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Abstract

In this thesis, explicit closed form for the fundamental solution of multi-

dimensional space-time fractional diffusion-wave equation

cDβ
t u + (−4)

α
2 u = 0

with Cauchy data is considered. The Mellin transform is employed along

with the Mellin-Barnes transform for specific values of α and β to achieve

the representation of the fundamental solution in closed form.
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Chapter 1

Introduction

Fractional Calculus is the generalization of calculus to non integer order.

It is the study of an extension of integer order derivative and integrals to

non integer order. Fractional calculus can be applied on both ordinary and

partial differential equations. In this generalization integer order calculus

is the special case. A differential equation is fractional if it involves an

operator that can considered to be between (n− 1)st and nth order differ-

ential operator for some positive integer n and it is said to be of fractional

order if this operator is the highest order operator in the equation. Nowa-

days fractional partial differential equation(FPDE) has attracted the atten-

tion of several researchers and has found numerous applications in real

world phenomenon. Some of its well known applications are in anoma-

lous diffusion , wave propagation , modeling different materials. Moreover

the fractional diffusion-wave equation is widely used in different areas of

engineering and science. The main focus of this thesis is to find explicit

closed form formula for the fundamental solution of the multi-dimensional

space- and time- fractional diffusion-wave equation.Representation of the

fundamental solution of the multi-dimensional space- and time- fractional

diffusion-wave equation in terms of known special functions is obtained

from Mellin-Barnes integral by employing the method of Mellin transform.

The necessary and/or sufficient conditions for the positivity of the funda-

mental solution of the multi-dimensional diffusion-wave equation is still

an open problem. The fundamental solution of multi-dimensional space-

and time- fractional diffusion-wave equation and its new properties was

discussed briefly in [14] and also some of its closed forms was consid-

ered in [14]. Some additional closed forms of the fundamental solution

to the multi-dimensional space- and time- fractional diffusion-wave equa-

tion was discussed in [13]. Moreover, the list of diffusion equation , space-

fractional diffusion equation, time-fractional diffusion-wave equation and
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one dimensional α -fractional wave equation was mentioned and discussed

in [11]. The fundamental solution to the time-fractional diffusion-wave

equation is solved for the case of α ∈ (0, 2] in terms of the special func-

tion of Fox H- function in [9].

The rest of this thesis is organized as follows, in the next chapter we will

discuss some basic mathematical functions that have a significant role in

fractional calculus this includes radial function, Gamma function, the Er-

ror function and the Mittage-Leffler function. Then we will see some basic

properties of fractional differentiation and integration with the most com-

monly used definitions of fractional differentiation and integration. Finally

we focus on the application of fractional calculus on both ordinary and

partial differential equation and we deal with the main results of the closed

form formula for the fundamental solution.
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Chapter 2

Preliminaries

In what follows we visit some special functions that may arise in connec-

tion with fractional calculus and hence with fractional differential equa-

tions and fractional integral equations.

2.1 Basic Definitions and Special Functions

2.1.1 Gamma Function

The Gamma function which essentially plays the role of generalized facto-

rial is defined as

Γ(x) =
∫ ∞

0
e−ttx−1dt, x ∈ R+

By using its recursion relations we obtain

Γ(x + 1) = xΓ(x) x ∈ R+

Γ(x) = (x− 1)! x ∈N

One can alternatively define the Gamma function by

Γ(x) = lim
n→∞

n!nx

x(x + 1) · · · (x + n)

Indeed this is obtained by applying integration by parts (n-times) and re-

calling that

e−t = lim
n→∞

(
1− t

n

)n
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2.1.2 Beta Function

The Beta function is basically useful for computing fractional derivatives of

a power function and is given by the definite integral

B(u, w) =
∫ 1

0
(1− v)w−1vu−1dv for u > 0 and w > 0

The Beta function can also be written in terms of Gamma function as

B(u, w) =
Γ(u)Γ(w)

Γ(u + w)
for u > 0 and w > 0

This relation between the beta and the gamma functions which is estab-

lished by Laplace transform of convolutions, evidently shows that the beta

function is symmetric,

B(u, w) = B(w, u)

2.1.3 The Error Function

The Error function is given by (see [15])

Er f (x) =
2√
π

∫ x

0
e−t2

dt, x ∈ R (2.1)

The complementary Error function (Erfc) is closely related to the error func-

tion and hence can be written in terms of the Error function as

Er f c(x) = 1− Er f (x)

As a result of (2.1) we have

Er f (0) = 0 and Er f (∞) = 1

2.1.4 Mittag-Leffler Functions

The Mittag-Leffler functions are one of the basic functions that evolve with

the solution of fractional differential equations.
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The one parameter Mittage-Leffler function can be defined as (see [10])

Eβ(x) =
∞

∑
n=0

xn

Γ(βn + 1)
, β > 0

while the two parameter Mittage-Leffler function is given by

Eβ,γ(x) =
∞

∑
n=0

xn

Γ(βn + γ)
, β, γ > 0

The two parameter Mittage-Leffler functions that oftentimes arise in the so-

lution of fractional differential equations have some interesting properties

worth mentioning.

1. The series associated with its definition is uniformly convergent with

the radius of convergent r = ∞

2. If both parameters are unit, i.e α = 1 = β then

E1,1(x) = ex

3. If β = 1 then

Eα,1 = Eα(x)

4. From the definition follows the following relation

Eα,β(x) =
1

Γ(β)
+ xEα,α+β(x)

Eα,β(x) = βEα,β+1(x) + αx
d

dx
Eα,β+1(x)and(

d
dx

)m [
xβ−1Eα,β(xα)

]
= xβ−m−1Eα,β−m(xα), β−m > 0, m = 0, 1, 2, · · ·

Since the power series in the definition of Eβ,γ is uniformly convergent,

term by term differentiation yields

E[n]
β,γ(x) =

∞

∑
k=0

(k + n)!
k!

tk

Γ(βk + βn + γ)
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Furthermore, specific values of β and γ leads to well known functions. We

shall mention a few of them

E2,1(x2) = Cosh(x)

E2,2(x2) =
Sinh(x)

x

E 1
2 ,1(x) = ex2

er f c(−x)

2.1.5 Radial Function

A radial function is a function

η : R+ → R

satisfying

η(x; xo) := η(|x− xo|)

for some points xo in some subset E ⊂ Rn and | · | denotes standard Eu-

clidean norm in Rn. This concept is of paramount importance when deal-

ing with problems that involve circular symmetry, mainly due to the fact

that the dependence is only on the radial distance.

