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INTRODUCTION 

In 1807, Joseph Fourier a mathematician and engineer discovered his 
series in connection with the theory of heat conduction. Fourier claimed that 
an arbitrary function, defined in a finite interval by an arbitrary capricious 
graph, can always be resolved into a sum of pure sine and cosine functions. 
But further investigations on Fourier's discovery were made by many 
mathematicians of the time and finally in 1829, L. Dirichlet circumscribed 
the function which allows expansion in Fourier series and set up the theorem 
on sufficient condition for the convergence of Fourier series. 

The theory of representation of functions of a real variables by means 
of Fourier series is of highest importance not only on account ofthe fact that 
such mode of representation is at present an indispensable tool in the various 
branches of mathematical physics, but also because this theory has exercised 
the most far reaching influence upon the development of modem 
mathematical analysis. It is a significant fact that the theory of this mode of 
representation a function by a trigonometric series had its origin in the 
attempt to investigate the form of a stretching string in a state of vibration. 

With regard to the convergence of the Fourier series the following 
problems are awaiting their solution: 

1. Is there a continuous function with an everywhere divergent Fourier 
series? 

2. What is the structure of the functions with absolutely convergent 
Fourier series? 

3. What is the stlUcture of the sets of uniqueness of Fourier series of 
functions? 

In addition to the above problems, much remains to be done on the 
convergence or divergence almost everywhere of Fourier series of a 
function. Furthermore, the necessary and sufficient conditions for the 
convergence of the Fourier series at an individual point of the interval, or 
throughout any particular portion of the interval, have not been obtained. 

Kolmogoroff constructed a function for which the Fourier series fails to 
converge at the points of a set of measure 27t; but this function is not 
continuous. 

Lebesgue and Haar have investigated the general condition that, at a 
particular point of continuity of the function, the Fourier series should fail to 



converge. Haar also investigated the condition that, although the series 
converges at the point, the convergence should be non-uniform in any 
neighborhood of the point. 

In this report we consider Fourier series of functions in a homogeneous 
Banach space on a circle group T. Part one mainly focus on the properties of 
Fourier coefficients and the relationship between the function and its Fourier 
coefficients. In part two we emphasis on the norm convergence and point 
wise convergence of Fourier series of functions in homogeneous Banach 
spaces. 

MENGISTU GOA SANGAGO 

ADDIS ABABA UNIVERSITY 

.JUNE 2003 
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PART ONE 
FOURIER SERIES ON THE 

UNIT CIRCLE T 

The group T is defined as the quotient fRl27rZ where 27rZ is the integral 
multiples of 27(. Most often T is called the circle group. There is an obvious 
identification between functions on T and 27r-periodic functions on fR. A 
functionfon T is Lebesgue integrable if the corresponding 27r-periodic 
function, which we denote again by f, is Lebesgue integrable on [0, 27r) and 
we set 

2. 

flCt)dl = flCx)dx. 
T 0 

We consider the interval [0, 27r) as a model for T and the Lebesgue measure 
on T is the restriction of the Lebesgue measure of !Rto [0, 27r). We normalize 

the Lebesgue measure on T by writing the factor _1 in front of every 
27f 

integral. For each function f defined on T and 10 E T we have 

flcl - lo)dt = flCI)dl. 
T T 

1.1. FOURIER COEFFICIENTS 

We denote by L I(T) the space of all complex-valued Lebesgue integrable 
functions on T. Then LI(T) is a Banach space with the norm defined by 

1 IIIII LI = -2 fI/CI) ldt. 
7f T 

DEFINITION. 1.1.1: A trigonometric polynomial on T is an expression of 
the form 

N . 

P ,..." L:a"e lll l
• 

n=- N 

The numbers n appearing in the expression are called the frequencies ofP. 
The largest integer n such that Ian 1+ la-n 1'* 0 is called the degree of P. Since 

each of the summands, ane;"', are functions and the sum is a finite sum, the 

expression is a function and we denote for each lET 
N 

PCt) = La"e ;'" 
II=-N 

j 



Remarks: 

I. For Integers k, - e" dt = . 1 J "k {I if k = 0 
21i T 0 if b e O. 

2. Let pet) = Ia"e ;"' . Then a" = _I JP(t)e-;"'dt. 
w=-N 21r T 

DEFINITION.1.1.2: A trigonometric series on T is an expression of the form 
~ 

S L int 
~ a e . 

" 

The conjugate series S of the trigonometric series S is the series 

00 j-lifj<O 
S ~ . I - iSgn(j)a /it , where Sgn(j) = 0 if j = 0 . 

J = - 00 1 if j > 0 

DEFINITION.1.1.3: LetJE LI(T). The nth Fourier coefficient off, denoted 
by ](n) , is defined as 

len) =_1 ]J(tV;"'dt. 
21i T 

DEFINITION.1.1.4: Let fE L I (T). The Fourier series S[f] ofJis the 
trigonometric series 

S[f]~ I](n)e;'" . 

The conjugate Fourier series off, S[f ], is the series conjugate to S[f]. We 
shall say that a trigonometric series is a Fourier series if and only ifit is the 
Fourier series of some function in L I (T). 

The following Theorem is the immediate consequence of the above 
definitions. 

THEOREM 1.1.1: LetJELI(T) and gELI(T). Then for n = O, ± 1,± 2, ... 
A , 

i. (j + g)(n) = fen) + g(n). 

ii. For any complex number ex, ( ;g ]en) = cif(n). 
- -

iii. If f is the complex conjugate off, i.e. , f(t) = f(t) for all lET, then 
A 

fen) = fen). 

2 
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A A 

iv. Denote fret) = f(t - r), rET. Then fr(n) = f(n)e- il1r . 
A 1 

v. f(n)::::; - flf(t)ldt = Ilf ll L, . 
2'ff T 

COROLLARY. 1.1.1: AssumejjELi(T),j = 0,1 ,2 ... and 

f~~llfj - fol l
L

, = O. Then J;Cn) j-+oo) Jo(n) uniformly. 

Proof Let E>O be given. Then there exists N = N(E) such that 

Ilfj - foL < & 

for all j ~ N. Then 

IJ) (n) - Jo (n)1 ::::; Ilf) - fol l
L

, < & 

A 

for all nEZ and for all j~N. Therefore, f) (n) 
j-+ oo 

) Jo(n) uniformly.!1 

i A 

THEOREM. 1.1.2: LetfEL (T). Assume f (0) = ° and define 
t 

F(t) = f!(r)dr. 
o 

Then F is continuous 2n-periodic and f(n) = 1.. J(n) for all n"'O. 
III 

Proof Since F is absolutely continuous, F is continuous. Now to show the 
periodicity ofF, 

t+2IT t 2IT 
F(t+2n) - F(t) = f!(r)dr- f!(r)dr = ff(r)dr= J(O)=O. 

o 0 0 

Therefore, F(t+2n) = F(t) for all tET. Hence F is a 2n-periodic function. 

Finally for n"'O Fen) = 2~ fF(t)e - intdt. Since FI(t)= fit), applying 
T 

integration by parts we obtain 

F(n) = _ _ 1_. F(t)e- int [2IT + _ 1_. fF I(t)e - intdt 
27r 11l 0 211111 

T 

=- -2 1 [F(2'ff)-F(O)]+ -21 ff(t)e - intdt ITm ITm 
T 

1 A 

= . fen). II 
2'ff In 

3 



THEOREM. 1.1 .3: Let g,fEL1(T). For almost all t, the functionj(t-1)g(1) is 
integrable (as a function of1 on T). Ifwe write 

h(t) = 2~ fI(t - r)g(r)dr 
T 

then h EL1(T) and Ilh lIL, :::; Ilf IIL,lIg IIL' . Moreover, hen) = j(n)g(n) for all n. 

Proof The functionsj(t-1) and g(1) are measurable functions of the two 
variables (t, 1). Hence the product function F(t, 1) = j(t-1)g(1) is also 
measurable. For almost all 1, F(t, 1) is just a constant multiple off, hence 
integrable, and 

1 2" ( 1 2" } 1 2" ( 1 2" } 
- I - IIF(t, r)~t r = - I - Ilf(t - r)11 geT) ~t r 
2" 0 2" 0 2" 0 2" 0 

1 2" 

= -2 II g(r) IllfllL, dr = Ilf IIL,lIg II L, 
" 0 

By the Theorem ofFubini, F(t, 1) is integrable over [0, 2n] .as a function of 1 
for almost all t. Now 

1 2" 1 2" 2" 
- II h(t) I dt:::; - 2 I II F(t, r) I dtdr = Il f IIL,lIg II L, · 
2" 0 4" 0 0 

Thus h is integrable. For nEZ, 
, 1 2" . 
hen) = - Ih(t)e- lfltdt 

2" 0 

1 2" 2" 
= - 2 I fI(t - T)g(r)e -ill(t-T)e-iIlT dtdr 

4" 0 0 

, 1 2" . , 
= f(n) - Ig(r)e - IIlTdr = f(n)g(n). II 

2" 0 

DEFINITION. 1.1.5: The convolutionf*g of the Ll(T) functions/and g is 
the function h defined in Theorem l.1.3 . 

THEOREM. 1.1.4: The convolution operation in L l(T) is commutative, 
associative and distributive (with respect to the addition). 

4 



Proof: The change of variable u = t -"'C gives 

2~ ff(t -r)g(r)dr=2~ Jg(t-u)!(u)du 
T T 

Hence we getf*g = g*f 
If fi ,ji , fi ELI (T) then 

1 
l. [(Ii * h)* fi let) = - J u; * !2)(t - r)!3 (r)dr 

2n T 

1 
= - J( 2~ JJ;(t - r - u)!2(u)du)!3(r)dr 

2n T T 

1 
= - 2 JJJ;(t-r-u)!2(u)!3(r)dudr 

4n TT 

1 
=-2 J JJ;(t-W)!2(w-r)!3(r)dwdr 

4n TT 

1 
= - JJ; (t - W)(2~ J!2 (w- r)!3(r)dr dw 

2n T T 

1 
= - JJ;(t-W)(f2 * !3)(w)dw 

2n T 

= [J; * (f2 * ! 3)](t). 
1 

[(fi*(h+ fi)](t) = - JJ; (t - r)[f2 + !3 ](r)dr 
2n T 

1 1 
= - J J; (t - r)!2 (r)dr+ - J J; (t - r)!3(r)dr 

2n T 2n T 

= (Ii *h)(t) + (fi *J.i)(t). II 

LEMMA. 1.1.1: AssumefEL1(T) and let <pet) = einl for some integer n. 

