P, would be

P =

NokgTp 1 4 7
— —ce
3

p (kﬁT)E(pro)i. (1.0.6)



Chapter 2

STRUCTURE EQUATION

In this section we set up the basic equations which govern the structure of the thin
accretion disc around a neutron star with a magnetic dipole field. These equations are
basically derivable from the equations of non relativistic magnetohydrodynamics. The
disc structure we consider was first investigated by Shakure and Sunyaev but is modified.
It is modified since we include the effect of coulombic pressure on the top of gas and
radiation pressure. To specify a disc model we need give a viscosity prescription and a
relation for the opacity equation. In addition, since we are interested in the portion of
the disc where gas pressure is dominant.We shall drop the radiation pressure term %—‘ZT;‘

from the equation of state.

2.1 Assumptions

We consider an axisymmetric disk structure of accreting matter and employ a cylin-
drical coordinate system (7, ¢, z) with the z-axis chosen as the axis of rotation. The basic
structure of a disc is the same in all systems. A disc rotates around a central object,
usually the central object provides all of the gravitational force on the disc, but in some
cases there are additional sources of gravity, such as the self-gravity of the disc it self, the
orbit of the material is close to circular. The rotation of the disc is generally differential,
so that the rotation velocity and the rotation period change with distance from the cen-

ter. If all of the gravitational force is provided by the central object, the disc is Keplerian



disc,

and the rotation period depends on radius according to the Keplerian laws of orbital
motion: 7" o< r3, where T is the orbital period and r is the distance from the center of
the disc. Therefore, throughout the analysis of this paper the following assumptions will
made:

1. Relativistic effects and self-gravity effects, and hence gravitational instabilities are
therefore neglected. This assumption will be valid for disks around magnetized neutron
stars.

2.The disc is assumed to consist of fully ionized hydrogen gas.

3.The viscosity may be adequately represented by an a- disc model such that

—fro = aP, where f,, is the only appreciable component of the stress tensor and P is the
total pressure. the viscosity parameter, o, will be assumed constant within the interval
103 <a<1.0

4.The disc is thin (disc half thickness= H << r =disc radius) and all equations will be
averaged over the vertical structure.

5.Vertical hydrostatic equilibrium is maintained as the instabilities develop. This is cer-
tainly true in the case of the viscous instability. However, the vertical time scale t,,
becomes comparable to the thermal time scale, t,, for alpha near unity t;, ~ o 't,.
As pointed out by Pringle(1976), the growth rate for the thermal instability may be an

underestimate due to this assumption.

2.2 Mass Conservation

The continuity equation that describes the mass conservation for a fluid flow of density

p flowing at velocity v = (v;, vy, v,) in unit time is given by

dp
(pv) — 2.2.1
o + V.(pv) =0 ( )
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which is equivalent with %f +pXVou+v.Vp=0

In steady state and v non zero the continuity equation takes the form
V.(pv) =0 (2.2.2)

For thin cylindrically symmetric disc Eq.(2.2.1) can be expressed as

1
Op = ;ar(rpvr> + 0,(pvy) + 0(pvs)

But from the cylindrical symmetry the fluid variables are independent of ¢ (dropping the

¢ derivatives), thus we get

1
op + ;&(rpvr) +0.(pv,) =0

So for a thin axisymmetric disc after neglecting the vertical out flow from the disc, the

gas will have a radial component velocity only:

Op + %&n(rpv,n) =0 (2.2.3)

Let us integrate this equation over the z — direction

1
(9t/pdz + —8T/7’pvrdz =0 (2.2.4)
r

Introducing a useful variable called surface density

H
S(r,t) = / pdz
—H
where p is the vertically average density and H is half thickness. For thin discs (height

much smaller than the radial variable), we can neglect the vertical variation of v, in the

second integral of Eq.(2.2.4), and thus obtain

oS + %aT(TSUT) =0
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Introducing also a quantity called accretion rate,

H
M(r) = —27T7’/ pvpdz = =27rv,.S (2.2.5)
—H
Thus we also have
o.M = 27rd,S
For steady state,
0,M =0

which means M = constant (independent of radius).

2.3 The Viscosity

In real fluid the transport of momentum occurs in part by the transport fluid volumes
having different velocities. But additional transfer is caused by the internal friction be-
tween particles moving with adjacent layers of the fluid having different velocities. Thus
angular momentum has been transported outward as a result of collisions, the effect of
collisions in this case is to introduce a positive co-relation between azimuthal velocity fluc-
tuations and radial velocity fluctuations, which in the language of turbulent fluids means
that the Reynolds stress (pv,v,) transports angular momentum outwards. Because the
chaotic motion takes place in an equilibrium flow, the exchange of fluid elements cannot
result in the net transfer of any matter between the two rings. Therefore, mass crosses
the surface r =constant at equal rates in both directions, of the order Hpv per unit arc
length, where © is the typical velocity of the eddies. Since the two mass fluxes carry
different angular momenta, there is a transport of angular momentum due to the chaotic
process, i.e, a viscous torque exerted on the outer stream by the inner stream and an
equal and opposite torque exerted by the outer stream on the inner.

