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Abstract

Using an appropriate fundamental solution, Dirichlet boundary value problem is reduced
to some direct Boundary Integral Equations (BIEs). Although the theory of BIEs in 3D
is well developed, the BIEs in 2D need a special consideration due to their different
equivalence properties. Consequently, we need to set conditions on the domain for
the invertibility of corresponding fundamental based integral layer potentials and hence
the unique solvability of BIEs. The properties of corresponding potential operators are
investigated. The equivalence of the original BVP and the obtained BIEs are analyzed
and the invertibility of the BIE operators is proved.
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Introduction

Many equations of physics are second-order PDEs e.g. wave equation, diffusion (heat)
equation, Helmholtz equation, equation of fluid-dynamics, Maxwell equations, Schrodinger
equation. These PDEs can describe a wide variety of phenomena such as sound, heat,
electrostatics, electrodynamics, fluid flow and elasticity.

There are various methods for solving BVPs for PDE analytically e.g. methods of
separation of variables, Fourier and Laplace transforms, integral transforms and variation
of parameters. However, many problems encountered in applications cannot be solved
using analytical methods. Therefore, it is necessary to resort to approximate solution
methods. Many methods have been developed for the numerical solution of partial
differential equations and amongst the commonly used are volume-discretization methods
e.g. finite difference method, finite volume method and finite element method.

Another numerical method that can give a comparable efficiency to volume-discretization
methods is the Boundary Element Method (BEM). In order to use the BEM, we need
to have representation formulas. Such representation formulas are well known for the
classical boundary value problems of mathematical physics, e.g. Green’s third identity
for potential theory, Betti’s formula for elasticity theory, and the Stratton-Chu formula
for electrodynamic (Costabel (1988b)).

Boundary integral equations are a classical tool for boundary value problems for partial
differential equations. Many boundary value problems of mathematical physics and
engineering can be reduced to integral equations over the boundary of the domain of
interest. Particularly, boundary integral equations are often used to solve numerically the
Dirichlet and Neumann problems and also the mixed boundary value problem (Dirichlet-Neumann).
One of the methods for the approximate numerical solution of these boundary integral
equations is called ”boundary element method” (BEM). The approximate solution of the
boundary value problem obtained by using BEM has the distinguishing feature that it is
an exact solution of the differential equation in the domain and is parametrized by a finite
set of parameters living on the boundary. Thus, the problem dimensionality is reduced
by one which requires only a line mesh around the boundary of the domain in 2-D and
a surface mesh for 3-D geometries. This implies huge reduction in mesh generation efforts.

There are two approaches to derive BIEs of BVPs for PDE with constant coefficients. The
first integral formulation is often named as a direct method and the integral equations
are derived through the application of the second Greens identity. The second integral
formulation known as an indirect method is founded on single or double layer potentials.
The method of boundary integral equations has always had two important applications in
the theory of boundary value problems for partial differential equations: as a theoretical
tool for proving the existence of solutions and as a practical tool for the construction of
solutions.

The main part of this paper is divided into three chapters. In Chapter 1 and 2, we go
through some preliminary results concerning Laplace’s Equation, formulation of Fundamental
Solution, Poisson’s Equation, Divergence Theorem, Reciprocal relation, Green’s Identities



and Representation Formula. These results are supposed to help to get into the subject
and later on, also convince from the validity of some rather complicated proofs. In
Chapter 2, we discuss the main result of this thesis, which is the Analysis of Boundary
Integral Equations for constant coefficient (the case of Dirichlet boundary value problem
in 2D). First, we formulate the boundary value problem, construct the fundamental
solution and potential operators, then investigate the invertibility of these operators as
well as analyze the corresponding BIEs.



Chapter 1

Laplace’s Equation

1.1 Laplace’s Equation

The n-dimensional Laplace’s Equation:

4u = 0 (1.1)

and its inhomogeneous version, Poisson’s Equation

4u = f (1.2)

A function u satisfying Laplace’s equation is a harmonic functions.

4u = 0

4u = ux1x1 + ux2x2 + · · ·+ uxnxn x = x(x1, x2, · · · , xn) ∈ Rn (1.3)

Laplace equation is used to calculate the density of the fluid in equilibrium. To look for
the solution this equation, just like 2nd order ODEs for example ex or erx that played a
certain role, it is useful to find may be easier kind of solution.

Fact 1 4u(Laplacian) is invariant under rotation.

If 4u = 0, V = u(Rx), where R is a rotation in Rn(you may say orthogonal matrices),
then 4V = 0 as well, that is, suppose you have a solution and rotate it and then
get another solution which is in fact the same function. One kind of function which,
when rotated and get another solution, which is in fact the same function, is a Radial
function. Radial function only depends on how far is from the origin and it is invariant
under rotation.
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Goal 1 To look for a solution of the form u(x) = V (|x|)(only depends on |x|), where
V : R+ → R.

Step 1. To turn the pde into ODE, that is, to an equation of one variable which is actual
have a hope of solving.
Let r = |x|, since V depends on r only, we have an ODE and find a differential that V
satisfies. That is, once we find the differential equation, it is easy to find the solution
since u(x) = V (|x|), but V is only one solution that satisfies the Laplacian equation

4u = 0

ux1x1 + ux2x2 + · · ·+ uxnxn = 0

Note that
|x| =

√
x1

2 + x2
2 + · · ·+ xn2

∂|x|
∂xi

=
1

2
[x1

2 + x2
2 + · · ·+ xn

2]
− 1

2 · 2xi for i ∈ {1, 2, · · · , n}

=
1

[x1
2 + x2

2 + · · ·+ xn2]
1
2

· xi

=
xi
|x|

By chain rule,

uxi =
∂u

∂xi
=

∂

∂xi
(V (|x|) = V ′(|x|) · xi

|x|

=⇒ uxi = V ′(|x|) · xi
|x|

Solving for uxixi

uxixi =
∂uxi
∂xi

= V ′′(|x|) · ∂|x|
∂xi
· xi
|x|

+ V ′(|x|) · ∂
∂xi

(
xi
|x|

)

= V ′′(|x|) · xi
|x|
· xi
|x|

+ V ′(|x|)(
|x| − xi

|x| · xi
|x|2

)

= V ′′(|x|) · xi
2

|x|2
+ V ′(|x|)( |x|

2 − xi2

|x|3
)

= V ′′(|x|) · ( xi
|x|

)2 + V ′(|x|)( 1

|x|
− xi

2

|x|3
)

For Laplacian, we need to sum up all for i = 1, 2, ..., n

2



4u = 0

=
n∑
i=1

uxixi

=
n∑
i=1

(V ′′(|x|) · ( xi
|x|

)2 + V ′(|x|)( 1

|x|
− xi

2

|x|3
))

=
n∑
i=1

[(V ′′(|x|) · ( xi
|x|

)2 + V ′(|x|) · 1

|x|
− V ′(|x|) · xi

2

|x|3
)]

=
V ′′(|x|)
|x|2

n∑
i=1

xi
2 +

V ′(|x|)
|x|

n∑
i=1

1− V ′(|x|)
|x|3

n∑
i=1

xi
2

=
V ′′(|x|)
|x|2

· |x|2 +
V ′(|x|)
|x|

· n− V ′

|x|3
· |x|2

= V ′′(|x|) +
V ′(|x|)
|x|

· n− V ′

|x|

= V ′′(|x|) +
V ′(|x|)
|x|

(n− 1)

0 = 4u = V ′′(|x|) +
V ′(|x|)
|x|

(n− 1)

V ′′(r) +
V ′(r)

r
(n− 1) = 0, r = |x|

So far we have turned the pde into ODE(an equation of one variable which is actual have
a hope of solving).

Step 2:Solving the above ODE

V ′′(r) +
V ′(r)

r
(n− 1) = 0

V ′′(r) = −V
′(r)

r
(n− 1)

V ′′(r)

V ′(r)
= −n− 1

r

(ln(|x|))′ = −(
n− 1

r
)

ln |V ′| = −(n− 1) ln |r|+ A

|V ′| = eln r−(n+1) · eA

|V ′| = eA · r−(n−1)

V ′ = ±eA︸︷︷︸ ·r−(n−1)

a generic constant, say A

V ′ = A · r−(n−1)
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When anti-differentiating V ′, we have 2 cases.

For n = 2,

V (r) =

∫
Ar−(n−1) dr

=

∫
A

r
dr

= A ln r +B

V (r) = A ln r +B (1.4)

For n > 2,

V (r) =

∫
Ar−(n−1) dr

= A
r−(n−1)+1

−(n− 1) + 1
+B

= A
r−(n−2)

−(n− 2)
+B

=
A

−(n− 2)︸ ︷︷ ︸ r−(n−2) +B

=
−A

(n− 2)
r−(n−2) +B

=⇒ V (r) =
−A

(n− 2)
r−(n−2) +B (1.5)

Therefore, the anti-differentiation of V ′ is given by:

V (r) =

{
A ln r +B for n = 2

−Ar(2−n)

(n−2)
+B for n ≥ 3

(1.6)

Summary:

V (r) =

{
A ln r +B for n = 2
−A

(n−2)r(n−2) +B for n ≥ 3
(1.7)

for x ∈ Rn, x 6= 0 is a solution of Laplace’s equation in Rn − {0}. We notice that the
function u defined in (1.7) satisfies 4u = 0 for x 6= 0, but 4u is undefined for x = 0.

Definition 1 Fundamental Solution
Let L be a linear partial differential operator with constant coefficients in Rn. Φ(p), p ∈
Rn is called a fundamental solution of L if Φ satisfies the equation
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L(Φ) = δ(p) p ∈ Rn (1.8)

where the operator L has a form
∑
|α|≤m

aα D
α, α = (α1, α2, · · · , αn), is a multi-index, αn’s

are non-negative integers, |α| = α1 + α2 + · · ·+ αn, aα1,α2,··· ,αn are constant coefficients,

and Dα = ( ∂
∂x1

), ( ∂
∂x2

), · · · , ( ∂
∂xn

) = ∂|α|

∂x1
α1 ···∂xnαn and δ(p) is the dirac delta function in Rn

1.2 Formulation of Fundamental Solution

1.2.1 2D Laplace’s Equation

According to the definition, the fundamental solution Φ of the 2D Laplace’s equation

4u = ∇2u =
∂2u

∂x2
+
∂2u

∂y2
= 0 (1.9)

should satisfy

∇2Φ = δp(q) (1.10)

where δp(q) is the Dirac delta function centered at a point p ∈ Ω in a 2D domain, see
figure 1.1.