2.2 Fractional Derivative and Integration

In this subsection we will see the Riemann-Liouville and Caputo’s defini-

tion of fractional integrals and fractional derivatives.

Definition 1 (Fractional Integral (Riemann-Liouville)). This definition is
one of the familiar definitions of fractional integration and is given by

J α f (x) =
1

Γ(α)

∫ x

0
(x− τ)α−1 f (τ)dτ

Here, J α denotes the fractional integral of order α > 0
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Definition 2 (Fractional Derivative (Riemann-Liouville)). The Riemann-
Liouville fractional derivative is defined as

Dγg(x) =
1

Γ(m− γ)

dm

dxm

∫ x

0

1
(x− t)1+γ−m g(t)dt m− 1 < γ < m

Dγ denotes the fractional derivative of order γ > 0

Definition 3 (Fractional Derivative (Caputo)). 1 For m − 1 < β < m the
Caputo fractional derivative is given by

cDβg(x) =
1

Γ(m− β)

∫ x

0

1
(x− t)1+β−m gm(t)dt m− 1 < β < m

In particular when 0 < β < 1 the Caputo fractional derivative becomes

cDβ f (x) =
1

Γ(1− β)

∫ x

0

1
(x− t)β

f
′
(t)dt

Definition 4 (Euler’s Generalization). Euler generalized the formula

dnxm

dxn = m(m− 1) · · · (m− n + 1)xm−n

by using the property of gamma function

m(m− 1) · · · (m− n + 1) =
Γ(m + 1)

Γ(m− n + 1)

and then arrived at
dnxm

dxn =
Γ(m + 1)

Γ(m− n + 1)
xm−n

2.3 Properties of fractional derivative and integration

In these section we are going to see some of the basic properties of Riemann-

Lioville integral and derivative. For a function h ∈ L1(R) and α, β ≥ 0 the

1Relation between Caputo and Riemann-Liouville derivatives

(cDα f )(x) =

(
Dα

(
f (t)−

n−1

∑
k=0

f [k](0)
k!

tk

))
(x), n− 1 < α < n, x > 0
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following properties hold true

Iteration property

J αJ βh(x) = J α+βh(x)

Commutative property

J αJ βh(x) = J βJ αh(x)

For any two functions h(x) and g(x) on the closed interval [c, d] , K ∈ R

and 0 < α < β the following holds

Dα(h + g)(x) = Dαh(x) + Dαg(x)

Dα(Kh)(x) = KDαh(x)

D0h(x) = h(x)

Illustration

1, Unit Function2

For f (x) = 1, α > 0 we have

dα f (x)
dxα

=
dα1
dxα

=
x−α

Γ(1− α)

2, Identity Function

For f (x) = x, α > 0 we have

dα f (x)
dxα

=
dαx
dxα

=
x1−α

Γ(2− α)

3, Exponential Function

2If k is a non-zero constant then

Dαk =
kt−α

Γ(1− α)
6= 0 = cDαk
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Fractional deriviative of the function f (x) = ex, α > 0 is

dαex

dxα
=

∞

∑
k=0

xk−α

Γ(k− α + 1)

4, For the monomial xν and β > 0 3

Dβxν =
Γ(ν + 1)

Γ(ν− β + 1)
xν−β ν ≥ 0 0 < β < 1

For β = 1
2

D
1
2 x0 = D1− 1

2 x0 = D1
[

D
−1
2 x0

]
= D

[
2
√

x
π

]
=

1√
xπ

D
1
2 x1 = D1− 1

2 x1 = D1
[

D
−1
2 x1

]
= D

[
4
3

√
x3

π

]
= 2

√
x
π

5, For β > 0, the fractional integral of the monomial xν is given by

J βxν =
Γ(ν + 1)

Γ(ν + β + 1)
xν+β

For β = 1
2

J 1
2 x0 =

Γ(1)
Γ( 3

2 )
x0+ 1

2 = 2
√

x
π

J 1
2 x1 =

Γ(2)
Γ( 5

2 )
x1+ 1

2 =
4
3

√
x3

π

J 1
2 x2 =

Γ(3)
Γ( 7

2 )
x2+ 1

2 =
16
15

√
x5

π

3

Dα
t [ f (at)] = aαDα

x [ f (x)] ; x = at
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Chapter 3

Transforms and Fundamental Solution

Integral transform such as Mellin, Fourier and Mellin-Barnes are useful for

the construction of solution of differential equations that involve fractional

derivatives of Riemann-Liouville and Caputo type(Kilbas).

3.1 Integral Transforms

3.1.1 Fourier Transform

The fact that Fourier transform is used for solving partial differential equa-

tions is well known. In what follows we shall recall some of the properties

of the classical Fourier transform (FT) so as to pave the way for introducing

the fractional Fourier Transform (FrFT).

The Fourier transform in one dimension

The Fourier transform of a function f (t) of real variable t ∈ R is defined by

(F f )(x) = F [ f (t)](x) = f̂ (t) =
∫ ∞

−∞
eixt f (t)dt, x ∈ R (3.1)

The inverse Fourier transform is given by

(F−1g)(x) = F−1[g(t)](x) =
1

2π
ĝ(−x) =

1
2π

∫ ∞

−∞
e−ixtg(t)dt (3.2)

The integral in (3.1) and (3.2) converges absolutely for functions f , g ∈
L1(R) and in the norm of the space L2(R) for f , g ∈ L2(R). Furthermore

it has the following properties.

1. F−1F f = f

2. FF−1g = g
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If we use F n = FFn−1(n = 1, 2, · · · ) for the composition with F 0 = Id we

have the following properties.

1. (F 2 f )(x) = f (−x)

2. (F 3 f )(x) = f̌ (−x)

3. (F 4 f )(x) = f (x)

From this we observe that the composition of Fourier Transform, F n (n ∈
N ) can be identified with a rotation through an angel θ = n π

2 in a plane.

The following properties are related to transform of derivatives and con-

volutions.

