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K Field
K" n dimentional affine space
Kl[xn +...,%n] Set of polynomias n variabls with the cofficents from field K
flxy, o, %20 A polynomial with n variables
V(... T Affine Varities defineby fi. ... f,
1(V) An ldeal of V
i, S An idea generatedby f;. .. ,fa
qf Polynomial g divided by the Groebner bases G
%o n—tuples of integer and each entry is greater or equal to zero
R Set of Real number
1 Perpendicular
C Strict inclusion
€ Element

[ | End of the proof
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ABSTRACT
For several decades al gebraic method have been successfully used in automated deduction in
Geometry objects in Euclidean geometry are relations between them are expressed as
polynomials and algebraic method e.g.Groebner bases are used over that set of polynomials
we describe aformalization of an agorithm that accepts aterm representation of a
geometry construction and returns a corresponding set of polynomials our furtherwork
will be to use the method of Groebner bases on the generated polynomials, in order to

implement a formallyverified algebraic prover for geometry .
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CHAPTER ONE

INTRRODUCTION

Algebraic geometry is the study of systems of polynomia equations in one or more
variables.The solutions of a system of polynomial equations from a geometric object (points ,
lines, curves, surfaces) called a variety;the corresponding algebraic object is an ideal. Thereis a
close relationship between ideals and variety which reveal s the intimate link between a gebra and
geometry.

Algebraic geometry concentrates on the abstract properties of the geometric objects by
assigning them algebraic structures. The trandation to algebra means that algebraic geometry is

more suitable for studying geometric problems of higher complexity than other nearby fields.

In this project we will discuss algebraic methods in automatic geometric theorem proving,
specifically the use of Groebner basis. Proving geometric statements algorithmically is an area of
research which has particular importance in the fields of robotics and artificial intelligence.

First, we will discuss some concepts from algebraic geometry and commutative algebra such
as varieties, ideals and Groebner bases. Then , we will discuss the translation of geometric
statements to algebraic statements. Next, we will see some model geometric theorems and how
they can be trandated into polynomial equations. We will apply the Groebner basis method.

Groebner besis were first discover by Bruno Buchberger in 1965, who named them after his
superviser Wolfgang Groebner.They have been applied successfully in algebraic geometry and
commutative algebra. The method we employed translates geometric statements in to algebraic

statements.
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A systematic overview of approachesto Automatic Geometric Theorem Proving is asfollows

1. Algebraic Formulation

Thetranglation of ageometric statement into algebraic equations.

2 . Proof

The use of some decision procedures, in the model we are working with,to determine the
validity of the theorem.

Geometric statements

l

Polynomial Equations of the

Geometric Hypotheses (h)

y

polynomial equations of the

Geometric Conclusion(s)(g:)

!

Verifying using Groebner basis

This thesisis organized around these items.
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CHAPTER TWO

PRELIMINARIES

In this chapter we will introduce some of the basic concepts which can be used for an

implementation of thisthesis, that is, to prove generally the Automatic geometric theorem .

This chapter contains polynomials and affine varieties, ideals, monomia orderings and
monomial ideals, Hilbert’s basis theorem and Groebner basis, properties of Groebner bases and
their applications for solving polynomial equations, Hilbert’s Nullstellensatz theorem, and
radical ideals.

Our am is to prove a geometric theorem algebraically by applying the above mentioned
concepts. We will change the geometric statements into polynomia equations by using the

concepts of slope of lines and distance formula.

First we begin with some basic concepts.From the many references that we have used for this

work , we took most of the preliminary parts from [1]

2.1. Polynomialsand Affine Varieties

Definition 2.2.1 A monomial inthevariables xy,x3, ..., x,, isaproduct
of the form

X% x,% - x, 00

where the exponents «, it, ..., tr,; are non-negative integers.
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The total degree of this monomial isthesum ey + ey + -+ + @y,

Let a= (e, ts, ..., &y ) be an n-tuple of non-negative integers. Then we can ssimplify the notation

for monomiais as x® = x;%1 - x,% L - x,
Notethat , themonomia x®=1, when a=¢{, ... ().

Definition 2.1.2 A polynomial f inxy,xs,...x, with coefficientsin afied kisafinite

linear combination of monomials. We write a pelynomal f in the form
[ =Yaa,x", where a, €k anda= (ty, tty, ..., &;).

The set of all polynomialsin xy, xs, ..., x, with coefficientsin afield k is denoted by

K[y, o, 2]
Example2.1.3 f = V2x?yz* + 33’41}!1 + 3xyz — z* isa polynomia in R[x, v, 2|

Definition 2.1.4 Given afield k and a positive integer n, we define the n-dimensional affine

space over k to be the set
k™= {(ay, .., a,): ay,..,a, €k}

Consider the case of k= R, then from calculus R ! isthe number lineand R # isthe coordinate

plane.
In general, we call k! the affineline, k * the affine plane and so on.
Now, let us see how polynomials arc related (o affine space.

A polynomia f =Y, a.x" € k[xy, .., x| gives a lunction f: k™ — k . definefor a

given (ay, .., a,) € k™, repiace every x; by a; in the expression for f. Since al the coefficients
liein k, then this operation gives an element f(ay, ..., ay) € k. Thisenabies usto link algebra
and geometry.

Definitien 2.1.5  Let k be a field, and let f1, f5, ..., f; be polynomials in k[x,, ..., x,, ], then we
set (e fo)={(ay, .., an) Ek™ fi{ay,..,an) =0foralll <i<s}.
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We call V( fi, ..., fi) the affine variety defined by f,, [, ..., fe. Thusan affine
varieties V( fy, ..., fs) © k ™ is the set of al solutions of the systems of equations
filxy v, xp) == folxg, o, x) = 0

Examples 2. 1.6

i. Letk=R,intheplaneR*, V{ x* + y* —1) whichisthecircle of radius 1 centered at
the origin is an affine variety.
ii.  hyperbolas) are affine varieties.
iii.  Graphs of polynomial functions are affine varieties. In this case the graph of a

polynomia y = f(x) is givenby V(y — f(x)) asavariety.

