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Abstract

In this thesis, explicit closed form for the fundamental solution of multi-

dimensional space-time fractional diffusion-wave equation
‘DPu 4 (=A)u=0

with Cauchy data is considered. The Mellin transform is employed along
with the Mellin-Barnes transform for specific values of a« and § to achieve

the representation of the fundamental solution in closed form.
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Chapter 1

Introduction

Fractional Calculus is the generalization of calculus to non integer order.
It is the study of an extension of integer order derivative and integrals to
non integer order. Fractional calculus can be applied on both ordinary and
partial differential equations. In this generalization integer order calculus
is the special case. A differential equation is fractional if it involves an
operator that can considered to be between (n — 1)* and n'" order differ-
ential operator for some positive integer n and it is said to be of fractional
order if this operator is the highest order operator in the equation. Nowa-
days fractional partial differential equation(FPDE) has attracted the atten-
tion of several researchers and has found numerous applications in real
world phenomenon. Some of its well known applications are in anoma-
lous diffusion , wave propagation , modeling different materials. Moreover
the fractional diffusion-wave equation is widely used in different areas of
engineering and science. The main focus of this thesis is to find explicit
closed form formula for the fundamental solution of the multi-dimensional
space- and time- fractional diffusion-wave equation.Representation of the
fundamental solution of the multi-dimensional space- and time- fractional
diffusion-wave equation in terms of known special functions is obtained
from Mellin-Barnes integral by employing the method of Mellin transform.
The necessary and/or sufficient conditions for the positivity of the funda-
mental solution of the multi-dimensional diffusion-wave equation is still
an open problem. The fundamental solution of multi-dimensional space-
and time- fractional diffusion-wave equation and its new properties was
discussed briefly in [14] and also some of its closed forms was consid-
ered in [14]. Some additional closed forms of the fundamental solution
to the multi-dimensional space- and time- fractional diffusion-wave equa-
tion was discussed in [13]. Moreover, the list of diffusion equation , space-

fractional diffusion equation, time-fractional diffusion-wave equation and



one dimensional « -fractional wave equation was mentioned and discussed
in [11]. The fundamental solution to the time-fractional diffusion-wave
equation is solved for the case of « € (0,2] in terms of the special func-

tion of Fox H- function in [9].

The rest of this thesis is organized as follows, in the next chapter we will
discuss some basic mathematical functions that have a significant role in
fractional calculus this includes radial function, Gamma function, the Er-
ror function and the Mittage-Leffler function. Then we will see some basic
properties of fractional differentiation and integration with the most com-
monly used definitions of fractional differentiation and integration. Finally
we focus on the application of fractional calculus on both ordinary and
partial differential equation and we deal with the main results of the closed

form formula for the fundamental solution.



Chapter 2

Preliminaries

In what follows we visit some special functions that may arise in connec-
tion with fractional calculus and hence with fractional differential equa-

tions and fractional integral equations.

2.1 Basic Definitions and Special Functions

2.1.1 Gamma Function

The Gamma function which essentially plays the role of generalized facto-

rial is defined as
I'(x) = /Ooo et dt, xRy
By using its recursion relations we obtain
I'(x+1) =xI'(x) x € Ry
[(x)=(x—=1)! x €N
One can alternatively define the Gamma function by

) nln*
[(x) = nlggox(x%—l)---(x—kn)

Indeed this is obtained by applying integration by parts (n-times) and re-

t n
et = lim (1 — )
n—co n

calling that



2.1.2 Beta Function

The Beta function is basically useful for computing fractional derivatives of

a power function and is given by the definite integral

1
B(u,w) = / (1-0)"1" v  foru>0andw >0
0

The Beta function can also be written in terms of Gamma function as

B(u,w):w foru >0andw >0
I'(u+w)

This relation between the beta and the gamma functions which is estab-
lished by Laplace transform of convolutions, evidently shows that the beta
function is symmetric,

B(u,w) = B(w, u)

2.1.3 The Error Function

The Error function is given by (see [15])

Erf(x) = \/ZE /Ox e dt, x€eR (2.1)

The complementary Error function (Erfc) is closely related to the error func-

tion and hence can be written in terms of the Error function as
Erfc(x) =1—Erf(x)
As a result of (2.1) we have
Erf(0)=0 and Erf(eco) =1

2.1.4 Mittag-Leffler Functions

The Mittag-Leffler functions are one of the basic functions that evolve with

the solution of fractional differential equations.