1. F [Dn f (t)](x) = (−ix)n(F f )(x) n ∈N

2. Dn(F f )(x) = F [(it)n f (t)](x) n ∈N

3. F ( f ∗ g)(x) = (F f )(x)(Fg)(x)

The Fourier transform in n-dimensions

The n-dimensional Fourier transform of a function f (t) of t ∈ Rn is given

by

(F f )(x) = F [ f (t)](x) = f̂ (x) =
∫

Rn
eix·t f (t)dt x ∈ Rn (3.3)

The pertinent inverse transform is given by

(F−1g)(x) = F−1[g(t)](x) =
1

2π
ĝ(−x) =

1
(2π)n

∫
Rn

e−ixtg(t)dt (3.4)

It has the same properties as the one dimensional case.

We remark that, if4 is the n-dimensional Laplace operator

4 =
∂2

∂x2
1
+ · · ·+ ∂2

∂x2
n

then

(F4 f (t))(x) = |x|2(F f )(x) x ∈ Rn
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The Fractional Fourier Transform

The fractional Fourier transform of order α (0 < α < 1) of a function f ∈
L1(R) is given by

(Fα f )(x) =
∫ ∞

−∞
eα(x, t) f (t)dt, x ∈ R

Where

eα(x, t) =

e−i|x| 1α t, x < 0

ei|x| 1α t, x ≥ 0

Here, the kernel eα coincides with kernel of the usual Fourier transform,

whenever α = 1 . Recalling that

x =

|x|, x ≥ 0

−|x|, x < 0.

We have

e1(x, t) =

e−i|x|t, x < 0

ei|x|t, x ≥ 0

= eixt

The fractional Fourier transform of order 1 is the usual Fourier transform.

In other words the usual Fourier transform can be seen as a special case of

Fractional Fourier transform.

3.1.2 Mellin Transform

Let f be a function of real variable x ∈ (0, ∞). If xs−1 f (x) ∈ L1
loc(R+) then

the Mellin transform of f is defined as (see [16])

(M f )(s) =
∫ ∞

0
xs−1 f (x)dx := f̌ (s), s ∈ C

and the inverse Mellin transform is given by

(M−1g)(x) =
1

2πi

∫ c+i∞

c−i∞
x−sg(s)ds, c = Re(s)
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Properties (for n ∈N)

1. Scaling property

(M f (nt))(s) = n−s f̌ (s)

2. Multiplication by tn

(Mtn f (t))(s) = f̌ (s + n)

3. Transform of Derivative

(MDn f )(s) = (−1)n Γ(s)
Γ(s− n)

f̌ (s− n)

4. Derivative of Transform

Dn(M f )(s) = M((log x)n f )(s− 1)

5. Inverse

M−1M f = f and MM−1g = g

Mellin and Fourier Transform

By suitable change of variables, the Mellin integral transform can be con-

verted into Fourier transform. To this end, if we set

x = et

We have ∫ ∞

0
xs−1 f (x)dx =

∫ ∞

−∞
est f (et)dt

=
∫ ∞

−∞
eiγt (eςt f (et))︸ ︷︷ ︸

g(t)

dt s = ς + iγ

=
∫ ∞

−∞
eiγtg(t)dt

14



And hence 1

(M f )(s) = (Fg)(γ)

Mellin transform of fractional order

For 0 ≤ n− 1 < α < n, n ∈N

M(Dα f (t))(s) =
Γ(1− s + α)

Γ(1− s)
f̌ (s− α)

where Dα is the Riemamm-Liovuille fractional derivative. Furthermore, for

any α > 0

M(tα f (t))(s) = f̌ (s + α)

And

M( f (tα))(s) =
1
α

f̌
( s

α

)

3.2 Fundamental Solution of Diffusion Equation

The n-dimensional Diffusion equation is given by

ut(x, t) = 4u(x, t), x ∈ Rn, t > 0 (3.5)

Equation (3.5) can be written as

ut −4u = 0

For steady state

4u = 0

i.e

ux1x1 + ux2x2 + · · ·+ uxnxn = 0

If we replace each uxnxn by (xn)2 then we have

(x1)
2 + (x2)

2 + · · ·+ (xn)
2 = |x|2

1Mellin Transform is related to Laplace Transform

t = e−x ⇒ (M f (t))(s) = (L f (e−x))(s)
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Hence, for the equation

ut −4u = 0

we have

t− |x|2 = 0

This implies that
|x|√

t
= 1

And hence we may take

u(x, t) =
1
t

n
2

v
(

x√
t

)
(3.6)

for a given function

v : Rn → R

If we further assume that v is radial

v = w(|y|)

and is a particular solution of equation (3.5) and then plugging equation

(3.6) in to equation (3.5) leads to(
1
t

n
2

v
(

x√
t

))
t

= 4
(

1
t

n
2

v
(

x√
t

))
−n
2

t
−n
2 −1v(y) + t

−n
2

(
v
(

x√
t

))
t

= t
−n
2

(
1√

t

)(
1√

t

)
4yv(y)

and (
v
(

x√
t

))
t

=

(
v
(

x1√
t
,

x2√
t
, ·, xn√

t

))
= vy1

(
−x1

2t
√

t

)
+ · · ·+ vyn

(
−xn

2t
√

t

)
=
−1
2t

(
vy1

(
x1√

t

)
+ · · ·+ vyn

(
xn√

t

))
Therefore (

v
(

x√
t

))
t
=
−1
2t

Dyv · y
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But then we have

−n
2

t
−n
2 −1v + t

−n
2
−1
2t

Dyv · y = t
−n
2 −14yv

−n
2

t
−n
2 −1v− 1

2
t
−n
2 −1Dyv · y = t

−n
2 −14yv

−n
2

v− 1
2

Dyv · y = 4yv

n
2

v +
1
2

Dv · y +4v = 0

Since v is radial

v(y) = w(|y|) = w(r)

for some w : Rn → R so we have

Dv = w
′
(r)

y
|y|

4v = w
′′
+

(
n− 1

r

)
w
′

It then follows that

n
2

w +
1
2

w
′ y
|y| · y + w

′′
+

(
n− 1

r

)
w
′

= 0

n
2

w +
1
2

w
′
r + w

′′
+

(
n− 1

r

)
w
′

= 0

1
2

(
w
′
r + wn

)
+ w

′′ · 1 + n− 1
r

w
′
= 0 (3.7)

In order to apply product rule, let us multiply equation (3.7) by the inte-

grating factor rn−1, as a result equation (3.7) becomes

1
2

(
w
′
rn + wnrn−1

)
+ w

′′
rn−1 + w

′
(n− 1) rn−2 = 0

1
2
(rnw)