2.2. ldeals

In this section we will discuss on the ideals of the polynomial ring K[X, ...
Xn] Innvariables.
Definition 2.2.1 A subset | < k[xy,..,x,] Issaid to be an ideal of K[xy, ... X, ifit
satisfies the following .

i. 0€l

ii. Iff,gel.thenf+ge&l

iii. Iffelandh€klxy,. x,].thenhf €1

The goal of this section is to see how ideals are related with affine varieties . The real importance

of idealsisto give us a languade for computions in aifine varieties
Lamma 2.2.2 Let fi, ..., fs be potynomialsin k[x;, ..., x,]. Then we set
(fl.l l.-.,fls} = {2?=l 'h-JI] :h—lr s g h‘j E ‘I(I-X]_. ..‘,I”l} thet‘

(fi, .., fs} is an ideal of kfxy,..,x,] and it is caled (f;.,..,f:) the ideal generated by
froeo fs
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Proof First,0 € {f}, ..., fe). since 0 = ;-, 0. f;
Supposethat f = Ti_yp; fiand g = Xi_y qi. f; forsomep, q; € klxy, ..., x,]
and leth € klxy, ..., x,] .Then
f+eg=Yi1(p +q)f €1 . since p;+q €klxy,.., x,] and
hf =%i(hp)f; €1, since hpy € klxy, ..., 23]
Hence, (fy, ... f;) is anideal of k[xy, ..., x,]. [
Theided (fi, ..., f;) has a nice interpretation in terms of polynomial equations.
Lemma 2.2.3 Ler V < k™ be an affine variety. We set
I(V) = {f € klxy, .., xa]: f(ay, ..., an) = 0,for all (ay, ..., a,) € V}
Then I{ V) < k[xy, .., x;,] iSan idedl.
Wecall I( V) theideal of V

Proof Itisokviousthat 0 € I{ V), since the zero polynomial vanisheson al of k™ , in particular

it vanisheson .

Next, supposethat f,g € [{ V) and h € k[x,, .., x,]. Let (ay, ..., a,) be an arbitrary point of V.
Now, f(ay, ...,an) +glay, ...,a,) =0+ 0=0,implies f+gc (V)

h(ay, .., an)fla, .., ay) = h(ay, ...,a,).0 = 0. Then, hf € I( V)

Hence I{ V) isanidea of V.
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2.3. Monomial ordering and monomial ideals

Definition 2.3.1 A monomial ordering on k[xy, ..., x,] isany relation ‘>’ on Z%, , or

equivalently, any relation on the set of monomials x“ , @ € ZZ, , Satisfying:

i. > isatota(or linear) ordering on ZL;. that is, for any a, § € 7. then exactly one of
the three conditions hold: a=>f, a=f§ , a<f
i. ifa> andyezly.thena+y>"+y.
iii. > isawell-ordering on ZZ;, . This means that every nonempty subset of ZZ;, has a
smallest element under =.

Theusual numerical order ..>m+1>m >+ >3>2>1>0isanexample of monomial
ordering.

Defimition 2.3.2 (Lexicographic Order)
Let a = (¢0y, .., ap) , § = (B, .., fn) € ZZ,. We say a0 >, f if, in the vector difference
a — i € Z", the lefi- most non-zero entry is positive.
For monomials x* and x*
We will write x% >, xF ifa >, .
Example2.3.3

a (1,2,0) >4y (034) sincex—f =(,-1,-4).
b. (3,24) >y (3.2,1) sincea — f = (0,0,3)
c. (1,0,...,0) >px (0,1, 0,0) >0y v, S1ey (0,0, ..,1)

Note that , thelex order on ZZ; is a monomial ordering.
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Definition 2.2.4 (Graded Lex Order)

Leta, f € 42, We say & >griex B if la| =Xy a, > |fl = X2 Bi.or la| = |f] and

tr >0 f.We seethat griex orders by total degree first, then use lex order.
Example2.3.5

i) (1,2,3) >yriex (3,2,0) since|(1,2,3)] = 6 > [(3,2,0)| =5
i) (1,2,4) >4riex (1,1,5) since|(1,2,4)] = [(1,1,5)] and (1,2,4) >e, (1,1,5).

Notethat, likelex order, grlex arder isalso amonomial ordering.
Definition 2.3.6 Let f =Y, a,x“ beanon-zero polynomia in kfxy, .., x,]
and let > be amonomia order.

i.  Themulti degreeof f is multideg(f) = max (a € Z%,: a, # 0), the maximum is
taken with respect to >.
ii.  Theleading coefficient of f is LC(f) = @muirigegis) E k
iii.  Theleading monomial of f is LM (f) = x™4td2alf) (With coefficient 1)
iv. Theleadingtermof f is LT(f) = LC(f) LM(f)

Example 2.3.7 Let f = 4xy?z + 42% —5x? + 7x*z* and let > denote the lex order. Then,
multideg(f) = (3,0,0)

LC(f) = -5
LM(f) = x*
LT(f) = —5x°

Lemma2.38 Letf,g € klx,,.., x,] be non-zero polynomials. Then

i. multideg(fg) = multideg(f) + multideg(g)
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ii. If f+ g+ 0, then multideg(f + g) < max(multideg(f) + multic (g)). If
inaddition, multideg(f) # multideg(g), then equality occurs.

Proof: See [1]

Definition 2.3.9 Anideal I  k[x,, ..., x,,] isamonomial ideal if thereisasubset A ©
Z5L,(possibly infinite) such that I consists of"all polynomials which are finite sums of the form

Y aeahox®, whereh, € klx,, .., x,]. Inthiscase, wewrite/ = (x“:a € )

Lemma 2.3.10 Let! = (x™: @ € A) be a monomial idea. Then amonomia x” liesin I if and

only if x” isdivisible by x® for some @ € A.
Proof Suppose x# is a multiple of x%. Then by the definition of an ideal x5 € [.
Conversdly, let x# € 1. Then x# = Yi_, hyx™ ,where h; € k[xy, .., x,] and a; € A.

