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Abstract

In this work we investigate the invertibility of single layer potential op-
erator in 2D. The single layer potential operator contains non trivial kernel.
Consequently, we need to set conditions on the domain or the space to insure
the boundedness and ellipticity of single layer potential operators and hence
by Lax-Milgram Theorem the invertibility of single layer potential in 2D.



Notations

: Bounded open set in R2.

0): The boundary of €.

Q: The closure of Q.

B(z,r): Ball of radius r about z in R%.

dB(x,r): Boundary of ball of radius r about z in R?.

C>°(Q): The set of all infinitely differentiable function.

C3°(2): The space of functions in ¢>(€2) compactly supported in 2.
A: The Laplace’s operator.

V: The gradient operator.

Vag: The single Layer potential operator with density function g.
Wag: The double Layer potential operator with density function g.

Ck(Q): The space of functions which are bounded and k times continuously
differentiable in €.

L,(Q): The space of all equivalence classes of measurable functions on €
whose power of order p are integrable.

Ly(€2): The space of all square integrable functions.

L+ (£2): The space of functions which are measurable bounded almost every-
where.

L¢(Q): The space of locally integrable functions.
a(n): The volume of a unit ball in R™.
na(n): The surface area of a unit ball in R".

ker(T): The kernel of the operator T': X — Y, Ker(T) ={fe X : Tf =
0}.



div(V): The divergence of a vector V, div(V) = Y 9%

O,

|| T ||: The operator norm of T': X — Y || T ||=sup{|| Tf |lv:|| f ||x< 1}.

|- lzr(@): The norm related to the Lebesgue space LP(x),|| f ||zr@)= ([, |f|pdx)%.

|.|: The Euclidean norm, |z| = /22 + 22 + ... + 22
(.,.): The Euclidean inner product,(x,y) = >_ x;y;.

(.].): The inner product related to LP(x).



Chapter 1

Introduction

This thesis consists of four chapters dealing with function spaces, Green’s
identities and Green’s representation formula, properties of harmonic func-
tion, fundamental solutions of the Laplace’s and Poisson’s equation, potential
theory, solutions of interior Dirichlet and interior Neumann problems using
single layer and double layer potential operators, boundedness and ellipticity
of single layer potential and finally invertibility of single layer potential in
2D.

In chapter 1, we introduce some selective points from the remaining 3 chap-
ters as follows.

In chapter 2, we discuss some preliminaries which are important to
study the Invertibility of Single Layer Potential Operators for constant coef-
ficient in 2D.

Let Q C R? be some open subset and assume k € Ny. C*(Q) is the space
of functions which are bounded and k times continuously differentiable in €.
In particular for u € C*(Q2) the norm

lull (€)= ) sup|D*u(x)]

o<k €N

is finite.

Correspondingly, C*(£2) is the space of functions which are bounded and
infinitely often continuously differentiable.

For k € Ny and £ € (0,1) we define C**(Q) to be the space of Holder



continuous equipped with the norm

[D%u(x) — Duly)|
| o= w ller () + sup
¢t (@) @) |azkx,yeﬂ,x7éy |ZE — y|’i

The boundary of an open set 2 € R? is defined as
o0 = QN (RA\Q).

By L,(€2) we mean the space of all equivalence classes of measurable func-
tions on €2 whose powers of order p are integrable. For p = 2 we have L(2)
to be the space of all square integrable functions, and Holder’s inequality
turns out to be the Cauchy-Schwartz inequality.
In addition to the above points, we discuss about generalized derivatives,
Sobolev spaces,and properties of Sobolev spaces.

In Chapter3, we discuss the detail part of the thesis by dividing the
chapter in to four sections with their respective subsections.

In the first section, we study the fundamental solution of Laplace’s equa-
tion in R”, A(u) = 0 forr € R". Given the symmetric nature of Laplace’s
equation, we look for a radial solution. That is, we look for a harmonic
function u on R" such that u(x) = v(|z|). In addition, to being a natural
choice due to the symmetry of Laplace’s equation,radial solutions are natural
to look for because they reduce a PDE to an ODE, which is generally easier
to solve.

In the second section of this chapter, we are interested in studying Green’s
identities, Green’s function and representation formula. The primary use of
Green’s function in mathematics is to solve non-homogeneous boundary value
problems.

In the third section, we prove a mean value property which all harmonic
functions satisfy, and the converse to mean value property of harmonic func-
tions. If u is a harmonic function on a bounded domain €2 in R", then u
attains its maximum value on the boundary of 2. Moreover, we also prove
that harmonic functions are C'°. At last, we show that the only functions
which are bounded and harmonic on R™ are constant functions.



In the last section of this chapter, we study properties of layer potentials
for Laplace’s equation. The reason why we are interested in layer potentials
is that they are good candidates for being solutions to the Interior Dirichlet
and Interior Neumann problems for Laplace’s equation. In addition, they are
also harmonic and they obey certain jump relations on the boundary.

In the last chapter, we discuss the main result of this thesis, which
is the Invertibility of Single Layer Potential Operators for constant
coefficient in 2D. Before we investigate the Invertibility of Single Layer
Potential Operators, we discuss about the concept of logarithmic capacity,
boundedness and ellipticity of single layer potentials. In this way we are
attempting to demonstrate methods that can be used in determining the
inverse of single layer potentials.

Finally, we investigate the Invertibility of Single Layer Potential Operators
for constant coefficient in 2D.



Chapter 2

Preliminaries

2.1 Function Spaces
2.1.1 The Spaces C*(Q2), C*%(Q) and L,(Q2)

If u is a sufficient smooth real valued function, then we can write partial
derivatives as:

0 0
Du(z) := (8—:“)“1, ~--(a—m)adu($1,wz-~,$d)

where a = (v, @, ..., ag), a; € Ny, multi index with
la] = a1 +as + ... + ag.

Let Q € R? be some open subset and assume k € Ny. C*(Q) is the space of
functions which are bounded and k times continuously differentiable in €.
In particular for u € C*(€2) the norm

L || () := ) sup|Duz)]

o<k €N

is finite.

Correspondingly, C*°(£2) is the space of functions which are bounded and
infinitely often continuously differentiable.

For a function u(z) defined for z € Q we denote

supp(u) = {x € Q:u(x)# 0}

10



to be the support of the function u.
Then,
Ce(Q) = {u € c>(Q) : supp(u) C Q}

is the space C'*°(£2) functions with compact support.
For k € Ny and x € (0,1), we define C**(Q) to be the space of Holder
continuous equipped with the norm

|DYu(x) — D%u(y)|
| w | ekmy:= w ||er ) + sup
©@ © |azz:k z,y€Q Y |z —y|"

In particular, for k = 1 we have C*1(2) to be the space of functions u € ¢*()
where the derivatives D*u of order |o| = k are Lipschitz continuous.
The boundary of an open set Q € R? is defined as

00 = 0N (R1\Q).

By L,(2) we mean the space of all equivalence classes of measurable functions
on ) whose powers of order p are integrable. The associated norm is:

| ullz,@:= {/Q |u(x)|pd;p}%

for 1 <p < oo.
Two elements u,v € L,(Q2) are identified with each other if they are different
only on a set K of zero measure i.e u(K) = 0. In addition, L. () is the
space of functions u which are measurable and bounded almost everywhere
with the norm:

u = €esssu ul\xr = inf Ssu ulxr)|.
I lanioi= esssupflu(e)l) = _inf  onp fula)

The spacesL,(€2) are Banach spaces with respect to the norm || u ||z, -
There holds the Minkowski inequality U € L,(£2).

| uw+v |lo,@< vl + v (2.1)

for all u,v € L,(12).
For u € L,(Q2) and v € L,(€2) with adjoint parameters p and q,i.e % + % =1,
we further have Holder’s inequality

Jo lut@)o@)lde<|l w0 | v lzg@ | (2.2)

11



Defining the duality pairing

ww%=AM@M@M,

we obtain

[(u, v)g|
|V lL)= sup
0£uEL, () | Ly(Q)
for 1 < p < o0, —|——:1
For p = 2 we have LQ(Q) to be the space of all square integrable functions,and
Holder’s inequality (2.2) turns out to be the Cauchy-Schwartz inequality:

o lu@o@)ldr<] e 1 v lo] (2.3)

Moreover, for u,v € Ly(€2) we can define the inner product

(U, V) 10 :/Qu(x)v(x)dx

and with
2
<U,U>L2(9) =lu ||L2(Q)
for all uw € Ly(2) we conclude that Ly(2) is a Hilbert space.

