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Notation

C =Differentiable functions

C?=Twice differentiable functions
C>°=Infinitely differentiable functions
N"= n-tuple of Natural number

R"™= n-tuple of Real number
C=complex number

i.e.=that is

N.B= nota bene

(, )=Inner product

reg=Region

supp=Support

F,=Fourier transform of a derivative with respect to x
F,=Fourier transform of a derivative with respect to y
f * g=Convolution the functions fandg
D(Q)=The set of test functions

D' (€)= Distribution

S(©)=Schwartz test functions
S'(Q)=tempered distributions
L(D)=linear differential operator
O=Partial derivatives
A=prtoztTaz



Abstract

In this report, we discuss about distributions and show how to find fun-
damental solutions of linear differential operators with constant coefficients
with the help of Fourier transform.

Then find the fundamental solution of heat conducting operators and state
the properties of this operator.

Using these we state and solve the Cauchy problem for heat conducting op-
erator.
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Introduction

The Theory of distribution functions has exerted a strong influence on the
development of the theory of linear differential equations.

In Mathematics,a fundamental solution for the Linear Partial Differen-
tial Operator L(D) is a formulation of solution in the language of Distribution
theory.In terms of the Dirac delta ”function” d(x),a fundamental solution &
is the solution of the inhomogeneous equation:

L(D)e = 4.

Here ¢ is assumed to be a distribution. The existence of the fundamental so-
lution for any operator with constant coefficients -the most important case,
directly linked to the possibility of using the convolutions to solve an arbi-
trary right hand side was shown by Bernard Malgrange[2](1953) and Leon
Ehrenperies[2](1954).

For equations involving partial derivatives the solution, generally speaking,
depends on arbitrary functions.Therefore, to isolate a particular solution
describing a real physical process, it is necessary to give additional condi-
tions.These additional conditions are boundary value conditions: or initial
and boundary conditions.Cauchy’s problem for equations of parabolic type
:Initial conditions are given, the region (lcoincides with the whole spaceR"
and boundary conditions are absent.It is well known that the Fourier Trans-
form plays an important role in finding fundamental solutions of a linear
partial differential equation.

In this paper we first introduce distributions and its Fourier Transform.
Next, finding fundamental solutions using the Fourier Transform.In the last
section,formulating generalized Cauchy problem for heat conducting equation
then finding the generalized and classical solutions of the Cauchy problem
for heat conducting equation.
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Chapter 1

Preliminaries

In this chapter we consider basic properties of function spaces and distribu-
tions. Several results and techniques of this chapter are frequently used in
later chapters.

1.1 Function space and distribution

Definition 1.1.1. A function space is linear space whose points are func-
tions.

i.e.It is a space made of functions.

1.1.1 LP spaces

Let p be a real number and 2 be a measurable set in R"™.
Then? space is defined as follows:

Definition 1.1.2. The L? space is a set of real or complex-valued Lebesgue
measurable functions f(x)on 0 that satisfy

[ 1P < o
Q
for 1 < P < o0.

Example 1.1.1. L3(0, 8] consists of all functions f(x) for which the integral

/ | F(@)fda < oo
0



Definition 1.1.3. A function f : R — R is called (Lebesque-) inte-

grable,if
/fdx < 00

Let we define the norm of the L space by,

17112 (©) = (Jo f7da)?, for 1< p < oo,
We define the Lebesgue space ,LY(Q) = {f : || f||z»(2) < oo}

Example 1.1.2. L1(Q), L?(Q), when p =1 and p = 2

Definition 1.1.4. Functions in L*(Q) are called square-integrable func-
tions

properties of L? spaces

Lemma 1.1.1. The space LP(Q)is a linear space.

Proof. For f,g € LP(2) and a € R orC
we have af € LP(Q).
Also, there holds,

[15+avar < [(151+1grdo
Q Q
max Pdx
s/ﬁ@ {71 191h)
=2 [ mas{|fPlgl}do

< / P+ lgPda < o0
Q
]

The space of continuous and compactly supported functions is dense in
LP(R™).
Definition 1.1.5. (Convergence in the mean).
Let f,(x) be a sequence of functions which belong to LP[a,b]. If there exists
a function f(x) € LP such that

b
lim [ |f, — f|Pdz =0
n—oo a



Definition 1.1.6. (Cauchy sequences in LP spaces).
A sequence of functions f,(x) is said to be a Cauchy sequence if

b

m,n— 00
’ a

Definition 1.1.7. (Completeness of an LP space).
An LP space is said to be complete if every Cauchy sequence in the space
converges in the mean to a function in the space.

Definition 1.1.8. (Continuous linear functional)
If X is a linear space then a function f: X — C s said to be

1. linear if
flerpr + copa) = c1f(p1) + caf(92), Vo1, p2 € X and c¢q, ¢y constants.

2. continuous if
{¢¥n} € Xsuch that ¢, — ¢ implies that f(v,) = f(p).

1.1.2 Test Functions in D()

Let Q C R™ be an open set.We recall that if f is a continuous function on
Q,the support of f is the set

supp(f) = {x : f(z) # 0}.

Let a = (a1, a9, a3, ....,a,) € NI where Ny = {0,1,2,3,...}and
NSL = C]VO QTNO INO xI...T Ng

n.times
is called multi index and its length is

la] = a3 +as +az + ... + .

The partial derivative of the function f(z) with the order of
la] = a3 + as + az + ... + «, is defined by

o o oo

Orar Ox2 = " Qgan

D f(x) =

where,D° f(z) = f(z)

/()



Definition 1.1.9. (Class of functions C*(2))
A set of functions f,continuous together with the partial derivative D f(x),
la] < k(0 <k < o0), forms in the region Q a class of functions C*(Q).

A function f in the region Q is called C*°(9),if D®f(z) is continuous
function in the region €2 for av € N{'.
N.B :If Q is a domain with smooth boundary then supp(f) is compact in

1. if and only if f vanishes near 0€2. i.e:f(z) = 0,Vx € Q/K, supp(f) C K.
or

2. if its support is closed and bounded set in €2.

Definition 1.1.10. The spaces of infinitely differentiable functions with com-
pact support in §2 is defined as

DQ):={f:Q—=C;feC>®Q),and supp(f) is compact in Q} = C>Z(Q).

This space is called a test function.
The set of test functions, the supports of which are contained in the given
region 2, is denoted by D(S2); in this way

D(Q2) € D(R")

properties of Test Functions in D(()

1. Differentiation:
The operation of differentiation D?¢(z) is continuous from D() to
D(Q) if p,(x) — p(x) asn — oo in D(Q) then DAy, (x) — Dp(x).

2. Multiplication by a function a € C*°(R"):
Let ¢(xz) € D(R") then a(z)p(x), are continuous from D(R") into
D(R™).

Example 1.1.3.

1
XD T lz| <1
€Tr) =
f@) {0, |z| > 1



Show that f is a test function over R.

verification : If K ccVccVCR

where K is compact and V' is an open,thendp € D(2)
such that ¢ =1 on K and supp(p) C V.

supp(f) = {x: f(z) # 0} = [-1,1]

since [—1,1] is closed and bounded.

Thus f(z)has a compact support in [—1, 1Jand
f(z)is infinitely differentiable in this region.
Hencef(z)is a test function in[—1, 1]

1.1.3 Test Functions in S()

Definition 1.1.11. The set of test functions S(2) all functions the class
C>®(Q)which decreases as |x| — oo, together with all their derivatives, faster
than any power of |z|™'.

Definition 1.1.12. The Schwartz space S(Q2) of rapidly decreasing function
1s the set of infinitely differentiable functions f: 2 — C such that
VG, BeNg .

sup | (x) |< +o0,Vz € Q. (1.1)

9287
Example 1.1.4. Rapidly decreasing function.

properties of Test functions in 5(2)

1. S(92) is a linear space.
if o, = v as n — oo in D(Q),then, since the supports of ¢, are
bounded independently of n, the limiting result (1.1 ) is valid for all
«a and (3, which means that ¢, — ¢ as n— oo in S(Q) .
Hence,D(Q2) C S(Q2)
However,S(£2) does not coincide with D(€2);

Example 1.1.5. The function exp(—|z|*) belongs to S(Q), but does
not belong to D(£2).



2. The operations of differentiation D?(x) continuous from S(2) to S(Q).
This follows from the definition of the convergence of the space S(£2).

3. Multiplication:
Let the function a € C°(R")grow at infinity, together with all its
derivatives, no faster than the polynomial

|D%(x)] < Cu(1 + |z])™ (1.2)

We shall denote the set of such functions by 6,,. The operation of multipli-
cation by the function a € 6, is continuous from S(Q2) to S(2).
Verification:If ¢ € S(Q2), then ap € S(Q2) , and

if ¢, ¢ as n— o0 in S(Q).

