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Summary nl' the I'ruj l'l'! re lk) r ! In IIII'. p.lpcr I C:lln'lder the bl-obJectl\e ~hortC\ t P.11h 

( BSP) problem a, an C\ lcn\lon of \Ingle obJc(i1\e "hone .. 1 palh (SSP) problem The 

papcr 1\ locu .. lng on \oh m!! the bl-ohJeC:lL\c "hnne'l p.llh pmhlcm \\hlch 1'>3n c,ten'lon 

of the lo hortcSI path prohlem rc"ultm~ from ,nn .. ldcrlllg .. lmult,meou\l)' 1\\11 Cll\\ 

fu ncllon,(cn len ,l) for the :Ire ... And .11 '0 I r.:on'ldcr J 1'\\0 ph.1 1,(! method for computmg 

Ihe compl ete set o f e fhclent ~ol ullon " of the bl-obJcctJ\c nllllllnUm .. pannlllg tree 

problelll. In thl .. C:l~C the fir.! ph .... e compute .. the extreme effiCie nt 'iO IUllon~ by 

expandi ng the con\e'( hull of the fca"lblc ~p3ce. The .. econd ph:l~ repcmcdly applle, a l. ­

best nllllllllulll llp;lIl1l lllg lrec <llgonthm 10 find :111 non-e "( trcmc effic lent llOlullon ... 

Key \~ord .. : 13 1-obJcctl\e .. horte-.t path problem. Lnbellllg algOrithm. 

1\\0 ph.he melhud. Non -donllllalcd path 
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SECTI ON ONE 

INT IWD C n ON 

Shon e'" p:lth problem .. h:l\ c been , Iudled much III hlcmlurc ,1I\d among them the 

\ mg1c OhJ<Xl l\ C , hon e'" p.Llh (SSP) problem ., the n1O'1 Wid ely ... ludled. Ilo .... c\cr. 11 1<; 

often not wffiClcnl 10 rC"Ir\CI one ... cll 10 one obJcCU\C, D,ficrcni apphC;ltl0n\ often 

IIlche:.lc the nccc"".ty 0 \ lak Hlg IwO or more obJccl1\c" In \0 account. rc\ulun g III bl­

objeCll \'C or multi ple obJeCll ve .. hone.,1 path problem ... 

Comblllator;a! OpIIITI1I ... 't110n problem.. wllh muill pic obJccll vcs arc nalUrai 

extenSiOn .. , praCllcal :I .. well a" Ihcorc lLCJI. of "Ingle obJCt:II\ c problem"_ And USP 

problem belongs 10 the cia"!> of mu lti obJccllve combmatonal Oplllnl l.allon (MOCO) 

problems. I Will d. \c;u<;<, how Ihe bl-obJcc1I\ C .. honc~ t path proble m, sol ullon ~ t ra lcglc" 

can be gcncralllcd from Ihe mono- ohJecl1\ C .. hoOC\1 p.llh prohlem~ '01\ 109 IcchOlque ... 

In USP problem~ an em ele lll , olutlon I' Ihe one \ uch Ihal Ihc re I ~ no other 

,ol utlon .... hlCh I ~ better on bolh obJccu\ e\ I con .. lder In Ihl' paper lhe problem of fi ndin g 

all e ffiClenl "f)l ul lon" In olher .... onh . .... lIhoUI h.HlOg an) addli lOTlal mformatlon aboul 

the rc\um e Imponanee 01 lhe (hfll.:rcnI tlbJCCII\ C', my l :l " ~ I" 10 pre .. ent the dcc l ~ lon 
makers wllh all po~~ l blc \(J l ulLon ~ aml1ct thelll m:,~e Ihe I1I1al , election. O lher de finllLon" 

of Ihe 0pllmall ty of :I ,olullon lo r USP problem .. arc ba~cd on leltlcogmphlc 

mlllHllll.11ll0n. The lelt lcogrupllH: mllllllli /Oilion require, Ihe (\ee1\101l nw]..er to o rder the 

criteria by Ihe lr relall ve Importance. '1111 \ type 01 problem produce~ u ~ 1Il gle .. olullon ( Ill 

the ObJcctl\ e space): II optllm /e ~ the fir~ 1 entcn a and Ihen Ihe "econd. In Ih l ~ paper I u..c 

ielt lcographl c rnl lll llll L:llIon 10 .. eleel lhe penn:H1enl label from all temporary label .. and 

nOI 10 deCide effiCient ,olut lon, 

Section 2 of Ihe proJecl rcpon roll '" ,Ollle polill'> ,Iboul ~honcst palh problem und 

,Ollle of liS appheJ llon\ and al .. o conta ll1 ~ the b.I\IC generic algonlhm, (labeli ng 

Icch1l1qucs) Illalil ly focus mg on , mgle , hone,1 pat h problems. In sect ion 3 basIC concep!:> 

o f the BSP problems arc IIl lroducc..-d, gcnernhl1ng of the labeling algOrithms to OSP I" 

d l ~cusscd and the corrCCInC'" of the .llgomhm I" pro\ed And al .. o how the T .... o pha~ 
rne thod can be u..cd 10 \ol\e the BSP pmb\cm wlil d".<:u, .. ed 10 Ih ... 'cellon 



SECTION TWO 

PR ELIM INA RY CONCE PTS 

2. I SO~ I E 1 ~ Il 'O lnA~T IJEFI~n IONS 

Ilc linitiol1 2. 1.1 I.e l fi (N ,Jl) be ,I (il rcclcd gr.lph 

.tlfj ." (Jlled J net If ,md on I) .f 

fi il dlI'Ccted gntph .... IIho UI CLn,:U II 

2· !i 11th" ... , c \ .KII) one "(Iurec and one ,Ink 

b) Let !i be .J 1k!1 and ICI IP :Jl I R. be J gn-cn 

functi on. Then Ihe pim (Si, I/J) I ~ called [l network. 

Ddin ilioll 2.1.2 1\ p.lIh IS .. <;cqucnccol arc~ P = {(io ' .)' .. .. (i p_1 . ip)} In which the 

IllIlml node of each arc I ~ Ihe "iame a .. the lcnnmal node of the precedmg arc and each arc 

mlhe path I ~ dIrected "away" from 10 and ', oward,,".p 

Ocli n il ion 2. 1.3 1\ ClfCUll1\ a dosed path. 

Oclinit ion 2. 1..1 1\ chain I ~ "'lllllar , InKlU rc 10 a p.llh e'<ccpl Ih.ll no all arc ... Ife 

nccc"'MII) dlrecled 1O .... . l rd .. the IcrnHlMI nude 

Ocli nilioll 2.1.5 A connected gr.lph " a graph In \\ hlt h there C\I"" :\ chain bel" cen 

cvcry p:I1T 01 node .. In!j 

Odinilio n 2.1.6 A cycle '" a clo,ed ch.lln 

Ocli n ilinn 2. 1.7 A ITee " u connected graph With no cycle. 

Odinition1.1.H A "panning trl!C " ,ltTee th,lIltle lude, e\eT} node .. o f 01 graph I.e. It " 

'p;ulOmg. connected ' lib graph \\ IIh nu C} cle 

1.2. WII ATIS TilE SlIon:TEST I'ATIII'I{O IH . E~J'! 

The sho ne'>t path proble m I' a cla"" c.11 a nd unportant combmalOT",1 pToblem (hal •• m e' 

In ou r da y 10 da) >lcII'1II1e, . We :.re g iven il d irected graph (N . A) " 'Ih node .. numbered 

I .... . N . Each arc (i. J ) E A h,1\ a e(hl or length C .,,\oct;lIcd \\ lIh II rhe length of 

fO,""":lrd path (i 10 i '. i ~) I ~ Ihe lenglh 01 11 <; .lfC' , , 
L CI~'~ . , 
" , 

1 



Ill,,> p.llh 1\ .. ,ud 10 be ,hone\, II II h.l\ minimum IC0i!th mer dll for .... Jrd path .. IAI\h 

the ",ll1'1e angm ,md dc,Un.l1lOn node.. l he length 01 it ,hune" p.llh " Jl\o c,lIlcti the 

, hune,' d.\I.lOcc The ,hone" pJlh problem dcah \\ollh finding .. hone\! dl'lance bct .... ccn 

.. clel lctl P,II'" of node, 

2.3. WII AT ,\ " !'Ll C "II 01\S DO 'I'l l .. ; SlI o wn:s r I'/-\ I'l l 1 ·I(O IlI. E~ I S 11 /\ \ f: ? 

fhe r.mgc of .lppllcJllon .. of the ,hone\\ path problem ., \cr) broad l.el u .. d,'-Cu,\ :1 lev. 

rcprcloCnlall \C application .. 

I. HUlll in g in Da ta i\'cIIHlri. 

D:'le nct .... ork COmmUIl1l';I\lOIi In\'{lhe\ Ihe u,c of ;L ncl .... or~ 01 (ompulcr .. (mxlc\) .md 

commUnicallon hnk .. lar(: .. ) Ih.ll lrall .. tcr p,u.:kCI' (gmup' 01 11th) from their ongm to their 

dC~l lIwllon' The lno,' common method lor <;clccllng Ihe p .. lIh of lralcl (or roule) of 

pacl el\ . \ ba .. cd o n a \honc~ 1 p.llh formulatIon In panlCular. each commumC3110n Imk 1<:; 

as~ igncd a po~lIl\e ~alar which 1'\ \ lewf.."d as lIS length A ~honesl path routmg algonthm 

rou le~ each packel along a Illllllmum length (or 'iho ne\t) palh between the ongm and 

dC"u llat lon nodc'i o f the pac ket. 

There arc .. everal po~"lblh tle .. for .. elcctlng Ihe hnl length ... The "lInple~1 1<:; for e:lch 

hnl to tM\ e un li length. III \\ hleh C;I ~C the ~honcq path 1<:; '1mply.1 p.lth wllh nlllllmum 

number u f t ill)..:" f\\ore gener •• II) the length of •• hn).. m •• ) depend on II'> tran'ml ..... on 

cap;lcll y and 1(-. proJcc tl!d traffic 10.1d Ilu: Ide.l here " thai .1 ,hune" p:uh ,hould cont:lln 

rel.lII \el) fc .... and uncongc, tl!d Imh. Jnt! therefore be dc'lf' lole tllr rout mg. 