2.2 Generalized Derivatives and Sobolev Spaces

By LY¢(Q) we denote the space of locally integrable functions, i.e.u € LP¢(Q)
is integrable with respect to any closed bounded subset K C (2.
For functions ¢, € C§°(£2) we may apply integration by parts,

/ﬁm Wz—éﬂmiyww.

Note that all integrals may be defined for non-smooth functions. This moti-
vates the following definition of a generalized derivative.

Definition 2.2.1. A function u € L¢(Q) has a generalized partial derivative
with respect to x;, if there exists a function v € L'(Q) satisfying

Jo v(@)e( = — [ ul sz x)dx (2.4)

12



for all ¢ € C(Q).

Again we denote the generalized derivative by %u(x) := v(z). The recur-
sive application of (2.4) enables us to define a generalized partial derivative
D*u(z) € LP(Q) by

Jo[Du(@)]p(z)dz = (1)1 [, u(z) D*p(x)dz (2.5)

for all ¢ € C5°(€2).
For k € Ny we define norms

| u ||W;§(Q) = {Z|a|§k | D ||I£p(sz)}; (2.6)

for 1 <p < 0.
By taking the closure of C'*°(2) with respect to the norm || . ||WIID<(Q) we define
the Sobolev space :

WE(Q) == 0=(Q) (2.7)

H”W}})((Q) ’

In particular, for any u € WA (Q) there exists a sequence {¢;};en C C®()
such that

jhjgo | u—; ng(ﬂ) =0.

Correspondingly, the closure of C§°(Q2) with respect to || . ||W§ () defines the
Sobolev space

WE(Q) = C5(Q) (2.8)

H”WIID(<Q) ’

The definitions of Sobolev norms || . ||y ) and therefore of the Sobolev
spaces (2.7) and (2.8) can be extended for any arbitrary s € R .
We first consider 0 < s < R with s =k + x and k € Ny, € (0,1). Then,

1
| u [lws @)= {ll u H;;VII;(Q) +lul}) ;(Q)}p

is the Sobolev-Slobodeckii norm, and

Du(x) — D%u(y)|”
P |
(s @) = Z /Q/Q [z — y[d+rF dzdy

|a|<k

13



is the associated semi-norm.
In particular for p = 2 we have W;(£2) to be a Hilbert space with inner
product

(u,v)Wzk(Q) = Z /QDO‘u(:U)DO‘U(x)dx

| <k

for s =k € Ny and

D%u(x)—D%u D%v(z)—D%v
<u7U>W23(Q) = <U7U>W2k(g) + E|a|gk fQ fQ N ‘x(g?y)fd-ﬂk( ) (y))dxdy
2.9)

for s = k+ r,k € No,k € (0,1).

2.2.1 Properties of Sobolev spaces

Assuming a certain relation for the indices s € R and p € N a function
u € W5(Q) turns out to be bounded and continuous.

Theorem 2.2.1 (Imbedding Theorem of Sobolev). Let Q € R? be a bounded
domain with Lipschitz boundary 0X) and let d < s for p = 1,% < s forp>1.
For uw € W3(Q) we obtain u € C(Q2) satisfying

Fullo @ < cllullyy
for all uw € W3(82).

For the proof of these theorem see, for example [Ola f —Steinbach, Theorem1.4.6].
The norm (2.6) of Sobolev space Wy () is

1o sz = {10 iy + 1 Vo II7,0)32

where
|U|W21(Q) = || Vv ||L2(Q)

is a semi-norm. Applying the following theorem we may deduce equivalent
norms in Wy (£2).
Theorem 2.2.2 (Norm Equivalence Theorem of Sobolev). Let f : W3 () —
R be a bounded linear functional satisfying 0 < |f(v)| < Cfl]l v ||W21(Q) for all
v e WHD).
If f(constant) = 0 is only satisfied for constant = 0, then

1o gy £ = L@+ 1 VoIl ) (2.10)

defines an equivalence norm in W3 ().

14



2.3 Fundamental Solutions of Linear Differ-

ential Operators

The Fourier transform is applied to construct the fundamental solutions of
linear differential operators having constant coefficients. Naturally, only fun-
damental solutions of slow growth can be obtained by this method.

Generalized Solutions of Linear Differential Operators

Let

> laj=0 @a(@) D = f(z), f € D’ (2.11)

be a linear differential equation of order m with coefficients a,(x) € C*(R™).
Introducing the differential operator

“ . o 0 G,
L(z,D) = Y an(x)D* D = <ax1’ax2"“’ax )

=0

We shall rewrite this equation in the form

L(z,D)u = f(x) (2.12)

Each generalized function u € D’ which satisfies this equation in the region
) in a generalized sense, that is for any ¢ € D, suppp C §2

(L(z, D)u, 0) = (f, ) (2.13)

is known as the generalized solution of Eq.(2.11) in the region €.
Equation (2.13)is equal in effect to the equation

(u, L*(x, D)) = (f, ), € D(Q) (2.14)

where

L*(z, D) = 3ja1—o(—1)*1D*(aa®) (2.15)

15



In fact,

(L. Dug) ~ <|§_joaamu, )
= |i_0(aaDau,go)
_ li_o(Do‘u,aago)
- lﬁij@(—l)a'(u,mmago))
= ) ()P0 )
= (u>|zL:(Z¢,D)90)

It is clear that every classical solution is also a generalized solution. We shall
formulate the converse result as the following lemma.

Lemma 2.3.1. If the generalized solution u(x) of Eq.(2.11) in the region 2
belongs to the class C™(2) and f € C(QY), then it is also the classical solution
of this equation in the region €.

Proof. Since u € D'NC™((2), the classical and generalized derivatives of the
function v up to and including the order m coincide in the region 2. Since
u is the generalized solution of Eq. (2.11) in the region €, then the function
L(X, D)u = f which is continuous in 2 in the sense of generalized functions.
According to DU Bios Reymond’s lemma, L(X, D)u(z) — f(z) = 0 at all
points of the region € , so that u satisfies Eq.(2.11) in the region € in the
classical sense. The lemma is proved. O]

2.4 Fundamental Solution

Let L be an operator with constant coefficients a,(x) = a, :

L(D) = X a0 @aDa, L * (D) = L(~D). (2.16)

16



The generalized function ® € D’ which satisfies equation

L(D)® = 5(x) (2.17)

in R” is said to be the fundamental solution (the function of influence) of the
differential operator L(D).

The fundamental solution ®(z) of the operator L(D), generally speaking,
is not unique; it is defined accurately as far as the term ®,, which is an
arbitrary solution of the homogeneous equation L(D)®y =0

In fact, the generalized function ®(x) + ®g(x) is also a fundamental solution
of the operator L(D),

L(D)(® + @) = L(D)® + L(D)®o = §(x).

17



Chapter 3

Potential Theory

3.1 Laplace’s Equation

In mathematics, Laplace’s equation is a second order partial differential equa-
tion named after Pierre-Simon Laplace who first studied its properties. This
is often written as: Au = 0 or V2u = 0 where A = V? is the Laplace opera-
tor and u is a scalar function. Laplace’s equation and poisson’s equation are
the simplest examples of elliptic partial differential equations.

The general theory of solutions to Laplace’s equation is known as poten-
tial theory. The solutions of Laplace’s equation are the harmonic functions
which are important in many fields of science, notably the fields of elec-
tromagnetism, astronomy, and fluid dynamics because they can be used to
accurately describe the behaviour of electric, gravitational, and fluid poten-
tials.

3.1.1 The Fundamental Solution
Consider Laplace’s equation in R,
Au = 0,ze R".

Given the symmetric nature of Laplace’s equation, we look for a radial
solution. That is, we look for a harmonic function u on R™ such that
u(z) = v(|z]). In addition, to being a natural choice due to the symme-
try of Laplace’s equation, radial solutions are natural to look for because

18



they reduce a PDE to an ODE, which is generally easier to solve. Therefore,
we look for a radial solution.
If w(z) = v(|z]), then

uz, = 70 (J2]), | # 0,

||
1 x? x?
Uiz, = mv'(ll’l) - WU’(ISEI) + W@"(Ifﬂl% |z # 0,
Therefore,
n—1 / Vi
A= " (o) + (o]

Letting r = |z|, we see that u(z) = v(]z|) is a radial solution of Laplace’s
equation implies v satisfies

n—1

. V'(r)+0"(r) = 0.

