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INTRODUCTION

In 1807, Joseph Fourier a mathematician and engineer discovered his
series in connection with the theory of heat conduction. Fourier claimed that
an arbitrary function, defined in a finite interval by an arbitrary capricious
graph, can always be resolved into a sum of pure sine and cosine functions.
But further investigations on Fourier’s discovery were made by many
mathematicians of the time and finally in 1829, L. Dirichlet circumscribed
the function which allows expansion in Fourier series and set up the theorem
on sufficient condition for the convergence of Fourier series.

The theory of representation of functions of a real variables by means
of Fourier series is of highest importance not only on account of the fact that
such mode of representation is at present an indispensable tool in the various
branches of mathematical physics, but also because this theory has exercised
the most far reaching influence upon the development of modern
mathematical analysis. It is a significant fact that the theory of this mode of
representation a function by a trigonometric series had its origin in the
attempt to investigate the form of a stretching string in a state of vibration.

With regard to the convergence of the Fourier series the following
problems are awaiting their solution:

1. Is there a continuous function with an everywhere divergent Fourier
series?

2. What is the structure of the functions with absolutely convergent
Fourier series?

3. What is the structure of the sets of uniqueness of Fourier series of
functions?

In addition to the above problems, much remains to be done on the
convergence or divergence almost everywhere of Fourier series of a
function. Furthermore, the necessary and sufficient conditions for the
convergence of the Fourier series at an individual point of the interval, or
throughout any particular portion of the interval, have not been obtained.

Kolmogoroff constructed a function for which the Fourier series fails to
converge at the points of a set of measure 27; but this function is not
continuous.

Lebesgue and Haar have investigated the general condition that, at a
particular point of continuity of the function, the Fourier series should fail to



converge. Haar also investigated the condition that, although the series
converges at the point, the convergence should be non-uniform in any
neighborhood of the point.

In this report we consider Fourier series of functions in a homogeneous
Banach space on a circle group T. Part one mainly focus on the properties of
Fourier coefficients and the relationship between the function and its Fourier
coefficients. In part two we emphasis on the norm convergence and point
wise convergence of Fourier series of functions in homogeneous Banach
spaces.

MENGISTU GoOA SANGAGO
ADDIS ABABA UNIVERSITY

JuNE 2003



PART ONE
FOURIER SERIES ON THE
UNITCIRCLE T

The group T is defined as the quotient %2 zZ where 2zZ is the integral
multiples of 2z Most often T is called the circle group. There is an obvious
identification between functions on T and 2zperiodic functions on 2. A
function f'on T is Lebesgue integrable if the corresponding 2 z-periodic
function, which we denote again by f, is Lebesgue integrable on [0, 27z) and
we set

[f)dt = j £(x)dx.

We consider the interval [0, 27) as a model for T and the Lebesgue measure
on T is the restriction of the Lebesgue measure of # to [0, 27). We normalize

the Lebesgue measure on T by writing the factor 2L in front of every
T

integral. For each function f defined on T and ¢, e 7 we have
J‘f(t—ro)dt = [f(@)dt.

1.1. FOURIER COEFFICIENTS

We denote by L'(T) the space of all complex-valued Lebesgue integrable
functions on T. Then L'(T) is a Banach space with the norm defined by

1
I =55 e

DEFINITION. 1.1.1: A trigonometric polynomial on T is an expression of
the form
P ~ ia"e"" .

n=—N
The numbers n appearing in the expression are called the frequencies of P.
The largest integer n such that |a,|+|a_,|# 0is called the degree of P. Since

each of the summands, «,e™, are functions and the sum is a finite sum, the

a-n

expression is a function and we denote for each €T

N ,
Pt)= > ae™ .
n=—N

1



Remarks:

: ; 1ifk=0
1. For integers k, Zije”“a’:z{ :
w

; 0 ifk # 0.
N . g
2, LetP()= Yae™.Then g . b [P()e™dt.
n=—N 2z T

DEFINITION.1.1.2: A trigonometric series on T is an expression of the form

S"‘"’ ia”eint.
The conjugate series § of the trigonometric series S is the series
. ~1if j<0
S~ > —:ngjr/z(j)ajeyI , where Sgn(j)=40ifj=0.
e 1if j>0

DEFINITION.1.1.3: Let fe L'(T). The n™ Fourier coefficient of £, denoted
by f(n), is defined as

fo =5 [raea.

DEFINITION.1.1.4: Let fe L'(T). The Fourier series S[f] of fis the

trigonometric series

SIfl~ 3 F(me™.

n=—om

The conjugate Fourier series of f, S[f], is the series conjugate to S[f]. We
shall say that a trigonometric series is a Fourier series if and only if it is the
Fourier series of some function in L'(T).

The following Theorem is the immediate consequence of the above
definitions.

THEOREM 1.1.1: Let feL'(T) and geL'(T). Then for n=0,+1,+2,...
i (f + g)n) = J(n) + 8(n).

ii. For any complex number o, (ngj(n) = Qj?(n)

iii. If / is the complex conjugate of /; i.e., 7 (¢)= f(¢) for all teT, then

F(n)= ().




iv. Denote f,(t)= f(t—7),7 €T. Then fT ()= }(n)e‘””.

|
< 5 [l =111,.

COROLLARY. 1.1.1: Assume f,€L'(T),j=0,1,2... and

Jo

=0. Then f;(n)—2" f, (n) uniformly.

Jj—®

Proof: Let €>0 be given. Then there exists N = N(g) such that

Hfj_fo L <&

tor all j = N. Then
Jim=Fm|<|f; -
for all neZ and for all j>N. Therefore, f ; (n)— 22 fo (n) uniformly.//

THEOREM. 1.1.2: Let feL'(T). Assume f”(O) = () and define
t
Ft)= [f(z)dr.
0

Then F is continuous 27-periodic and F (n) = lln f (n) for all n=0.

Proof: Since F is absolutely continuous, F is continuous. Now to show the
periodicity of F,

t+271

F(t+2n) - F(t) = jf(z')dr _ff(r)dr— jf(z')dr f(O) 0.

Therefore, F(t+27) = F(t) for all te T. Hence F 1s a 2n-periodic function.
Finally for n#0 £ (n) =L [F(t)e”™dt. Since F(t)=A(t), applying
T

integration by parts we obtain

P == g FOe™ 7 + 535 [P 00e™ds
2;'rnz [F(ZW) F(O) 271'111 .[f(t)eﬁmtdt
272' in f(n)



THEOREM. 1.1.3: Let g, feL'(T). For almost all t, the function f{t-t)g(t) is
integrable (as a function of T on T). If we write

W)= [fe-D)g(0)de
r

then heL'(T) and Hh”L‘ < Hf”L] ”g”L, . Moreover, h(n) = j}(n)g(n) for all n.

Proof: The functions f{t-t) and g(t) are measurable functions of the two
variables (t, ). Hence the product function F(t, 1) = f{t-t)g(7) is also
measurable. For almost all 1, F(t, 1) is just a constant multiple of f; hence

integrable, and
1 27 1 2z

1 2r 2
- (_ I, r)|dt}1r-2— Oj[ [l==)l g ldr}f

0

2— Nle@)] IApdz =(f], el

By the Theorem of Fubini, F(t, 1) is integrable over [0, 27].as a function of 1
for almost all i Now

o fi) s TP, e = 1]
00
Thus h 1s mtegTable. For neZ,
" 1 27 |
h . —1nt
(n) 27 ] [h(t)e ™ dt

2z 27 ) .
[ [ft-1)g@)e ™ e ™ dtdr
0 0

L

A

=/ (H)T fg(f)e“"'”df=f (n)g(n). 1/
T

DEFINITION. 1.1.5: The convolution f*g of the L'(T) functions fand g is
the function h defined in Theorem 1.1.3.

THEOREM. 1.1.4: The convolution operation in L'(T) is commutative,
associative and distributive (with respect to the addition).



Proof: The change of variable u =t -1 gives

If(t 7)g(r)dr = 5. Ig(f u)f(u)du .

Hence we get f*g = g*f
Iffi./>, fs€L'(T) then

L [(h*f)* £I0) = Hh* ) =7) f3(n)dz

1
271
zLI (3 [AE =7 —u) f,(w)du) fy(z)d=
T T
—2 I I filt =7 ~u) f,(w)f3(r)dudz

™ zI [AG-WE 0w (e)dwd

1

=2—ff1(f w55 ffz(w 0)f3(z)dz dw

=L (=W * )0
T r

AT
[ (fr+ 191(0) = ﬁ [fit-Df + f,1(@)dr |
T

1 1
:gr‘rjﬁ(f—f)fz(f)df+g7{ﬁ(t—r)f3(r)dr |
= (¥ + (4)®. / |

LEMMA. 1.1.1: Assume feL'(T) and let o(t) = ¢™ for some integer n.
Then (¢*/)(®) = / (me™.

