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Chapter One

1.1 Introduction
This seminar report is about generating functions, two operators of
generating functions and some of their uses in solving recurrence relations.
The subject is so vast that I am not attempted to give a diversified discussion.
Rather I have tried to produce relations of Generating Functions which help

us to solve recurrence relations.

In this report, we see two operators; one the generating function operator,
denoted by ¢, and is applied to the general term f, of a sequence, to give the
generating function f(t) of the sequence. The other is the “coefficient
operator”, denoted by [t"], and is applied to a generating function f(t) to

extract the nt coefficient of the sequence whose generating function is f(t).

Generating functions are useful tools in solving combinatorial problems. For
instance in finding closed forms for solutions to recurrence relations, in
proving or verifying many known identities involving binomial coefficients,

which are really important in combinatorics.

Here our approach is only algebraic. The operators are defined, a number of
rules which can be considered as axioms are set, and are used to manipulate
the operators so that a number of important generating functions are derived,

and used to solve recurrence relations.

Generating functions are a bridge between discreet mathematics on the one
hand and continuous analysis (particularly complex variable theory) on the
other hand. It is possible to study them exclusively as tools for solving

discreet mathematics. As such there is much that is powerful and magical in



the way generating functions give unified methods for handling such

problems.

In recent years there has been a vigorous trend in the direction of finding
bijective proofs of combinatorial theorems. That is, if we want to prove that
two sets have the same cardinality then we should be able to do it by
exhibiting an explicit bijection between the sets. In many cases the fact that
the two sets have the same cardinality was discovered in the first place by
generating function arguments. Also, even though bijective arguments may

be known, the generating function proofs may be shorter or more elegant.



1.2 Definitions

Definition 1.2,1: Formal Power Series
Let fo, f1, f2, f3, ... be a sequence of real numbers, then a formal power series is an

expression of the form

fo+ fit + 2+ f313... = zf”rf”

n=0
where t can be any variable or object which we can manipulate algebraic

operations.

Definition 1.2.2: Generating Function

Given a sequence fo, f1, f3, f3, ... of real numbers, the formal power series

f(t) = Z f,t" is the ordinary generating function of the sequence.

n=0

Definition 1.2.3: The generating function operator

Let fo, f1, f2, f3, ... be a sequence of real numbers, then the generating function
operator, denoted by ¢, is an operator, which acts on f, to give the generating

function f(t). i.e

Sl =£(®)= > f,t"

n=0
Definition 1.2.4: The “Coefficient Operator”
Let fo, f1, f2, f3, ... be a sequence of real numbers, then the generating function
operator, denoted by [tn], is an operator, which acts on f(t) to give the nth
coefficient of the sequence fu. i.e

[to]£(t) = fu
Definition 1.2.5: Equality

fan=gn (VneN) = glfa} = ¢{gn}



1.3  Operations
Addition

Let ¢f f, } =f(t) = i f,t" and ¢{g, }=g(t) = i g,t" be power series, then

n=0 n=0

fit) + gOy= el .0 el g = ef [+ 8

Multiplication
CEORDWAD WAL Z(zfg}
Derivatives
£t = nf e
p
Integration

Vmw=ipmm

o tn+l
= 2
wo n+l
Composition

S hlle ) = clfbosta)

Convolution

g{i fkg,,_k} - clf)clg,)



1.4 Rules
Let ¢f f, }=f(t) and ¢{ g, }=g(t)

Al. ¢ {ofn + Bgn} = ag{fa} + Bclgn) Linearity
= af(t)+ Bg(t)
A2, ¢ {fast] = %( cffa) - £0) Shifting

Proof: ¢ {fas1} = ) f,," =fi+ fot + 32+ .

n=0

_ (fit ¥ fit* + fit' +..)

t

- (fo+f1t+f2t2 '*'-H)_fo .

l
A3. ¢ {nfn} = tD cifn} Differentiation

}( G} - fo)

s}

Proof: ¢ {nf,} = Znﬂ,t”

n=0

0+ f1t + 262 + 3fa3 + .