The one parameter Mittage-Leffler function can be defined as (see [10])

; ﬁn+1 p>0

while the two parameter Mittage-Leffler function is given by

Vl

Fal) = Lpguray P20

The two parameter Mittage-Leffler functions that oftentimes arise in the so-
lution of fractional differential equations have some interesting properties

worth mentioning.

1. The series associated with its definition is uniformly convergent with

the radius of convergent r = co

2. If both parameters are unit, i.e « = 1 = f then
E1,1 (x) = ex

3. If B =1 then
Eyy = Eoc<x)

4. From the definition follows the following relation

sz,ﬁ(x) = + xEoc,uc+/5(x)

1

r(p)
d

Ealﬁ(x) = ‘BE[X”B+1 (x) + &XﬁEalﬁJA (x)and

d —_ —
(dx) |: - 1szﬁ( )} :xﬁ " lE,x,ﬁ_m(x”‘),ﬁ—m>0,m:0,1,2,...

Since the power series in the definition of Eg, is uniformly convergent,

term by term differentiation yields

i k+n tk
k=0 T(Bk+ pn+1)



Furthermore, specific values of B and vy leads to well known functions. We

shall mention a few of them

Ep1(x*) = Cosh(x)

Eya(x?) = Sinh(x)

X

Eis (x) = exzerfc(—x)

2.1.5 Radial Function

A radial function is a function

n: ]R+ — R
satisfying
7(x5%0) 1= 17 (|x = %)
for some points x, in some subset E C R” and | - | denotes standard Eu-

clidean norm in IR”. This concept is of paramount importance when deal-
ing with problems that involve circular symmetry, mainly due to the fact

that the dependence is only on the radial distance.

2.2 Fractional Derivative and Integration

In this subsection we will see the Riemann-Liouville and Caputo’s defini-

tion of fractional integrals and fractional derivatives.

Definition 1 (Fractional Integral (Riemann-Liouville)). This definition is

one of the familiar definitions of fractional integration and is given by

1

Tf) = gy ) =0 (e

Here, J* denotes the fractional integral of order & > 0



Definition 2 (Fractional Derivative (Riemann-Liouville)). The Riemann-

Liouwille fractional derivative is defined as

1 anr rx 1
D7¢(x) = T =) dxm/o (x_t)lJr%mg(t)dt m—1<y<m

D7 denotes the fractional derivative of order v > 0

Definition 3 (Fractional Derivative (Caputo)). ! For m —1 < B < m the

Caputo fractional derivative is given by

‘DPg(x) = F(ml— 8) /Ox = t;ﬂs_mg’”(t)dt m—-1<pB<m

In particular when 0 < B < 1 the Caputo fractional derivative becomes

. 1 1
DPf(x) = rr—y ) !

Definition 4 (Euler’s Generalization). Euler generalized the formula

A x™
dxn

=mm—1)---(m—n+1)x""

by using the property of gamma function

_ T(m+1)
and then arrived at
dx™  T(m+1) .,

dx*  T(m—n+1)

2.3 Properties of fractional derivative and integration

In these section we are going to see some of the basic properties of Riemann-
Lioville integral and derivative. For a function i € £!(IR) and &, 8 > 0 the

Relation between Caputo and Riemann-Liouville derivatives

k=0

n—1 rlk|
(‘D*f)(x) = (D"‘ (f(t)— ) f kfo)tk>> (x), n—1<a<n x>0



following properties hold true

Iteration property

TTPh(x) = T Fh(x)

Commutative property
T TPh(x) = TPT*h(x)

For any two functions /(x) and g(x) on the closed interval [c,d] , K € R
and 0 < a < B the following holds

D*(h+g)(x) = D*h(x) + D"g(x)
D*(Kh)(x) = KD"(x)

D°h(x) = h(x)

Ilustration

1, Unit Function?
For f(x) =1, « > 0 we have

df(x) d*1  x*

dxt  dx*  T(1—a)

2, Identity Function
For f(x) = x, « > 0 we have

d*f(x) d*x  xl®

dxt  dx*  T(2—a)

3, Exponential Function

21f k is a non-zero constant then

D"‘k*ktiyéof ‘D
T T(1—«) N



Fractional deriviative of the function f(x) = e*, a« > 0 is

d%ex 00 xkfzx

dx _kg‘)l“(k—tx+1)