Proof:

2z
(0* (1) = i Je"-0f (e)ar

1271'

=G, Jer@ane”
= f(n,)e““. /]



N .
COROLLARY. 1.1.2: If feL'(T) and k(t)= Y. a,e™ then

n=-N

N X :
KHo= 2 A?Hf (m)e™ .

n=-—
Proof:

1 N .
k* )= ] > a,e™ " f(r)dr

Th=—N

aneint El; J‘e—in‘rf(z_)dz_
T

N

= 2
n=—N
N = .
= Ya,f(me™. //
-N

1.2. SUMMABILITY IN NORM AND HOMOGENEOUS
BANACH SPACESONT

THEOREM. 1.2.1: In the Banach space L'(T) the following properties hold.
(1) The Translation Invariance.

If feL'(T) and t€T then f,eL'(T) and HfHL. = Hfr HL, , where fi(t) = f(t-1).

(ii) Continuity of theTransglation.
The L'(T)-valued function 7 — /. is continuous on T, that is, for FELHT)

f‘r_f;'o /) =0.

and t,eT Lim

T7,

Proof: Let feL'(T) and t€T. Then
1 1 ]
o O =5 7= = o o= <o

Therefore, f,eL'(T) and ||fHL, = ”fTHL' .

Notice that a continuous function on T is uniformly continuous. Let f'be a
continuous function on T. Then given €>0 there exists 6>0 such that |t-7|<d

implies [f{t) — f{t)| < €. Now



L‘z
1

=2— ﬂf(f—f)—f(f—’fo)fdf

f’l'_f‘l'y.

< 1% [edt = ¢ provided that| 7t -7, |< J.
74

Therefore, Lim|f, — f,

T—)T
Let feL'(T). Since continuous functions are dense in L'(T), there exists a
continuous function g such that Hg f H | = Since g is continuous on T

there exists 8=0(¢) >0 such that 7,7, €T and - To| < & implies

< ﬁ. Now

ol —Hf gr”]j gra /! + gro “Jr, /!
=|(f - g)fllﬁ +le. -g., |, +|g- x|,
=[f -gl, + o The—1li

<G+5+5=¢ provided that |t—1,|<0. //

DEFINITION. 1.2.1: A summability kernel is a sequence (k) of
continuous 2n-periodic functions satisfying:

1
() 5 7ycn(r)a?r <l

(S,) Ly [l k, ()| dr < const.
27

2r-6
(S,) For all 0<& <z, Lim ﬂk (t)| dt =

H—0

A positive summability kernel is one such that k,(t) = 0 for all t and n..

i o \
# % 4 " \
/ ~\B ¢
A ‘ 5
f ey | ¥ < g
+ o ® .
| 1t . f i
-~ B i .

1 . y B 2% |
\ i / mn

\ 1

/ %



EXAMIPLE. 1.2.1:
Fejer’s kernel (F,) defined by

F@)= 3 (-3De”
Jj=—n
is a summability kernel.

EXAMPLE. 1.2.2:
The de la Vallee Poussin kernel defined by

Vn(t) = 2F2n+1(t) il Fn(t)
is a summability kernel.

LEMMA. 1.2.1: Let B be a Banach space,® a continuous B-valued
function on T and (k,) a summability kernel. Then

LimL [k, ()p(T)dT = 9(0).
27 ¢

n—»

Proof: For 0 <6 <m, by (S,) we have
1
[k @@z - 9(0) =~ [k, (Do) - p(ONdx
Ty 27 7

) 2
. ﬁ(_{s + D (@lp(e) - p(O)r

)
Now |1 T o) -0 <manlote)- o0l il and
T _s B (4597

27-6

1 27—0 1
< max|p(r) - go(O)”B o [ k,(7)|dz.
r 5

— [k, @lp(r) - p(0)ldz

27[ S

B
Let €20 be given. Then by the continuity of ¢ at 0 there exists 6=0(g) such

that |t| < & implies
[o(0)-0(0)]|s <.

And by (S;) there exists N such that

2r—-8
|k, (r)|dt<e Vn>N.
5
Therefore,



| 4
‘E f k, (0)p(r)d 7 — (0)

B

+
B

< g[”kHH o +max|p(r) - p(0)|,] provided that n> N.

)
< |- Tk (o) - p(0dx
T _s

2
21 Tk, ()o(r) - 9(0)ldx
T s

B

Hence Lim 2— [k, (D)p(r)d7 = (0) in B-norm. //

n—>0

THEOREM. 1.2.2: Let / €L'(T) and (kn) a summability kernel. Then
1= Lzm— jk (r)f.dr
?1—)00

in the L'(T)-norm.

Proof: From Theorem 1.2.1 the mapping 1—f; is continuous L'(T)-valued
function on T. Thus by Lemma 1.2.1 we get

Lzm—fkn(r)fdr—fo =f. Il

Ft—)OO

LEMMA. 1.2.2: Let k be a continuous function on T and f €L'(T). Then
1
— _[k(r)frdr =k*f.
27

Proof: Assume first that f'1s continuous on T. We have

—J (0)f.dr —i Lim ¥(z,., ~7 )k ),

27z [P0
the limit being taken in the L' (T)-norm as the subdivision {7 f } of [0, 27]

becomes finer and finer. On the other hand,

1 1
—— Lim Y(;, —)k(r) f(t—7;))=— [k(r) f(t —D)d7 = (k* [)(?)
Ty 277

uniformly and the lemma is proved for continuous functions. For arbitrary
feL'(T) and & > 0 there exists a continuous function g on T such that

”f“g”L‘ <E&.

Now since g is continuous we have



1
i

G —L __1_ L # oo ok
[k(x)fdT -k f—zﬁgk(r)frdr 2;;7J:k(r)gfdr+k g-k*f

T T

1
=— [k(z)(f, - g, )dr +k*(g- f)
27 ¢
Consequently,

H;JMﬂﬁM>kff <

|
E}[k(f)(ff ~8.)dr

+e* (g =
Ll

L]
<lale. ~ £l +IH sl ~ 71,
=2kl le - 11,
<26l

1
Since € was arbitrary we have T jk(r)ﬁdr =EF Il
Tr

NOTATION:
1. For feL'(T) and for Fejer’s kernel F, we denote F,*f=c,(f).

2. 6u(f, 1) = (F¥/)(1).
REMARKS:
Lo, (f,0= 3 (-2 7(je.

J=—n

2. ForeachfeL'(T) we have Limo,(f) = f inthe L'(T)-norm.
n—

3. Trigonometric polynomials are dense in L'(T).

THEOREM. 1.2.3: The Uniqueness Theorem. Let f €L'(T). If f(n) =( for
all neZ then /= 0.

Proof: By the above remark, 6,(f)=0 for all n. Since o,(f)—f in L'(T) we
have 0= Limo,(f)=f.//

n—>P0

COROLLARY. 1.2.1: Let £ geL(T). If f (n)= & (n) for all n then f=g.

THEOREM. 1.2.4: The Riemann-Lebesgue Lemma. If f eL'(T) then
Lim f‘(n) ={,

|1n|—o0

10



Proof: Let €>0. Then there exists a trigonometric polynomial on T of degree

N such that H f- PH ;1 <& Then P (n) =0 for all |n| >N. Consequently,
F (| =|F ) - Pm)| < f = P|,, <& forall jn| >N,
Therefore, Lim f (n)=0.//

|n]—o0

THEOREM. 1.2.5: If K is a compact subset of L'(T) and £>0, there exist a
finite number of trigonometric polynomials Py, P,, ..., Py such that for every

/€K there exists a j, 1<j<N, such that ”f— P, <e.If|n[> max N,
L 1<j<N 7

where N; is the degree of P;, then ‘f(n)‘ < g for all f eK.

Proof: Since trigonometric polynomials are dense in L'(T), there exists a
collection Q of e-spheres about trigonometric polynomials that cover L'(T).
Then Q also covers K. By the compactness of K there exist e-spheres

N
Si,..., Sy such that K < [ JS ; - By the definition of €2 we get trigonometric
j=1
polynomials Py, P,, ..., Py such that S; = B(Pj, €), j=1,2,...,N. Let f €K. Then

there exists j, 1<j<N, such that f'€S;, that is, | / — ij < 2.
If |n| > max N, then P;(n)=0 forallj=12,..,N, and

1<j<N
}fA(H)I < Hf_PJ'HL‘ < & for some j, 1<j<N. //

REMARK: The Riemann-Lebesgue Lemma holds uniformly on compact
subsets of L'(T).