The torque exerted on the outer ring by the inner ring is given by the net outward

angular momentum flux. Since the mass flux due to chaotic motions is the same in both
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Figure 2.1: Differential viscous torque
directions, one obtains to first order in A the torque per unit arc length as

—pOHA?Q) (2.3.1)

where Q' = % and A\ is the spatial scale or characteristic wave length of the turbulence
and we assume that the angular velocity changes slowly over the length scale of chaotic
motions. The non-vanishing component of the stress in this case is the force in the ¢

direction per unit area, and is given by
fro = —rQ ~ —pirQ) (2.3.2)

yielding a positive kinematic viscosity v ~ Av. But generally in an accretion disc, the
total torque is obtained simply by multiplying by the length 277 of the circular boundary.
Setting pH = S(the surface density), we can write the torque exerted by the outer ring

on the inner (= -the torque of the inner on the outer) as
G(r) = 2mrvSriQ (2.3.3)

The sign of this equation tells us for a rotation law in which €Q(r) decreases outwards,
hence G(r) is negative, in this case the inner rings lose angular momentum to the outer
ones and the gas slowly spirals in.

Now let us consider the net torque on a ring of gas between r and r 4+ dr. As this has
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both an inner and an outer edge, it is subject to competing torques (Fig. 2.1); the net
torque (trying to speed up ) is

G(r+dr)—G(r) = %dr (2.3.4)

Because this torque is acting in the sense of angular velocity €)(r), there is a rate of

working
oG 0 /
by the torque. But the term
0
—(GQ 2.3.
5.(GQ) (2.3.6)

is just the rate of convection of rotational energy through the gas by the torques and the
term —G$ dr represents a local rate of mechanical energy to the gas. This lost energy
must go in to internal (heat) energy.

The viscous torques therefore cause viscous dissipation with in the gas at a rate GQ'dr
per ring width dr. Ultimately, this energy will be radiated over the upper and lower faces

of the disc. We are therefore interested in the rate per unit plane surface area Q(r).
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2.4 Momentum Conservation

In real fluid the transport of momentum is expressed by the advective term in Euler’s
(momentum) equation. And the derivation of the Navier-Stockes equation begins with
an application of Newtons second law, for a fluid of density p, flowing with a velocity v

Euler’s equation is given by

d
P = VP — pvd (2.4.1)
dt
where P is the pressure and @ is the gravitational potential. If dissipative terms repre-
senting the action of viscous forces are included on the right hand side of Eq.(2.4.1) it

becomes the Navier-Stockes equation:

pd—: = VP4 pvd + V.f (2.4.2)

Here f represents the stress tenser. As it is mentioned in the assumption part above,
we neglect terms like J x B, p.F, which are all caused by the action of electromagnetic
forces and eventhough the viscosity term is some what in general law, we include it to
show the effect and contribution of the interactions of the particles of the fluid, and
since detailed disc models can only be constructed if we know the magnitude of the
viscosity. The source of the viscosity might be small scale turbulence and transfer of
angular momentum by magnetic stresses, that is, random magnetic fields are amplified
by the differential rotation and turbulence of the disc. At the interface between adjacent
cells of the resulting chaotic field, the gradients become so strong that magnetic field line
reconnection occurs. Clearly, we are not able to handle these complicated phenomena in
quantitative manner. A reasonable parametrization has, however, been given by Shakura
and Sunyaev.

Using

1_9 v
a ot U
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we can write Eq.(2.4.2) as

)
p(a—;} L 0.V0) = —VP 4 pVd 4 V.f

Therefore, the steady- state equation for conservation of momentum, the Navier-

Stocke’s equation can be written as
p(v.Vv) = =VP + pVvd + V.f (2.4.3)

Using the cylindrical coordinates(r, ¢, z), and considering first each term separately then
after a set of mathematical manipulations connecting the expansion terms according to

their components, we have the following results as shown in different subsections.

2.4.1 The Azimuthal Component

The ¢ component of the momentum will be

1 1 1 !
) r&p + IOTUW * rar(rf@r)az(fg&z) + wap

UV Uy

1
p(v,0,v, + vg,;awv@ + v,0,v, +
Let
Q = Urar + ‘/zaz
and since by symmetry the fluid variables are independent of ¢ thus,

VypUy

Qs+ %) = S0,(r ) + 0uloe) + 1 o

Multiplying this equation with r then for ¢ independent functions we obtain

pQ(r) = 0,7 f,,) + 0:(r ) (2.4.4)

Now we multiply the continuity equation

1
;&(rpvr) +0.(pv,) =0
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with rv,, and add the resulting equation to Eq.((2.4.4)) and obtain

1 1
;&(mrm%) + 0, (v,v,rp) = ;3r(r2fw) +0.(rf.,)

Integrating over z gives

%a,, /(TQUTpTU¢)dZ = %&«(rQWW) (2.4.5)

where
Wy = / frodz

for thin disc Eq.((2.4.5)) is approximately
1 2 Lo o
;GT(UTS?” V) = ;&(r W)

since for steady state

1
;&(vrSr) =0,

thus we have

Sv,0,(rvy,) = %& (TQWW)

where rv, is the specific angular momentum and the component f,, has the form f,, =

nroy (%), where 7 is the dynamic vicosity.

2.4.2 The Radial Component

The radial component of the momentum equation is
Uy v2¢, 1 1
p(v.0pv, + 7(‘%1@ + 0,00, — T) = —0,P — p(0,®) + ;@(wa) +0.fr. — ;fw (2.4.6)
Similarly 0,v, = 0 (by symmetry). Except for f,,, all the viscous stresses can be neglected
and ignoring the vertical variation ( out flow ), we have to sufficient accuracy

2

(0,00, = —0,P — p(UT—W —0,®) (2.4.7)
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Since we use the fact that

M
o GM
(1 + 22}
thus,
1 2rGM rGM

87-(1) — =
2(r2 4 22)% (r2 + 22)%

since r >> z
GM

72

— 0, ~ —

hence after integration over z Eq.(1.3.6) can be rewritten as

where

It can be also rewritten as

2
pH = 0,® + v,.0,v, + 0, P
”

Neglecting all the terms on the RHS of this equation except the first one gives

2
U_‘P:@@
r

This is due to the fact that for a thin accretion disc v, >> ¢, hence,

U¢:T

which shows that the disk rotates in the Keplerian fashion.