Figure 1.1: A 2D domain Ω with boundary ∂Ω

We can take a fundamental solution which we proved already, i.e,

V (r) =

{
A ln r +B for n = 2
−A

(n−2)r(n−2) +B for n ≥ 3

It is actually the same to the following derivation mode.
Taking p as the origin and expanding the Laplacian equation in polar coordinates, we
analyze the circularity symmetric solution ϕ = ϕ(r).
Thus, with ϕ only dependent of r and δp(q) = 0 if r 6= 0, the equation (1.9) can be written
in the form

5



∇2(ϕ) =
1

r
· d
dr

(r · dϕ
dr

) = 0, for r 6= 0

1

r
· d
dr

(r · dϕ
dr

) = 0

d

dr
(r · dϕ

dr
) = 0∫

d

dr
(r · dϕ

dr
) dr = 0,

r · dϕ
dr

= A

dϕ

dr
=
A

r∫
dϕ

dr
dr =

∫
A

r
dr

ϕ(r) = A ln r +B for r 6= 0 (1.11)

where A and B are integration constants
Clearly ϕ satisfies

∇2ϕ =∞ for r = 0.

The surface integral of ∇2ϕ should also satisfy∫
Ω

∇2ϕdΩ =

∫
Ω

δp(q) dΩ = 1 (1.12)

where Ω is an arbitrary 2D domain surrounding p.

Again ,let Γε be a small disk centered at p(see figure 1.1)of area Aε = ε. Then using
the divergence theorem the integral in (1.12) is transformed into a line integral over the
boundary of the disk Γε, which we denote by Γ.
Thus,

∫∫
Ω

∇2ϕdΩ =

∫∫
Ω

∇ · ∇ϕdΩ

=

∫∫
Ω

div.(∇ϕ) dΩ

=

∫
Γε

(∇ϕ) · ~n dΓ

=

∫
Γε

A

r
· dΓ

=
A

r

∫
Γε

1 dΓ

=
A

r
(2πr)∫∫

Ω

∇2ϕdΩ = 2πA (1.13)

6



where (∇ϕ) · ~n is the projection of the normal component of the gradient of ϕ along the
contour ∂Γε.
Thus substituting equation (1.13) into equation (1.12) yields∫∫

Ω

∇2ϕdΩ = 2πA = 1

=⇒ A =
1

2π

Setting B = 0 in equation(1.11), we obtain the fundamental solution to the 2-D Laplace
equation,

ϕ(r) = A ln r +B with A =
1

2π
and B = 0

=⇒ ϕ(r) =
1

2π
ln r (1.14)

Note: 2-D Divergence Theorem

Figure 1.2: A 2D domain Ω with boundary ∂Ω

∫
C

(~F · ~n) dr =

∫∫
R

div · ~F dA (1.15)

1.2.2 3-D Laplace’s Equation

According to the definition , the fundamental solution of ϕ of the 3-D Laplace’s Equation

∇2u =
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2
= 0 (1.16)

should satisfy ∇2ϕ = δp(q) where δp(q) is th Dirac delta function centered at a point
p ∈ Ω in a 3-D domain. Thus, the volume integral of ∇2ϕ should satisfy

7



∫∫∫
Ω

∇2ϕdΩ =

∫∫∫
Ω

δp(q) Ω = 1 (1.17)

where Ω is arbitrary 3-D domain surrounding p. Again, let Γε be a small ball centered at
p of volume Vε = ε. Then using the divergence theorem the integral(1.17) is transformed
into surface integral over the boundary of a small ball Γε, which we denote by Γ. Thus,
Note: from previous formula of fundamental solution of n-D.

V (r) =

{
A ln r +B for n = 2
−A

(n−2)r(n−2) +B for n ≥ 3

And hence, for n = 3,

ϕ(r) =
−A
r

+B and (1.18)

∇ϕ =
∂ϕ(r)

∂r
=
A

r2
(1.19)

Figure 1.3: A 3D domain Ω with boundary ∂Ω

Thus,

∫∫∫
Ω

∇2ϕdΩ =

∫∫∫
Ω

∇ · ∇ϕdΩ

=

∫∫
Ω

div · (∇ϕ) dΩ

=

∫∫
Γε

∇ϕ · n̂ dΓ

=

∫∫
Γε

A

r2
· dΓ

=
A

r2
(4πr2)∫∫∫

Ω

∇2ϕdΩ = 4πA (1.20)

8



Thus substituting (1.20) into equation (1.17) yields

∫∫∫
Ω

∇2ϕdΩ = 4πA = 1 =⇒ 4πA = 1 =⇒ A =
1

4π

Setting B = 0 in equation (1.18), we obtain the fundamental solution to the 3-D Laplace’s
Equation.

ϕ(r) =
−A
r

+B with A =
1

4π
and B = 0

=⇒ ϕ(r) = − 1

4πr
for n = 3

Note: 3-D Divergence Theorem

∫∫
S

(~F · n̂) dS =

∫∫∫
R

div · ~F dv

1.2.3 n-D Laplace’s Equation

According to the definition, the fundamental solution ϕ of the n-D Laplace equation.

∇2u =
∂2u

∂x1
2

+
∂2u

∂x2
2

+ · · ·+ ∂2u

∂xn2
= 0 (1.21)

should satisfy

∇2ϕ = δp(q) (1.22)

where δp(q) is th Dirac delta function centered at a point p ∈ Ω in a n-D domain. Thus,
the volume integral of ∇2ϕ should satisfy

∫
Ω

· · ·
∫

Ω

∇2ϕdΩ =

∫
Ω

· · ·
∫

Ω

δp(q) dΩ = 1 (1.23)

where Ωis arbitrary n-D domain surrounding p. Again, let Γε be a small ball centered at
p of volume Vε = ε. Then using the divergence theorem the integral(1.23) is transformed
into surface integral over the boundary of a small ball Γε, which we denote by Γ.
Note: from previous formula of fundamental solution of n-D.

V (r) =

{
A ln r +B for n = 2
−A

(n−2)r(n−2) +B for n ≥ 3

And hence, for n = 2 and n = 3, we have shown above.

Let’s now develop for any n ≥ 3. To do this we need to know the surface area of the
volume with radius r in n-D. Let’s now see the volume of the ball in n-D with radius r.

9



Figure 1.4: A n-D domain Ω with boundary ∂Ω

Remark 1 Volume of Ball in Rn

The volume of the ball with radius r in Rn is given by

Vn(r) = rn Vn(1) (1.24)

where Vn(1) is the volume of the ball with radius r = 1 in Rn (called unit volume).

If we differentiate it with respect to r we get the surface area from the volume of the ball
with radius r in Rn. That is,

Vn(r) = rn Vn(1)

d

dr
(Vn(r)) =

d

dr
(rn Vn(1)) = n rn−1 Vn(1)

=⇒ An(r) = n rn−1 Vn(1) (1.25)

where An(r) is the surface area of the ball in Rn with radius r.

Thus,

ϕ(r) =
−A

(n− 2)rn−2
+B and (1.26)

∇ϕ =
∂

∂r
(ϕ(r)) =

∂

∂r
(

−A
(n− 2)rn−2

+B) =
−A

(n− 2)
(2− n) r1−n =

A

rn−1
(1.27)

Thus,

10



∫
Ω

· · ·
∫

Ω︸ ︷︷ ︸
n−integrals

∇2ϕdΩ =

∫
Ω

· · ·
∫

Ω

∇ · ∇ϕdΩ

=

∫
Ω

· · ·
∫

Ω

div · (∇ϕ) dΩ

=

∫
Γε

· · ·
∫

Γε︸ ︷︷ ︸
(n−1) integrals

∇ϕ · n̂ dΓ

=

∫
Γε

· · ·
∫

Γε

A

rn−1
· dΓ

=
A

rn−1

∫
Γε

· · ·
∫

Γε

1 · dΓ

=
A

rn−1
· An(r)

=
A

rn−1
n rn−1 Vn(1)

= n Vn(1) A∫
Ω

· · ·
∫

Ω

∇2ϕdΩ = n Vn(1) A (1.28)

Thus, substituting (1.28) into equation (1.23) yields

∫
Ω

· · ·
∫

Ω

∇2ϕdΩ = n Vn(1) A = 1 =⇒ n Vn(1) A = 1 =⇒ A =
1

n Vn(1)

Setting B = 0 in equation (1.26), we obtain the fundamental solution to the n-D Laplace’s
Equation.

ϕ(r) =
−A

(n− 2)rn−2
+B with A =

1

n Vn(1)
and B = 0

=⇒ ϕ(r) =
−1

n Vn(1)

1

(n− 2)rn−2

=⇒ ϕ(r) =
−1

n (n− 2) Vn(1) rn−2
for n ≥ 3 (1.29)

Note: n-D Divergence Theorem

∫
· · ·
∫

S

(~F · n̂) dS =

∫
· · ·
∫

R

div · ~F dv

11



1.3 Poison’s Equation

Definition 2 A fundamental solution Φ(x) to Laplacian equation can then be defines by

Φ(x) =

{ 1
2π

ln |x| for n = 2
−1

n(n−2)α(x)
· 1
|x|n−2 for n ≥ 3

where α(n)is a unit volume in Rn (1.30)

Thus, this fundamental solution gives a non-trivial Laplace’s equation and also with this
fundamental solution, we can actually solve an equation called Poisson’s Equation.

Here is a fundamental fact,

Fact 2 If f is given and u(x) = Φ ∗ f =
∫
Rn Φ(x− y)f(y) dy (Phi convolved with f), then

u(x) solves 4u = f .

If we take this fundamental function u(x) which involves f and a fundamental solution
Φ(x), it turns out that it solves equation 4u = f called Poisson’s equation. In other
word this process of convolution allows us to go from the solution of Laplace’s equation
to the solution of more general equation called a Poisson’s equation.

12



Chapter 2

Boundary Value Problem Governed
by 2-D Laplace’s Equation

2.1 Introduction

As a starting point consider solving Equation (2.1)

∂2φ

∂x2
+
∂2φ

∂y2
= 0. (2.1)

in the two-dimensional region R (on the xy plane) bounded by a simple closed curve C
subject to the boundary condition

φ = f1(x, y) for (x, y) ∈ C, (2.2)

where f1 is prescribed functions. See Figure 2.1 for a geometrical sketch of the problem.

The normal derivative ∂φ/∂n in Eq. (2.2) is defined by

∂φ

∂n
= nx

∂φ

∂x
+ ny

∂φ

∂y
, (2.3)

where nx and ny are respectively the x and y components of a unit normal vector to the
curve C. Here the unit normal vector [nx, ny] on C is taken to be pointing away from
the region R. Note that the normal vector may vary from point to point on C. Thus,
[nx, ny] is a function of x and y.
In the following section we see how a boundary integral solution can be derived for the
boundary value problem under consideration Eq. (2.1) .