′
+
(

w
′
rn−1

)′
= 0(

1
2

rnw + w
′
rn−1

)′
= 0

1
2

wrn + w
′
rn−1 = c

17



Since we are looking for a particular solution let us take c = 0, and then

1
2

wrn + w
′
rn−1 = 0

w
′
rn−1 =

−1
2

wrn

w
′

w
=
−1
2

r

ln |w| =
−r2

4
+ c

w(r) = ce
−r2

4

Consequently

v(y) = w(|y|)

= ce
−|y|2

4

Finally,

u(x, t) =
1
t

n
2

v
(

x√
t

)

=
1
t

n
2

Ce

∣∣∣∣− x√
t

∣∣∣∣2
4

Thus, as anticipated

u(x, t) =
C
t

n
2

e
−|x|2

4t

is the solution for the n-dimesional Diffusion equation
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Chapter 4

Space- and Time- Fractional Diffusion-Wave

Equation

The behaviour of solution of fractional Cauchy problemDβ
t u(x, t) + (−4)

α
2 u(x, t) = 0, (x, t) ∈ Rn ×R+, 0 < β ≤ 2 : 1 < α ≤ 2

u(x,0) = f(x)

is dictated by the fundamental solution Φα,β,n(x, t). Representation of the

fundamental solution in terms of known special functions is obtained from

Mellin-Barnes integral by employing the method of Mellin transform. The

necessary and/or sufficient conditions for the positivity of the fundamental

solution of the multi-dimensional diffusion-wave equation is still an open

problem (to the best of our knowledge).

4.1 The Wave and Diffusion Equation

Here, we see space- and time- fractional diffusion-wave equation in n-

dimensions

Dβ
t u(x, t) = −(−4)

α
2 u(x, t), (x, t) ∈ Rn ×R+, 0 < α, β ≤ 2. (4.1)

where Dβ
t is the Caputo time-fractional derivative of order β > 0 where by

Dβ
t u(x, t) =

(
J n−β

t
∂nu
∂tn

)
(t), n− 1 < β ≤ n, n ∈N

and (−4)
α
2 is the fractional Laplacian.

If we take specific values of α and β we will recover the usual wave equa-

tion and diffusion equation as can be seen hereunder. In this regard, on the
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one hand, if α = 2 and β = 1

D1
t u(x, t) = −(−4)

2
2 u(x, t)

ut(x, t) = −(−4)u(x, t)

⇒ ut(x, t) = 4u(x, t)

ut(x, t) = 4u(x, t), x ∈ Rn, t > 0 (4.2)

Equation (4.2) is n-dimensional Diffusion equation and 4 is the usual n-

dimensional Laplacian. On the other hand, if α = 2 = β

D2
t u(x, t) = −(−4)

2
2 u(x, t)

utt(x, t) = −(−4)u(x, t)

⇒ utt(x, t) = 4u(x, t)

utt(x, t) = 4u(x, t), x ∈ Rn, t > 0 (4.3)

Equation (4.3) is n-dimensional wave equation with4 again the n-dimensional

Laplacian. Thus, equation (4.2) and equation (4.3) are special cases of the

multi-dimensional space- and time- fractional diffusion-wave equation.

The time - fractional diffusion - wave equation

Dβ
t u(x, t) = 4u(x, t), x ∈ Rn, 0 < β ≤ 2

is also a special case of (4.1) in which α = 2. Now let us see some relevant

Lemma’s which have significant role for the derivation of the fundamental

solution

Lemma 1. For µ > −1 and α > 0

cDα
t tµ =

Γ(µ + 1)
Γ(µ− α + 1)

tµ−α

where the derivative is in the sense of Caputo.
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Proof. Let f (t) = tµ. From the definition of Caputo fractional derivative

cDα
t f (t) =c Dα

t tµ =
1

Γ(n− α)

∫ t

0
(t− τ)n−α−1(τµ)(n)dτ (4.4)

From the Euler’s formula of power function, we have

dn

dτn (τ
µ) =

Γ(µ + 1)
Γ(µ− n + 1)

τµ−n (4.5)

Then substituting equation (4.5) into equation (4.4) renders

cDα
t tµ =

1
Γ(n− α)

∫ t

0
(t− τ)n−α−1 Γ(µ + 1)

Γ(µ− n + 1)
τµ−ndτ

=
Γ(µ + 1)

Γ(µ− n + 1)
1

Γ(n− α)

∫ t

0
(t− τ)n−α−1τµ−ndτ

Now let us substitute τ = λt and dτ = tdλ for 0 ≤ λ ≤ 1 then we have

cDα
t tµ =

Γ(µ + 1)
Γ(µ− n + 1)

1
Γ(n− α)

∫ 1

0
(t− λt)n−α−1(λt)µ−ntdλ

=
Γ(µ + 1)

Γ(µ− n + 1)
1

Γ(n− α)

∫ 1

0
(t(1− λ))n−α−1(λ)µ−n(t)µ−ntdλ

=
Γ(µ + 1)

Γ(µ− n + 1)
1

Γ(n− α)

∫ 1

0
(1− λ)n−α−1λµ−ntn−α−1tµ−ntdλ

=
Γ(µ + 1)

Γ(µ− n + 1)
tµ−α

Γ(n− α)

∫ 1

0
(1− λ)n−α−1λµ−ndλ

Consequently

cDα
t tµ =

Γ(µ + 1)
Γ(µ− n + 1)

tµ−α

Γ(n− α)
B(µ− n + 1, n− α) (4.6)

where

B(µ− n + 1, n− α) =
∫ 1

0
(1− λ)n−α−1λµ−ndλ

which is the beta function and

B(µ− n + 1, n− α) =
Γ(µ− n + 1)Γ(n− α)

Γ(µ− α + 1)
(4.7)
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Finally substituting equation (4.7) into equation (4.6) leads to

cDα
t tµ =

Γ(µ + 1)
Γ(µ− n + 1)

tµ−α

Γ(n− α)

Γ(µ− n + 1)Γ(n− α)

Γ(µ− α + 1)

=
Γ(µ + 1)

Γ(µ− α + 1)
tµ−α

Therefore,
cDα

t tµ =
Γ(µ + 1)