4, For the monomial x¥ and g > 0 3

I 1
Dby = LVFD g sy gcp<t
rv—-pg+1)
Forﬁ:%
1 1 -1 X 1
D2x" = DI 2x% =D D74 =D |2,/ Z| =
: ¥ = D! [p7] e
3
Dix! = Dl iyl = p! {D%lxl]:D 4 x] —2./x
3V T

5, For B > 0, the fractional integral of the monomial x" is given by

I'(v+1)
,31/271/155
Jrx F(u+ﬁ+1)x

Forﬁ:%

T = L) o) _p /X
6 V7
3
(3) T
j%xz — @xz"‘%zg £5
9" TnVx

Dfff(at)] = a*Di[f(x)] ; x = at

10



Chapter 3

Transforms and Fundamental Solution

Integral transform such as Mellin, Fourier and Mellin-Barnes are useful for
the construction of solution of differential equations that involve fractional

derivatives of Riemann-Liouville and Caputo type(Kilbas).

3.1 Integral Transforms

3.1.1 Fourier Transform

The fact that Fourier transform is used for solving partial differential equa-
tions is well known. In what follows we shall recall some of the properties
of the classical Fourier transform (FT) so as to pave the way for introducing

the fractional Fourier Transform (FrFT).

The Fourier transform in one dimension

The Fourier transform of a function f(t) of real variable ¢ € R is defined by

(FHE) = FOIE) = f0) = [ efa,  xeR @D

The inverse Fourier transform is given by

(F9)) = F 0] = 5-8(—x) = o [ e Mgt (32

The integral in (3.1) and (3.2) converges absolutely for functions f,g €
L'(R) and in the norm of the space £2(R) for f,¢ € £?(R). Furthermore
it has the following properties.

L Flrf=f

2. FFlg=g

11



If weuse F" = FF" 1(n =1,2,- - ) for the composition with 70 = I; we

have the following properties.
L (F2f)(x) = f(=x)
2. (FPf)(x) = f(=x)
3. (FH)(x) = f(x)
From this we observe that the composition of Fourier Transform, 7" (n €

N) can be identified with a rotation through an angel § = n7 in a plane.

The following properties are related to transform of derivatives and con-

volutions.
L FID"f(t)l(x) = (—ix)"(Ff)(x) neN
2. DY(Ff)(x) = F[@t)"f(H](x) neN

3. F(f+&)(x) = (Ff)(x)(Fg)(x)

The Fourier transform in n-dimensions

The n-dimensional Fourier transform of a function f(t) of t € R" is given
by

n

(FAE) = FIFWOI@ = f) = [ &far xeR @3
The pertinent inverse transform is given by

(F ) = F ) = 5280 = gy [ st G

27

It has the same properties as the one dimensional case.

We remark that, if A is the n-dimensional Laplace operator

02 02

n

A

then
(FAF(H)(x) = [x[((Ff)(x) x€eR"

12



The Fractional Fourier Transform

The fractional Fourier transform of order « (0 < a < 1) of a function f €
L1(R) is given by

[ee]

(Faf)(x) :/ ex(x,t)f(H)dt,x € R

—00

Where :
e~ilxlet x <
ex(x,t) =

a1
ez\x\zxt, x>0

Here, the kernel e, coincides with kernel of the usual Fourier transform,

whenever a« = 1. Recalling that

x|, x>0
X =
—|x|, x<0.
We have

et x <0
er(x,t) = {

ei|x|l" x>0

— ezxt

The fractional Fourier transform of order 1 is the usual Fourier transform.
In other words the usual Fourier transform can be seen as a special case of

Fractional Fourier transform.

3.1.2 Mellin Transform

Let f be a function of real variable x € (0,00). If x*"! f(x) € L] (R4) then
the Mellin transform of f is defined as (see [16])

Mf)() = [ (= f(s), sec

and the inverse Mellin transform is given by

c+ico
(M~'g)(x) = Zlm‘/cz-oo x°g(s)ds, c=Re(s)

13



Properties (for n € IN)

1. Scaling property
(Mf (nt))(s) = n=f (s)

2. Multiplication by #"
(MEf(£))(s) = f(s+n)

3. Transform of Derivative

(MD"f)(s) = (~1)" g s fls =)
4. Derivative of Transform
D"(Mf)(s) = M((logx)"f)(s — 1)

5. Inverse
M 'Mf=f and MM g =g

Mellin and Fourier Transform

By suitable change of variables, the Mellin integral transform can be con-

verted into Fourier transform. To this end, if we set

We have

/Ooxs_lf(x)dx = /joe“f(et)dt

Jo
= / e (eSf(e!))dt s =c¢+iy
- 0
g(t

= /oo e (t)dt

14



And hence !
(Mf)(s) = (Fg)(7)

