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Abstract
In this work we investigate the invertibility of single layer potential op-

erator in 2D. The single layer potential operator contains non trivial kernel.
Consequently, we need to set conditions on the domain or the space to insure
the boundedness and ellipticity of single layer potential operators and hence
by Lax-Milgram Theorem the invertibility of single layer potential in 2D.
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Notations
Ω: Bounded open set in R2.

∂Ω: The boundary of Ω.

Ω̄: The closure of Ω.

B(x, r): Ball of radius r about x in R2.

∂B(x, r): Boundary of ball of radius r about x in R2.

C∞(Ω): The set of all infinitely differentiable function.

C∞0 (Ω): The space of functions in c∞(Ω) compactly supported in Ω.

∆: The Laplace’s operator.

∇: The gradient operator.

V∆g: The single Layer potential operator with density function g.

W∆g: The double Layer potential operator with density function g.

Ck(Ω): The space of functions which are bounded and k times continuously
differentiable in Ω.

Lp(Ω): The space of all equivalence classes of measurable functions on Ω
whose power of order p are integrable.

L2(Ω): The space of all square integrable functions.

L∞(Ω): The space of functions which are measurable bounded almost every-
where.

Lloc1 (Ω): The space of locally integrable functions.

α(n): The volume of a unit ball in Rn.

nα(n): The surface area of a unit ball in Rn.

ker(T ): The kernel of the operator T : X → Y , Ker(T ) = {f ∈ X : Tf =
0}.
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div(V ): The divergence of a vector V , div(V ) =
∑

∂Vi
∂xi

.

‖ T ‖: The operator norm of T : X → Y , ‖ T ‖= sup{‖ Tf ‖Y :‖ f ‖X≤ 1}.

‖ . ‖Lp(x): The norm related to the Lebesgue space Lp(x),‖ f ‖Lp(x)= (
´
x
|f |pdx)

1
p .

|.|: The Euclidean norm, |x| =
√
x2

1 + x2
2 + ...+ x2

d.

〈., .〉: The Euclidean inner product,〈x, y〉 =
∑
xiyi.

〈.|.〉: The inner product related to Lp(x).
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Chapter 1

Introduction

This thesis consists of four chapters dealing with function spaces, Green’s
identities and Green’s representation formula, properties of harmonic func-
tion, fundamental solutions of the Laplace’s and Poisson’s equation, potential
theory, solutions of interior Dirichlet and interior Neumann problems using
single layer and double layer potential operators, boundedness and ellipticity
of single layer potential and finally invertibility of single layer potential in
2D.
In chapter 1, we introduce some selective points from the remaining 3 chap-
ters as follows.

In chapter 2, we discuss some preliminaries which are important to
study the Invertibility of Single Layer Potential Operators for constant coef-
ficient in 2D.
Let Ω ⊂ R2 be some open subset and assume k ∈ N0. Ck(Ω) is the space
of functions which are bounded and k times continuously differentiable in Ω.
In particular for u ∈ Ck(Ω) the norm

‖ u ‖ ck(Ω) :=
∑
|α|≤k

sup
x∈Ω
|Dαu(x)|

is finite.
Correspondingly, C∞(Ω) is the space of functions which are bounded and
infinitely often continuously differentiable.
For k ∈ N0 and κ ∈ (0, 1) we define Ck,κ(Ω) to be the space of Hölder
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continuous equipped with the norm

‖ u ‖ck,κ(Ω):=‖ u ‖ck(Ω) +
∑
|α|=k

sup
x,y∈Ω,x 6=y

|Dαu(x)−Dαu(y)|
|x− y|κ

.

The boundary of an open set Ω ∈ R2 is defined as

∂Ω = Ω ∩ (R2\Ω).

By Lp(Ω) we mean the space of all equivalence classes of measurable func-
tions on Ω whose powers of order p are integrable. For p = 2 we have L2(Ω)
to be the space of all square integrable functions, and Hölder’s inequality
turns out to be the Cauchy-Schwartz inequality.
In addition to the above points, we discuss about generalized derivatives,
Sobolev spaces,and properties of Sobolev spaces.

In Chapter3, we discuss the detail part of the thesis by dividing the
chapter in to four sections with their respective subsections.

In the first section, we study the fundamental solution of Laplace’s equa-
tion in Rn, ∆(u) = 0 forx ∈ Rn. Given the symmetric nature of Laplace’s
equation, we look for a radial solution. That is, we look for a harmonic
function u on Rn such that u(x) = v(|x|). In addition, to being a natural
choice due to the symmetry of Laplace’s equation,radial solutions are natural
to look for because they reduce a PDE to an ODE, which is generally easier
to solve.

In the second section of this chapter, we are interested in studying Green’s
identities, Green’s function and representation formula. The primary use of
Green’s function in mathematics is to solve non-homogeneous boundary value
problems.

In the third section, we prove a mean value property which all harmonic
functions satisfy, and the converse to mean value property of harmonic func-
tions. If u is a harmonic function on a bounded domain Ω in Rn, then u
attains its maximum value on the boundary of Ω. Moreover, we also prove
that harmonic functions are C∞. At last, we show that the only functions
which are bounded and harmonic on Rn are constant functions.
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In the last section of this chapter, we study properties of layer potentials
for Laplace’s equation. The reason why we are interested in layer potentials
is that they are good candidates for being solutions to the Interior Dirichlet
and Interior Neumann problems for Laplace’s equation. In addition, they are
also harmonic and they obey certain jump relations on the boundary.

In the last chapter, we discuss the main result of this thesis, which
is the Invertibility of Single Layer Potential Operators for constant
coefficient in 2D. Before we investigate the Invertibility of Single Layer
Potential Operators, we discuss about the concept of logarithmic capacity,
boundedness and ellipticity of single layer potentials. In this way we are
attempting to demonstrate methods that can be used in determining the
inverse of single layer potentials.
Finally, we investigate the Invertibility of Single Layer Potential Operators
for constant coefficient in 2D.
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Chapter 2

Preliminaries

2.1 Function Spaces

2.1.1 The Spaces Ck(Ω), Ck,κ(Ω) and Lp(Ω)

If u is a sufficient smooth real valued function, then we can write partial
derivatives as:

Dαu(x) := (
∂

∂x1

)α1 , ...(
∂

∂xd
)αdu(x1, x2..., xd)

where α = (α1, α2, ..., αd), αi ∈ N0, multi index with

|α| = α1 + α2 + ...+ αd.

Let Ω ∈ R2 be some open subset and assume k ∈ N0. Ck(Ω) is the space of
functions which are bounded and k times continuously differentiable in Ω.
In particular for u ∈ Ck(Ω) the norm

‖ u ‖ ck(Ω) :=
∑
|α|≤k

sup
x∈Ω
|Dαu(x)|

is finite.
Correspondingly, C∞(Ω) is the space of functions which are bounded and
infinitely often continuously differentiable.
For a function u(x) defined for x ∈ Ω we denote

supp(u) = {x ∈ Ω : u(x) 6= 0}
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to be the support of the function u.
Then,

C∞0 (Ω) = {u ∈ c∞(Ω) : supp(u) ⊂ Ω}
is the space C∞(Ω) functions with compact support.
For k ∈ N0 and κ ∈ (0, 1), we define Ck,κ(Ω) to be the space of Hölder
continuous equipped with the norm

‖ u ‖ck,κ(Ω):=‖ u ‖ck(Ω) +
∑
|α|=k

sup
x,y∈Ω,x 6=y

|Dαu(x)−Dαu(y)|
|x− y|κ

.

In particular, for κ = 1 we have Ck,1(Ω) to be the space of functions u ∈ ck(Ω)
where the derivatives Dαu of order |α| = k are Lipschitz continuous.
The boundary of an open set Ω ∈ R2 is defined as

∂Ω = Ω ∩ (R2\Ω).

By Lp(Ω) we mean the space of all equivalence classes of measurable functions
on Ω whose powers of order p are integrable. The associated norm is:

‖ u ‖Lp(Ω):= {
ˆ

Ω

|u(x)|pdx}
1
p

for 1 ≤ p ≤ ∞.
Two elements u, v ∈ Lp(Ω) are identified with each other if they are different
only on a set K of zero measure i.e µ(K) = 0. In addition, L∞(Ω) is the
space of functions u which are measurable and bounded almost everywhere
with the norm:

‖ u ‖L∞(Ω):= ess sup
x∈Ω
{|u(x)|} := inf

x⊂Ω,µ(k)=0
sup
x∈Ω\k

|u(x)|.

The spacesLp(Ω) are Banach spaces with respect to the norm ‖ u ‖Lp(Ω) .
There holds the Minkowski inequality U ∈ Lp(Ω).

‖ u+ v ‖Lp(Ω)≤‖ u ‖Lp(Ω) + ‖ v ‖Lp(Ω) (2.1)

for all u, v ∈ Lp(Ω).
For u ∈ Lp(Ω) and v ∈ Lq(Ω) with adjoint parameters p and q,i.e 1

p
+ 1

q
= 1,

we further have Hölder’s inequality

´
Ω
|u(x)v(x)|dx≤‖ u ‖Lp(Ω) ‖ v ‖Lq(Ω) . (2.2)
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Defining the duality pairing

〈u, v〉 :=

ˆ
Ω

u(x)v(x)dx,

we obtain

‖ v ‖Lq(Ω)= sup
06=u∈Lp(Ω)

|〈u, v〉Ω|
‖ u ‖ Lp(Ω)

for 1 ≤ p <∞, 1
p

+ 1
q

= 1.

For p = 2 we have L2(Ω) to be the space of all square integrable functions,and
Hölder’s inequality (2.2) turns out to be the Cauchy-Schwartz inequality:

´
Ω
|u(x)v(x)|dx≤‖ u ‖L2(Ω) ‖ v ‖L2(Ω) . (2.3)

Moreover, for u, v ∈ L2(Ω) we can define the inner product

〈u, v〉L2(Ω) =

ˆ
Ω

u(x)v(x)dx

and with
〈u, u〉L2(Ω) = ‖ u ‖2

L2(Ω)

for all u ∈ L2(Ω) we conclude that L2(Ω) is a Hilbert space.

2.2 Generalized Derivatives and Sobolev Spaces

By Lloc1 (Ω) we denote the space of locally integrable functions, i.e.u ∈ Lloc1 (Ω)
is integrable with respect to any closed bounded subset K ⊂ Ω.
For functions ϕ, ψ ∈ C∞0 (Ω) we may apply integration by parts,

ˆ
Ω

∂

∂xi
ϕ(x)ψ(xi)dx = −

ˆ
Ω

ϕ(x)
∂

∂xi
ψ(x)dx.