2. IH ' NA I\ II C I'I{()C I{A I\I I\II NC 

lI ere wc have a dl<:;cre tl! WI1C d)lI.III1 I1': "y'lcm Irt \ol\lrtg N \Iagc' Thc , tute of the 

sy\le m :11 the .. tart of the A , t.lge 1\ denoted by" .lOd take .. value .. 10 .1 gl\en finltc ,ct. 

whIch ilia) depend o n the mde\ A r he mlll:11 qate of 1\ ttl' en DUring the A. "1.1ge. the 

'i talc of Ihe .. ystcm change .. from "I to '. nccordmg to the equatIOn oilltc form 

I"~ f.{.I,.II.) .......................... 2.1 

Where Uk " a eon\rol lll.ll Ulle .. ,,,Iue<; from a g l\c n IIIl1le \CI. \\ hlch m.1Y depend on 

the Hide'! J.. Thl .. tra n'l IIOn u1\ ohe, ,, eo .. \ g.(Xk. Uk) l'he fi ll .lI lran'ltlon frorn \~ 10 

J 
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'." . lI1 >,;oh c\ lin Addltlonlll Icrnllnlll (O~ I G(f,,) Ilere, the funt.: IIQn\ fit . gk alkl G 3rt 

Gn eo a control 'cqucm:c CUo, 

ex" ,x,,) 1\ deleom ned from the gl \cn IOl!Ial .. \.ltc x, .md the '),ICrn C{IUll l io ll <1. 11 

The ObJtx: tHC III d)n.lnm: pro}!rammmg ., 10 find .J cumrul \Cqucn~c Jnd corre .. pondmg 

, tatc \Cqucncc '\u(; h that the \ot.ll CO\I. 

NI 

C(x, )+L II , (X" II , ) .. __ .... 
, " 

We need to con\cn the d}nJIllI( programmmg pmblcm 1n.1 ,hune .. ' p.l lh pmhkm 

and comrol <'cqucncc<, corrc'ptltld .. In path, onglO,llmg ,II the 10111.11 \I.IIC \ and 

tCrlmn;lImg ;11 one of the node' cOrTC'pondlll l,! III the I1 n.ll \ t.lgc N Inc opti mal (:ontrol 

'cqucnee corrc .. pond ~ to a "horlc,' p,lI h from node x" to node I 

3. Projul mana gement 

Con<; ldcr the pla lllling of II proJect m\ olvlIlg sc\ cmi 3CIl V1I 1C". some o f ", hleh muq be 

completed before othe .... can begin The duration of each aCII \ lty ." kno"n In adv ance. 

We want to fi nd the tunc required to complete the project .1" " cll ,., the cn tlcal actutlle\ 

tllO~C that e \ en If .. ll ghll) deb )ed ", II re,ult In a curre'pomhng del .. ) of complellon of 

Ihc o \ e rall project. In Ih l' prohle nl node, reprc , enl cmnplellOn of ,ome phll \c of Ihc 

prOject and an arc (i j) reprc,..:nh ,ill ,letnll Y Ihal , t.lfl' onc, ph.I\c i .... complelcd ,1Ild h,., 

).. no\\1\ dunil ion I I ,} > 0, A pha,c (node) j 1\ completed " hcn all acll \ ltIC'i o r arc~ Ii jl th.lI 

arc IIlCOllllng to J arc completed T"o ,pectal node .. I .1Ilt! N rcprc'>Cnt the ~ tan and cnd 

o f the proJect. rc,pcclI \cly_ Node I h,I'- no In ('omlllg .lrC'. "hl le node N ha .. no ou tgoing 

arc ... ]·unhermorc. there 1<; at lca ~ t on path from node I to e\cry o ther nodc_ An Imponant 

Ch.lI11(' ten .. tlc of an :I(' t.\ It y net " or ).. I' Ih.1I .1 ., .lC}cllc . 

I;or any path p ~ IC I . It ) . <.h . J' )" .• (jll;' I) I lrom node I to node i. lei Dp be the 

durallon of the p..1 th defined ", the ~um of Jurallon-. of Ih act u II le,; thai 1\. 

4 
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10 complcte ph.l'tC 11\ 

1', = lila, Dp 

Palh\ ') 

From I 10 I 

Ihen lhe lime T, n:quln.:d 

rhc ma:\lInum ,Ibmc I ~ ,1I1,IIOCd h) ~omc p.llh hcr.:,tU\C Ihere c.:an be 001) a 

IImlc number of p,lth~ lrum I 10 I ... mcc Ihe nel""orl I' 3C)r.:hc rhu .. 10 find T, . .... c 

.. hould find the longe .. t p.uh from I 10 i. Bee:lu\c the gr,lph 1\ acyclic. Ihl\ problem 

Ola} ,II\() be \ Ie\\. cd a .. iI .. horte"t path problem Wllh the length of each are (i .J) bemg 

t 'l In parucu!;tr. findmg the dur-atlon of Ihc proJCct ... cquI \Jlent \0 findmg the 

.. ho ne .. t palh fro m I 10 N 

HI-obJectl\ c .. hune .. t p.lth problem ... ohc ... the more rC;lh ,u( problem .. Ihan the 

mono-obJectl\c .. hone .. , ]>.llh prohlem ,md h,I\C .. lIllIlar .Ipplleauon, \0 mOllo­

obJcc lI\ c , honc"l p<I,h problem 

2A. 1\ ~cncric s lwrl c.'i l palh 1\I ~uri lhrn . 

'Illc ~honc <;' p:lIh proble m can be po .. cd III (hflerellt \\.ay ... I'-or c:<amplc. findmg "honc .. ' 

palh 'rom a <; lO glc orlgm to :I ~ mgle de~ t ll1 :I IIOI1 ur filld lll8 (t ,horte't p.llh from each o f 

~c\eml on gHl " to e:lch of .. c\eral desllnauon, ll ere I focus o n problem!> wllh II "mgle 

ongm and Illan) dc"'malloll' I ~rc coneretcnc\ ... Ict u<; talc Orlgm node to be node I, the 

arc length' elJ arc g l\ cn ,calar, 

I lere leI U ~ de\clop .1 broad chi" of , hone .. , path algomhm5> for the , mglc 

orlgm lall dc,'malloll" prohlem The" algorllhlll~ maml:lln nnd .idJ u'it a \ ector 

(d ,.d 2• ,d.v), \\.here e.teh d
J

• e.lllcd the labcl 0 1 node J. "cllher ,I ~(,lI,l r (lr T Let u, 

mo tl\'ll lC Ihc II" of labch h) "mple np,"n.,lt l) eondltu>n. gpO'cn 111 Ihe follll\\. tn(!. 

proPIl'I \I()n 

1'I'OI)usiliuli 2· 1 Lei d " <i lt be ",11M, ,,'II ' I)IIlj! 

d l S d , f C'/ ' V( i . j ) € Jl ......... _ ...... 2.2 

And let p be .1 palh ' I.I rtmg :11 a node il . ... nd endmg at node'l It 

11, = tI , + C' I' (or all :I r l'.l. ( i , j ) of I) ..••.. _. 1.3 

Thcn p " a shonc~1 p:llh from i l \0 fir 

s 



rhc conc.ht lOn, (:! 2) Ii 12 '\>.arc , .. lIl'lI the wmp1crn..:nlM) ,Iad.nc" (CS, curl(hllon .. lor 

the , hone" PJth prnhlcm\ 

Lei u\ now dc,tntx: ,I proto I)PC , hon e" p.lth mclh,)(! Ih.1I cont.un , \C\era] 

rrltcrc ., \rng nlgorlthn" a, ' I'C<': ldl CJSC~ In Ih" method, we , Ulrt "1Ih ,ome \ ector ol lahcl .. 

(d, '. <I N). we ~uccc~ ' I, cly \Clcct arc .. (t . j) tlMI violate Ihe CS condition (2 2). 

And v. c \CI 

TI1I\ t, conll nucd untl1 thc CS cOndl \ IOn ell < d, + '4 I " \dtr, ricd lor •• 1I Ilre, (iJ) 

A kC) .dc;11' th.11. 1I1111e w ur..c ollhe il l~()nlhm. d . C;ln he Inlcrprclcd for .. 11 i ii ' 

Ihe length of .. ome }Xllh P, frum I \0 i. In the C.I'C u l the ungm nude I. \IoC wd llnlcrprci 

the label d . a .. ellher the length uf .1 c) clc th.1I , lam and cn<h .11 I. or lIlllle C3<>e d l O. 
the length of the tn\ lal " path" from I to rl ,>el f rhcrcforc. If dJ > d, + e

'J 
for ~omc 

nrc (i ,j) Ihe p<lth obtmned by e xtendmg pJlh PI by arc (i ,j) which tUl ~ length d l + e" 
. ~ a beller pa th Ihan Ihe c urrent path Pj . which h :i ~ le nglh d). Thus. Ihe algonthm find~ 

~ucce~ ~ . \ c l } better palh~ from the ongm 10 vanou .. dC\ lmaUon\ 

In\lead o f \clccung arc\ III .Irbur.lr} order 10 check \ 101al IOn 01 (,S conditio n. II 1\ 

U\II:ltI) 1II0 q COIH etHCnI and e fll c lell! 10 \clell nod e ... nne a l ;1 Inne ,k:cord mg 10 \omc 

ordcr. and , unu lt:Hlc()u\l y c heck VIOl ation tit Ihe CS conditio n fm :111 of IhClr outg(JIng 

The corrc'pondlllg al gonthm . re ferred 10 J , gcneric. nl:tlnt:lIm a lI , t o f nodc, V. called 

cand idate I I ~ I . and a \ CCIor o f label,(d • . d 2 •. d /ol}. whe re each o f d / l"o a real number or r 

In itially, 

V= llJ 

d .=O. d j = :T . Vi :l: 

The algonthm proceed\ In Iler.ttlOn\ and termmalC\ "'he n \' I' e mpty. Thc t) plcJ.1 

Iterallon I' : I ~ folio"" 

Il c raliun of I he (:l' lI er ic lI i1 u rl c..; t pa l Ii A Ij.!u rilhm 

Re n)(}\ c a node i from Ihe candldale 1,,1 \' 1'(If each oulgolllg MC (I .jlE A • 

II d, > d l -t e'l . -.('t 

!II =- ti l -+ e'l 

And .Idll J 10 V II II dne , nt)\ :Ilrcauy beltlng\ 10 \ 

6 



3 2 

1 • • 
DlIgID 

\ 

:~ 
3 

I1 cn l!iun # C:llldidaic Ii ;;! " I Nude hlbl'h I " ode oul or \' 

I J I (0, r . ' , J) J 

2 12.31 (0,], 1, .r) 2 

3 iJAI 3 

(0.3.1.5 ) 

4 12. t I 

((I.J.I. ·l ) 

5 12 1 2 

W.2. IAl 

0 

(0.2. 1.4) 

Fi j.!url' 2- 1 illus lral cs Ihe gl'lIc ril' ~hu rl C!. 1 palh algor ithm 

The nu mber .. ne l;l 10 Ihe .Irc .. ar~ Ihe Me le nglh, If " e rClllQ\·e 3 m the 2"" 

Iter:tllon each node " auld enler V ani ) on(;c nlU ~ the order III which node .. arc rc mo\cd 

from V I ~ ' lgnlficant 

II can be , ecn th:l\' III the COUf'iiC 01 the .Ilgorlthm. the 1:lbcl\ arc monotollIcall ) 

non II1c re:t' lIlg. h lnhcrmorc. " e ha\ c d , < I CO) I ha~ cntered V m le."t oncc . 