Then (<p*f)(t) = ](n)eint
. 

Proof 
1 2" 

(rp* !)(t)= - Jeill(t-r)!(r)dr 
2n 0 

1 2" 
= (- Je-illT !(r)dr)eint 

2n 0 

= ](n)eint
. II 

5 



N . 
COROLLARY. 1.1.2: If/EL1(T) and k(t) = I alletnt then 

I/ =-N 
N , . 

(k*j)(t)= Ia,J(n)etnt
. 

1I =-N 

Proof 

(k* f)(t) =_1 f Ialleill(t -r)f(r )dr 
2n TIl =- N 

N . . 

= I al/etnt 2~ fe- lIIr f( r )dr 
I/=-N T 

N , . 

= Ia,J(n)etnt
. II 

I/ =-N 

1.2. SUMMABILITY IN NORM AND HOMOGENEOUS 
BANACH SPACES ON T 

THEOREM. 1.2.1: In the Banach space Ll(T) the following properties hold. 
(i) The Translation Invariance. 

If/EL1(T) and lET thenfrEL1(T) and Ilf llL, = Ilfr llL" where fret) = f(t-l). 

(ii) Continuity 0/ theTranslilation. 
The L\T)-valued function r ~ f r is continuous on T, that is, for/EL1(T) 

and l oET Lim ll fr - fr II ' = O. 
T~T() 0 L 

Proof Let/E L1(T) and l ET. Then 

III 
- flf r (t) ldt = - flfU - r)ldt = - flf(t) ldt = Ilf llL, < 00. 
2n T 2n T 2n T 

Notice that a continuous function on T is uniformly continuous. Let/be a 
continuous function on T. Then given 8>0 there exists 8>0 such that It-l l<8 
implies lfi:t) - fil )1 < 8. Now 

6 



li fT - fTo t, = 2~ JlfT (t) - fTo (t) ldt 

=_1 Ilf(t-r)- f(t-ro) ldt 
27< T 

1 2" 
< - I EXit = [; provided that I r - ro 1< 8. 

27< 0 

Therefore, Lim il fT - fT II, = O. 
T---+To 0 L 

LetfEL\T). Since continuous functions are dense in LI(T), there exists a 

continuous function g such that Ilg - f ilL' < ~. Since g is continuous on T 

there exists I)= I)( E) >0 such that r, roE T and 11- 101 < I) implies 

( II gT - gTJL' < f· Now 

li fT - fTo t, :s; Il fr - gr ilL' + II gT - gro L + II gro - fro t, 
= 11(f - g)r IIL' + II gr - grJL' + lI(g - f)r JL' 

= Ilf - gilL' + IIgT - gTo t, + Ilg - filL' 

<~+f+{=[; provided that Ir-ro 1<8. II 

DEFINITION. 1.2.1: A summability kernel is a sequence (kn) of 
continuous 2TC-periodic functions satisfying: 

1 
- Ikn(r)dr = 1. 
27< T 

1 - II kn(r) I dr:S; canst. 
27< T 

27[ -6 

For all 0 < 8 < 7<, Lim II kl1 (t) I dt = O. 
1/---+00 0 

-
A positive summability kernel is one such that kn(t) ;:: 0 for all t ~Jl~ n . ., ,; ," j.~ v 

/ {.> , ... 
7 /' (i . ~ 

• , I 

\ 



EXAMIPLE. 1.2.1: 
Fejer' s kernel (FII) defined by 

F (t) ~ (1 - lil )eij( " = L, n +l 
j=- n 

is a summabili ty kernel. 

EXAMPLE. 1.2.2: 
The de la Vallee Poussin kernel defined by 

VII(t) = 2F2n+1(t) - Fn(t) 
is a summability kernel. 

LEMMA. 1.2.1: Let B be a Banach space, rp a continuous B-va1ued 

function on T and (kn) a summability kernel. Then 
. 1 

Llm - fk,,(T)rp(T)dT = rp(O) . 
" .... 00 2rc T 

Proof For 0 < 8 < n, by (SI) we have 
1 1 

- f kn (T)rp( T)dT - rp(O) = - fkn (T) [rp(T) - rp(O)]dT 
2rc T 2rc T 

1 0 2". 

= - ( f + j)kll (T) [rp(T)-rp(O)]dT 
2rc -0 0 

1 0 
Now - fkll (T)[rp(T) - rp(O)]dT ::; maxllrp( T) - rp(O) II Bllkn II LJ , and 

2rc -0 B ITI';o 

1 2".-0 1 2". -0 
- fkll (T) [rp(T) -rp(O)]dT ::;maxllrp(T)-rp(O)II B - flkll(T)ldT. 
2rc 0 B T 2rc r5 

Let E>O be given. Then by the continui ty of <p at 0 there exists 8=8(E) such 
that It I < 8 implies 

11 <p(t)-<p(O)IIB <E. 

And by (S3) there exists N such that 

Therefore, 

2". -0 

flkll(T)ldT<c 'v'n>N. 
o 

8 



1 
- Jkll(r)rp(r)dr-rp(O) 
27r T B 

1 0 1 2" 
:0; - J k,.( r)[rp( r) - rp(O)]dr + - J kn (r)[rp( r) - rp(O)]dr 

2:r - 0 B 2:r 0 B 

< 6'[llkn IlL' + maxllrp( r) - rp(O) II B] provided that n ~ N. 
r 

1 
Hence Lim - Jkl/(r)rp(r)dr = rp(O) in B-norm. II 

1/->'" 2:r T 

THEOREM. 1.2.2: Letf ELl(T) and (kn) a summability kernel. Then 
. 1 ! = Llm - Jkl/(r)!rdr 

n ..... oo 2:r T 

in the L1(T)-norm. 

Proof From Theorem 1.2.1 the mapping 1--+/r is continuous L 1 (T)-valued 
function on T. Thus by Lemma 1.2. 1 we get 

. 1 
Llm - Jkl/(r)!rdr =!o =!. II 
1/ ..... 00 2:r T 

LEMMA. 1.2.2: Let k be a continuous function on T andf EL1(T). Then 
1 

- Jk(r)!rdr = k* ! . 
2:r T 

Proof Assume first thatfis continuous on T. We have 

11 · 
- Jk(r)!rdr = - Lim I(rj +1 -r;)k(r;)!r . 
2:r T 2:r li p} 11 ..... 0 j } 

the limit being taken in the L i(T)-nOlm as the subdivision {r j } of [0, 2rc] 

becomes finer and finer. On the other hand, 
1 . 1 

- Lim I(rj+l - r;)k(r;)!(t-r;)= - Jk(r)!(t-r)dr=(k* f)(t) 
2:r II Pi 11 ..... 0 j 2:r T 

uniformly and the lemma is proved for continuous functions. For arbitrary 
f ELI(T) and E > 0 there exists a continuous function g on T such that 

II! - gilL' < 6' . 
Now since g is continuous we have 

9 



111 
- fk(T)/rdT - k* 1= - fk(T)/rdT - - fk(T)grdT+ k * g-k* I 
2" T 2" T 2" T 

1 
= - fk(T)(fr - gr)dT + k *(g - I) 

2" T 

Consequently, 

1 1 
- fk(T) /rdT - k * I :::; - fk(T)(fr - gr)dT + Ilk * (g - f)IIL! 
2" T L! 2" T L! 

:::; IlkllL!llgr - Irt ! + Ilkt!llg - I IIL! 
= 211k11L! Ilg - I IIL! 

< 2&llk lit! · 
Since E was arbitrary we have _1_ fk(r)/rdT = k * f. II 

2" T 

NOTATION: 
I. For f ELI(T) and for Fejer's kernel Fn we denote Fn *f=Gnif). 
2. Gnlf, t) = (F n *f)( t) . 

REMARKS: 

l. 0"11 (f, t) = ± (1- ~~Il)](j)eijt . 
j=-II 

2. For eachf EL1CT) we have Lim 0"11 (f) = I in the L1(T)-norm. 
1l~CX) 

3. Trigonometric polynomials are dense in L1(T). 

I ' THEOREM. 1.2.3: The Uniqueness Theorem. Letf EL (T). If I (n) = 0 for 

all nE2 thenf= O. 

Proof By the above remark, Gnif)=O for all n. Since Gnif)-'d in LI(T) we 
have 0= LinwlI (f) = I . II 

ll---+ OO 

COROLLARY. 1.2.1: Letf, gEL1(T). If] (n) = g (n) for all n thenf=g. 

THEOREM. 1.2.4: The Riemann-Lebesgue Lemma. Iff ELI(T) then 

Lim len) = o. 
111 1 .... '" 

• 
10 



Proof Let 1»0. Then there exists a trigonometric polynomial on T of degree 

N such that Ilf - pt, < 5. Then f> (n) =0 for alllni >N. Consequently, 

IlCn)1 = IlCn) - Pen)1 s IIf - pt, < 5 for alllni >N. 

Therefore, Lim fCn) = O. II 
1111--+ '" 

THEOREM. 1.2.5: IfK is a compact subset ofLI(T) and 1»0, there exist a 
finite number of trigonometric polynomials PI, Pz, ... , PN such that for every 

! EK there exists aj, l ::::j ::::N, such that Ilf -Pjll, < 5. If Inl > max N j 
L ]SjSN 

where Nj is the degree ofPj, then IlCn)1 < 5 for all! EK. 

( Proof Since trigonometric polynomials are dense in LI(T), there exists a 
collection n of 1>-spheres about trigonometric polynomials that cover L I (T). 
Then n also covers K. By the compactness of K there exist 1>-spheres 

N 

SI,"" SN such that K c USj . By the definition ofn we get trigonometric 
j =] 

polynomials PI, P2, ... , PN such that Sj = B(Pj, 1», j= I,2, ... ,N. Let! EK. Then 

there exists j , l ::::j::::N, such that! ESj, that is, Ilf -Pj IlL' < 5. 

Iflnl> max N j then fjCn) = 0 for all j = 1,2, ... , N, and 
]S jSN 

IlCn)lsllf - Pj IIL, <5 forsomej , l ::::j ::::N. II 

REMARK: The Riemann-Lebesgue Lemma holds uniformly on compact 
subsets of L \T) . 

NOTATION: For! ELI (T) we denote Sn(j') the nth partial sum of S[/], that is, 
n" .. 