Γ(µ− α + 1)
tµ−α

Lemma 2. Consider the Riemann-Liouville fractional integral of order α > 0,

oJ α
t f (t) =

1
Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ

and D = d
dt the usual differential operator of order one. Then

D[oJ α
t f (t)]−o J α

t [D f (t)] = f (0)
tα−1

Γ(α)

Proof. Since

D[oJ α
t f (t)]−o J α

t [D f (t)] =
d
dt

[
1

Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ

]
−

1
Γ(α)

∫ t

0
(t− τ)α−1 f ′(τ)dτ

We have

D[oJ α
t f (t)]−o J α

t [D f (t)] =
1

Γ(α)
d
dt

∫ t

0
(t− τ)α−1 f (τ)dτ−

1
Γ(α)

∫ t

0
(t− τ)α−1 f ′(τ)dτ

Applying integration by parts, along with the change of variable

u = (t− τ)α−1, du = −(α− 1)(t− τ)α−2dτ

and

dv = f ′(τ)dτ, v = f (τ)
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since, (t− τ)α−1 and d
dt (t− τ)α−1 are continuous in the variable t. Then we

can differentiate under the integral, we have

D[oJ α
t f (t)]−o J α

t [D f (t)] =
1

Γ(α)

∫ t

0

d
dt
(t− τ)α−1 f (τ)dτ−

1
Γ(α)

[
(t− τ)α−1 f (τ)|t0 −

∫ t

0
−(α− 1)(t− τ)α−2 f (τ)dτ

]
But then

D[oJ α
t f (t)]−o J α

t [D f (t)] =
1

Γ(α)

∫ t

0
(α− 1)(t− τ)α−2 f (τ)dτ−

1
Γ(α)

[
−tα−1 f (0) +

∫ t

0
(α− 1)(t− τ)α−2 f (τ)dτ

]
And hence

D[oJ α
t f (t)]−o J α

t [D f (t)] = f (0)
tα−1

Γ(α)
+

1
Γ(α)

∫ t

0
(α− 1)(t− τ)α−2 f (τ)dτ−

1
Γ(α)

∫ t

0
(α− 1)(t− τ)α−2 f (τ)dτ

Therefore,

D[oJ α
t f (t)]−o J α

t [D f (t)] = f (0)
tα−1

Γ(α)

Identifying special cases of

cDβ
t u(x, t) = −(−4)

α
2 u(x, t), x ∈ Rn, t > 0

and characterizing those cases for which the fundamental solution can be

expressed in terms of known special functions is the topic of current re-

search. In some of the cases the fundamental solution can be expressed in

terms of the Mittage-Leffler functions and this can be attained by using the

Mellin transform.

Lemma 3. Let α > 0 and the initialization be at a = 0. Then the Mellin transform
of the Riemann-Liouville fractional integral is given by

M[oJ α
t f (t)] =

Γ(1− s− α)

Γ(1− s)
f̌ (s + α)
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where f̌ (s) is the Mellin transform of f (t)

Proof. Using the definition of Riemann-Liouville fractional integral

oJ α
t f (t) =

1
Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ

And the change of variable τ = xt and dτ = tdx for 0 ≤ x ≤ 1 leads to

oJ α
t f (t) =

1
Γ(α)

∫ 1

0
(t− xt)α−1 f (xt)tdx

=
1

Γ(α)

∫ 1

0
(t(1− x))α−1 f (xt)tdx

=
1

Γ(α)

∫ 1

0
t ∗ tα−1(1− x)α−1 f (xt)dx

But then

oJ α
t f (t) =

tα

Γ(α)

∫ 1

0
f (xt)h(x)dx (4.8)

where

h(x) =

(1− x)α−1 if 0 ≤ x < 1

0 if x ≥ 1.

Now let us compute the Mellin transorm

M[oJ α
t f (t)] = M

[
tα

Γ(α)

∫ 1

0
f (xt)h(x)dx

]
=

1
Γ(α)

∫ ∞

0
tα+s−1dt

∫ ∞

0
f (tx)h(x)dx

Since h(x) , tα+s−1 and f (xt) are differentiable functions we can change the

order of integration we have

M[oJ α
t f (t)] =

1
Γ(α)

∫ ∞

0
h(x)dx

∫ ∞

0
f (tx)tα+s−1dt

If we set

y = tx

Then

dy = xdt
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⇒ dy
x

= dt

As a result of this we have

M[oJ α
t f (t)] =

1
Γ(α)

∫ ∞

0
h(x)dx

∫ ∞

0
f (y)

(y
x

)α+s−1 dy
x

=
1

Γ(α)

∫ ∞

0
h(x)dx

∫ ∞

0
yα+s−1 f (y)x−s−αdy

=
1

Γ(α)

∫ ∞

0
x−s−αh(x)dx

∫ ∞

0
yα+s−1 f (y)dy

=
1

Γ(α)

∫ 1

0
x−s−α(1− x)α−1dx

∫ ∞

0
yα+s−1 f (y)dy

=
1

Γ(α)
B(1− s− α, α) f̌ (s + α)

=
1

Γ(α)
Γ(1− s− α)Γ(α)

Γ(1− s)
f̌ (s + α)

=
Γ(1− s− α)

Γ(1− s)
f̌ (s + α)

Therefore,

M[oJ α
t f (t)] =

Γ(1− s− α)

Γ(1− s)
f̌ (s + α)

Theorem 1. For α > 0, λ ∈ R and t ≥ 0 ,

ϕ(t) = Eα(λtα)

is a solution of the fractional eigenvalue problem.

cDα ϕ(t) = λϕ(t)

where the derivative is in Caputo sense.

Proof.