Note that all integrals may be defined for non-smooth functions. This moti-
vates the following definition of a generalized derivative.

Definition 2.2.1. A function u ∈ Lloc1 (Ω) has a generalized partial derivative
with respect to xi, if there exists a function v ∈ Lloc1 (Ω) satisfying

´
Ω
v(x)ϕ(x)dx = −

´
Ω
u(x) ∂

∂xi
ϕ(x)dx (2.4)
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for all ϕ ∈ C∞0 (Ω).

Again we denote the generalized derivative by ∂
∂xi
u(x) := v(x). The recur-

sive application of (2.4) enables us to define a generalized partial derivative
Dαu(x) ∈ Lloc1 (Ω) by

´
Ω

[Dαu(x)]ϕ(x)dx = (−1)|α|
´

Ω
u(x)Dαϕ(x)dx (2.5)

for all ϕ ∈ C∞0 (Ω).
For k ∈ N0 we define norms

‖ u ‖WK
P (Ω) := {

∑
|α|≤k ‖ Dαu ‖pLp(Ω)}

1
p (2.6)

for 1 ≤ p <∞.
By taking the closure of C∞(Ω) with respect to the norm ‖ . ‖WK

P (Ω) we define

the Sobolev space :

WK
P (Ω) := C∞(Ω)‖.‖

WK
P

(Ω)
. (2.7)

In particular, for any u ∈ WK
P (Ω) there exists a sequence {ϕj}j∈N ⊂ C∞(Ω)

such that
lim
j→∞
‖ u− ϕj ‖WK

P (Ω) = 0.

Correspondingly, the closure of C∞0 (Ω) with respect to ‖ . ‖WK
P (Ω) defines the

Sobolev space
˙WK

P (Ω) := C∞0 (Ω)‖.‖
WK
P

(Ω)
. (2.8)

The definitions of Sobolev norms ‖ . ‖WK
P (Ω) and therefore of the Sobolev

spaces (2.7) and (2.8) can be extended for any arbitrary s ∈ R .
We first consider 0 < s < R with s = k + κ and k ∈ N0, κ ∈ (0, 1). Then,

‖ u ‖W s
P (Ω):= {‖ u ‖pWk

P (Ω)
+|u|pW s

P (Ω)}
1
p

is the Sobolev-Slobodeckii norm, and

|u|pW s
P (Ω) =

∑
|α|≤k

ˆ
Ω

ˆ
Ω

|Dαu(x)−Dαu(y)|p

|x− y|d+pk
dxdy

13



is the associated semi-norm.
In particular for p = 2 we have W s

2 (Ω) to be a Hilbert space with inner
product

〈u, v〉Wk
2 (Ω) :=

∑
|α|≤k

ˆ
Ω

Dαu(x)Dαv(x)dx

for s = k ∈ N0 and

〈u, v〉W s
2 (Ω) := 〈u, v〉Wk

2 (Ω) +
∑
|α|≤k

´
Ω

´
Ω

(Dαu(x)−Dαu(y))(Dαv(x)−Dαv(y))
|x−y|d+2k dxdy

(2.9)
for s = k + κ, k ∈ N0, κ ∈ (0, 1).

2.2.1 Properties of Sobolev spaces

Assuming a certain relation for the indices s ∈ R and p ∈ N a function
u ∈ W s

P (Ω) turns out to be bounded and continuous.

Theorem 2.2.1 (Imbedding Theorem of Sobolev). Let Ω ∈ Rd be a bounded
domain with Lipschitz boundary ∂Ω and let d ≤ s for p = 1,d

p
< s for p > 1.

For u ∈ W s
P (Ω) we obtain u ∈ C(Ω) satisfying

‖ u ‖L∞(Ω) ≤ c‖ u ‖W s
P (Ω)

for all u ∈ W s
P (Ω).

For the proof of these theorem see, for example [Olaf−Steinbach, Theorem1.4.6].
The norm (2.6) of Sobolev space W 1

2 (Ω) is

‖ v ‖W 1
2 (Ω) = {‖ v ‖L2(Ω) + ‖ ∇v ‖2

L2(Ω)}
1
2

where
|v|W 1

2 (Ω) = ‖ ∇v ‖L2(Ω)

is a semi-norm. Applying the following theorem we may deduce equivalent
norms in W 1

2 (Ω).

Theorem 2.2.2 (Norm Equivalence Theorem of Sobolev). Let f : W 1
2 (Ω)→

R be a bounded linear functional satisfying 0 ≤ |f(v)| ≤ Cf‖ v ‖W 1
2 (Ω) for all

v ∈ W 1
2 (Ω).

If f(constant) = 0 is only satisfied for constant = 0, then

‖ v ‖W 1
2 (Ω), f := {|f(v)|2 + ‖ ∇v ‖2

L2(Ω)}
1
2 (2.10)

defines an equivalence norm in W 1
2 (Ω).
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2.3 Fundamental Solutions of Linear Differ-

ential Operators

The Fourier transform is applied to construct the fundamental solutions of
linear differential operators having constant coefficients. Naturally, only fun-
damental solutions of slow growth can be obtained by this method.

Generalized Solutions of Linear Differential Operators

Let ∑m
|α|=0 aα(x)Dαu = f(x), f ∈ D′ (2.11)

be a linear differential equation of order m with coefficients aα(x) ∈ C∞(Rn).
Introducing the differential operator

L(x,D) =
m∑
|α|=0

aα(x)Dα, D = (
∂

∂x1

,
∂

∂x2

, ...,
∂

∂xn
)

We shall rewrite this equation in the form

L(x,D)u = f(x) (2.12)

Each generalized function u ∈ D′ which satisfies this equation in the region
Ω in a generalized sense, that is for any ϕ ∈ D, suppϕ ⊂ Ω

(L(x,D)u, ϕ) = (f, ϕ) (2.13)

is known as the generalized solution of Eq.(2.11) in the region Ω.
Equation (2.13)is equal in effect to the equation

(u, L∗(x,D)ϕ) = (f, ϕ), ϕ ∈ D(Ω) (2.14)

where
L∗(x,D)ϕ =

∑m
|α|=0(−1)|α|Dα(aαϕ) (2.15)
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In fact,

(L(x,D)u, ϕ) = (
m∑
|α|=0

aαD
αu, ϕ)

=
m∑
|α|=0

(aαD
αu, ϕ)

=
m∑
|α|=0

(Dαu, aαϕ)

=
m∑
|α|=0

(−1)|α|(u,Dα(aαϕ))

= (u,
m∑
|α|=0

(−1)|α|Dα(aαϕ))

= (u, L∗(x,D)ϕ)

It is clear that every classical solution is also a generalized solution. We shall
formulate the converse result as the following lemma.

Lemma 2.3.1. If the generalized solution u(x) of Eq.(2.11) in the region Ω
belongs to the class Cm(Ω) and f ∈ C(Ω), then it is also the classical solution
of this equation in the region Ω.

Proof. Since u ∈ D′ ∩Cm(Ω), the classical and generalized derivatives of the
function u up to and including the order m coincide in the region Ω. Since
u is the generalized solution of Eq. (2.11) in the region Ω, then the function
L(X,D)u = f which is continuous in Ω in the sense of generalized functions.
According to DU Bios Reymond’s lemma, L(X,D)u(x) − f(x) = 0 at all
points of the region Ω , so that u satisfies Eq.(2.11) in the region Ω in the
classical sense. The lemma is proved.

2.4 Fundamental Solution

Let L be an operator with constant coefficients aα(x) = aα :

L(D) =
∑
|α|=0 aαDα, L ∗ (D) = L(−D). (2.16)
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The generalized function Φ ∈ D′ which satisfies equation

L(D)Φ = δ(x) (2.17)

in Rn is said to be the fundamental solution (the function of influence) of the
differential operator L(D).
The fundamental solution Φ(x) of the operator L(D), generally speaking,
is not unique; it is defined accurately as far as the term Φ0, which is an
arbitrary solution of the homogeneous equation L(D)Φ0 = 0
In fact, the generalized function Φ(x) + Φ0(x) is also a fundamental solution
of the operator L(D),

L(D)(Φ + Φ0) = L(D)Φ + L(D)Φ0 = δ(x).

17



Chapter 3

Potential Theory

3.1 Laplace’s Equation

In mathematics, Laplace’s equation is a second order partial differential equa-
tion named after Pierre-Simon Laplace who first studied its properties. This
is often written as: ∆u = 0 or ∇2u = 0 where ∆ = ∇2 is the Laplace opera-
tor and u is a scalar function. Laplace’s equation and poisson’s equation are
the simplest examples of elliptic partial differential equations.

The general theory of solutions to Laplace’s equation is known as poten-
tial theory. The solutions of Laplace’s equation are the harmonic functions
which are important in many fields of science, notably the fields of elec-
tromagnetism, astronomy, and fluid dynamics because they can be used to
accurately describe the behaviour of electric, gravitational, and fluid poten-
tials.

3.1.1 The Fundamental Solution

Consider Laplace’s equation in Rn,

∆u = 0, x∈ Rn.

Given the symmetric nature of Laplace’s equation, we look for a radial
solution. That is, we look for a harmonic function u on Rn such that
u(x) = v(|x|). In addition, to being a natural choice due to the symme-
try of Laplace’s equation, radial solutions are natural to look for because

18



they reduce a PDE to an ODE, which is generally easier to solve. Therefore,
we look for a radial solution.
If u(x) = v(|x|), then

uxi =
xi

|x|
v′(|x|), |x| 6= 0,

uxixi =
1

|x|
v′(|x|)− x2

i

|x|3
v′(|x|) +

x2
i

|x|2
v′′(|x|), |x| 6= 0,

Therefore,

∆u =
n− 1

|x|
v′(|x|) + v′′(|x|).

Letting r = |x|, we see that u(x) = v(|x|) is a radial solution of Laplace’s
equation implies v satisfies

n− 1

r
v′(r) + v′′(r) = 0.

Therefore,

v′′ =
1− n
r

v′

=⇒ v′′

v′
=

1− n
r

=⇒ ln v′ = (1− n) ln r + c

=⇒ v′(r) =
C

rn−1
,

which implies

v(r) =

{
c1 ln r + c2 n = 2
c1

(2−n)rn−2 + c2 n ≥ 3.

From the calculations, we see that for any constants c1,c2, the function

u(x) ≡
{

c1 ln (|x|) + c2 n = 2
c1

(2−n)|x|n−2 + c2 n ≥ 3.
(3.1)

For x ∈ Rn, |x| 6= 0 is a solution of Laplace’s equation in Rn − 0. We notice
that the function u defined in (3.1)satisfies ∆u(x) = 0 for x 6= 0, but at
x = 0, ∆u(0) is undefined. We claim that we can choose constants c1 and c2

appropriately so that
−∆xu = δ0
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in the sense of distributions. Recall that δ0 is the distribution which is defined
as follows. For all φ ∈ D,

(δ0, φ) = φ(0).