If we expand each h; as alinear combinztion of monomials, we see that every term on the right
side of the equation is divisible by some x. Hence, the |eft side x* must have the same

property. n
Theorem 2.3.11 (Division Algerithm inm k[xy, ..., x,])

Fix a monomial order > on ZZ,, and let F = (f; , ... , f,,) be an ordered s-tuple of polynomials

inklxy, .., x,]). Then every f € klxy, .., x| can be written as

f=afi+-+a.f; +r.

where a;, r € k[xy, .., x,] and ether r = 0 or r isalinear combination ,with coefficient in k,
of monomials. none of which is divisible by any of LT(f,), LT (f2), ..., LT(f.).
Wecdl r a remainder of f on division by F. Furthermore, if a; f; #= 0. then we have

multideg(f} = multideg(a;f;)

Proof : See [1]
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Example2.3.12. Letusdivide f = x®y +xy® +y* byfy =y* —1andf; = xy — 1. Uselex
order withx = y. Then,

2y =x+1

s = X

2 _4 X%y + xy? + y?

y X2y - x

xy—1 Xy +y 4 x
xy? —x
y* +2x
=1

X+l -or=2x+1

Hence, f =x*y+xy* +y = x+ DO - D +x(xy— 1D +2x+ 1

2.4. TheHilbert Bass Theorem and Groebner Bases of |deals

Definition 2.4.1 Let! < kfx,, ..., x,] beanon zeroidea of k[x, ..., x,]
i. We denote by LT (1) the set of leading terms of [. Thus
(1) = {cx™ : there exists [ € [ with LT(f) = cx“}
ii. We denote by {LT(I] } the ideal generated by the elements of LT'(1)

Let = (fi, ..., fod. Then (LT(f1), LT(f5), ..., LT(f;)} and (LT (1) ) may be different ideals. It istrue
by definition that LT(f;) € LT{1) < (LT(1) ), whichimpiies
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(LT(f) LT (), . LT(f)y € (LT(1) ). However, {LT(I) ) can be strictly larger. To see this,
Let! = {fy,f, ), where f; =x* — 2xy, f; =x%y — 2y* + x, and using the grlex ordering on

monomiais in k[x, y]. Then
x(x%y ~ 2y? + x) — v (x* —2xy) =x*

so that x? € [.Thus, x* = LT(x%) € (LT(/) ). However x? is not divisible by LT(f,) = x* or
LT(f;J_} — Xz}f.

By Lemma2.3.10, x? is not an element of < LT(f,),LT(f.) >.
Proposition 2.4.2 letl c k[x,,..,x,] beanideal.

i (LTC(I) ) is a monomial ideal.
ii. Thereare gy, ..., g € I such that (LT (1) ) = (LT(gy),....LT(gs)).

Theorem 2.4.3. (Hilbert basis theorem):

Every ideal 1c k[xy, ..., x,] has afinite generating set. That is, if | isanidea of K[x1, ... X,

then [ = (g, .., g,) forsomeg,, .., g € [.
Proof See [1]

Definition 2.4.4 Fix amonomial order. A finite subset G = {gy, ..., g} of anideal I is said to be

a Groebner basis (or standard basis) if

(LT(1) ) =ALT(g1)s .., LT (ge))

Equivaently, but more informelly. a sat {gy, ..., g} © I is a Groebner basis of [ if and only if the

leading term of any element of [ is divisibleby oneof the LT'(g;) (=12 ..5.

Corollary 2.4.5 Fix amonomia order. Then every idea [ < k[xy, .., x,] other than {0} has a

Groebner basis. Furthermore any Groebner basisfor anideai I isabasisor /.

Proof See[1]
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Definition 2,4.6  Let I < k|x,, .., x,| be anideal. ' Newill denote by V(1) the set
V() = {(ay ...,az) k™ flay,..,ay) =0, forall f €l}

Remark 2.4.7 If I = {f;,.., fo). then V() = V(f1, ..., f)

2.5 Some Propertiesof Groebner bases

Proposition 251 LetG = {gy, .., g} be a Groebner basis for an ideal I < k[xy, .., x,] and

let f € klxq, ..., x,]. Then thereisaunique r € k[x;, ..., x,] with the following two properties:

i) Noterm of r is divisible by any of LT (gy), ..., LT (g;)
ii) Thereisg€ Isuchthat f =g+ 7r

In particular, r is the remainder on division f by &G no matter how the elements of & are listed

when using the division algorithm

Corellary 2.52 letG ={g,,.., g} be a Groebner basis for an ideal I < k[x,,..,x,] and

let f € k[xy, ...,xp|. Then f € [ if and only if the remainder on division of f by G is zero.

Proof If the remainder is zero, then we have already observed that f € I. Conversely, given
f €l then f = f+ 0 satisfies the two conditions of the above proposition. Hence 0 is the

remainder of f on division by &. |

—F
Definifion 2.5.3 We will write f for the remainder on division of f by the ordered stuple
= (f1, .., fs). If isaGroebner basis for ( fi, ..., fs }, then we can regard F as a set (without

any particular order ) by the above propaosition.

Example 2.54  LetF = {x*y —y*, x*y* — y*} c k[x,v¥], using the lex order, we have,

—_—F

By =1y
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Since the division algorithm vields,

2y = (2* + 1) Py — y?) + 0. (x*y? — ¥*) + xy® and no term of x y* .whichis xy?
inthis case ,isdivisible by LT (x?y —y?) and LT (x*y? —y? ).

Definition 2.5.5 Let f,g € k|xq, ..., X, ] be non zero polvnomials
a Ifmultideg(f) = a, multideg(g) = 8, And let ¥y = (¥1...,¥s), where

yi = max (a;, B;) for each { . we call x¥ the least common multiple of LM{f)} and LM(g).
written , x¥ = LCM(LM(f), LM(g))
b. The S-polynomial of f and g is the combination

¥

¥

(Note that we are inverting the leading coefiicients here es well)

Exampie 2.5.6 Suppose f = x*y? —x"y" + xand g = 3x*y + y* in R[x,y] with the grlex

Iﬂ- x L . . .
order. Then y = (4,2) and  S(f,g) = = ,f—;xfy.g=x.f—(1j3)-y-g=_x5y5+xi_

(1/3)y*

Observe that on S polynomial S(f,g) of is “designed” to produce cancellation of leading

x3y?

terms.