[--]

But we know that f(t) = )" f,¢"

n
n=0

o0

= @)= X

n=1

= ¢ {nfa) = S nf," = tE(t) = tD clfu)

n=0



For the inverse operator

B1. [t"](af(t) + Bg(t)) = a[t"]f(t) + B[t"]g(t)
B,. [t"](tf(t)) = [""]f(t)

Bs. ["[DA(t) = [£"] £ '(t) = (n+1)fy

n

By [t"] [f(®/g(®)] = X [* 1/ (1).[x"“ 1e(x)

k=0

=]
th

T 2] = [ S (2@ 1y 1/ ()

Linearity

Shifting

Differentiation

Convolution

Composition

The above rules will be used to prove the following theorems, which serve as

important tools to reach our scope.



Chapter Two

2.1 Theorems and Relations

Theorem 1: If g {f4} is the ordinary power series generating function of the

sequence {f,} ., then

S {fn+k} = g{f"}_fo _fff“---—fk_,t"“

t

Proof: proof by inductive

From A2 we have, ¢ {fa+1} = ;( c{fn} - fo)

G {fns2} = ifmf" =fo+ fat + fut2 + ..

n=0

{(fo +f1'f+f212+"-)_f0]_

)~ S ; /
t L
(g{.fn}_f\')
A A A
{ &

Inductively we get

- §{n}—fo =g —____fkiltif—l
G {fn+i} .

Theorem 2: If ¢ {fn} is the ordinary power series generating function of the
sequence {f,} 7, then ¢ [nkfn} = (tD)k¢{fn}

Proof: from A3 we have ¢ {nf.} = tD ¢{fx}

g2} = > n’ f1" =0+ fit + 402 + 961 + .

n=k
Obviously we re-apply the multiply-by-n operator tD, so the
answer is (tD)2c{fn}
Inductively we get g {nkfx} = (tD)kg{fa}



Relations
R1. g {(n+1)fa+1} = Dgffn}
Soln. = {(n+1)fn+1] = g{nfn+1 + fn+1} = G{nfnﬂ} i* Q{fn+l}

= Dfglfmal] + £ 200

_ tD[g{f,fi—fo ]+ g{ﬂ,i—fo

_ DUy =stidtfo y S =So _pyey

t t

R2. g (- o) = [EELel 2oy

Soln. let gn = 1 fh = ngn=fn, except forn = 0.
n

S {fn} = G{Hgn} = tD[Q{gn}] by A3

= &ed = Dl + £

— g{.fn;fl_fﬂ It = c {gn}

1

R3. ¢ |
n+l

fa) = t1] [¢{f,}dt +C]

1

fa = +1)gn =1n
n+l )

Soln. Let gn =

G {fn} = ¢{ngn + gn} = g{ngn} + ¢{gn} = tD[c{ga}] + c{gn}

This is a differential equation
Let g {fa} = £(t) and clgn} = g()
Then g {fn} = tD[g{gn}] + clgn}
= () =tg'(t) + gV

= f(t)= < Tig(0)

= tg(t) = jf(t)dt %

10



= g(t) =% Jfat + ¢

1
n+1

= ¢ {——fa} =1 [¢{f,}dr +C]

R4. If g {fa} = £(t), then ¢ {(-1)"fn} = £(-t)
Let g(t) = -t

Then 3 f,(g(t)" = f(g(t))

=S fi(~t) = f(~t)

= S (-1 fi(1) = f(~1)
= (-1 f,} = f(—t)

b
RS. .
sy

Let gn = 2 1 fn — (2n+1)gn = fn

n+1
6 {fn} = ¢ {2ngn + gn} = ¢ {2ngn} + G {gn} = 2tD[c {gn}] + ¢ {gn}
This is a differential equation
Let ¢ {fa} = £(t) and ¢{gn} = g(t)
Then ¢ {fn} = 2tD[c{gn}] + {gn}
= f(t) =2t g'(t) + g(t)

= %[\/E g(t)] = 21—tf(t)

N
zﬁg(t)zé%dt Z

o= L0 o €

23t 7 4t Jt

oo L)
= 6{gn} g{2n+1fn} J?[Z-[ e dr + CJ

11



R WARE

Soln. LetSn= ifk

k=0

n+l

— Sn+l=ka =fn+l+5n
k=0

= Snri= fn+l + 5n
— fn+1 = Sn+1 - Sn

G {fn+1} = 6{Sn+1} - 6{Sn}

g{fn}_fo: g{Sn}_So 'Q{Sn} but Sp = fo

t t
g{fniﬁfo — g{Su}t_fo ‘Q{Srl}

= ¢ {fn} = Sn} - t{Sn}
= ¢t} = (1-t) ¢Sn}

= GS=—clf)