Below, we will prove this claim. For now, though, assume we can prove
this. That is, assume we can find constants c1, c2 such that u defined in
(3.1)satisfies

−∆xu = δ0 . (3.2)

Let Φ denote the solution of (3.2). Then, define

v(x) =

ˆ
Rn

Φ(x, y)f(y)dy.

Formally, we compute the Laplacian of v as follows,

−∆xv = −
ˆ
Rn

∆xΦ(x, y)f(y)dy

= −
ˆ
Rn

∆yΦ(x, y)f(y)dy

=

ˆ
Rn
δxf(y)dy = f(x).

That is, v is a solution of Poisson’s equation! Of course, this set of equalities
above is entirely formal. We have not proven anything yet. However, we
have motivated a solution formula for poisson’s equation to(3.2). We now
return to using the radial solution(3.1) to find a solution of (3.2).
Define the function Φ as follows. For |x| 6= 0, let

Φ(x) =

{
− 1

2π
ln (|x|) n = 2

1
(n(n−2)α(n))

1
|x|n−2 n ≥ 3

(3.3)

where α(n) is the volume of the unit ball in Rn. We see that Φ satisfies
Laplace’s equation on Rn − 0. As we will show in the following claim, Φ
satisfies −∆xΦ = δ0.
For this reason, we call Φ the fundamental solution of Laplace’s equation.
Claim 1. For Φ defined in (3.3), Φ satisfies

−∆xΦ = δ0
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in the sense of distributions. That is, for all g ∈ D,

−
ˆ
Rn

Φ(x)∆xg(x)dx = g(0).

Proof. Let FΦ be the distributions associated with the fundamental solution
Φ. That is, letFΦ : D → R be defined such that

(FΦ, g) =

ˆ
Rn

Φ(x)g(x)dx

for all g ∈ D. Recall that the derivative of a distribution F is defined as the
distribution G such that

(G, g) = −(F, g′)

for all g ∈ D. Therefore, the distributional Laplacian of Φ is defined as the
distributionF∆Φ such that

(F∆Φ, g) = (FΦ,∆g)

for all g ∈ D. We will show that

(F∆Φ, g) = −(δ0, g) = −g(0),

and, therefore,
(FΦ, g) = −g(0),

which means −∆xΦ = δ0 in the sense of distributions.
By definition,

(FΦ,∆g) =

ˆ
Rn

Φ(x)∆g(x)dx

Now we would like to apply the divergence theorem, but Φ has a singularity
at x = 0. We get around this, by breaking up the integral into two pieces:
one piece consisting of the ball of radius δ about the origin, B(0, δ) and the
other piece consisting of the complement of this ball in Rn. Therefore, we
have

(FΦ,∆g) =

ˆ
Rn

Φ(x)∆g(x)dx

=

ˆ
B(0,δ)

Φ(x)∆g(x)dx+

ˆ
<n−B(0,δ)

Φ(x)∆g(x)dx

= I + J.
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We look first at term I. For n = 2, term I is bounded as follows,

| −
ˆ
B(0,δ)

1

2π
ln |x|∆g(x)dx| ≤ C|∆g|L∞|

ˆ
B(0,δ)

ln |x|dx|

≤ C|
ˆ 2π

0

ˆ δ

0

ln |r|rdrdθ|

≤ C|
ˆ δ

0

ln |r|rdr|

≤ C ln |δ|δ2.

For n ≥ 3, term I is bounded as follows,

|
ˆ
B(0,δ)

1

n(n− 2)α(n)

1

|x|n−2
∆g(x)dx| ≤ C|∆g|L∞

ˆ
B(0,δ)

1

|x|n−2
dx

≤ C

ˆ δ

0

(

ˆ
∂B(0,r)

1

|y|n−2
dS(y))dr

=

ˆ δ

0

1

rn−2
(

ˆ
∂B(0,r)

dS(y))dr

=

ˆ δ

0

1

rn−2
nα(n)rn−1dr

= nα(n)

ˆ δ

0

rdr =
nα(n)

2
δ2.

Therefore, as δ → 0+,|I| → 0.
Next, we look at term J . Applying the divergence theorem, we have

ˆ
Rn−B(0,δ)

Φ(x)∆xg(x)dx =

ˆ
(Rn−B(0,δ))

Φ(x)∆xg(x)dx−
ˆ
∂(Rn−B(0,δ))

∂Φ

∂n
g(x)dS(x)

+

ˆ
∂(Rn−B(0,δ))

∂Φ

∂n
g(x)dS(x)

= −
ˆ
∂(Rn−B(0,δ))

∂Φ

∂n
g(x)dS(x) +

ˆ
∂(Rn−B(0,δ))

Φ(x)
∂Φ

∂n
g(x)dS(x)

= J1 + J2.

Using the fact that ∆xΦ(x) = 0 for ∈ Rn −B(0, δ).
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We first look at term J1. Now, by assumption, g ∈ D, and, therefore,
g vanishes at ∞. Consequently, we only need to calculate the integral over
∂B(0, ε) where the normal derivative n is the outer normal to Rn −B(0, δ).
By a straightforward calculation, we see that

∇xΦ(x) =
x

nα(n)|x|n
.

The outer unit normal to Rn −B(0, δ) on B(0, δ) is given by

n(x) =
x

|x|
.

Therefore, the normal derivative of Φ on B(0, δ) is given by

∂Φ

∂n
= (− x

nα(n)|x|n
).(− x

|x|
) =

1

nα(n)|x|n−1
.

Therefore, J1 can be written as

−
ˆ
∂B(0,δ)

1

nα(n)|x|n−1
g(x)dS(x) = − 1

nα(n)δn−1

ˆ
∂B(0,δ)

g(x)dS(x) = −
 
∂B(0,δ)

g(x)dS(x).

Now if g is a continuous function, then

−
 
∂B(0,δ)

g(x)dS(x)→ −g(0)asδ → 0.

Lastly, we look at term J2. Now using the fact that g vanishes as |x| →
+∞, we only need to integrate over ∂B(0, δ) Using the fact that g ∈ D, and,
therefore, infinitely differentiable, we have

|
ˆ
∂B(0,δ)

Φ(x)
∂g

∂n
| ≤ |∂g

∂n
|L∞∂(B(0, δ))

ˆ
∂B(0,δ)

|Φ(x)|dS(x)

≤ C

ˆ
∂B(0,δ)

|Φ(x)|dS(x).

Now first, for n = 2,ˆ
∂B(0,δ)

|Φ(x)|dS(x) = C

ˆ
∂B(0,δ)

| ln |x||dS(x)

≤ C| ln |δ||
ˆ
∂B(0,δ)

dS(x)

= C| ln |δ||(2πδ) ≤ C1δ| ln |δ||.
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Next, for n ≥ 3,
ˆ
∂B(0,δ)

|Φ(x)|dS(x) = C

ˆ
∂B(0,δ)

1

|x|n−2
dS(x)

≤ C

δn−2

ˆ
∂B(0,δ)

dS(x)

=
C

δn−2
nα(n)δn−1 ≤ C2δ.

Therefore, we conclude that the term J2 is bounded in absolute value by

Cδ| ln δ| n = 2
Cδ n ≥ 3

.

Therefore, J2→ 0asδ → 0+.
Combining these estimates, we see that

ˆ
Rn

Φ(x)∆xg(x)dx = lim
δ→0+

I + J1 + J2 = −g(0).

Therefore, our claim is proved.

3.2 Green’s Identities and Green’s Function

In this section, we are interested in studying Green’s identities and Green’s
function.

3.2.1 Green’s Identities

The Gauss-Green Theorem

Theorem 3.2.1.

´
Ω
∂(fg)
∂x

dΩ =
´

Ω
∂f
∂x
gdΩ +

´
Ω
f ∂g
∂x
dΩ =

´
∂Ω
fgnxdS. (3.4)

´
Ω
∂(fg)
∂y

dΩ =
´

Ω
∂f
∂y
gdΩ +

´
Ω
f ∂g
∂y
dΩ =

´
∂Ω
fgnydS. (3.5)

Equations(3.4) and (3.5) state the integration by parts in two dimensions
and are known as the Gauss-Green Theorem.
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The Divergence Theorem of Gauss

Theorem 3.2.2. The divergence theorem results readily as an application
of the Gauss-Green Theorem. Consider the vector field u = ui + vj,where
i and j are the unit vectors along the x and the y axes, respectively. While
u = u(x, y) and v = v(x, y) denotes its components.

´
Ω

(∇.u)dΩ =
´
∂Ω

(u.n)dS. (3.6)

The quantity ∇.u is referred to as the divergence of a vector u at a point
inside the domain Ω, whereas the quantity u.n is referred to as the flux of the
vector field directed in the n direction at a single point on the boundary Ω.
Equation (3.6) is known as the divergence theorem of Gauss, and relates the
total divergence to the total flux of a vector field.

Green’s First Identity

Theorem 3.2.3. Let u, v ∈ C2(Ω). Then we have
ˆ

Ω

u∆vdx = −
ˆ

Ω

∇u.∇vdx+

ˆ
∂Ω

(u
∂v

∂n
)ds

Proof.

∇(u∇v) = ∇((uvx1 , ...uvxn))

=
n∑
i=1

∂

∂xi
(u
∂v

∂xi
)

=
n∑
i=1

∂u

∂xi
.
∂v

∂xi
+

n∑
i=1

u
∂2v

∂x2
i

= ∇u∇v + u∆v

Integrating with respect to dx on Ω,
ˆ

Ω

∇u.∇vdx+

ˆ
Ω

u∆vdx =

ˆ
Ω

∇(u∇v)dx

=

ˆ
∂Ω

u∇v.ndS

=

ˆ
∂Ω

u
∂v

∂n
dS.
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Therefore, ˆ
Ω

u∆vdx = −
ˆ

Ω

∇u.∇vdx+

ˆ
∂Ω

u
∂v

∂n
dS

Green’s Second Identity

Theorem 3.2.4. Let u, v ∈ C2(Ω). Then we have

ˆ
Ω

(v∆u− u∆v)dΩ =

ˆ
∂Ω

(v
∂u

∂n
− u∂v

∂n
)dS.