13



Figure 2.1: Region ’R’ bounded by a curve ’C’

Fundamental Solution
If we use polar coordinates r and θ centered about (ξ, η) , as defined by x = r cos θ and
y = r sin θ, and introduce ψ(r, θ) = φ(r cos θ, r sin θ), we can rewrite Eq.(2.1) as

1

r

∂

∂r
(r
∂ψ

∂r
) +

1

r2

∂2ψ

∂θ2
= 0. (2.4)

For the case in which ψ is independent of θ, that is, if ψ is a function of r alone, Eq.
(2.4) reduces to the ordinary differential equation

d

dr
(r
d

dr
[ψ(r)]) = 0 for r 6= 0. (2.5)

The ordinary differential equation in Eq. (2.5) can be easily integrated twice to yield the
general solution

ψ(r) = A ln(r) +B, (2.6)

where A and B are arbitrary constants.
From (2.6), it is obvious that the two-dimensional Laplace’s equation in Eq.(2.1) admits
a class of particular solutions given by

φ(x, y) = A ln
√
x2 + y2 +B for (x, y) 6= (ξ, η). (2.7)

The particular solution of Eq.(2.1) which we call it fundamental solution for n-D was
formulated and given in previous chapter. In particular for 2-D the fundamental solution
of Eq.(2.1) is

Φ(x, y; ξ, η) =
1

2π
ln
√

(x− ξ)2 + (y − η)2 for (x, y) 6= (ξ, η) (2.8)

Note that Φ(x, y; ξ, η) satisfies Eq.(2.1) everywhere except at (ξ, η) where it is not well
defined.
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2.2 Divergence Theorem

According to the two-dimensional version of the Gauss-Ostrogradskii (divergence)
theorem, if Γ = u(x, y)i + v(x, y)j is a well defined vector function such that ∇ · F =
∂u/∂x+ ∂v/∂y exists in the region R bounded by the simple closed curve C then∫

C

~F · n̂ ds(x, y) =

∫∫
R

∇ · ~F dx dy,

that is, ∫
C

[un̂x + vn̂y] ds(x, y) =

∫∫
R

[
∂u

∂x
+
∂v

∂y
] dx dy,

where n̂ = [n̂x, n̂y] is the unit normal vector to the curve C, pointing away from the
region R.
And therefore application of this theorem converts the double integral over R into a line
integral in 2-D.

2.3 Reciprocal Relation

If φ1 and φ2 are any two solutions of Eq.(2.1) in the region R bounded by the simple
closed curve C then it can be shown that∫

C

(φ2
∂φ1

∂n
− φ1

∂φ2

∂n
) ds(x, y) = 0. (2.9)

Eq.(2.9) provides a reciprocal relation between any two solutions of the Laplace’s equation
in the region R bounded by the curve C.
The derivation of the above reciprocal relation is as follows:

Since φ1 and φ2 are solutions of Eq.(2.1), we may write{
∂2φ1

∂x2 + ∂2φ1

∂y2 = 0
∂2φ2

∂x2 + ∂2φ2

∂y2 = 0{
φ1
xx + φ1

yy = 0
φ2
xx + φ2

yy = 0

Multiplying the first equation by φ2 and the second by φ1, we have

{
φ2 φ1

xx + φ2 φ1
yy = 0

φ1 φ2
xx + φ1 φ2

yy = 0

Subtracting them yields

[φ2 φ1
xx + φ2 φ1

yy]− [φ1 φ2
xx + φ1 φ2

yy] = 0

[φ2 φ1
xx − φ1 φ2

xx] + [φ2 φ1
yy − φ1 φ2

yy] = 0 (2.10)

Note that:
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∂

∂x
(φ2 φ1

x − φ1 φ2
x) = φ2

x φ
1
x + φ2 φ1

xx − φ1
x φ

2
x − φ1 φ2

xx

= φ2 φ1
xx − φ1 φ2

xx

and

∂

∂x
(φ2 φ1

y − φ1 φ2
y) = φ2

y φ
1
y + φ2 φ1

yy − φ1
y φ

2
y − φ1 φ2

yy

= φ2 φ1
yy − φ1 φ2

yy

Thus, equation (2.10) can be written in the following form

[φ2 φ1
xx − φ1 φ2

xx] + [φ2 φ1
yy − φ1 φ2

yy] = 0

∂

∂x
(φ2 φ1

x − φ1 φ2
x) +

∂

∂x
(φ2 φ1

y − φ1 φ2
y) = 0

This can be integrated over R to give

∫∫
R

[
∂

∂x
(φ2 φ1

x − φ1 φ2
x) +

∂

∂x
(φ2 φ1

y − φ1 φ2
y)] ds(x, y) = 0 (2.11)

Recall Divergence Theorem

∫
C

~F · n̂ ds(x, y) =

∫∫
R

∇ · ~F dx dy,

that is, ∫
C

[unx + vny] ds(x, y) =

∫∫
R

(ux + vy) dx dy,

where

n̂ = [n̂x, n̂y]

~F = u î+ v ĵ

∇ · ~F =
∂u

∂x
+
∂v

∂y
= ux + vy

From equation (2.11) above, let

u = φ2 φ1
x − φ1 φ2

x

v = φ2 φ1
y − φ1 φ2

y
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∫∫
R

[
∂

∂x
(φ2 φ1

x − φ1 φ2
x)︸ ︷︷ ︸

u

+
∂

∂x
(φ2 φ1

y − φ1 φ2
y)︸ ︷︷ ︸

v

] ds(x, y) = 0

∫∫
R

[
∂

∂x
u+

∂

∂y
v] ds(x, y) = 0∫

C

[unx + vny] ds(x, y) = 0∫
C

[(φ2 φ1
x − φ1 φ2

x)nx + (φ2 φ1
y − φ1 φ2

y)ny] ds(x, y) = 0 (2.12)

Note that:

(φ2 φ1
x − φ1 φ2

x)n̂x + (φ2 φ1
y − φ1 φ2

y)n̂y = φ2 φ1
x nx − φ1 φ2

x nx + φ2 φ1
y ny − φ1 φ2

y ny

= (φ2 φ1
x n̂x + φ2 φ1

y n̂y)− (φ1 φ2
x n̂x + φ1 φ2

y n̂y)

= φ2[n̂x φ
1
x + n̂y φ

1
y︸ ︷︷ ︸

∂φ1

∂n̂

]− φ1[n̂x φ
2
x + n̂y φ

2
y︸ ︷︷ ︸

∂φ2

∂n̂

]

= φ2 ∂φ
1

∂n̂
− φ1 ∂φ

2

∂n̂

Therefore substituting this in equation (2.12),

∫
C

[(φ2 φ1
x − φ1 φ2

x)n̂x + (φ2 φ1
y − φ1 φ2

y)n̂y︸ ︷︷ ︸
φ2 ∂φ1

∂n̂
−φ1 ∂φ2

∂n̂

] ds(x, y) = 0

∫
C

(φ2 ∂φ
1

∂n̂
− φ1 ∂φ

2

∂n̂
) ds(x, y) = 0

which is the reciprocal relation.

2.4 Green’s Identity

In the theorey of boundary value problems for the Laplace and other elliptic equations a
fundamental role is played by the so-called Green’s identities.
Since

∇ · (u ∇v) = (∇u ∇v) + u ∆v

u (∇v) · n̂ = u ∇nv

we apply the divergence theorem to u (∇v) and establish the first identity
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∇ · (u ∇v) = (∇u ∇v) + u ∆v∫
Ω

∇ · (u ∇v) dΩ =

∫
Ω

[(∇u ∇v) + u ∆v] dΩ∫
Γ

(u ∇v) · n̂ dΓ =

∫
Ω

[(∇u ∇v) + u ∆v] dΩ∫
Γ

u ∇nv dΓ =

∫
Ω

[(∇u ∇v) + u ∆v] dΩ

We obtain ∫
Ω

(∇u ∇v + u 4v) dΩ =

∫
Γ

u ∇nv dΓ (2.13)

This expression is called Green’s first identity.

Interchanging u and v in it, we obtain∫
Ω

(∇v ∇u+ v 4u) dΩ =

∫
Γ

v ∇nu dΓ (2.14)

and subtracting this from the first identity, we obtain Green’s second identity∫
Ω

[u 4v −4u v] dΩ =

∫
Γ

[u ∇nv −∇nu v] dΓ. (2.15)

2.5 Green’s Representation Formula

Formulation for Laplace’s equation

4u = 0 in Ω (2.16)

using the generic variable u for the potential
First Weighting Laplace’s equation (2.16) with a test function w, we obtain∫

Ω

4u w dΩ = 0 (2.17)

Next, we eliminate the partial derivatives of the potential function u from the domain
integral. This is achieved as follows: integration by parts of (2.17) leads to∫

Ω

4u w dΩ =

∫
Ω

∂

∂ξi
(
∂u

∂ξi
w) dΩ−

∫
Ω

∂u

∂ξi

∂w

∂ξi
dΩ (2.18)

and by applying the Gaus theorem to the first term on the right-hand side of (2.18) to
replace the domain integral by a boundary integral, we obtain Green’s first identity

∫
Ω

4u w dΩ =

∫
Γ

∂u

∂ξi
w ni dΓ−

∫
Ω

∂u

∂ξi

∂w

∂ξi
dΩ∫

Ω

4u w dΩ =

∫
Γ

∇nu w dΓ−
∫

Ω

∇u∇w dΩ (2.19)
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To eliminate the remaining partial derivative ui in the domain integral on the right-hand
side, we have to again apply integration by parts and Gaus’ theorem. This yields∫

Ω

4u w dΩ =

∫
Γ

(
∂u

∂ξi
w − u ∂w

∂ξi
)ni dΓ +

∫
Ω

u 4w dΩ (2.20)

which is known as Green second identity.
By substituting the differential equation (2.17) into (2.20), we eliminate the first domain
integral and obtain

−
∫

Ω

u4w dΩ =

∫
Γ

(
∂u

∂ξi
w − u ∂w

∂ξi
)ni dΓ∫

Ω

u4w dΩ = −
∫

Γ

(
∂u

∂ξi
w − u ∂w

∂ξi
)ni dΓ∫

Ω

u4w dΩ =

∫
Γ

(u
∂w

∂ξi
− ∂u

∂ξi
w)ni dΓ∫

Ω

u4w dΩ =

∫
Γ

(u ∇niw −∇niu w) dΓ (2.21)

The Dirac distribution δ(x, ξ) by its sifting property

∫
f(x)δ(x, ξ) dx = f(ξ) . This

allows us to filter out a specific functional value f(ξ) from an integral, thereby eliminating
this integral.