Then Vo, p

2’ D%(a(w)gn(x)) — 2" D*(a(z)p(x)), x € R

that is a(x)g,(z) — a(x)p(z) as n — oo in S(Q) .

1.1.4 Convergence of Functions in D(Q)) and in S({2)

Definition 1.1.13. The sequence of function p1, @2, @3, ..., on from D()
converges to the ¢ € D(Q) if

1. 3K CC Q: supp(p,) C K,Yn € N
2. Ya € NJ', D%p,(z) — D%p(z) in D(Q),Vx € Q.
In this case we shall write : ¢, = ¢ as n— oo in D(Q).
Definition 1.1.14. The sequence of functions 1, s, @3, ..., pn belonging to

S(Q) converges to the function ¢ € S(2) as n — oo in S(Q), if for all
a and B

D%, = 2°Dp as n — oo (1.3)



1.1.5 Distributions in S () and D'(Q)
Distribution in D'(1)

Definition 1.1.15. Distribution in D'(Q)is a class of continuous linear func-
tional that maps a set of test function in D(2) in to the real (complex) num-

bers.
i.e:A function f: D(Q) — C such that

1 (f,p)eC
2. (f,c1p1 + capa) = (f, cr01) + (f, capa)

3. hmn—>oo<fa ¢n> = <f7 lim,, o0 Spn>-
where 1, pe and @, € D(Q),c1,co constants.

The linear space of distributions denoted D'(£2) .
i.e.D'(Q)={f:D(Q) — C} ,where f is linear and continuous in the region
Q.
The distributionf is a linear function over D(fQ) ;
if o, € D(Q) and A and p are complex numbers, then

(fy Ao + pb) = X(f, ) + u(f, )

The distributionf € D'(Q) is a continuous functional over D'(Q) ; if ¢, —
¢ as n— in D'(), then

(fyon) = {f, )

The set D'(Q) is linear if the linear combination Af 4 pg of distribution f
and ¢ is defined as a functional acting in accordance with the formula

(A +1g,0) = M[r9) + 19, 9), Vo € D(Q),Vu, A € C

Verification: The functional Af+pug islinear and continuous over D(2),that
is, it belongs to D'(Q).
if v, € D(Q), and «,f € C, then, according to the definition,

(A + g, ap + BY) = X f, ap + BY) + (g, ap + BY)
= a[Xf, o) + 1)g, o] + BN, ¥) + 1(g, )]
= a(\f + ug, o) + BNf + pg, )



and so this functional is linear.
Its continuity follows from the continuity of the functionals f and g:
If v, — @ as n — oo, then

(Af + 19, o) = M, 0n) + 11(g, on)
= Mf,0) + ulg, o)
= (M 4 pg, @)

Definition 1.1.16. The sequence of distribution fi, fo... f,belonging to D'(9)
converges to the distribution f € D'(Q) ,if for any p € D()

(frs0) = {f,¢),as n — oo.

We can write as f, — f.

Definition 1.1.17 (Functions as distribution). Suppose that f € L (),
then the corresponding distribution
f:D(Q) — Cis defined by

(1.9) = [ 1@)elalda. ¥p € D).
The distribution f becomes zero in the region 2 if

{f; %) =0,Yp € D(Q).

Remark 1.1.1. supp(f) is closed set.

If supp(f) is a bounded set,then distribution f is said to have a compact
support.

Definition 1.1.18. Let Q be an open set in R™.
Then a function f: Q) — C such that

/ | feoldr < oo,
Q

for each test function ¢ € D(QQ) is called locally integrable.

8



The set of such functions is denoted by L}OC(Q) The function
Definition 1.1.19. The linear and continuous map f: D(2) — R defined
by
fle) =(f,¢) = /Qfsodw

15 called a reqular distribution.

wheref € L} () and ¢ € D(Q2). And a distributions that is not this

loc
form is called singular distribution.

Example 1.1.6. Show that Heaviside function at a
use) = [ 8~ )pla)ds
Q

is a regular distribution,with 0(x — a) = Hja, 00)(x)
Verification:
O —a) = Hyyo ()

(00, 9) = oy Hia, o) (1) ()

= [Z o(x)de,

H(z) = {1,x>a

0,z <a,a€eR

where,

Hence (Bq,0) = [ 1.p(z)dx
By definition,0, is a regular distribution.

Example 1.1.7. Shows that Dirac delta function is singular distribution.
Suppose the contrary ,
i.e: Af € L, (R) with §,, = uy,

choose ¢ € D(R) with supp(¢) C (B(0)),¢(0) = 1.




Define : ¢i(x) = o(l(x — x9)),l € N then
supp((a)) C (B(O))}.0(0) = 1

Wehavel = |(0,,, 0)| = /(B(O)) fl@)p(l(x — xo))dx.

< T l(x — x9))|dz.
< /(B@))% F@)lleli(@ — 20))]

Il e /(B(O)) |[F(@)llp(U(z = 20))|dz

— Oasl — o0
= 1 = 0.contradicts.

Lemma 1.1.2. (Du Bois Reymond). In order that the function f(x) is
locally integrable in ), should become zero in the region ) in the sense of
distribution, it is necessary and sufficient that f(x) = 0 almost everywhere

i €.

Proof 1.1.1. The sufficiency of the condition is evident.

Let us prove its necessity.

Let abe an arbitrary point of the region ().

There will be a closed sphere Ula, €)which is wholly contained in the region
Q and in which consequently,

f =0 in the sense of distribution.

Since for each k = (ki, ko..., ky)the function

() = eapl2 k, )|z — )

where w, is a cap-shaped function belongs to D(S2), then In this way, all the
Fourier coefficients corresponding to the trigonometric system {exp(*(k, z))w.}
of the function f(zx)w.(x — a), which is integrable over the sphere U(a,€), are
equal to zero.

It follows that this function is equal to zero almost everywhere and, conse-
quently,

flz) =0
almost everywhere in this sphere.
Since a is an arbitrary point of the region ), then f(x) = 0 almost everywhere

in €.

10



Definition 1.1.20. The distribution f and g are said to be equal in the
region Q if f —g =0 ,for xz € Q.

Specifically, the distribution f and g are said to be equal if for all ¢ €
D(Q),
(f,0) = (9,9).

Properties of Functions in D'(()

1. Multiplication of distribution
Let f(z) be a function locally integrable in R"™ and a(x) € C*(R").
Then for any ¢ € D(£2) the equation

(af, ) = (f,ap), ¢ € D(Q). (1.4)

We take eq. (1.4) as the definition of the product af for any f € D'(Q).
Since the operation of multiplication by the function a € C*°(R")is
linear and continuous from D(R") into D(R"),then the functional afis
defined by the right-hand side of eq. (1.4), belongs to D'(R™).

If f € D'(R™), then the equation

f=nf (1.5)

is true, where 7 is any function of the class C*°(R") equal to 1 in the
neighborhood of the support of f.

For any ¢ € D(Q) the supports of f and (1—7)¢ do not have common
points, and therefore,

(f =nf,p)=(f,(L=n)p)=0

2. Differentiation :
Any distribution is infinitely differentiable, and converging series of
distribution can be differentiated term by term an infinite number of
times.
Let f € C*(Q)). Then whenever o, |a| < k, and ¢ € D(Q) the formula
for integration by parts,

(D*1.4) = [ D*fla)pta)dn = (-1) / (&) Dp(a)da
= (=)l f(x), D*p(z))isvalid.

11



Definition 1.1.21. If f € D'(Q) is a distribution then the partial
deriwative of f with respect to the coordinate oy, s define by:

(D*f,¢) = (—1)°I(f, D*p),Vip € D(Q).

We shall check that D*f € D'(9).
since f € D'(Q),the functional, D® f definable by the right-hand side of
eq. (1.6), is linear:

D)l f, D*(\p + b))

(Df, Ao+ pap) = (—1)
Dl f,AD*p + uD*y)

<_1)|a‘<f7 Da§0> + M(_1>|a|<f7 Da¢>
<Daf790> + M<Daf>¢>

(
(
A
A
and continuous :

(D*f,0n) = (=1)°Uf, D)
(=)FI(f, D) = (D*f, ).
for if ¢, > ¢ as n— oo in D(Q).
then also D%p,, = D% as n — oo in D()
We shall denote by {D®f(x)} the classical derivative (where it exists).

It follows from the definition of the distributional derivative that if the
distribution f € C*(Q), then

D f(z) ={D*f(x)},x € Q |af < k
by the definition.

properties of Derivative of Functions in D'(12)

1. Any distribution is infinitely differentiable.
if f € D'(Q), then D2 f € D'(Q)and D%.Dy? f € D'(Q)and so on.

2. The result of differentiation does not depend on the order of differen-
tiation;
For example:

DD ) = D3 (D f) = DO f (1.6)

12



In general,

D4 f = DY(DPf) = D*(D" ) (L.7)

. If fe D'(Q) and a € C(R"), then Leibnitz’ formula for differentia-
tion of the product af is valid.

