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Abstract

We studied Quantum Hall Effect with and without magnetic field in graphene. The quan-

tum Hall effect is a quantum-mechanical version of the Hall effect, observed in graphene, in

which the Hall conductance (σH) takes on the quantized values (νe2/h) with ν = ±4(n+ 1
2
)

an integer (integer quantized Hall Effect in graphene). Our study confirmed that there

is a zero energy Landau level in graphene with magnetic fields. The fractional quantum

Hall effect in graphene is observed as the result of coulomb interaction and correlation of

electrons.

vi



Acknowledgements

First I would like to thank the Almighty God for His endless Grace and blessing on me

during all these months here at AAU and all my life.

My parents, sisters, brothers and relatives also greatly acknowledged for their financial

support, from the beginning to the end of this thesis work and in my stay as a graduate

student at Addis Ababa University. Moreover, their effort on keeping my psychological

strength in a very well manner stays with me forever !!!.

I would like to express my sincere thanks to my advisor and instructor Dr Teshome Senbeta

for his guidance, assistance, supervision and contribution of valuable suggestions. His

scientific excitement, integral view on research and overly enthusiasm, has made a deep

impression on me. My heartfelt appreciation also goes to my late advisor Prof. Vadim

N. Mal’nev for his devotion, valuable advice and encouragement in my thesis up to the

date of his passing away. He was not only an advisor but he was also a good father, his

ways of approaching, treating, advising was very special and unique. May God rest him

in peace. Also I would like to thank to all my friends and Department of Physics in AAU

for providing encouragement and support.

Moreda Eticha

October, 2015

vii



Chapter 1

Introduction

Two-dimensional electron system is a structures in which the electronic behavior is essen-

tially two-dimensional (2D). This is to say that the carriers are confined in 2D. So that

their motion in one direction is restricted. Because of this restriction we have only two-

dimensional momentum in k-space. Two-dimensional electron system (2DES) is a semi-

conductor interface, particularly that GaAs/AlGaAs heterointerface, has been the stage

of various experiment in condensed matter physics [1]. 2D electrons at GaAs/AlGaAs

interface have the energy dispersion ε(k) = ~2k2/2m and behave as free electrons with

the effective mass m = 0.067me, where me is the bare electron mass.

A common examples of 2D systemes are Metal-oxide Semiconductor Field Effect Tran-

sistores (MOSFET), Superlattice [2] and electrons on the surface of liquid helium.

In MOSFET, inversion layers are formed at the interface between a semiconductor and

an insulator or between two semiconductors, with one of them acting as an insulator [3].

The system in which the Quantum Hall effect (QHE) was discovered has Si for the semi-

conductor, SiO2 for the insulator. An electric field transverse to the interface attracts

electrons from the semiconductor material. These electrons go dawn to the quantum well

created by the electric field and the interface, according to the inversion layer principle.

The motion transverse to the interface is quantized and thus has a fundamental rigidity

that restricts motional degree of freedom in this direction.

As the wave length of the these electrons are long, an effective mass approximation

with parabolic bands is used. The periodic lattice potential gives rise to energy bands,

and the slowly varying electric potential then is regarded as bending these bands. The

1
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basic working principle of MOSFET is that the electric field is applied to the gate elec-

trode and as the result there is a change in the properties of the carriers in the silicon

layer immediately below the gate (the conductance in the source-drain channel) [4]. The

current that flows between source and drain can thus be controlled by the voltage applied

to the metal electrode [5]. The oxide prevents a current flowing between the gate and the

silicon, which would reduce the performance of the switch.

Superlattice structure is another type of two-dimensional electron system is formed in

the heterostructures of two semiconductors. Superlattice structures are can be grown in

semiconductor using molecular beam epitaxy (MBE) technique or by metal-organic chem-

ical vapor deposition (MOCVD). For example, in GaAs/Ga1 − xAlxAs super-lattice, a

certain controlled number of layers of GaAs is followed by an almost perfectly matched

sequence of layers of GaAlAs. The GaAlAs is deliberately doped n-type, which puts

mobile electrons into its conduction band. These electrons will migrate to fill the few

holes on the top of the GaAs valence band but most of them will end up in states near

the bottom of the GaAs conduction band. However, there is a positive charge left on the

donor impurities which attracts these electrons to the interface and bends the bands in

the process. This is the source of the electric field in this system. The transfer of electrons

from GaAlAs to GaAs will continue until the dipole layer formed from the positive donors

and the negative inversion layer is sufficiently strong,(charge density∼ 1011cm−2) [6].

The liquid Helium surface is also example of two-dimensional system. There exists a

potential barrier of about 1eV in the surface of liquid Helium which prevents electrons

from transmitting into the liquid. On the other hand, the potential attracts the electrons

in the surface, resulting a 2D electron system (charge density ∼ 109cm−2). Quantum Hall

effect has been observed in the first two types which are MOSFET and supper lattice [7].

A two-dimensional electron gas (2DEG) is a gas of electrons free to move in two

dimensions, say (x, y), but tightly confined in the third dimension (z). The effective mass

approximation, the dispersion relation for a 2DEG is parabolic and the eigen energies of

the electrons with the momentum k are [8]

E = εn +
~2

2m
(k2
x + k2

y) (1.0.1)

where the index n numbers successive subbands, n is the lowest energy of electrons in

the n-th subband, and m is the effective mass of an electron. At low concentrations and
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low temperatures, electrons populate only the lowest subband. In this case the electrons

do not participate in the dynamics of orthogonal to the plane and the dynamics is that

of a real 2DEG (two-dimensional electron gas in the quantum limit). In such a system,

electron states can be described as freely propagating plane waves and their in-plane

normalized wavefunctions are

ψ(x, y) =
1√
s

exp(i(kxx+ kyy)) (1.0.2)

, where s is normalized

The motion of an electron in a magnetic field ~B experiences a force called Lorentz

force.

F = m~̇v(t) = e[ ~E(t) + ~v × ~B]. (1.0.3)

The external magnetic field applied perpendicularly to a current carrying conductor de-

flects the charge carries to one side of the conductor (Fig.1.1(b)). Due to this Lorentz

force opposite charges accumulate on the opposite side of the conductor. The result is

an imbalance distribution of charge carriers on the conductor’s surface. This separation

of charges establishes an electric field that opposes further separation of charge. This

gives rise to electric potential, called Hall voltage,VH between the sides of the conductor.

As shown in Fig.1.1(c) the Hall field is transverse to both the current and the exter-

nal magnetic field. As long as charges flow, a steady electric potential exists called the

Hall voltage and the resistivity of the conductor depends linearly on the magnetic field

strength. This is known as the Classical Hall Effect [2].

VHαI,B. (1.0.4)

This observation is now easily explained by the Lorentz force interaction which states

that a charged particle moving in a magnetic field experiences a torque given by is charac-

terized with the cyclotron motion with the cyclotron frequency ωc = eB/m. An electron

occasionally experiences a scattering at the scattering rate τ−1 and diffuses away from

the initial position. A magnetic field sets a length scale as well, namely the spatial ex-

tension of wave functions in the magnetic field [1]. It is given by the magnetic length

l2B = ~/eB, which is the unit span of the quantized cyclotron motion. Also of importance

is the cyclotron radius rc, i.e. the radius of the circle the electrons follow in a magnetic

field: rc = kF l
2
B
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Figure 1.1: Geometry of the Hall effect.

The history of the quantum Hall effect has continually been marked by unexpected new

experimental discoveries [9]. The quantum Hall effect (QHE) was first discovered in

1980, when Klaus von Klitzing demonstrated quantization in the Hall resistance of a 2D

electron system, at high magnetic fields [10]. Observation of this entirely new quantum

phenomenon quickly gave birth to a rich new field of physics [11]. Moreover, von Klitzings

discovery of exact quantization in the Hall resistance in units h/e2 , depending only on

fundamental constants, gave us a new standard of resistance [12]. In Chapter 2 we present

the Quantum Hall Effect; both the Integral Quantum Hall Effect (IQHE) and the Frac-

tional Quantum Hall Effect (FQHE). In Chapter 3 we discuss the properties of Graphene

and in Chapter 4 we present the QHE in graphene. Finally, Chapter 5 summarizes our

findings.