2.4.3 The Vertical Component

Since the z component of the momentum equation contains only the small components

of the viscosity, then ignoring these and the ¢ derivative we have,

p(v.0pv, + v,0,v,) = —0,P — p(0,P)
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we assume that the motion in the z direction are subsonic. Thus, the LHS is a factor
of (f)2 Now neglecting the vertical out flows, the equation reduces to the equation of

hydrostatic equilibrium in the z- direction, i.e,

o.p— SNz (2.4.8)

r2 r

Using H as half thickness of the disc, the pressure at the mid plane of the disc is,

H
GMz 1 GM 1 GM

P = dz = —pH——H = -HS——
/Op 73 : 2p 73 2 S’I“3

Making slight approximation over Eq.(1.3.7), i.e, letting

1 1P M
Lop~tf_ G 27
p pzZ 1
since the Keplerian velocity
oy
and
P
o=X
p

H
2 2 2
c; = v (—
s k( r )
This implies
H  «
T N Vk
In this approximation we have used,
Vi = U@

The thin disc requirement thus says that the circular flow velocity is highly supersonic.
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2.5 Conservation Of Energy

Energy balance requires that the energy deposited by viscous dissipation in each ac-
tive layer is equal to the energy radiated away at each surface of the disc. The basic
idea behind the accretion disc is that viscosity in the gas disc converts the free energy of
differential rotation in to thermal energy, which is then radiated away. As the potential
energy is released, the gas slowly spirals inward, completing many revolutions around
the neutron star before significantly changing its distance from the central source. The
amount of gravitational potential energy release by the gas in the disc increases as the
gas draws closer to the central object. Since the dominant part of the scalar product of

the stress tenser and the velocity is the radial component of magnitude f,, v, and thus

i

V.(fv) = =0,(rfrpvy)

Ignoring again the z-component of the velocity and in addition the radial component of

the energy flux vector, we have

1 1 1
p(vrar)(évf + §U<2p + ) = ;&(rfwvg,) — 0, F
where F is the vertical energy flux density (F' = ¢gz). If we denote the energy flux per unit

area emitted at the disc surface by @~ = 2F and the dissipation function ¢+ = fwr&(%"’)

then the energy produced per unit area Q7 is given by
+ + Yo
Q"= /q dz = Wyprdy—=
,
Usually it is assumed that the energy dissipated in to heat is radiated on the spot

in the vertical direction. Then we have 0.F = ¢ = f,,r0,°2

Since we approximate the azimuthal component of velocity by the circular Keplerian

velocity, i.e, v, &~ Qr, where ) = (if‘f)%
Then we obtain
MQr
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with
Wi, = r% / ndz
and thus,
MQr? + 27rr3@ /ndz =1
dr
where 7 is the turbulent viscosity and I is independent of r .
The Keplerian approximation follows if inertia and pressure gradient terms are neglected.

H)Q'

r

Corrections are of order (

From the above relations we find

_9 GV
o4 8

then the energy produced per unit area will be given by

0.F

_9GM
4 3

QF ndz

The angular momentum conservation implies

MQr? = —27T7’2Wr<p +1

Here the constant I is the net inward flux of angular momentum, whose value is usually
assumed to be of the order of Mr3Q(r4), where r4 is the inner edge of the disc. Then we

have for specific angular momentum [ = r2Q

MII(r) = U(ra)] = =271 W, (2.5.1)
The torque 27TT2WW is on the other hand determined from W,, = —%Q f ndz

In the energy equation above we neglect derivatives of W, S, and v,:

LIM (302 — M) + 2072 W,,Q] = 27rQ~. Finally we express the cooling rate Q= inde-

pendent of 7 as
3 . GM AL
Q = =M1 — (23] (2.5.2)

s 73 r



Chapter 3
LOCAL DISC VARIABLES

If the thin disc approximation hold, the task of computing the detailed disc structure
is enormously simplified. Both the pressure and temperature gradients are essentially
vertical, so that the vertical and radial structures are largely decoupled.

From the work of (Kippenhahn and weigert (1990)) we have the equations of hydrostatic
equilibrium and energy transport to solve with the radial disc structure only entering the
calculations in the fixing of the local energy generation rate.

The temperature T, must it self be given by an energy equation relating the energy flux
in the vertical direction to the rate of generation of energy by viscous dissipation. The
vertical energy transport mechanism may be either radiative or convective, depending on
whether or not the temperature gradient required for radiative transport is smaller or
greater than the gradient given by the adiabatic assumption.

Then here we are assuming that the transport is radiative, this is indeed true
in many important cases. Because of the thin disc approximation, the disc medium is
essentially 'plane-parallel” at each radius, so that the temperature gradient is effectively
in the z-direction, as we pointed out in chapter two. Under these circumstances, the flux

of radiant energy though a surface z=constant is

4acT? dT

Fe =-50%

)

21
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wherey is the Rosseland mean opacity.
It is implicitly assumed in writing the above equation that the disc is optically thick in

the sense that

T=pHxy=Sx>>1

So that the radiation field is locally very close to the black-body value, once the optical
depth given above becomes less than(or equal) unity, the expression for radiative cooling
given above breaks down as the radiation can escape directly.