Eα(λtα) =
∞

∑
k=0

(λtα)k

Γ(αk + 1)

The Caputo fractional derivative of f (t) with

n− 1 < α < n, n ∈N
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is given by
cDα f (t) = cJ n−αcDn f (t)

where cJ stand for Caputo fractional integration. For f (t) = x(t) we have

cDαx(t) = cDαEα(λtα) =c Dα

[
∞

∑
k=0

λktαk

Γ(αk + 1)

]

Thus

cDαx(t) = cJ n−αDn

[
∞

∑
k=0

λktαk

Γ(αk + 1)

]

= cJ n−α

[
∞

∑
k=0

λkDntαk

Γ(αk + 1)

]
by lemma 2

= cJ n−α

[
∞

∑
k=1

λktαk−n

Γ(αk + 1− n)

]

=
∞

∑
k=1

λk cJ n−αtαk−n

Γ(αk + 1− n)

=
∞

∑
k=1

λktαk−n+n−α

Γ(αk + 1− n + n− α)

=
∞

∑
k=1

λktαk−α

Γ(αk− α + 1)

Hence, for k→ k + 1

cDα ϕ(t) =
∞

∑
k=0

λk+1tαk

Γ(αk + 1)

= λ
∞

∑
k=0

λktαk

Γ(αk + 1)

= λ
∞

∑
k=0

(λtα)k

Γ(αk + 1)

Therefore,
cDα ϕ(t) = λϕ(t)

This completes the proof of the claim that ϕ(t) is a solution of the differen-

tial equation cDα ϕ(t) = λϕ(t)
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Theorem 2. If 1 < α ≤ 2 and λ ∈ R then the fundamental system of solution of
the Caputo fractional differential equation

cDα
t y(x)− λy(x) = 0, x > 0

is given by {y1, y2} where y1(x) = Eα(λxα) and y2(x) = xEα,2(λxα)

Proof. For 1 < α ≤ 2 and λ ∈ R we can write cDα
t y(x) in the following

equivalent equation

cDα
t y1(x) =c J 2−α

t
cD2

t y1(x), cJ 1−α
t stands for Caputo fractional integral

cDα
t y(x) = cJ 2−α

t
cD2

t Eα(λxα)

= cJ 2−α
t

cD2
t

[
∞

∑
k=0

(λxα)k

Γ(αk + 1)

]

= cJ 2−α
t

cD2
t

[
∞

∑
k=0

λkxαk

Γ(αk + 1)

]

= cJ 2−α
t

[
∞

∑
k=0

λk cD2
t xαk

Γ(αk + 1)

]
by Lemma 2

= cJ 2−α
t

[
∞

∑
k=1

λk

Γ(αk + 1)
Γ(αk + 1)
Γ(αk− 1)

xαk−2

]

= cJ 2−α
t

[
∞

∑
k=1

λk

Γ(αk− 1)
xαk−2

]

cDα
t y(x) =

∞

∑
k=1

λk

Γ(αk− 1)
cJ 2−α

t xαk−1 by the Caputo fractional integral

=
∞

∑
k=1

λk

Γ(αk− 1)
Γ(αk− 1)

Γ(αk− α + 1)
xαk−α k→k+1

=
∞

∑
k=0

λk+1

Γ(α(k + 1)− α + 1)
xα(k+1)−α

=
∞

∑
k=0

λk+1xαk

Γ(αk + 1)

= λ
∞

∑
k=0

λkxαk

Γ(αk + 1)
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Then,
cDα

t y1(x)− λy1(x) = 0

And hence, we have shown that y1(x) is a solution for the given fractional

differential equation.

Similarly for

y2(x) = xEα,2(λxα)

= x
∞

∑
k=0

(λxα)k

Γ(αk + 2)

=
∞

∑
k=0

λkxαk+1

Γ(αk + 2)

if 1 < α ≤ 2 and λ ∈ R we can write cDα
t y2(x) in the following

equivalent equation

cDα
t y2(x) =c J 2−α

t
cD2

t y2(x), cJ 1−α
t stands for Caputo fractional integral

cDα
t y2(x) = cJ 2−α

t
cD2

t xEα,2(λxα)

= cJ 2−α
t

cD2
t

[
∞

∑
k=0

x(λxα)k

Γ(αk + 2)

]

= cJ 2−α
t

cD2
t

[
∞

∑
k=0

λkxαk+1

Γ(αk + 2)

]

= cJ 2−α
t

[
∞

∑
k=0

λkcD2
t xαk+1

Γ(αk + 2)

]
by Lemma 2

= cJ 2−α
t

[
∞

∑
k=1

λk

Γ(αk + 2)
Γ(αk + 2)

Γ(αk)
xαk−1

]

= cJ 2−α
t

[
∞

∑
k=1

λk

Γ(αk)
xαk−1

]
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cDα
t y2(x) =

∞

∑
k=1

λk

Γ(αk)
cJ 2−α

t xαk−1 by the Caputo fractional integral

=
∞

∑
k=1

λk

Γ(αk)
Γ(αk)

Γ(αk− α + 2)
xαk−α+1 k→k+1

=
∞

∑
k=0

λk+1

Γ(α(k + 1)− α + 2)
xα(k+1)−α+1

=
∞

∑
k=0

λk+1xαk+1

Γ(αk + 2)

= λx
∞

∑
k=0

λkxαk

Γ(αk + 2)

Then,
cDα

t y2(x)− λy2(x) = 0

Evidently, we have shown that y2(x) is a solution of the given fractional

differential equation. The fact that y1 and y2 are linearly independet can

be establised by appealing to thier Wronskian. Therefore, the fundamental

system of solutions of the fractional differential equation

cDα
t y2(x)− λy2(x) = 0

is given by {y1(x), y2(x)} where y1(x) = Eα(λxα) and y2(x) = xEα,2(λxα)

4.2 Fundamental Solution of Space-Time Fractional Diffusion-

Wave Equation

For the equation (4.1) with prescribed Cauchy data

u(x, 0) = g(x), x ∈ Rn

and β such that 0 < β ≤ 1, when we apply the multi-dimensional Fourier

transform, the partial differential equation reduces to the following frac-
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tional differential equation in the Fourier domain,Dβ
t Φ̂α,β,n(k, t) + |k|αΦ̂α,β,n(k, t) = 0,

Φ̂α,β,n(k, 0) = 1 .
(4.9)

And for 1 < β ≤ 2, the Fourier transform of the same problem along with

the initial values

u(x, 0) = g(x)

ut(x, 0) = 0

leads to 
Dβ

t Φ̂α,β,n(k, t) + |k|αΦ̂α,β,n(k, t) = 0,

Φ̂α,β,n(k, 0) = 1,
∂
∂t Φ̂α,β,n(k, 0) = 0 .