CSI1 (f))(t) = SI1(f , t) = "'iJ(j)elJt
. 

j=-11 

REMARKS: 
1 11 

1. (J'1l (f) = - L S/f). 
n + 1 j=O 

2. If S[/] converges in L I (T) then the limit is necessarily f 

11 



Proof Assume SII (f) 11-7
00

) gin L 1 (T)-norm. Then 

g(j) = Lim( S n (f) )(j) = Lim j (j) = j (j) for all j E Z. 
/1 ---:;00 11 ---)000 

By the Uniqueness Theorem,/= g. II 

3. Snif) = Dn *f, where Dn is the Dirichlet kernel defined by 

lit sin(n + t )t 
D (t) = '" elJ = . 11 L,; _ , 

j= -n sm "2 

Proof 

(DII * f)(t) = 2~ fDIl(r)f(t - r)dr 
T 

n .. 

= I 2~ ff(t - r)elJ
r dr 

j =-Il T 

_ 11 " • ijt_ 
- If(j)e - Sn(f,t)./I 

j =-n 

DEFINITION. 1.2.2: A homogeneous Banach space on T is a linear 

subspace B ofLl(T) having a norm 11.lls ;:>: II .I IL' under which it is a Banach 

space, and having the following properties: 

(H-I) Translation invariance 

IfjEB and "C ET thenj. EB and Ilflls = Ilfr llB' 

(H-2) Continuity ojthe translation 

For alljEB and "CoET, Lim ll fr - fr II = O. 
T---tTo 0 B 

REMARK: Let B be a homogeneous Banach space on T. IfjEB and "C,"CoET 

then li fT - fro liB = Il f r-To - f il s' 
By (H-I) we get 

LEMMA. 1.2.3: Let BcLI(T) be a Banach space satisfying (H-I). Denote by 
Be the set of alllEB such that "C~j. is a continuous B-valued function. Then 
Be is a closed subspace ofB. -. " 

/ ..... 1"1 
/,.f... " 

/ . 
f: / .,.c\ 

• c\\.\ ~ .. 
\ \ • <p~ ... \ 

12 
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( 

Proof Let g be a limit point of Be in B. Then given E>O there existsfEBe 

such that Ilg - f ilB < £ . Then there exists also 0 = O(E) >0 such that 
4 

IT - Tal < 5 implies Il fr - fr, liB < ~. Now 

Ilg, - gr, liB ~ Ilgr - fr ll B + Il fr - fr , liB + li fT , - gr, liB 
= 211g - f ilB + Il fr - fr , liB < £ provided that I T - To 1< 5. 

Thus 1~gT is a continuous B-valued function on T. Hence gTEBe. Therefore, 
Be is a closed subspace ofB. II 

EXAMPLES OF HOMOGENEOUS BANACH SPACES 

l. By Theorem l.2 .l, Ll(T) is a homogeneous Banach space. 

2. C(T)- the space of all continuous 2TC-periodic functions with the norm 

Ilf lloo = m~x I fCt) I· 

C(T) with the defined norm is a Banach space satisfying II·IIB ~ II.IIL' . Let 

/ EC(T) and 1ET. Since/is uniformly continuous,ft is continuous 
2TC-periodic function and thusft EC(T) . By the uniform continuity of/for 
any given E>O there exists O=O(E) such that tJ, t2ET and I t1- t21 < 0 implies 
IfCtl)- f(t2)1 < E. Therefore , 

Il fr - fr , t = m~xlfT(t) - fr , (t)1 = m~x lf(t - T) - f(t - To)1 < £ 

provided that IT - Tal < 5. Thus C(T) is a homogeneous Banach space on T. 

3. C(n)(T)_ the subspace ofC(T) of all n-times continuously differentiable 
functions (n being a rational integer) with the norm 

Ilf lle" = ± ~ maxlf (}) (t)1 = ± ~ II j<J) II . 

J=oJ t J=oJ 00 

With the defined norm C(n)(T) is a Banach space satisfying 

Ilf ll e" ~ 11f t ~ Ilf llLI . 
FOl· O~ j ~ n we have for all tET, fr(J ) (t) = j<J) (t - T). Therefore, 
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f< EC"(T) and Il/r Ilc" = it) Il/r (Jl" = it ) 111(Jl" = 11/11c" . 
Let/EC"(T) and '0 ET. Then 

Limll/r - I r II " = f 1, Limll/r(J) - Ir(J) II = 0 since/(j) EC(T) . 
r~ro 0 C j =o} ' T---tio 0 00 

Therefore, C"(T) is a homogeneous Banach space. 

4. U(T), 1 < P < 00 - the subspace ofLl(T) consisting of all the functions/for 

which JI/Ct)IP dt < CfJ with the norm 
T 

Il/ Iitp = [_1 JI/Ct)IP dt]X, . 
21i T 

Clearly U(T), 1 < P < 00, with the defined norm is a Banach space satisfying 

II/ IILP :;::: II/ IIL' . By the translation invariance of the Lebesgue measure we 

have fl lr (t)IP dt = fl/(t - ,)IP dt = JI/Ctt dt < CfJ. Hencef< EU(T). Since 
T T T 

continuous functions are dense in U(T), given £>0 for/EU(T) there exists 

a continuous function gEU(T) such that 111- gllLP < { . For this £>0 there 

exists 8=8(£»0 sueh that Ilgr - gr
o 
tp < ~ whenever I"vcol < 8. Now 

Il/r - IroL ~ll/r -gr iILP +llgr - grot , +llgro - IroL 

< ~ + Ilgr - gr
o 
L < E: provided that I '-'01< 5. 

Therefore, Lim ll/ r - Ir II = O. 
1" ---+ 1" 0 LP 

" 
Hence U(T) is a homogeneous Banach space on T. 

THEOREM. 1.2.6: Let B be a homogeneous Banach space on T,fEB and 
(k") a summability kernel. Then 

Ilk" * I - I lls IH oo ) O. 

Proof Since 11·118 :;::: II·IIL' , the B-valued integral 

1 - Jk,, (,)/rd , 
21i T 

is the same as the L1(T)-valued integral which by Lemma 1.2.2 is equal to 
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kn *f By Lemma 1.2.1 
Lim kn * f = fo = f in B-norm. II 
n->oo 

THEOREM. 1.2.7: Let B be a homogeneous Banach space on T. Then the 
trigonometric polynomials in B are everywhere dense. 

Proof For every fEB by Theorem 1.2.6, 

CYn(f) IH OO ) f in B-norm. II 

COROLLARY. 1.2.2. Weierstrass Approximation Theorem. Every 
continuous be-periodic function can be approximated uniformly by 
trigonometric polynomials . 

Proof LetfEC(T). Then by Theorem 1.2.7 there exists a sequence (Pn) of 
trigonometric polynomials in C(T) such that 

Limllpn - f t = O. 
n-> oo 

Since each Pn is uniformly continuous andfis also uniformly continuous on 
T, P n converges to f uniformly. II 

1.3. FOURIER SERIES OF SQUARE SUMMABLE FUNCTIONS 

L2(T) with its inner product defined by 
2JT 

(j ,g ; = 2
1
JT fJ(t)g(t)dt 

o 
is a Hilbert space. The exponentials {eint

}, n=O, ±2, ±2, ... , form a complete 
orthonormal system in this Hilbert space. 

THEOREM. 1.3.1: LetfEL2(T). Then 

a. f IJ(nf = _1 flf(t)1
2 
dt. 

n~ -oo 2n T 

N, . 
b. f= Lim I,!(n)emt in the L2 (T)-norm. 

N ----i> OO n=-N 

Proof Since {eint
} is a complete orthonormal system in L 2(T), for every 

fEL2(T) we have 
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Ilfll~2 = I l(i,eintt = I IJ(nf (*) 
n=- oo n=-oo 

Now to show (b) we have that the series in (*) converges. Therefore, for 

given f»O there exists N such that I IJ(n)12 
< e. Now 

11l1 ~N + I 

f - n~!(n)eint : , = \f - Il~!(n)ein(,j - n~!(n)eint) 
=(1,1)- I J(n)(eint,j)_ IJ(n)(i,e int ) 

n~-N Il ~-N 

+ (~!(n)eint , n~!(n)eint) 

=llfll~2 -2 IIJ(n)12
+ IIJ(n)12 

Il ~-N Il ~-N 

= Ilfll~2 - II J(n) 12 
n=-N 

00 A 

= II fen) 12 < e. 
1 1l 1~ N+l 

S (f) N-,>oo f' 2 Therefore, N ) m L (T)- norm.// 

THEOREM. 1.3.2: Let (all ) ;~-oo be a sequence of complex numbers 
00 

satisfying II an 12 < (x) . Then there exists a uniquefEL2(T) such that 
n =-oo 

A 

all = fen). 
00 . A 

Proof Put f(t) = Ialle illt . Then clearly all = fen). The uniqueness off 
11 =-00 

follows from the Uniqueness Theorem.// 

THEOREM. 1.3.3: Let/, gEe(T). Then 
1 - 00 A 

(1 ,g) = - fj(t)g(t)dt = If(n)g(n). 
2:rr T Il~-oo 

Proof By Theorem 1.3.1 and Theorem 1.3.2 we have 
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00 ~. 00 ~ . 

J = IJ(n)emt and g = IJ(n)emt
. 

11 =-00 11= -00 

Then 

00 00 
= I I1(n)g(m)(e int ,eimt

) 
11= - 00 111 =-00 '--v--' 

011111 

00 A 

= IJ(n)g(n) .// 
1/ =-00 

REMARK: The space [ 2 of sequences a=(an) :=_oo of complex numbers 
00 

such that I I an 12 < CIJ with point wise addition and scalar multiplication, 
1/ =-00 

and with the norm 

11 =-00 

or equivalently with the inner product 
00 _ 

(a,b) = Ianbn 
1/ =-00 

where a=(a,,) :=_oo and b=(bn):=_oo is a Hilbert space. The correspondence 

J ~ (1(n)):=_00 is an isometry between L2(T) and [2. 

1.4. POINTWISE CONVERGENCE OF an (f) 

THEOREM. 1.4.1: Fejer's Theorem. Let/EL1(T). 
(i) . Assume that 

Lim[f(to +h)+ J(to -h)J 
h~O 

exists (we allow the values - 00 and (0). Then 

a ,/J, to) 'Hoo )!Lim[f(to +h)+ J(to -h)J . 
2 h~O 

In particular, if to is a point of continuity of/then a n (f, to) -)/(to). 
(ii). If every point of a closed interval I is a point of continuity of/then 

an (J , t) Converges to let) uniformly on I. 
~ 

(iii) . Tffor all t, m <5,/ (t)<5, M then m <5, an (f,t) <5, M for all n =3' . () l\61 ... ~ , . ' 

17 ."("~ . , 
.. - c~ \ 

, • '\ . C\ .. :~'#-... ' f 
. ...\.. /If 

\ ~ 

#' 
'(J :JA'/j~ 



( 

Proof Recall that (Fn) is a positive summability kernel that has the following 
two properties: 

(1) ForO<o<n, Lim[ Sup F,,(t) ] = 0, 
n-->ro 5<1< 21[ -5 

(2) Fn(t) = Fn(-t) for all tin T and n = 0, 1, .... 