7 



I, 

2.5 1 ~ II'L Ei\ It:l\TATIONS OFTIII~ CENE HI C J\ I.COR I I II!'. 1 

There IITC Ill.lll ) IInplc rncllldllOIl ' of the i!cncnc algon thm .. They dlfler In ho,"" they o,clcxl 

the node \0 be rcmO\cd frum the l:Jnd.dalc II" \ .• lntl the)' Jrc bro.ldly dl\ldcd mto '''''0 

,I) talK'1 :.Cllill l! method, In the,c method .. _ the mKko I rcnlt)\cd lrum \ ., J node 

.... llh mllil mlim labc! l ndcr Ihe a .. ,umpllun Ih.11 all .In; length .. aTC non ocgall\'c, 

Ihc\c mClhod~ h.l\ c rc rnar\...lblc property. 

E..1ch node .... III eiller V <II rno .. , once. 

Its label has Its pcnn.mCIll or final \'a luc at the fi r<illllnC II I~ removed from V 

The most ume con<;ummg pan of thc<'c mcthod~ I ~ calculalLng the rnlOmlUm 

label node In V al each IlcmllOll 

Label "CIting (Dljk\ Ir.a) mClho(h" .1 'pechtl C.he of Ihe generic •• lgon lhm ",here 

the node i rcrnmcd fro m the camlld.llc II " V at CilCh Iler.l llOn h .• , mlTllmUm label. thai I' 

d , min el ; 

j E V 

\ = 111 

The melhod proceed" In IlcrallOn Ilnd Icrmln a le~ "" hen V "empty. rhc I),plcal ncrallon " 

•• " fo l\o"" .. 

ll cralio n of Ihe lahd ~c llin l:: l\ lclhod 

Re 1ll0 \ c frum Ihc cand.urlle 11'.( V a nodc . .. uch Ihm 

d,= min dj 

j EV 

I'or cach oul gOing ,m.: {i, il E A, .f tI , > d j + Ci, · 
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Sci ell : = /l j + e li 

And .Idd J 10 V If II doc .. nOI illrc.ldy tx: long 10 V 

2 
2 

1 
I 

I 
3 

3 

hernllon It Candidate LI"t V I Node l ilbc l ~ Node oul o f V 

I III (0.11,:,1-.if. 1:.) I 

- - J _ .. 
2 123 I (0,2.1. .I ,f I ) 

3 12AI (0 ,2.1, 1, .1") 
, 

4 14 .51 (O.2.1.3.:!: ) 5 

5 14 1 (0 .2. 1..1,2 ) 4 

0 (0 .2. 1.3,2 ) 

_L 

Fij.!UTC 2· 2 n amplc Illu " tr:t lLn~ the labd ,e lllng methCKI At c;ll h lh::r.lt lOn. the node " Ith 

the nHO ll1lUm label ... rcn)(Hed fmlll \ b llh node c nler-. \ 001) once 

b) Llllx l co r rcelin J.,! I11clhvd !o 10 Ihe\c mcth(xh the chOice of the node i rcmo\'oo 

from V h le~~ <;ophl , tlc!lted than In label \culng me thod .. , and reqUire, Ic,\ 

caleul:lIIon. IIm .. e \'er. (l node may ente r V multiple It rnc ~_ An Impon .mt 

ad vantage 01 label eorrectlll g melhud~ 1\ thai Ihey arc more ge neral, , .nee they do 

not requ ire non neg:l ll\ Ily olthc il re le nglh, 

• 



rhc llellmJJl ford method 1\ the \Implc~, I .. bel correcung method ,h .. , 

u<;C\ 3 firit - In fiN ·OUI rule In updillC the queue th.1I 1\ u'tCd to \Iore the (Jrklldoltc 

1 ... 1 \ In p • .tnICul .. r . .. nixie 1\ .. 1~iI)~ ren'lO\cd Imm lhe top 01 the queue ... rid J 

nodc. up on cntr3IKC III the c .. ndld.ltc II\\. 1\ plJl.:oo al thc baclom of the queue 

rhu!>. II can be .. cen thai the method operate .. In qdc\ of IIC(3110m the fiN c)de 

COIN\!<. of JU"t Iterallng on O(xk I In c.lch .,ub\Cquent qcle. the node, that 

entered the c,lIId.d:lte II \! durmg the prccedlllg C)de . .are remO\ed from the lI .. t In 

the order Ihatthcy \Iocre entered 

1I111_~ l ra l inl1 (Ulhlder the nel\lourk til lig 2· J where \Ioe ....... h 10 find lhe 

~hone\t path lrom node I to ililthe node .. 

ite rati on # Can(lIdatc I '1_ Node 01.11 of V 

I 

2 

3 

" 

II 

12. 

i.1. 
-

II. 

') 

I) 

0 

. ) 

.. -
10.2. I. , ) 

I 

XI m.2.·2. 

(O.2.·2.·N ) 
~ 

I 

I , 
-1, 
,-

I 

I 
Fig 2.3 exampl e illus trating the \;Ihl'l ('o rrcclin).! mcltwd 
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I1lc labeling algonlhm for "Ingle obj<.!LII\c ~h(1f1C~1 p.llh problem\ 1\ ba..cd on ,enen!'; 

labeling algonthm\ 

}\I go ritlllll 2-1: l!i ll ~lc objccth c 13hclil1~ \ Ii!0rithm 

Stcp2 .f X:;t: 0 

l":'lbel 'orne node i E X by d, 

And 

T:I\..e lhe ncv. <.e t 01 un 'canncd nudc~, X X\I I) 

mill 
J < , 

d = d 
J J 

The be"l p:lth from S \0 node J . ... cqu;ll to the be .. t path rrom S to nod i mcrged 10 

the path rrom i \0 J. 

L C. p; p;. h ,, ) 

And thc ncw I,c t o f un ,canncd nodl"'" X X u IJ ) 

(1.l". add node J a .. tI me mber ). And lakc i-j 

Step 3: If r = r. Icrmlll:l l node, .. lOp 

Otherv. ."c g.t ) 10 .. tep"2 

In fcv. \\ ord .. , thc ,11j!orlthm "1.: .ln .. thc \cn1l.:l"" uJ J .. ub .. ct \ C 1'1 10 order 10 

Upd' ltc thc hillel.. ",, 'gned \() the ir "UCLC"'>()I' j,ur I ( \ , "'llh 1.1ocl di the proccdun: 

compute .. 

rI , + c" < ti" 1111.'1\ tI ,i .. up dal i'd and Ihl' \I.' rlc", j juins thl' 1>ct \ . 

11 



rhe label d , corrc ... pond, HI the ,,,Iue 01 tOC ... hone ... t p.uh lound. up to the prc'-l:nt.lmm 

the \Duree' to the \cne", t IIcnf.:c. one ,triltei!) lor ..clcf.:ung In.;: ,ene'( of \ 10 he 

'canned I' 10 pld. the one \\ Ith the Ie" , alue lor the label f hl' I' named In Ihe Il ler;lIurc 

a~ label ~c tt lng technique ~ 1I1CC If the optimali ty prux lplc hold, then exh ,ene'( " 

~canncd at most onc IlIfIC. 

Altcrnatl vcly. onc may ~c1cc t Ihc \cn c."( to \C:\n J u~t fo llo ..... lng. for In stance a FIFO 

policy (ti rst In ti r ~ t out ). 

In th i" C;l ~ e. thc samc vertcx ma y be ,clectcd more than oncc and. there fore. the 

proccdure ~IOP '" onl y whcn the tree COIl ' I1IUICd by the ... h()n ~ p.llh from S to tEN" 

obt ~lI ncd . U~ i ng tlH ~ IcchrHquc, \.. no",n In the htCT >l t IlTC:l, Ihe I.lbel COrrcCllOg algOrith m. 

onc need" 10 computc the "hortcq trec rooted al , 

.--------~.~-------'. , 
2 

2 

. " 

• .1 3 }----.l _ _ -f 
• 

• 2 

2 
6 

• 

f'i~ 2.-1 E.\:11l111!c lu ill u:-tralc thc ahuH' al~l)ritlllll 
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Solution 

L.'lbel the 'muree S. tempor.lTIl) J' W.O .md thl" I " IJhell' ..clcttcd IU he m.kk 

permanent.IO.p) 

2. L.'lbel nooe~ 2.3.4 lemp()rani) , I ~ (1.1). (·I. 1l .. TId (6.t) rc 'iipeCll\cI) 

3. Oftemporanl y labeled node, bc~ t path I~ l l'''' 1. hence label node 2 permanent.t!'o 

( 1.1') 

4. Label node 2'!i succe~~ors. nodes 3,6.1 temporanly as (2.1), (1. t) and (9.1) 

rcspc,·tlvely 

5. Of Ihese lemporary labeled nodes. the be~ t palh I" Cl l=2 label node 3 permanenl 

a!i (2.1'). which donlL nate~ the pre\ 10U\ !:Ibc l of node] 

6. L.'lbcl nooe 3'~ ~uc"e"llr\ , node, 4 and 5 lemporanl} a~ (-' .1) and ('i ,1) 

rcspcetl\ ely 

1. Of these temporary labeled n()de~ thl! be,1 path I" C. I =4 aod hence label node 4 

permanenl as (4.p) \\ hleh dommate thc pre\ l OU~ label of node 4 

8. Label node 4'~ ~ueee!i~or,. node~ 5 and 8tcmporanly 

9. Of these temporan ly labeled node, the bel,l palh I~ C I' =5 and heocc label node 5 

permanent :., ( 5'p) 

10. Label node 5 .~ ~ueee~~or~. node 6 .Hld 8 tl!mpurilnly '" (6.t) and (9.1) re,pcell\c\y 

II . Of Ihe~e tcmpora n l) labeled nodc,. Ihe bc"l p,llh l. " =6 hence label node 6 

permanent :h (6.1') 

12. Label node 6'~ ~uece'~ors. I1(xle, 1 and 8 temporanly a~ nU) and (l0.t) 

respectively) 

13, Of Ihese temporaril y Iflbcled node, Ihe be .. t path IS e1.l= 8 hence label node 1 

permanenl fl" (8,p) 

14, 1":lbc1 node T~ sueec"or. node 1:1 Icmporarlly as (9,1) and II becomcs permanent. 