The solution of equation (4.1) has the form

Φ̂α,β,n(k, t) = Eβ(−|k|αtβ) (4.10)

Since Φ̂α,β,n is integrable, the inverse Fourier transform of equation (4.10)

has the following representation

Φα,β,n(k, t) =
1

(2π)n

∫
Rn

eik.xEβ(−|k|αtβ)dx (4.11)

Since the Mittage-Leffler is radial function, we know that

1
(2π)n

∫
Rn

eik.xg(|k|)dk =
|x|1− n

2

(2π)
n
2

∫ ∞

0
g(τ)τ

n
2 J n

2−1(τ|x|)dτ (4.12)

Then equation (4.11) becomes

Φα,β,n(x, t) =
|x|1− n

2

(2π)
n
2

∫ ∞

0
Eβ(−ταtβ)τ

n
2 J n

2−1(τ|x|)dτ (4.13)

Now equation (4.13) can be transformed to a Mellin-Barnes integral and the

resulting Mellin-Barnes integral representation of the fundamental solution
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is given by

Φα,β,n(x, t) =
1
α

|x|−n

π
n
2

1
2πi

∫ c+i∞

c−i∞

Γ
( n

2 −
s
2

)
Γ
( s

α

)
Γ
(
1− s

α

)
Γ
(

1− β
α s
)

Γ
( s

2

)
(

2t
β
α

|x|

)−s

ds

(4.14)

The above equation (4.14) can be written in another equivalent represen-

tation by substituting s → −s and then s → s− n. As a result, it has the

following form,

Φα,β,n(x, t) =
1
α

|x|−n

π
n
2

1
2πi

∫ c+i∞

c−i∞

Γ
( n

2 + s
2

)
Γ
(
− s

α

)
Γ
(
1 + s

α

)
Γ
(

1 + β
α s
)

Γ
(
− s

2

) (
|x|
2t

β
α

)−s

ds

(4.15)

provided that n−1
2 < −c < min{α, n} and

Φα,β,n(x, t) =
1
α

t−
βn
α

4π
n
2

1
2πi

∫ c+i∞

c−i∞

Γ
( s

2

)
Γ
( n

α −
s
α

)
Γ
(
1− n

α + s
α

)
Γ
(

1− β
α n + β

α s
)

Γ
( n

2 −
s
2

) (
|x|
2t

β
α

)−s

ds

(4.16)

under the condition, max{n− α, 0} < c < n.

From the property of Mellin-Barnes integral transform, we recall that ex-

plicit representation of the fundamental solution, Φα,β,n has distinct closed

form as based on the relation between the parameter pairs, α and β. In what

follows, we shall take a closer look at this scenario.

Closed Form Formula For β = 1
2α

Theorem 3. The fundamental solution of the multi-dimensional space- and time-
fractional diffusion-wave equation for the case β = 1

2 α and n = 2 with 0 < α ≤ 2

is given by

Φα, 1
2 α,2(x, t) =

1
4πt

[
|x|

2t1/2

]α−2 ∞

∑
k=0

1
Γ
(

α
2 k + α

2

) [−( |x|
2t1/2

)α]k

(4.17)

Proof. In the Mellin-Barnes representation of the fundamental solution of

the multi-dimensional time- and space- fractional diffusion-wave equation
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(4.16) if we plug

β =
1
2

α, and n = 2

then it becomes

Φα, 1
2 α,2(x, t) =

1
α

t−1

4π

1
2πi

∫ c+i∞

c−i∞

Γ
( s

2

)
Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

)
Γ
(
1− 1 + s

2

)
Γ
(
1− s

2

) (
|x|

2t1/2

)−s

ds

=
1
α

t−1

4π

1
2πi

∫ c+i∞

c−i∞

Γ
( s

2

)
Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

)
Γ
( s

2

)
Γ
(
1− s

2

) (
|x|

2t1/2

)−s

ds

=
1
α

t−1

4π

1
2πi

∫ c+i∞

c−i∞

Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

)
Γ
(
1− s

2

) (
|x|

2t1/2

)−s

ds

In order to make it simpler let us substitute s → αs and ds → αds then the

above becomes

Φα, 1
2 α,2(x, t) =

1
α

t−1

4π

1
2πi

∫ c+i∞

c−i∞

Γ
( 2

α − s
)

Γ
(
1− 2

α + s
)

Γ
(
1− α

2 s
) (

|x|
2t1/2

)−αs

αds

=
t−1

4π

1
2πi

∫ c+i∞

c−i∞

Γ
( 2

α − s
)

Γ
(
1− 2

α + s
)

Γ
(
1− α

2 s
) [(

|x|
2t1/2

)α]−s

ds

To obtain the series representation of the above expression, we should ap-

ply the residual of gamma function and the cauchy residue theorems. So

the contour of integration on the righthand side of the above expression can

be transformed into L−∞ starting and ending at −∞, encircling all poles

sk =
2
α
− k− 1

of the function

Γ
(

1− 2
α
+ s
)
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The series representation will be

Φα, 1
2 α,2 =

1
4πt

∞

∑
k=0

(−1)k

k!
Γ(k + 1)

Γ
(

α
2 k + α

2

) ( |x|
2t1/2

)α+αk−2

=
1

4πt

∞

∑
k=0

(−1)k

k!
k!

Γ
(

α
2 k + α

2

) ( |x|
2t1/2

)α+αk−2

=
1

4πt

∞

∑
k=0

(−1)k 1
Γ
(

α
2 k + α

2

) [( |x|
2t1/2

)α]k ( |x|
2t1/2

)α−2

=
1

4πt

(
|x|

2t1/2

)α−2 ∞

∑
k=0

[
−
(
|x|

2t1/2

)α]k

Γ
(

α
2 k + α

2

)

From the above theorem we can see that for α = 2 the solution of multi-

dimensional space-time diffusion-wave equation will be

Φ2,1,2(x, t) =
1

4πt

(
|x|

2t1/2

)2−2 ∞

∑
k=0

[
−
(
|x|

2t1/2

)2
]k

Γ
( 2

2 k + 2
2

)
=

1
4πt

∞

∑
k=0

[
−
(
|x|2
4t

)]k

Γ (k + 1)

=
1

4πt

∞

∑
k=0

[
−
(
|x|2
4t

)]k

k!

The above equation can be written as

Φ2,1,2(x, t) =
1

4πt
e−
|x|2
4t

This is solution for the standard diffusion equation.