Mellin transform of fractional order

For 0<n—-1<a<n nelN

M(D*f(t))(s) = ﬁﬂs — )

where D* is the Riemamm-Liovuille fractional derivative. Furthermore, for

any o > 0
M(t*f(1))(s) = f(s + )
And

3.2 Fundamental Solution of Diffusion Equation

The n-dimensional Diffusion equation is given by
ur(x,t) = Au(x, t), x € R", t>0 (3.5)
Equation (3.5) can be written as
uy—Au=20
For steady state
ie
Uxyxy T Uy, + 7+ Ux,x, =0

If we replace each uy,x, by (x,)? then we have

(x1)* + (x2)* 4+ + (x0)* = [x[?

IMellin Transform is related to Laplace Transform

t=e "= (Mf(t)(s) = (Lf(e™))(s)

15



Hence, for the equation

u—Au=20
we have
t—|x>=0
This implies that
B,
Vi
And hence we may take
1 X
u(x,t)=—=v|— 3.6
0 =50 () 36
for a given function
v:R" - R

If we further assume that v is radial

v =w(lyl)

and is a particular solution of equation (3.5) and then plugging equation
(3.6) in to equation (3.5) leads to

(G(3), - =G

and

Therefore )



But then we have

—Nn, -n_q -n—1 . —n_q
7“ v+t2§Dyv-y = t2 Ay
— —n ]. —n —n
—ZntT_lv — EtT_lDyv-y = tT_lAyv

—n 1

5 U~ EDyv-y = Ay

1
gv + EDU y+Av = 0

Since v is radial
o(y) = w(ly|) = w(r)

for some w : R"” — R so we have

n 1 Yy " n—1 /
— —w -~ = 0
W + S Y] y+w + ( > w
Tw+ cwr+w + n-d w = 0
2 2 B
1 / " - 1 !
E(wr+wrz>+w -1—|—n7w:0 (3.7)
In order to apply product rule, let us multiply equation (3.7) by the inte-
n—1

grating factor 7", as a result equation (3.7) becomes

1 !/ " !’
= (w '+ wnr”’l> +w " tw (n—-1)r""%2=0

2
1 n ! ' n—1 l
E(r w) + <wr ) =0
<Zr”w+w/rnl> =0
1 n I n—1
Ewr +wr = c

17



Since we are looking for a particular solution let us take c = 0, and then

%wr”%—w/r”_l =0

Consequently

Finally,

u(x,t) = t30<\2>

Thus, as anticipated

is the solution for the n-dimesional Diffusion equation

18



Chapter 4

Space- and Time- Fractional Diffusion-Wave

Equation

The behaviour of solution of fractional Cauchy problem

DPu(x,t) + (—=A)su(x,t) =0, (x,t) ER"xRy,0<p<2:1<a<2
u(x,0) = f(x)

is dictated by the fundamental solution ®, g, (x,t). Representation of the
fundamental solution in terms of known special functions is obtained from
Mellin-Barnes integral by employing the method of Mellin transform. The
necessary and/or sufficient conditions for the positivity of the fundamental
solution of the multi-dimensional diffusion-wave equation is still an open

problem (to the best of our knowledge).

4.1 The Wave and Diffusion Equation

Here, we see space- and time- fractional diffusion-wave equation in n-

dimensions

=

DPu(x,t) = —(=A)su(x,t), (nt) eR"xRy,0<aB<2 (41)

where Df is the Caputo time-fractional derivative of order g > 0 where by
_gd"
Dfu(x,t):(t" 5&3)(0, n—1<p<n nelN

and (—A)?is the fractional Laplacian.

If we take specific values of « and p we will recover the usual wave equa-

tion and diffusion equation as can be seen hereunder. In this regard, on the

19



onehand,ifx =2and g =1

Dlu(x,t) = —(—A)Zu(x,t)
ur(x,t) = —(=D)u(x,t)
= u(x,t) = Au(x,t)
ur(x,t) = Au(x, t), x e R", t>0 4.2)

Equation (4.2) is n-dimensional Diffusion equation and A is the usual n-

dimensional Laplacian. On the other hand, ifa =2 =

D2u(x,t) = —(=A)Zu(x,t)
u(x,t) = —(=OD)u(x,t)
= uy(x,t) = Au(x,t)
up(x, t) = Au(x, t), x € R”, t>0 4.3)

Equation (4.3) is n-dimensional wave equation with A again the n-dimensional
Laplacian. Thus, equation (4.2) and equation (4.3) are special cases of the

multi-dimensional space- and time- fractional diffusion-wave equation.