The energy balance, as we have seen in chapter two above, is

OF

oz~ 1

where ¢~ is the volume rate of energy emitted

F(H) - F(0) = / ¢ (2)dz = Q"

This equation tells us the total dissipation rate through one-half of the vertical structure

must give the dissipation rate per unit face area Q).

From F(z) = —(%%) we have

4o

F(z) ~ (52

)Tt

Using 7 = pHyx = Sx >> 1, so that provided the central temprature exceeds the surface
temprature enough to make T >> T4(H), F(H) — F(0) = fOH ¢ (2)dz = @~ becomes

approximately

which is our required energy equation.
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3.1 Central Density and Central Temperature
With the Presence of Coulombic Pressure

From the hydrostatic equilibrium we have

dP GM z
—_— = — 3.1.1
dz P 2y ( )
and from the energy conservation equation we derived that
dF 9GM
—_— = 3.1.2
dz 4 73 ( )
We also have the equation of state (total pressure equation)
NOKBpT 63 m 1 3
P = - — 2(pNof)2 3.1.3
2 S o) (3.1.3)

We can treat the hydrodynamical equitions integrated exactly over the thickness

of the disc. As for the viscous stress f,, we have

fro =m0, (=5) = o, 2,

If we assume the turbulent viscosity to be a linear function of the turbulent velocity and
the Keplerian angular velocity €2 the viscous stress is reduced to the familiar Shakura and

Sunyaev a-model: f,, = —aP.

The parameter oo ~ £ where ¢, and v; are the sound and turbulent velocities respectively.

Cs

Thus the above expression for the viscous stress gives us the equation:

3 GM .
fw = _577( r3 )2 =—aP
Comparing this with f., = nrd,(%2) = nrd,Q we get
2 Gm,_,
_ = TN-1/2

Once a formula for the viscosity is given, we can determine the local structure of the disc.

We assume a polytropic equation of state for fixed r:
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P(z) = Kp(z)"*~ (3.1.4)
Eq.(3.1.1) can then immediately be solved with the result:

K(1+ N = §21[(2)2 — (22

r

For the values in the central plane we obtain

F. 1 1GM H

2
e - -0 1.
pe 1+N2 r (7‘) (3.1.5)
Further more
W =2PcHI(N +1) (3.1.6)
S =2p.HI(N) (3.1.7)

2N N2

where I(N) = W
Since we are dealing with the spirit of the modified a- prescription of Shakura and
Sunyaev(1973) that we are modeling the disk as geometrically thin the energy transport

equation is radiation transport dominated.

For optically thick parts of the disc, we use the expression

dr 3xpF

- 1.
dz dacT? (3.1.8)
with Q~ = 2F we have
4acT? dT
T =-2 7 Jsurface 3.1.9
Q ( v 7 Jsurt (3.1.9)
If we let A = Nofﬂ and B = %(é)%(Nofﬁ

then Eq.(3.1.3) and (3.1.4) give us:

w
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with
L 1 GM(E)2
pe C2K(N+1) 7 Cr
Thus

1w (1) - ()]

The temperature at the center of the disc plane is then

T.=T(z=0) = B%p, ! - (3.1.10)
A= it (2]
2
v, |-y
— =L (3.1.11)

T.  pe [A_ m%ﬂ((%)z - (5)2”2

Let Y = 2(]\,1“)%”(%)2 then with

T myn e G VY- G v )

From Eq.(3.1.9) together with Eq.(3.1.11) we have

o = 16ac = THA- Y- (7))
3 xpH? (A-Y(1-(£)?))

NA-YO- G- ()

Since the general form of the opacity is given by
X = XoP" T,

where
n = 1,s = 3.5 Kramer’s law which is particularly good representation of the opacity when

it is dominated by free-free absorption.
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n = .75,s = 3.5 Schwarzschild’s opacity which yields somewhat better results if bound-

free opacity makes an important contribution, and

n = 0,s = 0 is used when electron scattering is dominated.

Note that for free-free opacity dominated y, = 5951023’,?—: and for electron-scattering opac-

ity dominated we have x, = 0.04’,?—; .

Thus,
T—spn+1(A_Y)—2s (2)2
_ n+lp—s __ c Fc o N(n+1)—sN
xXp=xop" T = Favrvecyd Ll e
A=Y (1 - ()] H
o — 16 acl} 2z (A-Y(1- (%)2))_28_9(1 B (3)2)4N—1—5N—N(n+1)
3 xop 1T H? (A—Y) 82 H

z z
NA-Y(1—(5)2)+2Y(1— (=)
vea-va- Gy rara- )
The energy flux per unit area emitted at the disc surface is
(Q )surface = Zh_r>IIHQ

The limit 2 — H exists only if AN =1+ sN — N(n+1)=0o0r N = ——.