(i) Assume J(ta) =Lim[f(ta +h)+ J(ta -h)] is finite. Then 
11-->0 

an (f, to) -l(U = 2~ f Fn (r)[J(ta - r) - l(ta)]dr 
T 
5 

= 2~ fF,,(r)[f(ta -r)- l(ta)]dr 
-5 

21[-5 

+ 2~ fF,,(r)[J(to -r) - l(tJ]dr 
5 

= ~ IF"(r)[J(to + r); J(to - r) l(to)]dr 

+~ 21[t F,,(r)[J(to +r); J(to -r) - l(to)]dr. 

Given E > 0 there exist 0 = O(E) and N = N(E) such that 
J(t +r)+J(t -r) ~ 

o 0 - J(to) < [; whenever 111 < 0 and 
2 

Sup Fn(r) < [; whenevern2:N. 
5 <7<21[ - 5 

Therefore, I an (f,tJ - l(U 1< E + EIIJ - l(tot, for all n2: N. 

Thus, Liman(f,to) = J(tJ. 
11 ---too 

In the same procedure we can prove the case for l(to) = ±oo. 

(ii) Since the closed interval I is compact, f is uniformly continuous on I. 
Thus given E>O there exists 0>0 such that t, 1ET and 

I t - ,I <0 implies If(t) - f(,) 1 < E. 

By (2) there exists no such that 

Now 

Sup Fn(r) < [; for n>no. 
5 <7<21[-5 
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5 

100n(f,t) - 1(t)I:::; ~ fF,,(r)I/U - r) - IU)ldr 
- 5 

21[ - 5 

+ ~ fF,,(r)l/(t-r) - l(t)ldr 
5 

<&+2&II/ L 'tin > no and t E T. 

(iii) By (SI) in the definition of summability kernel, we get 

O"n (f,t) - m = 2~ fFn (r)[fU - r) - ~]dr ;::: 0, and 
T < 

;,, 0 

M - 0"/1 (f,t) = 2~ fF" (r)[M - I(t - r~]dr ;::: 0. 
T < 

;,,0 

Therefore, m:::; 0"1/ (f , t) :::;M. II 

[ COROLLARY. 1.4.1: If to is a point of continuity ofJ and if the Fourier 
series ofJconverges at to then its sum isJCto) . 

00 A • 

Proof Since the series I I(n )elllt o is convergent, the arithmetic means of 
11=-00 

the partial sums Sn if, to) are convergent. Let's assume that Sn if, to) converges 

to g(to). Then it is easily shown that _1_ ±'Sj(f,U IH OO ) gUo) ' By 
n + I j=O 

Fejer' s Theorem we have JCto)= g (to).!/ 

THEOREM. 1.4.2: Lebesgue Theorem. LetJEL1(T). Then if 

then O"n (I, to) 
everywhere. 

) J(ta)' In particular O"n(f,t) n-->OO ) l(t) almost 

Proof 

O"/1 (f ,to)- J(U= ~IF,'(T)[JUo +T); JCto -T) - J(to) ]dT 

(II) 

+~]F,'(T)[JCta +T); JUo -T) - JCto)]dT 
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1 [sin(n+l )t)2 
Since F" Ct) = -- . 2 and sin ± > ~, o < t < J[ we obtain 

n + 1 sm ± 
2 

FnC'r) ::; min {n + 1, J[ 2 }. 
(n + 1)1' 

Therefore, 

~ "fF (1') f(to + T) + f(to - T) _ f- (t) dT ::; 7f Ilf - f- (t )11 /I--W:; ) 0. "<5 /I 2 (n + 1)0'2 0 L' 
, 

Now we tum to evaluate the first integral in (II). We pick 0' = n --, and 
denote 

Then 

Since 

L · x,J" fCto + 1') + fCto - 1') 
lmn 

/I~ OO 0 2 
we get 

Lim n + 1 <1>(1) = 0, 
Jl~OO 7r 11 

and integrating by parts we obtain 

~ f fU o + T) + f(to - T) -1U
o

) d~ 
n+l x, 2 T 

= ~[<I>~)] <5 + 2J[ f<I>~) dT 
n+l T ~ n+l x, T 
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_ I 

= ...lL eD(n 4) 
n+1 ·11 
'-v-' n 72 

/I ~a:) l 0 "------v----" 
/1 -.--)0 0:) ) 0 

Now given 8>0 there exists no such that n > no and 0<.<8 we have 
c 

eD(r) < - r. Hence 
3Jr 

21< <5 eD(r) 21<& <5 I 
-- f-3-dr ::::; f1 dr::::; c. 
n + 1 >;; r 31«n + I) x, r 

21< <5 eD(r) 
Therefore, Lim-- f--dr = 0. 

11--'>00 n + 1 II r3 
I" 

Then from (II), (III) and (IV) we get 

Lim an (f, to) = fUo ),/1 
n--,>oo 

(IV) 

COROLLARY. 1.4.2: If the Fourier series offin L1(T) converges on a set E 
of positive measure, its sum coincides withfalmost everywhere on E. In 
particular if a Fourier series converges to zero almost everywhere, then all its 
Fourier coefficients must vanish. 

Proof: By Fejer's Theorem, 

Sn(f, t)_n--'>_oo~) f(t) 

for all tEE and since f (t) = f(t) almost everywhere on E we obtain 

Sli (f, t) IHOO) f(t) 
almost everywhere on E. If the Fourier series off converge to zero almost 

( everywhere thenfis zero almost everywhere. And thus J (n) =0, n = 0, ±1.. .l1 

THEOREM. 1.4.3: Fatau. If 

lj/(h) = i[fUo +r)~ fUo -r) - JUo)] = o(h) 

then 
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1.5 THE ORDER OF MAGNITUDE OF FOURIER COEFFICIENTS 

THEOREM. 1.5.1: Let (an);=_oo be an even sequence of nonnegative 

numbers tending to zero at infinity. Assume that for n>O, 
al/ _1 + al/+I - 2an ~ 0. 

Then there exists a nonnegative functionfEL1(T) such that J (n) = al/' 

Proof From the hypothesis, (aI/ - al/+I ) is monotonically decreasing with n, 

Lim n(al/ -al/ +I ) =0, 

and consequently 
N 

ll - FfJ 

I n(al/ _1 al/+1 - 2a,J = ao - aN - N(aN - aN+1) 
11 = 1 

converges to ao as N ---+ 00. Put 
00 

J(t) = I n( all - 1 + al/+1 - 2an )FIl - 1 (t), 
11 ::; I 

Fn denoting as usual the Fejer's kernel of order n. Since IIFnIIL' =1, the series 

in the definition off converges in LI (T) norm, and all its terms being 
nonnegative, its limitJis nonnegative. Now 

,00 , 

J(j) = I n(al/ _I + al/+1 - 2all )F,,_1 (j) 
17 = 1 

DEFINITION. 1.5.1: 

Letf (t) and g( t»O be two functions defined for t >to. We say that 

(i) f(t)=o(g(t)) if and only if J(t) ---+ ° 
g(t) 

as t ---+ 00. 

(ii) f(t)=O(g(t)) i f and only if J(t) is bounded for all t sufficiently large. 
g(t) 

(iii) f and g are asymptotically equal in the neighborhood of to if and only if 
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f(t) ~ I as t ~ to , and we write f(t) ::= g(t). 
g(t) 

(iv). Jand g are of the same order in the neighborhood ofto if and only if 

there exists two constants A>O and B >0 such that A-:;, f(t) -:;, B for all t 
g(t) 

Sufficiently near to, denotedJ(t) -get). 

THEOREM 1.5.2: Let f E L' (T). Then ifJis absolutely continuous then 

l(n)=O(lJ 
11 

I 

Proof SinceJis absolutely continuous, f(t) = ff'(t)dt .Thus, 

° len) = 1.. l'en) Lor n. ¢-o 
111 :J 

and by the Riemann-Lebesgue Lemma l' (n) ~ O. Therefore, 

n](n)=l l'(n)~ Oas n ~ (X). 
I 

Hence len) = 0 (.1) .11 
11 

REMARK: IfJis k-times differentiable andjk)EL' (T) then, 
, I 
f(n)=o(-k) as I nl~ (x). 

n 

THEOREM 1.5.3: Iffis k-times differentiable and f(k) EL' (T) then 

Ilf}) IlL' 
Il(n)l-:;, min . 

O$}$k Inll 

THEOREM 1.5.4: IfJis of bounded variation on T, then 

Il(n)l-:;, var(f) 
21lN for n"* O. 

Proof We integrate by parts using Stieltjes integrals 
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Ij(n)I=2~ fe -intf(t)dt = _1 fe -intdf(t) < var(f).l1 
T 27r T 27rlnl 

DEFINITION. 1.5.2: 
1. For f EC(T), 

w(f, h) = max lf(t + y) - f(t)1 
Iyl:o; h,/ 

is called the modulus of continuity off 

2. For fELl (T), 0 (f, h) =ll f(t + h) - f(t) 11 LI is called the integral 

modulus of continuity off 

REMARK: From these definitions we have O(f, h) 5, w(f, h) 

. I ' I I 7r THEOREM 1.5.5. For n *0, fen) 5, zo(f'R)' 

, 1 2

f
1l - int -1 2

f
1l -in(/+1I. )/ 

Proof f(n)= - f(t)e dt= - f(t)e " dt . 
27r 0 27r 0 

By a change of variable 
, -1 2" . 
fen) = - f[f(t + .1£.) - f(t)]e-mtdt. 

47r 0 II 

Hence 
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PART TWO 
THE CONVERGENCE OF FOURIER SERIES 

We saw in Part One that iff ELI (T), then Gn(j) converges tofin the 
topology of any homogeneous Banach space that contains f Moreover, if 
~ f(t+h)+f(t-h) 
fUo) = Lim 0 0 exists (we allow +co and -co) then Gn(j) 

h-->O 2 

converges to fUo)' We are now going to see similar problems of 
convergence of partial sums SII(j) of Fourier series of functions in a 
homogeneous Banach spaces. In particular we have seen in section 1.3 that 
for every fEL2(T), SII(j) converges to fin L2(T)-norm. In this part we will see 
the following. 