The time - fractional diffusion - wave equation
Dfu(x,t) = Au(x,t), xeR", 0<p<2

is also a special case of (4.1) in which « = 2. Now let us see some relevant
Lemma’s which have significant role for the derivation of the fundamental

solution
Lemma1l. Fory > —landa >0

T(p+1)

W)
I(p—a+1)

Dyt =

where the derivative is in the sense of Caputo.

20



Proof. Let f(t) = t*. From the definition of Caputo fractional derivative
‘DEF(t) =, D! = _ /t(t — 1) () (g (4.4)
! ¢t I'(n—a) o '

From the Euler’s formula of power function, we have

an _ T(p+1) .
ﬁ(ﬂl) = mr” (4.5)

Then substituting equation (4.5) into equation (4.4) renders

1 t ar T(p+1)
CTYX4HU — _ n—a—1 H—n
Dt F(n—a)/o(t T) 7F(y—n+1)ﬂr dt
I'(p+1) 1

T T(e—n+1)T(n—a) /0 (=

Now let us substitute T = At and dt = tdA for 0 < A < 1 then we have

T(p+1) 1 1 o )
CHYH — B . o
Dyt F(V_n+1)r(”—0c)/() (t — At) (A tdA
 T(u+1) 1 L
N T(ﬂ—n+1)r(n_,x)/0(t(1 )L (A (£
1
= F(l;l(ﬁ:i)l) I'(nl_ [x) /0 (1 — /\)”*"‘*1)&’*”{”*“*1tlifntd)\
) F(‘u—’_l) e /1 _AYr—a—lypu—n
S TETE I CE D A
Consequently
T(u+1) pH—a
CTX — - )
Dtt F(}l—n—i-l) F(n_lX)B(‘u 7’1"‘1,” a) (46)
where

1
Buy—n+1ln—a)= / (1—A)restyp=ng)
0
which is the beta function and

I'(p—n+1I'(n—a)

T —at1) 47)

Blu—n+1,n—a)=

21



Finally substituting equation (4.7) into equation (4.6) leads to

I(p+1) = T(p—n+1)I'(n—a)

cpaqp
Dyt Th—n+1)T(n—a) TH—atl)
— Mﬂ**a
I'(p—a+1)
Therefore, (
F'(p+1)
cryaqp H—a
Dt I’(y—a—i—l)t

Lemma 2. Consider the Riemann-Liouville fractional integral of order &« > 0,

WTEFO) = g7 [ (= (e

and D = % the usual differential operator of order one. Then

ttxfl

DLIFF0] =0 TIPSO = fO) 57y

Proof. Since

DLIF(0) =0 TEDIO) = 3 |y [ =0 o] -

We have

« « _ 1 d ! x—1
DLIEF(O)] =0 TS O] = g g =0 (@
1 ! x—1¢r
r(“)/o (t— 7)1 (D)dv
Applying integration by parts, along with the change of variable

u=(t-—1)"Ydu=—(a—1)(t —7)* 2dr

and

dv = f'(t)dt,v = f(7)

22



since, (t —7)* ' and 4 (t — 7)*~! are continuous in the variable . Then we

can differentiate under the integral, we have

DLTAF () =0 TEDF0)] = ey [ 5510 = O (v

ey (=00 = [ =160

But then

DLTAF) =0 FEDFO] = s 6= 1= 0)* 2f(x)ae-

g |0 [ @1 o 2o

And hence

DT F ()] o TIDFO] = FO) L + ey [ (8= D=0 2 (2o

Therefore,

DL (0] =0 TFIDF(H] = FO) s

Identifying special cases of

=

‘DPu(x,t) = —(—A)3u(x,t), x eR%,t>0
and characterizing those cases for which the fundamental solution can be
expressed in terms of known special functions is the topic of current re-
search. In some of the cases the fundamental solution can be expressed in
terms of the Mittage-Leffler functions and this can be attained by using the

Mellin transform. O

Lemma 3. Let & > 0and the initialization be at a = 0. Then the Mellin transform

of the Riemann-Liouville fractional integral is given by

MLTEF 0] = g s+

23



where f (s) is the Mellin transform of f(t)

Proof. Using the definition of Riemann-Liouville fractional integral

14

WTEFO) = g [ = (e

And the change of variable T = xt and dt = tdx for 0 < x < 1 leads to

TEF(E) = r(la) /Ol(t—xt)“1f(xt)tdx

_ r(la) /01<t(1 )L f(xt)tdx

1 ! n— a—
_ r(a)/ot*t 11— 2)* 1 f (xt)dx
But then o .
T = 15 | Ftnax (4.8)

where
1—x)1 ifo<x<1
0 if x > 1.