4.3 Closed Form Formula For β = 5
2α

Theorem 4. The fundamental solution of the multi-dimensional space- and time-
fractional diffusion-wave equation for the case β = 5

2 α under the
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condition 0 < α ≤ 4
5 is given by:

Φα, 5
2 α,2(x, t) =

4π√
5|x|2

∞

∑
k=0

[
−
(

2
|x|
( t

5

) 5
2
)α
]k

Γ
( 1

5 +
α
2 k
)

Γ
( 2

5 +
α
2 k
)

Γ
( 3

5 +
α
2 k
)

Γ
( 4

5 +
α
2 k
)

Γ
(
− α

2 k
)

Proof. In the Mellin-Barnes representation (4.16) when we substitute

β =
5
2

α, and n = 2

we have

Φα, 5
2 α,2(x, t) =

1
α

t−
5
2 2

4π

1
2π

∫ c+i∞

c−i∞

Γ
( s

2

)
Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

)
Γ
(
1− 5

2 2 + 5
2 s
)

Γ
(
1− s

2

) (
|x|
2t

5
2

)−s

ds

=
1
α

t−5

4π

1
2π

∫ c+i∞

c−i∞

Γ
( s

2

)
Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

)
Γ
(
−4 + 5

2 s
)

Γ
(
1− s

2

) (
|x|
2t

5
2

)−s

ds (4.18)

Employing the multiplication formula of the gamma function which is given

by

Γ(ns) = nns− 1
2 (2π)

1−n
2

n−1

∏
k=0

Γ
(

s +
k
n

)
, n = 2, 3, 4, 5, ...

We have

Γ
(
−4 +

5
2

s
)

= Γ
[

5
(
−4
5

+
1
2

s
)]

= 55(−4
5 + 1

2 s)− 1
2 (2π)−2

4

∏
k=0

Γ
(
−4
5

+
1
2

s +
k
5

)

Consequently

Γ
(
−4 +

5
2

s
)
= 5−4+ 5

2 s− 1
2 (2π)−2Γ

(
−4
5

+
1
2

s
)

Γ
(
−3
5

+
1
2

s
)

Γ
(
−2
5

+
1
2

s
)

Γ
(
−1
5

+
1
2

s
)

Γ
(

1
2

s
)

(4.19)

and then substituting equation (4.19) into equation (4.18) we obtain the fol-
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lowing expression

Φα, 5
2 α,2(x, t) =

t−5

α4π

1
2πi

∫ c+i∞

c−i∞

5
9
2−

5
2 s(2π)2Γ

( 2
α −

s
α

)
Γ
(
1− 2

α + s
α

) ( |x|
2t

5
2

)−s

λ
ds

=
t−5

α4π

1
2πi

∫ c+i∞

c−i∞

5
9
2 5
−5
2 s(2π)2Γ

( 2
α −

s
α

)
Γ
(
1− 2

α + s
α

) ( |x|
2t

5
2

)−s

λ
ds

=
5

9
2 4π2

αt54π

∫ c+i∞

c−i∞

Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

) ( |x|
2

( 5
t

) 5
2

)−s

λ
ds

=
1
α

π5
9
2

t5
1

2πi

∫ c+i∞

c−i∞

Γ
( 2

α −
s
α

)
Γ
(
1− 2

α + s
α

) ( |x|
2

( 5
t

) 5
2

)−s

λ
ds

where λ = Γ
(−4

5 + 1
2 s
)

Γ
(−3

5 + 1
2 s
)

Γ
(−2

5 + 1
2 s
)

Γ
(−1

5 + 1
2 s
)

Γ
(
1− 1

2 s
)

.

Now let us substitute s→ αs and ds→ αds and set

ω = Γ
(
−4
5

+
α

2
s
)

Γ
(
−3
5

+
α

2
s
)

Γ
(
−2
5

+
α

2
s
)

Γ
(
−1
5

+
α

2
s
)

Γ
(

1− α

2
s
)

But then we have

Φα, 5
2 α,2(x, t) =

1
α

π5
9
2

t5
1

2πi

∫ c+i∞

c−i∞

Γ
( 2

α −
αs
α

)
Γ
(
1− 2

α + αs
α

) ( |x|
2

( 5
t

) 5
2

)−αs

ω
αds

=
π5

9
2

t5
1

2πi

∫ c+i∞

c−i∞

Γ
( 2

α − s
)

Γ
(
1− 2

α + s
) [( |x|

2

( 5
t

) 5
2

)α]−s

ω
ds

In order to obtain the series representation of the above integral we apply

the residual of the gamma function and the Cauchy residue theorem. So

the contour of integration on the right hand side of the above formula can

be transformed to L+∞ starting and ending at ∞ encircling all poles

Sk =
2
α
+ k

of the gamma function

Γ
(

2
α
− s
)
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and setting

τ = Γ
(

1
5
+

α

2
k
)

Γ
(

2
5
+

α

2
k
)

Γ
(

3
5
+

α

2
k
)

Γ
(

4
5
+

α

2
k
)

Γ
(
−α

2
k
)

we have

Φα, 5
2 α,2(x, t) =

π5
9
2

t5

∞

∑
k=0

(−1)k

k!

Γ(k + 1)
[(
|x|
2

( 5
t

) 5
2

)α]−2
α −k

τ

=
π5

9
2

t5

[
|x|
2

(
5
t

) 5
2
]−2

∞

∑
k=0

(−1)k

k!

k!
[(

2
|x|
( t

5

) 5
2
)α
]k

τ

=
π5

9
2

t5

[
2
|x|

(
t
5

) 5
2
]2

∞

∑
k=0

(−1)k
[(

2
|x|
( t

5

) 5
2
)α
]k

τ

=
π5

9
2

t5

[
4
|x|2

t5

55

] ∞

∑
k=0

[
−
(

2
|x|
( t

5

) 5
2
)α
]k

τ

=
4π√
5|x|2

∞

∑
k=0

[
−
(

2
|x|
( t

5

) 5
2
)α
]k

τ

These is a series representation of Φα, 5
2 α,2(x, t)
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Chapter 5

Conclusion

In this thesis, the main focus is to establish explicit closed form for the

fundamental solution of multi-dimensional space-time fractional diffusion-

wave equation with particular case when β = 5
2 α and n = 2. Thus, for

β = 5
2 α the fundamental solution is expressed as

Φα, 5
2 α,2(x, t) =

4π√
5|x|2

∞

∑
k=0

[
−
(

2
|x|
( t

5

) 5
2
)α
]k

Γ
( 1

5 +
α
2 k
)

Γ
( 2

5 +
α
2 k
)

Γ
( 3

5 +
α
2 k
)

Γ
( 4

5 +
α
2 k
)

Γ
(
− α

2 k
)
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