Proof. Consider the functions u = u(x, y) and v = v(x, y) which are twice
continuously differentiable in Ω and once in ∂Ω. Applying (3.4) for g = v,
f = ∂u

∂x
and also (3.5) for g = v, ∂u

∂y
, and finally adding the resulting equations,

results

´
Ω
v(∂

2u
∂x2 + ∂2u

∂y2 )dΩ = −
´

Ω
(∂u
∂x

∂v
∂x

+ ∂u
∂y

∂v
∂y

)dΩ +
´
∂Ω
v(∂u

∂x
nx + ∂u

∂y
ny)dS (3.7)

Similarly, applying (3.4)for g = u, f = ∂v
∂x

and (3.5) for g = u f = ∂v
∂y

, and
finally adding the resulting equations

´
Ω
u( ∂

2v
∂x2 + ∂2v

∂y2 )dΩ = −
´

Ω
(∂u
∂x

∂v
∂x

+ ∂u
∂y

∂v
∂y

)dΩ +
´
∂Ω
u( ∂v

∂x
nx + ∂v

∂y
ny)dS. (3.8)

Subtracting(3.8)from (3.7)yields

´
Ω

(v∆u− u∆v)dΩ =
´
∂Ω

(v ∂u
∂n
− u ∂v

∂n
)dS (3.9)

where the Laplacian ∆ is defined as

∆ = ∇2 = ∇.∇ = (i
∂

∂x
+ j

∂

∂y
).(i

∂

∂x
+ j

∂

∂y
) =

∂2

∂x2
+

∂2

∂y2
,

while
∂

∂n
= n.∇ = (nxi+ nyj).(i

∂

∂x
+ j

∂

∂y
) = nx

∂

∂y
+ ny

∂

∂y
,

is the operator that produces the derivative of a scalar function in the direc-
tion of n. Equation (3.9)is known as Green’s second identity for ∆.
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Representation Formula

Theorem 3.2.5. If u ∈ c2(Ω) is a solution of{
−∆u = f x ∈ Ω ⊂ Rn

u = g ∈ ∂Ω,

where f and g are continuous, then

u(x) = −
´
∂Ω
g(y)∂G

∂n
(x, y)dS(y) +

´
Ω
f(y)G(x, y)dy (3.10)

for x ∈ Ω, where G(x, y) is the Green’s function for Ω.

corollary 3.2.1. If u is harmonic in Ω and u = g on ∂Ω, then

u(x) = −
ˆ
∂Ω

g(y)
∂G

∂n
(x, y)dS(y).

3.2.2 Green’s Function

Motivation on Green’s Function

Green’s functions are named after the British mathematician George Green,
who first developed the concept in the 1830’s. In the modern study of linear
partial differential equations, Green’s functions are studied largely from the
point of view of fundamental solutions instead.

Definition and Uses

The primary use of Green’s functions in mathematics is to solve non-homogeneous
boundary value problems.

Definition 3.2.1. Let x0 be an interior point of Ω. The Green’s function
G(x, x0) for the operator ∆ and the domain Ω is a function defined for x ∈ Ω
such that:
(i) Let K(x, x0) = −1

(4π|x−x0|) . The function H(x) = G(x, x0) −K(x, x0) has

continuous second derivatives and is harmonic in Ω (including the point x0).
(ii) G(x, x0) = 0 for x ∈ ∂Ω.
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Theorem 3.2.6. If G(x, x0) = 0 is the Green’s function, then the solution
of the Dirichlet problem is given by the formula

u(x0) =

ˆ
∂Ω

u(x)
∂G(x, x0)

∂n
dS.

Proof. Let us recall that the Green’s representation formula is

u(x0) =

ˆ
∂Ω

[u(x)
∂

∂n
K(x, x0)−K(x, x0)

∂

∂n
u(x)]dS.

The result of applying Green’s second identity to the pair of harmonic func-
tions U and H is ˆ

∂Ω

[u(x)
∂

∂n
H(x)−H(x)

∂

∂n
u(x)]dS = 0.

Adding the above two equations, yields
ˆ
∂Ω

[u(x)
∂

∂n
G(x, x0)−G(x, x0)

∂

∂n
u(x)]dS =

ˆ
∂Ω

u(x)
∂G(x, x0)

∂n
dS.

Therefore,

u(x0) =

ˆ
∂Ω

u(x)
∂G(x, x0)

∂n
dS.

3.3 Properties of Harmonic Functions

3.3.1 Mean value property

In this section, we prove a mean value property which all harmonic functions
satisfy. First, we give some definitions. Let For a function u defined on
B(x, r), the average of u on B(x, r) is given by

 
∂B(x,r)

u(y)ds(y) =
1

α(n)rn

ˆ
B(x,r)

u(y)dy.

For a function u defined on ∂B(x, r), the average of u on∂B(x, r) is given by
 
∂B(x,r)

u(y)ds(y) =
1

nα(n)rn−1

ˆ
∂B(x,r)

u(y)ds(y).
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Theorem 3.3.1 (Mean-Value Formulas). Let Ω ⊂ Rn. If u∈ C2(Ω) is har-
monic, then

u(x) =

 
∂B(x,r)

u(y)dS(y) =

 
B(x,r)

u(y)dy

for every ball B(x, r) ⊂ (Ω).

Proof. Assume u∈C2(Ω) is harmonic . For r > 0, define

φ(r) =

 
∂B(x,r)

u(y)dS(y).

For r = 0, define φ(r) = u(x). Notice that if u is a smooth function, then
limr→0+ φ(r) = u(x), and, therefore, φ is continuous function. Therefore,
if we can show that φ′(r) = 0, then we can conclude that φ is a constant
function, and, therefore,

u(x) =

 
∂B(x,r)

u(y)dS(y).

We proof φ(r) = 0 as follows. First, making a change of variables, we have

φ(r) =

 
∂B(x,r)

u(y)dS(y) =

 
∂B(0,1)u(x+rz)

dS(z).

Therefore,

φ′(r) =

 
∂B(0,1)

∇u(x+ rz).zdS(z)

=

 
∂B(x,r)

∇u(y).
y − x
r

dS(y)

=

 
∂B(x,r)

∂u

∂v
(y)dS(y)

=
1

nα(n)rn−1

ˆ
∂B(x,r)

∂u

∂v
(y)dS(y)

=
1

nα(n)rn−1

ˆ
B(x,r)

∇.(∇u)dy(bytheDivergenceTheorem)

=
1

nα(n)rn−1

ˆ
B(x,r)

∆u(y)dy = 0,

29



using the fact that u is harmonic. Therefore, we have proven the first part
of the theorem. It remains to prove that

u(x) =

 
β(x,r)

u(y)dy.

We do so as follows, using the first result,

ˆ
B(x,r)

u(y)dy =

ˆ r

0

(

ˆ
∂β(x,s)

u(y)dS(y))ds

=

ˆ r

0

(nα(n)sn−1

 
∂β(x,s)

u(y)dS(y))ds

=

ˆ r

0

nα(n)sn−1u(x)ds

= nα(n)u(x)sn|s=1
s=0

= α(n)u(x)rn.

Therefore, ˆ
B(x,r)

u(y)dy = α(n)rnu(x),

which implies

u(x) =
1

α(n)rn

ˆ
B(x,r)

u(y)dy =

 
B(x,r)

u(y)dy,

as claimed.

3.3.2 Converse to Mean Value Property

In this section, we prove that if a smooth function u satisfies the mean value
property described above, then u must be harmonic.

Theorem 3.3.2. If u ∈ C2(Ω) satisfies

u(x) =

 
∂B(x,r)

u(y)dS(y)

for all B(x, r) ⊂ Ω, then u is harmonic.
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Proof. Let

φ(r) =

 
∂B(x,r)

u(y)dS(y).

If

u(x) =

 
∂B(x,r)

u(y)dS(y)

for all B(x, r) ⊂ Ω, then φ′(r) = 0. As described in the previous theorem ,

φ′(r) =
r

n

 
B(x,r)

∆u(y)dy.

Suppose u is not harmonic. Then there exists some ball B(x, r) ⊂ Ω such
that ∆u > 0 or ∆u < 0.
Without loss of generality, we assume there is some ball B(x, r) such that
∆u > 0. Therefore,

φ′(r) =
r

n

 
B(x,r)

∆u(y)dy > 0,

which contradicts the fact that φ′(r) = 0. Therefore, u must be harmonic.

3.3.3 Maximum Principle

In this section, we prove that if u is a harmonic function on a bounded domain
Ω in Rn, then u attains its maximum value on the boundary of Ω.

Theorem 3.3.3. Suppose Ω ⊂ Rn is open and bounded. Suppose u ∈ C2(Ω)∩
C(Ω) is harmonic. Then

1. (Maximum principle)

maxu(x)Ω = maxu(x)∂(Ω).

2. (Strong maximum principle) If Ω is connected and there exists a point
x0 ∈ Ω such that

u(x0) = maxu(x)Ω.

then u is constant within Ω.
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Proof. We prove the second assertion. The first follows from the second.
Suppose there exists a point x0 in Ω such that

u(x0) = M = maxu(x)Ω.

Then for 0 < r < dist(x0, ∂Ω), the mean value property says

M = u(x0) =

 
B(x0,r)

u(y)dy ≤M.

But, therefore,  
B(x0,r)

u(y)dy = M,

and M ≡ maxΩ u(x). Therefore, u(y) ≡M for y ∈ B(x0, r). To prove u ≡M
throughout Ω, we continue with this argument, filling Ω with balls.

Remark. By replacing u by -u above, we can prove the Minimum principle.

Next, we use the maximum principle to prove uniqueness of solutions to
poisson’s equation on bounded domains Ω in Rn.

Theorem 3.3.4 (uniqueness). There exists at most one solution u ∈ C2(Ω)∩
C(Ω) of the boundary-value problem,{

−∆u = f x ∈ Ω
u = g x ∈ ∂Ω.

Proof. Suppose there are two solutions u and v. Let w = u − v and w̃ =
v − u.Then w and w̃ satisfy{

∆w = 0 x ∈ Ω
w = 0 x ∈ ∂Ω.

Therefore, using the maximum principal, we conclude

max
Ω
|u− v| = max

∂Ω
|u− v| = 0

which implies u− v = 0 and hence the uniqueness follows.
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3.3.4 Smoothness of Harmonic Functions

In this section, we prove that harmonic functions are C∞.

Theorem 3.3.5. Let Ω be an open, bounded subset of Rn. If u ∈ C(Ω) and
u satisfies the mean value property,

u(x) =

 
∂B(x,r)

u(y)dS(y)

for every ball B(x, r) ⊂ Ω, then u ∈ C∞(Ω).

Remark. 1. As proven earlier, if u ∈ C2(Ω) ∩ C(Ω) and u is harmonic,
then u satisfies the mean value property, and, therefore, u ∈ C∞(Ω).

2. In fact, if u satisfies the hypothesis of the above theorem, then u is
analytic, but we will not prove that here. (See Evans.)