Now let us compute the Mellin transorm

th

1
MRS = M| [y
_ r(1“)/0°° t"‘+s‘1dt/0wf(tx)h(x)dx

Since h(x) , t**5~1 and f(xt) are differentiable functions we can change the

order of integration we have

1 o0 00 -
MITEFO = i [, e [ fleees
If we set
y=tx
Then
dy = xdt

24



14 _ 1 i 0
MLTEFO] = o [ e [ 5 (2

= g e [Tt ey
1 © sa

= T(oc)/o X h dx/
1 ! —S—n ®

= 1“(0c)/o xST(1 1

= r(la)B(l—s—(x &) f(s+a)

1 I'(l—-s—a)T(a) &

= T Ta—s A+
r1—s—a)

Therefore,
MLTEF 0] =

Theorem 1. Fora > 0,A € Randt > 0,

¢(t) = Ea(At")

is a solution of the fractional eigenvalue problem.

‘Do(t) = Ag(t)
where the derivative is in Caputo sense.

Proof.
= (At)F

(s+a)

«(AF) ZFak+1

k=

o

The Caputo fractional derivative of f(t) with

n—1l<a<nnéelN
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is given by
CDD(f(t) — le’l—(XCDﬂf(t)

where 7 stand for Caputo fractional integration. For f(t) = x(t) we have

00 Akt“k

Z [(ak+1)

‘Dx(t) = “DYE (AtY) =

Thus
00 )\ktu{k
kg(:) I'(ak+1)

00 )\k D" tak

k;:) I'(ak+1)

Cnn o )\ktak—n

- Lzl F(ak+1—)]
Ak Cjn—ﬂétl)ék—ﬂ
['(ak+1—n)
Ak pak—n+n—a

T(ak+1—n+n—ua)

Ak pak—a
Tk —a 1)

CDD(x(t) — Cji’l*OLDI’Z

= g by lemma 2

I
Ms

,r
I
—_

I
[

T
I

I
[ agk

T

Hence, fork — k+1

Do) = L s

Therefore,
‘Diop(t) = Ag(t)

This completes the proof of the claim that ¢(t) is a solution of the differen-
tial equation “D*¢(t) = A¢(t) O

26



Theorem 2. If 1 < a < 2and A € R then the fundamental system of solution of
the Caputo fractional differential equation

‘Diy(x) — Ay(x) =0, x>0

is given by {y1,y2} where y1(x) = Ex(Ax™) and y(x) = xEy(Ax")

Proof. For1 < &« <2and A € R we can write “Dfy(x) in the following

equivalent equation

‘Dfyi(x) = J; 2= "‘CDZ 1(x), Cjt * stands for Caputo fractional integral

Diy(x) = ‘TP *DiEs(Ax")

= Y by Lemma 2

Lle AR rak+1)
_ 72— ak—2
= T L T(ak + 1) T(ak—1)" ]

_ Cg72—nw v ak—-2
= T L T(ak—1)"

T

Zoczxkl

Mg

‘Dfy(x) = by the Caputo fractional integral

I"(xk—l

)

—_

(‘Xk— 1) ak—o
Fock—l T(ak—a+1)" =kl

Ak—&-l
Ta(k+1) —a+1)”
k+l vck
— T'( T(ak+1)
© /\k wk

= A
= T( T(ak+1)

Il
e

)

=1

a(k+1)—a

Il
agk

=
o

Il
[\18

=
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Then,
‘Diya(x) —Ayi(x) =0

And hence, we have shown that y; (x) is a solution for the given fractional

differential equation.