l ifk=m

theng{¢o = tm
0 otherwise q{ m.k }

R7H§M={

SOln' g {§j,n1 }= Zé‘j.mrj = C("O,an ¥ 5

I,m 2.m "L

j=0
H
But here &, ,, =1 and the other coefficients are 0.
Therefore, g {5;, }=1tm
1 ifk=0

th o) =7?
0 otherwise en 6 {d, }

For instance, If 6, , = {
Soln. From the above result we have ¢ {J,,, } =t

Therefore, if m=0, we will get Vi ¢ t

gy C
c{dg, }=t0=1 />

P+ g, .. Fa4 P

o

m+l,m

tm+l

12



Examples:

1

1. c{l} = —
sl = 57—

2. The constant sequence a, a, a, ... aefk
i.e fn =a

n=0

c{fn} = Zf"t" = Zat”= Zr =a.cfl E
n=0

3. For 1, 2, 3.

i.e fﬁ =1n
6 {fa} = cin}
From Theorem 3 and example 1 ¢ {fa} = tDg {1} = m It)z
4. For 12,22, 32 .
ie fn=n2
¢ {fn} = ¢{n?}
t(1+1)
From Theorem 3 and example 1 ¢ {fa} = (tD)%g{1} = . ¢)3

5. For1, y, y, y,

From R2 we have ¢ {l fa) = in this case fn =1
n

Ll oy

1

2]

Therefore, g{ fu} = jl_t dt = [11 dt = lnT——[

6. For-a, a, -a, a, -a, ..., (-1)"a, ... aeR

G {(-1)ra }, from example 1 and R4, we get

sl(Dra}=

13



7. For the sequence of partial sums of the harmonic series
= Z 1
k=1

From R6 we have ¢ {ka }= —g {fn} here fn=—
n

k=0

But from example 5, g{l} = lnll—t
i _

Therefore,g{Zf,( =LG{1}
— I=t "' m

1

Hence, Q{ka}— Tt n:

8.¢{nHn}=?
From A3 and example 7, we have

G {nHp} = tD[¢{Hx]]

11 ‘ 1
= D[ —— 1 - n—— #1
Ft eyl £ Tl

9. c{——Hy=?
n+l1

From R3 we have ¢ { ) 1fn} =t jg{ﬁ,}dt +C]
n+
Therefore, ¢ {LHI,} =t j-g{H dt + C1
n+1

=t1] j—lnl—dr + C]

14



More relations

L [pj _p(p=D..(P=n+1)

n n!

P |_pp-D.(p-nt+t)p-n)
(n+1)!

fon =[P j=”—‘ﬂf

n+l) n+17"
= (n+1)f,n=(p-n)f,=pf, -1,
= cln+ 01, t=¢lpr, }-clr, |
=ps{f.t—tDs{f,}
=pfO)=tf () eerranrrrannn (1)

LEt n-f;l = gﬂ'

= (ﬂ + l)fn+1 :gn+l

5{8 1} %[g{g,,}—go]

A L= st} =0
= Ds1,)]
o)

(1) & (2) gives
S O=pf -1

15



A+0)f @)=pf (1)

= f’(r)=~1%f(r)

=

[

1+1¢

= Inf=ph(l+t)+Inc

= f(t) =c(l+8)*

since f(t) = ifnt”

f(0)=f0:(§]=1

=c=1

=

g{(p}qlmp peR
14

= ["](1+0) =(pj
n

(p J S (E

m+n

(1+6)"
ti‘}!

P _(1+p)”
- g{(m%—nj} "

=["]

16



3. g{[p ”J} =9
m
[p+n] a [p+n ] p+tn—-m—-p—n— 1](_1)p+u—m
m ptn—m pt+n—m

m= 1 +H—=m
[ J( Dl
p+n—m

tp-:-n m kl —m-l

[ e ]W

bl

tp (I » t)m+l

P
_[t ] m+1

m=p
Therefore, g{[p i nj} 2 - ST
- (1 )m+
p+n
4, =7
g{(m + n]}
p+n
m+n

m+n_P_’1_1 men

m+n

m-—p- 1 man
m-+n

e '

(1 _ f) p+l-m

L .

a1 B Lo

+
Therefore, ¢ b =;+,_
m+n t"(1—=)™ ™"