In general, a fundamental solution w of the differential operator L is defined as a solution
of the equation

Lw = δ(x, ξ) (2.22)

in the full space Ω∞, where the minus sign in front of the Dirac distribution is used for
convenience. We will now employ this property to eliminate the domain integral in (2.21)
by choosing

4w := δ(x, ξ) (2.23)

which yields ∫
Ω

u 4w dΩ = u(ξ) (2.24)

Employing now as test function w the fundamental solution u, we obtain from (2.21)

u(ξ) =

∫
Γ

[u(x) ∇nw(x, ξ)−∇nu(x) w(x, ξ)] dΓ, (2.25)

This equation is called representation formula, which in this particular case is also
known as Green’s representation formula. The representation formula allows us to
calculate unknown values of the potential u inside the domain (ξ ∈ Ω ) when the boundary
solution of the problem (potential u and flux ∇nu) is known.
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2.6 Fundamental Solutions

In 2-D, the fundamental solution of the Laplace operator as defined in previous section,
is given by

w(x, ξ) = − 1

2π
ln |xi − ξi| = −

1

2π
ln r, (2.26)

∇niw(x, ξ) = ∇xiw ni = − 1

2πr
rini = − 1

2π|xi − ξi|2
(xi − ξi)ni, (2.27)

where r denotes the Euclidean distance |xi − ξi| =
√

(xi − ξi)2 between the load point ξi
and field point xi.
In the 3-D case, we have

w(x, ξ) =
1

4π|xi − ξi|
=

1

4πr
, (2.28)

∇niw(x, ξ) = − 1

4πr2
rini = − 1

4π|xi − ξi|3
(xi − ξi)ni. (2.29)

The fundamental solution w of the Laplace operator is well known from electrostatics,
where it describes the electric potential due to a point charge at the load point ξi.

2.7 Preparative Example for the Limiting Process

If we solve the integral ∫ b

−a

1

x
dx = ln |b| − ln | − a|, a, b > 0 (2.30)

as shown, the correct result is obtained. However, on second thoughts, we note that this
must have been by chance, since the presence of the 1/x-singularity in the integration
interval has not been taken into account property. The problem at x = 0 becomes

apparent when trying to calculate the improper integral

∫ b

x=0

1

x
dx, which is undefined.

If we approach the singularity in (2.30) by a limiting process, we obtain

∫ b

−a

1

x
dx = lim

ε1,ε2→0
(

∫ −ε1
−a

1

x
dx+

∫ b

ε2

1

x
dx )

= lim
ε1,ε2→0

(ln ε1 − ln a + ln b− ln ε2)

= lim
ε1,ε2→0

(ln
ε1

ε2

) + ln b− ln a. (2.31)

We see that the result depends on ε1 and ε2 if they approach zero with different values.
However, by choosing ε1 = ε2 = ε, we obtain

ln
ε

ε
= ln 1 = 0

,
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and thus (2.31) yields the correct result∫ b

−a

1

x
dx = ln

b

a
(2.32)

The integrand f(x) = 1/x in (2.30) is strongly singular at x = 0, which means that its

integral F (x) =

∫
f(x)dx is singular at x = 0, too. The value of the integral as calculated

with the limiting process in (2.31) is called a Cauchy principal value(CPV) of the
strongly singular integral and is denoted by∮ b

−a

1

x
dx (2.33)

In addition to the strongly singular integrands, we also encounter weakly singular
integrands in the Boundary Element Method. In contrast to the strong singularity, the
integral over a weakly singular integrand exists and is continuous at the singularity point.
An example for this is the ln |x|-function. At x = 0 the function is singular but the integral∫

ln |x| dx = x ln |x| − x+ c (2.34)

is continuous, which can be confirmed by applying the rule of L’Hospital:

lim
x→0

x ln |x| = lim
x→0

ln |x|
1
x

= lim
x→0

1
x

− 1
x2

= 0. (2.35)

Figure 2.2: Classification of singularities in the Boundary Element Method

2.8 Boundary Integral Solution of the 2-D Problem

Method 1. Formulation using reciprocal relation
Consider the above reciprocal relation defined with φ1 = Φ(x, y; ξ, η) (the fundamental
solution as defined in Eq.(2.8) and φ2 = φ, where φ is the required solution of the interior
boundary value problem defined by Equ.(2.1)− (2.2) .
Since Φ(x, y; ξ, η) is not well defined at the point (ξ, η), the reciprocal relation in Eq.
(2.9) is valid for φ1 = Φ(x, y; ξ, η) and φ2 = φ only if (ξ, η) does not lie in the region
R ∪ C. Thus,
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∫
C

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))−Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y) = 0 for (ξ, η) 6∈ R∪C.

(2.36)
For the case in which (ξ, η) lies in the interior of R, Eq. (2.36) is valid if we replace C
by C ∪Cε:, where Cε: is a circle of center (ξ, η) and radius ε as shown in Figure 2.8. This
is because Φ(x, y; ξ, η) and its first order partial derivatives (with respect to x or y) are
well defined in the region between C and Cε. Thus, for C and Cε: in Figure 2.8, we can
write ∫

C∪Cε
[φ(x, y)

∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y) = 0,

that is,

∫
C

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y)

= −
∫
Cε

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y) (2.37)

Figure 2.3: (ξ, η) lies in the interior of R

Eq. (2.37) holds for any radius ε > 0, so long as the circle Cε (in Figure 2.8) lies
completely inside the region bounded by C. Thus, we may let ε→ 0+ in Eq.(2.37). This
gives

∫
c

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y)

= − lim
ε→0+

∫
cε

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y) (2.38)

Using polar coordinates r and θ centered about (ξ, η) as defined by x− ξ = r cos θ and
y−η = r sin θ, we may write the fundamental solution and its normal derivative as follows
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Φ(x, y; ξ, η) =
1

2π
ln
√

(x− ξ)2 + (y − η)2 =
1

2π
ln(r),

∂

∂n
[Φ(x, y; ξ, η)] = nx

∂

∂x
[Φ(x, y; ξ, η)] + ny

∂

∂y
[Φ(x, y; ξ, η)]

=
nx cos θ + ny sin θ

2πr

Note that:

∂

∂x
Φ(x, y; ξ, η) =

1

2π

1√
(x− ξ)2 + (y − η)2

1

2

1√
(x− ξ)2 + (y − η)2

2(x− ξ)

=
1

2π

1

r2
r cos θ

=
cos θ

2πr

and

∂

∂y
Φ(x, y; ξ, η) =

1

2π

1√
(x− ξ)2 + (y − η)2

1

2

1√
(x− ξ)2 + (y − η)2

2(x− ξ)

=
1

2π

1

r2
r sin θ

=
sin θ

2πr

Therefore,

∂

∂n
Φ(x, y; ξ, η) = nx

∂

∂x
Φ(x, y; ξ, η) + ny

∂

∂y
Φ(x, y; ξ, η)

= nx
cos θ

2πr
+ ny

sin θ

2πr

=
nx cos θ + ny sin θ

2πr
(2.39)

The Taylor’s series of φ(x, y) and ∂
∂n

[φ(x, y)] about the point (ξ, η) are given by

φ(x, y) =
∞∑
m=0

m∑
k=0

(
∂mφ

∂xk∂ym−k
)|

(x,y)=(ξ,η)

(x− ξ)k(y − η)m−k

k!(m− k)!

∂

∂n
[φ(x, y)] =

∞∑
m=0

m∑
k=0

(
∂mφ

∂xk∂ym−k
)[
∂

∂n
[φ(x, y)]|

(x,y)=(ξ,η)

(x− ξ)k(y − η)m−k

k!(m− k)!

On the circle Cε, r = ε. Since
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(x− ξ)k(y − η)m−k = (ε cos θ)k(ε sin θ)m−k

= εk cosk θ εm−k sinm−k θ

= εm cosk θ sinm−k θ

and

(x− y) = ε cos θ

(x− y) = ε sin θ

And hence, φ(x, y) and ∂
∂n

[φ(x, y)] are given as follows for (x, y) ∈ Cε

φ(x, y) =
∞∑
m=0

m∑
k=0

(
∂m

∂xk∂ym−k
[φ(x, y)]) |(x,y)=(ξ,η)

εm cosk θ sinm−k θ

k!(m− k)!
(2.40)

∂

∂n
[φ(x, y)] =

∞∑
m=0

m∑
k=0

(
∂m

∂xk∂ym−k
(
∂

∂n
[φ(x, y)])|(x,y)=(ξ,η)

εm cosk θ sinm−k θ

k!(m− k)!
(2.41)

Using the folowing already formulated Eqs.(2.39), (2.40) and (2.41) and writing ds(x, y) =
εdθ with θ ranging from 0 to 2π, we may now attempt to evaluate the limit on the right
hand side of Eq.(2.38). On Cε, the normal vector [nx, ny] is given by [− cos θ, − sin θ].
Thus,

Note:

∫
c

(φ
∂

∂n
Φ− Φ

∂

∂n
φ) ds(x, y) = − lim

ε→0+

∫
cε

(
∂

∂n
(Φ− Φ

∂

∂n
φ) ds(x, y)

Φ(x, y; ξ, η) =
1

2π
ln
√

(x− ξ)2 + (y − η)2 =
1

2π
ln(r),

∂

∂n
[Φ(x, y; ξ, η)] =

nx cos θ + ny sin θ

2πr
(2.42)


φ(x, y) =

∑∞
m=0

∑m
k=0( ∂m

∂xk∂ym−k
[φ(x, y)]) |(x,y)=(ξ,η)

εm cosk θ sinm−k θ
k!(m−k)!

∂
∂n

[φ(x, y)] =
∑∞

m=0

∑m
k=0( ∂m

∂xk∂ym−k
( ∂
∂n

[φ(x, y)])|(x,y)=(ξ,η)
εm cosk θ sinm−k θ

k!(m− k)!
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∫
cε

φ(x, y)
∂

∂n
[Φ(x, y; ξ, η] ds(x, y) =

=

∫
cε

[
nx cos θ + ny sin θ

2πr
][
∞∑
m=0

m∑
k=0

(
∂m

∂xk∂ym−k
[φ(x, y)]) |(x,y)=(ξ,η)

εm cosk θ sinm−k θ

k!(m− k)!
] dS

=

∫ 2π

0

[
− cos θ cos θ − sin θ sin θ

2πε
][
∞∑
m=0

m∑
k=0

(
∂m

∂xk∂ym−k
[φ(x, y)]) |(x,y)=(ξ,η)

εm cosk θ sinm−k θ

k!(m− k)!
]ε dθ

=

∫ 2π

0

− 1

2π
[

∞∑
m=0

m∑
k=0︸ ︷︷ ︸∑0

k=0 +
∑1
k=0 +

∑2
k=0 +···

(
∂m

∂xk∂ym−k
[φ(x, y)]) |(x,y)=(ξ,η)