For example: D* (af) = fD* (a) + aD*(f)

if ¢ is any basic function, then

(D" (af), > —(af, D™

—(f,aD™

—(f, D" (ap) — D" a)
—(f, D" (ap)) + (f, D" a)
<D‘“f,a90> (fD"a, )
= (aD*" f, ) + (D" a, )
iy o

%)
%)

aDY f + fD%a, )
D*(af) = fD"(a) + aD™(f)

. If the distribution f =0 for x € Q, then also D*f =0 for x € ().
So that supp(D“f) C supp(f),
if p € D(Q) then D*f € D(2)and
(Df, ) = (=1)lI(f, D) = 0
= D*f =0.
. The operation of differentiation is continuous from D’(2)intoD’(2).
That is,if f, — f as n — ooin D'(Q), then D*f,, — D*f as n — 0o

in D'(Q2). Indeed, according to the definition of convergence in the space

’

D (),
Vo € D().
we have,
(D s p) = (1)U, D)
= (—1)|O‘|<f, D%pYasn — oo

=(D"f,¢)
which shows that Df,, — D*f, n —s oo in D'(Q)

13



Example 1.1.8. The derivative of Dirac delta function has a distributional
derivative.

Deﬁned by : <5,7 90> = _<57 ()0,>7

where (6, ) = ¢(0).

Verification:Let ¢ € D(R)

then

So H' = 9.
Hence (0', ) = —(0,¢") = ¢'(0) and Since ¢ € D(R)

= ¢ € D(R) and ¢'(0) satisfies linearity and continuity.

In this case we say that the function g is the weakly or distributional deriva-
tive of the function f and we write g(z) = D*f.

From this the step function is not weakly differentiable but it has distribu-
tional derivative.

Distribution in S'(Q)

Definition 1.1.22. Fach linear functional over the space of test functions
S(Q)is known as a distribution of rapidly decreasing functions (tempered dis-
tribution).
That is

S(Q) ={f:5(Q) —C}
It 1s the set of all distribution of rapidly decreasing functions.

i.e: denoted by S'(Q2).

14



5'(©2) € S'(R")

Definition 1.1.23. The sequence of distribution fi, fa, f3, ..., fnbelonging to
S'(2) converges to the distribution f € S'(Q), f, = f as n— o0 S'(Q)
if Ve € 5'(Q),

(frr0) — {f,p),as n — oco.

if f €S then fe D(Q).

since D(Q2) C S(Q2)and the convergence in S(§2) follows from the convergence
in D(Q).

Further, if f, — f as n — oo in S'(Q)

then (f,,, ) — (f,¢) as n — 00,V € D(2) C S(2)

and consequently,f, — f as n — oo in D' (1)

Properties of Functions in S’ (1)

1. Differentiation:
If f € S'(Q), then each derivative D*f € S ().
since the operation of differentiation D®f is continuous from S'(f2)
into S /(Q) using integration by parts, the right-hand side of the equa-
tion

(D*f, @) = (=1)ll(f, D)

. . . . /
is a linear continuous functionals over S ().

2. Multiplication:
Iff € S'(Q)and a € 0, then af € S'(Q).
since the operation of multiplication by the function a belonging to 0,
is continuous from S'(Q)into S'(Q2),the right-hand side of the equation

(af, o) = (f,ap)

. . . /
is a linear continuous over S (12)

15



1.1.6 Convolution of Distribution

Let f(z)and g(x) be a functions locally integrable in R"™ where the function

/Ig y)|dy

is called locally integrable in R™.

Definition 1.1.24.

The function (f xg)= /f(y)g(w —y)dy = /g(y)f(ﬂf —y)dy = (g f)
(1.8)

is known as the convolution of the functions f and g.

The function (1.11)is locally integrable in R™ and therefore defines a reg-
ular distribution acting on the test function ¢ € D().
i.e:

(o) = [+ 9)@el2)z = [ gw)r( - D))z

— [ ol [ 56 - aot2)azldy
/ /f o(r + y)dx]dy

Conditions for the exists of a Convolution

By Fubinis theorem .

If condition of locally integrability of the function h(x)is satisfied and so the
convolution f * g exists and defined by:

1. If One of the functions f or g has compact support.
i.e: supp(g) C K CC €

/ dw—/lg I/Ifw— d:L“dy</|g |/ 2)dzdy < oo.
k+Q
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2. The functions f and ¢ became zero when z < 0, (n = 1):

[ n@as= [ [t st~ vy
:=ARM@HARU@—me@

R R
glumm/@mmw<w

3. The functions f and g are integrable over R™:

[ nwxte = [ a1 [ 17— )iz

= [1otwidy [ 1fa)ids < o

Remark 1.1.2. convolution of all pairs of distribution of f and g does not
exist always.

If the convolution f * g exists then there is also a convolution g * f
i.e:f x g = g *x f commutative from the definition.

(f(x) x g(x), 0) = (f(2) * 9(y), p(z +¥))
= lim (f(x) * g(x), p(z +y)).(9(y) * f(z), p(x + y))

n—o0

= (f(z) * g(y), p(z +y)), ¢ € D(R").

Theorem 1.1.1. Let f be an arbitrary function and g be a distribution with
compact support. Then the convolution f % g exists in D'(R™) and appears in
the form

(g f,0) = (f(x)*g(y),ny)e(z +y)), Vo € D(R"). (1.9)

Where n is any test function equal to 1 in the neighbourhood of the support of
g. For this the convolution is continuous with respect to f and g separately.

1.If f, = fasn — ooin D'(R") then f,*g — f*g as n — oo in
D'(R™).

17



2. If g, - g as n — oo in D'(R") and for a certain u, supp(g,) C
then fxg, = f*xg as n—oo in D'(R").

Proof. Let supp(g,) C Q, and let y be a function in D(R™) = 1 in the
neighbourhood of supp(g) C €, and supp(y) C €.

Let ¢ € D(R"), supp(y) C Q,and y,(x),n = 1,2,3,.....be sequence of func-
tions belonging to D(R")and converging to 1 in R".

Then for all suf ficient large n,n(y), yn(x) = n(y)e(r + ). (1.10)

In (2) the condition supp(g,) C €, makes it possible to choose an auxiliary
function n which does not depends on ().
O

Corollary 1.1.1. The convolution of any distribution fwith the & function
exists and is equal to f

fxd=0xf=Ff (1.11)
using the equation in the thm(1.1.1).
Let Vo € D(Q)
(f*0,0) = (f(x).0y),n(y)e(z +y))

= (f(@), (6(w), n(y)(z + )
=/,

©)
— fxd=0xf=Ff

Derivative of convolution of Distributions

If the convolution f * g exists then the convolution D“f x g and f x D%g
exists.More over

D%fxg=Dfxg)=[f*D%. (1.12)

Proof. Let ¢ € D(R)and y,(z,y),n = 1,2,3,.... be sequence of functions
belonging to D(R?") and converging to 1 in R?".

Then the sequence 7, + %%- 4 =1,2,3....and n =1,2,3,.... of function
belonging to D(R?") also converging to 1 in R?".

18



From this and the existence of convolution f * g
we obtained

O AL

dp
= () » gly), 50

= lim (f(z) g(y)mn(%y)%g%

= T}Lfg@(f(ﬂf) *g(y), (2, y) 8@(;9;— v _ 877%(2 v) p(r+y))

= m (P o) ot ) + Jim (1) ), O+ 2o+ )

n—>oo n—s00 o0x;

( ) 9(y), me(x +y))

U
~ &fﬁf < 0(0), )+ (F(2)  9(0), ) — (@) % ),

<3f(x) 9()

— hm

=29 5 g(y), o). O

Therefore ,©)

We note that the existence of the convolutions D f % g and f x D%g
la| > 1 is not sufficient for the existence of the convolution f * g ;
specifically, these convolutions need not be equal :

For instance,

0«1=3¢but@x1 =0

1.2 Fourier Transform of Tempered Distribu-
tions

1.2.1 Fourier transform of a Test Function belonging
to S(R")

Definition 1.2.1. Since test function belonging to S(R™) are absolutely in-
tegrable over R™ then the operation of the Fourier transform f is defined over
them by

Flgl(z) = / p(@)exp(izz)dz, p € S(RY).
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For this function F[p](z) the Fourier transform of the function ¢(x),is
bounded and continuous in R™ ,the test function ¢(x)decrease at infinity
faster than any power of |z|~! therefore its Fourier transform may be differ-
entiable under the integral sign,

DFI(E) = [ ola) D" eaplizade = [ (miz)plo)eap(izo)ds = Fl(=io)"s(:)
(1.13)

From this F[p] € C>*(R"™).
The Fourier transform of each derivative D%¢ has the same properties.
Hence

F[D%p|(z) = [, D*¢(z)exp(izx)dx

= (=i2)"Flpl(2).
Finally,2” D Flp](2) = 2°[(iz)*p(2)](2) = (i) *HPF[D(x) 4] (2).