Proof. First, we introduce the function η such that

η(x) ≡

{
Ce

1
|x|2−1 |x| < 1
0 |x| ≥ 1

where the constant C is chosen such that
´
Rn η(x)dx = 1.Notice that ηεC∞(Rn)

and η has compact support. Now define the function η(x) such that

η(x) ≡ 1

εn
η(
x

ε
).

Therefore, ηεC
∞(Rn) andsupp(ηε) ⊂ x : |x| < ε. Further,

ˆ
Rn
ηε(x)dx = 1.

Now chose ε such that ε < dist(x, ∂Ω). Define

uε(x) =

ˆ
Ω

ηε(x− y)u(y)dy.

Now we claim

1. uεεC
∞
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2. uε(x) = u(x).

First, for (1), uεεC
∞. We prove(2) as follows.Using the fact that

suppηε(x− y) ⊂ {y : |x− y| < ε}. Therefore,

uε(x) =

ˆ
B(x,ε)

ηε(x− y)u(y)dy

=
1

εn

ˆ
B(x,ε)

η(
|x− y|
ε

)u(y)dy

=
1

εn

ˆ ε

0

(

ˆ
∂Ω(x,r)

η(
|x− y|
ε

)u(y)dS(y))dr

=
1

εn

ˆ ε

0

(

ˆ
∂β(x,r)

η(
r

ε
)u(y)dS(y)dr

=
1

εn

ˆ ε

0

η(
r

ε

ˆ
∂B(x,r)

u(y)dS(y)dr

=
1

εn

ˆ ε

0

η(
r

ε
)nα(n)rn−1

 
∂B(x,r)

u(y)dS(y)dr

=
1

εn

ˆ ε

0

η(
r

ε
)nα(n)rn−1udr(x)

= u(x)
1

εn

ˆ ε

0

η(
r

ε
)

ˆ
∂B(x,r)

dS(y)dr

= u(x)
1

εn

ˆ
B(0,ε)

η(
|y|
ε

)dy

= u(x)

ˆ
B(0,ε)

ηε(y)dy

= u(x).

3.3.5 Liouville’s Theorem

In this section, we show that the only functions which are bounded and
harmonic on Rn are constant functions.

Theorem 3.3.6. Suppose u : Rn → R is harmonic and bounded. Then u is
constant.
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Proof. Let x0 ∈ Rn. By the mean value property,

u(x0) =

 
B(x0,r

)

u(y)dy

for all B(x0, r). Now by the previous theorem, we know that if u ∈ c2(Ω) ∩
C(Ω) and u is harmonic, then u is C∞. Therefore,

∆u = 0 =⇒ ∆uxi = 0

for i = 1..., n. Therefore, uxi is harmonic and satisfies the mean value prop-
erty. Therefore,

uxi(x0) =

 
B(x0,r

uxi(y)dy

=
1
˜α(n)rn

ˆ
B(x0,r)

uxi(y)dy

=
1

α(n)rn

ˆ
∂B(x0,r)

uvidS(y),

by the divergence theorem, where v = (v1, ..., vn) is the outward unit normal
to B(x0, r). Therefore,

|uxi| ≤ |
1

α(n)rn

ˆ
∂B(x0,r)

uvidS(y)| ≤ |u|L∞(∂B(x0, r))|vi|L∞|
1

α(n)rn

ˆ
∂B(x0,r)

dS(y)|

≤ |u|L∞(Rn)|nα(n)rn−1

α(n)rn
|

≤ n

r
|u|L∞(Rn).

Therefore,

|uxi(x0|
n

r
|u|L∞(Rn)

≤ C
n

r
,

by the assumption that u is bounded. Now this is true for all r. Taking the
limit as r → +∞, we see that |uxi(x0)| = 0. Therefore, uxi(x0) = 0. This is
true for i = 1, ..., n and for all x0 ∈ Rn.
Therefore, we conclude that x0 ≡ constant.
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3.4 Potential Theory

3.4.1 Problems of Interest.

In what follows, we consider Ω an open, bounded subset of Rn with C2

boundary. We are interested in studying the following two problems:

1. Interior Dirichlet problem.{
∆u = 0 x ∈ Ω
u = g x ∈ ∂Ω.

2. Interior Neumann problem.{
∆u = 0 x ∈ Ω
∂u
∂v

= g x ∈ ∂Ω.

If u is a C2 solution of the Interior Dirichlet problem, then by using Green’s
representation u is given by

u(x) = −
ˆ
∂Ω

g(y)
∂G

∂vy
(x, y)dS(y),

where G(x,y) is the Green’s function for Ω. However, in general, it is difficult
to calculate an explicit formula for the Green’s function. Here, we use a dif-
ferent approach to look for solutions to the Interior Dirichlet problem, as well
as the Interior Neumann problem. Again, it is difficult to calculate explicit
solutions, but we will discuss existence of solutions and give representations
for them.

3.4.2 Definitions and Preliminary Theorems.

Let Φ(x) denote the fundamental solution of Laplace’s equation. That is, let

Φ(x) ≡
{

− 1
2π

ln |x| n = 2
1

n(n−2)α(n)
. 1
|x|n−2 n ≥ 3.

Let h be a continuous function on ∂Ω. The single layer potential with
moment h is defined as

V∆(x) = −
´
∂Ω
h(y)Φ(x− y)dS(y). (3.11)
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The double layer potential with moment h is defined as

W∆(x) = −
´
∂Ω
h(y) ∂Φ

∂vy
(x− y)dS(y). (3.12)

We plan to use these layer potentials to construct solutions of the problems
listed above. Notice that Green’s function gives us a solution to the Interior
Dirichlet Problem which is similar to a double layer potential. We will see
that for appropriate choice of h, we can write solutions of the Dirichlet prob-
lem(a) as double layer potentials and solutions of the Neumann problem(b)
as single layer potentials.
First, we will prove that for a continuous function h, (3.11) and (3.12) are
harmonic functions for all x /∈ ∂Ω.

Theorem 3.4.1. For h a continuous function on∂Ω,

1. V∆ and W∆ are defined for all x ∈ Rn.

2. ∆V∆(x)=∆W∆(x) = 0 for all x /∈ ∂Ω.

Proof. 1. We prove that W∆ is defined for all x ∈ Rn. A similar proof
works for V∆. First, suppose x /∈ ∂Ω. Therefore, ∂Φ

∂vy
(x − y) is defined

for all y ∈ ∂Ω. Consequently, for all x /∈ ∂Ω, we have

|W∆(x)| ≤ |h(y)|L∞(∂Ω)

ˆ
∂Ω

| ∂Φ

∂vy
(x− y)|dS(y) ≤ C.

Next, consider the case when x is in ∂Ω. In this case, the term ∂Φ
∂vy

(x−y)

in the integrand is undefined at x = y. We prove W∆ is defined at this
point x by showing that the integral in (3.12) still converges.
We need to look for a bound on

−
ˆ
∂Ω

h(y)
∂Φ

∂vy
(x− y)dS(y).

Recall

Φ(x− y) =

{ −1
2π

ln |x− y| n = 2
1

n(n−2)α(n)
. 1
|x−y|n−2 n ≥ 3

Therefore,

Φyi(x− y) =
xi − yi

nα(n)|y − x|n
,
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and

∂Φ

∂vy
(x− y) = ∇yΦ(x− y).v(y)

=
(x− y).(v(y)

nα(n)|y − x|n
,

where v(y) is the unit normal to ∂Ω at y.
Claim: Fix x ∈ ∂Ω. for all y ∈ ∂Ω, there exists a constant C > 0 such
that

|(x− y).v(y)| ≤ C|x− y|2.

Proof of claim. By assumption, ∂Ω is C2. This means at each point
x ∈ ∂Ω, there exists an r > 0 and a C2 function f : Rn−1 → R such
that upon relabelling and reorienting if necessary we have

Ω ∩ β(x, r) = {z ∈ B(x, r)|zn > f(z1, ..., zn−1)}.

Figure 3.1:

Without loss of generality (by reorienting if necessary), we may assume
x = 0 and v(x) = (0, ..., 0, 1). Using the fact our boundary is C2, we
know there exists an r > 0 a C2 function f : B(0, r) ⊂ Rn−1 → R such
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that ∂Ω is given by the graph of the function f near x.
First, consider y ∈ ∂Ω such that |x− y| ≥ r. In this case

|(x− y).v(y)| ≤ |x− y| ≤ 1

r
|x− y|2 = C(r)|x− y|2.

Second, consider y ∈ ∂Ω such that |x− y| ≤ r. In this case, we use the
fact that

|(x− y).v(y)| = |(x− y).(v(x) + v(y)− v(x))|
≤ |(x− y).v(x)|+ |(x− y).(v(y)− v(x))|
= |yn|+ |(x− y).(v(y)− v(x))|.

Now,
yn = f(y1, ..., yn−1)

where f ∈ C2, f(0) = 0 and ∇f(0) = 0. Therefore, by Taylor’s Theo-
rem, we have

|yn| = |f(y1, ..., yn−1)|
≤ C|(y1, ..., yn−1|2

≤ C|y|2

= C|x− y|2,

where the constant C depends only on the bound on the second par-
tial derivatives of f(y1, ..., yn−1) for |(y1, ..., yn−1)| ≤ r, but this is
bounded because by assumption f ∈ C2(B(0, r)). Next, we look at
|(x− y).(v(y)− v(x))|. By assumption, ∂Ω is C2 and consequently, v is
a C1 function and therefore, there exists a constant C > 0 such that

|v(y)− v(x)| ≤ C|y − x|.

Therefore,
|(x− y).(v(y)− v(x))| ≤ C|y − x|2.

Consequently, our claim is proven. We remark that the constant C will
depend on r, but once x is chosen r is fixed.
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Therefore, we conclude that for x ∈ ∂Ω, all y ∈ ∂Ω,

| ∂Φ

∂vy
(x− y)| = | (x− y).v(y)

nα(n)|y − x|n
|

≤ C
|x− y|n

|x− y|n

=
C

|x− y|n−2
.

Therefore,

| −
ˆ
∂Ω

h(y)
∂Φ

∂vy
(x− y)dS(y) | ≤ |h(y)|L∞(∂Ω)

ˆ
∂ΩΩ

| ∂Φ

∂vy
(x− y)|dS(y)

≤ C

ˆ
∂Ω

1

|x− y|n−2
dS(Y ) ≤ C

using the fact ∂Ω is of dimension n− 1.
Therefore, we conclude that W∆ is defined for all x ∈ ∂Ω and conse-
quently for all x ∈ Rn as claimed.

2. Next, we will prove that ∆(W∆(x) = 0) for all x ∈ Ω. A similar proof
works to prove that ∆(V∆(x) = 0).
Fix x ∈ Ω. We note that for all y ∈ ∂Ω, ∂Φ

∂vy
(x− y) is smooth function.