NOTATION: For f e‘L](T) we denote S,(f) the n® partial sum of S[f], that is,
(Sn(f))(t) = Sn (f;r) == Zf(])elﬁ

j=—n

REMARKS:
1 n
Lo, (f)=——25;(f).
n+1 =0

2. If S[f] converges in L'(T) then the limit is necessarily f.

11



Proof: Assume S, (f)——"— gin L'(T)-norm. Then
&(j) = Lim(S, (D) = Lim [ (j) =/ (j) for all jeZ.
By the Uniqueness Theorem, f=g. //

3. Su(f) = D,*f, where D,, is the Dirichlet kernel defined by

: 1
noo sin(n + 5 )t
D)= S =10,
j=*1‘? Slni

Proof:
(D, * ) =5 IDH(T)f(t—T)dT

zij. t—1)e’ dr
Jj==n T
= 27" =8,(f.00.
Jj=-n

DEFINITION. 1.2.2: A homogeneous Banach space on T is a linear
subspace B of L'(T) having a norm ”H 5= H” 1 under which it is a Banach

space, and having the following properties:

(H-1) Translation invariance
If feB and t€T then f;€B and HfHB = HfrHB'

(H-2) Continuity of the translation
For all feB and 1,€T, Lim

T—7,

REMARK: Let B be a homogeneous Banach space on T. If feB and 1,7,€T

then g, —fH
By (H- l)we get

I A

z‘r —fH

r %, f()”

LEMMA. 1.2.3: Let BCL'(T) be a Banach space satisfying (H-1). Denote by
B. the set of all feB such that t—/; is a continuous B-valued function. Then
B. is a closed subspace of B.

i T W
i 7
1 2 i " 4 a
{ { C »
| % 4
it f RN Ll
L eC gP
A w ) L4
. \ L4



Proof: Let g be a limit point of B, in B. Then given €>0 there exists /e B,

such that |lg — f]|, < j Then there exists also & = §(g) >0 such that

‘T - 1'0| < 0 implies

<£.Now
B2

p <lge=fils+

:J@_ﬂb+

Ty _gfo B

~ 1o, <€ provided that|t -1, |<0.

Thus 1—>g, is a continuous B-valued function on T. Hence g.€B.. Therefore,
B. is a closed subspace of B. //

EXAMPLES OF HOMOGENEOUS BANACH SPACES

1. By Theorem 1.2.1, L'(T) is a homogeneous Banach space.

2. C(T)- the space of all continuous 2n-periodic functions with the norm

|71, =max| 7 @]

C(T) with the defined norm is a Banach space satisfying HH i & “H o - Let

feC(T) and te€T. Since f'is uniformly continuous, f; is continuous
2n-periodic function and thus f,€ C(T). By the uniform continuity of f for
any given £>0 there exists =0(¢) such that t;, t,€T and | t;- t;| < 6 implies
|f(t)- f(t2)| < €. Therefore,

= max
Ty |loo ‘ T

—mflx|f(t—r)—f(t—ro)|<g

provided that |z' — z'o| < 0.Thus C(T) is a homogeneous Banach space on T.

3. C"™(T)- the subspace of C(T) of all n-times continuously differentiable
functions (n being a rational integer) with the norm

- = Zhmasl V@)= 237,

t j=0

With the defined norm C™(T) is a Banach space satisfying
|Aler 2110 271,
For 0<j £n we have for all teT, frm(t) = Ut — 7). Therefore,

13



f:eC'(T)and || £, .. Z
Let feC"(T) and 7, €T. Then
n
Lim|f, fT Z Lim| £ -
TT, j=

T—)T
Therefore, C"(T) is a homogeneous Banach space.

70, = 23l L M-

L
it

=0 since fY eC(T).

4. LP(T), 1< p < o - the subspace of L'(T) consisting of all the functions f for
which [|f(1)|" dt <o with the norm
T

_r L P 11/
1AL =1 7[ () dn)

Clearly LP(T), 1< p < o0, with the defined norm is a Banach space satisfying
171, = /] ;1 - By the translation invariance of the Lebesgue measure we

have Ilfr (t)|Pdt = ﬂf(r - z')|pdt = f|f(t)|pdt < o, Hence f,eLP(T). Since
T T 3

continuous functions are dense in L?(T), given >0 for feL"(T) there exists
a continuous function geL"(T) such that H f- g” » <% . For this £>0 there

£
< > whenever |t-1,| < 6. Now

+ (8 _fro

aQ

cxists 0=06(e

S, e gufr_ngLP g

LP

g‘f _g?.'o Lp L,u

~&,|, <¢ provided that|t —7, |< 0.

Therefore, Lim
T —)T

Hence LP(T) is a homogeneous Banach space on T.

THEOREM. 1.2.6: Let B be a homogeneous Banach space on T, feB and
(k,) a summability kernel. Then

Hku *f—f”B_E&)O

the B-valued integral

1
5; TIkn (T)frdr

is the same as the L'(T)-valued integral which by Lemma 1.2.2 is equal to

Proof: Since HH g 2 ”|

pla

14



ko*f. By Lemma 1.2.1

Limk,* f = f, = f in B-norm. //
n—w

THEOREM. 1.2.7: Let B be a homogeneous Banach space on T. Then the
trigonometric polynomials in B are everywhere dense.

Proof: For every feB by Theorem 1.2.6,
o,(f)——=— f in B-norm. /

COROLLARY. 1.2.2. Weierstrass Approximation Theorem. Every
continuous 2n-periodic function can be approximated uniformly by
trigonometric polynomials.

Proof: Let feC(T). Then by Theorem 1.2.7 there exists a sequence (P,) of
trigonometric polynomials in C(T) such that

Lim|P, - f]|_ =0.
n—>00

Since each P, is uniformly continuous and fis also uniformly continuous on
T, P, converges to funiformly. //

1.3. FOURIER SERIES OF SQUARE SUMMABLE FUNCTIONS

L*(T) with its inner product defined by
2 o
(f g)=5 [fOg)dr
0

is a Hilbert space. The exponentials {¢™}, n=0, +2, +2,..., form a complete
orthonormal system in this Hilbert space.

THEOREM. 1.3.1: Let feL*(T). Then

a 3o == flropa

n=—o0 27 T
. N s int 2
b. f=Lim ) f(m)e™ inthe L(T)— norm.
R p=_N

Proof: Since {e™} is a complete orthonormal system in L*(T), for every
feL*(T) we have
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= 5 e = 3 of
h=-%0 n=-
Now to show (b) we have that the series in (*) converges. Therefore, for

© L2
given £>0 there exists N such that > |f(n) <é&. Now

[n|=N+1

N . - N . .
:<f_ _ZN](-(n)emt’f_ ;f(ﬂ)elllt>

2

N . .
- § jonr
n=—N

LZ

=1 1)= T Jonfe 1)= ZFo(s.e")

n=—N

< > f(me™, Zf (n)e““>

N

=Hf\|iz—2 Z{f(nnz PGk
-1t - S Fer

= SIFm)P <e.

[n|=N+1
Therefore, Sy (f)——2— f in L(T)- norm./

THEOREM. 1.3.2: Let (a,),_ ., be a sequence of complex numbers

n=-—co

satisfying Z| a, |* < 0. Then there exists a unique feL*(T) such that

n=-—0o
a, = f(n).
Proof: Put f(t)= >, anemt. Then clearly a, = f (n). The uniqueness of f

H=-—00

follows from the Uniqueness Theorem.//

THEOREM. 1.3.3: Let /. gELZ(T) Then
(s >=—If<r>g(r>dr— > F(m)gn).

n=-—o0

Proof: By Theorem 1.3.1 and Theorem 1.3.2 we have
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f= if(n)eim and g = if(n)eim :

Then o o
(/.8) =< S fwe™, ﬁg(n)emt>
= Y X fmgme™, ™)
N=—00 M=—00 \—\5,—J
= 3 fmém).l

R=—00

REMARK: The space /* of sequences a=(a, )., of complex numbers

0
such that )’|a, [2 < oo with point wise addition and scalar multiplication,

n=-—w

and with the norm

ld|=( 31 a, )"

n=-—co
or equivalently with the inner product
{a;b}= Y a, b,
n=-ow

where a=(a,),__.and b=(b,);__., is a Hilbert space. The correspondence

n=—0

f = (f(n))>__,, is an isometry between L*(T) and /*.
1.4. POINTWISE CONVERGENCE OF o, (/)

THEOREM. 1.4.1: Fejer’s Theorem. Let feL'(T).
(i). Assume that

Liml {(t, + h)+ £ (2, ~ )]
exists (we allow the values -co and ). Then
0 (fot,) =22 Lim £ (t, + h) + £, = W]

In particular, if 7, is a point of continuity of f'then o, (f,#,)—=>f(Z,).
(ii). If every point of a closed interval I is a point of continuity of /'then
o,(f,t) Converges to f(t) uniformly on L.
(iii). If forall t, m < f ()< M thenm < o, (f,f)<M foralln=0, L«

17



Proof: Recall that (F,) 1s a positive summability kernel that has the following
two properties:

(D) For 0 <& <m, Lim[ Sup F,(t)]=0,
=0 S<t<2n-6
(2) Fy(t)=F,(-t) foralltin Tandn=0, 1, ....

(i) Assume f(to) :{,ing[ f(t,+h)+ f(t, —h)] is finite. Then
0, (f:1,)-f(t,) =5 [F, (@S (t, -7) - f(¢,)ld7
T

6 -
= ﬁ J.Fn (r)[f(to _T) —f(fo)]d’[
)

2x-6
I @O/, 1)~ f(t,)ldz

[f(to +z—);_f(to _T) _]?(to)]dz_

S, +1)+ /@, —7)
I £, (0l 5
Given € > 0 there exist 6 = 8(g) and N = N(g) such that
If(ta = T)_;f(zo _T) _‘f‘(ro)

Sup F, (7)< & whenever n>N.
S<r<2m—6

o
- L{£,®
0

— f(t,)}dz.

< & whenever |t| <& and

Therefore, |0, (f£,) = f(t,)| <& +e|f = /(t,)
Thus, Limao,(f,t,)= f(t,).