(9.1') Beeau", node 8 hfl\ no sueec,,,or. no oe .... temporary label IS ercflled 

lienee Ihe :.honc!il path from , 10 all de~tmallon" ha~ Ihe follo'-' mg \ aluc 

10. 1.2. 4 .5.6.8.91 



SECTIO 3 

3. Bi-objccli vc shorlcsl palh problems 

3. 1. Defi l1ilio n~, lel'lI1i nCllu).:i{'~ :1 lid hasic r c. ... lIlt ~ 

lei ~= (N,Jl) be tl (hrl.'Clcd nCI~nrL. ..... th ,I \'1.'\ til ntx.lc' 

N = II.. .. nl .md 

Jl c N x N 1\ the ~CI of oncrlll'(i arc~ 

Where: 

A p:llh p. from the \crtc" i to j. 1\ an altcrnatl\ C \Cqucncc o r nodc~ and arc~ 

of thc form p = (VO,CI •• v •.... ,a,., Llr) 

V/ EN.'tI/EjO ..... rJ 
Ilo=i and Ilr =j 

a, =(11/-1 II/JEdl VIE{I. .... r} 

By com cnl1on (vo) I' cOINdered:l' .. null p.llh (r=0) Thc ~CI 01 ;.11 path" from \ to J .' 
denoted by Ptf and p~ rcprc'icnt .. the ~C t of all p.nh .. mlhe network. th,ll " . 

p~ = U I I I j 

i , j (; N 

Without loss o r generalit y lei u" con'ldcr thai N ha~ an Imllal node .. :md a (cnmnal node 

1 such Ihal PI,! :t- 0 , PS,I '1- (1), and PI.I -f: 0. for :111) i eN· I". II. ,lOd to ".mphf) 

the nOlation leI tI ... usc p. l1hlC:ld of P SI' 

Mu luple arcs (arc" betwee n the ""me p:lIr of nodcs) arc not allo\\cd A .. a con~cqucncc. 

p e:m be denoted onl )' by the ~Iuence of I" nooe,. (vo ,VI' "' , Vr ) 

14 



A bl-objcctl\ C funcuon f 1'\ defi ned o\er the -.c t o f J\I the path, on the oct~ufk . .... 

follo~ .. : 

[ , P, Il' 

p ~ [(p) = «( ,(p ). ( ,(p)) _ ..•. .•. . ..•..••••.••..••. .• _ ••• 3. 1 

The conc'ltenatlOn operatof 0 Jmn, 1\1,(1 p.L1h, I' (Vo .. " Vr,> .lnJ 

q=( II I) . .. , 11 ,. \ ,uctlll);lt vr" 140 then./, 0 q=- (11°'. ,. Vr, 
" 0 . . .• II r.) 

Now, III order 10 ~ol\'e the 13 51' problem. one lao!.' hlr lhe \ct of non dOlmnated ( ND) 

pat hs from s \0 t. mathemal1call y de,cnbcd ;I ~ follow, 

Definition 3.1 let P and q be twO p:lth ~ all the Ilet\\ o r!. wllh the S.1lTlC InIllal and termlll31 

node. We say p dominates q Of q IS dominated by P (p <I) q) If and onl y If 

[(p ) '" [ (q) "lid [(II) S.' ( <Il 

(i,(' . (f , ( p ) ~ ( 1(11». l = I ,2 ) 

Dt'fi nition).2 . Le i p be a palh In pq i. j eN, If there I' no p;llh q E PI.I ,uch Ih,11 

q <0 P thcn 11 ' ~ e •• lkd non ·domlllah.:d . effic lenl or P.m:tn opumal p.lth 

}\ th- objecti ve comblnaton:11 0PI1ll1Il .llIon (BO(,O ) problem can be de\cnbcd 

as: 

Min ((I(P ) , ( 2{P) .••• ___ • .• _._ •• _______ ._ .. ____ • ______ ._3.2 

pEX 
Wherc X IS a fC;l'db1c , el, p a fca" hlc ,olulion ;mel {, (p) an objcclI\ e function 

(/EII . 2 )). 

Definition ),) 1\\ 0 fca<; lblc ~olul1oll~ P ;\Ild p ' are called cqu"atenl If { (p ) = { « P' )· A 

complete SCI XI 1<; a <;e l of effiCIent , olutI OIl ' .. ut h Ihat !III p e X\ X ~_ are c llhcr 

dOllll nated o r equi\:lielll to al le:I,1 OIlC P e XI 

Anolher nOllon of oplilnahty thaI" u<,t"<i III thc conte)!; \ o f bl-objcctl \e oplllnllmtOn I" 

Icxl cograph lc mlll lml l mlOIl . Ilere, \\C choo<,C amo ng all optimal feaqblc \OI Ullon .. for lhe 

preferred companelll o f thc obJecll \ c \cctor one thm I" opumal for Ihe othcr component I 



-

Definition 3.4 Le t k E II . 2) and I e I I . 21 II Ie I. Incn {(p) <'ul.t I, { (p') Ir ellher 

(,,(,,) < (,,(p') o r both fIe (1') = { .t lp 'j AIIIt {, (p) < {,Ip') for p . p' E X 

we call p a lex (Ie , l)-pnor preference If { (p) ~'UlItI J ((p' ) 

3.2. Genenlli zinJ.: the labelin~ al~nrilh111 fo r US!' 

Now, lei us remmd Ihal for Ihe smgle obJectn c problem ea~e the 'ihonc~ 1 path problcm 

(S PP) can be e:hi ly solved when Ihe opl1n\ahI Y pnne lple ho ld~. mearung Ihal e\ cry 

shOl1esl path is formed by shone~ 1 ~ub pnth~ . A neces":lry and 'iurl"iclent cond it IOn for 

the S PP 10 ven fy the opwnahty pri ncipl e r ~ that the net~ ork has no cycle) ~ llh negat1\ e 

cost. 

To find path~ a ~traight fOT\lilrd 'Ipproach l' [{} gc ncrah/c ~lIIg lc ohJc,·tll c "hone~ 1 p:lt h 

al goril hms. Lei U~ fir~1 a"~U11lC Ihat no negalll !.' C)clc, e Xh l. Ie . for all C)cle, 111 fj . .lnd 

fo r 1= 1.2: p palh~ in Ihc cycl e. 

E(i .j)Cp el, 2. 0 ________ .. . _. __ _ . _______________ .. _. _____________ ... J.3 

And that thi s inequalilY is slri cl for allca~t one 1_ under th" as~ umpllon , an erl"iclent palh 

will be simple, i.e. never visLt any node more than once. bccau'>C 11lclud mg a c ycle 

increase the total COSI oflhe path for alle:Jst one ohjeClLlc. where as the olhe r obJeetL\ e l'i 

not improved. 

PrupositionJ.5 , Lct fj = (N ,<A) be a graph Ihal 'all ~ fi e~ the a~~u1llpIlOn above_ Le i p be 

an e ffici e nl p;lIh from s to I. then p contaLn~ onl y elficlent path~ from .. tu 11llennedwte 

nodes o n the p:llh . 

proo!" (hy contrad ict ion ) Le t PS. l be an effi CIent p:llh from ~ to L A'i~umc PS. L L ~:t ~ub 

palh from s to node tI, and Ihi ~ path IS no t ertielent . Tnen there '" ,I p.lIh 

P~. L <0 P~ ., 

; C.[(I{,) ~ r(p,..) And 

There fore P~ .L together WLIh P.,! the ~ub pain o f p lrom i 10 I. 1 ~ ,I p:llh from' 10 I ~ LIn 

{(P~" '> Pu ) = {(p; .• ) + { (P i.! ) < {( PH ) + ({PI,I ) = {(PS.I ) 

Contradicti ng efticiency of PSJ • 
ACIua ll y. Ihe proof of prOI)osilion 3.5 stI li vahd If the path P,.I L'i replnced by an y ~ub 
path PU.IJ belween node~ of InC efficIent path PS.I ' Thl ~ LS s13led a~ a corolla ry 

!6 
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Corolla ry 3.6 under Inc as~u mptlon of pf"Opo~ i t ion J .S let PH be,ln efficlC~nl path 

from <; to I. Then lmy sub path PU ,,", from U 1011, "'here u and v Me \CnlCC'> on PH I~ an 

e ffic Ient path from u to v. 

It IS also IInportant 10 note that although an efficient p:nh I~ 31"3)\ compo'iCd of 

e ffic ient ~ub p"lh ~ bcl\\ cc n VCrlICC~ along the p:llh 11 1\ In gcncml 001 true Iholl 

compo'i lllOn s of c fli clcnl path, Yield eilicleni p.lll" Jg,lIn l1Iu,lrall\ c cAample In lhe 

graph of Ilgurc 3. 1 path, Jl1F (1.3) and Pll - (3. I) .m: ef t lelcnl. hullhclf COmp(N IIOn 1\ 

nOl, bccau"c it I ~ dormnalcd by lhe path (I . 4) from node 1 to node " 

(0,10) (0,10) 

(1.15) 

r.J 
-" 

(1,9) 
) 

(1,9) 

Fi~ 3- 1 comhining l'Ilit'il' nt p .. th ~ 

Fo r BS P. Ihe opllrnahly Prulcll>1c corrc~pond~ 10 \3)1ng Ih31 c\'cry ND path ., 

fo rmed by NO sub paths. However. for op11l11:1111)' 10 be \cnficd In Ihl <; ca;;c, ani) Ihe 

following sufficient condition is knOll n for each enterlon. the nct work ha~ no cyclc ..... lIh 

negat ive cos\. 

When we generalizc the label ing algorllhm for !lSP problem. <;()mc key aspeci muq 

be Iflkcn in \0 accounl. 

Fi rstl y. let s us re mind that. noll' Ihe concept o f hcst path from, 10 I I ~ nOI 

appropriate ~ ince we may hal c more than nne "be\," , p:l lh\ from .. to an) .,.cnclI 

So. for each i E N . we define U 'CI d, cont.unmg all thc p:lI h\ from' 10 i lor 

which. up 10 the mome nt . there I' no Olher palh dOIllUlallng II We caU dt lhc ~e l 

of te mporarily non domUlaled path from .. 10 i which h:h 10 be up dated 

whenever a nell ,, -i. p.llh j{)lIb II . 
1\ second key :1 ~PCCl I ~ related 10 Ihe PO"lbllll ) 01 haVing. contr-.tnl y 10 lhe ,mgle 

objective case. Ilmrl' lIwn ulIl' lahcl a"ocllllcd 10 the ,un'IC lenc:( Therefore. 10 

labeling al gomluTl for BSP problem. Ihe 'CI of palh\ COfTC'pondUlg 10 temporary 

labeb 11'111 con~ I "t of un ,c:lnncd labch r~lIhcr Ih.1I1 nodc ... ii' II ,",ere lhe C;I\C III 

singlc objcCII,e ca"c. If I.,.e con ~lder ,tr.lI ght lo ...... ard gencmlll.<Il1on of lhe 

labeling al gOnlhm . IIC folio,", a 1:lbel <'clc(ll0n polu:y. Ih.III'. al each Ilemllon. a 

slIl glc un "canned label 1\ plckcd lrom Icmpornry label, .lnd lhe cOrTC'polldlng 

path from ~ 10 i E N I.'. e:( p.1mlcd by !lddlllg up Ihe aTC' (\.j) e II 

17 



Whe n .... e p roceed 10 gencr .. ll1.lllon o f Ihe al l,!o rithm 2,1 for II SF' ca . the s top 

t'o nditio n l!o another a,pet! Ih .. t require, p .. nKulJJ dllenllon In (lk;1 , mcc: the 

number o f ND p3lh ~ from .. 10 .Iny de, tm3tlon ; ENI' nO( knu .... n In Jd\ ancc:. the 

al gorllhm ~\ops a nI)' .... hcn the \Ct o f temporJ,ry label .. o f lhe ent ire node I" 

e mpl )'. This mea ns Ihat Ihe rc..olu llon of Ihe I1 SP Problem, from a 'iOUrcc: ~ 10 a 
destinat ion t. reqUlre~ Ihe compuWl lon 01 all ND p~uhs from .. to each \erte\; 
( eN 