Remark 1.2.1. For all 8, € N} the magnitude z° D*F|p](2) are uniformly
bounded with respect to z € R™,

|Z°DFlpl(2)] < [|D%(x)p|da.
This means that [p](z) € S(R"™).

So the Fourier transform maps the space S(R") in to it self.

N.B:The space of test function D(R") is not mapped in to itself by the
Fourier transform because if we take a function f from D(R")then if we
transform this function using Fourier transformation ,we may not get F[f] €
D(R"™).The function ¢(x) € S(R™) may be expressed in terms of its Fourier
transform F[p|(z) by means of the operation of the inverse Fourier transform
of Fle](2)

F~' = g(x) = FF[p](2)] = FIF'[g](2)] (1.14)
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Where

1
(27)"

From this each function ¢(x) € S(R") is a Fourier transform of the function

Fly](—2). (1.15)

Y =F"p(x)] € S(R"),
This means that the Fourier transforms maps S(R") to S(R").

Lemma 1.2.1. The Fourier transform operationF' is continuous from S(R™)

on to S(R™).

Proof. Let ¢, — ¢ as n — oo in S(R") then applying the inequality above
the functions ¢,, — ¢ for all 3, «
we obtain

22D Fleu = ) < [ 1D @ (en = )l
5/ \a " dz n
< supp| D7 (@) (oo = N+ o))" [ g e € F
= |2 DYFp,](2)] — |2’ D*F[p(2)| — Oas n — o0,z € R"
o Flen] = Flpl,as n— oo

O

The operation of the inverse Fourier transformation F'~! has the proper-
ties.
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1.2.2 The Fourier transform of Tempered Distribution.

Let f be an integrable function over R™ then its Fourier transform
FINE) = [ f@pespliza)da
Q

< J1f(@)ldz < o0
= F[f](z) < [ |f(2)lde < o0

is a continuous and bounded function in R" and
consequently define a distribution belonging to S(R™).

(Fiflo) = [ Pz o) € SR,
Concerning the change of integration,we transform the last integral
[ = [ [ etz
- [ @ / explizn)p(2)dz
- [ P

From this , (F[f],¢) = (f, (Fl#l, ¢) € S(R").
We can take this equation as the definition of the Fourier transform F[f] of

any tempered distribution

(FIf],¢) = (f, Flgl)and p(z) € S(RY).

This equation defines a linear continuous function over S(R™),then this im-
plies that F[f] € S(R").

since Fp| € S(R™) (f, Flp]) is a linear continuous functional.

Let ¢, — @ asn — ocoin S(R"™)

According the Lemma (1.2.1), F[¢,] — F|p] as n — oo in S(R").

And since f € S(R"),

(fs Flea] = (f, Flel),

as n — oo.
So (f, F[¢]) is continuous overS(R").
In this way the operation of the Fourier transformation F' maps the space
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S(R™) in to S(R™).

We need to show that f is continuous fromS(R")in to S(R").

Let f, = fas n — oo in S(R") and since Flp,] = F[¢] ;a8 n — o0
then

(Flfl @) = {fn, Flel)

= (/. Fle])
= (F[f],¢),asn — oo,V € S(R")

we define the inverse Fourier transformation by

F) = e P2 = g [ F(=2)eapliza)a:

Let Vo € S(R") , we obtain the equation

(P ) = o P (=)L)
1
(1)n< ) Flol(—2))
— (FU), g = (f, FIF[ll) = (£, ).
(Y F)) = (FIF (/)] o).

From this distribution f € S(R") is a Fourier transform of the distribution
g = F7[f] € S(R").This means F' and F'~' maps S(R") on toS(R") .

properties of the Fourier Transform of Tempered Distribution.

1. Differentiability of the Fourier Transform

If f e S'(R") then
/f “exp(izr)

= /gz(z:v)la'f(x)exp(zzx)dx
= Fl(iz)"f]
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i.e: DF[f] = F[(iz)*f].
Verification: Let ¢ € S(R™) then we obtain

(DF(f],¢) = (=1)"(F[f], D)
= (=1)*(f, F[D*¢]).
= (D“F[f],¢)
= (=)l f, (iz)*Flg)])
= ((ix)" f, Flg])
= (F[(iz)*f1, )
" DUF[f] = F|(ix)* f]
. Fourier Transform of a Derivative
If f € S (R") then,
F[Df] = (—iz)" F[f] (1.16)
Let ¢ € S'(R™),we obtaine
(FID*f], ) = (D[, Fle])
= (=1)"(f, D*Fle])
= (=), Fl(=iz)"¢])
= (=1)NF[f], (=iz)*p)
= ((=i2)IF[f], ¢)
= F[Df] = (—i2)*F[f]

. Fourier Transform of Inner product

If fec S (R")and g€ S'(R")then,

Flf(2).9(y)] = Fulf (2).Flg](n)]
= E[F[f1(2)-9(y)] = FIf](2)-Flgl(n)

for all p(z,n) € S'(R™™) we have



Fourier Transform of Convolution of Distribution

Proposition 1.2.1. Let f € S'(R™) and g be a finite distribution with com-
pact support in the R™ .Then

Flf xg] = F[f].Flg].

Proof. Since convolution f x g € S'(R")and appears in the form

(fxg,0) = (f(x),(9(y),n(y)e(x +y))),¢ € S(R")

where,n(y) = 1 in the neighborhoods of supp(f).
From this we obtain

(F[f*gl,¢) =(f*g,Flp]), Yo € S(R")
— (f(). (9(y), n(y) / o(2ezpliz(z + y))dz))

/ y)exp(izy).p(2)exp(iza)dz))
(f, / 1(2)(2)exp(izz)dz)
[F'lg](#)])-
<[] Flgl(¢))
= (FlglF[f], ).
= Flfxg] = F[f].Flg]

Example 1.2.1. Consider the ordinary differential equation
88;2u u= f(x),r € R.

Assume that u and its derivative,and f are sufficiently smooth and rapidly
decreasing at infinity.
We take the transform of both sides ,we obtain

(—i2)’u—u=f
—_— ]_ —_—

u) = /)
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Where,uf(\z/) = Flu] and JF(\Z/) = F[f].
In the transform domain the solution is a product of a transforms and so
apply the convolution theorem .Since F[jexp(—|z])] = 5.
1 1
ule) = —geap(~Jal) * f(r) = 5 [ exp(—|z — yl) fly)dy.
R

This is a solution if f is continuous and integrable.

Example 1.2.2. Find the solution of the pure initial value problem for the
diffusion equation

ou  u
o =~ U2t € R,t > 0andu(z,0) = f(z).
We use Fourier Transform and assume u and f are in S(R).Then we obtain
- = a ——
ot Ox?
0, =—22au,

which is an ordinary differential equation in ¢ for u(z, t), with z as parameter.
Its solution is u(z,t) = K(z)exp(—=z%at) The initial condition gives,u(z,0) =
f(z) and so K(z) = f(z).

sz, t) = f(z)exp(—z2at).
Using the inverse Fourier Transform and Convolution theorem,we obtian

1 —(z—y)’
ant) = [ (=) )y
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Chapter 2

Fundamental solutions

2.1 Fundamental solutions of Linear differen-
tial operators

To constructs the fundamental solutions of a linear differential operators with
constant coefficients ,we will use the Fourier transform method.

Naturally ,only fundamental solutions of rapidly decreasing functions can be
obtained in this way.

Definition 2.1.1.

k
Let Z co(x)D%u = f(z), f(z) € D'(R") (2.1)
|a|=0
be a linear differential equation of order k = |a|with coefficients ¢, € C(2).

Introducing the linear differential operator,

k
. o 8 0 o
L(z,D) = Y co(z)D* D = (axl’a@’axg"”’ax ).
|ee]=0 "

We can write this equation as:

L(z,D)u = f(z). (2.2)
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Definition 2.1.2. Fach distribution w € D'(Q)which satisfies eq.(2.2)in the
region ) in the distribution sense, t.e:

(L(z, D)u, o) = (f, ), (2.3)

Vo € D(Q)is known as generalized solution of eq.(2.1)in the region ).

Equation (2.3)is equivalent to

(u, L*(z, D)) = (f, ),V € D(). (2.4)
where, L*(z, D)y Z DI DY), (2.5)
la=0

Verification:

B

<L(m,D)u, §0> = < caDo‘u,<p>

=0

[
M~ =

<CaDau7 §0>

8
I
o

(D%, co®)

|
]~

8
I
o

(—1)‘°‘|<u, D%c,p).