Then we have

o - 16acT*\ NA  A~29
U 3xp ), H (A-Y) 28

Or

0 — 16acT*\ N (A -Y)»*
o 3xp CH A25+8

Comparing these two Eqgs. (2.4.2) and (3.1.12) we get

64racT*\ N (A—Y)?+8 o3 A _
H=(——) = 2548 (1- (_)1/2) !
p J .M A Gm r

(3.1.12)

(3.1.13)

The vertical structure described in the previous paragraph depends on the parameters H,

p. which are all functions of the radius. The radial equations ( chapter 2) together with

the a-model allow us to determine these functions for a given (m, M)

From Eq.(2.5.1) and W,, = —alV we have

(3.1.14)
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with I(r) = (Gmr)z

On the left hand side, we insert Eq.(3.1.6) to obtain

o pe——— (5)_1((;—]‘4)5[1—(@)%] (3.1.15)

I(N +1)4nr2a \ r r r

This equation contains still the parameter H. Using the relation (3.1.5) between P, and

Pe gives
_2ANY) M GMNTHNT Toy1/2
pelr) = I(N +1) 47TT2a( r > r [1- (7) ] (3.1.16)
64macT* >\ N (A —Y)2+8 43 - )
"= (W) 7 A am (=)™ (3.1.17)

3.1.1 Middle Region (Electron-scattering opacity dominated)

We said that the radiative cooling converges as z — H only if N = Sii —5, then for
n:O,ands:OwegetN:%

Eq.(3.1.12) can be rewritten as

16acT? [ 1\ [A-Y(N =115
_ L 1.1
@ ( 3Xop )<3H>( A ) 3118)
and
_11\8
- 64macT? i (A-Y(N=3))" r° (1- (T_A)1/2)—1
27xo0p M A8 Gm r

T — [ ]8 (3.1.19)
A gen iy
) = 5705 () e (3.1.20)

Then we have

Il
VR
Wl o
~
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:]l\’)
2|2
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>
Q
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g~
VRS
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~
—~
(GG TSN
gl
Q
=
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3
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|
VRS
=
~~_
|
Sles
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Sles
Sles

=(5)

Then we find the value for the half thickness as a function of the radial variable r as

912 % /B\5 AP 3710
I ac b |1 (A (3.1.21)
39m2a3y, A (Gm)* r

[SI] ]

For simplicity we approximate /(3) ~ (1) = 2, I(1)

3.1.2 Outer Region (free-free absorption dominated opacity)

Now n =1 and s = %, from the condition for convergence of the limit of radiative

[ro

cooling we set N = <

—_

32@0T% 1 A—Y(N = %) 15
- [ 20 7 il 1.22
o= (o) (@) () 612
and
1287acT™ 1 (A-— ;—é%’”(%)z s TA\1/2\—1
99v0p M A Gm r
Up on inserting
15
15 BIB C?
T2 = - (3.1.23)
A=y
pro (2EeBTey LU gy
990 CM A Gm r
with "
u 26 M 2 rr TA 1
2 (r) = 11— ()2 3.1.24
pe (1) <44m1(§)> (Gm ey (3124

2 6 11 . 9 9
1287ac\ % (B\7( 39 \% M 3
H= 2T (2 Doptr(1 - (A2 (3.1.25)
99x0 A A4 Gmis r
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3.2 Central Density and Central Temperature
with out Coulombic Pressure

We shall now determine the disc variables in the absence of coulombic pressure in the
region where the pressure is dominated by the gas pressure. This will allow us to check
if the coulombic pressure in the thin disc approximation has a real contribution to the
stability of the accretion disc by comparing those equations derived in Section 3.1 and
here below.

Now the equation of state becomes

 NoKgpT
L

= ApT

P

Using still the polytropic relation P(z) = Kp(z)'*~ thus, Kp(z)~¥ = ApT

Putting the expression for p(z)% given above we find

T(z) = 2A(N1+ D G;n Kg)z - Gﬂ

And the central temperature is

Te0) =T, — — L CGm (5>2 (3.2.1)

(-G

Since for optically thick the energy transport equation is given by Eq.(3.1.9) with

dT z 2\ %\ ?
3 _ oA _ (A
7ol 2T0H<1 (H))

Thus we have

Xp = Xop" ' T*
2\ 2\ NN+ S
— n+1T—s 1— (X2
win(1- () )
The equation
SacT?® dT

@ = BXop" T dz
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becomes

0 - - 16acT? z 1 Z 2\ BHs=N(nt1))
3xp ) \H H
Using the fact that (Q7)surface = lim,_, 5y Q~, and the limit exists only if
3+s—N(N+1)=OorN:fLi+ithen

16acT*\ 1
T = — 3.2.3
? ( 3xp )CH (3:2.3)

Comparing this with Eq.( 2.2.4) we get
"o 16acT*\ 47 % 1 1 A 7\ !
U 3xp /,3GmM r

16acT*\ 47 13 1 !
H = 16act™™" S (S T ) (3.2.4)
3xop™ ), 3 Gm M r

Since T, and p,. are still functions of H, using Eq.(3.1.16) for p.

or

that is,

- (V) () () () ()T

(3.2.5)

3.2.1 Middle Region (Electron-scattering opacity dominated)

For n =0, s = 0 we have N = 3, Eq.(3.2.5) becomes
=S MO\ (GMN T (HNT[ (A
T = —_— J— J—
pe I(4) \ 4mr2a r r r

And also for T} imply
po (LY (GmY (Y
© \84 r r

_< 1152, A*M? )w
I(4)acam?(Gm)?

since 1(4) = 2= then we have

315
3 A4N[2\ 10
0o <2.84x1() XoA ]7\4 ) Or% (1 B (T_A)
acar?(Gm)?2 r

[NIES

ﬁ\
VR
—_
|
VR
=
= |D>
~~
[SIE
~~
3=

[N
=

(3.2.6)
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Up on inserting the constants (the used constants are given at the back of this material),

we find the approximated value for the half thickness of the disc for this particular region:

1

H ~ 1.412107%%p% {r% - 103}
The the other disc variables will be expressed as purely in terms of the radial variable r.