'111e Algorithm :U belo" .. ho" ' a "~e l ch of the bl -obJcetl\e labe l \CHill i! 

algori thm. In BSP problem label , etll ng algonthm C<l 'C HI e.leh IleratlOn lor each \ene \ 

Ihere arc IwO d iffere nt sels of label .. ; permanenl :lIId lempmM) lilbch rhe .:algoruhm 

se lecls the mi nimum lexicographic label from .llIlhe \CI\ o f Icmporary labc"- Con\crt II 

10 a permanent label. And propagates the IIlfOrmalion cont:uned 10 t hl ~ label to all the 

lemporary labels of its succc .. wr .. . '111c procedu re "top" whcn there arc no more 

te mporar), labels. A label ' ill can be repre,ented as 

l ,II = l l 1 ,zZ,J.m l 

For i - node number 

k - repre~en t 1cxicogr.lph l(· prelcr..:nce r.lIl ~ ullh{' 1.llx:II,II .... rl the entlrc 

label ~ o n node i 

Where ( ZI ,Z 2) IS the performance Vector J I' the ,Idp ccnl \ crte -.; lrom "hlch It "3' 

possible 10 label the vertex i. And In I" the po~ lllOn of the label III the l1 "t of label .. on 

vertex j . 
ALGOIUT II M: 3.1 Lahel Sellin !! :il!!orithm fu r n SI' llruhlcllI . 

RC(IUire:fj = (N ,ell ), and c . the cost mat rix for All Arc, ( i .j ) E ell 
Ensure: All efficie nt paths from s to All verl i cc~ lE N \ (s) 

' i : is a 1:lbel of vertex i 
it ; : is the c nlire li st of temporAr)' l:locl, of \ ertex , 

'P i : is thc enti re list of permanent lnbeh o h cnc '( r 

Zp . ,' , the pilI nf' rformance o f a ..... ·rm.lIlcm labcl o f , ertc :>. q m po~ 1110n m 
' " ,111 ' • ,, - " -

< o :is the dominance relallo n (If l <I' z', lhen z clomUl al es z' ) 

S tcp I : Initialization 

It ; . Ip; -- 0. Vi e N 
If, _ (l o.O.M II. 

S le p 2: Mai n s tep 
Whil e (U jCN· 11 i =t: 0) 

Find the 1lI11l11l1umlc\II.:ogr.lph lc I,thelmil , v, E N 

lq .... Mill le -'; {U,l }{ h , } 
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. - ~ .. " -'" " .. 
" ' 

In ca~e Iq =-1., I.tle In the topult)' I~ .lltlrdcr ti l the nnde, (I c_ II q < y, liN 

talc Iq ) 

Then nlO\C the ~Ic(:ted Ilthel trom lhe -lclIlpmar), 11\110 the · pcrm.lIl~nt 
hq 

II , ~ IL , ,[I,) . Ip, -Ip, U [I,) 
Store Ihe po~1I1on of lahcl'q from h~tlpq 

m ..... Card (lPq ) 

For all j E NI(q ,j) E Ji do 

Computc 1/ .thc ('urren! I:thel of \enc \ J 

I, -IZq1m + ci(q,/), z:m + c l (q , m) ,q ,ml 

Venfy Ihm thcre I ~ no perfmmancc 0 1 \ene\ J labcl domm.llmg perfU,) 

I f 0 1 I; E {Il, u Ipj} ~uchlh:llperf ll/ )<opcrf (I,))lhcn 

End' ll 

End-lor 

End-while . 

Siore the label I} of \cnc\ J !l~ Icmpor.tr) 

Il j ~ III U [I,) 
Delelc all le lllpOrar) laoch of \-cnc\ J dOllllnatcd b) I, 

Ie, ..... le j \ {I/ E /I, } Such Ihat perfaj) <0 perfil; > 

Each permanenl label eorrc spond~ to a ull1que Cfll CICnt path ,To delerm11le IIny of 

Ihese palhs. choose one permancnt kibei on \ertex q und ex trucl Ihe \alue~ corresponding 

10 j and m for this I:lbcl. So j i ~ thc venex JU ~I before q m eflle lcnt p:llh . To detenmllC 

Ihe l:lbel on \'cnex j Ihal has produced Ihl' curre nt palh, Ihe \ (\lue of m I ~ nceded Thl~ 

value indieatcs the m Ol label on vcrlex J Ihal h.I' produced thc currenl palh B ) O1O\lIIg 

backwards. the IIrsl ve rtex of the path(~) WIll be reached 

3.3 Determining Ihe minimum L .. lwl in Ih{' sel of "aths m rrcspo ndinl! to lemlle)r .. r} 

labels 

Le t u~ recall Ihal the lalx'i ~ellln f. \(",",Ion (If the .-.Igornhm I ~ ba<;cd upon lhe 

eondllion Ihal Ihe label ",Icx'ted :II e:lch Ilerntlon .md "hlch become permanent "III 

become dcfilllli\'cly nOI1- dOnlll1atcd (N D). Nc\1. "!! "III ,ho" th.u th" can he 
guamntccd If one COlhl de,", an oJX'ratnr I{ de fined mer Ih..: "CI P.., .md holding I\toO 

propcrtlc~. 

\9 



So. glvcn an operator R c~ t abh~hlni! .I relation tlct .... ccn path ... hnlmg I~ ...arne p.1lr I)f 

node .... onc may define an .lu\lhary IUIlI.:llun h. P., • R .md the f(lUo"lnJ btoJf) 

relal lon .. : 

:5 II. C P.., X PI.! . ~ U!.: h thai p S. q (.....) ht s h~q 

< II. C P, I X PI .I .~ ul'h llml II <It II CO) h: < h ~q) 

Theorem ].7 slated bclov.. prmc .. lhe eorrcClnc~ .. of the 1.lbel ... elllO~ al~onlhm v.hcn < It 
and ::5 II. hold lhe following prupcrllc,' 

Propen y I : [domi nance] P <n q = ) P <It q . 'lip . q 

Propeny 2: ImonolOnlcl p :5 I) P • V, I) . Vp E PI.! 

\VI"" A(j) o=(II(j. I) E A} 

E P" 
. • 0 .1) EAU!. 

Tlworcm 3.7: LeI <R and :5 H be Ihc rdallom delined o\cr P'.I h. J E N) \\lIh .In 

operator R. holdi ng Ihe domillance .. nd munOlOIl1C prupertlC' If p E X (the ~I of palh .. 

corresponding 10 un ~canncd labcl~) I" path 'clL'Cted fur \CanOlng b) lhe lahel ~ettlllg .. uch 

thaI P :511. q. vq EX, (for X the ... CI of lire' corre~pondlllg 10 temporary labcl\). tocn p 1\ 

a (defi ni tive) ND path. 

Proof: (by contradiction) suppose Ihat l' E P,.j I~ 11 dominated path then there I ~ a path 

w < [) P On the other hand . ~ InCC p EX . the path W onl) can be gencr-ued after the 

selection of p. for ~cannlng . Thl'" me:l1h Ihal v. I " obl,llned b) an c>ttcn"lon of one of the 

paths in X Ihal 1<;. W = WI 0 W , . \\ Ith \\ 1 E X There fore . 

W I :5 II. W < 11 P rOlllradlctlng Ihe h)pOlhc'I' 111.11 P < It q . V q E X . 
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LCI us dlu~lrale Ihe eompul:tlion or al~o ri lhm 3. lusang Ih.: ~mJlI an,>LlIlcc or ssp 
problem gIven 10 Iigurl' 3.2 

Fig3.2 Example 10 ilIustratl' how In sol\ (' Uj .ohjc(·tht' Shorl c.'1 P:llh prohl ('111 
using the aooH algurithm 

Sulution 

I . The labe l [O,Q,A,Al ls a ~s lgned 10 s. II) the Irllllahl:1I 101l "tep of Ihe algonthm 

and hence the enti re ! i~ 1 oflc mporary label 01 \efl ex S I" e(IUal lo (fD,D,A,AJ] 

2. Duc 10 ( I ) U,(N I l i * 0 and al~o Icxlcognlphl (, I11ln. label I" Is Ilsclf 

J . I), no v.' bcwme pe rmanent and lahcll" ,un:e"of'>. yleldmg l:lbeh.[2. 1. I. l l 

on VC11Cx 2 .12.'i. l . l J on ,('ne , 3 :l II<I[3.7 .1.1[ on \erlc, ·1 

4. Of these l:lbels.12, I,I , I J on \cncx 21\ IC\lcogmphll",llIy the 'malle'>t and 

he nce selected to become pcrm:lI1 o.: nI 

5. Vertex 2's succeSSON arc III turn labeled: )Ietdlng tempornry I:tbel, .13,2,2, 11 

on vcrtex 3, 13.7,2. 11 on ,'ertex 6 . :lnd ]7.9,2. 11 on \ ertel[ 7 

6. O f the existing tcmporary label ~, 12,4 , I, 11011 \enc\ 1 1\ Iel[lcographleall) the 

smal lest and hence selecled to bet'OlTle permanent 

7, LJbet vertex 3's :. uccc""or~: YIelding tcmporar) lahcl",I4.7.3. 1[ on \enc\ 5. 

and [7.6.3,1] on \erte.\ 4 , 

H. Of the cx isti ng temporary lahd,.13.2.2.1[ o f \erlc.\ :\ I' Ic\reographlcJII) the 

~Ill:l Il CS I :lnd ~elcC lcd [0 becomc pcnnanelll 

9 . Vertex 3's succes~or~ :tre :lgam labeled : YIelding temporary l'lbcl~. 18.'1 .3 , 21 on 

vertex 4 and 15.5.3.21 on ,erte~ 5 
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10. Of Ihe eX lli llng Icmporary labcl ~.13,7, 1 , 11 on \cnc\ I and 13.7,2,11 on \cnC'\ 

6 'lre lex icographIcall y Ihc limalleli! and i:qual SlIleC fOf cquoIl label, lhe 

algomhm sele'~ IS In lopologleal order of Ihe nOOc" numbcr.(3,7,1.q on 'cnc, 
4 is sc lccled 10 be~:u rnc pcrmanelll. 

I I. Label vertex 4', li ueces,o~: Yielding labc l ~.16,9.4,I1 on 'cne'.; 5 and 

110, 13,1 ,11 on vcrtex 8.here [6,9.1, l i on 'enex 5 I~ donunaloo b) the 
previou<; labcls on vertex 5 and hence deleled 

12. O f Ihe ex r ~ llJ1g te ill porary label 13,7,2, t I of 'cncx 6 r, Ic,(H.'ugraphlCall), the 
~ malles l and ~clec led to become I>CTm:menl . 