εm cosk θ sinm−k θ

k!(m− k)!︸ ︷︷ ︸
= say H

] dθ

=

∫ 2π

0

− 1

2π
(

0∑
k=0

+
1∑

k=0

+
2∑

k=0

+ · · · )(H) dθ

=

∫ 2π

0

− 1

2π
(

0∑
k=0

+
1∑

k=0

+
2∑

k=0

+ · · ·︸ ︷︷ ︸∑∞
m=1

∑m
k=0

)(H) dθ

=

∫ 2π

0

− 1

2π
(

0∑
k=0

+
∞∑
m=1

m∑
k=0

)(H) dθ

=

∫ 2π

0

− 1

2π

0∑
k=0

(H)︸ ︷︷ ︸
φ(ξ,η)

dθ +

∫ 2π

0

− 1

2π

∞∑
m=1

m∑
k=0

(H) dθ

=

∫ 2π

0

− 1

2π
φ(ξ, η) dθ +

∫ 2π

0

− 1

2π

∞∑
m=1

m∑
k=0

(H) dθ

= − 1

2π
φ(ξ, η)

∫ 2π

0

dθ − 1

2π

∞∑
m=1

m∑
k=0

(
εm

k!(m− k)!
)(

∂m

∂xk∂ym−k
|(x,y)=(ξ,η)

∫ 2π

0

cosk θ sinm−k θ dθ

= − 1

2π
φ(ξ, η)

∫ 2π

0

dθ︸ ︷︷ ︸
2π

− 1

2π

∞∑
m=1

m∑
k=0

(
εm

k!(m− k)!
)(

∂m

∂xk∂ym−k
|(x,y)=(ξ,η)

∫ 2π

0

cosk θ sinm−k θ dθ︸ ︷︷ ︸
→ 0 as ε→0+

→ −φ(ξ, η) as ε→ 0+

Therefore, ∫
cε

φ(x, y)
∂

∂n
[Φ(x, y; ξ, η] ds(x, y) = −φ(ξ, η) as as ε→ 0+

and ∫
cε

Φ(x, y; ξ, η)
∂

∂n
[φ(x, y)] ds(x, y)

=
1

2π

∞∑
m=0

m∑
k=0

(
∂m

∂xk∂ym−k
(
∂

∂n
[φ(x, y)])) |(x,y)=(ξ,η) ×

εm+1 ln(ε)

k!(m− k)!

∫ 2π

0

cosk θ sinm−k θdθ
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→ 0 as ε→ 0+, (2.43)

(since εm+1 ln(ε)→ 0 as ε→ 0+ for m = 0, 1, 2, · · · )
Consequently, as ε→ 0+, Eq.(2.38) yields

φ(ξ, η) =

∫
c

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y)

for (ξ, η) ∈ R. (2.44)

For the case in which the point (ξ, η) lies on C, Eq.(2.36) holds if we replace the curve
C by D ∪Dε:, where the curves D and Dε: are as shown in Figure 2.7. (If Cε is the circle
of center (ξ, η) and radius ε, then D is the part of C that lies outside Cε: and Dε: is the
part of Cε: that is inside R.). Thus,

∫
D

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y)

= −
∫
Dε

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y). (2.45)

Let us examine what happens to Eq.(2.45) when we let ε→ 0+.
As ε→ 0+, the curve D tends to C. Thus, we may write

∫
c

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))] ds(x, y)

= − lim
ε→0+

∫
Dε

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y) (2.46)

Figure 2.4: (ξ, η) lying on a smooth part of C

To evaluate the limit on the right hand side of Eq. (2.46), we need to know what happens
to Dε: when we let ε → 0+. Now if (ξ, η) lies on a smooth part of C (not at where the
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gradient of the curve changes abruptly, that is, not at a corner point, if there is any), one
can intuitively see that the part of C inside Cε: approaches an infinitesimal straight line
as ε → 0+. Thus, we expect Dε: to tend to a semi-circle as ε → 0+, if (ξ, η) lies on a
smooth part of C. It follows that in attempting to evaluate the limit on the right hand
side of Eq.(2.46) we have to integrate over only half a circle (instead of a full circle as in
the case of Eq. (2.38)).
Modifying Eqs.(2.42) and (2.43), we obtain

lim
ε→0+

∫
Dε

φ(x, y)
∂

∂n
[Φ(x, y; ξ, η)]ds(x, y) = −1

2
φ(ξ, η) ,

lim
ε→0+

∫
Dε

Φ(x, y; ξ, η)
∂

∂n
[φ(x, y)]ds(x, y) = 0.

Hence Eq.(2.46) gives

1

2
φ(ξ, η) =

∫
c

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))− Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y) (2.47)

for (ξ, η) lying on a smooth part of C.
We may write Eqs.(2.36), (2.44) and (2.47) as a single equation given by

λ(ξ, η)φ(ξ, η) =

∫
c

[φ(x, y)
∂

∂n
(Φ(x, y; ξ, η))−Φ(x, y; ξ, η)

∂

∂n
(φ(x, y))]ds(x, y) (2.48)

if we define

λ(ξ, η) =


0 if (ξ, η) 6∈ R ∪ C,
1/2 if (ξ, η) lies on a smooth part of C,
1 if (ξ, η) ∈ R.

(2.49)

Method 2. Formulation
Note that:
In 2-D, the fundamental solution of the Laplace operator is given by

w(x, ξ) =
1

2π
ln |xi − ξi| =

1

2π
ln r, (2.50)

∇niw(x, ξ) = ∇xiw ni =
1

2πr
rini =

1

2π|xi − ξi|2
(xi − ξi)ni, (2.51)

where r denotes the Euclidean distance |xi − ξi| =
√

(xi − ξi)2 between the load point ξi
and field point xi.

Using Green’s second replacing v by the fundamental solution w, we have the following:
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∫
Ω

[u ∆v︸︷︷︸
∆w

− v︸︷︷︸
w

∆u]dΩ =

∫
∂Ω

[u∇nv︸︷︷︸
∇nw

− v︸︷︷︸
w

∇nu] dΓ.

∫
Ω

[u ∆w︸︷︷︸
δ

−w ∆u︸︷︷︸
f

]dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ.∫
Ω

[u δ − w f ]dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ.∫
Ω

u δ dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ

Note that the sifting property of the Dirac distribution is not defined when the source/load
point lies on the boundary

∫
f(x)δ(x, ξ)dΩ =


f(ξ) for ξ ∈ Ω
0 for ξ 6∈ Ω, ξ 6∈ Γ .
undef. for ξ ∈ Γ.

(2.52)

Therefore,
1. For ξ ∈ Ω+

∫
Ω

u δ dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ

u(ξ) =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ (2.53)

2. For ξ ∈ Ω−

∫
Ω

u δ dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ

0 =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ (2.54)

3. For ξ ∈ ∂Ω and Ω ⊂ R2

We need to start first by considering ξ ∈ Ω∫
Ω

u δ dΩ =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ

u(ξ) =

∫
∂Ω

[u∇nw − w∇nu] dΓ +

∫
Ω

w f dΩ

u(ξ) =

∫
∂Ω

u∇nw dΓ︸ ︷︷ ︸
Strongly Singular Integral

−
∫

Γ

w∇nu dΓ︸ ︷︷ ︸
Weakly Singular Integral

+

∫
Ω

w f dΩ (2.55)

And then we need to have some modification so as to calculate the limit when ξ → Γ
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Calculation of the Limit ξ → Γ

To move the source/load point to the boundary, we first modify the original boundary
Γ, augmenting it by a small circular region with radius ε around the load point ξ ∈ Γ as
shown in Figure 2.5. The modified boundary Γ′ is then given by

Γ′ = Γ− Γ∗ε + Γε

so that
Γ = lim

ε→0
Γ′

Figure 2.5: Boundary extension around load point ξ

By this process, the load point ξ again comes to lie inside the domain and the representation
formula (2.53) remains valid.
As shown in Figure 2.6, the line element dΓε along the boundary extension can be
parametrized by

dΓε = ε dθ, (2.56)

where
ε = |xi − ξi| (2.57)

is the Euclidean distance between the load point ξ and the field point x. With this, we
can perform the limiting process when moving the load point to the boundary.

Weakly Singular Integral

Using the 2-D fundamental solution P4 = w and T = ∇n given in (2.49), we obtain for
the first term in (2.55)

∫
Γ

∇nuw dΓ = lim
ε→0

∫
Γ′
∇nu

ln |xi − ξi|
2π

dΓ

= lim
ε→0

∫
Γ−Γ∗ε

∇nu
ln |xi − ξi|

2π
dΓ︸ ︷︷ ︸

∗

+ lim
ε→0

∫
Γε

∇nu
ln |xi − ξi|

2π
dΓ︸ ︷︷ ︸

∗∗

. (2.58)
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Figure 2.6: Geometry of the augmented boundary

The first integral(*) in (2.58) is weakly singular, so its calculation requires no special
care. For the second integral(**), we obtain with (2.56), (2.57) and l’Hospital’s rule

lim
ε→0

∫
Γε

∇nu
ln |xi − ξi|

2π
dΓ = lim

ε→0

1

2π

∫ α

θ=0

∇nu(ln ε)ε dθ

=
1

2π
lim
ε→0

(ln ε)′

(1
ε
)′

∫ α

θ=0

∇nu dθ

=
1

2π
lim
ε→0

(1
ε
)

(− 1
ε2

)

∫ α

θ=0

∇nu dθ

= − 1

2π
lim
ε→0

ε

∫ α

θ=0

∇nu dθ

= 0 (2.59)

Since the integral

∫
Γ

∇nuw dΓ is continuous at the (weak) singularity of w, the term in

(2.59) over the boundary extension Γ, becomes zero for ε→ 0.

Strongly Singular Integral

For the strongly singular integral in (2.55), we have

∫
Γ

u∇nw dΓ = lim
ε→0

∫
Γ′
u

(xi − ξi)ni
2π|xi − ξi|2

dΓ

= lim
ε→0

∫
Γ−Γ∗ε

u
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
∗∗∗

+ lim
ε→0

∫
Γε

u
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
∗∗∗∗

(2.60)

Since

∫
Γ

u∇nw dΓ is strongly singular, the integral(***) over the modified boundary Γ−Γ∗∈

represents its Cauchy principal value:
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lim
ε→0

∫
Γ−Γ∗ε

u ∇nw dΓ =

∫
Γ

u ∇nw dΓ. (2.61)

For the second integral(****) in (2.60), we obtain

lim
ε→0

∫
Γε

u
(xi − ξi)ni
2π|xi − ξi|2

,.Γ = lim
ε→0

∫ β

θ=0

u
ε

2πε2
ε dθ

= lim
ε→0

∫ β

θ=0

u
1

2π
dθ

=
1

2π
lim
ε→0

∫ β

θ=0

u dθ

=
1

2π
u(ξ)

∫ β

θ=0

dθ

=
1

2π
u(ξ)θ|β0

=
β

2π
u(ξ) (2.62)

In contrast to (2.60), this term does not vanish but remains finite, since the integrand

is singular at ε = 0. The strongly singular integral

∫
Γ

u∇nwdΓ is therefore given by the

sum of its Cauchy principal value and the contribution from (2.62).