H—»0

. for all n> N.

In the same procedure we can prove the case for f(to) = o,

(i1) Since the closed interval I is compact, f is uniformly continuous on L.
Thus given €>0 there exists 6>0 such that t, teT and

| t - 1] <& implies | f(t) —f (1) <e.

By (2) there exists n, such that

Sup F, (7)< g forn>n,,.
O<r<2m—4

Now

18



o, (f. 0= F@O| <L [F,@)\ft-1)- f)dr
)

2r-8
[E,@)\f(t-7)~ f(0)ldr
5
<e+2¢|f], Vn>n, and teT.

(ii1) By (S,) in the definition of summability kernel, we get
o,(f,t)-m=5-[F,(D[f(t-7)-m]dr >0, and
" >0
M - Un(fat) = ﬁ IE:(T)[M —f(f—f)l]d’f > 0.

>0

Therefore, m< o, (f,t) <M. //

COROLLARY. 1.4.1: If ¢, is a point of continuity of /and if the Fourier
series of f'converges at £, then its sum is f'(z,).

0 L .
Proof: Since the series Y. f(n)e™ is convergent, the arithmetic means of

n=-00

the partial sums S, (f, t,) are convergent. Let’s assume that S, (f, t,) converges

to g(Z,). Then it is easily shown that 2.3 2.8, ,)——=>g(t,). By
n+l j=0

Fejer’s Theorem we have f (¢,)= g (¢,).//

THEOREM. 1.4.2: Lebesgue Theorem. Let feL'(T). Then if

f(to-l_r)-[_f(to_r)
2

~ft)dr=0 (@

i
b 1

theno, (f,t,) ———> I (¢,). In particular o, (f,1) ———> f(¢) almost
everywhere.

Proof:
= é _ _
o2 (o)~ 71, =4 [ e LD 7 g
° (1N
+ 177, e DT 20 s
0o
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| 1 m(”“)t L .
Since F,(t) = and sin>-—, 0<f¢<z we obtain
n+1| sin -ﬁ %
-
F(r)<min{n+1,——}.
2 (7) { (n+1)z‘2}
Therefore,
” f, +0)+f(t,—7) -
LIF (r = 2 - f(t)d ———>()
7 [Fu(@) 5 Fayars 5l -
Now we turn to evaluate the first integral in (IT). We pick 6 = n_% and
denote
t,+7)+ flt, -
Then
o, +r);-f(r D e e
202 =0 _ F,ar
) _ -
+1 JFn(r)[f Get D270 =D Fi, e
4
gn_H(D(L) |f(l‘ +7)+ f (¢, - )
r " n+l /I B
Since
4 = .
Limn_[|f(to+r)+f(to T)_ 4 dT:
now g 2
we get
Lim n+1d)(%) =0,
n—w

and integrating by parts we obtain

z df, +0)+ ft, —7)
ﬂ+l% 2
_ {@(r)}‘: 27 5[@(7)
n+1 i n+1/7:
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1 ~E o
D(n oL 2n CO(r
- & Ted- g 2 %0 an)
= 0\_v_/ n—»w0 0 H—/ n
n—»0 0 R—>x 0

Now given £>0 there exists n, such that n > n, and 0<t<6 we have

D(7) < E—r. Hence
37

5 5
2% .[(D(:)drﬁzi derés.
n+ly ¢ 3z(n+1) yr
5 |
Therefore, Lim = | CD(; ) dr=0. (Iv)
n—»w +1% T

Then from (II), (I1II) and (IV) we get
Limo,(f,t,)=f(,).//
H—>»0

COROLLARY. 1.4.2: If the Fourier series of /in L'(T) converges on a set E
of positive measure, its sum coincides with falmost everywhere on E. In
particular if a Fourier series converges to zero almost everywhere, then all its
Fourier coefficients must vanish.

Proof: By Fejer’s Theorem,
S, (f.)—"""= f (1)
for all reE and since f (t) =f(t) almost everywhere on E we obtain
ST ———> 1)
almost everywhere on E. If the Fourier series of f converge to zero almost
everywhere then f'is zero almost everywhere. And thus f (n)=0,n=0, £1...//

THEOREM. 1.4.3: Fatou. If

h -
W(h) ol J‘I:f(to +T);f(ro T)
0

-f (to)} =o(h)
then

Lim ¥, (e = 72,).
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1.5 THE ORDER OF MAGNITUDE OF FOURIER COEFFICIENTS

THEOREM. 1.5.1: Let (a,)7__ be an even sequence of nonnegative

numbers tending to zero at infinity. Assume that for n>0,
Ay T8y — 2an 20

Then there exists a nonnegative function feL'(T) such that fA m=a,:

Proof: From the hypothesis, (a, —a,.;) is monotonically decreasing with n,

Lim n(a, —a,.;) =0,
n—>0

and consequently
N

2n(a, 1a,,,—2a,)=ay—ay —N(ay —ay,,)
n=1

converges to a, as N — oo, Put

f(t) = in(an—l T Ayl — 2an )Fn—l (t)a

n=1
F, denoting as usual the Fejer’s kernel of order n. Since HFnH =1 the series

in the definition of fconverges in L' (T) norm, and all its terms being
nonnegative, its limit /is nonnegative. Now

FU) = 2n(@yy + s -2a,)F, ()

n=1

= Yn(a, ;+a,—2a,)(1- %) =a,.l/

n=| j|+1

DEFINITION. 1.5.1:

Let f(t) and g( t)>0 be two functions defined for ¢ >f,. We say that

AQ)

(i) f(t)=o(g(t)) if and only if —>0 as t > oo,
g(?)

is bounded for all t sufficiently large.

(ii) f(t)=O(g(1))if and only if %
g

(ii1) fand g are asymptotically equal in the neighborhood of 7, if and only if

22



J (@)
g(1)

— last —t,, and we write f(¢)=g(t).

(iv). fand g are of the same order in the neighborhood of ¢, if and only if

t
there exists two constants A>0 and B >0 such that ASL((I—; < B forall ¢
g
Sufficiently near ¢, denoted f(t) ~g(t).

THEOREM 1.5.2: Let f e L'(T). Then if fis absolutely continuous then
Fm=0().
t
Proof: Since fis absolutely continuous, f(¢) = f f'(¢)dt . Thus,
0
f=3f'(m) Sor N#0
and by the Riemann-Lebesgue Lemma j‘ '(n)— 0.Therefore,
nf(n)z%f’(n)-—) Oas n— .
Hence /'(n)=0(L).//
REMARK: If fis k-times differentiable and /e L' (") then,

" 1
f(n)zo(n—k) as ‘n|—> 0,
THEOREM 1.5.3: If f is k-times differentiable and /) € L'(T') then

‘f (n)"é min Hf(j)”Ll .

0<j<k Jn|J

THEOREM 1.5.4: If f'is of bounded variation on T, then

‘f(n)i < van() for n#0.

277|n|
Proof: We integrate by parts using Stieltjes integrals
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I
4 |

2
27

F =2 [ ei”tdf(t)ig warlf)

e 27r'n

_[e_mtf(f)dfl:
T

DEFINITION. 1.5.2:
1. For f eC(T),

o(f,h)= [l;gglf (t+y)—f(0)

is called the modulus of continuity of /.

2.For f e L'(T), Q(f,h)=|f(t+h) - f()| ,: is called the integral
modulus of continuity of f.

REMARK: From these definitions we have Q(f,h) < w(f,h)

I

. 2 ) 12z e
Proof: F(n)=—— [ e Mdr=—1 [ f(ye™ gy,
27 2r

THEOREM 1.5.5: For n #0, ).

fon)| <300/,

By a change of variable
7 =1 g —in
fmy=_= [[ft+5) - fO)]e ™ at.
T 0

Hence

o3 m). U
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PART TWO
THE CONVERGENCE OF FOURIER SERIES

We saw in Part One that if feL'(T), then ,(f) converges to fin the
topology of any homogeneous Banach space that contains f. Moreover, if
% : t,+h)+ f(t,—h
)= Lim Ll TP LG =B
h—0 2

converges to f(Z,). We are now going to see similar problems of
convergence of partial sums S,(f) of Fourier series of functions in a
homogeneous Banach spaces. In particular we have seen in section 1.3 that
for every feL(T), S,(f) converges to fin L*(T)-norm. In this part we will see
the following.

exists (we allow +o0 and -o0) then o,(f)

1. For every fe LP(T), 1 <p <, S,(f) converges to fin LP(T)-norm.

2. Existence of a continuous function whose Fourier series diverges at a
point and two criterions for convergence at a point, and

3. For every set ECT of measure zero there exists a continuous function
on T such that S,(f) diverges for all teE.

2.1. CONVERGENCE IN NORM

DEFINITION 2.1.1: Let B be a homogeneous Banach space on T. Let
feBand S,(f)=S,(f.t)= Y f(j)e" . We say that B admits

Jj=—n
convergence in norm if and only if

Lim HSn(f)—fHB =0.

H—>0

The operators S, are well defined in every homogeneous Banach space. We

denote their norms, as operators on B, by HS,,”B.