Let f, = (f}

s{nf,} = Dg{f,}

tentor, o) 06{”)

=a+07)
=tp(1+1)""

= (D)’ ¢{f,}

= r(tp(l +£)P! )

= r[p(1+t)”*‘ + tp(p—l)(1+f)p_2J
— (07 L+ 1(p - +0) " |

=tp(l+£)"" [1 520 }

1+t

=tp(1+6)"2(1+1p)

)

We know that g{ﬁ f,,} - %[ [stf,3de + c]

o 2+

= }“(Hz)"dt + c]

=1[L(1+t)‘”‘ + c}
| p+1

18



(B)-( ) e
( J( 1
»
e

n-= J}l 1 t) S

](1 )

= [t]z—

a-o™

TherefOre’ g{[” J} _ tm |
i 1=¢)™
n
)
m
"= sl T ke p t"
gin mll 3 o= e

_(‘uﬂ )(1 _ t)m+l g ((1 B t)”'*' )
(1 - t)2m+2

tm (m & [)
(1 t)m+2

o o)

= fm(m.I.t)_
— (l_t)md'ZF

-~ I”J(mz +2Im+z2 +t)
(]-—f)m+3

19



11. g{

12, &f

1[}1 J} _o

n\m

We know that g{i f"} = '[M dt
n t

t

o)

m
¢

ﬂ_fo

1 _ m+1
_ J'( 1) "
{
tmfi
= — dt
(1 _ r)m

Solving this we get the following result
i n B (1 = t)*ln tm
*lalm m

p"}=7?
We know that p™' =pp

Let fn = pn

lfn} = [6l1 ) butf, =p’ =
1
=<6} =D f(t) = 6{f,}

= pf(t) = %(f(t) _1)

= ptf(t) = (f() - 1)

1
= f(t)=——
1 -pt

20



Therefore, ¢{p"} = 4
1-pt

13. ¢fnp”} = tDgfp" }—t[ I J
1 —pt
_pt
 (1-pt)’
14. ¢in’p" } = (tD)*cfp"}

{5%)
(1-pt)’

_ pul+pr)
(1-pt)’

1

—

15, g{%,,»} - Ty o,

J‘l 1+pl‘
Hl- pt)

= [—L—ar
(1-pt)
let u=1-pt
du = -pdt

1, 1
:g{—p }==ln
n 1-pt

Therefore, g{lp"} =In
n

We know that Q{ka} = %g{fn}

k=0

Cokl_ 1.
q{ép }—l_tg{p }

1
1-pt

21



1 1
~ (-t (-pt)
B 1

~ (1-t)(1-pt)

17. clf,p"}, Wheref, = [t"]f(t)

SERED WAL

n=0

=y filot)
n=0
= f(pt)
18. Q{-I—} =72
n!
We know that i = L 2L
(n+1)! (m+1)n!
Let f = L
n!
1 9 1

" (m+1)! (+Dn! n+1"

= (n+Df ,, =£,
off,} = ol + D, }
= Dcff, } =f(t)
= f(t) =f (t)

= f(t) =e' + ¢ ,takec=0

= () =&
1 ¢
Therefore, g{—} =
n!
1
s\~ I
nn! nn! t
e' -1




20. g{

21, g{

n =
m+D!

n n 1

m+1)! (+)@mn-1)! @+DH@a-1!

First let us find ¢ ! =
(n-1)!

T N -1 Y R ) P B Y
g{(n —1)!} - g{n!} - g{n'nz} = Ds Ln!} =)

t

=te

n 1 1
HERFERRS g{(n - 1)!} - q{(n +1)(n- 1)1} - {“‘3{

1
(n—1)!

o

=%“te‘dt + c]

=%[e‘(t—1)+c]

ko)1 k
,,Z_[;(k+1).f}_1—rg{(k+1)!}

2n)  2(2n+1)(2n
n ) n+l n
Let f, :(21':}

n

2(2n+1)
:>f;r+]= ﬂ+1 .f;r

= (n+1)f,q =2(2n+1)f,

= n n+l + n+l = 4n.fn +2.fn

23



Then by using rules and relations derived before, we get
2
"(t) =——f(t
=5 LR = T8

solving this differential equation gives us

1

1) = —

24



Examples

Solving recurrence relations

i) Linear second order recurrence relation
£, =af.  +Bf fo, f1 given initial condition
o, = Constants
fuea =af,y + BI,

c{f,.} =claf,,,} +c{Bf,}

| L G e
%;1 =acif,,.} + Bci{f,}

f(t)—t;o ~fit _ O{ f(t)t- £,

: ) + BE(Y)

f(t)—1f, —fit = at(f(t) — £,) + Bci{f, }

(1—at)f, +f,t

=[H0 = 1— ot — Bt

This is a generating function for linear second order recurrence
relations.
For example

Fibonacci sequence

25



Example: Find the generating function of the following recurrence relation.