Chapter 2

Quantum Hall Effect

2.1 Landau level

In a large magnetic field ( ~B), electrons e tend to have orbits which oscillate in time with

an angular frequency ωc = eB/m. If the relaxation time for the scattering is τ , then the

behavior of electrons depends up on whether ωcτ greater than or smaller than one [9].

If ωcτ � 1 the electrons form periodic orbits. As we will see later their energy levels

are quantized in units of ~ωc which are called Landau level. These orbits are simple to

describe in two-dimensions. The canonical momentum is, as a consequence:

~p = m~v − e ~A

= p̂− e ~A,
(2.1.1)

where, A is vector potential, p̂ = −i~∇ is the electron momentum operator.

Due to the fact that the electron has a negative charge the Hamiltonian of a particle

having a spin is

Ĥ =
1

2m
(p̂− e ~A)2 − e

m
~S. ~B + U(x, y, z). (2.1.2)

If we consider the motion of a free electron in a constant magnetic field

Ĥ =
1

2m
(p̂− e ~A)2 − e

m
~S. ~B, (2.1.3)

where, ~S is electron spin.

The stationary-state Schroedinger equation for free particle in a magnetic field is given

by [13].

1

2m
(p̂− e ~A)2Ψ(x, y, z)− e

m
~S. ~BΨ(x, y, z) = EΨ(x, y, z) (2.1.4)

5
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where Ψ(x, y, z) is the electron wave function, E is the energy eigenvalue. The magnetic

field introduced through a vector potential is

~B = ∇× ~A. (2.1.5)

When the magnetic field is a constant there are many different ways to choose a vector

potential to satisfy this relation. If the magnetic field is along the z-direction, then the

following choices all give the correct magnetic field [8].

~A = B(−y, 0, 0),

= B(0, x, 0),

=
B

2
(−y, x, 0).

(2.1.6)

Each of the different vector potential satisfy the guage condition. Since the eigenvalue

do not depend on this choices of ~A, they are called guage invariant. The second guage in

Eqn. (2.1.6) is chosen, for no particular reason and we ignore the magnetic interaction

part with spin, so that the Schrdinger equation is

1

2m
[p̂2
x + (p̂y − eBx)2 + p̂2

z]Ψ(x, y, z) = EΨ(x, y, z). (2.1.7)

Since the operator in Eqn. (2.1.7) does not contain y and z

[p̂z, B] = [p̂y, B] = 0. (2.1.8)

This leads us to choose the wave function which has a plane wave dependence on y and

z coordinates, i.e.

Ψ(x, y, z) = Ψ(x) exp(i(kyy + kzz)). (2.1.9)

Then seek a solution of Schrdinger equation in Eqn. (2.1.9) form. By Substituting Eqn.

(2.1.9) into Eqn. (2.1.7) we get;

1

2m
[−~2 ∂

2

∂x2
+ (−i~ ∂

∂y
− eBx)2 + p̂2

z]Ψ(x) exp(i(kyy + kzz)) = EΨ(x) exp(i(kyy + kzz)).

(2.1.10)

When the exponential term is canceled throughout, we obtain

−~2

2m

∂2

∂x2
Ψ(x) +

1

2m
(~2k2

y − 2~ky(eBx) + (eBx)2)Ψ(x) = (E − p̂2
z

2m
)Ψ(x)

−~2

2m

∂2

∂x2
Ψ(x) +

1

2
ω2
cm[(

~ky
eB

)2 − (
~ky
eB

)x+ x2]Ψ(x) = εΨ(x),
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where ε = E − p̂2z
2m

,

−~2

2m

∂2

∂x2
Ψ(x) +

1

2
ω2
cm[x2

o − 2xox+ x2]Ψ(x) = εΨ(x), (2.1.11)

where ωc = eB
m

, xo = ~ky
eB

= kyl
2
B, lB =

√
~
eB

The resulting equation is one dimensional Schrodinger equation for simple Harmonic

oscillator frequency, ωc (the cyclotron frequency) and displacement (x−xo). The effective

hamiltonian operating on the x variable is harmonic oscillator.

− ~2

2m

d2Ψ(x)

dx2
+
mω2

c

2
(x− xo)2Ψ(x) = εΨ(x), (2.1.12)

Let us substitute k = mω2
c , X = x− xo into the harmonic oscilltator Eqn. (2.1.12).

− ~2

2m

d2Ψ(x)

dx2
+
k

2
X2Ψ(x) = εΨ(x), (2.1.13)

d2Ψ(x)

dx2
− 2m

~2

k

2
X2Ψ(x) = −2m

~2
εΨ(x),

d2Ψ(x)

dx2
+

2m

~2
[ε− k

2
X2]Ψ(x) = 0

d2Ψ(x)

dx2
+ 2

√
m

~2

√
mk

~2
[
ε√
k
− 1

2

√
kX2]Ψ(x) = 0

1√
mk
~2

d2Ψ(x)

dx2
+ 2

√
m

~2
[
ε√
k
− 1

2

√
kX2]Ψ(x) = 0

1√
mk
~2

d2Ψ(x)

dx2
+ [2ε

√
m

k~2
−
√
mk

~2

1

2
X2]Ψ(x) = 0 (2.1.14)

For simplicity let us substitute,

α2 =

√
mk

~2
(2.1.15)

λ = 2ε

√
m

k~2
. (2.1.16)

From Eqn.(2.1.14), then we have,

1

α2

d2Ψ(x)

dx2
+ (λ− α2X2)Ψ(x) = 0. (2.1.17)

Let us make change of variable,

q = αX, (2.1.18)
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where α is constant given by Eqn. (2.1.15). Then

∂Ψ(x)

∂X
=
∂Ψ(x)

∂q

∂q

∂X
= α

∂Ψ(x)

∂q
, (2.1.19)

and
d2Ψ(x)

∂X2
= α2∂

2Ψ(x)

∂q2
. (2.1.20)

Substituting these values in Eqn. (2.1.17), we get

∂2Ψ(x)

∂q2
+ (λ− q2)Ψ(x) = 0. (2.1.21)

To solve Eqn. (2.1.21), let us first make asymptotic solution for the case of q2 > λ, in

which Eqn. (2.1.21) becomes,

∂2Ψ(x)

∂q2
− q2Ψ(x) = 0. (2.1.22)

The solution of this equation is

Ψ(x) = e
q2

2 . (2.1.23)

By differentiating Eqn. (2.1.23) twice with respect to q; thus

∂Ψ(x)

∂q
= qeq

2

,
∂2Ψ(x)

∂q2
= (q2 + 1)eq

2

. (2.1.24)

As q is very large and so Eqn. (2.1.24) becomes

∂Ψ2(x)

∂q2
= q2eq

2

, (2.1.25)

which is the same as Eqn. (2.1.22). The solution of Eqn. (2.1.21) will contain the term

e
−q2
2 as a factor, the possible solution written as;

Ψ(x) = χ(q)e
−q2
2 , (2.1.26)

where χ(q) is a function of q and hence x differentiating Eqn. (2.1.26) twice with respect

to q we get
∂Ψ(x)

∂q
= −qe

−q2
2 χ(q) + e

−q2
2 ,

∂χ(q)

∂q
(2.1.27)

∂2Ψ(x)

∂q2
= −e

−q2
2 [
∂2χ(q)

∂q2
− 2q

∂χ(q)

∂q
+ χ(q)(q2 − 1)]χ(q)e

−q2
2 . (2.1.28)

By substituting value of Ψ(x) and ∂2Ψ(x)
∂q2

from Eqn. (2.1.26) and (2.1.28), Eqn. (2.1.21)

is

e
−q2
2 [
∂2χ(q)

∂q2
− 2q

∂χ(q)

∂q
+ χ(q)(q2 − 1)] + (λ− q2)χ(q)e

−q2
2 = 0,
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∂2χ(q)

∂q2
− 2q

∂

∂q
χ(q) + (λ− 1)χ(q) = 0. (2.1.29)

Now let us assume that the function χ(q) expressed in the form of power series in q, that

is

χ(q) = qs
∞∑
r=0

arq
r ≡

∞∑
r=0

arq
r+s, (2.1.30)

differentiating we get
∂χ(q)

∂q
=
∑
r

ar(s+ r)qr+s−1,

∂2χ(q)

∂q2
=
∑
r

ar(s+ r)(s+ r − 1)qr+s−2.