THEOREM 2.1.1: A homogeneous Banach space B admits convergence in
norm if and only if HSn “B are bounded (as n—), that is, if there exists a
constant K such that ”Sn (f)HB = KHfHB forall f € B and forall n >0,
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Proof: 1. Assume B admits convergence in norm. Then for each f € B there
exists y, > 0 such that ”Sn (f)HB <yp n= 0,1,2,.... Thus the family (S,)
of continuous linear operators on B is point wise bounded on B. By the

Uniform Bounded ness Theorem (HSHHB) is bounded.

2. Conversely, assume that there exists a constant K such that
HSn(f)”B & K”fHB forall f € B andforall n>0.Let f € Band £ >0

be given. Then there exists a trigonometric polynomial P of degree N such

tMﬂf—ﬂb<§%J%nprwmm3ﬁn=Rva

15,(F)= 71, =18.(/)=8,(P)+ P= f], 7n>N
<[8,(7=P), +|P- 11, n>N
<K|f = Pl, +[P- £l Vo> N
K.iﬁ+i Yn>N
2K 2K
LB Vn>N.

Therefore, [.im HSn ( ¥ )— F || z=0 Vf € B,and thus B admits convergence in

H—>w0
norm. //

Since S,(f) = D,*f, where D, is the Dirichlet kernel,

. 1
. sin(n+—)t
D)= Y e = 2

§= sin —

We get
1S, (N5 =D, * A <IDul 2 1115 ¥ € B.
Therefore, we have a simple bound for each S,,

”SHHB < “Dn HL‘ ’

DEFINITION. 2.1.2: The numbers L, =|D, |, are called the Lebesgue
constants,
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LEMMA. 2.1.1: The sequence (L,) of the Lebesgue constants is not

4
bounded. Specifically, L, >— Logn for all neN.
/4

Proof: Since t > 2sin %, we have — < ———. Then we get
t 2sing
] 2 1 27|sin(n + ‘)t‘ 27 ‘Sil‘l(n + %)t’
- 5 o= TR 2 2R
0 11'15 ﬂ' 0 t
By the change of variable we get,
2 (n+3)7 ’Sll‘l u. kx 4 n ]
Lz2= [ Y—du>= Z L (lsinuldu =— ¥+ >—Logn
T 9 U TTk=1" (k-D)x T k=1

n—>w0

Hence, L, —2=>w.//

THEOREM. 2.1.2: L(T) does not admit convergence in norm,

n»

Proof: We have seen that for a homogeneous Banach space B, [S,[ <L

n=0, 1,2, .... Inparticular, if B=L'(T) then |S,
known that S,,(F v = o,(D,). Hence, now we have

z (T)

n=0,12,...It1s

HSnHL " 2”5‘” (FN)HLl :”‘TN(Dn)Hy andHFN”L' =1.

But since o, (D,)—22> D in L'(T) norm, we have
1
HS”HL " 2 %LH;HO-N (Dn )”Ll :”Dn“[,l - Ln? n= 0:1529"-

Therefore, by Lemma 2.1.1and by Theorem 2.1.1, L'(T) does not admit
convergence in norm.//

THEOREM. 2.1.3: ((T) does not admit convergence in norm.
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Proof: Let ¢, be continuous functions satisfying Hq)n“m = sup‘gu'” (t)i <1 such
teT
that ¢, (t)=Sgn(D,(t)) except in small intervals around the points of

discontinuity of Sgn(D,(t)). If the sum of the lengths of these intervals is less

than -2 , we have
2n

I1S,1°C 218, @), 21S,(@,0)> L, —&.

S”||C(T) > L,. By Lemma 2.1.1 and by Theorem 2.1.1,
C(T) does not admit convergence in norm.//

Sinces was arbitrary,

DEFINITION. 2.1.3: The conjugate function. If feL'(T) and if the series
conjugate to the Fourier series of fis the Fourier series of some function
geL’(T), then g is called the conjugate function of fand is denoted by 7.

DEFINITION. 2.1.4: A space of functions BEL'(T) admits conjugation if
and only if for every feB, f is defined and belongs to B.

LEMMA. 2.1.2: T.et B be a homogeneous Banach space on T. If B admits
conjugation then the mapping f~ 7 is a bounded linear operator on B.

Proof: 1. Define A: BB by A(f)= 7. Letf, geB and « a complex
number. Now if A (f+g) = h then for each integer n,

h(n) = =iSgn(m 7 (n) + &(n)] = () + E(m) = (7 + B
By the Uniqueness Theorem, h = 7 +g . Therefore,
A (ftg)= f+E=A{M+A(2).
Hence Ais additive. Let A (« f)=k. Then
(n) = ~iSgn(n)(c (n) = ~iSgn(n)a.f (n) = af () = (oY) Y € Z.
By the uniqueness Theorem, k=« 7, thatis, A (a )= a A (f). Therefore, Ais

homogeneous. Therefore, Ais linear.
2. Let (f,) be a sequence of functions in B such that
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Lim f, = fand Lim Af,, = g
H—»w H—>®0
in B-norm. Now for each integer j,

&()) = Lim £,(j) = Lim(~iSgn(}) £, (J) = ~iSgn(j) Lim f,(})
=~isgn()f()) = f ().
By the Uniqueness Theorem, g = 7. Thus the operator Ais closed. By the

Closed Graph Theorem, Ais centinuous and hence bounded. //

LEMMA. 2.1.3: Let B be a homogeneous Banach space on T, which admits
conjugation. For each feB, define

fr=5fO@+5(f +i )~ T f(Ne".
j=0
Then the mapping /— 1" is a well-defined, bounded linear operator on B.

Proof: 1. Letf, geB and a a complex number. Then
(f+8) =2(f+O)+1[(f+ &) +i(f +B)]=/"+g’, and

(@) = @O+ [af +ieD ="

Therefore, the mapping is linear.
2. Let (f,) be a sequence of functions in B such that

fi—"" ) and f) g

in B-norm. For each integer j,

B . by Lim [,(j) if j=0
8()=Lim 2 () =1 rm ) ¥ 7
H—> 0 Uf J<0

JGY i j20_ 7y
= ST =)
0 if j<0
By the Uniqueness Theorem, g = f°. Hence the operator is closed. By the
Closed Graph Theorem, the mapping is continuous and thus bounded. //
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LEMMA. 2.1.4: Let B be a homogeneous Banach space on T. If the
mapping f— f ®is well defined in B then B admits conjugation.

Proof: Let feB. Then by the hypothesis 1 €B. Then f = -i [2f°-f- f (0)]B.
Thus B admits conjugation.//

THEOREM. 2.1.4: Let B be a homogeneous Banach space on T and assume
in int _
! e fHB—”fHB.ThenB

that for feB and for every integer n, " fe B and
admits conjugation if and only if B admits convergence in norm.

Proof: 1. Assume that B admits conjugation. Then the mapping f~ f’is a
well-defined, bounded linear operator on B. Without loss of generality there

exists >0 such that “fbHB <y|f], forall feB. Define S°: BB by
2R, = . A ;
$2(f)= X f(1)k" =S, (™ f).
j=0

Then Sb (f) = fb . ez'(2n+1)t (eﬁf(2n+l)tf)b
R -
Now for each feB,

]Sﬁ (f)l JRICZEN] (e_f(z”+1)ff)b

2 <V's +
_ Hfb lB +H(ef(2n+1)rf)bHB
< ny’B +}/“ehz‘(2n+1)rf‘3 - 27“fHB'

By the uniform Bounded ness Theorem, the sequence (

B

Sb

B
)is bounded.

i), =le"sue™ D, SIS
St <[5, Now since S, (™ 1) = e ™S2 (),
st =|st o, <psel I,

St B. Therefore, |S” ’ =HS”HB. Hence

for all feB. Therefore,

S.e™ 1), =|
for all feB. This implies ”S n||B <

Sb

“S . ||B are bounded. By Theorem 2.1.1, B admits convergence in norm.
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2. Conversely, assume that B admits convergence in norm. By Theorem
: B
2.1.1, there exists K>0 such that HS,,,H < K,n=0,1,2,.... For the operators

S? defined in (1) above we have

S, =l sue™nl, <SPl <&l

for all feB. Thus we get ||S” <k for n=0,1,2,....

Let feB. Givene >0 there exists a trigonometric polynomial of degree N such

that |/ - P|, < % Then

Sb

B &
IV“HES5=

Sy(N)=S3P)| =

Sp(f-P), <

for all n>N.
b

If n>N and m>N then § f (P) =S, (P). Therefore, for n, m>N

Si(f =P), +|SnP- 1), <=

S2()=Sn(f)], <

Therefore, (S i’ (7)) 1s a Cauchy sequence in B. Then there exists g €B such
that (S f (f)) converges to g in B-norm. By applying the Uniqueness Theorem

we can show that g = f”. Thus f” eB. Therefore the mapping f —> f’is
well defined in B. By Lemma 2.1.4, B admits conjugation.//

In the remaining part of this section we are going to show that, for 1 < p<eo,
L”(T) admits conjugation that is to prove the following theorem.

THEOREM 2.1.5: For 1 < p<a, the Fourier series of every fe L(T)
converges to fin the L”(T)-norm.