I
]~

Il
o

= (0, 3 (~1) D)

|a[=0

= <u7 L*(ZL’, D)90>

B

Hencev<L(x7D)u’§0> = <u’ L*(I7 D)90> = <f7 @)‘

Remark 2.1.1. FEvery classical solution is also generalized solution.

28



Lemma 2.1.1. If the generalized solution u(x)of eq.(2.1)in the region
belongs to the class of C*(Q)and f € C(Q),then it is also classical solution
of this equation in the region §2.

Proof. Since u € D'(2) (N C*(£2),the classical derivative and distributional
derivatives of the function © up to order k£ coincides in the region 2.
Since w is the generalized solution of eq.(2.1)in the region §2,then the func-
tion L(x, D)u — f which is continuous in 2 and vanishes in region € in
sense of distributions.According to Bois Reymond’s lemma,L(z, D)u— f = 0
at all points of Q.Hence u satisfies eq.(2.1) in the region 2 in classical
sense.

Thus u is a classical solution in 2. O

Definition 2.1.3. Let L be a linear differential operator with constant co-
efficients co(x) = cq,

L(D)= Y ¢, D* L*(D) = L(-D) (2.6)

|ar|=0
Definition 2.1.4. A distribution ¢ € D'(R"),that satisfies the equation
L(D)e = §(x) (2.7)

in the region R"™ is said to be the fundamental solution of the differential
operator L(D).

A fundamental solution e(x) of the operator L(D)is generally not unique,
it is determined to with in a term eo(x),which is an arbitrary solution of the
homogeneous equation L(D) = 0.

In fact,the distribution e(z) + €o(x) is also a fundamental solution of the

L(D) : L(D)(z(x) + o(x)) = L(D)e(x) + L(D)zo(z) = ().

Lemma 2.1.2. In order to that the distribution ¢ € S'(Q),should be the fun-
damental solution of the operator L(D),it is necessary and sufficient that its
Fourier transforms Fe] satisfies the equation

L(—iz)Fle] = 1 (2.8)
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Proof. Let € € 5'(§2) be a fundamental solution of L(D).
Applying the Fourier transform to both sides of eq.(2.7)
We obtain F[L(D)e] = F[4]

F[Z caD%) = Z co F[D%]

laf=0 laf=0
=1

By the property of Fourier transform,
k
Y ca(—iz)*Fle] = L(—iz)F[e] = 1 (2.10)
|a|=0

This shows that F[e] satisfies eq.(2.8).

conversely:if ¢ € 5'(Q) satisfies eq.(2.8),then by eq.(2.10)it satisfies eq.(2.9)
which implies that satisfies the equation L(D)e = 6(x).

. € 58 is a fundamental solution of the operator L(D).

The lemma we have just proved reduces the problem of constructing funda-
mental solutions of rapidly decreasing functions for linear differential opera-
tors with constant coefficients to solving in S’ algebraic equations of the type

P(z)z =1 (2.11)

with P an arbitrary polynomial.

As we have seen eq.(2.11),each of its solution belonging to D'(Q2)(if such a
solution exist)must coincide with the function ﬁ out side the set Np of
the zeros of the polynomial P(z).

i.e: Np={z:P(z) =0}.

This implies that if N, # (,eq.(2.11) has no unique solution: the various
solutions differ from each other by a distribution with its support in Np. [

Example 2.1.1. The distributions , =, =5 and —ps5 which differs from

each other by a term of the type constant 6(z) are different solutions the
equation zx = 1.
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If the ﬁ is locally integrable in R™then it is a solution in S’ of the
eq.(2.11). Equation (2.11)is solvable in S if P(z) # 0.
Note that:Any solution of eq.(2.11)belongs to S’denoted by reg%. The
construction of such a solution depends on a great extent on the structure of
the set N, and can be carried out for each concert polynomial P.
Thus,eq.(2.8)is always solvable in S"(Q2) or Fle] = T@gﬁ.
Consequently ,each linear differential operator L(D)with constant coefficients
has a fundamental solution of rapidly decreasing,this solution is given by

1 1 1
I=is) =~ et )]

e=F"reg (2.12)

Theorem 2.1.1. Let f € D'(Q2) be such that the convolution cx f exists in
D'(Q).Then
L(D)u = f(x) (2.13)
has a solution in D'(Q).
t.e:u=c¢cxf.
This solution is unique in the class of distributions belonging to D'(Q) for
which a convolution with ¢ exists.

Proof. Using the formula for differentiating the convolution and equation

L(z,D)u = 5( )

D)(ex f) = anDaa*f

|af=0

= (Z caD%) *

|a|=0
L(D)ex f=6%f
=
s.u=¢ex* f is asolution of eq.(2.13) and has only one zero in D’'(2).

uniqueness of such a solution in the distribution belonging to D’(£2) whose
convolution with ¢ exists in D’(Q2).For this it is sufficient to establish that

31



the corresponding homogeneous equation,

L(D) =0
U=1ux*xd
=ux L(D)e
= L(D)uxe=0.

O

Corollary 2.1.1. Fvery nonzero linear differential operator with constant
coefficients has a fundamental solution of distribution.

2.1.1 Method of Descent

we consider a linear differential equation with constant coefficients in the
space R"™! of variables

(x,t) = (21, T2, T3, ..., 21, ), L(D, %)u = f().6(t), f € D'(R) (2.14)

where L(D, 2) = .o 9% LyD+LoD,and the L,(D)are differential operators
in the variables z.

Let the distribution u € D’(R™"!)allow continuation on functions of the type
o(x)1(t),where ¢ € D'(R"),in the following sense:

1. what ever the sequence of the test function n(t), k = 1,2, 3, .., in D(R')
and converging to 1 in R' there exists the limits

lim (u, o(z)1(t)) = (u, p(x)1(t)) (2.15)

k—ro0
2. and this limit does not depend on the sequence{ny}.
we denote eq.(2.15)by ug

i.e: (uo, ) = (u,p(2)1(t)) = lim (u, p(2)me(1)), ¥ € D(R").  (2.16)

For any k the function (u, p(z)nk(t))is linear and continuous on D(R™).
That is belongs to D'(R™).
By the completeness of space D’(R™) then uy € D'(R")
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Theorem 2.1.2. If the solution uw € D'(R™) of the eq.(2.15)admits of the
continuation eq.(2.16),the distribution uy belonging to D'(R™)

satisfies the equation
Lo(D)ug = f(z). (2.17)

Proof. Let the ni(t), k = 1.2, 3, ..constitute a sequence of functions belonging
to D(R') that converges tol in R' .

Then at ¢ = 1,2, 3, ..the sequences of the functions 7 (t) + 7],(;1) (t),k =1,2..
also converges to 1 in R! and consequently ,for all ¢ € D(R") we have

lim (u, () (1)) = Tim (u, () () + 0 (D)) = T Cu, o(2)ni()

k—o0 k—o0

= (uo, p(x)) — (uo, p(x)) = 0 (2.18)
After this verify that uy € D(R™) satisfying equation.(2.17).

(Lo(D)ug, ) = (uo, Lo(—=D) )
= lim (u, Lo(=D)p()n(t))-

= lim (u, Lo(—D)p(x)m(t) + > _(=1)"Ly(— D) ()i (1))

k—o0

= Jim (u, L(=D, =) ()e(t))
— klggo(u, L(D, %)u, o(z)ni(t))

= lim (f(2).0(t), (@)m(1))
= lim (f(2), p()m(0)) = {f, )

Hence ,(Lo(D)ug, ) = (f, @)

c.ug € D(R™) satisfies eq.(2.17)
[

The method we have just developed for obtaining the solution wug(z)
eq.(2.17) in n variables in terms of the solution wu(z,t) of eq.(2.14) in
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n + 1 variables is known as the descent method with respect to the variable
t.

The method of descent is especially use full in constructing fundamental so-
lutions of a differential operator.

Indeed ,applying the theorem to the case where f(x) = d(x),we obtain the
following assertion ;

if e(x,t) is a fundamental solution of the operator L(D
the continuation gy of the type eq.(2.16),the distribution

0

, 5;) and admits of

{e0,0) = (&, p(2)1(1)), Vo € D(R") (2.19)

is a fundamental solution of the operator Ly(D).
In particular,if e(z, t) is such that

[y le(z,t)]|dt < 00, ¥Q C R™ then

cola, 1) = / e, £)|dt (2.20)
R
The fundamental solutions of £y and e satisfy the condition

go(x).1(t) = e x [0(t).1(¢)].