Substituting this values in Eqn. (2.1.29)∑
r

ar(s+ r)(s+ r − 1)qr+s−2 − 2q
∑
r

ar(s+ r)qr+s−1 + (λ− 1)
∑
r

arq
r+s = 0,

∑
r

ar(s+ r)(s+ r − 1)qr+s−2 −
∑
r

ar[2(s+ r)− (λ− 1)]qr+s = 0. (2.1.31)

This equation is the power series and it is satisfied only if coefficient of each in q must

be separately equal to zero. Equating equal to zero coefficient of lowest power q (that is

(qs−2)) we get,

ar+2(s+ r + 2)(s+ r + 1)− ar(2(s+ r))− (λ− 1) = 0,

ar+2 =
ar(2(s+ r))− (λ− 1))

(s+ r + 2)(s+ r + 1
. (2.1.32)

If we put numerator in recursion formula equal to zero.

2s+ 2r + 1− λ = 0, λ = 2s+ 2r + 1. (2.1.33)

This equation may be written more generally as

λ = 2n+ 1, (2.1.34)

where n = s+ r. Substituting this value of λ in Eqn. (2.1.16)

2ε

√
m

k~2
= 2n+ 1, (2.1.35)

ε = ~ωc(n+
1

2
),
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E − p2
z

2m
= ~ωc(n+

1

2
). (2.1.36)

The quantized energy of the eigen value of free electron Hamilton in uniform magnetic field

(B) to the z-direction (Landau level) is obtained as a solution of the the above equation as

E = ~ωc(n+
1

2
) +

p̂2
z

2m
(n = 0, 1, 2, 3, ...), (2.1.37)

where p̂z = ~kz. The above equation (2.1.37) are called Landau Energy Levels. Since

they are independent of ky , they have a degeneracy equal to the number of allowed values

of ky, such that x0 lies within the constraint of the system. We have seen that in order to

have satisfactory solutions of wave Eqn. (2.1.14), χ must break off after a finite number

of terms that is χ should be restricted in such a manner so as to make it polynomial

rather than a power of series. Then the eigen function Ψ can be set equal to product of

this polynomial and the factor e
−q2
2 is

Ψn(q) = Nne
−q2
2 Hn(q), (2.1.38)

where Nn is the normalization factor and Hn(q) is the Hermite polynomial of degree n

defined by

Hn(q) = (−1)neq
2 dn

dqn
e−q

2

. (2.1.39)

The orthogonality condition of Hermite polynomial is∫ ∞
−∞

Hn(q)Hm(q)e−q
2

dX = 2nn!
√
πδmn. (2.1.40)

Normalization condition is ∫ ∞
−∞
|Ψ(x)|2 dX = 1, (2.1.41)

N2
n

α

∫ ∞
−∞

e−q
2

(Hn(q))2dq = 1. (2.1.42)

Using orthogonality condition of hermite polynomial;

Nn = (
α

2nn!
√
π

)
1
2 . (2.1.43)

Thus the corresponding wave function is

Ψ(x, y, z) = (
mωc
π~

)1/4(
1

2nn!
)
1
2 exp(i(kyy + kzz)) exp(

mωc
2~

(x− x0)2)Hn[

√
mωc
~

(x− x0)].

(2.1.44)

In Eqn. (2.1.44) the wave function , Ψ(x, y, z), depend on the parameters n, ky, kz, where

as in Eqn. (2.1.37) the Landau Level energy, E, depends only on the parameters n, pz.

This implies degeneracy.
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2.1.1 Degeneracy of Landau level

The Landau levels are states with different values of n. The lowest Landau level has

n = 0. The eigen value of Landau levels does not depend upon quantum number ky. The

state has a high degeneracy, in that many different value of ky have the same eigenvalue.

Let us put the system in a large cube of size L and impose periodic boundary conditions.

The allowed values of ky are of the form 2π
L
ny, where ny = 0,1,2,3.... The constant x0 is

the center of cyclotron orbit. The orbit center must be in the area, which provides the

constraint [14].

0 ≤ xo =
~ky
eB
≤ Lx, (2.1.45)

0 ≤ ~ky
eB

= (
~
eB

)
2πny
Ly
≤ Lx,

For nmax, we have,

(
~
eB

)
2πnmax
Ly

= Lx,

nmax =
eBLxLy
~2π

. (2.1.46)

At high magnetic field, we have maximum degeneracy which is

nmax =
φ

φo
≡ g(B), (2.1.47)

where φ = BA is the maximum magnetic flux, φo = h
e

is the quanta of elementary flux

and g(B) is the degeneracy of Landau level.

From Eqn. (2.1.47) follows the magnetic flux is quantized and can not be smaller than φo.

Degeneracy of the Landau Levels (LLs), g(B), depends on the external magnetic field, ~B,

in high magnetic fields LLs are highly degenerate and degeneracy can be even larger than

a number of electrons in the sample. An important concept is also the filling ratio ν. It

is equal to the number of filled Landau levels

ν =
Ne

Nφ

=
nsh

eB
, (2.1.48)

where ns is the surface charge density of number per unit area, Nφ(= g(B)/A) is the

degeneracy of the Landau levels per unit area, A and Ne(= nsA) is the total number of

electrons .
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Figure 2.1: Comparison of energy spectra of a charged particle with and without magnetic
field [10].

2.2 Integral quantized Hall resistance

The classical result of the Hall resistivity is ρxy = B
ens

= ρH . However, the density number

of the current carrying states in each Landau level is Nφ = g(B)
A

= eB
h

. Therefore, there are

ν Landau levels at energy below the Fermi energy completely filled with ns = νNφ = νeB
h

electrons. The Hall resistivity using filling factor can be obtained.

ρH =
B

ν( eB
h

)e
=

h

νe2
(ν = 1, 2, 3...). (2.2.1)

The value of the Hall resistivity Eqn. (2.2.1) only depends on the fundamental constants

of physics: h is plank’s constant. The quantum Hall effect observed in two dimensional

electron systems subjected to low temperatures(< 1K) and strong magnetic fields, in

which value of the Hall resistivity is quantized in units of h
e2

(= 25812.807Ω) divided by

consecutive integers [3]. This is the integral quantum Hall effect for an inversion layer

in Si-MOSFET. The quantization of Hall resistance now used world wide in national

metrology institutes as a primary standard of resistance. The experimental Hall resis-

tance exhibits several plateaus. Figure 2.2 shows the integral quantum Hall effect in

GaAs/GaAlAs heterojunction recorded at 30mK [9].

It also included in longitudinal resistivity. The experiments show that between two ad-

jacent Landau levels the Hall resistance has fixed values (plateau) and the longitudinal
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Figure 2.2: Hall resistance and longitudinal resistivity data as a function of the magnetic
field for a GaAs/AlGaAs heterostructure at 30mK [9].

resistivity vanishes. Furthermore, corresponding to sharp rises in between quantized Hall

plateau, there are sharp picks in the longitudinal resistivity. The zeros and plateaus in the

two components of the resistivity tensor are intimately connected and can be understood

in terms of Landau levels formed in the magnetic field. In the absence of magnetic field

the density of states in 2D is constant as a function of energy, but in the applied magnetic

field, the available states clump in to Landau levels (Fig. 2.1) separated by cyclotron

energy, with region of energy between Landau levels where there are no allowed states.

As the magnetic field swept the LLs move relative to the Fermi energy. When the Fermi

energy lies in a gap between LLs electrons can not move to a new states and so there

is no scattering. Thus the transport is dissipation less and the resistance falls to zero.