13. Label ve rtex 6· ... ~ucce~ ... or,: ylctdrng Iabch.[1.9.6,11 on 'ene, 7 and 
18 ,11 ,6 ,11 Oil verlex K 

14, 13m h new label .. do rm nate Ihe pn:\lou, lilOcI\ IKl lhclT rc~pcllJ\e node, and 

hence Ihc prc"lOu\ labe l" lin 'cne.\ 7 and X ,Ire tickled 

15. Of the ex isti ng te lTIp0r:l ry lab('h.11,7.3. 11 on ".:nc\ 5 1\ 1c\lCogrnphl('all) Inc 
~ rnalles t and hence sclccted to becorne permanent 

16. Label venex 5's ~ueces<;ors: Yielding labclli.p,8.S,q on 'cnc'.; 6 and 
[6,1 1.5, 11 on "enex 8, 

17, Labe l p ,8 ,5,11 on vertex 6 is dominated by tnc prc\lOus label on 'cne'( 6 and 

hence dclclcd and the new label 16, II ,S, li on 'ene ' dOllunateli the pre\jou!> 

labe l on vertex 8, hence the prev10US ];Ibel on ,enex 8 deleled 

1M. Of the ex isti ng lemporary label s.14,9.6, l ion ,ene'( 7 IS leXicographically Ihe 

s mallest and hence ... elected 10 become permanent. 

19. l"'lbel \'en ex 1's succcs~or: yieldlllg lube I 15, 12,7, l ion ' cne>: 8 

2(), Of the cxisting temporary labcl',15,5,3.21 on \eneX 5 1 ~ lex lcographlcall) thc 

smal lest and hence sclccted to become permanent. 

21. Label vencx 5's sllccessors agai n ; yieldi ng 18,6.5,21 on 'cnC'( 6 and 17,9,5,2] 
on vertex 8 

22. Vencx 8 has no s ll cce~~or :lnd hence no tcmporary kibei I~ created there. 

There fo re of all e ." ~ l j n g temporary laocl, [7,6.3.11 uf \encx I I" 
lexicogr;Iphic<J ll y the smallc,t and hence ,eleCled to become permanent 

2J. l.abcl vertex ,I' , ~ucces'o~ : )Ie ldlllg lat>el .. 110,8.'1 ,2 1 on \ertc\ 5 and 

[14,12.1,2 ] on vcnex 8. in Ihl' ca~c both ne v. I .. be .... arc domm:ltcd b) the 

previous labels on thClr rc'peCII\C node, and hencc deleted 

24. Of Ihe ex isling temporary label, 18,1 ,3,2 1 on , cne >: ,I I ~ lellcographlcally 

smallest and selected \0 become permanent . 

25. L.abel vencx 4 's su"'cssof'i :lg:ulI: }Icldmg 13bcl~ 111,6,4.3] on ,cne>; 5 and 

11 5. 10.1,3 1 on vertex 8. in which ca,e both arc dommtl ted b} the prt\loo" 

labels of the ir respective nodc~ and hcncc deleted 

26. Of Ihc exisling temporary I;l bcl ~ 18,6,5,21 on ,eflex 6 I ~ Icxlcograptucall)' the 

smallest and ~ elcc ted to bctomc I>crrnanelll 
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27. L."lbe l the succe~sors of \ertex 6 !Igam . ) Ie ldmg 19.8.6.21 ("' \cne, 7 .Ilk! 
113, I 0.6 ,2 1 on \ erte;( 8.The one on \ ertell 8 " domm.lled h) the prtHOU\ 

label .. and hence deleted. 

2H. Take the only re:llnl ng te mpor.lr) label 0 11 \erte '( 7 19.8.6,21 to m.d.c 
permanent . 

29, The ~ lI cces .. or of vertex 7 I ~ \ ertC'( K Yielding 110,11.7.21 and thl I~ 

dominlllcd by Ihe prcviou .. labe l [6, 11.5, l ion \ ene '( 8 and hence deleted 

3(). Now no le mpomry label re m:nn" unfixed, hence to determine any of tnc 

e fficie nt palh ~ choose one permanent label on \ ertex q and by mo\tng 

b;lckwards, Ihe fir", \,cl1ex of the path W i ll be reached. 

Therefore Ihe NU pll ths lrom s ( ~ouf!.: e node) to I (lermmal node) atc 

PI: 1 ~ Z .... 6 .... 7 .... 8 :: 15.121. 

Pz : 3 5 - 8 16 , 11 1. 

The Algorithm3. l work <; nol oil ly for dlfel'II • .'d nel" orL bOl also for 

undirected graph. Lei us :.ce ,h. " uSing "m:l ll tn"' :lnec of ,he follo"tng BSP 

problem. 

rig 3.3 Example 10 illu ~ l rat e Algorilhm 3.1 for und.rected graph 

Le t us fi nd ND paths from no<le1l0 :.11 other node_ 

I . Usin g the init iali zation step take the entire IIsl o f temporary label on M)Uree node 

to be {[O ,0 ,A .An rmancnt 1'\ 
2. The lexicographicall y minimum label to be ,elected 10 become pc 

10 , O .A ,Alon ve ncxl 12 1 1 11011 \crtc, 2 
3. Labe l :l1l re .. chabl e node .. from \ ertex I .Y1Cldlll g labcl ~ •• , 

and [2 . 3 . 1 , l i on venex3 
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4 . Of Ihe\e lemporar) label\ .12 , 1 , I , l ion \cnc\ "1 Ic \ u.:c>t!r.Jphl(.1II) \m.alb, .. nd 
hence loelccted 10 becomc perm,ment 

5. Label all reachable node~ from \cnex 2 . )Icldlng temporary l .lbcl~, (3,2 .2. 1) 
on vcn ex 3 and (7.7.2, 11 on \ene:>. 4 

6. or Ihe ex isting temporary labcl ~ , (2 , 3 . I . 11 on \ enex 3 I ~ le xlcovaptU(:all) the 
smallest and hence selected to become permanent 

7. Label all reachabl e nodes from vertex 3: Yleldmg tcmporar) tabel\,13, 4 .3, I ) on 
venex 2 and 13 ,6 ,3,11 on vertex 4. 

8. The label on vertex 2 is domin;lled by the previou~ l:lbel on \ ertex:! and hcOl.:c 

deleted and the previous lahcl on \cnexl! I ~ dOllunatcd hy the nc \o\, t:lbel on \ ene \ 
4 and hence deleted. 

9. Of the ex isting labcl ~. 13 ,2,2, I I all \'crtcx 3 i ~ lexlcogmptlleall y ~ n\J.lIe~ t and 

hence selected to become permanent 

10. Again label all reachable nodes trom \'erte."( J:)'lcld lllg temporary 

labcls.[ 4 .3,3, 21 on vertex 2 :md [4 , 5 . 3 , 21 on \enc"( 4 

II. Of the exi sting temporary l;Jbcls . 13 . 6,3 , 11 on \ ertex 4 1\ 1c"(lcogmphlcall ) the 

smallest :md hcnce ,cler.:tcd to become permanent 

12. L:lbe lin g all rC:lchablc nooe, from \ertex ·t Ihe ncv. tabcl~ v. e get aredonu n.lted 

by the ex isting label s on th"'lr rc~pc(· tl\e nodc, and hen~'e deleted 

The refore Ihe ND p:llh, t Will node I In nther nude, In "'i~.Ll arc' 

P, ' 1 - 2 :; [2. l [ 

1'2 3 = 12,3 1 
IlJ 2 - 3 =13,21 

P" 3-4 = 13,61 
P, 2 - 3 - 4 :; [4, 5[ 

3.4 So lving US" prohlem by Two IJlUlse Method 

Le i us cons ider Ihe two phase method appro~leh 10 soh'c \horte,t palh problem In bl­

crite ri on case of the minimum sp:mmng trce (M ST) problem. The mUlLIllum ~panmng 

Iree probl em is a classic and combinal ional optimll.:ltlon problem v.hich h3' many direct 

and indi rect application s .The moq natuml direci a!>phc:lllon~ arc nctv. orl.. plJnnlll! 

problem ~ uch .. , mmimi l.:t lioll o f tnl:11 length of plpclmc or Ickphonc v. Ire or road 10 
, k I" oblem~ can be reduced 10 mlOlmum connect n-towns together. Some net\\ or (c' l~n pr 

~p:tnn ing tree problem and hence ~ohed III thai \\a)' 

The MST problem is Ihe follO\\Lng CIa~~ IC nel\\orl.. 0pullw:tuon problem ~I\ cn an 
. h G (V I') Ih 11 -mule co~t funclLon ( I ~ - R . undirected. connected grap = . _ WI ' eo 

"G I " h c, ' · (T)= " " , ( (') ' li nd a spanning tfee T 01 W IIC mltlllllll. l.. 
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The bl-obJcc tlve mlOlnlUm "'p:lllnlOg trec CB MSI ) pWblem 1\ In e\tcn Ion of the ,Ingle 
obJet· tl \ e MST problem. It eon' ldel"\ the more realhtK (,I.e uf rtlOfe Ihan IlIlC cn'l 
fu nctio n IIlnuenc lIlg \\ hethcr .m cdg(' I, IncludlOg III a 1n.'C l lere. v.llhuullo" uf 

generalit y. leI u~ com lder only Integer (mh. Gl\en.1II un dlrcl:Icd.l:Onncllcd r:r.lph 
G= ( V . I~) wl\h Iv. 0 co<;[ funcllon, 

{,: E - · Z, .i e {1 , 2} .;lplll rofnumbcl"> (fl(e),{-l(C» 1" lheIXllTof 

COSl assoc ialCd wilh an edge c e E . Le t u.'> denOle the ... el of all lopannlng tree ofG b) 

ST(G). E.tch Iree T e ST(G) has a pair of cost 

And Fz(T) = L,'cT f2 (e) IIS~oc i a lcd v.llh II 

A so lulio n T E ST(G) is e ffi cient if ( 1-'1 (n , I'i el") ) i ~ not domlOated by 

f l (T ' ), fi (T' » for an y T' E ST(G) . The obJecll\e ot the HI\'l.ST problcm I~ 10 find 
the <;el o f efficie nt Sol ull ons. 

A <;olulion can be viewed as a tree T or a, a co,t p.ur ( f lfT) .f"2 (T» 1I'«13tcO wnh II 

Thu ~ by saying Ih"l a pair o f number (x . y) I' an elliclent 1,0lui lOn \I.e mean Ihal Inert 

e x lsI T E 5T(G) wi th ( FI(T). f "l (T» = ( :\ ,y) and [here I ~ no T' e SnG) 

Such that ( FI (T') , fi eI"' » Domtnale~ (x .y) . 