2

5
pe(r) = 2.624210"3 15,5 {ré - 103}
) z
T, = 33421021y~ 1 {r% - 103}

3.2.2 Outer Region (free-free absorption dominated opacity)

Now for n =1, s = 3.5 we have N = 113, Eq.(3.2.5) becomes

- e (25 (2" () - ) ]

15
I(%) is approximated to 1(4) = % " and also for T, imply

15
Tc%5 = (QGm) ’ HYr=%

17A

Thus Eq.(3.2.4) gives

7.5210%y, M3 2/ A%\ A 7\ 1
H = 2 Rl [ G 2.
(i) (G) 7=(-(2))" w20




Chapter 4

STABILITY ANALYSIS OF THIN
ACCRETION DISC

4.1 Thermal Instabilities

In the last chapters, we have dealt in some detail with the theory of steady thin ac-
cretion discs. We investigate now the work of Shakura and Sunyaev, the stability of the
steady discs described in chapter two. Only stable models have a chance to be physically
relevant. It will turn out that possible instabilities depend strongly on the assumed vis-
cosity. There are several reasons for extending this study to time dependent discs. One
is that we must check that the steady-state models are stable against small perturbations
if not, we have probably made some assumption in the course of constructing these discs
which is not compatible with the further assumption of steadiness. The time dependence
of disc flow is controlled by the size of the viscosity then they offer one of the few sources
of qualitative information.

We begin by identifying the typical timescales on which the disc structure may

vary by encountering the viscous timescale

re r

~N — Y —

v,

tvisc

which gives the timescale on which matter diffuses though the disc under the effect of

the viscous torques. The shortest characteristic timescale of the disc is the dynamical

32
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timescale

r
ts@“’_Nle
©

In equilibrium we must have QT = Q. But if, when the central temperature T,
is increased by a small perturbation 07,, Q" increases faster than )~ T, will rise further
because the cooling rate is inadequate. In other words, a steady state is impossible in
a parameter regime where the instability would grow, despite the fact that formally an
equilibrium solution can be found. If the energy balance is disturbed in the disc, any
stability will grow on a timescale t;;, given by the ratio of heat content per unit disc area
to the dissipation rate per unit disc area. It is the timescale for readjustment to the
thermal equilibrium, if, say, the dissipation rate is altered. Since the heat content per
unit volume of a gas is

kgT
P ~y pc2
Hmp s

2
Scs

Q+

this gives t;, ~ 2=. The relation between Q" and vS means that t;, can be re-expressed

in terms of the viscous timescale: for a keplerian disc, we have (2 = )

3 2 2 5
T Cs Cs T —2
bin ™~ Gy ~ BT § " tvisc

Suppose now that a small perturbation is made to a putative equilibrium solution
and that this perturbation continues to grow rather than being damped. The difference
we have found in these timescales means we can distinguish different types of instabilities.
If for example the energy balance is disturbed in the disc, any instability will grow on a
timescale t;,, which is much less than %,;,..

If v = n/p denotes the kinematic viscosity we have from Section 2.5
QT = %I/S 02

And for the a-model in Section 2.5 gives

2a W

v=acH =73
t

1
Q

Since t,;s. is the time scale for significant changes in the surface density S to occur, we can
assume that S is fixed during the growth time ¢;, we refer to this as a thermal instability

and such instabilities arise when the local (volume) cooling rate, ¢~ with in the disc can



34

no longer cope with the volume heating rate, ¢*.
In general the customary way of writing the instability criterion is [1,2]

Q- _dQ*
ar, = dT,

dinQ~ - dln Q™
dinT, dinT,

Now in our case since we assume H << r we can use the fact that Y << A then

Eq.(3.1.12) can be approximated to give volume cooling rate

q_ — Q; ~U O-TC4
H xpH?

For free-free opacity it will be (omitting the constraints)

T.% T.% 15
q szcHQZ 52 ~T.>

The volume heating rate ¢* is also given by

q+~%~%~acs~aT§

where we have used the a-parametrization v = ac,H

Comparing these two expression, we see that the thermal instability will grow if ¢~ in-

creases less rapidly with T, than does ¢™

Similarly for the electron-scattering opacity we have
- Q" UTé1
9 =7~ o
which can be furthermore approximated as ¢~ ~ T}
Thus for gas pressure dominated region, unless o decreases more rapidly than ( 7.7 for

7
Kramer’s opacity and T, 2 in the case of electron-scattering ), but obviously a < 1, thus

the optically thick parts of a disc will be thermally stable.

4.2 Viscous Instabilities

Let us now consider changes in the disc structure which takes place on the viscous
timescale. This includes instabilities and the evolution of discs in response to changes in

external conditions, such as the mass transfer rate. As t,;sc >> ty,, we assume that the
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disc adjusts so rapidly that if always maintains both thermal and hydrostatic equilibrium.
Hence, some equations describing steady discs apply also to time dependent discs.
Defining the mass transfer rate M = M(r,t) at each radius with S and v, be
functions of r, i.e, .
oM 05

= 2mr—

Or ot

Suppose that the the surface density in a steady disc is perturbed axsiymmetrically at
each r, so that

S=25,+46S

where S, is the steady state distribution. In the Keplerian approximation for v, we get

from Eq.(2.3.5) since v, is time independent

2
rSv, = 0" Wrp)
0, (1vy,)
using v = n/p from Section 2.5
dQ dQ
Wy, = T / vpdz = T%VS (4.2.1)
Hence, we obtain from Eq.(4.0.1)
rSv, = —ia [Lr2QS] (4.2.2)
oo -

Applying on this equation the operator r~10, and using the mass conservation equation
gives

_3 1 2
0S = T6T<rQaT[W QS]) (4.2.3)

Denoting p = vS there will be a corresponding perturbation oy, since v = v(r,S) thus

p = u(r,S) so that

b _ o
5S 08

o ... 30[10 ,

5709 = Ve rartrioon]
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eliminating 0.5 we obtain the equation governing the growth of the perturbation

g(é)_a_uga 19
ot " = asror

L 02
rQ or (r Qéﬂ)}

n

o obeys a diffusion equation having the diffusion coefficient proportional to 3&.