Where as the Hall resistance can not change from the quantized value for the whole time

the Fermi energy is in the gap between LLs , and so plateau results. This picture has

assumed a fixed Fermi energy, i.e fixed carrier density, and changing magnetic field.
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2.3 Fractional quantized Hall resistance

At sufficiently high magnetic fields, where the lowest landau level is occupied, the integral

quantum Hall effect does vanish in this regime. However the Hall resistivity is found still

Figure 2.3: The figure shows the stepwise behavior of the transverse resistivity, superim-
posed with the longitudinal resistance, as a function of magnetic field. The same behavior
as in figure 2.2 is seen except now at fractions of ν [15].

to be quantized but now the quantization factor is not integer but fraction, ν = n/m,

where n(< m) and m are integers. This is the fractional quantum Hall effect.

ρH =
B

ν( eB
h

)e
=

h

νe2
(ν = 1/3, 2/3, 2/5...). (2.3.1)

The quantized Hall resistance is occurred only at odd denominator of the filling factor [11].

Laughlin( 1982 ) has formulated a theory for the fractional quantum Hall effect where in,

because of electron-electron interactions, the 2D electron gas becomes an incompressible

quantum fluid in which, for a fractional Landau level filling factor, say ν = 1/m, the

quasiparticle excitation have a charge Q that is the fractions of electronic charge i.e.

Q = e/m.

2.3.1 Wave function for fractional quantum Hall effect

When the fractional quantum Hall effect was discovered, Laughlin realized that one could

explain a many-body variational wave function at filling factor ν = 1/m[16]. The free-

electron Hamiltonian for the symmetric guage the third part of Eqn. (2.1.6) in the field
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Bẑ has the simple form:

Ĥ =
1

2m
(p̂− eA)2

Ĥ =
1

2m
[(p̂+

y

2
eB)2 + (p̂− x

2
eB)2]. (2.3.2)

The space variables are put in the dimensionless using x = x′/lB, y = y′/lB. First let us

take the hamiltonian with prime variables,

Ĥ =
1

2m
[(
~
i

∂

∂x′
+
y
′

2
eB)2 + (

~
i

∂

∂y′
− x

′

2
eB)2], (2.3.3)

To drop the primes we substitute x
′
= xlB, y

′
= ylB, ∂x

′
= lB∂x, ∂y

′
= lB∂y

Ĥ =
1

2m
[(
~
i

∂

lB∂x
+ lB

y

2
eB)2 + (

~
i

∂

lB∂y
− lB

x

2
eB)2],

=
1

2m
[
~
i

√
eB

~
∂

∂x
+ eB

√
~
eB

y

2
]2 +

1

2m
[
~
i

√
eB

~
∂

∂y
− eB

√
~
eB

x

2
]2

=
1

2m
[
√
~eB

1

i

∂

∂x
+
√
eB~

y

2
]2 +

1

2m
[
√
eB~

1

i

∂

∂y
−
√
eB~

x

2
]2.

And the hamiltonian is rewritten as

H =
~ωc
2

[(
1

i

∂

∂x
+
y

2
)2 + (

1

i

∂

∂y
− x

2
)2], (2.3.4)

H =
~ωc
2

[− ∂2

∂x2
+

1

i
y
∂

∂x
+
y2

4
− ∂2

∂y2
− 1

i
x
∂

∂y
+
x2

4
],

=
~ωc
2

[−(
∂2

∂x2
+

∂2

∂y2
) +

1

4
(x2 + y2) + i(x

∂

∂y
− y ∂

∂x
)],

H =
~ωc
2

[−∇2 +
1

4
ρ2 − Lz]. (2.3.5)

Where ∇2 = ∂2

∂x2
+ ∂2

∂y2
, Lz = i(x ∂

∂y
− y ∂

∂x
) = −i ∂

∂φ
, tan(φ) = y/x and ρ2 = x2 + y2 in

polar coordinates. Consider the eigen function Ψm(ρ, φ)

Ψm(ρ, φ) = Nmρ
meimφe−ρ

2/4, (2.3.6)

where Nm = 1√
2π!2m

is normalzation constant, m ≥ 0 is an integer

In FQHE the high value of magnetic field at low temperature ensures that ~ωc � kBT .

All electrons in the lowest landau level for the case that the fractional filling is ν < 1. To

construct a many electron wave function, it is useful describing the position vector (x, y)

by the complex number z = x+ iy = ρeiφ. The eigen function is now written as

Ψm = Nmz
me−|z|

2/4, (2.3.7)
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where z = (x+ iy)/lB is a dimensionless complex number representing the position vector

r ≡ (x, y). Here we replace Nmz
m as some function f(z)

By restricting our discussion to extreme quantum limit in which the landau level degener-

acy is large enough that electrons can be accommodated within the lowest Landau level,

the Laughlin’s wave functions in the lowest Landau level can be written as [16].

Ψm(z) = f(z) exp(
|zi|2

4
), (2.3.8)

where f is a polynomial representing the Slater determinant with all states occupied. The

FQHE is similar to the IQHE, except that it occurs at fraction values of ν, such that 1/3,

2/3, 2/5. Electron-electron interaction plays an essential roll in the FQHE. In a strong

magnetic field such that all electrons accommodated in the lowest Landau levels, the

kinetic energy of the electrons is quenched so that electron-electron interaction becomes

important.

If the degeneracy is for N non-interacting electron in all the LLL has the form

Ψm(z1, z2z3, ..., z) = f(z1, z2z3, ..., z) exp(
−
∑

i |zi|
2

4
). (2.3.9)

It was observed f(z) is odd power of z.

f [z] = [z]m, (2.3.10)

[z] stands for (z1, z2, z3, ..., zN)

If we consider the possible order of two particles. We get one particle Ψo and the other

Ψ1.

f(z1, z2) = det

[
z0

1 z0
2

z1
1 z1

2

]
= z2 − z1. (2.3.11)

This is the lowest possible order for two particles. For the case of three particles we have,

f(z1, z2, z3) = det


z0

1 z0
2 z0

3

z1
1 z1

2 z1
3

z2
1 z2

2 z2
3

 ,
= z2z

2
3 − z2

2z3 − z1z
2
3 + z2

1z3 + z1z
2
2 − z2

1z2,

= −(z1 − z2)(z1 − z3)(z2 − z3),

= −
3∏
i<j

(zi − zj). (2.3.12)
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This form of the Slater determinant is known as the Vandermonde polynomial [17]. To

simplify the positions of the particles, we will drop the overall minus sign. The single

Slater determinant to fill the first N angular momentum states is a generalization of Eqn.

(2.3.12)

f [z] =
N∏
i<j

(zi − zj). (2.3.13)

Since the argument of Eqn. (2.3.10) is accepted, Eqn. (2.3.13) has the form

f [z] =
N∏
i<j

(zi − zj)m. (2.3.14)

The general Laughlin function for the ground state wave function (GSWF) of FQHE is

Ψ 1
m

[z] =
N∏
i<j

(zi − zj)m exp(
−
∑

k |zk|
2

4
). (2.3.15)

From this function Laughlin get many electron wave function for ν = 1 as

Ψν=1[z] =
N∏
i<j

(zi − zj) exp(
−
∑

k |zk|
2

4
). (2.3.16)

The polynomial term tries to keep the particles away from each other and gets larger as

 

Figure 2.4: (Left) single electron in the lowest Landau Level (Right) Filled lowest Landau
levels

the particles spread out. And also the exponential term is small if the particles spread
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out too much [18]. The probability distribution function in the LLL is

|Ψν=1[z]|2 =
N∏
i<j

(zi − zj)2 exp(
−
∑

k |zk|
2

2
). (2.3.17)

We know that from classical statistical mechanics, the partition function Z is given by

the norm of wave function [19,20]

Z =

∫ ∏
i

d2zi |Ψν=1[z]|2 , (2.3.18)

and

|Ψν=1[z]|2 = exp(−βU), (2.3.19)

Since this is a formal analogy, the inverse temperature β which appears here is arbitrary.

we choose here β = 1/m, so that we will get the potential energy U of the particle by

using Eqn. (5.3.17) and (5.3.19)

exp(−βU) =
N∏
i<j

(zi − zj)2 exp(
−
∑

k |zk|
2

2
),

ln[exp(−βU)] = ln[
N∏
i<j

(zi − zj)2 exp(
−
∑

k |zk|
2

2
)],

−βU = 2
N∑
i<i

(ln |zi − zj| −
1

2

∑
k

|zk|2),

U [z] = −2m(
N∑
i<j

ln |zi − zj|+
m

2

∑
k

|zk|2). (2.3.20)

Laughlin remarked that U is the potential energy of a 2D classical one component gas of

interacting particles with charge m in a uniform neutralizing background. In the equiv-

alent classical problem, particles have logarithmic interactions, which are 2D Coulomb

interactions.