Thc followi ng li gure show~ the SlruClU re of Ihe fea~lble splIce 

-------- - • 
1" • • • • • • 

• • • 

1-P3." • . ,.----. , 
r' 

," ,I ll 

Fig 3.4. The pol ygona' region ~ho\\ ~ fe.hlb]e ~pa(e \l. lIh fe:hlhlc wlullOn\ rcprc...cnteJ b~ 

S I 
" 

I" 11J P I ·m<l ]>5 Ire e '( lrtlTle e llinent I,olullon' Jnd 11,.he Ide.) pomls. 0 1I1l 01l ~ I . _. . . • , • 

pol ll L 
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The !>olulions (lhc CO'I P:II N) (::10 be vlc,,"cd Ornphlcally,' ho "J e ,\ .... OIO I II! A .... call 
the cOll ve;>. clo'>urc of the SCI of all CO\I j>.11" (f (1') f (1'» I E~I G ,- r _ .. 1 • 2 • ..., I J. I,,,, ca\lhk 
"pace I', I !lcrc :l rc t ..... o fi.\cd pOIlI!'. along thc bonler of the lca"lblc 'pac:c. cknoced tI) P 

and P! In Jig 3.4 \\ hl('h I" ohlaillcd by !IUmml/lnl.! each l"rllcnon Indl\ldu.llJ) Inc:- 1<k:.J1 

~"l\ I. 1" Ihc poln l v. here hOlh n llcn.1 aTC 1Tlllllllll /Cd If Ih" "erc ,\ "\llullon then the 

clficlcnl ~C I ~ Quid conla1." Ju .. t Ihl " 1)OInt :\\ II \\\lu l<l de)lnl l1.llc C\ CTY tither ""Iullon 
llowcyc r. tlus calOe IS un l l kc1 y 10 occur partie.: ularl) \\, Ilh IIIdcpclwJcm c.:0'01 IUIl\:\lon\ 

The solutions in the effi cient SCI can be di vided 111\01\"0 I)I>C". Some of the efllclcm 
solutions make :l convex hull marking a boarder around the rest of Ihe "olutlons. Ihc<;c arc 
termed the extreme efficient solutions or supported effiCient ,>ol utton~. (Set' fi g 3.5) 
below 

hiT ) • • • • • 
• • 

p4 .,7/ • p9 

p5 
P 1'2 

Fi~ 3.5 solutions 1' 1. 1>2, 113 , 11 .. , Ps an: C .~lrentC eftkielli "'lIUiIOIl\ P". p" p~ are non 
extreme efti cient solutions P-J LS dOLl1L1l;lied ~OILl IL OIl . 

The other types of "olutlon~ arc Ihe lion eXlrcme effi Cient "olullOn .. or non 

~upported efficient sol uti ons. The .. e arc found wLlhm the tnangle .. fomled b) t .... o 

adjacen t extreme efficien t solutions. A non extreme effiCient "olulLon can be 1Ilside one 

of Ihese tri angles or on its hypotenuse. but cannot belong to liS other t .... o slde~ The 
ex trellle (supported) efficient solutions are found durt ng the I" pha~ of the t .... o phase 

method whi le the non _ extreme (non supported) effiCient solutlOn~ arc found durtng 

the 200 phase. Any solution outside of Ihe~e trt:tngles Will be domtnatoo b) one of the 

ex treme ertl cienl solution. lIowever a '>olul lOn .... L1ll1n one of Ihe tnangle~ .... 111 not be 

dominated by the ex treme solution <;. ~o 11 1<; potenuall) an effiCient <;cl utLon 

In fig (3.6) belo\\ sol ution a i<; nOI dominated b) cutler of the c,lreme eftlelent 

<;ol utions P or q as it IS Wi thin the tnangle .but there lila) be :tnOlher \01U1100 b .... hlch 

dOn1m<lte<; a. 
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• 0, 

" • 

• 

", ~ " I, 

Fig3.6 . Diagram (a) shows a pOlclH ially cftic lcnl \olul lOn :I mlhe triangle defined b) I~ O 

consec ut ive ex treme Solu li on~ p .md q. Diagram (b) ~hows a poilU b which domlnatc'i a 

Thus 10 confirm thai a non~ ex treme sol ut IOn is cffielen! , .... c " oold first ha\-c 10 

know ils rel atio nshi p wilh the olher soJullom round In the same tnangle_ Dlsco\cnng 

that re lationship makes finding the non C .~ t rcIllC cffielem ~olullOn~ consldcrabl) harder 

than find ing Ihe ex treme onc~ . 

PH AS E I : Finding Ill(' ('XlrCIIIl' d'licicnl sululili llS 

T hi s can be done by soh ' ing ,c\cral 'lIIglc obJf:l"tl\ c problem, In Yo Clghlcd ,urn 

formulation. I. c. they afC those d TictCTl t ,ol ullon~ thaI can be obt:lIncd a .. optlma\ 

solutions \0 ( .. s lIlgle objCl:lnc) "clghted ~um problem. 

min .l. d l (e) + Ad2(e) ····· ·························3.4 

c E T ro r sornc AI , Az > 0 

To find ex tre me effi cie nt ~ol lit ion .'. we u,e the geolllelrlc method. 1111~ method 1\ 

based o n a procedure which compute, for :I gll'cn p;ur of c>. lreme enlnent ,(liullon, S' 
and S" another e:<trc m..: cffkicllI ~o l u t i{) n hetl\ een S' :1I1d S" {II there e \hl anyl 

T he init ial pari o f algorithm PI lASE I ti1l(h Ihe lWO -.olu lloJl-' SI and 5 , obtained by 

solving the s ingle objective minimum ~pann i ng tfCe for each entcnon ~eparnt cly. t.lkmg 

the othe r cri te ri on into 'ICCOunt o nly 10 break lie~ .The~e solution .. S I. S! mu,t be e'lreme 

e ffi cient so lution . If they arc the sOlme ~ol U(ion . then I h l ~ IS the unIque InlllImum and lhe 

proble m is so lved (Ihe effi cicnI set con .. i~ l ~ of JU<;( Ih is one CO~ I pair). OlheNISoC I I I~ 

called Ihe procedure Border search (5 1. 52) 

27 



hegi n 

begin 

Algorithm I' ) I!\ SE I 

for i = 1, 2 do 

end 

order edges lexicographically w.r.L Criterion i 

solve MST for this ordenng. ~olu lI () n : 5, = (x, yd 

if 51 = S2 

!hen relU rn {5d 

1.: = Border ~eardl (51 ,52 ) 

rc lUm eOIlCaiCllaiioll of {SI} . I . . {S2} 

11roccdure Border scurch (S ' .5" ) 

computc ncw edge COSb fl (e)(y ' - y ") + f z{e) (x" - x') 

order edges a<.:cordin g 10 new et)~ l" 

solve MST for this orderi ng ~ol utlO Il : 5 = (x ,y ) 

ifS = S' orS = S" 

then retum empt y li st 

else 

end 

J.' :=Border selm.:h(S' , 5) 

I." :=Border se:trch(5 , 5") 

ret urn conC~lICllation of I: . {S} , I." 
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The rccur~ l \'c Border 'carch ( S' .'i") comp _ .• . . UIC~ all'" retum, • h\( 01 he 
consccul1 VC eX lremc solutIOns on Ihe pan of the con\c h II r. ' , , _ ' , x u 0 I bcl .... ccn the C\lrtmc 
effiCient Sol ull on S - (x ,y). and Ihe ex treme efficient sol ullon S" ~ (x" y") 

" Th d r: r: • ,x < x. c procc ure II rsl IInd~ the extreme effieLcr" ' 01 , 5 ( ~ u l on~ = x y ) .... hl h 
IlllOlllll/.CS the following function. • .. 

CL_ 
y'- y' 

--- --_ .. --_ . . ------ ... --------. _._ .. ... -- --_ ..•. -._ . .... -- -.. .. _. -·3.5 

., I, 

, . 
• 

____ -::_-:: __________ F,n) 

" 
Fil! 3 .7 Graph ical represelll<ltio n of border search for phn~c I. 

This solution is the extreme eftki enl M1lution bet'>' cell 5' nnd 5" .... htch I ~ funhe~1 " .... 3) 

from the line joining 5 ' and 5" (~ee Fig -'.7), and Ill ~ the co<;l p:m orthe IlllntmUm 

spanning Iree with respt'clto the fo1!owlllg edge (0,": 

{ (c)={, (e) (y'- y") + { ,(e)(x" _ x' ) .. , .... _ .......... ·(3.6) 

If Ihe computed solution S is the S,1Il1C as one of the 'io1U lion~ S' or .'i" then there 

is no ex treme efficient sol ution between 5' and S" . OtherWise, ;,ol ullon S IS our neu 
exlreme efficient sol uti on ,l1ld Ihe computation conlinuc~ by culling rccu~l\cl)' border 

search (5' , S) and Border search (5 ,S"). The 11<; \ of lhe computoo ew emc 'iOlutlom 

consists of the extreme e fli eient ~olution ~ rClUrIlcd by the lirq recur;l\e call. [0110\\,00 

by S, and followed by the ex treme ertkient ,olullon, rc tumed b) the ",cood recur-I\e 

cal l. 

I'IIASE 2: t 'indiu)! 111l,' 111111 - l 'sln'III{' l 'ffidl'nt slllulioliS 

Each nOI1- e xtreme cffiClcnt "olutH)n, ltc, \\tlhm;t lfI.mg1c, an Imllal \IJb1c region, 

tormed by twO adjacent extreme efficient "ol ullon~ ;\" 5ho\\ n In Ii!; 3.5 (3) , A solullon 

point a found wi th in Ihi s regIOn IS not dominated by the e'(lreme pOIn", and (\\,hcthcr 

it se lf is effi cient o r not) dominates an y solution found III the rcctangle formed III 
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lig 3.6(a). lI avlng such a sol ution a. \I.e can redefine Ihe \'Iable region b) e\elui.lLnllrul 

rectangle. Ilowe\'er point a i ~ n Ol nece~sanl y dficlent a~ there rna) be potenuall) 3Otl(hn 

'>olullon point within the regIOn Ihm mIght dormn,uc II. (Sec fi~ J.6(h)) Algonthm pha,\t 
2 searches fo r non extreme e fli cient ... o lutions separately III each tnangle formed b) t .. o 
CO l1seCull ve extreme efficient solutIon'>. The search In one trmngle ~tans from Ih 
hypotenuse and proceeds tow,trds its right angle. fi nd 

ing ~Olu Il O I1 S in the increasing order of their dl ~ l ance<; 10 Ihe hypotenu", l:.ach tIme a nc .. 
<;ol ution is found In the viable regiom . the viable regIon 1<; modified. 