Therefore,

C\
<

— Inv'=(1—n)lnr+c
C

rn—l’

= '(r) =
which implies

v(r) =

From the calculations, we see that for any constants c;,cs, the function

colnr+c; n=2
0 a +cy n > 3.

2—n)rn—2

(3.1)

(2) { ciln(|z|) +e n=2
u(z) = c
W%—Cz n > 3.

For z € R", |z| # 0 is a solution of Laplace’s equation in R™ — 0. We notice
that the function u defined in (3.1)satisfies Au(z) = 0 for = # 0, but at
x =0, Au(0) is undefined. We claim that we can choose constants ¢; and ¢y
appropriately so that

~—Z&xu 2250

19



in the sense of distributions. Recall that ¢y is the distribution which is defined
as follows. For all ¢ € D,

(50, ¢) = ¢(0)-

Below, we will prove this claim. For now, though, assume we can prove
this. That is, assume we can find constants c¢;, ¢y such that u defined in

(3.1)satisfies
“Sa=a) a2

Let @ denote the solution of (3.2). Then, define

ow) = [ @iy
Formally, we compute the Laplacian of v as follows,
A = [ M)y
=~ [ a6 swi
= 0o f(y)dy = [(x).

Rn
That is, v is a solution of Poisson’s equation! Of course, this set of equalities
above is entirely formal. We have not proven anything yet. However, we
have motivated a solution formula for poisson’s equation to(3.2). We now
return to using the radial solution(3.1) to find a solution of (3.2).

Define the function ® as follows. For |z| # 0, let

—Ln (|z]) n=2
D(x) = { g 0 (11) (3.3)
a2 23

where a(n) is the volume of the unit ball in R". We see that ® satisfies
Laplace’s equation on R” — 0. As we will show in the following claim, ®
satisfies —A, P = 6.

For this reason, we call ® the fundamental solution of Laplace’s equation.
Claim 1. For ® defined in (3.3), ® satisfies

—AICI) = 50

20



in the sense of distributions. That is, for all g € D,

- [ ewagle)dn - g(0)

Proof. Let Fg be the distributions associated with the fundamental solution
®. That is, letFp : D — R be defined such that

(Fog) = [ @l@)g(a)ts

for all g € D. Recall that the derivative of a distribution F'is defined as the
distribution G such that

(G,9) =—(Fg)
for all ¢ € D. Therefore, the distributional Laplacian of ® is defined as the
distribution FA® such that

(FA®79> = (F<D7 Ag)
for all g € D. We will show that
(Fa®,9) = —(do, 9) = —g(0),

and, therefore,

(FfI’a g) = _g<0>7
which means —A,® = §, in the sense of distributions.
By definition,

n

(Fy, Ag) = / B(r)Ag(z)d

Now we would like to apply the divergence theorem, but ® has a singularity
at © = 0. We get around this, by breaking up the integral into two pieces:
one piece consisting of the ball of radius § about the origin, B(0,4) and the
other piece consisting of the complement of this ball in R™. Therefore, we
have

(Fy.Ag) — / 0 () Ag(r)dr

= / O(x)Ag(x)dx +/ O(z)Ag(x)dx
B(0,5) "—B(0,0)
= I+J

21



We look first at term I. For n = 2, term [ is bounded as follows,

1
y_/ Lo 2| Ag(x)da] < C|Ag|L°O|/ In |z|dz|
B( B(0,6)

0,6) 2w
27 é
C|/ /ln|r|7’drd0|
o Jo

5

C|/ In |r|rdr|
0

< Cln|§|6%

IN

IN

For n > 3, term [ is bounded as follows,

1 1 1
Ag(x)dx| < CAgLOO/ ——dx
‘/Bm) n(n = D) jap2 SO < ClRALT [ e
5
1
C/ (/ ——dS(y))dr
o Jopon lYI"?

° 1
= [ ([ sy
o T 8B(0,r)
’ 1 n—1
= 7mdna(n)r dr
0

= na(n) /06 rdr = %W)éz_

IN

Therefore, as § — 0,|I| — 0.
Next, we look at term .J. Applying the divergence theorem, we have

/ B(2)Ag(x)ds = / B(2) Aug(x)dz — / 9% (2)dS()
n_B(0,5) (R"—B(0,5)) A(R"—B(0,5)) on
0
+ / —g(z)dS(x)
O(R*—B(0,5)) on
0 PrS
= — —ZEdS£E+/ O(x)—ag(x)dS(x
/a s 3@ [ e g
= J1+JQ.

Using the fact that A,®(z) =0 for € R™ — B(0,9).
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We first look at term J;. Now, by assumption, g € D, and, therefore,
g vanishes at co. Consequently, we only need to calculate the integral over
0B(0,¢) where the normal derivative n is the outer normal to R” — B(0, 9).
By a straightforward calculation, we see that
T
V,®(2) = ————.
(z) na(n)|x|™
The outer unit normal to R" — B(0,6) on B(0,0) is given by
T
n(r) = —.
||

Therefore, the normal derivative of ® on B(0,9) is given by

0o x T 1
a_n - (_W)(__) -

[x|” na(n)]e]*—

Therefore, J; can be written as
1 1
@S @) = e [ g@as) =~ g@)as()
/33(0,5) na(n)|z|" na(n)d™ Jopo.s) 9B(0,6)

Now if g is a continuous function, then
—][ g(x)dS(z) — —g(0)asd — 0.
dB(0,5)

Lastly, we look at term J;. Now using the fact that g vanishes as |z| —
+00, we only need to integrate over 9B(0, ) Using the fact that g € D, and,
therefore, infinitely differentiable, we have

dg dg
dlx)=—=| < —Loo('?BO,é/ ®O(2)|dS(x
s 200500 < IgalindBO.0) [ jolas(e)

8B(0,5)

C /a o |®(2)|dS (2).

IN

Now first, for n = 2,

[ je@lis@ = ¢ |mjas()
9B(0,8) 0B(0,9)

< Cl dS (x)
8B(0,5)

— C|In|||(278) < C1|1n|9]).
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Next, for n > 3,

/ ®(2)[dS(z) = c/ L _as)
8B(0,5) o805 |T|"

C
< — dS(x
0"2 JoB(0,6) (=)

= 57€Qn0z(n)5"1 < Cq9.

Therefore, we conclude that the term J2 is bounded in absolute value by

Cé|Ind| n=2
Co n>3"

Therefore, J2 — 0asd — 0.
Combining these estimates, we see that

/ O(2)Ag(x)dr = lim I+ J1+ J2 = —¢(0).
n 0—0t+

Therefore, our claim is proved.

]

3.2 Green’s Identities and Green’s Function

In this section, we are interested in studying Green’s identities and Green’s

function.

3.2.1 Green’s Identities

The Gauss-Green Theorem

Theorem 3.2.1.

Ja ag)dQ fQ ng+fogng Joo Fgnads.

Q ay A9 40 — fQ 9dQ+fogng Joq fanyds.

(3.4)

(3.5)

Equations(3.4) and (3.5) state the integration by parts in two dimensions

and are known as the Gauss-Green Theorem.
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The Divergence Theorem of Gauss

Theorem 3.2.2. The divergence theorem results readily as an application
of the Gauss-Green Theorem. Consider the vector field v = u; + v;,where
© and j are the unit vectors along the x and the y azes, respectively. While

u=u(z,y) and v =v(z,y) denotes its components.

Jo(Vu)dQ = [, (u.n)dS.

(3.6)

The quantity V.u is referred to as the divergence of a vector u at a point
inside the domain ), whereas the quantity u.n is referred to as the flux of the
vector field directed in the n direction at a single point on the boundary ).

Equation (3.6) is known as the divergence theorem of Gauss, and relates the
total divergence to the total fluz of a vector field.

Green’s First Identity

Theorem 3.2.3. Let u,v € C*(Q). Then we have

Proof.