Chapter 3

Graphene

3.1 Inroduction

Graphene is the name given to a flat monolayer of carbon atoms tightly packed into a

two-dimensional (2D) honeycomb lattice, with a carbon-carbon distance of 1.42Å [21].

The fact that charge carriers in graphene are described by a Dirac-like spectrum, rather

than the usual Schrodinger equation for non-relativistic quantum particles, can be seen

as a consequence of graphenes crystal structure. This consists of two equivalent carbon

sublattices A and B (see Fig. 3.1).

The hexagonal arrangement of carbon atoms in graphene and the corresponding hexag-

onal Brillouin zone are shown in Figure 3.1.

 

Figure 3.1: Honeycomb lattice and its Brillouin zone of graphene.
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3.2 Properties of graphene

Graphene has number of properties which makes it for several different applications. It is

an ultimately thin, mechanically very strong, transparent and flexible conductor. Carbon

is arguably one of the most flexible elements in the whole periodic table. It forms many

allotropes, some known are fullerenes (0D) or buckyballs, carbon nanotubes (1D), and

graphite (3D). Interestingly, the two-dimensional form graphene (2D) was only obtained

very recently, immediately attracting a great deal of attention. All these materials can be

characterized by their dimensionality and the nature of the chemical bonding that keeps

the atoms together [22]. Carbon nanotubes is rolling up direction of graphene. Graphite

 

Figure 3.2: Graphene (top left) is a honeycomb lattice of carbon atoms. Graphite (top
right) can be viewed as a stack of graphene layers. Carbon nanotubes are rolled-up
cylinders of graphene (bottom left). Fullerenes (c60) are molecules consisting of wrapped
graphene by the introduction of pentagons on the hexagonal lattice (bottom right) [23].

is essentially a stack of graphene layers (top right of Fig.3.2) whose properties depend on

the stacking order.
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3.3 Tight binding model of graphene

Tight binding is an approach to the calculation of electronic band structure using an

approximate set of wave functions for isolated atoms located at each atomic site. The

wave functions of the lattice, Ψ, should satisfy Bloch’s function theorem [24].

TaiΨ = ei
~k.aiΨ, (3.3.1)

where Tai is the translational operator along the lattice vector ai, and ~k is a wave vector.

Another functional form which satisfies Eq. (3.3.1) is based on the jth atomic orbital in

the unit cell. A tight binding, Bloch function φj(~k, ~r) (label j=1 is for A site and j=2 is

for B site) is given by [24],

φj(~k, ~r) =
1√
N

N∑
~Rj

Ψei
~k.aiϕj(~r − ~R) (j = 1, 2), (3.3.2)

where, ~Rj is the position vector of atom in state j,
∑

Rj
is sum over all type j atomic

sites, ϕj(~r) is the atomic wave function in state j. The wave functions in solid Ψj(~k, ~r)

are expressed by linear combination of Bloch functions φj′ (
~k, ~r) as follow

Ψj(~k, ~r) =
2∑

j′=1

cjj′(~k)φj′ (
~k, ~r),

Ψj(~k, ~r) = cjA(~k)φA(~k, ~r) + cjB(~k)φB(~k, ~r),

(3.3.3)

where cjj′ is coefficient to be determined.

Schrodinger equation is

HΨj(~k, ~r) = EjΨj(~k, ~r), (3.3.4)

with eigen value Ej is written as

< Ψj | H | Ψj >=< Ψj | Ej | Ψj >,

Ej(k) =
< Ψj | H | Ψj >

< Ψj | Ψj >
,

Ej(k) =

∫
Ψ∗j | H | Ψjdr∫

Ψ∗jΨjdr
.

(3.3.5)

In terms of Bloch functions by substituting the first of Eqn. (3.3.3) into the second of

Eqn. (3.3.5) and making change of subscripts, we will obtain the following equation.

Ej(k) =

∑
i,l c
∗
jicjl < Ψj | H | Ψj >∑
i,l c
∗
jicjl < Ψj | Ψj >

,

Ej(k) =

∑
i,l c
∗
jicjlHil∑

i,l c
∗
jicjlSil

,

(3.3.6)
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where

Hil =< Ψj | H | Ψj >, Sil =< Ψj | Ψj > (3.3.7)

It is called transfer matrix elements and overlap matrix elements, respectively. If the Hil

and Sil are known, the partial derivative of energy with respect to c∗ji while fixing the

other coefficients, we obtain zero for the local minimum condition as follow,

∂Ej(k)

∂c∗ji
= 0,

(
∑

i,l c
∗
jicjlHil)

′(
∑

i,l c
∗
jicjlSil)− (

∑
i,l c
∗
jicjlHil)(

∑
i,l c
∗
jicjlSil)

′

(
∑

i,l c
∗
jicjlSil)

2
= 0,∑

i,l cjlHil∑
i,l c
∗
jicjlSil

−
(
∑

i,l c
∗
jicjlHil)(

∑
i,l cjlSil)

(
∑

i,l c
∗
jicjlSil)

2
= 0. (3.3.8)

When we multiply both sides of Eqn. (3.3.8) by
∑

i,l c
∗
jicjlSil and substituting Ej(k) the

second of Eqn. (3.3.6) into second term of Eqn. (3.3.8), we obtain;

(
∑

i,l c
∗
jicjlSil)(

∑
i,l cjlHil)∑

i,l c
∗
jicjlSil

−
(
∑

i,l c
∗
jicjlSil)(

∑
i,l c
∗
jicjlHil)(

∑
i,l cjlSil)

(
∑

i,l c
∗
jicjlSil)

2
= 0,

∑
i,l

cjlHil −
(
∑

i,l c
∗
jicjlHil)(

∑
i,l cjlSil)∑

i,l c
∗
jicjlSil)

= 0,

2∑
l=1

cjlHil − Ej(k)
2∑
l=1

cjlSil = 0,

2∑
l=1

cjlHil = Ej(k)
2∑
l=1

cjlSil. (3.3.9)

Defining the coefficient cjl as a matrix equation cj = (cjA, cjB)

cjH = Ej(k)cjS,

(H − Ej(k)S)cj = 0 (3.3.10)

If the inverse matrix of Eqn.(3.3.10) exists, we can multiply both sides by 1
H−Ej(k)S

to

obtain cj=0 (where zero denotes the null vector), which wave function is obtained [25].

The eigen function is given only when the inverse matrix doen’t exist, consistent with the

condition given by

det(H − Ej(k)S)cj = 0. (3.3.11)

This is called secular equation, and it is used to determine energy dispersion Ej(k), which

will be calculated in the following section.
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3.4 Calculation of transfer and overlap integrals of

hexagonal lattice (H,S)

The tight binding approximation in Bloch functions of the diagonal matrix elements are

HAA =< φA | H | φA >, (3.4.1)

=

∫
φ∗A(H)φAdr

But,φ∗A and φA is given by

φ∗A =
1√
N

∑
RA′

e−i(RA′ )ϕA(r −RA′)

φA =
1√
N

∑
RA

ei(RA)ϕA(r −RA).