Lemma 2.5.7 Suppose we have a sum Y- ¢;f; . where ¢; € k and multideg(f;) = § € 75,. for
al i. Ifmultideg(¥7. c;f;) < &. Then ¥:_ ¢, f; is alinear combination, wth coefficientsin k, of
the S-polynomials 5(;, fi) for 1 <j,k <s. Furthermore, each 5(f;, fi. ) has multidegree < 4.

Proof See|[1]

Note: If fi, ..., f, satisfy the hypothesis of the above Lemma 1.5.5; we get an equation of the
form; Yi_cifi = X S(fi fi)
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Theorem 2.5.8 Let [ be a oolynomial ideal. Then abasis G = {gy, ..., g} for I is a Groebner
basisfor I if and only it for all pairsi # j, the remainder on division of S(g-..gl-) by ¢ (listed in

some order) Is zero.

Proof See[1]

2.6. Buchberger’s Algorithm

We have seen that every ideal in k[x, ..., x, ] other than {0} has a Groebner basis. Now we will
see for agiven idea I < k[xy,..,x,] . how we can construct a Groebner basis for /. let's see
this by the following exampie

Example 2.6.1 Consider the ring k[ x,y| with the grlex order, and let [ = (f;, f5) =
(x% — 2xy, x*y — 2y° + x). Recall that {f;,f>} is not a Groebner basis for [ since

LT(S(fi, f2)) = —x* € (LT(f1).LT(f2)).

To produce a Groebner basis, one natural ideais to try first to extend the original generating sel
to a Groebner basis by adding more polynomialsin /. Its remainder on divisonby F = (f;,f2) is
—x?, which is non-zero. Hence, we should inc/ude this remainder in our generating set, as a new
generator fy = —x*. If weset = jl,lefg). ‘ve can use Theorem 1.5.6 to test if thisnew set is

aGroebner basisfor /. We compute

S(fuf)=fz.%0
—F
S{fifz) =0,
S(A.f) = (% = 2xy) — (—x)(~x?) = —2xy, But

!
S(fifs) =—2xy #0

Hence we must add f;, = —2xy to our generating set. If welet F = (fy, f fi. f2 ). then
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G5 =Stfa) =0,

S(fu ) = y((x® — 2xy) — (—3) ¥2(=2xy) = —2xy* = yfis0
SGifn =0

5(faufa) = (xPy — 2y% + x) — (=) (—x) = —2y® + x, butt

ol
S(fs.f5) =-2y*+x+0.
Thus, we must aso add f; = —2y? + x to our generating set. Setting {fy, f2 f3. f+. f5}. one can
compute that

F
S(fif;)) =0‘oral1<i<j<s

By Theorem 156, it follows that a grlex Groebner basis for!/ 1s given by

{fifofs fur s} = (23 = 2xy. xty — 2y% + x, —x2, —2xy, —2y® + x}

The above example suggests that in general, one should try to extend a basis I to a Groebner

F
basis by successively adding non-zero remainders S(f;, f;) to F.

Theorem 2.6.2 Let | = {fy, ..., fs) # {0} be apolynomial ideal. Then a Groebner basis for I can
be constructed in a finitc number of steps by the following Algorithm:

Input: = (fy, ..., fi)

Output: a Groebner basis G = (g, ..., g for I, withF € G

FOReach pair {p.q},p # g in G'DO
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]

S=5(p.q)
IFS+0,THEN G =G U {5}
UNTIL G = 6"

Groebner bases computed using the algorithm of the above theorem are often bigger than

necessary. We can eliminate some unneeded generators by using the followng fact.

Lemma 2.6.3 Let & be a Groebner basis [or the polvnomial ideal I . Let p € & be a polynomial
suchthat LT(p) € (LT(G — {p})}. Then & — {p} is also a Groebner basisor /.

Proof: We know that (LT(G)) = (LT(1)). If LT(p) € (LT(G — {p})). then (LT(G — {p})) =
(LT(G)). By definition it foifows that G — {p} isaiso a Groebner basis for 1. m

Definition 2.6.4 A minimal Groebner basis for a polynomial ideal { is a Groebner basis 7 for
I such that:

. LC(p)=1forallpeEd.
Il.  Foral'peq, LT(p) & (LT(G — {p})

We can construct a minimal Groebner basis for a given non-zero ideal by appying the
algorithm and then using Lemma 2.6.3 to eliminate any unneeded generators that might have
been included. To illustrate this procedure. we return once again to the ideal | studied in the

above Example 2.6.1. Using griex order, we found the Groebner basis
fi=x"=2xy
fo=x%y—2y*+x
f =—x?
fs = —2xv

fs=-2y"+x
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Since some of the leading coefficients are different from 1, the first step is to multiply the

generators by suitable constants to make this true. Then note that
LT(f,) =x* = —x - LT(fy).

By Lemma 2.6.3, we can dispense with f; in the minimal Groebner basis. Similarly,
since LT(fz) = x*y = —(1/2)x - LT(f;), we can ai'so eliminate f,. There are no further cases
where the feading term of a generator divides the leading term of” another generator. Hence,

fi=x% fi=xy, f:=v*—(1/2)x isaminima Groebner basisfor /.

Unfortunately, a given ideal may have many minimal Groebner bases. For example, in the ideal
I considered above fo=x"+axy, fi=xy, fe=y*—(1/2)x is dso a minima

Groebner basis, where a € k is any constant.

Definition 2.6.5 A reduced Groebner basis for a polynomial ideal / is a Groebner basis (i for
I such that:

. LC(p)=1forallpe.
. Forallp € G.nomonomial or p liesin (LT (G — {p}))

Note: Let /| = {0} be a polynomial ideal. Then, for a given monomia ordering, ! has a unique
reduced Groebner basis.