1. For every fE U(T), 1 < P < co, SII(j) converges to fin U(T)-noml. 
2. Existence of a continuous function whose Fourier series diverges at a 

point and two criterions for convergence at a point, and 
3. For every set Ec T of measure zero there exists a continuous function 

on T such that SII(f) diverges for all tEE. 

2.1. CONVERGENCE IN NORM 

DEFINITION 2.1.1: Let B be a homogeneous Banach space on T. Let 
n" .. 

fEB and Sn (f) = S" (f, t) = I fU)e Y' • We say that B admits 
) :0::-11 

convergence in norm if and only if 

Lim IISn(j) - f ils = o. 
Jl~OO 

The operators Sn are well defined in every homogeneous Banach space. We 

denote their norms, as operators on B, by IISnlls. 

THEOREM 2.1.1: A homogeneous Banach space B admits convergence in 

noml ifand only if IISn lls are bounded (as n~co) , that is, if there exists a 

constant K such that IISII (f)lls :;:; Kllf lls for all fEB and for all n ~ O. 
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Proof 1. Assume B admits convergence in norm. Then for each fEB there 

exists r f > 0 such that liS" (f)lls :s; r f' n = 0, 1, 2, .. . . Thus the family (8 fJ 
of continuous linear operators on B is point wise bounded on B. By the 

Uniform Bounded ness Theorem (1ISnlls) is bounded. 

2. Conversely, assume that there exists a constant K such that 

IISn (f)lls :s; Kllf lls for all fEB and for all n :?: O. Let fEB and £ > 0 

be given. Then there exists a trigonometric polynomial P of degree N such 

that Ilf - p ll s < ~ . For n>N we have Sn(P) = P. Now 
2K 

IISn(/)- f il s = IISn(/)- Sn(p)+ p - f il s Vn > N 

:s; IISn(/ - p~l s + IIp- f il s Vn > N 

:s; K ll f - p ll s + lip - f il s Vn > N 

£ £ 
<K. - + - Vn>N 

2K 2K 
:s; £ Vn > N . 

Therefore,Lim IISn(/)- f il s = 0 Vf E B,and thus B admits convergence in 
n ---*oo 

norm. II 

Since SnC!) = On *f, where On is the Dirichlet kernel, 

We get 

II sin(n+!)t 
Dn(t) = Ieijl = 2 

j = -n . t 
SITI -

2 

lis" (f)lls = II Dn * fi ls :s; IIDn tl VIis Vf E B. 
Therefore, we have a simple bound for each Sn, 

Ilsft :s; IIDn llLI . 

DEFINITION. 2.1.2: The numbers L" = liD" IlL' are called the Lebesgue 

constants. 
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LEMMA. 2.1.1: The sequcnce (L,J of the Lebesgue constants is not 

bounded. Specifically, Ln > ~ Logn for all nEN. 
7r 

2
. I 1 1 

Proof Since t ;:::: Slll2' we have - :0; . . Then we get 
t 2sm~ 

_ _ 1_ 2;r _ _ 1_ 27r sin(n + ~)tf > ~ 7r iSin(n + ~)t i 
LII - JIDII(t)~t - J . I t - J dt. 

27r 0 27r 0 sm 2 7r 0 t 

By the change of variable we get, 

2 (11 ++)" IS in ul 2 II I kJT . 4 II I 4 
L" ;:::: - J du > - I kJT JISlll u~u = -2 I k > -2 Logn. 

7r 0 u 7r k~ l (k - l )" 7r k~l 7r 

Hence, L" " ->~ ) 00 .! / 

THEOREM. 2.1.2: L 1 (T) does not admit convergence in norm. 

Proof We have seen that for a homogeneous Banach space B, lis" 118 
::; Ln, 

n = 0, 1, 2, .... In particular, if B = L 1 (T) then Ils,J'(T) ~ L", n = 0,1,2, .... It is 

known that S,/FN) = u N(D,,). Hence, now we have 

But since U N (D,,) N->~ ) D" in L 1 (T) norm, we have 

Therefore, by Lemma 2. 1.1 and by Theorem 2.1.1 , Ll(T) does not admit 
convergence in norm.!/ 

THEOREM. 2.1 .3: CrT) does not admit convergence in norm. 
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Proof Let rp" be continuous functions satisfying IIIPn 1100 = suplIP" (1)1 ~ 1 such 
l E T 

that rp" (t)=Sgn(Dn(t) except in small intervals around the points of 

discontinuity of Sgn(Dn(t». If the sum of the lengths of these intervals is less 
s than - , we have 

2n 

lis n IIC(T) ~ liS" (IPn)1Ioo ~ IS n (IPn ,0 ~ > L" - c. 

Since s was arbitrary, liS n IIC(T) ~ Ln' By Lemma 2.1.1 and by Theorem 2.1.1 , 

CrT) does not admit convergence in norm.11 

DEFINITION. 2.1.3: The conjugatejunction. IfjELl(T) and if the series 
conjugate to the Fourier series ofjis the Fourier series of some function 
gEL 1 (T) , then g is called the conjugate function ofj and is denoted by J. 

DEFINITION. 2.1.4: A space of functions BcI}(T) admits conjugation if 
and only iffor every JEB, J is defined and belongs to B. 

LEMMA. 2.1.2: Let R be a homogeneous Banach space on T. TfR admits 
conjugation then the mappingj~ J is a bounded linear operator on B. 

Proof 1. Define It: B -+B by A (f) = J. Let f, g EB and a a complex 
number. Now if A (f+g) = h then for each integer n, 

hen) = -iSgn(n)[](n) + g(n)] = fen) + g(n) = c1 ~'g)(n). 

By the Uniqueness Theorem, h = J + g . Therefore, 

It (f+g)= J+g=A(j)+A(g). 

Hence A is additive. Let A ( a f)= k. Then 
A ' A 

ken) = -iSgn(n)(af)(n) = -iSgn(n).a.](n) = cif(n) = (cif)(n) \::In E Z. 

By the uniqueness Theorem, k=a J, that is, It (a f)= a It (j). Therefore, A is 
homogeneous. Therefore, A is linear. 
2. Let (fn) be a sequence of functions in B such that 
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Lim 1" = I and Lim Aln = g 
11 ----;00 n--+oo 

in B-norm. Now for each integer j , 

g(j) = Lim In (j) = Lim( -iSgn(j)]" (j) = -iSgn(j) Lim]" (j) 
n~oo n~oo n~oo 

, ~ 

= - isgn(j)I(j) = l(j) . 

By the Uniqueness Theorem, g = 7. Thus the operator Ais closed. By the 
Closed Graph Theorem, Ais continuous and hence bounded. II 

LEMMA. 2.1.3: Let B be a homogeneous Banach space on T, which admits 
conjugation. For eachfEB, define 

00 

l Ib =t J(O)+tu +if) - IJ(j)eijl. 
j =O 

Then the mappingf--+ fb is a well-defined, bounded linear operator on B. 

Proof I. Let/, g EB and a a complex number. Then 

U + g)b = tu; g)(O) + HU + g) + i(] + g)] = Ib + gb, and 

(cif)b = ~ (ai)(O) + ~ [cif + i(cif)] = cifb. 
2 2 

Therefore, the mapping is linear. 
2. Let (in) be a sequence offunctions in B such that 

I, 11--+ 00 I d /, b 1/ - ,)(/;) 
11 ) an 11 ) g 

in B-norm. For each integer j, 

' ( .) - L' 1,' b ( .) _ { Lim ]" (j) g } - 1m n } - n ~oo 
n~oo 0 

= {J(j) if j c. 0 = fb (j). 
o if j<O 

if . > 0 I J_ 

if j < 0 

By the Uniqueness Theorem, g = fb. Hence the operator is closed. By the 
Closed Graph Theorem, the mapping is continuous and thus bounded. II 
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LEMMA. 2.1.4: Let B be a homogeneous Banach space on T. If the 

mappingf~ fb is well defined in B then B admits conjugation. 

Proof LetfEB. Then by the hypothesisfb EB. Then J = -i [2fb_[ j(O)]EB. 
Thus B admits conjugation.!/ 

THEOREM. 2.1.4: Let B be a homogeneous Banach space on T and assume 

that for fEB and for every integer n, eill'fE Band Ile
int f ils = IlfiI B. Then B 

admits conjugation if and only if B admits convergence in noml. 

Proof 1. Assume that B admits conjugation. Then the mappingf~ fb is a 
well-defined, bounded linear operator on B. Without loss of generality there 

exists y>O such that Ilfb ll
s 

s rllfllB for allfEB. Define S~: B~B by 

S~(j)= I]Upijt = eints,,(e- intf). 
j=O 

Then S,~ (f) = fb - e i (2,,+1)t (e-i(2n +l)t f)b. 

Now for eachfEB, 

I I S,~ ut s Ilfb li s + k(2"+1)t (e-i(211+1)t f Y lis 
= Ilfb ll

B 
+ II(e - i

(211 +1)t f)b lI
B 

S rllfllB + rlle -
i
(211+1)t fi lB = 2rllf lls ' 

By the unifoml Bounded ness Theorem, the sequence (1Is~r}s bounded. 

IIS~ ut = IleintS" (e-illtft s IISl1ll
s 

VIis' 

for allfEB. Therefore, I I S~IIB s IISl1r Now since Sn(e- intf) = e- ints,~u) , 

liS" (e -intf)II B = Ile- ints,~ ut = IIS~ ut s IIS~ r V Ii s 

for allf EB. This implies IISI1 IIB s IIS~ r. Therefore, IIS~ liB = IISl1lls . Hence 

liS I1 ll
s 

are bounded. By Theorem 2.1.1, B admits convergence in norm. 
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2. Conversely, assume that B admits convergence in norm. By Theorem 

2. 1.1, there exists K>O such that liS" lis ~ K , n= 0, 1,2, .... For the operators 

S,~ defined in (1) above we have 

II S,~ ut = lIe
int 

Sn (e - int f) lIs ~ liS nils ·llf lls ~ Kllf lls ' 
for allfEB. Thus we get IIS,~ r ~ K for n = 0,1,2, ... . 

Letf EB. Given s >0 there exists a trigonometric polynomial of degree N such 
& 

that Ilf - plls < 2K . Then 

for all n>N. 