Identify T with unit circumference {z: z=e¢"} in the complex plane. The unit
disc {z: z|<1} is denoted by D and the closed unit disc, {z: |z|[<1} by D. For
feL!(T), we denote by f'(re"), r<1, the Poisson integral of f,

[(re")=(P(r.)* [)0)=2r" f(n)e™ )
The harmonic conjugate of (1) is the function "' silay Ny
Y
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F(re"y==i% Sen(i)r (e = (@) * )®)

2rsint

1-2rcost+r?
is the harmonic conjugate of Poisson’s kernel P(r, t).

where Q(r,t) = _ii Sgn(j)r/le’ =

LEMMA. 2.1.5: Every function harmonic and bounded in D is the Poisson
integral of some bounded function on T.

Propf: Let F _be harmonic and bounded function on D. Let #,T1 and write
ful€)=F (r,e"). The sequence (f,) is a bounded sequence in L°(T). L™(T)
being the dual space of L'(T), for some sequence 7 j . fnj

converges in the weak-star topology to some function F(e"). Let ,oeir eD.
Then

21 JP(p,t=7)F(e")dt = Lim 3 [P(p,t=17)f, (" )dt
Tr joe

= LimF(r, pe'™)=F(pe'").

j—

. 1 .
Therefore, for 0<p<1, F (pe") = e [P(p,t —7)F(e")dt /I
Tr

LEMMA. 2.1.6: Assume feL' (T) and let 7 (re") be the harmonic conjugate
to £ (re"). Then for almost all t, 7 (re") tends to a limit as r—1.

Proof: Since the mapping = 7 (re") is linear and any feL'(T) can be written
as fi-fo+ifs-if; with f; 20 in L'(T), there is no loss of generality in assuming

£20. The function F (z) = e/ @77 5 holomorphic (hence harmonic) in D.
Since the Poisson integral of a non negative function is f(z) = 0, and since 7 is

real-valued( being the harmonic conjugate of the real-valued function f), it
follows that |F (z)|<1 in D. By Theorem 1.4.3 and Lemma 2.1.5, F has a

radial limit of modulus EA almost everywhere. At every point where
F(e") exists and is non-zero, f (re") has a finite radial limit.//

DEFINITION. 2.1.5: Let feL'(T ). The conjugate function of fis the
function 7 (c")=_Lim f(re").
r—l1
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REMARKS:
1. If the series conjugate to the Fourier series of f is the Fourier series of

some function geL'(T), then the Poisson integral of g is 7 (re").
2. If 7 eL'(T) then its Fourier series is §[f] so that if §[f} is not a
Fourier series then 7 ¢ L'(T).

DEFINITION. 2.1.6. Denote the Lebesgue measure of a measurable set ECT
by |E|. The distribution function of a measurable, real-valued function fon T
is the function

m(x) = m,(x) = |{t: f(t)<x}|, -0 <x <o

Property 2.1.1:
(a). Distribution functions are continuous to the right and monotone

increasing from zero at x = -0 to 27 at x = oo.
(b). For every continuous function F on R, IF (f(2))dt = _[F (x)dm (x).
T

DEFINITION. 2.1.7: A measurable function is of weak L" type, 0<p< oo if
and only if there exists a constant C such that for all A>0

that is |{t: |F (t)] 2A}| < CA™.

REMARK: If fis in LP(T) then f'is of weak L” type.
Proof: Let feL*(T). Define F: B—R by F(x) = x”. Then for all A>0,

1A%, = i j f@) dt = i j F(f@t))dt = 41_” Oj xPdm (%)

>_ .[x dmlfl(x) > Idmm(x) = ﬁ[zﬂ'_mm(l)]?\P_

Taking C = 27?“ Fi
LP type. //

,»» We have m|f|(/1) > 21— CA™? and hence fis of weak

LEMMA. 2.1.7: If fis of weak LP type then feL'(T) for every r<p.
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Proof. By the hypothesis there exists C such that 27z —m , (4)<CA? for
all A>0. Now
(lf@)| de= [x"dm ;(x) <m (D) + [x"dm g (x)
P 0 1
= my (1) ~[x" Q7 = my g () + [[27 = my ()]d(x")
1
Cr
r—p

<

<my (D) +[27 —my (D] + Coj‘x“"’d(x’“) =27+
i

Therefore, feL'(T). //

THEOREM. 2.1.6: If feL'(T ) then 7 is of weak L' type.

Proof: We assume first that /> 0. We normalize f by assuming H by H n=1.We

want to evaluate the measure of the set of points where | 7 |>A. The function
1 —iA

= 1+ =Im(Log[Z—2])

V4 A

Z+1

H,l(z):IJr1::11"gz_l.;L
T z+iA

is harmonic and nonnegative in the half-plane Re(z)>0, and its level lines are
circular arcs passing through the points iA and -iA. The level line H ,(z) = —;

is the half circle z = Ae", % <f< % Hence if |z| 2 A, then H ;(z) > %—

=1+ 3arctan A
T

—2iarctan /1)

1 :
H,D)=1+ zarg(i;;ﬁ =1+ %arg(e

2 2 2
=—[£—arctan/1] =arc‘[an%<E %=—

T 2 VA " A

Now H,(f(z)+ zf (z))is a well defined positive harmonic in D, and

i [HL (£ + eVt =1, (F0) = H, (1) < -, and
T

Hy(f+iN25if | f+if |22,
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0 e g . . o .
we obtain |{t: | 7 (re")| >A}| < I Since the mapping {— f is linear, it is clear
that if we omit the normalization | /|, =1 we obtain, letting r—1, that for />0
in L'(T),
[{t: | 7 (" >A < 8] £ A7
Every feL'(T) can be written as f = fi-f> +if;-if; where fi=20and
H S H < H f “ . - Consequently

n—
{17 @) >M e ULl f(e") >4
j=1

It follows that‘ for C=128 and for every feL'(T) we get
|{t: | 7 (re")| >A}| < 128 f] s 7.
Thus for feL'(T) 7 is of weak L' type./

COROLLARY. 2.1.1: If feL(T) then 7 eL* (T) for all o<1,
Proof: Follows from Lemma 2.1.7 and Theorem 2.1.6.//

THEOREM 2.1.7: Let feL'(T). Then if fLog [fleL'(T) then 7 eL'(T)
where Log' x = sup( Log x, 0) for x > 0.

Proof: We shall use the fact that for geL*(T) we have g € L*(T) and

|g]l,- <|gl,> - This implies that m,, (1) > 27[1 - ”g“iz 4], 450,
We write f = g+h, where g =f when | f| <A and h=f when | /| >A. We have
f =g+ h and consequently

) fE@) > A it g™ > 23Ut he") > 4.

Therefore,

A
| {t:| g(e") >4} |< 87477 g“iz =871 j x*dm,, and
0
[{t:1 h(e") > 2} < 2CA7'|H| 0 = 2CA7 [xdm .
A

For x> A, [Logvc]i/2 > [Log/?.]}/2 and we obtain
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[t he) >4 s ———

/1\/— Jx(Logx) dmm

Therefore, 27 —m ~|(/1) <872 _[xzdml a1+ jxq/Logxdm| 1l

Now from the hypothesis we have:

[xLogxdm ;(x) < || f(O)Log | fOt<
1 T

and by Fubini’s Theorem
-2 2 2 2
1_[/1 (Jx dm, ; )dA = 6{(1 —%)x dm ; + ljl(lr —%)x dmy ;.

R
1

-
s

0 R 0
I - [deLogxdml 7ldA=2 ]j' xLogxdm, ;| + 2./LogR k[x\/ Logxdm, ;,

= 0()).

THEOREM. 2.1.8: M. Riesz. For 1 <p < o, the mapping /> f is a
bounded linear operator on LP(T).

Proof: If p and q are conjugate exponents, the mappings /— / in L’(T) and
LI(T) are except for a sign each other’s adjoints and consequently if one is
bounded so is the other and by the same bound. Thus it is enough to prove the
theorem for 1 < p< 2. Let feL"(T) be nonnegative. Denote by f{re") its
Poisson integral, by £ (re") the harmonic conjugate and write

H(re") = fire") +1 7 (re").
Assume that f does not vanish identically. Since f >0, f (re") >0 and hence
H(re") # 0 in D. Let G(re") be the branch of [H(re")]” which is real at r = 0.

Let y be a real number satisfying y <7, py > 5. For 0<r<I we have

! — [|G(re") | dt = —j| G(re")|dt+ j| G(re")| dt,

T
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where the first integral is taken over the set I satisfying |arg (H (z))|< y and
the second integral is taken over the set II satisfying y<|arg (H (z))|< 7.,

where z =re". On the set I we have [H (z)|< f (z)[cosy]", hence
3 [| GOre") [ dt £}, [eosyT 7,
I
and in particular,

L [Re(G(re"))d1 <| f]7, [cos 17

On the other hand, on the set IT |G(z)|st:(G(z))(cospy)'1 (both factors being
nonnegative). Now since

ZL [Re(G(re"))dt = G(0) = (f(0))”,
T
we get
ﬁ [IRe(G(re")) | dt < (£ (0))? +(cosy) | £]7, -
I
Therefore,

ﬁ [1GGre™) | de <|[£17, (cos )" +(F () +(cos ) 7| A,
/
<UL ospy? + 1AL, +171E (eos )" e, AL

Where ¢, is a constant depending only on p.
Since | /' (re")P’ < [H(re")]? =|G(re"), letting r—>1 we get

]. = i o
zﬂjﬂf(ret)|dt£cprH£p,and hence Hf ip ScprHip.