2.7. Some Application of Groebner basesfor solving polynomial equations

Next, we will see how the Groebner basis technique can be applied to solve systems of

polynomial equationsin several variables. Let us see this by giving an example
Example 2.7.1 Consider the equetions

x2+}r2+z?-=:1, 1',1::‘J--§—;_-:‘J-=:}.fII x =2z inC%,



Automatic Geometric Theorem Proving

These equations determine [ = {(x* + y* +z* — 1, x* +z* —y,x —z) c C[x,v,z]. and we

want to find al pointsin V (/). By Remark 2.4.7, we can compute V (/) usinjy any basisor’ .
With respect to the lex erder. the basisis
g1 =x—2Z
gy = =y + 2z°,
gy =z%+ G)?‘J‘ —1/4

The polynomia g, depends on z alone, and its roots can be found by first using the quadratic

formulato solve for z*, then, taking souare roots,

;

+\5 —

1
z=1-
2

This gives us four values of z. Next, when these values of z are substituted into the equations

g, = 0and g, = 0, those two equations can be so'ved wiquely 1or y and x, respectively. Thus

there are four solutions altogether of g; = g» = g3 =0, two rea and two complex. Since

V({I) = V(g 82, 83) by Remark 1.4.7, we have found al the solutions.

2.8. Hilbert’s Nullstellensatz theorem and radical ideals

Given avariety V ¢ K™, Recall that I(V) = {f € k[xy, ... x,]: f(x) =0 for all x e V} the
set of all polynomials vanishing on V. And for ideal I < k|x,, ..., x, ]. we can define the set

V{)=f{xek™ f(x)=0forall f !}

By the Hilbert's theorem V(I) is an affine variety and there exists a finite set of polynomials
fio o fo €1 such that 1 = {fy, ..., fz) and in Remark 1.4.7, we have seen that V' ([} is the set of

common roots or these poiynomials.
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Theorem 2.8.1 (Hilbert’s Nullstellensatz)
Let k be an algebraically closed field. If f, fi, ..., fi €k[xy, ..., x| such that
f el(V(fi, ... f;)). then there exists an integer m = 1 such that
e (fio fo) (and conversely)
Proof See[1]

Lemma2.8.2 Let V be avariety. If f™ € I(V), then f € [(V).

Proof. Let x € V. If f™ € I(V), then(f(x))"
Thisimplies f(x) =0
Hence, f € 1(V) [
Definition 2.8.3 Anideal [ is radica, if f™ € [ for someinteger m = 1,then f € 1.
By Lemma2.8.2, {(V) isa radical
Definition 2.8.4 Letl < kfxy, ..., x,] be an ideal. Then radical of /. denoted V7, is the set
{f eK[xy,.. ,x,]:f™ € forsome integer m = 1}
Remark 2.8.5

i The ideal ] © T , since f € 1 = f € I and hence f € 1.
i If I isan deal in k[xy, .., x,], then/T is an dedl in k[xy, ..., %, ]
ii. Theradical of anideal Isan ideal.

Theorem: 2.8.6 (The Strong Nullstellensatz Theorem)

Let k be an algebraicaly closed field. If I is an ‘deal in k[xy, ..., x,], then

1(vn) = Ii.
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Proof If f € I, thenf™ €1, forsome m > 1 and f™ Vanishes on V(I).
Thisimplies f Vanishes on V(I), which again impliesf € 1(V(1))
Hence, V1 < 1(V(1))
Let f € I(V(I)), by definition, f Vanisheson V(1.
By Hilbert’s Nullstellensatz Theorem. there exists an integer m = 1 such that
fMel
Thisimplies f €T
Againthisimplies I(V (1)) =T . Since f is arbitrary.
Hence, 1(V(1)) = VI.
[

Proposition 2.8.7 (Radical 1deal Membership) Let k be an arbitrary field and let
I={f1,...f:) € klxy, .., x,] beanidea of K[x1, .. %] . Then f € VI if and only if the constant

polynomial 1 belongs te the ideal

F'=(fr - fss 1= yf) € klxy, oo, 20, Y]
(Inwhich case,l = k[xy, ..., x,, ¥])

Proof See[1]

Nofe thai it f € J(f,... ) € k[x;, .., x,] we compute a reduced Groebner basis of the ideal
(fi oo far 1= vf) € k[xyq, ..., %, ¥] with respect to some ordering. If the result is {1}, then
f € V1. Otherwise, f & VT
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Example 2.8.8. Consider the ideal | = {xy? + 2y?,x* — 2x% + 1) in k[x, y]
Let us test whether f = ¥ — x? + 1 lies in /1. Using lex order on k[x, v, z], the ideal

I=(xy? +2y%x* —=2x* + 1,1 —z(y —x?+1)) <klx,y,z] has a reduced Groebner
basis{1}. By Proposition 1.8.6, it impliesthat f € /1.
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CHAPTER THREE

GEOMETRIC THEOREMS PROVING USING

GROEBNER BASIS

3.1. Introduction

The idea that we will consider is that once we introduce Cartesian coordinates in the Euclidean
plane geometry, the hypotheses and the conclusions of geometric theorems can be expressed as
polynomia equations between the coordinates of collections of points specified in the

statements.

Suppose there are two sets of polynomials, one describing the hypotheses and the other
describing the conclusion. In this chapter, we will consider the class of theorems, whose
algebraic formulations involve polynomial equations of the form,

hypotheses: h; (x) =0, ..., h,(x) =0 and
conclusion: g(x) = 0, wherex = (xy,..,x,) aregeometric entities.
The polynomials are al in x with coefficients in the geometry associated with afield k.
Proving a geometric theorem implies that
For all x, ifhy(x) =0, ..., hy(x) = 0, then g(x) = 0.

Now we apply the adgebraic concepts written in the preliminaries. We will work in the

ring klueg, oo, W, X140 o Xy |-

The ‘hypothesis ideal’ | < kluy, .., iy, X1, ..., X, Jisdefined as: | = (hy, .., h )
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Supposc g isin/, then g; = fihy + -+ f,h,, for some fy, ..., fi.

So, if g;isinf and h; (x) = 0, then g;(x) = 0. In practice, thisimplies that if the hypotheses are

described by the h;. then the conclusion holds.

Now we want to show whether g; € I. To determine whether g; € 1. we calculate a Groebner
basis G of 1. For gach g;determine the remainder on division of g; by . If this remainder is zero

fordl i, theng; isin/.

A Groebner basis method is an agorithmic method used to prove a conclusion that follows
generically from a set of hypotheses.

3.2. Admissible Geometric theorem

When we say trandlation of geometric statements into polynomials, it is to mean that expressing
geometrical ideas such as distance of line segment, circle, midpoint etc in algebraic form, that is,
in the form of polynomial equations.