If g—g is positive the perturbation decays on a viscous timescale. However, if it is
negative, more material will be fed into those regions of the disc that are denser than
their surroundings and material will be removed from those regions that are less dense,
so that the disc will tend to breakup in to rings. This breakup of the disc on a timescale
tvise constitutes the viscous instabilities, more precisely stated; steady disc flow is only
possible provided [1]

o

e 424
55 > ¢ (4.2.4)

4.3 The Stability Parameter (3

Since the task of approximating we did above ( viscous instability ) may lead to
wrong conclusion. Thus the right way of determining the instability is using the stability
parameter, which is derived basically from the two dominant (radiation and gas) pressures
then we apply the general condition to our case.

We consider only axially symmetric perturbations of wave length A, satisfying H <<

A << r, and which change little on the dynamical time scale Q1 (Q~*

is also roughly
the time it takes for a sound wave to cross the disc in the transverse direction). For a
linear stability analysis, we to linearize the basic time dependent equations around the
equilibrium solutions. For the type of perturbations,which we want to consider, we can
still use in the vertical direction the hydrostatic equation (neglecting terms of order (£)?).
H)Q o2

Furthermore, v,, is still Keplerian, up to terms of order (=) ,77%.

Using the continuity equation we define another form of the energy equation given
in Chapter two

O (ep) + div[(ep + P)v] — Vv, P = q* — divg
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Thus

Oi(ep) + %&[rvr(pe + P)] + 0.|v.(pe + P)] — v,0,P — v,0,P = q* — divg

Integrating over z gives

Oy / epdz + 1(‘9,,[/ rov.(pe + P)dz] — /v,,arsz — /vzﬁdez =QT—-Q (4.3.1)
r

Where € is the internal specific energy given by

T4
e:cUT—i—a—
P

Let v = and P, = P. Using ¢, = C, + A we get

LP
€= —
p

In the thin disc approximation and using the hydrostatic equation for 9, P, we obtain
1
O (LW) + =0,[rv.(L + Y)W] — 0,0, W + Q? / pVozdz = QY — Q™ (4.3.2)
r

From now on, we choose for simplicity a constant density in the z-direction and
assume that the perturbations in the z- direction preserve this property.

Then the hydrostatic equation in the z-direction gives

z 1
P(2) = P.|1 - (=)*|,P. = ~SO*’H
& =P|1- (57| n- s
and thus the average pressure is
P = éSQQH

we also have

4 1
W =_P.H=_S0H?
3 3

and thus for the a-models

2
v = gaQQHQ. (4.3.3)
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Furthermore, since v, = %0, H

1
/pVszz = gSH(?tH.
Inserting these expressions into Eq.(4.3.2) gives
1 a2l L1 2772 1 2772y 1 L2 + -
gé?t LSQ°H=| + g—ar rv.(L 4+ 1)SQ*H*| — gvr&,(SQ H*) + §SQ HOH=Q" -Q
r

In the second term on the left we use Eq.(4.2.2) to get the second basic equation:

QH?

1 1 1 1

gaPﬁﬂﬁﬂ]—;&kL+U &@Qﬂsﬂ—gm&LﬂfH%+§SQ%RM¥:Q+—Q‘
(4.3.4)

Eqgs.(4.2.3) and (4.3.4) have to be linearized now about the equilibrium.

Let us introduce the following notations for the changes of S and H from their equilibrium

values
S oH
We set
)
2 nu+mh A+ ... (4.3.6)
v

If we use the a-law Eq.(4.3.3),then
n=0 m=2 (4.3.7)
Inserting Eq.(4.3.5) and Eq.(4.3.6) gives for the linearizion of Eq.(4.2.3)
SO = 3vS?[(n + 1)u + mh. (4.3.8)

The linearizion of Eq.(4.3.4) is a bit more complicated.

Let
5O~
i_ =lu+kh+.. (4.3.9)
Q
where the expansion coefficients depend on the opacity
One must also include variations of L. For definiteness we choose v = % .
Then

L:gﬂ+6% f=1-0 (4.3.10)
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First order changes of 3 are obtained from the equation of state

: S (3BP\*
P=pP+A (BT)
and from the expression P = %SQQH .Computing the variations of these two equations
gives ' ‘
6 _1-6 (Th — u) (4.3.11)
B 1+38

Now the linearizion of Eq.(4.3.4) is straightforward. Using the equilibrium conditions (in
particular QT = @7), one finds for the a-model, if only the determinant terms of order
(H

L)% are kept:

3(1+ 38 + 48%)0u + (8 + 518 — 382)0h — 3(1 + 38)aQ(n + 1 — Du + (m — k)i

— §a9H2(5 + 186 4 96%)0%[(n + 1)u + mh). (4.3.12)

For an ionized gas at T> 10*K the major competitive opacity is electron scattering. Thus
if the opacity is dominated by the electron scattering opacity(x ~ ;—7; ~ 0.4 cm?/g),
using P. = 1SO?H