= VuVv + ulAv

Integrating with respect to dx on €2,

u—1)ds

/uAvdm: —/Vu.Vvdx—l—/ ( Ov
Q Q o0

on

/Vu.Vvdx+/uAvdx = /V(qu)dx
Q Q Q

= / uVu.ndS
a0

= / u@dS.
d

Qan
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Therefore,

/uAvdx: —/Vu.VvdaH—/ ua—dS
Q Q 8”

Green’s Second Identity
Theorem 3.2.4. Let u,v € C*(Q). Then we have

ou ov
/Q(UAU — uAv)dQ) = /m(va—n - ua—n)dS.

Proof. Consider the functions v = u(z,y) and v = v(z,y) which are twice
continuously differentiable in Q and once in 0. Applying (3.4) for g = v,
f= % and also (3.5) for g = v, a , and finally adding the resulting equations,
results

Jov(5 + T4y = — [,(5280 4 2u90)4Q) + [ v(4n, + Btn,)dS | (3.7)

v ov

Similarly, applying (3.4)for g = u, f = 32 and (3.5) for g = u f = o and
finally adding the resulting equations

fQ u(% + giyg)dQ - fa(%g_ g_g_ dft + faﬂ z T+ any)dS (3.8)

Subtracting(3.8)from (3.7)yields

Jo(Au — uAv)dQ = [, (v —ul?)dS (3.9)

where the Laplacian A is defined as

0 0 0 0 0? o?
A=V =V V=(i—+j—)(i—4j)===+—
(Zax +J8y> (Z&E +]8y) Ox? + oy?’
while 9 9 9 9
9V = (nyi Va2 92, 9 9
5 =" (n@+nyj)(@ax+jay) n8y+ny8y
is the operator that produces the derivative of a scalar function in the direc-
tion of n. Equation (3.9)is known as Green’s second identity for A. [
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Representation Formula

Theorem 3.2.5. If u € 3(Q) is a solution of

—Au=f z€QCR"”
u=gq € 09,

where f and g are continuous, then

w(x) = = [0 9W)5E (2, y)dS(y) + [o f()G(x, y)dy (3.10)

for x € Q, where G(x,y) is the Green’s function for €.

corollary 3.2.1. If u is harmonic in Q2 and u = g on OS2, then
oG
uw) == [ 95 @)is().
0 n

3.2.2 Green’s Function

Motivation on Green’s Function

Green’s functions are named after the British mathematician George Green,
who first developed the concept in the 1830’s. In the modern study of linear
partial differential equations, Green’s functions are studied largely from the
point of view of fundamental solutions instead.

Definition and Uses

The primary use of Green’s functions in mathematics is to solve non-homogeneous
boundary value problems.

Definition 3.2.1. Let xy be an interior point of 2. The Green’s function
G(z,xq) for the operator A and the domain Q is a function defined for x € €
such that:

(i) Let K(x,x0) = m. The function H(z) = G(x,x0) — K(z,0) has
continuous second derivatives and is harmonic in ) (including the point ).

(ii) G(z,x¢) =0 for x € 0N.
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Theorem 3.2.6. If G(x,x) = 0 is the Green’s function, then the solution
of the Dirichlet problem is given by the formula

u(zo) = /8(2 u(x)%d&

Proof. Let us recall that the Green’s representation formula is
u(zo) —/ [u(x)éK(x zg) — K(z,x )gu(x)]ds
0) — 50 on » 40 y L0 on .

The result of applying Green’s second identity to the pair of harmonic func-
tions U and H is

/aQ[u(x)%H(a:) - H(x)agnu(x)]dS = 0.
Adding the above two equations, yields

/m[u(af)f%G(x, xg) — Gz, (L‘O)%u@j)]ds — U(l‘)%ds.

o0

Therefore,
0G(z, x¢)

u(xg) = /89 u(:p)TdS.

3.3 Properties of Harmonic Functions

3.3.1 Mean value property

In this section, we prove a mean value property which all harmonic functions
satisfy. First, we give some definitions. Let For a function u defined on
B(z,r), the average of u on B(x,r) is given by

1
]g s u(y)ds(y) = ol /B o u(y)dy.

For a function u defined on B(z, ), the average of u ondB(x,r) is given by

1
]iB(w) u(y)ds(y) = W /aB(m) u(y)ds(y).
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Theorem 3.3.1 (Mean-Value Formulas). Let Q C R™. If ue C?*(Q) is har-

monic, then
ue) = uwdsw) = f ()
OB(z,r) B(z,r)
for every ball B(x,r) C ().

Proof. Assume u€C?(Q) is harmonic . For r > 0, define

o) =F  uly)si)
OB (z,r)
For r = 0, define ¢(r) = u(z). Notice that if u is a smooth function, then
lim, o+ ¢(r) = u(z), and, therefore, ¢ is continuous function. Therefore,

if we can show that ¢/(r) = 0, then we can conclude that ¢ is a constant
function, and, therefore,

u(z) = iB(m u(y)dS(y).

We proof ¢(r) = 0 as follows. First, making a change of variables, we have
o) =f s = f as(z).
OB(z,r) 0B(0,1)u(z+rz)
Therefore,

d(r) = ]éB(O ! Vu(x +1rz).2dS(2)

— X
_ f Va(y). Y=L as ()
OB (z,r) r

- f 2 y)ds(y)

_ 1 / W)
n)rn ! aB(axr
1
= () 1/ (Vu)dy(bythe DivergenceT heorem)
B(z
1
= =0
TL)T" 1/3; )
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using the fact that u is harmonic. Therefore, we have proven the first part
of the theorem. It remains to prove that

ulz) = ]ﬁw) u(y)dy.

We do so as follows, using the first result,

/B(x,,«) u(y)dy = /OT(/{))B(I’S) u(y)dS(y))ds
— /Or(na(n)s”—l ]([95(%8) u(y)dS(y))ds

_ /0 " na(n)s" Vu(w)ds

n’s:l

na(n)u(x)s™ |3z,

n

Therefore,

which implies

as claimed. O

3.3.2 Converse to Mean Value Property

In this section, we prove that if a smooth function u satisfies the mean value
property described above, then u must be harmonic.

Theorem 3.3.2. If u € C?(Q) satisfies
u@) = uly)asty)
OB (z,r)

for all B(x,r) C 2, then u is harmonic.
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Proof. Let

If
u@) = uly)asiy)
OB(z,r)
for all B(z,r) C Q, then ¢'(r) = 0. As described in the previous theorem |,

r

piry=" ]é L Aty

n

Suppose u is not harmonic. Then there exists some ball B(x,r) C € such
that Au > 0 or Au < 0.

Without loss of generality, we assume there is some ball B(x,r) such that
Au > 0. Therefore,

S =2 f  Buly)dy >0,
B(z,r)
which contradicts the fact that ¢'(r) = 0. Therefore, u must be harmonic. [

3.3.3 Maximum Principle

In this section, we prove that if u is a harmonic function on a bounded domain
2 in R™, then u attains its maximum value on the boundary of €2.

Theorem 3.3.3. Suppose Q C R™ is open and bounded. Supposeu € C?*(2)N
C(§2) is harmonic. Then

1. (Mazximum principle)

max u(x)g = max u(x)sq)-

2. (Strong maximum principle) If Q is connected and there exists a point
o € Q) such that
u(zo) = max u(z)g.

then u is constant within €.
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Proof. We prove the second assertion. The first follows from the second.
Suppose there exists a point xg in 2 such that

u(zo) = M = maxu(x)g.

Then for 0 < r < dist(zg, 02), the mean value property says

M = u(xy) = ][ u(y)dy < M.
B(zo,r)

But, therefore,

][ u(y)dy = M,
B(zo,r)

and M = maxgu(x). Therefore, u(y) = M for y € B(xg,r). To prove u = M
throughout €2, we continue with this argument, filling 2 with balls. O]

Remark. By replacing v by -u above, we can prove the Minimum principle.

Next, we use the maximum principle to prove uniqueness of solutions to
poisson’s equation on bounded domains €2 in R".

Theorem 3.3.4 (uniqueness). There exists at most one solution u € C*(Q)N
C(Q2) of the boundary-value problem,

—Au=f xe€
u=g x € 0.

Proof. Suppose there are two solutions v and v. Let w = u — v and w =
v — u.Then w and w satisfy

Aw=0 z€
w=0 xeof.