(3.4.2)

Therefore, Eqn. (3.4.1) is

HAA =
1

N

∑
RAA′

eik(RA−RA′ ) < ϕA(r −RA′) | H | ϕA(r −RA′) >,

HAA =
1

N

∑
RA=RA′

ε2p +
1

N

∑
RA=RA′±a

e±ika < ϕA(r−RA′) | H | ϕA(r−RA′) > +.... (3.4.3)

After the order contribution to HAA at RA = RA′ ± a is neglected for simplicity

HAA =
1

N

∑
RA=RA′

ε2p = ε2p (3.4.4)

This is the orbital energy of 2p level. Since HAA is real, we have,

HAA = HBB = ε2p. (3.4.5)

If we assume the atomic wave function is normalized,

SAA = SBB = 1. (3.4.6)

The tight binding approximation in Bloch functions of the off-diagonal matrix elements

are

φA =
1√
N

∑
RA

eikRAϕA(r −RA),

φB =
1√
N

∑
RB

eikRBϕB(r −RB)
(3.4.7)
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The off-diagonal matrix is

HAB =< φA | H | φB > (3.4.8)

HAB =
1

N
<
∑
RA

eikRAϕA(r −RA) | H |
∑
RB

eikRBϕB(r −RB) >,

=
1

N

∑
RA

∑
RB

eik(RB−RA) < ϕA(r −RA) | H | ϕB(r −RB) >,

=
1

N
<
∑
RA−R

e−ik
a
2 < ϕA(r −R− a/2) | H |

∑
RB−R

eik
a
2ϕB(r −R + a/2) >

=
1

N
(e−ik

a
2 + eik

a
2 ) < ϕA(r −R) | H | ϕB(r −R± a/2) >,

=
1

N
2 cos(k

a

2
)t,

HAB = 2t cos(k
a

2
), (3.4.9)

where,

t =< ϕA(r −R) | H | ϕB(r −R± a/2). (3.4.10)

is hopping parameter for off-diagonal matrix.

The matrix element HBA is obtained from HAB through the hermitian conjugation relation

HBA=H∗AB. But HAB is real;

HAB = HBA = 2t cos(k
a

2
). (3.4.11)

The overlap matrix Sij can be calculated by similar method Hij.

SAB = SBA = 2s cos(k
a

2
) (3.4.12)

where s is the hopping parameter for diagonal matrix given by

s =< ϕA(r −R) | ϕB(r −R± a/2) (3.4.13)

3.5 Electronic band structure of graphene

The electronic structure of graphene has two atoms per unit cell as shown in Fig. (3.1).

The lattice vectors in Figure 3.1 (left) ~a1 and ~a2, are given by

~a1 =
3a

2
x̂+

√
3a

2
ŷ, ~a2 =

3a

2
x̂−
√

3a

2
ŷ. (3.5.1)
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The reciprocal lattice vectors ~b1 and ~b2, indicated in figure 3.1 (right) are given by

~b1 =
2π

3a
k̂x +

2
√

3

3a
k̂y, ~b2 =

2π

3a
k̂x −

2
√

3

3a
k̂y. (3.5.2)

The three nearest-neighbor in real space are given by

δ1 =
a

2
x̂+

√
3a

2
ŷ, δ2 =

a

2
x̂−
√

3a

2
ŷ, δ3 = ax̂. (3.5.3)

The Dirac points in graphene are K and K ′ at the corners of Brillouin zone. Their position

in momentum space is given by

K =
2π

3a
x̂+

2π

3
√

3a
ŷ, K ′ =

2π

3a
x̂− 2π

3
√

3a
ŷ. (3.5.4)

To calculate the energy dispersion relation of graphene we must consider the nearest

neighbor [26] B atoms related to A atom, which is given by Eqn. (3.5.3), then the

Hamiltonian becomes

HAB = t
3∑
i=1

eikδi = tf(k), (3.5.5)

where f(k) is

f(k) =
3∑
i=1

eikδi

= eikδ1 + eikδ2 + eikδ3

= eikx
1
2
aeiky

√
3
2
a + eikx

1
2
ae−iky

√
3
2
a + e−ikxa

= eikx
1
2
a
[
eiky

√
3
2
a + e−iky

√
3
2
kya
]

+ e−ikxa

= e−ikxa2 cos(

√
3

2
kya) + e−ikxa

f(k) = e−ikxa

[
eikx

3
2 2 cos(

√
3

2
kya) + 1

]
. (3.5.6)

Since f(k) is the complex function, Hamiltonian forms hermitian matrix, HAB = H∗BA,

and similarly the overlap matrix is

SAB = sf(k). (3.5.7)

The explicit forms of H and S can be written as

H =

[
HAA HAB

H∗BA HBB

]
, S =

[
SAA SAB

S∗BA SBB

]
. (3.5.8)
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Substitute the value of each matrix; for diagonal matrix Eqn. (3.4.5)and Eqn. (3.4.6),

for off-diagonal matrix Eqn. (3.5.5) and Eqn. (3.5.7) are

H =

[
ε2p tf(k)

tf ∗(k) ε2p

]
, S =

[
1 sf(k)

sf ∗(k) 1

]
. (3.5.9)

Now to calculate the energy dispersion relation of band structure, we have to use the

secular equation we have shown in section (3.3) as Eqn. (3.3.11)∣∣∣∣∣
[

ε2p tf(k)

tf ∗(k) ε2p

]
−

[
E(k) E(k)sf(k)

E(k)sf ∗(k) E(k)

]∣∣∣∣∣ = 0, (3.5.10)

performing the necessary calculations,∣∣∣∣∣
[

ε2p − E(k) tf(k)− E(k)sf(k)

tf ∗(k)− E(k)sf ∗(k) ε2p − E(k)

]∣∣∣∣∣ = 0 (3.5.11)

(ε2p − E(k))2 − [(tf ∗(k)− E(k)sf ∗(k))(tf(k)− E(k)sf(k))] = 0 (3.5.12)

(ε2p − E(k))2 = [(tf ∗(k)− E(k)sf ∗(k))(tf(k)− E(k)sf(k))]

ε2p − E(k) = t2 |f(k)|2 − 2tE(k)s |f(k)|2 + E2(k)s2f(k) |f(k)|2

ε2p − E(k) = ±
√
t2 |f (k)|2 − 2tE(k)s |f(k)|2 + E2(k)s2f(k) |f(k)|2

E(k) =
ε2p ± t

√
|f(k)|2

1 + s |f(k)|2
(3.5.13)

Notice that we considered only the nearest neighbor, therefore the overlap integral matrix

(S) and energy level at 2p are vanishes. Then Eqn. (3.5.13) is reduced to

E(k) = ±t
√
|f(k)|2 = ±t |f(k)| (3.5.14)

By using Eqn. (3.5.6), the term under square root of Eqn. (3.5.14) is

|f(k)|2 = e−ikxa

(
eikx

3
2
a2 cos(ky

√
3

2
a) + 1

)
eikxa

(
e−ikx

3
2
a2 cos(ky

√
3

2
a) + 1

)

|f(k)|2 = 1 + 2 cos(ky

√
3

2
a)
(
e−ikx

3
2
a + eikx

3
2
a
)

+ 4 cos2(ky

√
3

2
a)

|f(k)|2 = 1 + 4 cos(ky

√
3

2
a) cos(kx

3

2
a) + 4 cos2(ky

√
3

2
a) (3.5.15)
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Substitute Eqn. (3.5.16) into Eqn. (3.5.14).

E(k) = ±t

√
1 + 4 cos(ky

√
3

2
a) cos(kx

3

2
a) + 4 cos2(ky

√
3

2
a) (3.5.16)

This is the energy dispersion relation which is commonly used as a simple approximation

for the electronic structure of graphene layer. Quantum mechanical hopping between

sublattices leads to formations of two cosine-like energy bands [27].

After we vanish ε2p because we consider only the nearest-neighbor the Hamiltonian of

Eqn. (3.5.9) is

H =

[
0 HAB

H∗BA 0

]
(3.5.17)

Now let us expand the wave vector k near the K-point as follow

k = K + k, (3.5.18)

where k is some small (|k| < |K|) vector having origin at K. Substitute Eqn. (3.5.18)

into f(k) as follow

f(K + k) =
3∑
i=1

ei(K+k)δi ,

= eiKδ1eikδ1 + eiKδ2eikδ2 + eiKδ3eikδ3 .