- |
O = e SO o, Mgy (4.3.13)
or S ar
Thus
0Q~  bf
00~ _ 08 (4.3.14)
Q- B
Using Eq.(4.3.11) this gives
k:8_4ﬁ., -1 (4.3.15)
1+ 33 1+33

All perturbations are fully described by Eqs.(4.3.8) and (4.3.12) since all quantities
of interest, in particular M ), can be expressed in terms of u and h. We consider harmonic

perturbations

u(r,t) = u(r)e, h(r,t) = h(r)e*"
and write a single equation for the combination

Y = (n+ 1)u+ mh. (4.3.16)



40
This amplitude describes the viscous perturbations, as can be seen from QT = %VSQQ
Eqgs.(4.3.5), and (4.3.6).

From (4.3.8) we get for the a-law

2 Q50
u = 3awH 0. (4.3.17)
Using Eqs.(4.3.16),(4.3.17) in Eq.(4.3.12) gives
p Cw =30 +30aMm=k) 2 oo, (4.3.18)
Dw — 3(1+3B8)aQdml — k(n + 1)] 3
where C'(f) = 8 + 5153 — 352

and D(3) = (N +1)C(8) + M(2 + 98 — 352) For solutions proportional to sin(r/A) we
obtain the dissipation relation

0(3&%)2+ {217(3%)2 - (1+3B)(m—k;)} Rl —2(3%)2(1+3B)[ml— (n+ 1)k =0
—2<3£A)2(1 +38)[ml — (n+1)k] =0

for the special values of Eqs.(4.3.7) and (4.3.15) we obtain

(4.3.19)
et (&) )
+ KD (3%)2 +(3 - 55’))2 —4C(5 - 38) (3%)2} 1 (4.3.20)
with

C(B) =8+518 — 362 >0, D(B) = (N +1)C(B) + M(2+ 96 —35% >0

Obviously, Re(w) < 0,if 3 — 53 > 0. We thus have stability for § < g

which is the case if the plasma pressure dominates.

In our case the total pressure is given by Eq.(1.0.6)

|

(NI

P:ApT—B{

N
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Thus if the disc is stable in the region the condition

g < 0.4

62Pg+Pcoul

should fulfilled.
Using Eq.(3.1.15) the expression for the central pressure with H given by Eq.(3.1.17) in
the case of total pressure and in the case of gas pressure only H is given by Eq.(3.2.4)

-1
1 M Hgas GM ro ) %
Pg - I(N+41)gas 47ra ( i > (T) [1 - (70)2]

Fo+ Feou 1 M _(H B GM : 1
I(N+1)total 47rr2a( t:*tal) ( r > [1_ (70)5]

Pg (I(N + 1)H)total

P, + Poow  (I(N +1)H)

gas

I(N+1)ges =1(4) = 32—175 for outer region

I(N +1)ges ~ 1(4) = 32T75f0r inner region
I(N 4+ 1ot ~ I(1) = % for both regions
Inserting all the required constants, we determine the approximate values of the half

thickness in the two regions.
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MIDDLE REGION

Eq.(3.1.21)

[es

1

o

Hyopop & 3.74710 [r% — 103}

and from Eq.(3.2.6 ) we find

1
5

Hyqy ~ 1.4121073%72 [r% - 103}

Thus

1
10

B(r) ~ 8.7210%% [r% - 1031 (4.3.21)

Figure 4.1: The stability parameter for middle region (r ~ 10° to 108)



OUTER REGION
From Eq.(3.1.25)

9

35

Hypar ~ 2.92107 47051 [ré _ 103]

and for Hy,s Eq.(3.2.7) gives

=

Hgas ~ 3.75%10_1'37"_1'97 |:7~§ _ 103

Then

71 0.36

r) = 1.28¢10 277146 ;05 _ 103
B(r)

Figure 4.2: The stability parameter for outer region (r ~ 10™5 to 10%)
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Chapter 5

CONCLUSION

The stability of gas pressure-dominated accretion disc with the addition of coulombic
pressure has been studied with the consideration of only axially symmetric perturbations
in the vertical direction. The model we considered is geometrically thin with electron-
scattering opacity dominated (middle region) and free-free absorption opacity dominated
(outer region) and the energy transport equation is radiation transport dominated. The
disc is stable for the middle region for r ~ 1.52107 to r = 6.52107 and not stable for
r ~ 10° up to 107,

Similarly for the case of outer region the disc is stable for r < 2.42108. Since the disc is
thermally stable as stated in Section 4.1 the instability shown in the graphical solution
is mainly caused due to the viscosity. Thus with a set of such assumptions and with the
result we obtain, it could be concluded that the disc is thermally stable but viscously

unstable.
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USED CONSTANTS

Speed of light
Constant of gravity
Avogadro’s number

Gas constant
Boltzmann constant

Proton mass

Electron mass
Elementary charge

Atomic weight for hydrogen
Mean molecular weight
Stefan-Boltzmann constant
Radiation constant
Mass of the sun
Mass of the Neutron star
Accretion rate
Alfven radius
The free-viscous parameter
Electron-scattering Opacity

Free-free absorption opacity

¢ =3z10%m/s
G =6.67X10""m3/kgs
Ny = 6.02210%part /mol
R = 8.31J/Kmol
ks = R/Ny = 138X 105 J/K
m, = 1.67210"*"kg
me = 9.11210 3 kg
e=9.11210"%
A, =1.0071
©w=0.6
o =5.67x10 %erg/cm*SK*
a=2="757210"0Jm 3K
Mg = 1.99210%°kg
M =109 Mg /year
ra = 106
a=0.1
Xo = 0.0472
Xo = 521077
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