2.2 Fundamental solutions of a Linear Differ-
ential equation with ordinary derivatives

k ak

Let Zak(t)ws = &(t) (2.21)
Then the fundamental solution of this operator is expressed by

e(t) = 0(t)=(t),

where,z(t) satisfies the homogeneous equation Lz = 0 and the initial condi-
tions and 6(t) is a heaviside function
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satisfies the Le = §(t).Specifically,the function e,(t) = 0(t)exp(—

eqo(t) = 0O(t )Sm @h) are fundamental solutions of the operator

% +a and g—; +a® respectively .
Verification: since Lz = 0,then
0
—z+az=0
ot
= 0 z=—az
ot~
0
P ot
z
In|z(t)| = —at + ¢

Hence &(t) = 0(t)exp(—at)
is a fundamental solution 2£(t) + ae(t) = 6(t)

Again 2t atz=0

7 ot
Let z(t) = exp(rt) be a solution.
Then,
r?4+a>=0
=r=1a

= 2(t) = exp(iat)

Using Euler’s formula, z(t) = ¢; cos(at) + o sin(at) but,

2(00=0=¢,=0

Hence, z(t) = cq sin(at)

Let Cy = =
Thus,z(t) = < sin(at) is a solution of Lz = 0.

1
g9(t) = 0(t)—sin(at)
a
is a fundamental solution for %5 + a’e = §(t)
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2.3 Fundamental solutions of wave operator

Let Pep = d(z,t) be a wave operator, where P = % + A.
Applying the Fourier transform F,to this equation.
For the distribution ey,
F,lex] = éx(z,t) as before.
0? _ 91 12~
@gk(z,t) + a®|z|% ek (2, t) = 1(2).0(t)

Using eq.(2.22)in which substitute a?|z|* for a,

sinalz|t

er(z,t) = 0(t)

is the solution of eq.(2.24) in  S'(2).

alz|

Hence ,applying inverse Fourier transform,then

sin a|z|t

Enlz,t) = F Ek(z,1)] = 0() F

z

]

az

Suppose k=3
Let d,,(z) be a simple layer on the sphere d,, in R3.
Then

i t
o] = ama I
az

Using this F1[Enall) — L5 (g

az " 4mat ~Sat

combining with eq.(2.25),
0(t)
dmat

e3(z,t) = %5(@%2 — 2%

e3(x,t) = s, ().

where the distribution function €3 acts according to the rule

1 o dt 1 1
_ _ ) = - t)ds,dt
<837 §0> Ara? /0 < Sat) <10> t Ara2 A t /Sat QD(ZE, ) Sa

36

(2.24)

(2.25)

(2.26)

(2.27)



To obtain the fundamental solution e5(x,t),

with @ = (x1,22),we will use the method of descent with respect to the
variable x3.

For this we must show that e3(z, z3,t) admits of the continuation eq.(2.14)
on the functions of the form o (z,t).1(x3),with ¢ € D(R?).

Suppose that .,k = 1,2,3,..belongs to D(R') and the sequence of the
n(z3) tends to 1 in R'.then using eq.(2.27),Vy € D(R?), we have

limg o0 (€3, (2, t)Me(z3)) = limy 00 ﬁ OOO % fsat o(z, t)n(xs)dsdt
= fo 1 ., elx,t)dsdt

=(e3, (x, t)1(z3))

so that this limit exists and does not depends on the {n;}.
Hence ,applying eq.(2.18)

(€2, ) = (g3, (2, 1) 1(z3)).
— L L (e, t)dsdt.

4ma? JO ¢t

Finally,let us transform the integral over s;.

Since ¢ does not depend on x5 ,replacing the surface integral over the spher-
ical surface sy = [|z]* + 23 = a*t?].

By twice integral over the circle |z| < at.

e@l) _ dsdt

we Obtaln 82’ = 27ra fO fx|<at /0212 —|z|2

o(t)
=L f \/mgp x,t)dxdt
1 Oat —

ol ) = gl lel)

mTa a2t2 _ |I‘|2
be a fundamental solution of the wave equation with n = 2.
Similarly,using the eq.(2.19),we obtain by the method of descent with respect
to xo ,for the fundamental solution e;(z,1):

er(x,t) = [Lea(x, 2, t)day

1 00 O(atf\/szr:L‘%)dx
— 1 B

2ma J —o00 a2t2—x2—x%
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_ O(at—|z| pVa?t2—a? 1
- ma fo Va2t2—z? 3
_ Oat—|z| 1 1
- aﬂ'a s fO mdu
e1(z,t) = 5-0(at — |z|)

dZL'Q

Hence, e(z,t) = 5-60(at —||) is a fundamental solution of the wave equation

with n = 1.

2.4 Fundamental solutions of Laplace’s oper-

ator

Let Aey, = (x) be a Laplace's operator

(2.28)

We can find the fundamental solution of the Laplace’s operator by applying

the Fourier transform to eq.(2.28)

F[Aey] = F[6(x)]
= —|2"Flex] = F[o(2)] = 1

Let k = 2.
we will verify that the distribution —p# satisfies eq.(2.25).

(l2Ppms ) = (i 12[P0)
_ PP | gz [ B,

|z]<1 |z|? |>1 [EE

= [o(2)dz = (1,0),Yp € S

According to eq (2 11)
Fles] = reg—p = —ppp,
Then applying the inverse Fourier transform.

&s(a) = F—pi]

= 2;12F[p|z|2]

= 4(;1)2. — 27 In|z| — 27mey

In |z|
= Ton +27TCQ
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since a constant satisfies the homogeneous Laplace’s equation,
go(z) = I | is a fundamental solutlon of Laplace’s operator,when k = 2.
Now let k > 3 ,the function — |Z‘2 is then locally integrable in R".

Hence Fle;] = —4

[2[2
Applying inverse Fourier transform

Sk:—Ffl[ 1]

Z

putting k = 3, F[‘ 5] is given by
(Flida), o) = <+ Flgl)
J =t
L [ ﬁ fgo(z)ea:p(z’zx)dzd:v
= limy o0 [ (2 flx\<oo #exp(izx)dxdz
= limy o0 [ (2 fo fo o w 2dw sin dOdpdz
=27 limy 0o [ (2 fo f Lexp(izpp)dudpdz
47 limy,_ o0 “"(Z) fR SmLZmdpdz

since |z|| foo SIH|Z\Pdp| _ |Cos |z|R f;o Coi)LZ|pdp|
R fR ; —dp =
00 sin |Z p
Jr L Ldp = 5712\ #0

Hence (F[5], ) = 4m [ £ 2(2)

0o sm|z|pdpdz

(F[W],@ = <W, ©) (2.30)
Using this ,we obtain
_ _on? _
es(r) = (27r1)3F[#] - 87r23|ac| 47r\ic|



for k # 3 the eg(z)are calculated along the same lines.

By Method of descent with respect to the variable t from the fundamental
solution of wave operator.

combining (2.20)with (2.25)at a = 1

2

Loen(x) = [e(x, t)dt

_ oo 1 —|z[?
=— /5 (2\/,;)7163317( o) dt

—lx 2—n 00 _ k
= #fo exp(u).u=2s
DL E)—fa2k
N 47r%
Thus, en(z) = ———|o2* k> 3 (2.31)
’ TE

where, Ui’k is the area of a unit surface a sphere.

2.5 Fundamental solutions of Heat Conduct-
ing operator

Let

0 2 A
55 @ Ae = 0(x,t) (2.32)

To find the fundamental solution of this operator we apply the Fourier trans-
form F, to eq.(2.32). This yields ,

FA%E] - azFx[Ag] = Fx[é(xvt)]v

using the properties of Fourier transform,
Fulo(z, t)] = F[0](2).6(t) = 1(2)8(t),
Filge] = ZFle]
F [Ae] = —|2|?F,[e].
Let the distribution £(z,t) = F,[¢](z,1).
We have the following equation:

%g(z,t) + a®|z?&(z, ) = 1(2)d(t) (2.33)
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Using method of descent and eq.(2.22)in which we substitute a?|z|? for a,we
conclude that
the function

£(z,t) = 0(t)exp(—a®|z|*t)
is the solution to eq.(2.33) in S’(R™).
Hence applying the inverse Fourier transform F !,
e(x,t) = F7'[E(z, )]

= F0(t)exp(—a?|z[*t)]
— (gfrt))n [ exp(—a?|z|*t — iz)dz
0(t) —|=[?

elx,t) = ex
(#:0) = G P

is the fundamental solution of heat conducting operators.

) (2.34)

2.6 Properties of the Fundamental solutions
of the Heat Conducting operators

The solution of the Cauchy problem for the Heat Conducting operators equa-
tion is constructed by the theory of distribution.