Definition 3.2.1 A geometric theorem is said to be admissible if both its hypotheses and its
conclusions admit translation into polynomial equations.

Let uy,..,u;, De the independent variable and x4, ..., x,, be the dependant variables of a
geometric theorem. The hypotheses and the conclusions or” the theorem will be expressed as

polynomialsin the u;, x;-S¢ we will write thehypotheses as

hy (W 4o, Uy Xy e, Xn ) = 0

h (@40 ,Un X100 , X%, 0= 0
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When we prove a geometric theorem algebraically, we may have many conclusions. Since we
can threat them one at atime, it suffices to consider the case of one conclusion.

Let the conclusion defined by hy , hy, ... ,hy, be
gy vy Upy Xy 0y, X ) = 0

want to deduce that g follows from hy, ..., h agebraicaly. We need g to vanish whenever
hy. ..., h, we do, and this leads to the application of algebraic varieties and ideals.

Let the variety be

V=V(hy,.,h )={a€ek™™hi{a)=0 for 1<i<n}
and, let the ideal he

1V) ={f € klwy, o, Wris X1, -, X5 ): fla) = 0 forall a eV}
Definitien 3.2.2  The conclusion g follows strictly from the hypotheses hy, ..., h

if g€ l(V) Cklity, ., m,X1) o, Xn) NhEEV = Vihy, . hy ).

Proposition3.2.3  |If g € J{hy, o, hy) = {f € kluyg, ., s X0 oo, Xn i 5 €< hyy o, b >
for some s}, then g followsstrictly from hy, ..., h;,.

Proof The hypothesis g € \/{hy, .., h,) implies that g* € \/(hy, ..,k ) for somes. Thus,

g* =Y, Aihy where A; € kfuy, .., W, X1, -, X
Now foreach € V',
g*(a) =X Ai{a)h; (a) = Xi=, Ai{a) - 0=10

Therefore g(a) = 0, thatis, g € 1{}/).

Hence g must vanish whenever hy, ..., h do. ]
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Remark 3.2.4 The above proposition is useful because we can test whether g € \/{hy, ..., hy)
using the radical membership adgorithm. Let | = (hy,..,h,, 1 —yg) in the
ring ®[uy, .., . X1, .., X5, ¥]. Then the radical membership proposition implies that

g € \/(hy, -, h,)ifand only if {1} is the reduced Groebner basis of I. If this condition is
satisfied, then g follows strictly from hy, =, hy,.

Proposition 3.2.5 Theconclusion g follows generically from hy, ... hy if thereexistsa
nonzero polynomial c(uy ,... ,uy) € KU, ... .uy] such that

r:gE*-."T

where | =<hy, ... ,hp>and h; € K[Ul, coe Um X1, -e. ,,‘(rd .
Proof see[1]

Corollary 3.2.6 In the situation of above proposition the following are equivalent:

i) There is a nonzero polynomial c€ R[uy , ..., up ] such that eg€ VT .
i) ge I, whetel=<hy ,....h, >€ R[u tove ) b Xg 0o Xy .y] :
iii) {1} is the reduced Groebner basis of the

ideal < hy,.. ,hy, 1—vg > CR Uy, Wy Xy 0o , X5, V]

Proof See [1]

3.3. Trandation of geometric statementsinto Polynomials

Our main objective in this chapter is to trandate a given statement in geometry in the form of
polynomia equations and prove then with ideal membership . First let us state some of the
geometric statements that can be expressed by polynomial equations .This are given in the

following proposition.

Proposition 3.3.1 let A, B, C, D, E, F be points in the plane. Each of the following geometric

statements can be expressed by one or more polynomial equation .



iy iy
iy " €D.
iih B is ec
with center A and1
Hidis the of AB.
lae acute ABC is equal to the acut DEF.
15D bisect T ABC

nto polynom AB.C,D

€D as showr

/ B(X31X4)
(X1’X2)A /D(X7,X8)

C(X5,Xp)

—b
»

allel lings

B is paralle ‘D, Slope of AB = Slope €D

Xy=Xp _ Xp—3Xy
X3—Xy Xe—XKg
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Thisisalsothesameas  (x; —x2)(x; —xs) = (23 — 21 ) xg — x6)
using distributive property and collecting to the lefi side gives
x1(xg —x6) — x2(x7 — x5} — X3(xp — %) + X407 —x5) =0
Therefore, h = x;{xg —xg) — x3(x7 —x2) — x3{xg —x5) + x4{x7 —x5) =0

IS apolynomial equation.

3.3.3 Perpendicular lines

Suppose AB and 77D be two nonhorizontal and nonvertical linesegments. AR is perpendicular

to CD as in the figure below

Y -axis
A(X]_ , ) D(X7 1X8)
C(X5,Xe) B(X3,X4)

X-axis

Figure 2.2: perpendicular lines

Since the product of slopes of perpendicular line segmentsis —1, that is




AB)-(Slope (fCD) = -1

Xa—Xz Tp=Xgy N
(Ia".fj) (x-:—x;) - 1
Xy =x)(xg —x6) = X3 —x)(x7 —x5 )]

g distribative rroperty and collecting to th. eft gives,
1 (er — x5 )= 2x2(Xs — X )23 (% — x5 ) +xy(25 —xs) =0

xy (X7 — x5 )- xa(xg —xg) 423 (27 —2x5 ) x4(xg —x¢) *

A,B,C beco

C(X5:%g)

B(*a%4)

A(X1,X2)

v

A, B, C are collinear, Slope A = Slope  AC

X4—=X3 _ Xy—X3
X3—y Xg—ay




1g and eollect g to the eft 5i ¢ gives
X1 (2 —x2) - x2(xs —x1) - x3(xg —x2) - x4 (x5 — 1) =: 0

Xy (xg —x2) - x2(xs —x9) - X3l —x2) - x4fx5 —x1) =

Clieso A and AB as showr

C(x.y)

B(x3,x4)

v

Figire 24: 0 :le

lius (r) = AB = J(xg —~ &5+ Gy =)

C lies o rcle, then AC = AB.

w.."r(x -0 )2+ y—x) = 1."’(-1"3 —x1) + (xy— x2)°
idesgives x-x)°4 ¥y )= x )+ x-xn)
nplies (x—x,02 + (Y- 2202 - (x5 =) - (X —x2)% =

x—x)24 Y1) - x3-x1) - xg—x)t =




€ be the

SR

B as in the

/B(W,z)
C(m,n)

A(XY)

v

re 2.5 midpoint

C is the AR . then AC = CB.

e, m—x)2+(m-y)?2=(w-mp?+(z-n)
esgives. (m—x)2+ n—y)2 =(w-—m)*+ z-—n).
m-—x¥+n—-y)P-w-my-(z-—n)=

m—x*+4 n—y¥- w—-m?- z—n)=

yseen t i, we cal trans sy

'in! k[uij I um,xj_, ae xn]q 1w+

1o r'-.