Since we considered only K dirac point, δ2 is described by the same lattice vectors as site

A and yields a zero phase to the hopping parameter. Therefore δ3 correspond to δ2 lattice

vector. It is interesting to assume K = 4π
3
√

3a
ŷ because of expanding.

f(K + k) = ei
2π
3 eikδ1 + eikδ2 + e−i

2π
3 eikδ3 . (3.5.19)

Considering the continuum (low energy) limit (a → 0), one can expand exponents in

Taylor series

lim
a→0

eiδi ' 1 + iδi. (3.5.20)

After substituting Eqn. (3.5.20) into Eqn. (3.5.19), we arrive at

f( Bbbk) = −3a

2
( Bbbkx + i Bbbky). (3.5.21)

Use Eqn. (3.5.21) into Eqn. (3.5.14)

E(k) = ±t(3a |k|
2

) = ±3~at |k|
2~

= ~vf (k− ik), (3.5.22)
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where vf = 3at
2~ ≈ 106m/s is fermi velocity, |k| = k− ik is imaginary

In order to find 2D Hamiltonian Dirc-like equation, we have to apply schrodinger equation

for graphene.

HΨ = EΨ = ~vf (k− ik)Ψ, (3.5.23)

where

H = ~vf (k− ik). (3.5.24)

Substitute Eqn. (3.5.24) into Eqn. (3.5.17)

H = ~vf

[
0 k− ik

k + ik 0

]
(3.5.25)

Using Eqn. (3.5.25), Eqn. (3.5.23) can be expanded to

~vf

[(
0 1

1 0

)
kx +

(
0 i

−i 0

)
ky

](
ΨA

ΨB

)
= E

(
ΨA

ΨB

)
, (3.5.26)

where Ψ =

(
ΨA

ΨB

)
is wave function for only K-point.

With the use of the Pauli matrices, ~σ = (σx, σy),

σx =

(
0 1

1 0

)
σy =

(
0 −i
i 0

)
. (3.5.27)

The 2D Dirac Hamiltonian written as

Ĥ = vf~σk. (3.5.28)

To find the eigen energy of Hamiltonian we used Eqn. (3.5.26)[
~vf

(
0 kx − iky

kx + iky 0

)
− E

(
1 0

0 1

)](
ΨA

ΨB

)
= 0,

~vf

 − E
~vf

kx − iky
kx + iky − E

~vf

( ΨA

ΨB

)
= 0, (3.5.29)

~vf

(
ΨA

ΨB

)
is different from zero if

det

∣∣∣∣∣∣ − E
~vf

kx − iky
kx + iky − E

~vf

∣∣∣∣∣∣ = 0 (3.5.30)
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The massless Dirac electronic energy is

E = ±~vfk (3.5.31)

Electrons in graphene, obeying a linear dispersion relation, behave like massless relativistic

particles [28].

In order to find the eigen functions we use Eqn. (3.5.29).(
−λ kx − iky

kx + iky −λ

)(
ΨA

ΨB

)
= 0, (3.5.32)

where λ = − E
~vf

. Let us derive ΨA from Eqn. (3.5.32).

ΨA =
kx − iky

k
ΨB (3.5.33)

Since we are doing with polar coordinate kx = k cos θ, ky = k sin θ and θ = arctan(ky/kx).
Then Eqn. (3.5.33) is

ΨA = e−iθΨB (3.5.34)

The eigen function

Ψ =

(
ΨA

ΨB

)
= ΨB

(
e−iθ

1

)
(3.5.35)

Let us set ΨB in Eqn. (3.5.35) is equal to one and the normalized wave function will be

Ψ =
Ψ

|Ψ|
=

1√
e−i2θ + 1

(
e−iθ

1

)
(3.5.36)

The term under square root is

e−i2θ + 1 = e−i(θ+θ) + 1

= (cos θ − i sin θ)2 + 1

= 2 cos2 θ − 2i sin θ cos θ

e−i2θ + 1 = 2cosθe−iθ (3.5.37)

Substitute Eqn. (3.5.37) into Eqn. (3.5.36)

Ψ =
1√

2cosθe−iθ

(
e−iθ

1

)
(3.5.38)
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If θ is rotates with nπ (θ = nπ), then |cos θ| is always equal to one.

Ψ =
1√

2e−iθ

(
e−iθ

1

)
=
eiθ/2√

2

(
e−iθ

1

)
. (3.5.39)

The normalized eigen function is

Ψ =
1√
2

(
e−iθ/2

eiθ/2

)
, (3.5.40)

where θ is the polar angle of vector k. Therefore, we have to use this normalized wave

function to the Hamiltonian equation given by Eqn. (23) for graphene.



Chapter 4

Quantum Hall effect in graphene

4.1 Landau level in graphene

In convectional electron gas (non-relativistic) Landau quantization produces equidistant

energy level which is due to parabolic dispersion law of free electrons. Similarly the motion

of relativistic charge in graphene in strong magnetic field is also quantized. In graphene

the electrons have relativistic dispersion law, which strongly modifies the Landau quanti-

zation of energy and the positions levels.

From Landau guages given by Eqn. (2.1.6) we choce Ax = −By and in chapter three,

we got Dirac- like Hamiltonian Ĥ = vf σ̂.p̂

The Dirac-like Hamiltonian for field is

Ĥ = vf σ̂.(p̂− eA). (4.1.1)

The Dirac-like Hamiltonian by using schrodinger equation is

vf [

(
0 1

1 0

)
px − eAx +

(
0 −i
i 0

)
py]

(
ΨA

ΨB

)
= E

(
ΨA

ΨB

)
. (4.1.2)

After addition the matrix

υf

(
0 ( px − ipy + eBy)2

( px + ipy + eBy)2 0

)(
ΨA

ΨB

)
= E

(
ΨA

ΨB

)
, (4.1.3)
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vf (px − ipy + eBy)ΨB = EΨA,

vf (px + ipy + eBy)ΨA = EΨB

(4.1.4)

solving for ΨB from Eqn. (4.1.4). Then it gives

v2
f (px − ipy + eBy)(px + ipy + eBy)ΨA = E2ΨA (4.1.5)

(p2
x + (eBy)2 + i[px + eBy, py] + p2

y)ΨA =
E2

v2
f

ΨA

(p2
x + (eBy)2 − e~B + p2

y)ΨA =
E2

v2
f

ΨA. (4.1.6)

Since [px, x] doesn’t commute, we have some function with the function of y and with

plane wave along x.

ΨA = χ(y)eikxx. (4.1.7)

Substitute Eqn. (4.1.7) into Eqn. (4.1.6)

[(px + eBy)2 − e~B + p2
y]χ(y)eikxx =

E2

v2
f

χ(y)eikxx. (4.1.8)

(−i~ ∂
∂x

+ eBy)2χ(y)eikxx − (e~B)χ(y)eikxx − ~2∂
2χ(y)

∂y2
eikxx =

E2

v2
f

χ(y)eikxx,

(~kx + eBy)2χ(y)eikxx − (e~B)χ(y)eikxx − ~2∂
2χ(y)

∂y2
eikxx =

E2

v2
f

χ(y)eikxx,

The exponential term cancel out and ~2 factor out.

~2

{
(kx + eBy)2 − (eB)

~
− ∂2

∂y2

}
χ(y) =

E2

v2
f

χ(y), (4.1.9)

−∂
2χ(y)

∂y2
+ (

eB

~
)2(

~kx
eB

+ y)2χ(y)− (eB)

~
χ(y) =

E2

~2v2
f

χ(y),

−∂
2χ(y)

∂y2
+ (

eB

~
)2(y − y0)2χ(y)− (eB)

~
χ(y) =

E2

~2v2
f

χ(y),

where y0 = −~kx
eB

∂2χ(y)

∂y2
+ [

E2

~2v2
f

+
eB

~
]χ(y)− (

eB

~
)2Y 2χ(y) = 0, (4.1.10)

For simplicity we used y − y0 = Y

∂2χ(y)

∂y2
+
eB

~
[
E2

~2v2
f

(
~
eB

) + 1− eB

~
Y 2]χ(y) = 0. (4.1.11)
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Let us take α2 is

α2 = eB/~. (4.1.12)

We can write as
∂2χ(y)

∂y2
+ α2[

E2

~2v2
f

(
~
eB

) + 1− α2Y 2]χ(y) = 0. (4.1.13)

Substitute λ instead of some terms in square bracket of Eqn. (4.1.13) as follow

λ =
E2

~2v2
fα

2
+ 1. (4.1.14)

1

α2

∂2χ(y)

∂y2
+ (λ− α2Y 2)χ(y) = 0. (4.1.15)

Let us introduce new variable

q = αY,
∂2χ(y)

∂y2
= α2∂

2χ(y)

∂q2
. (4.1.16)

Substitute Eqn. (4.1.16) into Eqn. (4.1.15)

∂2χ(y)

∂q2
+ (λ− q2)χ(y) = 0. (4.1.17)

In chapter two we obtained the expression for λ as

λ = 2n+ 1,
E2

~2v2
fα

2
+ 1 = 2n+ 1 (4.1.18)

The eigen value is

E± = ±vf~ωD
√
n, (4.1.19)

where ωD =
√

2eB/~
The eigen function can be set equal to the product of polynomial.