By inserting the results of the weakly and strongly singular integrals into (2.55), we obtain
the boundary integral equation

u(ξ) =
β

2π
u(ξ) +

∮
Γ

u(x)
(xi − ξi)ni
2π|xi − ξi|2

dΓ−
∫

Γ

∇nu(x)
ln |xi − ξi|

2π
dΓ +

∫
Ω

w f dΩ, (2.63)

or

(
1− β

2π

)
u(ξ) =

∮
Γ

∇n(x, ξ)u(x) dΓ−
∫

Γ

∇nu(x)w(x, ξ) dΓ +

∫
Ω

w f dΩ.

α(ξ)u(ξ) =

∮
Γ

∇n(x, ξ)u(x) dΓ−
∫

Γ

∇nu(x)w(x, ξ) dΓ +

∫
Ω

w f dΩ. (2.64)

The factor c(ξ) is the free term coefficient and can be interpreted as the fraction of u(ξ)
that lies inside D:

c(ξ) =

 α(ξ) = 1− β(ξ)
2π

for ξ ∈ Γ
1 for ξ ∈ Ω
0 for ξ 6∈ Γ, ξ 6∈ Ω
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2.9 Boundary Potentials and Boundary Integral Operators

Consider the following representation formula:

C(y)u(y) =

∫
Γ

u(x)TxP4(x, y) dΓ−
∫

Γ

Txu(x)P4(x, y) dΓ +

∫
Ω

P4(x, y) f dΩ. (2.65)

where

c(y) =

 α(y) = 1− β(y)
2π

for y ∈ Γ
1 for y ∈ Ω
0 for y 6∈ Γ, y 6∈ Ω

(2.66)

If u is the solution that satisfies the Laplace equation as in (2.1) with f = 0, then the
third Green formula in (2.65) becomes

c(y)u(y) =

∫
∂Ω

[u(x)TxP4(x, y)− Tu(x)P4(x, y)]dΓ(x) (2.67)

The representation formula (2.67) consists of two boundary potentials,

the single layer potential

V∆ϕ(y) := −
∫
∂Ω

P4(x, y)ϕ(x)dΓ(x) , y 6∈ ∂Ω, (2.68)

and
the double layer potential

W∆ψ(y) := −
∫
∂Ω

[TxP∆(x, y)4]ψ(x)dΓ(x) , y 6∈ ∂Ω. (2.69)

The corresponding boundary integral (pseudo differential) operators of the direct values
of the single layer potential V∆ and the double layer potential W∆, the adjoint double
layer potential W∗∆ and the double layer potential L±∆ are

V∆ϕ(y0) := −
∫
∂Ω

P4(x, y0)ϕ(x)dΓ(x) , (2.70)

W∆ψ(y0) := −
∫
∂Ω

[TxP4(x, y0)]ψ(x)dΓ(x) , (2.71)

W∗∆ϕ(y0) := −
∫
∂Ω

[TyP4(x, y0)]ϕ(x)dΓ(x) , (2.72)

L±∆ψ(y0) := [TyW∆ψ(y0)]±, (2.73)

where y0 ∈ ∂Ω.
Therefore,
1. For y 6∈ ∂Ω, the representation formula(2.67) can written in terms of V and W ,
i.e.,
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c(y)u(y) =

∫
∂Ω

[u(x)TxP4(x, y)− P4(x, y)Tu(x)]dΓ(x)

=

∫
∂Ω

u(x)TxP4(x, y)dΓ(x)−
∫
∂Ω

P4(x, y)Tu(x)dΓ(x)

=

∫
∂Ω

u(x)TxP4(x, y)dΓ(x)︸ ︷︷ ︸
Double layer potential(−W∆u(y))

−
∫
∂Ω

P4(x, y)Tu(x)dΓ(x)︸ ︷︷ ︸
Single layer potential(−V∆Tu(y))

= −W∆u(y)− (−V∆Tu(y))

= −W∆u(y) + V∆Tu(y)

c(y)u(y) = −W∆u(y) + V∆Tu(y). (2.74)

2. For y ∈ ∂Ω (by extension), (2.67) can be written in terms of V∆ and W∆, i.e.,

c(y)u(y) =

∫
∂Ω

[u(x)TxP4(x, y)− P4(x, y)Tu(x)]dΓ(x)

=

∫
∂Ω

u(x)TxP4(x, y)dΓ(x)−
∫
∂Ω

P4(x, y)Tu(x)dΓ(x)

=

∫
∂Ω

u(x)TxP4(x, y)dΓ(x)︸ ︷︷ ︸
−W∆u(y)

−
∫
∂Ω

P4(x, y)Tu(x)dΓ(x)︸ ︷︷ ︸
V∆Tu(y)

= −W∆u(y) + V∆Tu(y)

c(y)u(y) = −W∆u(y) + V∆Tu(y). (2.75)

Here c(y) is defined as in (2.66).

Any boundary value problem can be reduced to Boundary Integral Equation by using
several different approaches. The main classifications would fall into two broad categories:
direct method and indirect method. The direct method is based on Green formula
while the indirect method is based on the single or double layer potentials. However, the
density function obtained from the indirect method, in general, has no physical meaning.

2.10 Formulation of Direct boundary integral equations

The following well-known jump relations might be useful for further discussions, see in
e.g. (Hsiao and Wendland (2008)):

Theorem 1 (Jump Relations)
a) Let ϕ ∈ C(∂Ω) and y0 ∈ ∂Ω. Then

[V∆ϕ](y0) = [V∆ϕ]+(y0) = [V∆ϕ]−(y0), (2.76)

∂+
n [V∆ϕ](y0) = W∗∆ϕ(y0) +

1

2
ϕ(y0), (2.77)

∂−n [V∆ϕ](y0) = W∗∆ϕ(y0)− 1

2
ϕ(y0). (2.78)
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b) Let ϕ ∈ C(∂Ω) and y0 ∈ ∂Ω. Then

[W∆ψ]+(y0) =W∆ψ(y0)− 1

2
ψ(y0), (2.79)

[W∆ψ]−(y0) =W∆ψ(y0) +
1

2
ψ(y0), (2.80)

−L∆ψ(y0) := ∂+
n [W∆ψ](y0) = ∂−nW∆ψ(y0), (2.81)

where + and − are the the limiting boundary values on ∂Ω from Ω+ and Ω−, respectively.

Derivation of the above theorem

1. Single layer potential(Approaching Γ from both interior and exterior)

[V∆ϕ](y0) = [V∆ϕ]+(y0) = [V∆ϕ]−(y0)

[V∆ϕ]±(y0) = lim
Ω±3y→y0∈∂Ω

[V∆ϕ](y) y ∈ Ω

[V∆∇nu]±(y0) = − lim
Ω±3y→y0∈∂Ω

∫
Γ′
∇nuP4 dΓ

[V∆∇nu]±(ξ) = − lim
ε→0

∫
Γ′
∇nuP4(x, ξ) dΓ

= − lim
ε→0

∫
Γ′
∇nu

ln |xi − ξi|
2π

dΓ

= −
∫

Γ

∇nuP4 dΓ

= − lim
ε→0

∫
Γ′
∇nu

ln |xi − ξi|
2π

dΓ

= −[lim
ε→0

∫
Γ−Γ∗ε

∇nu
ln |xi − ξi|

2π
dΓ + lim

ε→0

∫
Γε

∇nu
ln |xi − ξi|

2π
dΓ]

= − lim
ε→0

∫
Γ−Γ∗ε

∇nu
ln |xi − ξi|

2π
dΓ︸ ︷︷ ︸

∗

− lim
ε→0

∫
Γε

∇nu
ln |xi − ξi|

2π
dΓ︸ ︷︷ ︸

∗∗

= − lim
ε→0

∫
Γ−Γ∗ε

∇nu
ln |xi − ξi|

2π
dΓ

= − lim
ε→0

∫
Γ−Γ∗ε

∇nuP4 dΓ + 0

= − lim
ε→0

∫
Γ−Γ∗ε

∇nuP4 dΓ

= [V∆ϕ](ξ)

=⇒ [V∆ϕ](y0) = [V∆ϕ]+(y0) = [V∆ϕ]−(y0),

Note that The first integral(*) is weakly singular, so its calculation requires no special
care. For the second integral(**), we obtain with (2.56), (2.57) and l’Hospital’s rule
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lim
ε→0

∫
Γε

∇nu
ln |xi − ξi|

2π
dΓ = lim

ε→0

1

2π

∫ α

θ=0

∇nu(ln ε)ε dθ

=
1

2π
lim
ε→0

(ln ε)′

(1
ε
)′

∫ α

θ=0

∇nu dθ

=
1

2π
lim
ε→0
−ε
∫ α

θ=0

∇nu dθ

= 0

Since the integral

∫
Γ

∇nuP4 dΓ is continuous at the (weak) singularity of P4, the term

in (2.59) over the boundary extension Γ, becomes zero for ε→ 0.

2. Double layer potential(Approaching Γ from interior)

[W∆ψ]+(y0) =W∆ψ(y0)− 1

2
ψ(y0),

[W∆ψ]+(y0) = lim
Ω+3y→y0∈∂Ω

[W∆ϕ](y) y ∈ Ω

[W∆ψ]+(y0) = − lim
Ω+3y→y0∈∂Ω

∫
Γ

ψ∇nP4 dΓ

[W∆ψ]+(ξ) = − lim
ε→0

∫
Γ′
ψ∇nP4 dΓ

= − lim
ε→0

∫
Γ′
ψ

(xi − ξi)ni
2π|xi − ξi|2

dΓ

= − lim
ε→0

∫
Γ−Γ∗ε

ψ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗)

− lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗∗)

= − lim
ε→0

∫
Γ−Γ∗ε

ψ ∇nP4 dΓ− 1

2
u(ξ)

=W∆ψ(ξ)− 1

2
ψ(ξ)

[W∆ψ]+(y0) =W∆ψ(y0)− 1

2
ψ(y0)

Since

∫
Γ

ψ∇nw dΓ is strongly singular, the integral(***) over the modified boundary

Γ− Γ∗∈ represents its Cauchy principal value:

lim
ε→0

∫
Γ−Γ∗ε

ψ ∇nP4 dΓ =

∫
Γ

ψ ∇nP4 dΓ.

For the second integral(****) in (2.60), we obtain
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lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

,.Γ = lim
ε→0

∫ β

θ=0

ψ
ε

2πε2
ε dθ

= ψ(ξ)

∫ β

θ=0

1

2π
dθ

=
1

2π
ψ(ξ)

∫ β

θ=0

dθ

=
1

2π
ψ(ξ) θ|βθ=0

=
1

2π
ψ(ξ) β

=
β

2π
ψ(ξ)

If ∂Ω is a smooth boundary, then we have β = π

lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

,.Γ =
π

2π
ψ(ξ)

=
1

2
ψ(ξ)

In contrast to (2.59), this term does not vanish but remains finite, since the integrand is

singular at ε = 0. The strongly singular integral

∫
Γ

ψ∇nP4dΓ is therefore given by the

sum of its Cauchy principal value and the contribution from (2.63).