Therefore, using the maximum principal, we conclude

max |u — v| = max|u —v| =0
Q [2/9)

which implies u — v = 0 and hence the uniqueness follows. O]
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3.3.4 Smoothness of Harmonic Functions

In this section, we prove that harmonic functions are C*°.

Theorem 3.3.5. Let ) be an open, bounded subset of R™. If u € C(Q) and
u satisfies the mean value property,

u@»::ﬁ;@mfwwdsw>

for every ball B(xz,r) C ), then u € C®(Q).

Remark. 1. As proven earlier, if u € C?(Q) N C(Q) and u is harmonic,
then u satisfies the mean value property, and, therefore, w € C*°(Q).

2. In fact, if u satisfies the hypothesis of the above theorem, then wu is
analytic, but we will not prove that here. (See Evans.)

Proof. First, we introduce the function 7 such that

1
_ ) CelP1 x| <1
T) =
n(x) { 0 fu>1

where the constant C is chosen such that [, n(z)dz = 1. Notice that neC>*(R™)
and 7 has compact support. Now define the function n(z) such that

Therefore, n.C*>°(R") andsupp(n.) C = : |z| < e. Further,

/n Ne(z)dr = 1.

Now chose € such that € < dist(z, ). Define

m@waém@—ymwwy

Now we claim

1. u.eC®
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2. u(z) = u(z).

First, for (1), u.eC>. We prove(2) as follows.Using the fact that
suppne(x —y) C{y : |x — y| < €}. Therefore,

ulr) = / = oty

= /B K |$Zy| Ju(y)dy

_ in / / '“”‘y'> (1)dS ())dr

1
- dS dr
/85( ()
_ 1 0 n(z /(,)B S(y)dr
1 r n—1
- 1L O'rz(e)na(n)r ]im,r)“(y)ds(y)dr
- ei" 0 n(%)na(m " udr (x)
1 [ r
= u(x)e—n/o 77(2) /E)B(x,r) dS(y)dr
= u(x = ]
= ulo), / LAy
_— / Ly
= u(x)

3.3.5 Liouville’s Theorem

In this section, we show that the only functions which are bounded and
harmonic on R™ are constant functions.

Theorem 3.3.6. Suppose u : R — R is harmonic and bounded. Then u is
constant.
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Proof. Let xq € R". By the mean value property,

(o) :]i u(y)dy

(aco,r')

for all B(xg,r). Now by the previous theorem, we know that if u € ¢*(2) N

C(€2) and u is harmonic, then u is C*. Therefore,
Au=0= Au,, =0

for ¢ = 1...,n. Therefore, u,, is harmonic and satisfies the mean value prop-
erty. Therefore,

iy, (70) = ]i( e, (y)dy

by the divergence theorem, where v = (vy, ..., v,) is the outward unit normal
to B(zg,r). Therefore,

1 / 1

| < widS@)| < ulL®(OB (o, r)|vi| L] / dS(y)|
| |a(n)r” OB (xo,r) ()‘ ’ a(n)r” OB (zo,r)

< JulLZ(R)] e

a(n)r
n

< —|u|L=(R™).

< @)
Therefore,

n o0 n
|, (2 | — || L™ (R™)
T
<ol
;

by the assumption that u is bounded. Now this is true for all r. Taking the
limit as r — +o00, we see that |u,,(z¢)| = 0. Therefore, u,, (o) = 0. This is
true for ¢ = 1,...,n and for all o € R".

Therefore, we conclude that xq = constant. O]
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3.4 Potential Theory

3.4.1 Problems of Interest.

In what follows, we consider 2 an open, bounded subset of R" with C?
boundary. We are interested in studying the following two problems:

1. Interior Dirichlet problem.

Au=0 z2e€
u=g x €.

2. Interior Neumann problem.

Au=0 z2€
%:g x € 0N.

If u is a C? solution of the Interior Dirichlet problem, then by using Green’s
representation u is given by

ulz) = / Qg<y>§—g<x,y>ds<y>,

where G(x,y) is the Green’s function for 2. However, in general, it is difficult
to calculate an explicit formula for the Green’s function. Here, we use a dif-
ferent approach to look for solutions to the Interior Dirichlet problem, as well
as the Interior Neumann problem. Again, it is difficult to calculate explicit
solutions, but we will discuss existence of solutions and give representations
for them.

3.4.2 Definitions and Preliminary Theorems.

Let ®(z) denote the fundamental solution of Laplace’s equation. That is, let

—5-Infz] =2
O(x) = { 2 .
n(n—2)a(n) . |x‘n—2 n 2 3

Let h be a continuous function on 0€2. The single layer potential with
moment h is defined as

Va(@) = = [y h(y)@(z — y)dS(y). (3.11)
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The double layer potential with moment h is defined as

Wal(x) = = [o0 h(y) 5 (= y)dS(y). (3.12)

We plan to use these layer potentials to construct solutions of the problems
listed above. Notice that Green’s function gives us a solution to the Interior
Dirichlet Problem which is similar to a double layer potential. We will see
that for appropriate choice of h, we can write solutions of the Dirichlet prob-
lem(a) as double layer potentials and solutions of the Neumann problem(b)
as single layer potentials.

First, we will prove that for a continuous function h, (3.11) and (3.12) are
harmonic functions for all x ¢ 0f.

Theorem 3.4.1. For h a continuous function ondfl,
1. VA and Wa are defined for all x € R™.
2. AVa(z)=AWa(z) =0 for all x ¢ 0.

Proof. 1. We prove that W, is defined for all x € R™. A similar proof
works for Va. First, suppose x ¢ 9. Therefore, g—f;(x — y) is defined

for all y € 092. Consequently, for all = ¢ 02, we have

Walo)] < InI2=(09) | g‘—i@—y»m <c

Next, consider the case when z is in 0€2. In this case, the term g—i(x—y)
in the integrand is undefined at x = y. We prove W is defined at this
point z by showing that the integral in (3.12) still converges.

We need to look for a bound on

- / ) h<y>§—z<x —y)dS(y).

Recall ) | |
=Inlr—vy n=2
ve-p-{ H""Y
et ez 23
Therefore,

Li — Yi

¢, (z—y)=—r-—-—"—
.%(x y) na(n)\y—x\"’
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and

——(r—y) = V,&(x—y)v(y)
(z—y).(v(y).

na(n)ly — "’

where v(y) is the unit normal to 02 at y.
Claim: Fix z € 99. for all y € 0f2, there exists a constant C' > 0 such
that

|(z = y)v(y)| < Clz —y|*.
Proof of claim. By assumption, 9 is C?. This means at each point
x € 01, there exists an r > 0 and a C? function f : R"! — R such
that upon relabelling and reorienting if necessary we have

QN B(x,r)={z€ B(x,r)|zn > f(21, 0, 2n-1) }-

Figure 3.1:

Without loss of generality (by reorienting if necessary), we may assume
z = 0 and v(z) = (0,...,0,1). Using the fact our boundary is C?, we
know there exists an r > 0 a C? function f : B(0,r) C R"! — R such
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that 0€) is given by the graph of the function f near x.
First, consider y € 02 such that |z — y| > r. In this case

1
[z =y)o@) <le—yl < |z =y = Clr)lz -y

Second, consider y € 02 such that |x —y| < r. In this case, we use the
fact that

[z —y)v@)| = [(z—y)(v(z)+v(y) —v(x))
[(z —y).v(@)| + [(z —y).(v(y) —v(z))]
= |ynl + 1z —y).(v(y) —v(z))|.

IN

Now,
Yn = f(Y1, s Yn—1)

where f € C?%, f(0) = 0 and Vf(0) = 0. Therefore, by Taylor’s Theo-
rem, we have

lnl = 1f (W1, s Ynr)|
< C‘](yl,...,yn,l]2
< Clyf
= Clz -yl

where the constant C' depends only on the bound on the second par-
tial derivatives of f(y1,...,yn—1) for |(y1,...,yn—1)] < 7, but this is
bounded because by assumption f € C?*(B(0,r)). Next, we look at
|(z —y).(v(y) —v(x))|. By assumption, 9 is C? and consequently, v is
a C' function and therefore, there exists a constant C' > 0 such that

[o(y) —v(2)] < Cly — =],

Therefore,
(@ = y).(v(y) — v(2))| < Cly — 2

Consequently, our claim is proven. We remark that the constant C' will
depend on r, but once x is chosen r is fixed.
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Therefore, we conclude that for z € 09, all y € 012,

0P (= y)oly)
avy(x y)' - ‘na(n)|y—m|”’
|z —y|"
e
|z —y[n=2
Therefore,
o0d o0d
- / W) 22 (@~ dsty) | < )= 09 / 192 (0~ las(y)
o0 c%y 300 8%
<cof —X _asyy<c

o0 |z —y|" 2

using the fact 0€) is of dimension n — 1.
Therefore, we conclude that W, is defined for all x € 902 and conse-
quently for all x € R™ as claimed.