Similarly for

ya(x) = xEu2(Ax")
© (Ax"‘)k
= X _—
kg(:) I'(ak +2)
00 )\kxuck-i-l
= T(ak +2)

if1 <a <2and A € R we can write “D{y,(x) in the following

equivalent equation

‘Diya(x) = T2 “D?yy(x), T} " stands for Caputo fractional integral

‘Diya(x) = C$27achan/2(Axa)
5 x(Ax®)k
= T(ak +2)
00 /\kxock-i-l
k;:) I'(ak+2)
[ o0 Ach%xuck-H

_ 72—
= kg)r(akJrz)

" o r
— ckZvac Z - A r(lxk + 2) xakl]

— thZfathZ

— C~7t27MDt2

by Lemma 2

= T(ak+2) T(ak)

— ck7271x i )\k xzxkfl
t = I['(ak)
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‘Diya(x) = ), T (ak) CJRuxkl by the Caputo fractional integral

/\k F(“k) xakfochl

(k) T(k — o +2) ke

|
¢
—

/\k+1

_ i (k1) —at1
Tak+1) —a+2)

Then,
‘Dfya(x) — Ayz(x) =0

Evidently, we have shown that y(x) is a solution of the given fractional
differential equation. The fact that y; and y, are linearly independet can
be establised by appealing to thier Wronskian. Therefore, the fundamental

system of solutions of the fractional differential equation
‘Diya(x) — Ayz2(x) =0

is given by {y1(x),y2(x)} where y1(x) = E,(Ax") and y2(x) = xEq2(Ax")
O

4.2 Fundamental Solution of Space-Time Fractional Diffusion-

Wave Equation

For the equation (4.1) with prescribed Cauchy data
u(x,0) = g(x),x € R"

and B such that 0 < g < 1, when we apply the multi-dimensional Fourier
transform, the partial differential equation reduces to the following frac-
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tional differential equation in the Fourier domain,

(4.9)

~

DP®, g, (k ) + [k[* Dy g0 (k 1) = O,
By pn(k,0) =1

And for 1 < B < 2, the Fourier transform of the same problem along with

the initial values
u(x,0) = g(x)
ui(x,0) =0

leads to
DP®, (K, t) + [k[* Dy (K, ) = 0,

Dy pu(k,0) =1,
D, 5,(k,0) =0

The solution of equation (4.1) has the form
Dy pnlk t) = Eg(—|k|*tF) (4.10)

Since EI\)tx,ﬁ,n is integrable, the inverse Fourier transform of equation (4.10)

has the following representation

Dy pnlk,t) =

1 ik.x o
= /nek' Ep(—|k|*tF)dx 4.11)

Since the Mittage-Leffler is radial function, we know that

n
|x|'72

1 . % \
i o € 8RR = s [Ty (alxhde @2

Then equation (4.11) becomes

X
cDac,ﬁ,n (X, t) =

/00o Eﬁ(—T“tﬂ)T%I%,l(T\xl)dT (4.13)

Now equation (4.13) can be transformed to a Mellin-Barnes integral and the

resulting Mellin-Barnes integral representation of the fundamental solution
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is given by

-n +ico n __ s s s g —S
q)a,ﬁ,n(x/t):i’x‘ 1‘/:‘1 T(Z Z)F(zx)r(l zx) (ﬂ) s

(4.14)

The above equation (4.14) can be written in another equivalent represen-

tation by substituting s — —s and then s — s —n. As a result, it has the

following form,

1 -n 1 ctico T E+§1"_§1"1_|_§ =S
@a,ﬁ,n(X,t):*|X|g T/ (2 2) [g a) ( “) <’xl) ds
X T2 7Tl Jc—ico F<1+ES)T(—§) 2t
(4.15)
provided that 51 < —c < min{a,n} and
—bn o T (YT (% — S T (112 4 s —s
(Da,ﬁ,n(x/t)zlt nzl’/c‘l (2) (g a?g ( 1x+1x) <|x,£|5> ds
& 4712 2701 Je—ico r(l_an_i_ES)r(%_%) 2ta
(4.16)

under the condition, max{n —«,0} < ¢ < n.

From the property of Mellin-Barnes integral transform, we recall that ex-
plicit representation of the fundamental solution, ®, g, has distinct closed
form as based on the relation between the parameter pairs, x and . In what

follows, we shall take a closer look at this scenario.