ABC be right triang th rigl A. Th

A to BC
COu)
H(x5,%e)
M2(0.x M3(X3,X4)
*O(%7.Xg)
A(0,0)
M3(x1,0) —°B(u,0)
{eon
)) an (ul,O) w # CAB is a right ang
c=0u,) u#
M, =(x,0) M, =(0,x,) and My =(x;,x,) u’s
astier,'s zde u's
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hl=2X1' u1=0
:Zizxz- uz_:O 1)
3 = £Xg - ul_o
h,=2x,-u,=0

The next step is to construct the point H = (x,, X, ), the foot of the altitude drawn from A.

We have two hypotheses here:
AH L BC implies hg = xguy — xquy = 0 2
B8,H,C are collinear implies hy = x5uty + x50y — 11ty =0

Finally, we want to show that, M,, M,, M,,H lieon acircle.

From Euclidean plane geometry, three non-collinear points determine a circle (the circumscribed

circle of the triangle they form).
Now, our conclusion can be stated as:

If we construct the circle containing the non-collinear triple M,, M,, M,. then H also lies on
this circle. To show this, let the center of the circle 0 be at(x,, x,). By applying the above

section 2.2.3. we have two additiohal hypotheses.

M0 =M,0 implieshy = (X = x;)* +x% — 27 = (xg —x,) =0 3)
Mlﬂ — Mdﬂ imp|iesh3 - (xl _x?}}.' +x§ - (I;j . 1‘-;}2 - (x.g _‘IB)E =0

Now, our conclusion (we want to show) is HO = M, 0, which takes the form
g=(X5- X7)2+(X6' Xs)z‘ (Xl' X7)2' Xi?:n (4)
Now what we want to show is that g vanishes whenever hy, ..., hg do.

Our hypotheses are the eight polynomials h; from (1)-(3).
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Let I = {hy, ..., hg), computing a Groebner basis (; (using lex order) for theideal /.

whichyidlds: & = {f;,f: ... fa}. where

fi =x PUIK
fz—_-xz—uz,fg
fr=x ="/,
f4—:|,4—u"‘f£
fea= % — ?{%
f :I?—ulfq.

fo = xg - uzfj 4
The conclusion (equation 4) reduces to zero on division by this Groebner basis. That is,

g =0

Thus by Corollary 152 ge ! = (hy,..,hg). which shows that g follows genericaly

fromhy, ..., hg.

Note that we must have either u,;* O or u, * O in order to solve for x; andx,. The eguation

u, =0 and u, =0 describe degenerate "right triangles” in which the three vertices are not
distinct, so we certainly wish to rule these cases out. It is interesting to note, however, that if
either i, o1 u, isnonzero, the conclusion is still true. For instance, if u; * O but u, =0, then the
vertices C and A coincide. From (1) and (2), the midpoints M, and M, coincide, M, coincides
with 4, and H coincides with 4 as well. As aresult, there is acircle (infinitely many of them in
fact) containing M, M,, M,, and H in this degenerate case. [



Theorem .

AB Q=

Let A, B,C and A", B',C"' be tv

AC.and R=  BC. Ti

ear poli 5. An P =AB'n

PQan R ar

o TR RERELR P 8 R ekl

Proof To make the translar | easie, let the

B=(u0), C=000) A =luu) " = (ug, ug)
Q = '14.15),}? = {xﬁa x'?]' -
o 18 Xxq. We translate 1
A B, and C arec , then usin
M A'B = Slope 7 o
impli s, :‘:-:: = i'::
g —ug)(y uz) = (g —wa) (s uz)

hy = ug—ug)(uy —ug) - xy —ug)(uy —ug) -

A Pan B are

rdinates of thr »oints be as follows: 4 = (0,0),

C'= (w7 x1) . P=(x32x3)
"A,BAB, s0
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Slope of AP = Slape of AB’

.. . =0 =0 .
Thisimplies, Z=— =" Thatis, = ==
xa=0 usz—0 Xz s

Xalls = UgXa
hy = x3us —ugx; =0
Thepoints B, P and A" are collinear, so using the slope formula, we find

Slope of Bz’ = Slope of BP

Uy =0 - & Xg—ilb
uz-ty  Xp-ug

Thisimplies.
wy(az — wy) = x3(1y — 1)
hy = uglxp —uy) —xs(uz —13) =0
The points 4, @ and €' are collinear, so using the slope formula, we have

Slope of AQ = Slope of AC”

. . xeg=0 _ x3=0
Thisimplies, N uh

That is, %-:ﬂ

'3 T-E;r-
Xelly = XXy
hy = xsu; —xy24 =0

Thepoints €,  and A" are collinear, and using the slope formula, we find

Slope of £Q = Slope of CA’

.. . x5=0 — g =0
Thisimplies, T
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xs5(uy — uz) = waxy —uz)
he = 2y — ) —uaxy —1u) =0
The points B, R and €' are collinear, and using the slope formula, we find

Slope of BR = Slope of B¢’

Xp—0 = xq—0

gy 117—1‘1].

Thisimplies,

x7(ur —w1) = x1(xg — 1)
hg = X7(uz — ) — 21 (xg —2,) = 0

Thepoints €, R and ' are collinear, and using the slope formula, we find

Slopeof CR = Slope of CB’

ue—0
g~z Mg—Hg

This implies,
X7 (us — uz) = ug(xe — uy)

hy = x5(ug ~uy) — uglxg —uz) =0

Now, our conclusion is that the points P, ¢} and R are collinear. So that using the slope formula,

we have
Slope of PQ = Slope of PR
Thisimplies, Xs=¥3 _ X7=¥3

Tamay  XpTEn
(x5 —x3Mxg — 22) = (x5 —233(xg 22

g=(x5=~x3)(xg —%x3) — (2 — X3 x4 —x3) =0
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Now, we want to show is that g tovanisheswhenever hy,..,h do or g inthe
radical I = (hy. -..,h7).