2. Next, we will prove that A(Wa(z) = 0) for all z € Q. A similar proof
works to prove that A(Va(z) = 0).
Fix x € (2. We note that for all y € 09, gT@(x — y) is smooth function.

Further, using the fact that ®(z — y) is harmonic for all = # y, we
conclude that Agcg%(x —y) = 0 for all y € 0. Therefore, using the

fact our integral is finite and 22 (z — y) is smooth, we conclude that
Yy

AWA(X) = —Ax / Qh<y>§—i<x —y)dS(y)
- - /mh@mxj—i@—y)w(y)

= 0.
O

In the above theorem, we showed that as long as h is continuous func-
tion on 0f, then Va and Wy in (3.11)and(3.12), respectively, are harmonic
functions on (2. Consequently, if we choose h appropriately so that our ini-
tial condition will be satisfied, then we can find a solution of our particular
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problem (a) and (b).

We claim that by choosing h appropriately, Wa will give us a solution of
our Interior Dirichlet problem. Similarly, we will show that by choosing h
appropriately, Va will give us a solution of our Interior Neumann problems.
For a moment, consider the Interior Dirichlet problem (a). As proven above,
for h a continuous function on 052, Va defined in (3.12) is harmonic. Now, if
we can choose h appropriately, such that for all xq € 0€2,

lim Wa(z) = g(z0),

zeNQ—x0

then we will have found a solution of the Interior Dirichlet problem. Con-
sequently, we are interested in studying the limits of Waas we approach the
boundary of €. In order to study this, we must first prove the following
lemma.

Theorem 3.4.2 (Gauss’ Lemma). Consider the double layer potential,

Wale) = - /a O o yasy).

Q a'Uy
Then
0 ze€Q°
WA(ZL‘) = 1 z2z€Q
% x € 0f).
Proof. 1. First, for x € Q°,
0o
Wale) = — [ o—(z—y)dS(y)
o0 Oy
= —/QAy@(w—y)dy

= 0

using the Divergence Theorem and the fact that ®(z — y) is smooth for
y e Qxe e

2. Now, for z € Q,®(z — y) is not smooth for all x € 2. In order to
overcome this problem, we fix ¢ > 0 sufficiently small such that B(z,€) is
contained within €. Then on the region Q2 — B(x, €), &(z — y) is smooth, and,
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consequently, we can say

0 = / AyO(z — y)dy
Q—B(z,¢)

= /(9(2 B(z,¢) g—( —y)dS(y)

0D
-/ 8vy< y)dS(y) + /83(x,€)a—%<x—y>d5<y>

where v is the outer unit normal to 2 — B(x,€). As mentioned above,
Ty —Yi
O, (r—y)=—"7"-—"".
) ety —

For y € 0B(x,€), the outer unit normal to 2 — B(z, €) is given by
r—Y
v(y) = —-
|z =yl
Therefore, foryedB(z, €),

Gz =) = 0=yl
r—1Y r—1Y
na(n)|z —y[* |z -yl
|z —y|?
no(n)|z — y|**
1
na(n)|z —y|"t

1310 / 1
9y — _ds(y)
/aB(x,e) 50, " Y T ey ale =g

Therefore,

1
= ds
nalpha(n)e—1 faB(“ (v)
= 1.
Therefore, we conclude that
0P 0P
0 = —dS / —(x —y)dS(y
o O (y) + _ (%y( )dS(y)
0P
= —(x—y)dS(y) +1
= 0)as()
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Which implies

0P
— —(x —y)dS(y) =1,
s
as desired.
3. Last, we consider the case x € 0€). In this case, g%(x — y) is not defined

aty = x. Fix € 0. Let B(z,€) be the ball of radius € about x. Let
Qe =0—(QN B(z,¢€)).

Let
C.={y € 0B(x,¢) : v(x).y < 0}.
Figure 3.2:
Let )
Ce=00.NC..

First, we note that

0 = / A,B(z — y)dy

Qe
Bl
— “Z(x—y)dS
o, avy( y)dS(y)
Bl

- /aQ -8—@y(z—y)d$(y)+/ég—‘i(l’_y)ds(y),
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Therefore,

0= fon, . oo, @ = 9)dSW) + J¢, dv-(x —y)dS(y) (3.13)

where v, is the outer unit normal to €Q..

Now, first, we recall that

r—Y

V,o(x —y) = —————"—.
A el — P

For all y € C., the outer unit normal is given by

r—Y

v(y) = m

Therefore,

¢ 1
/(ia—%(x—y)dS(y) = /C;noz(n)\:c—y\nlds(y)
1
- W/@ds(y)'

Next, we use the fact that

Lds(y) %/ dS(y).

In fact, as we will show below,

Je. dS(y) = Jo, dS(y) + O(e"). (3.14)

We omit the proof of (3.14) for now and will return to it below. Assuming
this fact for now, we have

Which implies

0P 1 1
‘. 8—%(90 —y)dS(y) = W[§
1 1

2 " na(m)o(o)

na(n)e"t + O(e")]
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Therefore,

Jo. & v (@ —y)dS(y) = +m. (3.15)

Combining (3.13) and (3.15),we have

Which implies

[ - ist) = -5 - — 00,
0

Q.—c. Oy

Taking the limit as ¢ — 07, we have

as claimed. N

Now we will prove(3.14).
Claim 3. For C, and C. as defined above, we have

/ asiy) = / aS(y) +0(e).

Proof. We just need to show that the surface area of C, — C~’; is O(n). Then
surface area is approximately the surface area of the base times the height.
Now the surface area of the base is O(¢"?). Therefore, we just need to show
that the height is O(€?).

Without loss of generality, we let + = 0. Now, by assumption, 99 is C?.
Therefore, 92 can be written as the graph of a C? function f : R*™! — R
such that f(0) = 0 and V£(0) = 0. Therefore, if y € C, — C., then

Yl < 1F 1 9n-1)] < Ol sy < Clyl* < C€,

using Taylor’s Theorem. Therefore, the height is O(€?) and the claim follows.
[
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Now with Gauss’ Lemma above, for VA and W defined as in (3.11)and(3.12)
for a continuous function h, we can find the limits of Va(z) and Wa(z) as
we approach 0€) from the interior or the exterior. We state these results in
the following theoren.

Theorem 3.4.3. Let h be a continuous function on 0X). Define single and
double layer potentials as follows:

Va(e) = — / h)( — 5)ds()

and 9%
Wa(x) = — —(x —y)dS(y).
@)=~ | Fra—wis
Let z¢ € 052. Then

1immeg_mo VA(ZL‘) = VA([L’()) (316)

i OVa(z) 1 OVA ()

1 —t == —

zeglllilxo anz 2h<$0) * ﬁnm 7
it eorypp 220D — 2L (ay) + Zao) (3.17)

limyeqaze Wa(z) = SHh(zo + Wal(o), limgeqezy Wa(z) = SHh(z0) + Wa (o).

(3.18)
Proof. 1. Proof of equation (3.16). Let x € Q, xyp € 9Q2. We have

Va(e) = — / = y)h(1)as()

and
Va(zg) = — /8 (o~ ph(¥)dS()

We need to show that

lim Va(z) = Va(zo).

TEQ—x(
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That is for all € > 0 there exists a 4 > 0 such that
| Va(z) = Va(zo) |< €for | x — xo |< 0.

Now,

Vae) = Va(Xo) = — / h)[B(e =) — oo~ 1)]dS ().