Ifn>N and m>N then S~ (P) = S,~, (P). Therefore, for n, m>N 

Therefore, ( S,~ if) is a Cauchy sequence in B. Then there exists g EB such 

that ( S,~ (j) converges to g in B-norm. By applying the Uniqueness Theorem 

we can show that g = f b . Thus fb EB. Therefore the mapping f ~ f b is 

well defined in B. By Lemma 2.1.4, B admits conjugation.!/ 

In the remaining part of this section we are going to show that, for 1 <p<oo, 
LP(T) admits conjugation that is to prove the following theorem. 

THEOREM 2.1.5: For 1 <p<oo, the Fourier series of every fELP(T) 
converges tofin the U(T)-nom1. 

Identify T with unit circumference {z: z = eit
} in the complex plane. The unit 

disc {z: Izl< l} is denoted by D and the closed unit disc, {z: Izl:51} by D. For 
fEL leT), we denote by f(re it

), r<l , the Poisson integral off, 
00 

f(re '!) = (P(r,.) * f)(t) = L:r1n1j(n )e int 

The hamlOnic conjugate of (1) is the function 
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00 

J(re i/
) = -iI Sgn(j)rl )l j(j)eiJ1 = (Q(r,.) * J)(t) 

- 00 

00 1 'I " 2r sin t 
where Q(r , t) = -iI Sgn(j)r } eljt = 2 

-00 1- 2r cos t + r 
is the harmonic conjugate of Poisson's kernel per, t). 

LEMMA. 2.1.5: Every function harmonic and bounded in D is the Poisson 
integral of some bounded function on T. 

Proof Let F be harmonic and bounded function on D. Let Yilt 1 and write 
f,,(ei,)=F (y"it). The sequence (f,,) is a bounded sequence in L "'(T). L "'(T) 

being the dual space ofLI(T), for some sequence n) ) -+00) 00, Jllj 

converges in the weak-star topology to some function F(eit). Let peiT ED. 
Then 

_1 fp(p , t - r)F(eit)dt = Limf- fp(p , t - r)Jn (e it )dt 
2" T )-+00 "T ) 

= LimF(rllpeiT) = F(peiT). 
j-+ oo J 

, 1 f ' Therefore, for O<p<l, F (pelT) = - pep, t - r)F(e lt )dt.// 
2" T 

LEMMA. 2.1 .6: AssumejELI (T) and let J (rei!) be the harmonic conjugate 

to j(reit). Then for almost all t, J (rei!) tends to a limit as r-* 1. 

Proof Since the mappingj-* J(re it) is linear and any rELI(T) can be written 

aslrh+i/J-if4 withfj 20 in LI(T), there is no loss of generality in assuming 

j"?O. The function F (z) = e-f( z )- if(z) is holomorphic (hence harmonic) in D. 
Since the Poisson integral of a non negative function is fez) "? 0, and since J is 
real-valued( being the harmonic conjugate of the real-valued function f), it 
follows that IF (z)I::;1 in D. By Theorem lA.3 and Lemma 2.1.5, F has a 

radial limit of modulus e - f(e
ll

) almost everywhere. At every point where 
F( eit) exists and is non-zero, J (reit) has a finite radial limit.// 

DEFINITION. 2.1.5: LetjEL I(T ). The conjugate function ofjis the 

function J (e it)= Lim J (rei!). 
1'-+1 
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REMARKS: 
l. If the series conjugate to the Fourier series offis the Fourier series of 

some functi on gEL1(T), then the Poisson integral ofg is 1 (reit
) . 

2. If 1 EL1(T) then its Fourier series is S[f] so that if S[f] is not a 

Fourier series then 1 Ii" L1(T). 

DEFINITION. 2.1.6. Denote the Lebesgue measure of a measurable set EcT 
by lEI. The distribution function of a measurable, real-valued function f on T 
is the function 

m(x) = mf (x) = I{t : f(t)~x}l , -co< x <co. 

Property 2.1.1: 
(a). Distribution functions are continuous to the right and monotone 

increasing from zero at x = -co to 2n: at x = co. 

(b). For every continuous function F on 91, fF(f(t))dt = fF(x)dm f (x). 
T 

DEFINITION. 2.1.7: A measurable function is of weak U type, O<p< co if 
and only if there exists a constant C such that for all ",>0 

ml/l ( /!,) ~ 27Z" - CXP, 

that is I {t: If (t)1 ~", } I ~ C",·p. 

REMARK: If/is in LP(T) then/is of weak LP type. 

Proof Let/ELP(T). Define F: 91~91 by F(x) = xp
. Then for all ",>0, 

1 1 1 00 

Ilfll~p = - f lf(t) I
P 
dt = - fF(lf(t) l)dt = - fxPdmlfl (x) 

27Z" T 27Z" T 27Z" 0 

1 00 /!,p oo 1 
~ - fx Pdmlfl (x) ~ - fdmlfl(x) = - [27Z" - m1fl (/!,)JI'.P. 

27Z" ,< 27Z" ,< 27Z" 

Taking C = 27Z"llfll~p , we have mlf l(/!,) ~ 27Z" - CX P and hence/is of weak 

L P type. II 

LEMMA. 2.1.7: If/is of weak LP type then/ELr(T) for every r<p. 
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Proof By the hypothesis there exists C such that 2ff - mill (A) :::; CA-P for 

all 11,>0. Now 
00 00 

f l/(t) I' dt = fxrdm'/ '(x):::; ml/ l(l) + fx rdm'/ '(X) 
T 0 1 

Therefore,fEV (T). II 

THEOREM. 2.1.6: IfJEL1(T) then J is of weak LI type. 

Proof We assume first thatJ~ O. We normalize fby assuming II/IIL' = 1. We 

want to evaluate the measure of the set of points where 1 J 1>11,. The function 

1 z - iA 1 z - iA 
H ,1 (z)=l+ - arg . =l+ - Im(Log[ .]) 

ff Z + zA ff z + zA 

is harmonic and nonnegative in the half-plane Re(z»O, and its level lines are 

circular arcs passing through the points ill, and -ill,. The level line H A (z) = t 
is the half circle z = A,e iS

, - ff < () < ff. Hence if Izl ~ 11" then H A (z) ~ t. 
2 2 

H ,1 (1) = 1 + ~ arg(H,1) = 1 +.1 arg(e- 2i arctan A ) = 1 + 3.. arctan A 
ff 1+1,1 J[ ff 

2ff 2 1 9 1 2 = - [ - - arctan A] = - arctan - < J,!. - = -. 
ff2 ff A J[,1 ffA 

Now H A (f(z) + iJ(z)) is a well defined positive harmonic in D, and 
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we obtain I {t: 17 (rei!)1 >A} I ::; !. Since the mapping f~ 7 is linear, it is clear 
A 

that if we omit the normalization Ilf ll L, = I we obtain, letting r~ I , that for p-O 

inL1(T), 

Every fEL1(T) can be written asf= fi-h +ijj-if4 wherejj;?O and 

Ilf) t, ::; Ilfl lL, . Consequently 
4 

{t: I 7 (rei!)1 >A} c U {t :If/e il
) I> i} · 

)=1 

It follows that for C= 128 and for every fEL'(T) we get 

I{t: I 7 (rei!)1 >A}I::; 128 11f llL, A· 1
• 

I - I Thus for fEL (T) f is of weak L type.// 

COROLLARY. 2.1.1: IffEL'(T) then 7 ELCl (T) for all 0.<1. 

Proof Follows from Lemma 2.1 .7 and Theorem 2.1.6.// 

THEOREM 2.1.7: LetfELI(T). Then iffLog+1fI ELI(T) then 7 EL '(T) 
where Log + x = sup( Log x, 0) for x ~ O. 

Proof We shall use the fact that for gEL2(T) we have g E L\T) and 

IlgllL' ::; IlgllL' . This implies that mlgl (A) ~ 2nD -llgll~, A-
2

] , A> O. 

We writef = g+h, where g =fwhen If I ::;A and h=fwhen If I >A. We have 
~ ~ 

f = g + h and consequently 

{t :1 f(e it
) I> A} c {t :1 g(eit

) I> f} U {t :1 h (e il
) I> f}· 

Therefore, 
A 

1 {t: 1 g(e
il

) I> ; } I::; 8nX211gll ~, = 87l"A-
1 

Jx2dmlf l and 
o 

00 

1 (t:1 h(e
it

) I> f} I::; 2crl llhllL! = 2CA-
1 

Jxdmlf l' 
A 

For x~ A, [Logx] )!, > [LagA] )!, and we obtain 
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Now from the hypothesis we have: 
00 

IxLogxdm1fl(x) s II f(t)Log I f(t)/IJt< 00, 

1 T 

and by Fubini 's Theorem 
R " 1 R 

I .-1,- 2 (fx2dm1f l)d.-1, = fO - ~)x2dmlf l + I(~ - ~)x2dmlf l 
1 0 0 1 

R 

S 21T+ Ixdm1fl = 0(1), 
1 

R 00 R 00 

I ,,-rkx [Ix.)Logxdm1fI Jd.-1, = 2 IxLogxdmlf l + 2.)LogR Ix.)Logxdmlfl 
1 " 1 R 

= 0(1). 

THEOREM. 2.1.8: M. Riesz. For 1 < P < 00, the mappingf--+ I is a 
bounded linear operator on U(T). 

Proof If P and q are conjugate exponents, the mappings f--+ I in U(T) and 
L q(T) are except for a sign each other's adjoints and consequently if one is 
bounded so is the other and by the same bound. Thus it is enough to prove the 
theorem for 1 < p< 2. Let fEU(T) be nonnegative. Denote by fire i!) its 
Poisson integral, by I (rei!) the harmonic conjugate and write 

H(rei!) = fire i!) + i I (rei!). 

Assume that f does not vanish identically. Since f ::::0, f (rei!) >0 and hence 
H(rei!) "# 0 in D. Let G(rei!) be the branch of [H(rei!)]p which is real at r = O. 

Let y be a real number satisfying y < f, p y > f . For 0< r< 1 we have 

_1 II G(reit
) I dt = _1 II G(reit

) I dt + 2~ II G(reif
) I dt , 

21T T 21T I /I 
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where the first integral is taken over the set I satisfying larg (H (z»I< y and 

the second integral is taken over the set II satisfying y<;, larg (H (z»1 < ; , 

where z = rei'. On the set I we have IH (z)l< f (z)[cosyt, hence 

2
1
" II G(re

it
) I dt <;,llfll~p [cos r r P , 

r 
and in particular, 

2~ I Re( G(re
it

) )dt <;, Ilfll~p [cos r r P • 

r 
On the other hand, on the set II IG(z)I<;'Re(G(z»(cospy)"1 (both factors being 
nonnegative). Now since 

we get 

Therefore, 

_1 IRe(G(reit»dt = G(O) = (J(OW , 
2" ! 