For theidea | =< hy ,... ,h > ,computing a Groebner basis G of theideal | gives us:

G:{ f]_ o ,fﬁ,} ,Where

fi = x5 u; - x;%,

fz =@ — 2wy +x7u; — X1 X

fz = (ryx — x3X7)uz — xpupus + (—x1xz + X6 + XX )1ty + XaXouty — X 23

fi = (—x1x2x5 FX3X3Xq - X1 X4X7 + XXX + XXX — XaXgXo ) Uy Xy X0 — X3XeXy
fo = (—xixaXxs + X1 X¥axq + XaXs37 — Xy ¥s¥eJUE — X3XsXrUpUy + X X35 XeUs

fﬁ, = X]_szg' — XX XX — XXX X + X XXXy + X XXXy —1115%15 —121’%

But using computer algebra system the division of the conclusion g by the Groebner basis G

gives norzero.
Thatis g% #0
This impilies g &€ 1

letg; =1—ygandlecl =<hy,.. ,h ,g,>  thencomputing the Groebner basis for
I the reduced Groebner basis{1}.

Then by the above Remark 2.2.4 thisimpliesg € \,.’v:: hi,w. ,h >
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Hence e follows generically from the hypotheses . Hence g holds whenever

hy, ., hs hold.

3.4.3. Orthocenter theorem

The main result of our work is the following .We want to prove that the alttitudes of agiven
triangle are concurrent that is they pass through the same point.

Theorem 2.4.3. The dtitudes of atriangle AABC al meet in asingle point,H,called the
orthocenter.

A(Uz ,U3)

B(0,0)
D(x1,0)

Figure 2.8:Orthocenter theorem

Proof First we construct the triangle in the coordinat plane by letting A=(uyus) B=(0,0)
C:(Ul,O).
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Next we construci e mmatui s of AABC . Let D =(x1,0) , E=(X4,X3) and F= (X2, X3) be
points such that 7777 777, TF  are alititudesfrom A B, C respectively .Then we must have
B.D,C ; B,L/A and <, F, A are collinear . Also, we must have AD 1 ; CE L
AB and BF L AC. Thisyieldsthe following hypotheses . Labling the polynomial as h;, hy, hs,
hy ,hs

hy = uy(xy ~uz) =0

h?_: x;(uz _H]}+ _').'-'3_?.,{__1 Iﬂ
hs = x3(up —uy) —uz (x2 —wy) = 0 1)
h4 = Uy(xy ~ ]'.-1_1-;" + uzxs =0

h = .IEH;._I =y LI'.H.I,; = 0

=
of

Now, we want to conclude that all three altitudis me ava single point H . Hence we construct
the point H(X1 ,Xs ) shoud bethe intersection of 1113 .77 ,I7% . The additional hypotheses that

C ,H |E, are collinear yielding the following equations. Which wecall hg .

h = xg{xg —wy) —xs{xy —13) =0 (2

Finally ,our conclusion becomes B \H , F are collinear ,since al thethree atitudes meet at H.

Hence,we get the equation call this polynomia g.

H = XegXz = X3X3

Now what we want to show isthat g vanishes whenever h; ... ,hg do, or gisthein radical

(h1, ..., hg) our hypothesisarethe six polynomials from (1) and (2).
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Let | =<hy,.. ,h > ,computing a Groebner basis G for theidea | ,with lex order which
yields

U='{Ii!.“1 L_Flg} 4 Wher‘:
_ i3 2
1 = Xgth Uy — ujlug + U Uiy
P 2
f2 = x5uz + X5U3 — Wiy
e i z g 53
f3 = XsXglqgUz — Xsujuz — Xstjus + Utsus
I 5o 2
Ja = X5XglUglly + X5ujls — X5ty lipliy — Xalijly
f5 = Xauz — x5uy
f6 = Xauz + Xsuz — Wu,
fr = XaXelty + XgUf — xglytly — Xguf
=i 2z 2 i d
fg = x3u7 = 2xqu Uy + x3us + XyU3 — ugUp + Ujlipliy
fa = X3XeU3 + X3Xoud — XaUyUJuz — Xzl upl] + XaUgus + XsUug
i . 3 b 3
flo = X3Xglyliglly — X3XgUslls — X3Xglis + XallyUa Ui — uusuy + wqus iy
z & =
f]_l = X3XsXplly + XaXgly Uy — XaXglly Uy — XgUT Uz = Xl u% + u{ Uyl

fiz = XaXiuy + X3X2Uy + 2x3X5Ug Uz — gty Ul + 200313 + 2x5uaud — xgutuy — xgugul
~ ufusuy + 2u,ufu,

his = xpuz + X3y — Xaup ~ Uy

fia = Xauy — Xaup — XalUy

fi5 = XzpX5Uy + X3Xaqlly + XaXgly — X3l Uy — X5l Uy
fie = xquy ~ iz

17 = X1X5 — X4Xg — XUy + Xglly

fia = X1X3u5 + X1 X3U5 —~ X3u3 ~ Nzuzuj

fie = X1 Xa1up + X1 XpUg — XauUE — XaliaUy

But the division of the conclusion g by this Groebner basis is different from zero.
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Thatisg ¢ # 0
Impilies g & |

Thisisdue to so called dejenerate case.FFor exampie, if A coincides with B , the coordinates of
E areundefined. Souy; # 0 and uy = 0.

Insection 3.2. 5 above we have use Groebner basis to automeatically drive degenerate case.

Finally computing a Groebner basis Tor < hy, ... ,hg , 1 —ygu us > the computition can
be carried out completely over the field yielding the reduced Groebner basis {1} .

This impilies g € I

So ,the conclusion of this Theorem g follows genericaly from the hypotheses (hy ,... ,h )
Thatis g holds whenever h,,... ,h hold.

Thismeams point H isan intersection point to all the three altitudes of AABC .
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