By assumption, h is continuous, and as we know ®(z — y) is smooth for
x # y. Therefore, to get a bound on | Va(z) — Va(zo) |, we devide 02 into
two pieces:

1. B(zg,v) NN
2. 09 — B(xg,vy) N OS2

We look at these pieces below .
First for(1),

| Va(z)=Va(zo) |<| A(y) Lo B@omnon) / | D(z—y)—P(zo—y) | dS(y).
B(z0,7)NON

By assumption, A is continuous. Therefore, for all € > 0 there exists a v > 0

such that |h(y) < € for y < . In addition that

[ ey - o - ylast) < ©
B(z0,v)NoN

using the fact that Va is defined for all zeR. Therefore, we conclude that for
any € > 0,|(1)| < C4€ for v chosen appropriately small. Next, for(2), we use
the fact that ®(z — y) is cotinuous in z for z away from y. Consequently, we

have
| Va(z) = Va(wo) [<

| hy) | L (00— B(r0,7)n09) | (r—y)—B(xo—y) | L(00—B(0,))N09) | / s dSl

Now, first h is bounded on 92. Therefore, |h(y)| < C.
Next, | [dS(y) |< C. Lastly, using the fact ®(x — y) is continuous in z
uniformly for y, we conclude that there exists a d such that

| ®(x —y) — P(zo — y) | L(0Q — B(xg,7) NON) <€, for | x —xp [< 0.
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Therefore, [(2)| < Cy€ if |x — x| < v where § is chosen appropriately small.
Consequently, for € > 0 choose € > 0 such that C1€ + Cy€ < e.

Then choosing v > 0 sufficiently small such that |(1)] < C1€ and § > 0
sufficiently small such that |(2)| < Cy€ when |z — z¢| < 0, we conclude that

Va(x) — Val(zo)| < C1é+ Co€ < ¢, for|x — xo| < 4.

2. Proof of equation (3.17) is similar to the following proof of equation (3.18).
we will prove only the first case, when x € (2. The second case works similarly.
Let z € Q, zg € 0N). We have,

Wa(z) = - /a Qh(y)g—i(x—y)dS(y)
0P ob 9%
_ /a h) g (2-)dS () + (o) /a = as) bt [ G- st

_ / h(y) — b)) 5 (&~ )dS(y) + b
o0 Y

using the fact that
0P
- [ Grte— s =1

Q any

, for x € Q, proven in Gauss’ Lemma. Similarly,

Waloo) = = [ W5 (20— n)isty
= [ 100) Wl — 9)dS() — hlan) [5G~ )aS(0)
o Y o0 Y
0P

= — /BQ[h(y) — h(mo)]a—ny(xo —y)dS(y) + %h(wo)

— I(ay) + ~h(xo)

2
again using Gauss’ Lemma.
Therefore,
1
WA(I) — WA((L’0> = ](ZE) + h(l‘o) — [(1’0) — 5]1([[‘0),
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which implies

Wa(z) = I(x) — I(z0) + %h(m) - Wa (o).

Therefore, to prove our theorem, we need only show that

lim [I(x)— I(z0)] =0,

where
_ (e 92
)=~ | [h(0) = ) 5o (a=)dS(o).
Now,
I(a) — I(xo) = - / [ho) - h<x0>1[§—2<x g - %‘1’( S (y).

We need to show for all € > 0 there exists a § > 0 such that |I(z)—I(z¢)| < €
for |x — z¢)| < §. By assumption, h is continuous, and as we know ®(z — y)
is smooth for y # z.

Therefore, to get a bound on |I(z) — I(zo)|,we divide 0 into two pieces:

1. B(xg,7y) N o
2. 0Q — B(xg,v) N L.

We look at these two pieces below. First for (1),

0P O
= a0~ o =) = 5= ]S )|
U b)) [ E¥(Beo00®) [ | S o) ) |45

By assumption, h is continuous. Therefore, for all € > 0 there exists a v > 0
such that | h(y) — h(xg) |< €if | y — 2o |< 7. In addition,

0o 0P

(@ —y) = o —(@—y)[dS(y) = C
/B@cm)maa 8ny( ) any( 0o —y) [ dS(y)

using the fact that Wa(x) is defined for all zeR. Therefore, we conclude that
for any € > 0,
| (1) |< Cie
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for v chosen appropriately small.

Next, for (2), we use the fact that %<x — y) is continuous in x for x away
from y.

Cosequently, we have

0P O
|- /69—3(%,7)@9 [h(y) — h(a:o)][a—%(ft —y) — a—%(mo —y)dS(y) |

0P 0P

<| W) =h(eo) | 2% | 5 o=y)= - (a=9) | E(00-B(ao.)n00) | [ ds(o) |

on,

Now, first h is bounded on 0. Therefore, |h(y) — h(zg)] < C. Next,
| [dS(y)| < C. Lastly, using the fact that %(SB — y) is continuous in x
uniformly for y,we conclude that there exists a § > 0 such that

0P 0P N
8T<$ - y) - %(xo - y)|L°°(8Q—B(xg,7)ﬂ@Q) <§¢,
Yy Y

for |x — x| < 9. Therefore,
|(2)] < Coé

if |2 — x| < § where ¢ is chosen appropriately small. Consequently, for € > 0
choose € > 0 such that
Clg + ng < €.

Then choosing v > 0 sufficiently small such that
|(2)] < Cqe.
When |z — 24| < §, we conclude that
|I(x) — I(xg)| < C1€+ Ché < e,
for |z — x| < J, implies that
lim [I(xz)— I(xg)] = 0.

rEQ—x0

Consequently,

lim Wa(z)= lim ([{(z)— I(xo)] + %h(ﬂvo) + Wal(zo))

ze€N—x0 rEQ—x0

_ %h(azo) + WA (o)

as claimed.
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In the next section, we use this theorem to construct solutions of the
interior Dirichelet and interior Neumann problems.

3.4.3 Solutions of Laplace’s Equation as a Double or
Single Layer Potentials

We begin by considering the Interior Dirichelet Problem,

Au=0 z€
u=g x €N

For a given function h, define the double-layer potential

Wale) = — /8 Qh<y>a—‘b<x —y)ds(y).

on,

In the previous section, we proved that Wa is a harmonic function in 2. In
addition, we proved that for xq € 0%,

lim Wa(z) = %h(mo) + Wa(xg).

rEQ—x0

Therefore, if we can find a continuous function h such that for all zy € 012,

oleo) = ghian) = | 1) T @ = )as(y)
and we define 5%
Wal) = - / h)S2dS(),

for that choice of h, then W will give us a solution of our interior Dirichelet
problem.

Now, we consider the Neumann problems. We will find solutions below as
single layer potentials. Consider the Neumann problem,

Au=0 x€
%:g x € 0f2

First, we note a compatibility condition on the boundary data in order for a
solution to exist. By the Divergence Theorem, we know

Au-/ —dS
/ a0 Ony,



Therefore, in order for a solution to exist, we need

/BQ g(y)dS(y) = 0.

For a continuous function h, define the single-layer potential

Vi) = / h)(y —a)dy,

From the previous section, we know that V is harmonic in €. In order to
choose h appropriately so that our boundary condition will be satisfied, we
extend the notion of normal derivative to points not in 02 as follows . Let
xo € 0. Let V(xg) be the outer unit normal to Q at z,. For ¢ < 0, such
that zg 4+ tV (z¢) in Q, we define

i(t) = VVa(zo + tV(z0)).V (z0).

In a manner similar to the proof of Theorem 3.4.3 in the previous section,
we can show that

T () = (o) + 52 ()
- %lh(xo) - /aQ h(y)gi (2o — y)dS(y).

Therefore, if we can find a continuous function h such that for all zy € 012,

glan) = 5 hao) = [ hw) g (0~ n)dS(o)

then by defining the single-layer potential

Va(e) = — /a h) )y

for that choice of h, VA will give us a solution of our interior Neumann
problem.
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Chapter 4

Invertiblity of single layer
potential in 2D

4.1 Logarithmic Capacity

The domain on which no unique solution can be guaranteed are related to
the so called logarithmic capacity. The logarithmic capacity is a real positive
number being a function of the domain. This concept originates from the
field of measure theory, but it is also appears in potential theory.

In the two dimensional case n = 2, the logarithmic capacity is defined by

capoq = e 2"VaVer

Yeqg € H ~2(09) is natural density, so that

1 1
—In
2T capan

= VAweq .

Note that Vate, = 0 if and only if capso = 1.