_1 II Re(G(reit )) I dt <;, (J(OW + (cos rrpllfll~p . 
2" r 

_1 II G(reit ) I dt <;, Ilfll~p (cosr)-P + (J(OW + (cosrrp llfll~p 
2" r 

<;, Il fll~p (cos r r P + Ilfll~p + Ilfll~p (cos r r P = C P Ilfll~p 

Where cp is a constant depending only on p. 
Since 17 (rei')IP <;, IH(rei')IP =IG(rei')I, letting r~ 1 we get 

2~ ]II (re
it

) I dt <;, c P Ilfll~p , and hence Ilfll~p <;, c P Il fll~p . 

Thus 7 E V'(T). LetfE LP(T). Thenf = fi-h+ijj - if4,fj~O, and 

Then by the linearity of the mappingf~ 7 we have I = J" - 12 + ih - iL· 
From the above case J",Z,h,14 ELP(T), and thus 7 ELP(T). Therefore, 

the mappingf~ 7 is a bounded linear operator on LP(T) for 1 < p < 2. Since 
we have done for L\T) in section 1.3 , for 1 < P <;, 2, LP(T) admits 
conjugation.!/ 
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2.2. CONVERGENCE AND DIVERGENCE AT A POINT 

THEOREM. 2.2.1: There exists a continuous function whose Fourier series 
diverges at a point. 

Proof We give two proofs. 
1. Based on the Uniform boundedness Theorem. 
By Theorem 2.l.3, the mappings f ~ S,,(/,O) are continuous linear 
functionals on C(T) which are not uniformly bounded. By the Uniform 
Bounded ness Theorem, SII are not point wise bounded. Therefore, there 

exiStS/Ee(T) such that (SI!(f,O» is not bounded, that is, the Fourier series of 
/ diverges unboundedly at t =0. 

2. Construction 0/ a Concrete Example. 
There exists a sequence of functions If/" E C(T) satisfying: 

IIIf/ n 1100 ::; 1 

I Sn(lf/n,0~>11IDnIILI or IS,'(lf/n ,O)I> l~Logn. 
Put cD n (t) = (J 2 (If/I!' t) and notice that <Dn is a trigonometric polynomial of I! 
degree n

2 
satisfying: IlcD n Iloo ::; 1 and 1 S n (cD", t) - S n (If/", t) 1< 2. To show 

this : 

IlcD n Iloo = II(J" , (If/n t ::; 111';" IILI ·1I1f/ n Iloo = Illf/n lloo ::; 1, and 

" n 
I S"(<D,,,t)-Sn(lf/n,t~= I <DnU)eyl - IifJn(J)eijl 

)=-11 )=- n 

11 ~ .. 

= I (cD n (J) - ifJ" (J) )eljl 
)=-I! 

_< 1 ~ 1 · 1 = n( n + 1) = 1 n - 1 2 
2 L... } 2 + 2 <. 

n + 1 )=-11 n + 1 n + 1 

Now in particular, 
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and hence 

-I Sn(<l>n'O) 1 + 1 Sn (lf/n,O) I~ 1 Sn (<l>n ,0) -Sn(lf/n,O)I< 2. 
And thus 

1 SII (<l> II ,0) I> 1 S n (If/n ,0) 1-2 > ,~ Logn - 2. 
3" With A,n = 2 we define 

00 

f(t) = 2: J, <l> A (..1,/). 
n= l 11 

n 

Claim: fis a continuous function whose Fourier series diverges at t = 0. 
To show the continuity off consider the mappings 

N 
f NCt) = 2: J, <l> A (A,n t). 

n= l'l II 

Then (fN) is a sequence of continuous functions converging point wise to f. 

But it is easily shown that fN N~oo ) f unifonnly on T. Therefore,fis 

continuous on T. To show the divergence of the Fourier series of f at t = 0, 
we notice that 

<l> Aj (A,}t) = (J' A] (If/ Aj ,A,}) 

sin ce <i> A/m) = FA] (m).'; A/m) 

= {(1 -;i';,)tf A/m) if 1 m I~ A,~ 
° ifl m I> A,~. 

Therefore, 

Hence 
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I 

_ 11 1 " ;)./"( OJ I " j),,/"( 
- I -" I <f> ,\ (m)S,\, (e ,0) + I -" I <f> '" (m)S ",' (e ,0) 

I ) m } n n+l) III J " 

= '~ J, I <i> '" (m)S ,I' (/"')"" ,0) + f J,<i> '" (0) + ~ I <i> '" (m)S Jc' (eil,,'1I1 ,0) 
I ) 111 J " n+l) } n Ill" II 

11 - 1 00 1 
'\' I I ' = L.. -,, <f> ,l (0) + I -,, <f> ,l (0) + -2 S ",' (<f> '" ,0) 
I) } 11+1) } n n /I 

1 ( ,,- I "" ) ;::-.2 IS""(<f>,,, ,0)1- IJ,<f>", (O) + I J, <f> ,\ (O) 
n il" 1 ) J n+l ) } 

1 
;:: -2 LogA" - 3 

n 

which tends to CfJ . Therefore, (S" if, 0)) is not bounded and hence the Fourier 
series diverges unboundedly at t = 0.// 

LEMMA. 2.2.1: LetjELJ(T) and len) = O(l)asl n I~ co. Then for every 
" 

E>O there exists Ie> I such that Lim Sup II l(J) 1 < C. 

" .... 00 " <lll$A" 

Proof Since 

there exists M>O such that 1 nf(n) I::; M , that is, 
A M 1 f(n) I::; j;;T as 1 n I~ co. 

Ifn is sufficiently large and 1e=1+ 2~ then 

IIl(J)I ::; M I -Il l <M.2(An-n)1=2M(A-l)= c.// 
J " " <ll l$A" "<lll$A" 
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THEOREM. 2.2.2: Tauberian Theorem due to Hardy. 

LetJELl(T) and ICn) = OC+Z)asl n I~ 00. Then SI/(f, t) andal/(f, t) 

converge for the values oft and to the same limit. Also if 0'1/ (f, t) converges 

uniformly on some set, so does SI1(f, t). 

Proof Let 8>0 be given. By the above lemma there exists A> I such that 

LimSup IIIU)I<&. 
1/<111,; 11/ 

[An]+l n+l 
S,,(f,t) = a[111](f,t) - a l1 (f,t) [An] - n [An] - n 

- [An] + 1 I (1- _11_1 ) I C ')eift 

[
1 ] [111 ]+1 J /l,n - n 1/<IJI,;111 

where [An] denotes the integral part of An. By Lemma 2.2.1 , there exists an 
no such that 

n>no~ [An]+! I (l - [i;j+l)j(J)e if/ <e. 
[ An ] - n "<lilsA" 2 

If a" (f, to) converge to a limit O'(f, to) then there exists nl sufficiently large 
such that for n > nl we have 

£ £ £ 
<-+-+ - =£. 
442 

Therefore, SI1 (f, to) converges to O'(f, to) . Thus if 0'1/ (f, t) converges 

uniformly on some set E, then also SI/ (f, t) converges uniformly on E'// 

COROLLARY. 2.2.1: LetJbe a bounded variation on T. Then SI/ (f, t) 

converge to Hf(t + 0) + f(t - 0)] and in particular to J(t) at every point of 

continuity t. The convergence is uniform on closed intervals of continuity. 
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Proof By Fejer's Theorem, O"n (f, t)---+ -Hf(t + 0) + f(t - 0)] as n---+oo. 

Since/is of bounded variation on T, we have len) = O(l)asl n 1---+ 00. 
" 

Therefore, by Theorem 2.2.2, 

S" if, t))---+ -Hf(t + 0) + f(t - 0)]. 

The remaining properties hold by Fejer's Theorem.// 

1 

LEMMA. 2.2.2: Let/ELI (1) and assume W;I)~t < 00. Then 
- I 

lim S" (f ,0) = O. 
ll~ OO 

Proof 

S" (f,0) = 2~ J [;n(~ sin(n + !i)tdt 
T 

f(t) cos 1.. 
= -2

1 fj(t) COS ntdt + -2
1 J . 2sinntdt 

" T "T Sill ~ 

f(t)cos i. 1 
By the hypothesis . 2 E L (T). By the Riemann-Lebesgue Lemma, 

Sill 1.. 
2 

Lim 2~ UU)cosntdt = 0, and 
f(t)cos L 

Lim -21 f 2 sin ntdt = O. " ., 
,,~oo T sm 2" 1l --7r:tJ T 

Therefore, lim S" (f ,0) = 0.// 
tl --700 

THEOREM. 2.2.3: Principle a/Localization. Let/ELI(1) and assume that/ 
vanishes in an open interval I. Then S" if, t) converges to zero for tEl, and 

the convergence is uniform on closed subintervals of!. 

Proof Let toEI. Then there exists 0 < 0 <n such that (to-b, to+o)cI. Then 

1 0 sin(n + l)t 1 " sin(n + l)t 
S,,(f,to)= - Jf(t+to) . ,2 dt+ - fj(t+to) . ,2 dt 

2n -0 Sill 2 2n 0 sm 2 

1 -0 sin(n+l)t 
+- J f(t+to) .,2 dt 

2n _" Sill 2 

On the intervals [0, n] and [-n, -0], the function _._1_ is continuous 
Sill 1.. 

2 
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(since It I ~ 8). Therefore, the function 

<D(t) = J(~ + to) 
sm .L 

2 

is absolutely integrable, that is, 

By the Riemann-Lebesgue Lernnla we have 

" (i) Lim 2~ UCt)cosntdt = 0, 
II~OO <5 

" J(t)cos L 

Lim 2~ f . I 2 sinntdt = 0, 
1/->00 15 sIn "2 

(ii) 

-15 

(iii) Lim 2
1
" f f(t+to)cosntdt=O, 

11-700 -f( 

-15 fCt + t )cos L 
(iv) Lim 2~ f .0 2 sin ntdt = 0, 

1/->00 SIn L 
-" 2 

Therefore, lim SI/ (j,to) = 0. Since to is arbitrary element of!, for all t in I 
II----io OO 

we have SI/ (J, t) IHOO ) 0 ,/1 

REMARK: Restatement of the principle of localization 

Letf, gEL I(T) and assume thatf (t) = g(t) in some neighborhood of a point 
to. Then the Fourier series offand g at to are either both convergent and to the 
same limit or both are divergent and in the same manner. 

THEOREM. 2.2.4: Dini 's Test. 