Further, using the fact that Φ(x − y) is harmonic for all x 6= y, we
conclude that ∆x

∂Φ
∂vy

(x − y) = 0 for all y ∈ ∂Ω. Therefore, using the

fact our integral is finite and ∂Φ
∂vy

(x− y) is smooth, we conclude that

∆xW∆(X) = −∆X

ˆ
∂Ω

h(y)
∂Φ

∂vy
(x− y)dS(y)

= −
ˆ
∂Ω

h(y)∆x
∂Φ

∂vy
(x− y)dS(y)

= 0.

In the above theorem, we showed that as long as h is continuous func-
tion on ∂Ω, then V∆ and W∆ in (3.11)and(3.12), respectively, are harmonic
functions on Ω. Consequently, if we choose h appropriately so that our ini-
tial condition will be satisfied, then we can find a solution of our particular
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problem (a) and (b).
We claim that by choosing h appropriately, W∆ will give us a solution of
our Interior Dirichlet problem. Similarly, we will show that by choosing h
appropriately, V∆ will give us a solution of our Interior Neumann problems.
For a moment, consider the Interior Dirichlet problem (a). As proven above,
for h a continuous function on ∂Ω, V∆ defined in (3.12) is harmonic. Now, if
we can choose h appropriately, such that for all x0 ∈ ∂Ω,

lim
x∈Ω→x0

W∆(x) = g(x0),

then we will have found a solution of the Interior Dirichlet problem. Con-
sequently, we are interested in studying the limits of W∆as we approach the
boundary of Ω. In order to study this, we must first prove the following
lemma.

Theorem 3.4.2 (Gauss’ Lemma). Consider the double layer potential,

W∆(x) = −
ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y).

Then

W∆(x) =


0 x ∈ Ωc

1 x ∈ Ω
1
2

x ∈ ∂Ω.

Proof. 1. First, for x ∈ Ωc,

W∆(x) = −
ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y)

= −
ˆ

Ω

∆yΦ(x− y)dy

= 0

using the Divergence Theorem and the fact that Φ(x − y) is smooth for
y ∈ Ω, x ∈ Ωc.
2. Now, for x ∈ Ω,Φ(x − y) is not smooth for all x ∈ Ω. In order to
overcome this problem, we fix ε > 0 sufficiently small such that B(x, ε) is
contained within Ω. Then on the region Ω−B(x, ε),Φ(x−y) is smooth, and,
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consequently, we can say

0 =

ˆ
Ω−B(x,ε)

∆yΦ(x− y)dy

=

ˆ
∂(Ω−B(x, ε))

∂Φ

∂vy
(x− y)dS(y)

=

ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y) +

ˆ
∂B(x,ε)

∂Φ

∂vy
(x− y)dS(y)

where v is the outer unit normal to Ω−B(x, ε). As mentioned above,

Φyi(x− y) =
xi − yi

nα(n)|y − x|n
.

For y ∈ ∂B(x, ε), the outer unit normal to Ω−B(x, ε) is given by

v(y) =
x− y
|x− y|

.

Therefore, foryε∂B(x, ε),

∂Φ

∂vy
(x− y) = ∇yΦ(x− y).v(y)

=
x− y

nα(n)|x− y|n
.
x− y
|x− y|

=
|x− y|2

nα(n)|x− y|n+1

=
1

nα(n)|x− y|n−1
.

Therefore, ˆ
∂B(x,ε)

∂Φ

∂vy
(x− y) =

ˆ
∂B(x,ε)

1

α(n)|x− y|n−1
dS(y)

=
1

nalpha(n)εn−1
´
∂B(x,ε

dS(y)

= 1.

Therefore, we conclude that

0 =

ˆ
∂Ω

∂Φ

∂vy
dS(y) +

ˆ
∂B(x,ε)

∂Φ

∂vy
(x− y)dS(y)

=

ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y) + 1.
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Which implies

−
ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y) = 1,

as desired.
3. Last, we consider the case x ∈ ∂Ω. In this case, ∂Φ

∂vy
(x− y) is not defined

aty = x. Fix x ∈ ∂Ω. Let B(x, ε) be the ball of radius ε about x. Let

Ωε ≡ Ω− (Ω ∩B(x, ε)).

Let
Cε ≡ {y ∈ ∂B(x, ε) : v(x).y < 0}.

Figure 3.2:

Let
C̃ε ≡ ∂Ωε ∩ Cε.

First, we note that

0 =

ˆ
Ωε

∆yΦ(x− y)dy

=

ˆ
∂Ωε

∂Φ

∂vy
(x− y)dS(y)

=

ˆ
∂Ωε−C̃ε

∂Φ

∂vy
(x− y)dS(y) +

ˆ
C̃ε

∂Φ

∂Vy
(x− y)dS(y),
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Therefore,

0 =
´
∂Ωε−C̃ε

∂Φ
∂vy

(x− y)dS(y) +
´
C̃ε

∂Φ
∂Vy

(x− y)dS(y) (3.13)

where vy is the outer unit normal to Ωε.
Now, first, we recall that

∇yΦ(x− y) =
x− y

nα(n)|y − x|n
.

For all y ∈ C̃ε, the outer unit normal is given by

v(y) =
x− y
|x− y|

.

Therefore, ˆ
c̃ε

∂Φ

∂vy
(x− y)dS(y) =

ˆ
c̃ε

1

nα(n)|x− y|n−1
dS(y)

=
1

nα(n)εn−1

ˆ
c̃ε

dS(y).

Next, we use the fact that ˆ
c̃ε

dS(y) ≈
ˆ
cε

dS(y).

In fact, as we will show below,

´
C̃ε
dS(y) =

´
Cε
dS(y) +O(εn). (3.14)

We omit the proof of (3.14) for now and will return to it below. Assuming
this fact for now, we haveˆ

C̃ε

=
1

2
nα(n)εn−1 +O(εn).

Which impliesˆ
C̃ε

∂Φ

∂Vy
(x− y)dS(y) =

1

nα(n)εn−1
[
1

2
nα(n)εn−1 +O(εn)]

=
1

2
+

1

nα(n)O(ε)
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Therefore, ´
C̃ε

∂Φ
∂Vy

(x− y)dS(y) = 1
2

+ 1
nα(n)O(ε)

. (3.15)

Combining (3.13) and (3.15),we have

0 =

ˆ
∂Ωε−C̃ε

∂Φ

∂vy
(x− y)dS(y) +

1

2
+

1

nα(n)
O(ε),

Which implies

ˆ
∂Ωε−C̃ε

∂Φ

∂vy
(x− y)dS(y) = −1

2
− 1

nα(n)
O(ε).

Taking the limit as ε→ 0+, we have

−
ˆ
∂Ω

∂Φ

∂vy
(x− y)dS(y) =

1

2
,

as claimed.

Now we will prove(3.14).
Claim 3. For C̃ε and Cε as defined above, we have

ˆ
C̃ε

dS(y) =

ˆ
Cε

dS(y) +O(εn).

Proof. We just need to show that the surface area of Cε − C̃ ′ε is O(n). Then
surface area is approximately the surface area of the base times the height.
Now the surface area of the base is O(εn−2). Therefore, we just need to show
that the height is O(ε2).
Without loss of generality, we let x = 0. Now, by assumption, ∂Ω is C2.
Therefore, ∂Ω can be written as the graph of a C2 function f : Rn−1 → R
such that f(0) = 0 and ∇f(0) = 0. Therefore, if y ∈ Cε − C̃ε, then

|yn| ≤ |f(y1, ..., yn−1)| ≤ C|(y1, ..., yn−1)|2 ≤ C|y|2 ≤ Cε2,

using Taylor’s Theorem. Therefore, the height is O(ε2) and the claim follows.
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Now with Gauss’ Lemma above, for V∆ andW4 defined as in (3.11)and(3.12)
for a continuous function h, we can find the limits of V∆(x) and W4(x) as
we approach ∂Ω from the interior or the exterior. We state these results in
the following theoren.

Theorem 3.4.3. Let h be a continuous function on ∂Ω. Define single and
double layer potentials as follows:

V∆(x) = −
ˆ
∂Ω

h(y)Φ(x− y)dS(y)

and

W4(x) = −
ˆ
∂Ω

∂Φ

∂Vy
(x− y)dS(y).

Let x0 ∈ ∂Ω. Then

limx∈Ω→x0 V∆(x) = V∆(x0) (3.16)

lim
x∈Ω→x0

∂V∆(x)

∂nx
=

1

2
h(x0) +

∂V∆(x0)

∂nx
,

limx∈Ωc→x0

∂V∆(x)
∂nx

= −1
2
h(x0) +

∂V∆(x0)

∂nx
(3.17)

limx∈Ω→x0 W∆(x) = −1
2
h(x0 +W∆(x0), limx∈Ωc→x0 W∆(x) = −1

2
h(x0) +W∆(x0).

(3.18)

Proof. 1. Proof of equation (3.16). Let x ∈ Ω, x0 ∈ ∂Ω. We have

V∆(x) = −
ˆ
∂Ω

Φ(x− y)h(y)dS(y)

and

V∆(x0) = −
ˆ
∂Ω

Φ(x0 − y)h(Y )dS(y).

We need to show that

lim
x∈Ω→x0

V∆(x) = V∆(x0).
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That is for all ε > 0 there exists a δ > 0 such that

| V∆(x)− V∆(x0) |< εfor | x− x0 |< δ.

Now,

V∆(x)− V∆(X0) = −
ˆ
∂Ω

h(y)[Φ(x− y)− Φ(x0 − y)]dS(y).

By assumption, h is continuous, and as we know Φ(x − y) is smooth for
x 6= y. Therefore, to get a bound on | V∆(x) − V∆(x0) |, we devide ∂Ω into
two pieces:

1. B(x0, γ) ∩ ∂Ω

2. ∂Ω−B(x0, γ) ∩ ∂Ω.

We look at these pieces below .
First for(1),

| V∆(x)−V∆(x0) |≤| h(y) |L∞(B(x0,γ)∩∂Ω)

ˆ
B(x0,γ)∩∂Ω

| Φ(x−y)−Φ(x0−y) | dS(y).