2.6.1 Heat potential

From section (2.5),

e(z,t) = (2:15%)” exp( ;E‘;‘:) is the fundamental solution of the heat con-

ducting operators.
This function is non-negative becomes zero when t < 0,is infinitely differen-
tiable for (z,t) # (0,0) ,and locally integrable in R™*'. Moreover,

/5(33,15) =1,t>0 (2.35)

Verification: The function &(x,t) is locally integrable in R"*1
since e(x,t) = 0,for t <0 e(z,t) > 0,t >0
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[e(z, t)dx = m fexp(;l;‘:)dx
=112 = Jreap(=27)dz
=1
Hence, [ e(z,t) = 1,t > 0. And
e(z,t) — 0(t),t — 0Tin D(R™).
verification:If ¢t > 0, then ¢ € C'°°°, and therefore

9= _ (_*W — m)e

ot Ia2t 2t
_ 0 __ 9% 2 1
= axi — 376> 27 — (dem; — 5071 )E
9, ) lz|* &k x? k
—c—alNe=(————)e—(— ——=)e=0
ot a4 (4a4t 2t) (4a4t 275)

Let ¢ € D(R™"1). Taking eq.(2.29) into account, we obtain

a
—p+d’Ay)

0 9

ot

= [7 [e(@,t) (2 + a* Ap)dadt
—lim€_>0+f6 [ e(x,t) Ego—l—(fﬁcp)dxdt

= —limeo+[[ e(z, €)p(z, e)dz + [ [(% — a*Ae)pdxdt]

(2.36)

(2.37)

= lim. o+ [ e(z, €)p(x,0)dr + lim, o+ [ e(z,€)[p(z,€) — p(z,0)]dx

0 5 :
<§6 —a Aé, <)0> - 61_1>%1+ 6(1;7 E)(,O(Z'7 O)dZE
since, by virtue of eq. (2.35),

| [e(z,€)e(x,€) — p(x,0)]dz| < Ke [e(x,e)dx = Ke

We shall now prove the result

(o8) = — L cap(=2L
g ./L', = (47ra2t)%e:rp 4a2t

let ¢(x) € D(R"). Then, taking into consideration that
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| [ e, e, €) = p(w, 0)]da| < o [ eap(Fr)alda
= Aok Jo e:cp(;agi)rkdr

(4ma?t)2
—K\/_fo exp(— kdu—C’\/_

due to eq.(2.35) we obtain as t — 07 the result eq.(2.36) :

(e(@,t), () = [ el@,t)p(x)da
= ¢(0) [ e(z, t)dz + [ e(z,t)[o(x) — @(0)]dz — ©(0) = (4, ).
= e(z,t) — (t),t — 0Tin D(R™).

The fundamental solution e(z,t) gives the temperature distribution from
the momentary point source 6(x).5(t).

Since e(z,t) > 0,Vt > 0,and z € R",it follows that heat diffused with infinite
velocity.

Let the distribution function f € D’(R"™') becomes zero when

t <0.

Definition 2.6.1. The distribution function V = e« f ,where € is a funda-
mental solution of heat conduction equation ,is said to be the heat potential
with density f.

Proposition 2.6.1. If the heat potential V' exists in D(R""'),then it satisfies
the heat conduction equation

ov
i = a’AV + f(z,1) (2.40)
Verification:By the thm1.1.1.
0 o?

ex f = alosex f+ fla)

Since f is a distribution function with compact and becomes zero when
t < 0,then ,the heat potential is known to exists in D’(R™1).

We shall distinguish another class of densities f for which the heat potential
exists.
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Let M be a class of functions which become zero for ¢ < 0 and which are
bounded in each strip 0 <t < T.

Theorem 2.6.1. If f € M, then the heat potential V' with a density f exists
in M and is expressed by the formula

V(z,¢) // cop(— 2= i 2.1)
— T .
n2a 7Tt—T b 4a*(t — 1)

The potential V' satisfies the estimate

\V(z,t)| < tsup|f(z,t)],t > 07, 0<7<Ht, (2.42)
z € R™ and the initial condition : for any fixed x € R"
V(z,t) — 0 (2.43)
as t — 0"

Proof. Since the function € and f are locally integrable in R"*!, then

ex f = /t f(z,m)e(x — 2z, t — 7)dzdr
o JRn

exists and is a locally integrable function in R"*! provided that the function

) = [ [ |f(2,T)|e(@ — 2,t — T)d2dr

is locally integrable in R"*!.

We shall check that this condition is satisfied.

Since h = 0 when ¢t < 0, then it is sufficient to establish that the function
h satisfies eq. (2.42) for ¢ > 0. This follows from eq. ( 2.27) by Fubini’s
theorem,

h(z,t) <sup|f( 2,7' |f0tfR e(x — z,t — 7)dzdr,
0<7<t

=tsup|f(z,7),t >0, (2.44)
0<r<t¢
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In this way, the heat potential V' = e x f is represented by eq. (2.41).

Since |V| < h when t < 0, then this potential becomes zero for t < 0 and,
by virtue of eq.(2.44), satisfies eq. (2.42).

This means that V eM .

It follows from eq. (2.42) that V satisfies the initial condition in the sense of
eq.(2.43). O

2.6.2 Surface Heat Potential
Definition 2.6.2. The heat potential VO with a density

f = u0<l’>(5(t)

is known as the surface heat potential (of a simple layer with a density u,),

VO = e xu,(2).6(t) = ez, t) * up(w)

If u, is of compact support in R", then the surface heat potential V(©is
known to exist in D'(R™).

Theorem 2.6.2. If u,(x) is a function bounded in R"™ then the surface heat
potential V' ©) exists in M, belongs to the class C™®(t > 0), is represented
by Poisson’s integral

o(t) —|z — 2|?
VO (a,t) = —/ o d 2.45
(1) N (eapl— g )d= (245)
and satisfies the inequality
VO(x,t) < sup |uy(2)], 2 € Rt > 0 (2.46)

If, moreover, the function u,(x) is continuous in R™, then the potential V()
satisfies the initial condition : for each x € R"

VO (z,t) = uy(x),t — 0F (2.47)

Proof. Since the function

h(z,t) = / luo(2)|e(x — 2, t)dz
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becomes zero for ¢ < 0 and, for ¢t > 0, by eq.(2.35 ), satisfies eq. (2.46) :

h(z,t) < sup |uo(2)|e(z — 2,t)dz
= sup [uo(2)]

then this function is locally integrable in R™*.
Consequently, the surface heat potential
V() = g(z,t) * uy(x) is represented by eq. (2.45):

V(O)(:z:,t) = /uo(z)g(a: —z,t)dz (2.48)

becomes zero for t < 0, and, by virtue of the inequality
VO <h,

satisfies eq. (2.46).This means that V(@) € M.

Moreover, it follows from formula eq.(2.45)that V(@) € C*(t > 0).
Now, let u, be a continuous function bounded in R™.

we deduce initial condition eq.(2.47)for the potential V() :

VO (2,t) = (e(w — 2,1), uo(2))

= (02 — 2), uo(2))
= uy(z),t = 0F

]

N.B: Formula eq.(2.45) follows formally from formula eq.(2.41) if we set
f(z,7) = up(z).0(7)and 6(7)is integrated.
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Chapter 3

The Cauchy problem for the
Heat Conducting Equation

3.1 The Cauchy problem for the Ordinary
Differential equations with constant co-
efficients

Consider the Cauchy problem for an ordinary differential equations with con-

stant coefficients

Lu=uf +au" + ...+ aqu=f(t),t>0 (3.1)
u™(0) = up,n=0,1,2....k — 1 (3.2)

Where f € C(t > 0).

Suppose that u(t) is the solution of the Cauchy problem (3.1),(3.2).
We will continue the functions u(t) and f(¢)to zero when t < 0.
Using the Fourier transform,we denote,

Flu] =u and F[f] = f respectively and the initial conditions.
We obtain

n—1
B = ()} + Y wd I (), n =12, .k
=0

combining this with eq.(3.2),we conclude that
Lu = {Lu(t) }uod* ' + (aqup + u1)6* 2 + .. + (ap—1uo + ...a1up—2 + ugp_1)0(¢)
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()+Zn Ocnén

where

Co = Ak—1Up + ...A1UK—2 + Uk—1
Cp—2 = G1Ug + Uq
Cr—1 = Ug

Thus,in the distribution sense the function w satisfies in R the differential
equation.

t) + X_:cn 5" (t) (3.3)

Let us construct the solution eq.(3.1).
The function &(t) = 6(t)z(t) where Lz =0 and

2(0) = 2/(0) = ... = 2"2(0) = 0, 2"1(0) = 1 (3.4)

is the fundamental solution of the operator L.

Since ¢ and eq.(3.1) belongs to the convolution of distribution function.