(m+2)f,,, = 2(n+Df,,, +3nf,, fo=0,f1=1

Solution:
cln+2)f,,} = 2¢{(n+Df, } + 3¢{nf, }
Now let us first find g{(n + 2)fn+2} and c_;{(n +Df_, }
c{(n+2)f,.,}=ginf, , +2f,.,}
=c{nf,,, } +2¢{f,,,}
=tDc{f,, } +2¢{f,.,}

= t[w) & 2[f(t)_tf20 _fltJ

_ t( f(t)z—t] . 2[ f(t)z—tj
t t

= %(f'(t)t +t-26(1))+ t%(f(t) -1

_ tlz(f'(t)t - 26(t)+26(t)~2t)
=ti2(tf'(t)—t)

N tl(f'(t) i)
and G{(n + 1)fn+l } = g{nfnﬂ + f11+1 }

= g{nfnﬂ } & g{fm—l }
= th{fn-H } t g{fn-H }

:{HU—%J,HOﬁ&

t t

= t(@]l 4‘@
t t

().t —1(1) & f(t)
B t t

26



= %[f'(t)t —£(t) +£(1)]

=f'(t)
Therefore, ¢{(n +2)f,,,} = 2¢{(n +1)f,,, } + 3g{nf, }

= %(f'(t)—1)=2f'(t)+3t.f'(t)

= (£ () -1)=2tF (1) +3t2.£'(1)
= (32 -2t+)f () =1
= (1+t)(1-3t)f (1) =1

1

= FO=1roa-3

1

B 1 __A B _A-3At+B+Bt_(B-3A)+A+B
A+0)(1-3t) 1+t 1-3t  (1+t)(1-30) (1+t)(1-3t)
_1 ..
= A=l B=3
= f(t):ledtJri LI
491+t 471-3t

1
4

1

1+t )4
=lnl —— | +c¢

)

Butf(0)=fo=0=1Inl+c

In(l+1) -—%ln(l —3t)

1
Therefore, f(t) =ln[1+—tjd
1-3t

27



Example: Find the generating function of the following recurrence relation

Solution:

2 n-1
f =g + HZ f, ,  where cf{g } = g(t)

k=0

cif,}=c{g.} +q{%nsz}

= f(t)=g(t) +2g{%"2fk}
k=0
1 k=0
_g(t)+2j—t dt

n-1
Now first let us find ‘S{Z £ }

k=0

We know that Q{Z fk} - nll_tg{f" }
k=0 -

=S8,=)f, =f +8S

n
k=0

=5 £ =5x - Sp1
= g{fu} = G{Sn} - g{sn-l}

= ¢S, ) = 11—tg{fn} —lf,)

28



se)

Hence, f(t) g(t)+2_[ {k dt

0
t
A
=g(t)+2 j% f(t)dt
=g(t)+2 J’L F(t)dt
1-1
‘ | 2
=>fM=g() + ﬁf(t)
' F .
= f (t)—:f(t)= g ()
. e 08 : N Pt
here the integral factor of this differential equation is e

but J'%dt = —ZIﬁdt

— In(1-1)?
Therefore, eJ = o gm0t (1-1t)°
Therefore %[(l —t)zf] =(1-t)? ﬁ - 2(1-t)f

2
~ [T_Ef}
Therefore, %[(1 —1)*f]=g' ()1 - 1)’

= (1-1)*f = J.g'(t)(l—t)zdt +c

=% fi=

(1_1 )? “g'(t)(l—t)zdt % C]

For example if g, = —

g(t)=clg, )= lnllj



. 1 (1Y 1-¢t 1 1
g(t)ui(l—tj 1 (-1 (1-¢)
-t

] 1 ,
Therefore, f = -1/ [J-(l—t)(l_r) dt +c}

1

Uowy:

“(l—r)dr +el

30
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