By assumption, h is continuous. Therefore, for all ε̃ > 0 there exists a γ > 0
such that |h(y) < ε̃ for y < γ. In addition that

ˆ
B(x0,γ)∩∂Ω

|Φ(x− y)− Φ(x0 − y)|dS(y) ≤ C

using the fact that V∆ is defined for all xεR. Therefore, we conclude that for
any ε̃ > 0,|(1)| < C1ε̃ for γ chosen appropriately small. Next, for(2), we use
the fact that Φ(x− y) is cotinuous in x for x away from y. Consequently, we
have

| V∆(x)− V∆(x0) |≤

| h(y) | L∞(∂Ω−B(x0, γ)∩∂Ω) | Φ(x−y)−Φ(x0−y) | L∞(∂Ω−B(x0, γ))∩∂Ω) |
ˆ
∂Ω−(B(x0,γ)∩∂Ω)

dS(y).

Now, first h is bounded on ∂Ω. Therefore, |h(y)| ≤ C.
Next, |

´
dS(y) |≤ C. Lastly, using the fact Φ(x − y) is continuous in x

uniformly for y, we conclude that there exists a δ such that

| Φ(x− y)− Φ(x0 − y) | L∞(∂Ω−B(x0, γ) ∩ ∂Ω) ≤ ε̃, for | x− x0 |< δ.
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Therefore, |(2)| ≤ C2ε̃ if |x− x0| < γ where δ is chosen appropriately small.
Consequently, for ε > 0 choose ε̃ > 0 such that C1ε̃+ C2ε̃ < ε.
Then choosing γ > 0 sufficiently small such that |(1)| ≤ C1ε̃ and δ > 0
sufficiently small such that |(2)| ≤ C2ε̃ when |x− x0| < δ, we conclude that

V∆(x)− V∆(x0)| ≤ C1ε̃+ C2ε̃ < ε, for|x− x0| < δ.

2. Proof of equation (3.17) is similar to the following proof of equation (3.18).
we will prove only the first case, when x ∈ Ω. The second case works similarly.
Let x ∈ Ω, x0 ∈ ∂Ω. We have,

W∆(x) = −
ˆ
∂Ω

h(y)
∂Φ

∂ny
(x− y)dS(y)

= −
ˆ
∂Ω

h(y)
∂Φ

∂ny
(x−)dS(y) + h(x0)

ˆ
∂Ω

∂Φ

∂ny
(x− y)dS(y)− h(x0)

ˆ
∂Ω

∂Φ

∂ny
(x− y)dS(y)

= −
ˆ
∂Ω

[h(y)− h(x0)]
∂Φ

∂ny
(x− y)dS(y) + h(x0)

≡ h(x0) + I(x)

using the fact that

−
ˆ
∂Ω

∂Φ

∂ny
(x− y)dS(y) = 1

, for x ∈ Ω, proven in Gauss’ Lemma. Similarly,

W∆(x0) = −
ˆ
∂Ω

h(y)
∂Φ

∂ny
(x0 − y)dS(y)

= −
ˆ
∂Ω

[h(y)− h(x0)]
∂Φ

∂ny
(x0 − y)dS(y)− h(x0)

ˆ
∂Ω

∂Φ

∂ny
(x0 − y)dS(y)

= −
ˆ
∂Ω

[h(y)− h(x0)]
∂Φ

∂ny
(x0 − y)dS(y) +

1

2
h(x0)

= I(x0) +
1

2
h(x0)

again using Gauss’ Lemma.
Therefore,

W∆(x)−W∆(x0) = I(x) + h(x0)− I(x0)− 1

2
h(x0),
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which implies

W∆(x) = I(x)− I(x0) +
1

2
h(x0) +W∆(x0).

Therefore, to prove our theorem, we need only show that

lim
x∈Ω→x0

[I(x)− I(x0)] = 0,

where

I(x) ≡ −
ˆ
∂Ω

[h(y)− h(x0)]
∂Φ

∂ny
(x−)dS(y).

Now,

I(x)− I(x0) = −
ˆ
∂Ω

[h(y)− h(x0)][
∂Φ

∂ny
(x− y)− ∂Φ

∂ny
(x0 − y)]dS(y).

We need to show for all ε > 0 there exists a δ > 0 such that |I(x)−I(x0)| < ε
for |x− x0)| < δ. By assumption, h is continuous, and as we know Φ(x− y)
is smooth for y 6= x.
Therefore, to get a bound on |I(x)− I(x0)|,we divide ∂Ω into two pieces:

1. B(x0, γ) ∩ ∂Ω

2. ∂Ω−B(x0, γ) ∩ ∂Ω.

We look at these two pieces below. First for (1),

| −
ˆ
B(x0,γ)∩∂Ω

[h(y)− h(x0)][
∂Φ

∂ny
(x− y)− ∂Φ

∂ny
(x0 − y)]dS(y) |

≤| h(y)−h(x0) | L∞(B(x0, γ)∩∂Ω)

ˆ
B(x0,γ)∩∂Ω

| ∂Φ

∂ny
(x−y)− ∂Φ

∂ny
(x0−y) | dS(y).

By assumption, h is continuous. Therefore, for all ε̃ > 0 there exists a γ > 0
such that | h(y)− h(x0) |< ε̃ if | y − x0 |< γ. In addition,

ˆ
B(x0,γ)∩∂Ω

| ∂Φ

∂ny
(x− y)− ∂Φ

∂ny
(x0 − y) | dS(y) ≤ C

using the fact that W∆(x) is defined for all xεR. Therefore, we conclude that
for any ε̃ > 0,

| (1) |≤ C1ε̃
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for γ chosen appropriately small.
Next, for (2), we use the fact that ∂Φ

∂ny
(x − y) is continuous in x for x away

from y.
Cosequently, we have

| −
ˆ
∂Ω−B(x0,γ)∩∂Ω

[h(y)− h(x0)][
∂Φ

∂ny
(x− y)− ∂Φ

∂ny
(x0 − y)dS(y) |

≤| h(y)−h(x0) | L∞ | ∂Φ

∂ny
(x−y)− ∂Φ

∂ny
(x0−y) | L∞(∂Ω−B(x0, γ)∩∂Ω) |

ˆ
dS(y) | .

Now, first h is bounded on ∂Ω. Therefore, |h(y) − h(x0)| < C. Next,
|
´
dS(y)| ≤ C. Lastly, using the fact that ∂Ω

∂ny
(x − y) is continuous in x

uniformly for y,we conclude that there exists a δ > 0 such that

| ∂Φ

∂ny
(x− y)− ∂Φ

∂ny
(x0 − y)|L∞(∂Ω−B(x0,γ)∩∂Ω) ≤ ε̃,

for |x− x0| < δ. Therefore,
|(2)| ≤ C2ε̃

if |x−x0| < δ where δ is chosen appropriately small. Consequently, for ε > 0
choose ε̃ > 0 such that

C1ε̃+ C2ε̃ < ε.

Then choosing γ > 0 sufficiently small such that

|(2)| ≤ C2ε̃.

When |x− x0| < δ, we conclude that

|I(x)− I(x0)| ≤ C1ε̃+ C2ε̃ ≤ ε,

for |x− x0| < δ, implies that

lim
x∈Ω→x0

[I(x)− I(x0)] = 0.

Consequently,

lim
x∈Ω→x0

W∆(x) = lim
x∈Ω→x0

([I(x)− I(x0)] +
1

2
h(x0) +W∆(x0))

=
1

2
h(x0) +W∆(x0)

as claimed.
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In the next section, we use this theorem to construct solutions of the
interior Dirichelet and interior Neumann problems.

3.4.3 Solutions of Laplace’s Equation as a Double or
Single Layer Potentials

We begin by considering the Interior Dirichelet Problem,{
∆u = 0 x ∈ Ω
u = g x ∈ ∂Ω

For a given function h, define the double-layer potential

W∆(x) = −
ˆ
∂Ω

h(y)
∂Φ

∂ny
(x− y)dS(y).

In the previous section, we proved that W∆ is a harmonic function in Ω. In
addition, we proved that for x0 ∈ ∂Ω,

lim
x∈Ω→x0

W∆(x) =
1

2
h(x0) +W∆(x0).

Therefore, if we can find a continuous function h such that for all x0 ∈ ∂Ω,

g(x0) =
1

2
h(x0)−

ˆ
∂Ω

h(y)
∂Φ

∂ny
(x0 − y)dS(y)

and we define

W∆(x) = −
ˆ
∂Ω

h(y)
∂Φ

ny
dS(y),

for that choice of h, then W∆ will give us a solution of our interior Dirichelet
problem.
Now, we consider the Neumann problems. We will find solutions below as
single layer potentials. Consider the Neumann problem,{

∆u = 0 x ∈ Ω
∂u
∂ny

= g x ∈ ∂Ω

First, we note a compatibility condition on the boundary data in order for a
solution to exist. By the Divergence Theorem, we knowˆ

Ω

∆u =

ˆ
∂Ω

∂u

∂ny
dS(y).
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Therefore, in order for a solution to exist, we need

ˆ
∂Ω

g(y)dS(y) = 0.

For a continuous function h, define the single-layer potential

V∆(x) = −
ˆ
∂Ω

h(y)Φ(y − x)dy.

From the previous section, we know that V∆ is harmonic in Ω. In order to
choose h appropriately so that our boundary condition will be satisfied, we
extend the notion of normal derivative to points not in ∂Ω as follows . Let
x0 ∈ ∂Ω. Let V (x0) be the outer unit normal to Ω at x0. For t < 0, such
that x0 + tV (x0) in Ω, we define

ix0(t) = ∇V∆(x0 + tV (x0)).V (x0).

In a manner similar to the proof of Theorem 3.4.3 in the previous section,
we can show that

lim
t→0−

ix0(t) =
−1

2
h(x0) +

∂V∆

∂V
(x0)

=
−1

2
h(x0)−

ˆ
∂Ω

h(y)
∂Φ

∂nx
(x0 − y)dS(y).

Therefore, if we can find a continuous function h such that for all x0 ∈ ∂Ω,

g(x0) =
−1

2
h(x0)−

ˆ
∂Ω

h(y)
∂Φ

∂nx
(x0 − y)dS(y),

then by defining the single-layer potential

V∆(x) = −
ˆ
∂Ω

h(y)Φ(x− y)dy,

for that choice of h, V∆ will give us a solution of our interior Neumann
problem.
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Chapter 4

Invertiblity of single layer
potential in 2D

4.1 Logarithmic Capacity

The domain on which no unique solution can be guaranteed are related to
the so called logarithmic capacity. The logarithmic capacity is a real positive
number being a function of the domain. This concept originates from the
field of measure theory, but it is also appears in potential theory.
In the two dimensional case n = 2, the logarithmic capacity is defined by

cap∂Ω := e−2πV∆ψeq ,

ψeq ∈ H−
1
2 (∂Ω) is natural density, so that

1

2π
ln

1

cap∂Ω

= V∆ψeq.

Note that V∆ψeq = 0 if and only if cap∂Ω = 1.