Closed Form Formula For 8 = la

Theorem 3. The fundamental solution of the multi-dimensional space- and time-
fractional diffusion-wave equation for the case B = Ja andn =2 with 0 < a < 2

is given by

_ L[] 1 x )
Cuta2(¥H) = 1 | 5472 gr(%k+%) 22 *17)

Proof. In the Mellin-Barnes representation of the fundamental solution of

the multi-dimensional time- and space- fractional diffusion-wave equation
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(4.16) if we plug
B = %(x, and n =

then it becomes

Puted ) = i FI-Te g T()

11 1 /C+in(§)F(Z—Z)F(1_§+2) ( 12| >_s

& 477 2771 Je—ico T (g) r 1-3) 2172
B g = LG S N
a4 2mi Jeieo T(1-3) 21/2

In order to make it simpler let us substitute s — as and ds — ads then the

above becomes

oupatin) = ML [TTIGIITO S (Y,

o502 o 47t 2711 T

(1-
- ;izlm/j:’r( rszlr(f")i )szzﬂ s

2

To obtain the series representation of the above expression, we should ap-
ply the residual of gamma function and the cauchy residue theorems. So
the contour of integration on the righthand side of the above expression can

be transformed into L_, starting and ending at —oo, encircling all poles

2

F<1—2+s>
o

of the function
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The series representation will be

o, - Lo CEDE D) (] )T
wla2 T Amt = k! r(%k+%) 2#1/2
BRI o U AR
T oAmt = kT (Sk+4) \ 2112
= e LV x| V(N
C At & T (%k+1%) [\2t1/2 2t1/2
k

O]

From the above theorem we can see that for « = 2 the solution of multi-

dimensional space-time diffusion-wave equation will be

q’z,l,z(X,t) = < T 27, 2N
At \2t12) & T (3k+3)

The above equation can be written as

1 2
Dy 10(x,t) = 4

2
76 t
47t

This is solution for the standard diffusion equation.

4.3 Closed Form Formula For § = 2«

Theorem 4. The fundamental solution of the multi-dimensional space- and time-

fractional diffusion-wave equation for the case B = 3u under the
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condition 0 < a < % is given by:

T \2\(
X
D s ,(xt)= 4

a,z0,2

VARE AT T G a0 (50 T (1 59T (59
Proof. In the Mellin-Barnes representation (4.16) when we substitute
B = goc, and n =2

we have

D 5 ,(xt)=

a,50,2

32 1 /C+i°°F(§) (- )F(l—éﬂi) <’x|>_sds

1
A e T2 T (A-3) o

-5 c+ioo s 2 _ s 2. s —s
— 1t 1 / F(Z)F(uc a)r(l ac+ac) <2|f5|> ds (4.18)
¢ 2

w427 Jemio T (—4+43s)T (1—3)

Employing the multiplication formula of the gamma function which is given

n—1
['(ns) = nnsf%(zn)% H T <s + ﬁ) , n=273,4,5,..
k=0

Consequently

5\ L4181 4 1 -3 1 -2 1
1“( 4+2s>—5 2°72(2m) F<5 +23>F<5 +25>F<5 +25>
-1 1 1
F<5+25>F<25> (4.19)

and then substituting equation (4.19) into equation (4.18) we obtain the fol-
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lowing expression

—s
5273(27m)2T (2 - 5)T(1—2+32) <x§>
d

=5 1 c+ico ”
q)tx,%a,Z(x/t) = “47T27717i~/c—ioo 1 S
—S
b5 1 eSO -T2+ (&)
- 77/ ds
a4 27T Jo—ioo A
5 —S
2 2 5\ 5
st e TE-DT =240 ($)F)
Ly d
w47 /C—ioo A s

17[5% 1 /C+imr(§;)r(li+i)<;(
c

a 15 2710 Jeoico A

where A =T (3 + 1) T (2 + 1) T (41T (F+ 1) T(1- ).
Now let us substitute s — as and ds — ads and set
—4 « -3 «a -2 -1 «a o

But then we have

5 —Qs
L 1 e[ GDT02 0 (4 &)
c

Pogu2®D = LT 2 ) " uds
5 aq —S
2 ) o /503
i T Eor0-2+9 (507
- 77/ ds
5 2711 Je—ico w

In order to obtain the series representation of the above integral we apply
the residual of the gamma function and the Cauchy residue theorem. So
the contour of integration on the right hand side of the above formula can

be transformed to L, starting and ending at co encircling all poles

of the gamma function



and setting

T:F<é+§k>r(§+§k>r(;+;k>r<4 a >r(—

- fa) gt
- 2RO = [<?i ool

R AER)s -]

- Al )

These is a series representation of ® 0302 (x,t)
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Chapter 5

Conclusion

In this thesis, the main focus is to establish explicit closed form for the
fundamental solution of multi-dimensional space-time fractional diffusion-
wave equation with particular case when = %a and n = 2. Thus, for

B = 3a the fundamental solution is expressed as

2
47 & [_ Ix[
q)a/%tx,z(x' t) = (
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