Thus f e Lb(T). Let fe LX(T). Then /' = f; -f>+if; - ify, /; 20, and

I,

LP S HfHLP ’ j=1:2:3:4-

Then by the linearity of the mapping /> 1 we have f = ]71 — 72 + sz3 = 1'74 :
From the above case }; , fz, ]73 , ﬁ eL’(T), and thus 7 eLP(T). Therefore,

the mapping /= f is a bounded linear operator on LP(T) for 1< p < 2. Since

we have done for L*(T) in section 1.3, for 1 <p <2, LP(T) admits
conjugation.//
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2.2. CONVERGENCE AND DIVERGENCE AT A POINT

THEOREM. 2.2.1: There exists a continuous function whose Fourier series
diverges at a point.

Proof: We give two proofs.

1. Based on the Uniform boundedness Theorem.

By Theorem 2.1.3, the mappings f— S, (f,0) are continuous linear
functionals on C(T) which are not uniformly bounded. By the Uniform
Bounded ness Theorem, S, are not point wise bounded. Therefore, there

exists feC(T) such that (.S, (£,0)) is not bounded, that is, the Fourier series of
fdiverges unboundedly at t =0.

2. Construction of a Concrete Example.
There exists a sequence of functions /,, € C(T") satisfying:

], <1
S, (w,.0) > 2D, ; or IS, (¥,,0)| > Logn.
Put®,(7) = o . (y,,t) and notice that @, is a trigonometric polynomial of
degree n” satisfying: H(IJHHOO <land|S,(®,,t)-S,(,,t)< 2. To show
this:

@1, =l i, <lFl Wl =Wl <1 ana
5,(@0:0)=5, (1) =| 20,6 - 39, (e
- jZ (@,()=y(ie”
- —Z U, (e
1}__” nf(jn i :) 1+ :2111 2D

Now in particular,
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f Sn ({Dn 50) . Sr: (Wn 50) |< 2
and hence
- | Sn ((DH,O) I + | Sn(‘i”n’o) |S | Sn ((I)n 90) - SH(WM’O) |< 2
And thus
S, (®,,0)[>] S, (,,0)| -2 > Logn—2.

With 4, = 2*" we define
fO)=2 ni D, (4,1).
n=1

Claim: f1is a continuous function whose Fourier series diverges at t = 0.
To show the continuity of f consider the mappings

N
fn=3Ltao, (4.

n=1
Then ( f), ) is a sequence of continuous functions converging point wise to f.

But it is casily shown that /) — =2 f uniformly on T. Therefore, /’is
N

continuous on T. To show the divergence of the Fourier series of fat t =0,
we notice that

;
- 3 (-

—_12
m= ﬁj

il oA iA;mt
i§+l)w,1j (m)e

2
a iA.mt
= X CD,lj(m)e !

A
m= ,?.j

sin ce ci:,lj (m) =F, (m)4p,, (m)

A=, ) if |mis 2

2
Aj+1

0 if |m|> 2.

Therefore,
®, (4,0)=%d, (me™".

m

Hence
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,{2 2 %
n+l

48z (z >, (me”",0)+S (z .3 b, (e 0]

m A nil! m

= i I‘Zq)j, (‘W)SI12 (erljmr 0)+ Z ZCDA (m)S ( i;mt O)

m n+ l m

= ”21 12 Zq)z (m)Siz( iAm 0)+Z CD,I (0)+"—Zq)g (m)Siz (er,lim:5 0)

1 m ntl? n m

n—l1
=T L3d, (m)s, (™ 0)+zl<1>,1 (0)+ S 2 (®;,,0)

m n+1

n-1

=[x+ Z’cbl(m)@‘dn(ow S2(@,.0)

1 j m_,;{] n+l’

S0, 0+51d, O+ LS @, ,0)~

| n+l

I

-
27

o, (0)D

nl?

> 18, (@,.0)] —[

1
2—Logh, -3
n

which tends to «. Therefore, (S, (f; 0)) is not bounded and hence the Fourier
series diverges unboundedly at t=0.//

LEMMA. 2.2.1: Let feL'(T) and f(n)=O(1)as|n |-> . Then for every
£>0 there exists A>1 such that Lim Sup | f’(j) | € 8.

B n<|j|<in

Proof: Since
f)=0() as |n|> o,

there exists M>0 such that | nf (n)|<M |, that is,
If(n)l— as|n|— .
If n is sufficiently large and A= 1+— then

SIfDISM Y E<M2(n-n)i=2M@A-1) =5
n<|j|€in n<|jl<in
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THEOREM. 2.2.2: Tauberian Theorem due to Hardy.

LetfeL'(T)and f(n) = O(Y)as|n |- 0. Then S, (£, t) and o, (£, 1)
converge for the values of t and to the same limit. Also if o, (f, t) converges
uniformly on some set, so does S, (f, t).

Proof: Let €>0 be given. By the above lemma there exists A>1 such that
LimSup Y| f())|<e.

R n<|jlin
[An]+1 ¥l
S, (fs )_[l Al—n [;{n](f,f) [xln]—no-"(f’t)
B [An]+1

Y A-m2f (e

[An]—n n<ljl<in
where [An] denotes the integral part of An. By Lemma 2.2.1, there exists an
n, such that

An]+1 o )
[[7”?]]:r n m%_w (- s (e’ | <

If o, (f, ty) converge to a limit o(f, t,) then there exists n; sufficiently large
such that for n > n; we have

n>ny=>

1S, (f,t,)—o(fst,)
[/ln] 1

|O-(f ) — 0, (f’to )|

[

[/?.n = TR
[ﬁn] n ”<|JZ</L‘1( _[/‘U?J]H)f(.])eﬁ

<—+—+—=g¢.
4 4 2

Therefore, S, (f, t,) converges to o(f, t,). Thus if o, (f, t) converges
uniformly on some set E, then also S, (£, t) converges uniformly on E.//

COROLLARY. 2.2.1: Let f'be a bounded variation on T. Then S, (f; t)

converge to »%[ f(t+0)+ f(t—0)] and in particular to £ (t) at every point of
continuity t. The convergence is uniform on closed intervals of continuity.
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Proof: By Fejer’s Theorem, o, (f, t)—> =[f(t+0)+ f(t—0)] as n—o0.

Since fis of bounded variation on T, we have f (n)= O(;) as| n|— .
Therefore, by Theorem 2.2.2,
S, () 3[fE+0)+ f(t-0)].

The remaining properties hold by Fejer’s Theorem.//

b o
&Pz’t <. Then
-1

lim S, (f,0) = 0.

n—>»00

Proof:
S (f O) 1 f(f)

, ; )cos 5
= [ f(2) cos ntdt +5- j 2 sin ntdt
T 7 sing
f@cost | |
By the hypothesis ————= € L'(T'). By the Riemann-Lebesgue Lemma,
sin £
2
l B
Lim- [ Ocosmdt =0, and Lim 4 [~ == =2 S O035 i medt = 0.
n—oo 27 n—0 T Sm 7

Therefore, llm S,(f,0)=0./

THEOREM. 2.2.3: Principle of Localization. Let feL'(T) and assume that f
vanishes in an open interval I. Then S, (f; t) converges to zero for tel, and

the convergence is uniform on closed subintervals of 1.

Proof: Let toel Then there exists 0 < § <z such that (t,-9, t,+3)cI. Then

41 n 1 1
S,,(ft)—m jf(t+r) - ( o +$jf(z+to)ﬂ’g’i_2)rdz
2 V)
1
+— [ f(t+ _Slnifi 2! dt

2

On the intervals [, 7] and [-7, -8], the function is continuous

Ram i
Sin )
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(SiﬂCC iti 2 6) ThCI’@fOTC, the function
P41

int
Sll’l2

is absolutely integrable, that is,

?ICD(I)] - 21 B fd o [sm _{|f(t +1,)dt < 0.
o 2

1
2
By the Riemann-Lebesgue Lemma we have

(i) ,I:_z)r:ccﬁ [f(®)cosntdt =0,

(i) Lim-- 5 ff Hjees

n—w ‘5 Sln b

sinntdt =0,

-6
(iif) L_l::;zﬁ j f(t+t,)cosntdt =0,

—5f(t+t )cos2

sin f2~

sin ntdt =

(iv) Lim-
F‘l—>00

=T

Therefore, lim S, (f,7,) = 0. Since t, is arbitrary element of I, for all 7 in I

n—»w

n—»o0

we have S, (f,1)————0.//

REMARK: Restatement of the principle of localization

Let £, geL'(T) and assume that £ (z) = g(¢) in some neighborhood of a point
to. Then the Fourier series of fand g at t, are either both convergent and to the
same limit or both are divergent and in the same manner.

THEOREM. 2.2.4: Dini’s Test.