Algorit hm PHASE 2 

hegin 

for each consceutive pair of ex treme efticient sol ution .. p (x', y') . q(x" .y") do 

compute new costs { ( e)= {t (e ) (y' - y") +{2 (e)(x"- x') 

define Vi:lble region and lllaXlnlUm eoq hne 

{comment : run a k - /J est MST cll,qurith m } 

for k=l .. ..... 00 do 

determine the k'h best MST T 

if no more solut ion then break 

else 

let 5 = (x, y) be the cost pair ofT 

if S within the viabl e re giollthen 

add 5 to li st of non extreme efficient ~ol ution, 

update the vi able region and maximu m cost hne acconlLng to 5 

else if S on or past maxi mum cost line then break . 

end- for 

end- for 

end 

. ,. , " potenu~e each tllne :I ~olu tlon Since the search proC{.'cd ~ sy""ematu:ally rom t IC 1) . 
. be .,,-' I' lone or the prc\rou,l) found IS found in the current viable regIon. II IIlU,t . C IClen . I 
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sol ution LS dominate it. and none of the sol utLon found ~ub".=qucnt ly could domLnate II 
The search LS performed using a k- best mim mum spann1llg trce algomhm ..... hlCh 
computes for the single cost minimum "pannin g tree problem the first k ,panning Irtt~ m 
a non dec reasing order of their costs. 

The search In a tri angle supponcd by two ex treme effi cient <;Qlullons 

p = (x " y' )and q = (x" ,y" ) starts by setting the edge eosl {(e) accordmg to 

C(lliation 3.6 .The m"In p"rt of the computation is an application of a k· be~t MST 

al gorithm to single object ive problem defi ned by the edge co<;t {(c). The mlnLLllUm 

sp:mning trees wi th respect \0 these edge coSts arc the spanning trees T .... Lth cmt paLN 
( f"J (1') , F2 (T») lying on the li ne joining P and q. Thus these Ifees will be the fi rst t rtC\ 

found by the "k- best"' algorithm. For each new spanning tree found. we check If Its COSt 
pair (x .y) belongs to the (c urrent ) viable region .Thi ~ check is done by a simple linear 

search th rough the list of the consccut i vc corner points definmg the "!able reglOn~. If 
(x, y) belongs to the viable region. then it is the next non extreme efficlCnt solution 

found and the viab le reg ion i~ upd<l ICd. 

Th is process carrie!. on unti l \\ e either run out Ilr ,olullO.". or reach the rna'(lmum 
COSI hne: the line pilrallel to the P - q line p<l,si ng Ihrough the comer polnl of the 
current viable region which is furthe" away from Ihe P . q hno:. f'i~ J·H .. 110\\, Inc 
max imum cost li ne at Ihe beginning of the eomputatLon and after Ihe fir,1 update of the 

viable region. 

, , 

• ~ " I , 

• 

", 

Fig 3.H Diagram (a) shows the initial maximum cOSl linc through (a. c) dragrnnl (b) ,ho\\~ thl: 

new max imum cost through (b. e) after the viable region ha~ been changed. 
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1.1'1 US illus lratl' the l'ompu l<ltiun ora l~orithms I'II /\ SF I Jnd I'll \ S C , _. • • ; rA _ u'ln{! Inc \mall 
iIl,HlIler of the I1MS I problem gl\'cn III lig 3. 'J 

Fig .VJ c!(;mlp1c in~UInCC of BMST problem 

Applying the I'H ASE I algorithm 

Orderin g the edge costs lexicographic'l ll y wilh rc~pcc I IO : 

Cdl,d .. n L((2 ,1),(1 ,2).(1 ,3).(3 ,1),(1 ,1), (1 ,5),(2,3)) 

And we gCl lhc minim um sp;uming tree 1( 1 .2) .(1.3) . (2 .4). (4. 5)} 

wilh cost pairs 51 = (17 ,37) 

Criterion 2: {(2, 3). (4,5), (1,3), (l ,4),(1 .2), (2 ,4) , (3 , ill } we lind the mmllnu m 

sp;mni ng tree {(I . 3) . ( I .4). (2 . 3) . (4 . 5)1 wilh cost Pans of Sz = (3.1 . 24). 

Border sC:lTch (51 . S2) which will rClUrn a I I ~ I of all extreme effiCIent 

solutions 
Since y' - y"= 37-24 = D ,Hid x" - x'=J4.17= 17 

The Iran~form.1tllll1 formula for lh., call I' 
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ordering the edge, accordlllg \0 nc .... C~I \I.e gel 

(2.4).( 1 ,2). {1 , 3).(4 .S),(2 . 3),(1 . 4)} and the MS'I fOrlh" ordcrlQnelra: 

1( 1 ,2).(2.3).(2. -l).(4. S)lwllh c~lpair.li) =(25 .29) 

Smce 53 "*' 5
1

,52 .we call recursively herder \carch(51 ,S)) and y ' - y" ... 8 

and x" - x = 8 The \nlllsformation IlIrmula "111 be 

8f, (e) + Sf, (e) 

the solutio n computed in thi s Gill is e ither 51 or Sz ~o the elllply Ii\t i ~ returned and the 

computation goes back to the first call border search (5 1.S ,). 

To Clill Border Se,lTch (53 ,52): 53 =(25 _ 29) lind 5z =(34 - 24) 

y' _ y" =S and x" - x' = 9 The twnsformalion formula will be 

Sf. (e) + 9 f ,(e) 

Ordering the edges according 10 this new cost we get 
[(2 . 3). (4 . S). (1 .2).(1 .3). (1 . 4). (2. 4)) wh;ch y;cldqhc MST "cc 1( 1.2),( I . d) . 

(2 . 3) . (4 . S) I and produce a new cust pair 54 :::: (3 1 . 25). 

S4 '* 53 ,52 
Then consider recursive borders search: Horder seclrch (S] ,54) and Border 

scarch(S4 .52) . 
To call Border scan.:h(S3 ,54 ): 53 = (25.29) and .'4 ::::{31 .25), The tran ,formallo

n 

formula will be 
4f. (e) + 6f, (e) 

Ordering edges according \0 Ihis new (OSI we gel HZ . 3), (4.5), (I ,2). (2, 4), ( I .4)} 

which yields the MST(2 , 3), (4.5), (1 .2), (2 ,4)} :md 1101,',' S=(25 . 29):::: 53 

Therefore there docs not ex ist clTicicn! solution between 53 and.)4 ,0 return cmpl) 11 .. 1 

Consider agai n n:cursivc border scarch(54 ,52); 1"01' 5" = (3 1 ,25) 
and 52 = (34 , 24) The transform;ltion forrnulll will be fl(e) + 3h(e) .Ordenng cdge~ 
according to the new cost we get ((2 ,3), (4 , 5), (l ,2), (1 ,4)} m "hlch S = (3 \ ,25) = 
54- The refo re there does nol exiSI cfficicnl sol ution between 54 and 52 

Thus the lists o f solulions found in Phase 1 :Ire: 
51 =(l7, 37) 53 = (25 ,29) 

54 == (31 .25) 52 == (3" . 24) 

And Ihest poi nls are shown in the fi l-\ J, 10 

Applying PH AS E 2 algorithm 

The firsl pair o f consecut ive ex lremc SolUlions considered by ;"ilgonlhm PIIASl:. 2 are 

51 and 53 _ The costs o f edges arc sci o f 8 f, ee) + 8 heel _ Ihe ln1l1al \ ."blc region 1\ the 
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triangle defined by polO!'. ( 17 ,37). (25.29) . (25.37) and the Initial mJ'umu m CO .. I hoc 

pas'iC~ through (25 . 37) and ha~ gradient I rhe ,cq ucocc of .. olulloo" produced b) the 

K- bc~ t al gonlhm I ~ g l\ C11 In the follo," 1Ilg \.ihle . 

K THEE Sinl!ll' ellsl ('m,t pair (HlIlmenl 

1. II I .2).11.3 ).12.4 ). (4.5)\ 432 (17,n) S, . . ........ r ---
2. 111.2).(2.3 ).12.4). 14.5) I 432 (25.29 ) . ....... . fI .. ~III ...... _ S l 

3. 111.3).(2 .31.12.4). 14 .5)1 448 (28.28) ..... .. '\h ,. 1IIt ...... RP'" 

4. I ( I .2).(2.3 ).( 1.4 ). (4 .5) I ,14K (3 1.25) MM .. 'lh1 n ..... wI:>!t ....... 

5. 111.2).11 J ).11 .4 ). 14.5) I 448 ('B.D) ...... . If ...... U .... ",...a.. ... " 

6. 111.3).11 ..1 1.(2.3). I2.3X l.S II 46 1 (3.l.2.1) ... .. ,1/1,. the' • ...tok 'rp" 

7. I (1.41.12.3 ).12 .41. (-1 .5 11 46 .. \ n O.2Kl ....... '" ............ , .... 
8. 111.31.11..1 ).12.41. 14.5)\ 46·\ (22 .36) _r . lrr .... . I1"' ......... .- b 

9. 111.2).12.3).12.4). (4.5 )1 480 (29.31) _ ... "" ..... ........ ".. 

The la~ t solution found (29. 31) I' beyond the maXimum laq hne and so !.IOp Ih, ~ pan 

of the algorithm. Tl1US Ihe .;olul lon~ fuund III ph:L<iC 2 for fir"t part I ~ 

(23.33). (22, 36) 

We can sec thatlhe . .;olullon (28, 28) encountered 1\\ 1I.e. III thc fi .... 1 pan \\ncn the e:\tre flle 
\olullons 5 1 and 5

J 
I ~ con ~ ldcrcd . But II 1\ Ignored ' Illee 1\ " out \Ide of the \ L.ible region 

and ,econd II llle when Ihe p:Uf of e :\ tfe rne "OlullOlh 51 and 54 I' (oll"dered No .... 1\ I' m 
the " I:tble reg ion and ho.:eKe a nUll-extreme c1fic lcnl .. olull on Wc ha\e no \(l luIIO" III Ihe 

111Ird part. Thu~ Ihc <,olu\lllll ' I!lund HI pha,c 2,Lre 

(23 . 11). (22. 36), (2K. 2~) 

In our cxample . the k- be't :tl g.unth1ll ,lpphed to the ItI.mgle' ba\cd on the 
, cgllleni 15

1 
• 5

J 
I d l ~co\ CT'. ,111 e lfi( lenl ,olullun, IIllhe tn,mgle b.l,ed on Inc <;egment <; 

15
J 

,S" I a'l well a, tho,e m tlte m angle b .• ..cd on the ,cgmenl 154 . 52 \ , I\ ~ tlte co\l hne or 
Ihe lir"t lTIangle " ..... eep .. o .. er the \ 1,Ihle regIOn 01 th l' Inan gle. II al \o " ..... eep' o\er the 
enllre \table region, or thc othe r 1 .... 0 tnanglc .. (,ee 1i~3 . IO ). Not Ihal Ir onl) "OInc bUI nOI 
all cflie lent "olullonl, 1Il .I <; ub \cquem 1Tt .lIlglc .Ire dl,(o .. ercd. lhen .... e .... ould ha\e to 
apply the k best algoTl thm 10 Ih:11 ~uh,cque nlltl .lIl gle . re · d"eo\enng ..omc d li( lenl 

.. ohillon~ \\ hech afC :"ready kno .... n 
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Fig 3- 10 Graph of solutions for the problem 

!--lenee for this ex ample Ihe efficIent ,olulion j, 

-, 

S, 

f llTl 
l ' 

({17 , 37), (25 , 29), (3 1 , 25), (34 , 24), (23 , 33), (22 , 36),(28 , 28)) 
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