By the thml.1.1. the solution eq.(3.1)exists and is unique in D’(R) and
expressed by the convolution of

U=ex(f(t)+Xngcn 0"(1)
—5*f+zn 0Cn 0"(t)

= 0(t) /O 2(t— 1) f(T)dT+9(t)icn 2 (t) (3.5)

n=0
Here, we have €"(t) = [0(t)z(t)]" = 0(t)z"(t),n = 0,1,2,....k — 1 by the
eq.(3.4).

Hence,u(t) = /o 2(t —7)f(m)dr + z_: cn 2" (1) (3.6)

is the solution of the Cauchy problem.
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In particular,

u' + a’u= f(t)

u|t:0 = U, U,|t=0 = U1
where f € C(t > 0).
Let u(t) be the solution of this problem and the function f(t) = 0,¢ > 0;
using the Fourier transform u and fvdenotes the Fourier transform of w(t)
and f(t) respectively.
Then, using formula eq.(3.5) and since

sin at

£(t) = 0(t)

a

is the fundamental solution of the operator
w4 a*u =94,

becomes zero when t < 0,then its convolution with right hand side of eq.(3.5)exists
in D'(R) and becomes zero for t < 0, by theorem1.1.1.

So,by thm2.1.1,the solution of eq.(3.5)exists and is unique in the class of
distribution functions belonging D'(R) which becomes zero when t < 0,and

this solution is expressed by the convolution,

sin at

u(t) = 2 i f(r)sina(t — 7)dT + ug cos(at) + uy (3.7)

is the solution of the given Cauchy problem.
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3.2 Formulation of the generalized Cauchy
Problem for the Heat Conducting Equa-
tion

The method for solving the Cauchy problem which was set out for the or-
dinary linear differential equation is also used in the solution of the Cauchy
problem for the heat conducting equation.

g_?: — Au+ f(x1) (3.8)

u\t:o = Up (39)

Consider f € C(t > 0) and uy € C(R"). Suppose there is a classical solution
u(z,t) of this problem.

This means that u € C*(t >)NC(t > 0) and eq.(3.8)and the initial condition
eq.(3.9) for t — 0 are satisfied this Cauchy problem.

Using the Fourier transform, and suppose

~ u,t >0
u =
0,t<0

> JLt>0
f_{O,t<O

and

F[24) = Fla®Au + f(x,1)]

D Flu] = a?2*F[u] + F[f(z,1)]
where, zis a parameter.

Let Flu] =4 and F[f(z,t)] = [ + uo(z).0(¢)

% = a®2%U + f + uo(2).8(t) (3.10)

Here the initial distribution wug(x) for the function u(x,t) serves as the ex-
ternal source of the type of a simple layer ug.d(¢) acting instantaneously and
the classical solution of the Cauchy problem (3.8)-(3.9) are contained among
the those solution of eq.(3.10)which becomes zero for ¢ < 0.

% = a’Au+ f(x,t) + up.(t) (3.11)
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Eq.(3.11)is the generalized Cauchy problem for the equation of heat con-
duction with the source f € D’(R™1) and the initial distribution function
Ug € D/(Rn+1>

3.3 Generalized Solution of the Cauchy Prob-
lem for the Heat Conducting Equation

Definition 3.3.1. The generalized Cauchy problem for the heat conducting
equation with source f € D'(R™) ,f =0, for t < 0,is the problem finding
the generalized solutionu(z,t)in R™ of the heat conducting equation

ou
ot

We can find generalized solution of the generalized Cauchy problem for the
heat conducting equation of eq.(3.12)using Fourier transform.

= a*Au+ f(z,t) +ug.d(t). (3.12)

7128 = Fla?du+ 7,1+ u0.(0)
g; = a?|2]2U + flx,t) + To

The solution is given by
t ~
(est) = cop(-a?lsP0Tn(z) + | eap(~a?|oP(e = ) e,
0

Applying the inverse Fourier transform and change of variables,

1
(27m)"

u(z,t) = /n exp(ix.z)(exp(—a2|Z|2t)))ﬂ0(z)+/0 exp(—a2|z|2(t—7'))f(z,T)dT)dz

Using the properties of Fourier transform and inverse Fourier transform,we
obtained,

B 1 (e \y— o w2
u(m,t)——@am)n / o(y)exp(— //n 2a\/7(t —7) 7Tt—7')) P 4a?(t — 7

is solution of the generalized Cauchy problem for heat equation.
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Theorem 3.3.1. Let f € Mand u, be a function bounded in R"™. Then the
solution of the corresponding generalized Cauchy problem exists and is unique
in the class M and appears in the form of a sum of the two heat potentials

u(x,t) = Vi, t) + VO (x,t) (3.13)

where the potentials Vand V(©Qare expressed by the equations (3.4) and (3.8).
The solution depends continuously on f and u, in the following sense :
If

|f = fl <€ luo —to| < €

then the corresponding solutions v and @ in any strip 0 < t < T'satisfy the
inequality

lu(z, t) —u(z, t)] < T.+ € (3.14)

Moreover, ifu € C'(R™), then the solution u(z,t) which has been constructed
satisfies the initial condition : for each z € R"

u(x, t) = uy(x), t — O (3.15)

Proof. By the conditions of the theorem, the convolution of € with the right-
hand side of eq. (3.16) exists in M and eq.(3.8),(3.9)and appears in the form
of a sum eq.(3.15) of the two heat potentials V' and V(©) and these potentials
are expressed by the formulas eq.(2.47) and eq.(2.49), respectively.

In this way, according to the thm1.1.1., formula eq.(2.23) gives a solution of
the generalized Cauchy problem for the heat conduction equation, and this
solution is unique in the class M.

The continuous dependence of the solution on the data of the problem fand
ugy follows from estimates eq.(3.5) and eq.(3.9). The initial condition follows
from eq.(3.6) and eq.(3.10). O

N.B: A necessary condition to find the solution of the generalized Cauchy
problem is that f must become zero for t < O.
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3.4 Classical Solution of the Cauchy Problem
for the Heat Conducting Equation

Consider eq.(3.8) and eq.(3.9) with f = 0.
Since u(zx,t) is a solution the equation then using the Fourier transform ,we
obtained . -
- - 22

u(z,t) = Rav/mi)" /Rn Up(2)e %t dz (3.16)
This solution belongs to the class C*°(t > 0) and therefore satisfies the
homogeneous heat conduction equation for ¢ > 0 in the classical sense.
If the function wu, is continuous and bounded in R"™, then, using formula
eq.(3.16), it is easy to see that u € C(t > 0). Moreover, by the theorem
just proved, this solution is unique, belongs to the class M, satisfies initial
condition , and depends continuously on u, . So in this case Poisson’s integral
eq.(3.16) gives the classical solution of the Cauchy problem for the heat
conducting equation, and the classical formulation of this problem is correct,
while the intersection C*(t > 0) N C(t > 0) N Mis the correctness class. The
correctness of the solution of the Cauchy problem for the heat conduction
equation may be established in a wider class, namely the class of functions
which satisfy in any strip 0 < ¢t < T the equation |u(z,t) < Cre@rlel®) To
say the solution of the Cauchy problem for the heat conduction equation is
correctness,if these problems must satisfy the following

1. The solution must exist within a certain class of functions M.
2. The solution must be unique within a certain class of functions M.

3. The solution must depend continuously on the data of the problem
(initial and boundary data, inhomogeneous term, coefficients of the
equation).
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Summary

In chapterl,we discussed about LPspaces and properties of LPspaces ,test
functions,properties of test functions ,distributions functions and properties
of distributions functions ,Fourier transform method,properties of Fourier
transform method and inverse Fourier transform method .

In chapter2,we discussed about fundamental solutions of ordinary differential
equations and fundamental solutions of wave operator,Laplace operator and
heat conducting operators using Fourier transform . And properties of fun-
damental solutions of heat conducting operators. i.e About heat potential
and surface heat potential of heat conducting operators.

And finally in chapter 3,we state and solve Cauchy problem for heat con-
ducting operators.

o4



Reference

1. V.S.VLADIMIROV.Equation of Mathematical physics,2"¢.ed., MARCEL
DEKKER,INC.,New York,1971(Translated from Russian).

2. V.S.VLADIMIROV .Generalized functions in Mathematical physics,revised
from Russian ed.,Mir.publishers.Moscow,1979(Translated from Russian).

3. A.V. Bitsadze,Equations of Mathematical physics,revised from Russian
ed.,Mir.publishers.Moscow,1980.

4. V.S.VLADIMIROV .Equation of Mathematical physics,, MIR(1984)(Translated
from Russian).

5. Gelfand,I.M and Shilov,G.E.Genralized function,2".ed.,Academic press,New
York,1964.

6. TynMyint-u ,Partial differential equations of Mathematical physics, ELESEVIR,New
york ,3"print(1978).

7. O.A.Ladyzhyenskaya, The boundary value problems of Mathematical
physics,spring (1985)(Translated from Russian).

95