Proof. (⇒) Suppose V∆ψeq = 0, then from the definition of logarithmic ca-
pacity for n = 2 we have cap∂Ω = e−2π(0) = e0 = 1. Therefore, if V∆ψeq = 0,
then cap∂Ω = 1.
(⇐) Suppose cap∂Ω = 1, then e−2πV∆ψeq = 1 which implies that −2πV∆ψeq =
0 and therefore V∆ψeq = 0. Hence, from (⇒) and (⇐) we can conclude that
V∆ψeq = 0 if and only if cap∂Ω = 1.
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There is a connection between the logarithmic capacity and the Euclidean
diameter of Ω. In particular, cap∂Ω ≤ diam(Ω).
If the logarithmic capacity is strictly less than one, then we can conclude that
λ > 0. Where λ := 1

2π
ln 1

cap∂Ω
. Therefore, to ensure cap∂Ω < 1 a sufficient

criteria is to assume diam(Ω) < 1. This assumption can always granted when
considering a suitable scaling of the domain Ω ⊂ R2.

4.2 Boundedness And Ellipticity of Single Layer

potential

Definition 4.2.1. An operator T : X → Y is bounded if there is a constant
c > 0 such that ‖ Tf ‖Y ≤ c‖ f ‖X for every f ∈ X. The set of bounded
operators from X to Y is denoted by B(X, Y ).

Example 4.2.1. The identity operator I : X → x, I(x) = x is bounded.

Definition 4.2.2. The operator T : X → Y is called X − elliptic if

〈TV, V 〉 ≥ CT
1 ‖ v ‖

2
X

for all v ∈ X is satisfied with some positive constant CT
1 .

Theorem 4.2.1 (Lax-Milgram Lemma). Let the operator T : X → Y be
bounded and X−elliptic. For any f ∈ Y there exists a unique solution u ∈ X
of the operator equation Tu = f satistying the estimate ‖ u ‖X ≤

1
CT1
‖ f ‖Y .

Proof. For the proof of this theorem [see, e.g Olaf. S page (47)]

Theorem 4.2.2. The single layer potential operator v4 : H−
1
2 (∂Ω)→ H

1
2 (∂Ω)

is bounnded with ‖ v∆ψ ‖H 1
2 (∂Ω)

≤ c‖ ψ ‖
H−

1
2 (∂Ω)

for all ψ ∈ H− 1
2 and c > 0.

Theorem 4.2.3. Let dim(Ω) < 1 and therefore λ > 0 be satisfied. The

single layer potential operator v4 : H−
1
2 (∂Ω) → H

1
2 (∂Ω), is then H−

1
2 (∂Ω)

elliptic, i.e, 〈ν4, ψ〉∂Ω ≥ C‖ ψ ‖2

H−
1
2 (∂Ω)

for all ψ ∈ H− 1
2 (∂Ω).
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Proof. For an arbitrary ψ ∈ H− 1
2 (∂Ω) we consider the unique decomposition

ψ = ψ0 + αψeq, ψ0 ∈ H
− 1

2
∗ (∂Ω), α = 〈ψ, 1〉∂Ω satisfying

‖ ψ ‖2

H−
1
2 (∂Ω)

= ‖ ψ0 + αψeq ‖2

H−
1
2 (∂Ω)

≤ [‖ ψ0 ‖H− 1
2 (∂Ω)

+ α‖ ψeq ‖H− 1
2 (∂Ω)

]2

≤ 2[‖ ψ0 ‖2

H−
1
2 (∂Ω)

+ α2‖ ψeq ‖2

H−
1
2 (∂Ω)

]

≤ 2 max{1, ‖ ψeq ‖2

H−
1
2 (∂Ω)
}[‖ ψ0 ‖2

H−
1
2 (∂Ω)

+ α2]

on the other hand by using 〈v4, ψ0〉∂Ω = 0, by the above decomposition and
properties of inner products we have the following:

〈v4, ψ〉∂Ω = 〈v(ψ0 + αψeq), ψ0 + αψeq〉∂Ω

= 〈v4, ψ0〉∂Ω + 2α〈vψeq, ψ〉(∂Ω) + α2〈νψeq, ψeq〉(∂Ω)

≥ C‖ ψ0 ‖2

H−
1
2 (∂Ω)

+ α2λ

≥ min{C, λ}[‖ ψ0 ‖2

H−
1
2 (∂Ω)

+ α2],

and therefore the ellipticity estimate follows.

4.3 Invertibility of single layer potential op-

erator

The boundary integral operator v4 : H−
1
2 (∂Ω) → H

1
2 (∂Ω) is Fredholm op-

erator of index zero ([1], theorem7.6).For the case of 3D,the following holds.

For ψ∗ ∈ H− 1
2 (∂Ω), if ν4ψ

∗(y) = 0 y ∈ Ω, then ψ∗ = 0 which implies the

invertibility of the single layer potential operator mapping from H−
1
2 (∂Ω) to

H
1
2 (∂Ω). But this will not be true for two-dimensional case. This is well-

known (see,eg[[4]Remark 1.42(ii)],[[3],proof of Theorem 6.22])that for some
2D domains the kernel of the operator v4 is non zero, i.e.kerv4 6= {0} for
some domains. The following eaxample illustrates this fact.

Example 4.3.1. Take the density function φ ≡ 1 and Ω = BR(0) to be a disc
of radius R centered at the origin and ∂Ω = SR(0) be the circular boundary
of the disc. We can show that;

V4φ(y) =

{
Rlog|y| for|y| > R,
RlogR for|y| ≤ R.
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Proof. Let φ ≡ 1,then

(V4φ)(y) =
1

2π

ˆ
∂Ω

log |x− y|dsx.

For |y| > R,

(V4φ)(y) =
1

2π

ˆ
|x|=R

log[|x− y| − log|y|]dsx +
1

2π

ˆ
|x|=R

log |y|dsx

For y →∞,the first integral tends to zero.Hence we have;

(V4φ)(y) =
1

2π

ˆ
|x|=R

log |y|dsx

=
1

2π
log |y|

ˆ
|x|=R

dsx

= Rlog|y|.

Therefore,for |y| > R we have ;

(V4φ)(y) = Rlog|y|. (4.1)

For |y| ≤ R, in particular take y = 0,

(V4φ)(0) = 1
2π

´
|x|=R log |x|dsx = RlogR. (4.2)

The relation (4.1) implies that, the limit of the value of the single layer
potential when y approach the boundary from exterior is given;

lim|y|→R+(V4φ)(y) = RlogR. (4.3)

Furthemore, since the single layer potential is continuous on R2 we have

(V4φ)(y) = RlogRfor|y| = R.

To dermine the value of the potential inside the disc we will use the maximum
minimum principle .
Since the single layer potential is harmonic on Ω it has neither maximum
and nor minimum value in the disc.Let

C0 = (V4φ)(y0)for0 < |y0| < R.
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If we assume C0 6= R lnR, i.e., C0 is different from the value of the potential
on the boundary, we will arrive contradiction of the maximum principle.
Thus (V4φ)(y) is constant on Ω.
Therefore, (V4φ)(y) = R lnR,for |y| ≤ R.

Remark 1. In the above example, if we take the value of R = 1, and since
a(y) 6= 0,then (Vaφ)(y) = 0 in Ω.

Example 4.1 shows that, the kernel of the operator νa : H−
1
2 (∂Ω) →

H
1
2 (∂Ω) contains non zero element for a unit ball. That is kerν 6= 0 for

Ω = B(0, 1).
Thus ν is not one-to- one for this particular domain. The following question
may arise; does the kernel of ν contains non-zero element on every bounded
domain in R2 ? The answer is no.
In order to have have invertibility for the single layer potential operator in
2−D we define the following subspace of the space H−

1
2 (∂Ω),

H
− 1

2
∗∗ (∂Ω) := {φ ∈ H−

1
2 (∂Ω) : 〈φ, 1〉∂Ω = 0}

where the norm in H
− 1

2
∗∗ (∂Ω) is the induced norm in H−

1
2 (∂Ω).

Theorem 4.3.1. Let ψ ∈ H−
1
2

∗∗ (∂Ω) satsfies νaψ = 0 on ∂Ω),then ψ = 0.

Proof. The theorem holds for the operator v∆(see, [1], corollary8.11(ii)),

vaψ = 0

⇒ 1

a(y)
v∆ψ = 0

⇒ ψ = 0, (sincea(y) 6= 0,⇒ v∆ 6= 0).

Theorem 4.3.2. Let Ω ⊂ R2 have diameter dim(Ω) < 1. Then the single

layer potential V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) is invertible.

Proof. By theorem 4.2.3 for dim(Ω) < 1 the operator V∆ : H−
1
2 (∂Ω) →

H
1
2 (∂Ω) is H−

1
2 (∂Ω)-elliptic i.e

‖v∆ψ‖H 1
2 (∂Ω)

≥ C‖ψ‖
H
−1
2 (∂Ω)

forψ ∈ H−
1
2 (∂Ω)
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and since it is also bounded by theorem 4.2.2 for s = −1
2
, the Lax-Milgram

theorem [i.e theorem 4.2.1] implies its invertibility.Then the invertibility of

the operator V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) also follows. That is

v−1
∆ : H

1
2 (∂Ω)→ H−

1
2 (∂Ω)

is bounded and satisfying ‖v−1
∆ ψ‖

H−
1
2 (∂Ω)

≤ C‖ψ‖
H

1
2 (∂Ω)

for ψ ∈ H 1
2 (∂Ω).

Hence, v∆ is H−
1
2 (∂Ω) invertible.
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Conclusion
From the study we observe that the single layer potential operator map-

ping from H−
1
2 (∂Ω) to H

1
2 (∂Ω) is invertible in the case of 3D. But this is

not true for two-dimentional case. For some 2D domains the kernel of the
operator

v∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω)

is non zero i.e kerv∆ 6= {0}. We have an example to illustrate this fact as
follows. Take the density function φ ≡ 1 and Ω = BR(0) to be a disc of
radius R centered at the origin and ∂Ω = SR(0) be the circular boundary of
the disc.We have shown that;

v4φ(y) =

{
Rlog|y| for|y| > R,
RlogR for|y| ≤ R.

This shows that the operator

v∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω)

contains non zero element for a unit ball. Thus v∆ is not one-to-one for this
particular domain. In order to have invertibility for the single layer potential
operator in 2D we define the following subspace of the space H−

1
2 (∂Ω),

H
− 1

2
∗∗ (∂Ω) := {φ ∈ H−

1
2 (∂Ω) : 〈φ, 1〉∂Ω = 0}

where the norm in H
− 1

2
∗∗ (∂Ω) is the induced norm in H−

1
2 (∂Ω) and by re-

stricting the domain Ω such that diam(Ω) < 1.
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