I 

LetfeL1(T). If Jlf(t+tol-f(toll"t < 0Cl then lim SI/(j,to) = JUo)' 
- 1 t I' 11--+ 00 

Proof 
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" SII(f, to) - f(to) = 2~ f[ J(t + ta)- J(ta)]DIl (t)dt 
-" 
" 

= 2~ f[J(t + ta) + J(ta -t)-2J(ta)]DIl (t)dt 
o 

" 
= 2

1
" f[f(t+ta)- J(ta)]cosntdt 

-" 
1 "fJ(t + ta) + J(ta - t) - 2J(ta)' d + -2 smnt t. 
" 0 tan~ 

Since tan -
2
1 

"" -21 as t~O, from the hypothesis J(t + ta) - J(tJ is integrable. 
tan ~ 

2 

Therefore, by the Riemann- Lebesgue Lemma 

" (i) Lim -2
1 f[J(t + ta) - J(ta)] cos ntdt = 0, and 

11---+ 00 1[ 

-" 

( .. ) L' 1 "fJ(t+ta)+ J(ta - t)-2J(ta)' d 0 
11 1m -2 sm nt t = . 

J( t 1 n->oo 0 an "2 

Therefore, Lim [S" (f,tJ - J(tJ 1 = 0, 
11 ---+ 00 

that is, 
Lim SIl(f, tJ = J (ta)' 1/ 
fl---+ 00 

2.3. SETS OF DIVERGENCE 

DEFINITION. 2.3.1: Let B be a homogeneous Banach space on T. A set 
EcT is a set of divergence for B if and only if there exists an/EB whose 
Fourier series diverges at every point ofE. 

NOTATION: Let/ELi(T). We put 

(i) S,: (f, t) = SuplSm (f, t)1 
m ::; n 

(ii) S* (f, t) = SuplS" (f , t)1 

" 
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LEM MA. 2.3.1: Let B be a homogeneous Banach space on T and g E B. 
Then there existfEB and a positive even sequence (A,k) such that A,k ~ ex) 

monotonically with k and j(k) = A,kg(k) Vk E Z . 

Proof For each n, let ~(n) be such that 110" {J( II) (g) - gliB < Til. We write 
00 

f=g+ L(g-O"{J(II/g))· 
1'1 = 1 

The series definingfconverges in norm. HencefEB. Alsoj(k) = A,kg(k) 

00 . JkJ 
where A,k = 1 + L mm(l, {J (I1)+I)' II 

11 = 1 

THEOREM. 2.3.1: Let B be a homogeneous Banach space on T and EcT. 
E is a set of divergence for B if and only if there exists anfEB such that 

S* (f , t) = SuplSII (f, t)1 = ex) for tEE. 
II 

Proof 1. The condition S* (f , t) = SuplSI1 (f , t)1 = ex) for tEE is clearly 
11 

sufficient for the divergence of L j(j)eijt for all tEE. 

2. Assume that for some gEB, L g(j)eijt diverges at every point ofE. Let 

f EB and (A,k) be the function and the sequence corresponding to g by 
Lemma 2.3.1. For n > m 

II 

SII (g, t) - Sill (g , t) = L (S/f , t) - S)_1 (f, t))X/ 
111 + 1 

= Sn(f,t) _ Sill (f, t) + ft-I __ I ]S(f,t). 
A, A, A j Aj+l } 

11 111 + 1 111+1 

Hence ISn(g, t)-Sm(g, t)1:::; 2S*if, t)3,1~I. It follows that ifS' if, t)<oo, then the 

Fourier series of g converges and tg:E. I/ 

LEMMA. 2.3.2: Let B be a homogeneous Banach space on T such that if 

fEB and nEZ then einJEB and JJeiut f ils = Ilf iI
B

. Then E is a set of divergence 

for B if and only ifthere exists a sequence of trigonometric polynomials 

PjE B suchthat Lllp)IIB <00 and SupS*(p), t)= ex) on E. 
} 
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Proof 1. Assume that there exist trigonometric polynomials PjEB such that 

I llPj ll
B 

<00 and Sup S*(Pj,t) =00 

j 

on E. Denote by mj the degree ofPj and let Vj be integers satisfying Vj> Vj.l+ 
mj.1 + mj. Put 

For n $ mj we have 

Sv +" (/, t) - SV - ,, - I (/, t) = e
iV jt 

S" (Pj , t) 
) ) 

and thus I j(J)eijt diverges on E. 

2. Conversely assume that E is a set of divergence for B. Then there exists a 
monotonic sequence OJ" ~ 00 and a functionJEB such that ISn(f, t)1 > OJII 

infinitely often for every t in E. We now pick a sequence of integers (Ak ) 

such that 

and integers Ilj such that 

OJ,[ > 2 sup S* (O";t (f) , t) and write P
j
" = V[ * (f - 0" A (f)) 

r J ) ,. J+l } 
t 

where as usual V~ denotes de la Vallee Poussin's kernel. Then 

If t is in E and n is an integer such that ISnif, t)1 > OJI/ ' then for some j , 

Ilj<n$ llj+ I and 

Hence ISI/ (Pj , t)1 > t OJ" . Therefore, 

• S(f,t) =oo 

for every t in E, and thus E is a set of divergence for B. II 
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THEOREM. 2.3.2: Let B be a homogeneous Banach space on T such that if 

fEB and nEZ then einJEB and IleintfllB = II/ IIB ' If Ej ,j= I,2 . .. are sets of 

00 

divergence for B, then E = U Ej is a set of divergence for B. 
j=1 

Proof Let (P,;) be the sequences of polynomials corresponding to Ej . 
, 

Omitting a finite number of terms does not change Sup S (Pj , t) = 00. 

j 

Therefore for each j there exists Nj such that I li p,; lis < T j . Consider 
I/ =Nj + 1 

00 

the sequence of trigonometric polynomials {P'(}11 j = U {P'(} ;=N +1 . Then 
, . 1 ) 

J= 

and 
00 

SupS'(p'!,t)';?,SupS'(P'!,t)=oo lor tE UEj . 

j,n 11 j= l 

00 

Therefore, E = U Ej is a set of divergence for B. II 
j= 1 

LEMMA. 2.3.3: Let E be a union ofa finite number of intervals on T. 
Denote the measure ofE by O. There exists a trigonometric polynomial <p 

such that S ' (cp, t) > 2~ LogCi) on E and Ilcplloo ::; 1. 

Proof It is convenient to identify T with the unit circumference {z: Izl = I} . 
Let I be a small interval on T, 1= {eit : It-tal ::;E}. The function 

\)I I = (l+E_ze -ito )'1 

1 
has a positive real part throughout the unit disc, its real part is larger than -

3£ 
N 

on I , and its value at the origin (z=O) is (l+E)'I. We now write Ec U I j , the 
j= 1 

Ij being small intervals of equal length 2E such that NE < 0, and consider the 
function 
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1 + & 
\IJ(Z) = N 2.1I/1/Z). 

\IJ has the following properties : 
(i) Re (\v(z)) > 0 for Izl ~ 1, 
(ii) \V(O) = 1, and 

(iii) 1\V(z)l2: Re (\V(z)) > 3~B > 3~ on E. 

Since the Taylor series of Log\V converges uniformly on T, we can take a 
particular sum 

M 

<1>(z) = 2. a"z" 
11= 1 

of that series such that 11m (Log (cD(z)))1 < 1t on T and 

ILog (cD(z))1 > Log 3~ 

is valid for cD in place of Log\V. We now put 
M . M . 

cp(t) = ~ e - iMt Im(<1>( eit
) ) = 2~ i e -iMt (2. a"elll

! - 2. aIle - Ill! ) 
1 1 

THEOREM. 2.3.3: Every set of measure zero is a set of divergence for 
C(T). 

00 

Proof If E is a set of measure zero, it can be covered by a union U I" the In 
11 ;::; 1 

00 

being intervals oflength IIn l such that 2. I I" 1< 1 and such that every tE E 
,,;::; 1 

belongs to infinitely many In ' s. Grouping finite sets of intervals we can cover 
00 

E infinitely often by U En such that every En is a finite union of intervals and 
n= 1 

such that IEnl < e- 2
" • Let <Pn be a trigonometric polynomial satisfying Lemma 

2.3.3 for E = En and put 
P ·2 n = n <Pn. 

We clearly have 
00 2,,-1 
2. iiPnlloo < OC) and S*(Pn,t) > 2 
,,=1 2:rrn 

011 En. Since every tEE belongs to infinitely many En's, 
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• 2/1-1 
Sup S (P,,, t) = 00 as _:.:../I-->-,-oo~) 00 . 

J 27r n2 

By Lemma 2.3.2, E is a set of divergence for B. II 

THEOREM. 2.3.4: Let B be a homogeneous Banach space on T such that if 

fEB and nEZ then einj"EB and Ileintilis = 11/ 118' Assume CCT)cB. Then either 

T is a set of divergence for B or the sets of divergence for B are precisely the 
sets of measure zero . 

Proof By Theorem 2.3.3, it is clear that every set of measure zero is a set of 
divergence for B. Assume that E is a set of divergence for B of positive 
measure. For aET denote by Ea the translate ofE by a. Ea is clearly a set of 
divergence for B. Let (an) be the sequence of all rational multiples of2n and 

~ 00 ~ 

put E= UEa . By Theorem 2.3.1, E is a set of divergence forB. 
" 1'1 = 1 

Claim: T \E is a set of measure zero. 
Consider the characteristic function X E' Then X E (t-an) = X E (t) for all t and 

for all an. This means 

IxE(j)e-;a"JeiJ/ = IXE(j)eiJ/ or xE(j)e- ;a"J = XE(J) 
J j 

for all an . 
IfjotoO, this implies XE U) =0. Hence XE (t) = constant, almost everywhere 

and since XE is a characteristic function this implies that the measure of E is 

either zero or 2n. Since E=>E, E is almost all ofT. Since T \ E is a set of 
measure zero, it is a set of divergence for B. Hence T is a set of divergence 
for B. II 

REMARK: For homogeneous Banach spaces satisfying the conditions of 
Theorem 2.3.4 and in particular for B = U(T), 1 < p< 00, or B = CCT), either 
there exists a functionf EB whose Fourier series diverges everywhere, or the 
Fourier series of every fEB converges almost everywhere. The case of 
B=e(T) was settled by only recently by L. Carleson, who proved the "Lusin 
Conjecture," namely that "The Fourier series of functions in L2(T) converge 
almost everywhere." This result was extended by Hunt to all U(T) with p> 1. 
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