1
Let feL!(T). I j‘MPr<w then lim S,,(f.1,) = /(&)
_l ¥ o0

Proof:
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Sy t) At = o [Lf(t+1,)— £(1,)ID, ()t

= LISt +1,)+ (2, —0) -2 (t,)1D, ()t
0

= J_T[[f(t+to)-f(to)]cosnzdt
J-f(f+f)+f(f —)—2f(,)

tan =

4 sin ntdt.

e
f( to)_f(to)

3
tan 5

~

Since tan as t—0, from the hypothesis is integrable.

$omad
2 2

Therefore, by the Riemann- Lebesgue Lemma
(i) Lzm j f(t+t,)- f(t,)]cosntdt =0, and
(11) Lim | jf(t'{_t )+f(t t) Zf( )

n—» tan =

sin ntdt = 0.

Therefore, Lim[S,(f,t,)— f(t,)]=0,
11—>0
that is,

Lim S, (f.t,) = f(t,)- //

2.3. SETS OF DIVERGENCE

DEFINITION. 2.3.1: Let B be a homogeneous Banach space on T. A set
ECT is a set of divergence for B if and only if there exists an feB whose
Fourier series diverges at every point of E.

NOTATION: Let feL'(T). We put

@) S,(f,t)=Sup|S, (f,1)

m<n

i)  S(f,0)=Sup|S,(f.1)
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LEMMA. 2.3.1: Let B be a homogeneous Banach space on T and geB.
Then there exist fe B and a positive even sequence (4, ) such that 4, —

monotonically with k and f (k)y=4,8k) VkeZ.

Proof: For each n, let B(n) be such that Hoﬂ(n)(g) - gHB <2™". We write

f =8+ Z(g_o_ﬁ(n)(g))-
n=1
The series defining f'converges in norm. Hence feB. Also f" (k) =2,8(k)

where 4, =1+ Y min(l,~4—). //
n=1

pAn)+1

THEOREM. 2.3.1: Let B be a homogeneous Banach space on T and ECT.
E is a set of divergence for B if and only if there exists an feB such that

S*(f,t) = Sup|S, (f,t)| = o for teE.

Proof: 1. The condition S (f,1) = SuplS, (f,1)| = for teE is clearly
H

sufficient for the divergence of 3 7(j)e”" for all teE.

2. Assume that for some geB, Y &(j)e” diverges at every point of E. Let
feBand (4,) be the function and the sequence corresponding to g by
Lemma 2.3.1. Forn>m

$,(8:0=5,(&:0= 3(8,(/:0- 514

m+1

S,(f,8) S.(f.) =t
= - + Y la-—=18.41 .
/?'n ;{’r:1+l m+1 7 3

Hence [Sy(g, )-Sw(g, 0] < 28°( 1) J,4, . It follows that if S°(7; t)<co, then the

Fourier series of g converges and t¢E.//

LEMMA. 2.3.2: Let B be a homogeneous Banach space on T such that if
feB and neZ then e"feB and eintf’B = ||f||B. Then E is a set of divergence

for B if and only if there exists a sequence of trigonometric polynomials
P;eB such that Z”PJHB <® and SupS*(Pj,t) =coon E.
7
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Proof: 1. Assume that there exist trigonometric polynomials P;eB such that

ZHPJHB <o and SupS*(Pj,t)zoo
¥

on E. Denote by m; the degree of P; and let v; be integers satisfying v;> v+
m;. + m;. Put
vt
fO)=2e " P1).

For n <m; we have

Sw’ +n(f,f) - SV_,'—H—I (f:t) = eivjtSﬂ (jgj’t)

and thus Y. f (j)e”" diverges on E.
2. Conversely assume that E is a set of divergence for B. Then there exists a
monotonic sequence @, — ocand a function fe€B such that [S,(f; t)| > @,

infinitely often for every t in E. We now pick a sequence of integers (4, )
such that

| -os (), <2
and integers L; such that
@, > ZSupS*(o*,lf (f).1) and write P, =V, *(f -0, (f))
¢ ; S+l J

where as usual V,, denotes de la Vallee Poussin’s kernel. Then

Zi.<oo.

B 9J

S2l, W], Zlf -, D, <

Ll

If tis in E and n is an integer such that [S,(f, t)| > ®,,, then for some j,

pj<n£ Mi+1 and

S,(P0)=S,(f 05 (N)1)=S,(fs1)= S, ().

n?

Hence

8, Pss I)’ > 1 @, . Therefore,

Strt=w

for every t in E, and thus E is a set of divergence for B. //
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THEOREM. 2.3.2: Let B be a homogeneous Banach space on T such that if
feB and neZ then e™feB and eimf‘B = ||fHB If Ej, j=1,2... are sets of

divergence for B, then E= |JE ; 1s a set of divergence for B.
j=1

Proof: Let (P,,J ) be the sequences of polynomials corresponding to E;.
Omitting a finite number of terms does not change Sup S *(Pj 1) =00,

d
o0

Therefore for each j there exists Ny such that Y|P/ <27/. Consider
n:N 41
the sequence of trigonometric polynomials {PJ U P/Ye N, +1- Then
I =353 P )sS2 <o,
J=1 n=Np+l j=1

and

Sup S*(B) )= Sup S"(P/ 1) = for te UE,.

j.n n Jj=1

Therefore, E= (J E ; 1s a set of divergence for B. //
j=1

LEMMA. 2.3.3: Let E be a union of a finite number of intervals on T.
Denote the measure of E by 8. There exists a trigonometric polynomial ¢

such that S (¢, 1) > -1 - Log(35) on E and |¢|, <1.

Proof: It is convenient to identify T with the unit circumference {z: |z| = 1}.
Let I be a small interval on T, I = {e" : |t-t,| <e}. The function

yi = (1+e-ze ™)

has a positive real part throughout the unit disc, its real part is larger than '™

g
N

on I, and its value at the origin (z=0) is (1+g)". We now write EC UIJ- , the
J=

[; being small intervals of equal length 2¢ such that Ne < §, and consider the
function
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1+ ¢

N

V@)= ——y; @).

 has the following properties:
(1) Re(y(z)>0 for|z| <1,
(i)  w(0)=1,and
(i) |w(z)|=Re (y(2)) > 5= > 35 onE.

Since the Taylor series of Log\y converges uniformly on T, we can take a
particular sum

M
D(z)= ya.2"
n=1

of that series such that |[Im (Log (®(z)))| <m on T and
Log (®(2))| > Log 5
is valid for @ in place of Logy. We now put

1 —iMt it\y 1 —iMt . fif e il
p() =" Im(@(e"))=5-e" (Xa,e - ; a,e )
1

and notice that [Su(g, t)] =5- [(e")]. //

THEOREM. 2.3.3: Every set of measure zero is a set of divergence for
C(T).

Proof: If E is a set of measure zero, it can be covered by a union | J7,, the I,
n=1

being intervals of length [I,| such that |/, | <1 and such that every teE
n=1
belongs to infinitely many I,’s. Grouping finite sets of intervals we can cover

E infinitely often by |J E, such that every E, is a finite union of intervals and
n=1

such that |E,| < e ¥ Let ¢, be a trigonometric polynomial satisfying Lemma

2.3.3 for E = E, and put
P,= n'z(pn.
We clearly have

n-1

SIB. < and S*(B,.1) > 22
n=1

71']’12

on E,. Since every teE belongs to infinitely many E,’s,
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n—1
n—w

SupS*(P”,t) = as
J 2mn

By Lemma 2.3.2, E is a set of divergence for B. //

2

THEOREM. 2.3.4: Let B be a homogeneous Banach space on T such that if
feB and neZ then e™feB and ‘ei"tfHB = ||fHB Assume C(T)cB. Then either

T is a set of divergence for B or the sets of divergence for B are precisely the
sets of measure zero.

Proof: By Theorem 2.3.3, it is clear that every set of measure zero is a set of
divergence for B. Assume that E is a set of divergence for B of positive

measure. For aeT denote by E, the translate of E by a.. E, is clearly a set of
divergence for B. Let (o) be the sequence of all rational multiples of 2 and

put £ = J E, .ByTheorem2.3.1, E is a set of divergence for B.

n=1

Claim: T \E is a set of measure zero.
Consider the characteristic function . Then yx (t-ou,) = y (t) for all t and

for all a,. This means
s (e e’ =3, 4 (f)e” or Xs(Ne
J i

=)
for all a,.
If j0, this implies } 7 () =0. Hence y;(t) = constant, almost everywhere

and since ¥ is a characteristic function this implies that the measure of £ is

either zero or 27. Since E DE, E is almost all of T. Since T \E is a set of
measure zero, it is a set of divergence for B. Hence T is a set of divergence
for B. //

REMARK: For homogeneous Banach spaces satisfying the conditions of
Theorem 2.3.4 and in particular for B = L’(T), 1< p< o, or B = C(T), either
there exists a function feB whose Fourier series diverges everywhere, or the
Fourier series of every feB converges almost everywhere. The case of
B=L*(T) was settled by only recently by L. Carleson, who proved the “Lusin
Conjecture,” namely that “The Fourier series of functions in L*(T) converge
almost everywhere.” This result was extended by Hunt to all L°(T) with p>1.
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