χn(q) = Nne
−q2
2 Hn(q) (4.1.20)

Normalization condition is ∫ ∞
−∞
|Ψ(x)|2 dy = 1 (4.1.21)

N2
n

α

∫ ∞
−∞

e−q
2

(Hn(q))2dq = 1. (4.1.22)

Using orthogonality condition of hermite polynomial;

Nn = (
α

2nn!
√
π

)
1
2 (4.1.23)



34

Thus the corresponding wave function is

Ψn(x, y) = (
eB

π~
)
1
4 (

1

2nn!
)
1
2 exp ikxx exp(

eB

~
(y − yo)2)Hn[

√
eB

~
(y − yo)]. (4.1.24)

The wave function in terms of cyclotron frequency is

Ψn(x, y) = (
mωc
π~

)1/4(
1

2nn!
)
1
2 exp(i(kxx exp(

mωc
2~

(y − yo)2)Hn[

√
mωc
~

(y − yo)]. (4.1.25)

The energy does not depend on the quantum number kx but eigenfunction depends on

kx this means Landau levels have a degeneracy because of different wave functions with

different kx values.

4.2 Integer quantum Hall effect in graphene

In chapter two, we have seen that the QHE can be explained as quantum mechanical

version of hall effect, especially observed in two-dimension system under low temperature

and strong magnetic field. So, 2D graphene can be fit into this condition. But the

result is quite different from usual QHE. The quantum Hall effect observed in graphene

distinctively different from usual quantum Hall effect since the quantization condition

Eqn (4.2.1) below is shifted by half-integer in case of monolayer graphene. This is so-

called half-integer QHE which is unique to graphene. Due to the mass-less, chiral Dirac

fermions, the quantum Hall effect in graphene displays a shift of the Hall resistance by a

half-integer compared to the conventional integer QHE.

σxy = ±4(n+
1

2
)
e2

h
= ν

e2

h
ν = ...,−10,−6,−2, 2, 6, 10, ... (4.2.1)

where n is integer, ± is for holes and electrons, the prefactor 4 reflects the two-fold spin

and two-fold valley degeneracy in the graphene band structure [29]. This quantization

condition can be translated into the quantized filling factor ν = ±4(n + 1
2
). Here what

we have seen in chapter two quantum Hall effect allow to seen the quantization of con-

ductivity (σxy=νe2/h) for thin materials exposed to a perpendicular magnetic field in 2D

electron gases have an integer relationship to conductivity while graphene has a half in-

teger (Eqn.(4.2.1)) relation.

Here we note that at ν = −2 and ν = 2 correspond to the emptying and filling of the

eigen value En = 0 LL. Thus for n = 0 LL, the valley degeneracy (isospin) is the same as

the sublattice degeneracy (pseudospin).
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Figure 4.1: Quantum hall effect in graphene [30].

4.3 Fractional quantum Hall effect in graphene

Theoretical scientists expect that electrons in graphene are strongly interacting and hence

exhibit FQHE. The FQHE depends upon the combined effect of the magnetic field and

coulomb interaction between electrons. The FQHE occurs when the magnetic field is

so strong, that the plateaus occurred at fractional values of the filling factor, because

fractional values of the filling factor refers to partially filled Landau states. In this case,

for non interacting electrons the ground state is macroscopically degenerate. It is the

Coulomb interaction between the electrons that lifts the degeneracy and opens a gap [31].

Therefore the origin of the FQHE cannot be understood based on the behavior of indi-

vidual electrons in a magnetic field; it is the behavior of all the electrons .

FQHE is essentially restricted to the lowest LL: very few fractions are seen in n=0

graphene LL, and almost none in higher LLs [32].
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4.4 Comparison of Landau levels for conventional 2DEG

and graphene

For conventional semiconductor 2DEGs, separate electron and hole LL form, that are

equally spaced. For graphene the LL energy follows a square-root behavior and a zero-

energy level appears that is shared equally by electrons and holes. Graphene not exhibits

LLs of equal spacing as conventional semiconductors. The difference between the conven-

 

Figure 4.2: (Left) Landau levels for Schrodinger electrons with two parabolic bands touch-
ing each other at zero energy. (Right) Landau levels for Dirac electrons [26].

tional LL structure and graphene is a direct a result of the chirality of the charge carriers.

Carrier movement on cyclotron orbits in a magnetic field results in an accumulation of a

phase shift the Berry’s phase π for the wavefunction of the chiral mass-less quasi-particles

in graphene. This explains the unusual LL at zero energy. Furthermore, backscattering

is suppressed for the chiral charge carriers, which leads to protected edge states and the

possibility to observe the quantum Hall effect up to room temperature.



Chapter 5

Conclusion

Classical Hall Effect is a phenomena observed when an external magnetic field is applied

perpendicularly to a current carrying conductor because of the charges experienced the

Lorentz force and equal but opposite charges accumulate on the opposite side of con-

ductor. The result is an asymmetric distribution of charge carriers on the conductor’s

surface. This separation of charges establishes an electric field that opposes further sep-

aration of charge and the resistivity of the conductor has linear depends on the magnetic

field strength. The difference between integral quantized Hall effect, fractional quantized

Hall effect and Hall effect is Hall resistance.

At very low temperatures and high magnetic fields, the thermal excitations between

Landau levels are negligible. If the magnetic field is increased, the capacity of each Lan-

dau level will increase, and electrons from higher levels will drop to lower Landau levels

until they are filled again. If one continues to increase the magnetic field, the highest

Landau level will be depleted, while all the levels below are exactly filled. The Fermi

energy of the system will drop suddenly and QHE observed.

The basic QHE experimental observation is the nearly vanishing longitudinal resis-

tance Rxx → 0 and the quantization of the Hall resistance Rxy = h
νe2

of a two dimensional

electron gas subjected to a strong magnetic field, the filing factor could take on integer

value for IQHE and fractional values for FQHE. Fractional Quantum Hall Effect is the

result of involving strong Coulomb interactions and correlations among the electrons.

The integral quantum Hall effect can be well understood using the concept of Landau
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levels which are completely filled by electrons subject to the Pauli exclusion principle.

The fractional quantum Hall effect needs a more sophisticated theory, like Laughlin’s

wave function theory to understand its mechanism.

QHE in graphene behavior reveals the existence of Dirac fermions with massless elec-

trons. The existence of a degenerate Landau level explains the unconventional QHE found

in graphene. The sequence of Landau levels is described by En ∝
√
n for massless Dirac

fermions in graphene. This Landau level lies at the border between electron and hole

gases and, taking into account the two degeneracy.

In graphene the QHE can be observed even at room temperature. The survival of the

QHE to such high temperatures can be attributed to the large cyclotron gaps, ~ωc, charac-

teristic to Dirac fermions in graphene. This is due to the highly unusual nature of charge

carriers in graphene, which behave as massless relativistic particles (Dirac fermions).

FQHE in graphene is the Coulomb interaction between the electrons that lifts the

degeneracy and opens a gap. The FQHE occurs when the magnetic field is so strong, that

the plateaus occurred at fractional values of the filling factor, because fractional values of

the filling factor refers to partially filled Landau states, and non-interacting electrons the

ground state is macroscopically degenerate.
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