Proof. (=) Suppose Vathe, = 0, then from the definition of logarithmic ca-
pacity for n = 2 we have capgg = e~ 2" = €* = 1. Therefore, if V), = 0,
then capgg = 1.
(<) Suppose capgo = 1, then e 2"Va¥%ea = 1 which implies that —27Vat,, =
0 and therefore Vat., = 0. Hence, from (=) and (<) we can conclude that
Vateq = 0 if and only if capso = 1.

0
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There is a connection between the logarithmic capacity and the Euclidean
diameter of Q. In particular, capgg < diam((Q).
If the logarithmic capacity is strictly less than one, then we can conclude that
A > 0. Where \ := 1 —In T Therefore, to ensure capsy < 1 a sufficient
criteria is to assume dmm(Q) < 1. This assumption can always granted when
considering a suitable scaling of the domain © C R2.

4.2 Boundedness And Ellipticity of Single Layer
potential

Definition 4.2.1. An operator T': X — 'Y is bounded if there is a constant
c > 0 such that || Ty ||y < c|| f |y for every f € X. The set of bounded
operators from X to Y is denoted by B(X,Y).

Example 4.2.1. The identity operator I : X — x,1(z) = x is bounded.

Definition 4.2.2. The operator T : X — Y s called X — elliptic if
(TV.V) = Ol v |k
for all v € X is satisfied with some positive constant CT .

Theorem 4.2.1 (Lax-Milgram Lemma). Let the operator T : X — Y be

bounded and X —elliptic. For any f € Y there exists a unique solution u € X

of the operator equation Tuw = f satistying the estimate || u ||y < %H Iy
1

Proof. For the proof of this theorem [see, e.g Olaf. S page (47)] O

Theorem 4.2.2. The single layer potential operator vy : H™2 (QQ) Hz2(09)

is bounnded with || vat) ||H?2 o) = <dl |, b o0 for allvy € H™2 and ¢ > 0.

Theorem 4.2.3. Let dim()) < 1 and therefore X > 0 be satisfied. The
single layer potential operator va : _l(aQ) l(GQ) is then H_%@Q)

elliptic, i.e, (vn,)y0 > Cl| ¥ HH 360 for ally € H_f(aQ)

o4



Proof. For an arbitrary v € H ~3 (092) we consider the unique decomposition
_1

Y = o+ g, o € Hy *(02), 0 = (1, 1), satisfying

H wO + aweq HHfg aQ

2
19123

< Il %o HH*?(QQ) + | Yeq ||H7% 89)]2
2

< 2[” wO HHfé C9) + OéQH weq HHff 89)]

< 2max{l, || teq ||H—§(8(2 HIl o ||H_§ ooy T 2]

on the other hand by using (va, )4, = 0, by the above decomposition and
properties of inner products we have the following:

<UA7 ¢>8Q = <U(¢0 + ad)eq)a 'QZ}O + a@beq)ag
(va, ¢0>ag + 20:(v¥eq, 1/1>(ag) + @ (Ve ¢eq>(ag)
> Cllo [1},-3 g + A

> mm{C,/\}[H wﬂ HH—%(aﬂ) +a,

and therefore the ellipticity estimate follows. O

4.3 Invertibility of single layer potential op-
erator

The boundary integral operator va : H™2(9Q) — H2(dQ) is Fredholm op-
erator of index zero ([1],theorem?7.6).For the case of 3D the following holds.
For ¢* € H*%@Q), if va*(y) = 0y € Q, then ¥»* = 0 which implies the
invertibility of the single layer potential operator mapping from H~z(9) to
H %(89). But this will not be true for two-dimensional case. This is well-
known (see,eg[[4]Remark 1.42(ii)],[[3],proof of Theorem 6.22])that for some
2D domains the kernel of the operator v, is non zero, i.e.kerva # {0} for
some domains. The following eaxample illustrates this fact.

Example 4.3.1. Take the density function ¢ =1 and 2 = Bg(0) to be a disc
of radius R centered at the origin and 02 = Sgr(0) be the circular boundary
of the disc. We can show that;

_J Rlogly| forly| > R,
Vadly) = { RlogR forly| < R.
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Proof. Let ¢ = 1,then

Vad)) = 5 [ loglo = ylds.

For |y| > R,

1 1
1% - ] —yl =1 ds, + — ] ds,
(Vao)(y) o /M ogllz — y| — logly|lds. + 27 Jon og |y|ds

For y — oo,the first integral tends to zero.Hence we have;

1
(Vag)(y) = o log [yds,
T Jiz|=R
1
= —logly ds,
2m v |2|=R
= Rloglyl.

Therefore,for |y| > R we have ;

(Vag)(y) = Rlogly|.

For |y| < R, in particular take y = 0,

(VA®)(0) = 5 [, _g log|z|ds, = RlogR.

(4.1)

(4.2)

The relation (4.1) implies that, the limit of the value of the single layer

potential when y approach the boundary from exterior is given;

limyy r+(Vag)(y) = RlogR.

(4.3)

Furthemore, since the single layer potential is continuous on R? we have

(Va®)(y) = RlogR forly| = R.

To dermine the value of the potential inside the disc we will use the maximum

minimum principle .

Since the single layer potential is harmonic on €2 it has neither maximum

and nor minimum value in the disc.Let

Co = (Vad)(yo) for0 < |yo| < R.
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If we assume Cy # R1In R, i.e., Cy is different from the value of the potential
on the boundary, we will arrive contradiction of the maximum principle.
Thus (Va¢)(y) is constant on Q.

Therefore, (Va¢)(y) = Rln R for |y| < R. O

Remark 1. In the above example, if we take the value of R = 1, and since
a(y) # 0,then (V,0)(y) =0 in .

Example 4.1 shows that, the kernel of the operator v, : H _%(89) —
H?2(09) contains non zero element for a unit ball. That is kerv # 0 for
Q= B(0,1).

Thus v is not one-to- one for this particular domain. The following question
may arise; does the kernel of v contains non-zero element on every bounded
domain in R? ? The answer is no.

In order to have have invertibility for the single layer potential operator in
2 — D we define the following subspace of the space H ’%((99),

Ho2(09) = {¢ € H 2(09) : (§,1)yq = 0}
where the norm in H,j (892) is the induced norm in H~2(99).

Theorem 4.3.1. Let ¢ € H..2(09Q) satsfies vt =0 on 99Q),then ¢ = 0.

Proof. The theorem holds for the operator va(see, [1], corollary8.11(ii)),
Ve =0

1
= @UA’L# =0

= 1 =0, (sincea(y) # 0,= va #0).
]

Theorem 4.3.2. Let Q C R? have diameter dim(Q2) < 1. Then the single
layer potential Va : H2(8Q) — Hz(9Q) is invertible.

Proof. By theorem 4.2.3 for dim(2) < 1 the operator Va : H 2(9Q) —
Hz(09) is H™2(99Q)-elliptic i.c

0a®ly3 gy = CIYIL, 2 oy fort € HH0R)
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and since it is also bounded by theorem 4.2.2 for s = —%, the Lax-Milgram
theorem [i.e theorem 4.2.1] implies its invertibility. Then the invertibility of
the operator Va : H™2(9) — Hz(09) also follows. That is

vit s H2(09Q) — H2(09)

1
i-bom < ClYlL 3 o, Tor 6 € HE(09).

Hence, va is H~2(8) invertible. O

is bounded and satisfying ||v£1¢||
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Conclusion

From the study we observe that the single layer potential operator map-

1 1 . .

ping from H™2(02) to H2(0f?) is invertible in the case of 3D. But this is
not true for two-dimentional case. For some 2D domains the kernel of the

operator X )
va t H2(0Q2) — H2(09Q)

is non zero i.e kerva # {0}. We have an example to illustrate this fact as
follows. Take the density function ¢ = 1 and Q = Bg(0) to be a disc of
radius R centered at the origin and 92 = Sg(0) be the circular boundary of
the disc.We have shown that;

_ | Rlogly| forly| > R,
vady) = { RlogR  forly| < R.

This shows that the operator
va t H2(09) — Hz(09)

contains non zero element for a unit ball. Thus va is not one-to-one for this

particular domain. In order to have invertibility for the single layer potential
. . 1

operator in 2D we define the following subspace of the space H ™z (052),

HL2(09) = {6 € H3(09) : (6, 1), = 0}

where the norm in H..2(89) is the induced norm in H~2(dQ) and by re-
stricting the domain 2 such that diam(Q2) < 1.
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