3. Double layer potential(Approaching Γ from exterior)

[W∆ψ]−(y0) =W∆ψ(y0) +
1

2
ψ(y0),

[W∆ψ]−(y0) = lim
Ω−3y→y0∈∂Ω

[W∆ϕ](y) y ∈ Ω

[W∆ψ]−(y0) = − lim
Ω−3y→y0∈∂Ω

∫
Γ

ψ∇nP4 dΓ

[W∆ψ]−(ξ) = − lim
ε→0

∫
Γ′
ψ∇nP4 dΓ

= − lim
ε→0

∫
Γ′
ψ

(xi − ξi)ni
2π|xi − ξi|2

dΓ

= − lim
ε→0

∫
Γ−Γ∗ε

ψ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗)

− lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗∗)

= − lim
ε→0

∫
Γ−Γ∗ε

ψ ∇nP4 dΓ +
1

2
u(ξ)

=W∆ψ(ξ) +
1

2
ψ(ξ)

[W∆ψ]−(y0) =W∆ψ(y0) +
1

2
ψ(y0)
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Since

∫
Γ

ψ∇nw dΓ is strongly singular, the integral(***) over the modified boundary

Γ− Γ∗∈ represents its Cauchy principal value:

lim
ε→0

∫
Γ−Γ∗ε

ψ ∇nP4 dΓ =

∫
Γ

ψ ∇nP4 dΓ.

For the second integral(****) in (2.60), we obtain

lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

,.Γ = lim
ε→0

∫ β

θ=0

ψ
ε

2πε2
(−1) ε dθ

= −ψ(ξ)

∫ β

θ=0

1

2π
dθ

= − 1

2π
ψ(ξ)

∫ β

θ=0

dθ

= − 1

2π
ψ(ξ) θ|βθ=0

= − 1

2π
ψ(ξ) β

= − β

2π
ψ(ξ)

If ∂Ω is a smooth boundary, then we have β = π

lim
ε→0

∫
Γε

ψ
(xi − ξi)ni
2π|xi − ξi|2

,.Γ = − π

2π
u(ξ)

= −1

2
ψ(ξ)

In contrast to (2.59), this term does not vanish but remains finite, since the integrand is

singular at ε = 0. The strongly singular integral

∫
Γ

ψ∇nP4dΓ is therefore given by the

sum of its Cauchy principal value and the contribution from (2.62).

4. Normal Derivative a Single layer potential(Approaching Γ from interior)

∂+
n [V∆ϕ](y0) = W∗∆ϕ(y0) +

1

2
ϕ(y0),

37



∂+
n [V∆ϕ](y0) = lim

Ω+3y→y0∈∂Ω
∂n[V∆ϕ](y) y ∈ Ω

∂+
n [V∆ϕ](y0) = − lim

Ω+3y→y0∈∂Ω
∂νξ

∫
Γ

ϕ P4 dΓ

∂+
n [V∆ϕ](ξ) = − lim

ε→0

∫
Γ′
ϕ ∇nξP4(x, ξ) dΓ

= − lim
ε→0

∫
Γ′
ϕ ∇nξP4(x, ξ) dΓ

= − lim
ε→0

∫
Γ′
ϕ ∇nξP4 dΓ

= − lim
ε→0

∫
Γ′
ϕ

(xi − ξi)ni
2π|xi − ξi|2

dΓ

= − lim
ε→0

∫
Γ−Γ∗ε

ϕ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗)

− lim
ε→0

∫
Γε

ϕ
(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗∗)

= − lim
ε→0

∫
Γ−Γ∗ε

ϕ ∇nξP4 dΓ− (−1

2
u(ξ))

=W∗∆ϕ(y0) +
1

2
ϕ(y0)

Since

∫
Γ

ϕ∇nξP4 dΓ is strongly singular, the integral(***) over the modified boundary

Γ− Γ∗∈ represents its Cauchy principal value:

lim
ε→0

∫
Γ−Γ∗ε

ϕ ∇nξP4 dΓ =

∫
Γ

ϕ ∇nξP4 dΓ.

For the second integral(****) in (2.60), we obtain

lim
ε→0

∫
Γε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

,.Γ = lim
ε→0

∫ β

θ=0

ϕ
−ε

2πε2
ε dθ

= ϕ(ξ)

∫ β

θ=0

−1

2π
dθ

= − 1

2π
ϕ(ξ)

∫ β

θ=0

dθ

= − 1

2π
ϕ(ξ) θ|βθ=0

= − 1

2π
ϕ(ξ) β

= − β

2π
ϕ(ξ)

If ∂Ω is a smooth boundary, then we have β = π
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lim
ε→0

∫
Γε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

dΓ = − π

2π
ψ(ξ)

= −1

2
ψ(ξ)

In contrast to (2.59), this term does not vanish but remains finite, since the integrand is

singular at ε = 0. The strongly singular integral

∫
Γ

ψ∇nP4dΓ is therefore given by the

sum of its Cauchy principal value and the contribution from (2.62).

5. Normal Derivative a Single layer potential(Approaching Γ from exterior)

∂−n [V∆ϕ](y0) = W∗∆ϕ(y0)− 1

2
ϕ(y0)

∂−nξ [V∆ϕ](y0) = lim
Ω+3y→y0∈∂Ω

∂nξ [V∆ϕ](y) y ∈ Ω

∂−nξ [V∆ϕ](y0) = − lim
Ω−3y→y0∈∂Ω

∂nξ

∫
Γ

ϕ P4 dΓ

∂−nξ [V∆ϕ](ξ) = − lim
ε→0

∫
Γ′
ϕ
−(xi − ξi)ni
2π|xi − ξi|2

dΓ

= − lim
ε→0

∫
Γ−Γ∗ε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗)

− lim
ε→0

∫
Γε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

dΓ︸ ︷︷ ︸
(∗∗∗∗)

= − lim
ε→0

∫
Γ−Γ∗ε

ϕ ∇nξP4 dΓ− 1

2
u(ξ)

=W∗∆ϕ(y0)− 1

2
ϕ(y0)

Since

∫
Γ

ϕ∇nξP4 dΓ is strongly singular, the integral(***) over the modified boundary

Γ− Γ∗∈ represents its Cauchy principal value:

lim
ε→0

∫
Γ−Γ∗ε

ϕ ∇nξP4 dΓ =

∫
Γ

ϕ ∇nξP4 dΓ.

For the second integral(****) in (2.60), we obtain
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lim
ε→0

∫
Γε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

,.Γ = lim
ε→0

∫ β

θ=0

ϕ
−ε

2πε2
(−1)ε dθ

= ϕ(ξ)

∫ β

θ=0

1

2π
dθ

=
1

2π
ϕ(ξ)

∫ β

θ=0

dθ

=
1

2π
ϕ(ξ) θ|βθ=0

=
1

2π
ϕ(ξ) β

=
β

2π
ϕ(ξ)

If ∂Ω is a smooth boundary, then we have β = π

lim
ε→0

∫
Γε

ϕ
−(xi − ξi)ni
2π|xi − ξi|2

dΓ =
π

2π
ϕ(ξ)

=
1

2
ϕ(ξ)

In contrast to (2.59), this term does not vanish but remains finite, since the integrand is

singular at ε = 0. The strongly singular integral

∫
Γ

ϕ∇nP4dΓ is therefore given by the

sum of its Cauchy principal value and the contribution from (2.62).

4. Normal Derivative a Double layer potential(Approaching Γ from both
interior and exterior)

L±∆ψ(y0) := ∂+
n [W∆ψ](y0) = ∂−nW∆ψ(y0),

∂±n [W∆ψ](y0) = lim
Ω±3y→y0∈∂Ω

∂nξ [W∆ψ](y) y ∈ Ω

= − lim
Ω±3y→y0∈∂Ω

∂nξ

∫
Γ

ψ ∇nξP4(x, ξ) dΓ

:= L±∆ψ(y0)

∂±n [W∆ψ](y0) := L±∆ψ(y0)

The formulation of the boundary integral equation by using Green formula (2.67) which
is known as ”direct method” admits two ways of approaching the boundary based on
the traces |± and on the normal derivative ∂±ν .
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First way is by considering traces.

For the interior Dirichlet, c(y) = 1. Therefore equation (2.67) gives

u = −Wn+u
+ + V (∂+

n+u) on Ω. (2.82)

The notation n+ in (2.82) denotes that the direction of n is outward to Ω.
Substituting (2.76) and (2.79) into the trace of (2.82), we obtain

u+ =
1

2
u+ −Wn+u

+ + V(∂+
n+u) on ∂Ω. (2.83)

For the exterior region Ω−, equation (2.67) gives

u = −Wn−u
− + V (∂−n−u) on Ω−. (2.84)

Here the notation n− indicates that the direction of n is inward with respect to Ω.
Equation (2.84) is true if u satisfies the additional condition at infinity.
Since n− = −n+, we can write (2.84) as follows:

u = Wn+u− − V (∂−n+u) on Ω−. (2.85)

Substituting (2.76) and (2.80) into the trace of (2.85), we obtain

u− =
1

2
u− +Wn+u− − V(∂−n+u) on ∂Ω. (2.86)

Second way based on the normal derivative ∂±n

For the interior problem, taking normal derivative (2.82) from Ω, we obtain

∂+
n+u = −∂+

n+ [Wn+u+] + ∂+
n+ [V (∂+

n+u)] on ∂Ω. (2.87)

Therefore, taking into account the jump relations in (2.77) and (2.81) and substituting
them into (2.87), we obtain

∂+
n+u(y0) = −Lu+(y0) +W∗n+(∂+

n+u(y0)) +
1

2
∂+
n+u(y0), y0 ∈ ∂Ω. (2.88)

For the exterior Dirichlet problem, taking the normal derivative of (2.85) from Ω−, we
arrive at the following equation:

∂−n+u = ∂−n+ [Wn+(u−)]− ∂−n+ [V (∂−n+u)] on ∂Ω. (2.89)

Substitution (2.78) and (2.81) into (2.89), gives

∂−n+u(y0) = Lu−(y0)−W∗(∂−n+u(y0)) +
1

2
∂−n+u(y0), y0 ∈ ∂Ω. (2.90)
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2.10.1 Interior Dirichlet Problem

We will look for the solution u which satisfies the Laplace equation (2.1) in y ∈ Ω with
Dirichlet boundary condition (2.2). Equation (2.83) can be written as

(
1

2
+Wn+)u+ = V(∂+

n+u) on ∂Ω. (2.91)

Substituting the boundary condition (2.2) into (2.91), we obtain an integral equation of
the first kind w.r.t. ∂+

n+u:

V(∂+
n+u(y0)) = (

1

2
+Wn+)u(y0) , y0 ∈ ∂Ω. (2.92)

Besides, we can also reduce the interior Dirichlet problem to another integral equation
by using (2.87). Substituting the boundary condition (2.2), equation (2.87) can also be
written as the following integral equation of the second kind w.r.t. ∂+

n+u:

(
1

2
−W∗n+) (∂+

n+u(y0)) = Lu(y0) , y0 ∈ ∂Ω. (2.93)

2.10.2 Exterior Dirichlet Problem

Now we consider the exterior Dirichlet problem which consists of finding u which satisfies
the Laplace equation (2.1) in y ∈ Ω− with Dirichlet boundary condition (2.2) and
condition at infinity.
Rearranging, equation (2.86) can be written as

(
1

2
−Wn+)u− = −V(∂−n+u) on ∂Ω. (2.94)

Substituting the boundary condition (2.2) into (2.94), we obtain the following integral
equation of first kind w.r. t.∂−n+u:

− V(∂−n+u(y0)) = (
1

2
−Wn+)u(y0) , y0 ∈ ∂Ω. (2.95)

As in interior Dirichlet case, we can also reduce the exterior Dirichlet problem to another
integral equation by taking normal derivative ∂−n . Substituting the boundary condition
(2.2) into equation (2.90) yields the following integral equation of the second kind w.r.t.
∂−n+u:

(
1

2
+W∗n+) (∂−n+u(y0)) = −Lu(y0) , y0 ∈ ∂Ω. (2.96)
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Chapter 3

Analysis of Boundary Integral
Equation in a sense of Distribution

3.1 Introduction

In this chapter, the Dirichlet boundary value problem for the second order ”stationary
heat transfer” elliptic partial differential equation with constant coefficient is considered
in 2D. Using an appropriate fundamental solution which was stated and proved in chapter
1, the problem is reduced to some direct systems of Boundary Integral Equations (BIEs).
Although the theory of BIEs in 3D is well developed, the BIEs in 2D need a special
consideration due to their different equivalence properties. Consequently, we need to
set conditions on the domain for the invertibility of corresponding fundamental based
integral layer potentials and hence the unique solvability of BIEs. The properties of
corresponding potential operators are investigated. The equivalence of the original BVP
and the obtained BIEs are analyzed and the invertibility of the BIE operators is proved.

Let Ω be a domain in R2 bounded by simple closed infinitely differentiable curve ∂Ω,
the set of all infinitely differentiable function on Ω with compact support is denoted by
D(Ω). The function space D′(Ω) consists of all continuous linear functionals over D(Ω).
For s ∈ R, we denote by Hs(R2) the Bessel potential space. Note that the space H1(R2)
coincides with the Sobolev space W 1

2 (R2) with equivalent norm and H−s(R2) is the dual
space to Hs(R2) . For any non-empty open set Ω ∈ Rn we define Hs(Ω) ={u ∈ D′(Ω) :
u = U |Ω for some U ∈ Hs(Rn)}. The space H̃s(Ω) is defined to be the closure of D(Ω)

with respect to the norm of Hs(Rn) . For s ∈ (− 1

2
,

1

2
) , Hs(Ω) can be identified with

H̃s(Ω), see e.g.[8].
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3.2 Formulation of Boundary Value Problem

Let Ω be a bounded open domain of R2. For simplicity, we assume that the boundary
∂Ω is a simply connected, closed, infinitely smooth curve.

Let us denote ∂xj =
∂

∂xj
(j = 1, 2), ∂x = (∂x1, ∂x2).

For a linear operator L∗ (either La or 4), we introduce the subspace of H1(Ω)

(H1(Ω) := {u ∈ L2(Ω) :
∂

∂xi
u(x) ∈ L2(Ω)})

H1,0(Ω;L∗) := {g : g ∈ H1(Ω), L∗g ∈ L2(Ω)},

endowed with the norm

||g||2H1,0(Ω;L∗)
:= ||g||2H1(Ω) + ||L∗g||2L2(Ω).

Definition 3 For any u ∈ C∞(Ω), define the trace operator γ+
|∂Ω

by γ+
|∂Ω
u(x) = u(x),

x ∈ ∂Ω.

Theorem 2 Trace Theorem

If s >
1

2
, then γ+ has a unique extension to a bounded linear operator

γ+ : Hs(Ω)→ Hs− 1
2 (∂Ω)

and we have
||γ+u||

Hs− 1
2 (∂Ω)

≤ C||u||Hs(Ω),

Hs− 1
2 (∂Ω) = {γ+u : u ∈ Hs(Ω)}.

Note that the trace operator γ+ has a bounded right inverse

γ+
−1 : Hs− 1

2 (∂Ω)→ Hs(Ω) ,

i.e. γ+γ+
−1w = w,w ∈ Hs− 1

2 (∂Ω) and

||γ+
−1w||Hs(Ω) ≤ C||w||

Hs− 1
2 (∂Ω)

From the trace theorem for u ∈ H1(Ω), it follows that u+ := γ+
∂Ωu ∈ H

1
2 (∂Ω), where γ+

∂Ω

is the trace operator on ∂Ω from Ω.

Definition 4 For u ∈ H2(Ω), the normal derivative is defined as

T+(x, n+(x), ∂x)u(x) : =
2∑
i=1

n+
i (x) [

∂u(x)

∂xi
]+

= [
∂u(x)

∂n+(x)
]+

where n+(x) is the exterior (to Ω) unit normal vectors at the point x ∈ ∂Ω.
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In general the boundary differential operator T+ is continuous mapping from Hs(Ω) to

Hs− 3
2 (∂Ω). That is

T+ : Hs(Ω)→ Hs− 3
2 (∂Ω) , s >

3

2
.

We shall consider the scalar elliptic differential equation with constant coefficient 1.

4u(x) =
2∑
i=1

∂

∂xi
[
∂u(x)

∂xi
] = f(x) in Ω (3.1)

Given functions ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω) , we will consider the Dirichlet boundary

value problem for function u ∈ H1(Ω) ,

4u = f in Ω, (3.2)

γ+u = ϕ0 on ∂Ω. (3.3)

Here equation (3.2) is understood in the distributional sense and (3.3) in the trace sense.

For u ∈ H1(Ω) the normal derivative operators on ∂Ω do not generally exist in the trace
sense. However if u ∈ H1,0(Ω;4) one can correctly define the generalized (canonical)
normal derivative T+u ∈ H−1/2(∂Ω) with the help of the first Green’s identity.

We define as in [5],[6],[11], the subspace

H1,0(Ω;A) := {g ∈ H1(Ω) : 4g ∈ L2(Ω)}
endowed with the norm ‖g‖2

H1,0(Ω;A) := ‖g‖2
H1(Ω) + ‖4g‖2

L2(Ω). For u ∈ H1.0(Ω;4) we

can define the (canonical) normal derivative T+u ∈ H−
1
2 (∂Ω) in the weak form (see,

e.g.[6],[11] and the references therein),

(T+u, w) :=

∫
Ω

[(γ+
−1w)4u+ E(u, γ+

−1w)] dx ∀w ∈ H
1
2 (∂Ω), (3.4)

where γ+
−1 : H

1
2 (∂Ω) → H1(Ω) is a continuous right inverse of the continuous interior

trace operator γ+ : H1(Ω)→ H
1
2 (∂Ω) , while E(u, v) := ∇u(x) . ∇v(x) is the symmetric

bilinear form.

For u ∈ Hs(Ω) , s > 3/2, the canonical normal derivative defined by (3.4) coincides with
the classical one, defined in the trace sense, i.e.,

T+u = n · γ+∇u, (3.5)

where n(x) is the exterior unit normal vector.

Remark 2 . The first Green identity holds for any u ∈ H1,0(Ω;4) and v ∈ H1(Ω)
([6],[11]) i.e, ∫

Ω

E(u, v)dx = −〈4u, v〉Ω + 〈T+u, γ+v〉∂Ω

and the second Green identity holds for any u, v ∈ H1,0(Ω;A) ,∫
Ω

(v4u− u4v)dx = 〈T+u, γ+v〉∂Ω − 〈T+v, γ+u〉∂Ω.
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3.3 Fundamental Based Potential-type Operators

A function P∆(x, y) is a fundamental solution for the operator 4 if

4xP∆(x, y) = δ(x− y),

where δ is the Dirac-delta distribution.
In particular, see e.g. [9], the function

P∆(x, y) =
1

2π
log |x− y|, x, y ∈ R2

is a fundamental solution for the Laplacian operator 4.

If u ∈ H1,0(Ω;4), then from the second Green’s identity, we have the following fundamental-based
third Green identity for y ∈ Ω, [9],

u(y) =

∫
∂Ω

[γ+u(x)T+
x P∆(x, y)−P∆(x, y)T+u(x)] dx+

∫
Ω

P∆(x, y)f(x) dx, y ∈ Ω.

(3.6)
Note that the direct substitution of v(x) by P (x, y) in the Second Green Identity is
not possible as it has singularity at x = y. This difficulty is avoided by replacing Ω by
Ω\B(y, ε) , where B(y, ε) is a disc of radius ε centered at y; taking the limit ε→ 0 we
then arrive at (15.6), cf. e.g. [12].

The fundamental-based logarithmic operator is defined, similar to [1] in the 3D case, as

P∆g(y) :=

∫
Ω

P∆(x, y)g(x) dx, (3.7)

The single and double layer potential operators, corresponding to the fundamental P∆(x, y),
are defined for y /∈ ∂Ω as

V∆g(y) := −
∫
∂Ω

P∆(x, y)g(x) dsx,

W∆g(y) := −
∫
∂Ω

T+
x P∆(x, y)g(x) dsx.

The following boundary integral (pseudo-differential) operators are also defined for y ∈
∂Ω,

V∆g(y) := −
∫
∂Ω

P∆(x, y)g(x) dsx,

W∆g(y) := −
∫
∂Ω

T+
x P∆(x, y)g(x) dsx,

W ′∆g(y) := −
∫
∂Ω

T+
y P∆(x, y)g(x) dsx,

L+
∆g(y) := T+

y W∆g(y) = −T+
y

∫
∂Ω

T+
x P∆(x, y)g(x) dsx.
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Theorem 3 For s ∈ R, the following operators are continuous,

V∆ : Hs(∂Ω)→ Hs+ 3
2 (Ω)

W∆ : Hs(∂Ω)→ Hs+ 1
2 (Ω)

V∆ : Hs(∂Ω)→ Hs+1(∂Ω)

W∆, W ′∆ : Hs(∂Ω)→ Hs+1(∂Ω)

L+
∆ : Hs(∂Ω)→ Hs−1(∂Ω) .

Proof: We have the corresponding mappings for the corresponding constant- coefficient
operators.

Theorem 4 Let u ∈ H− 1
2 (∂Ω) and v ∈ H 1

2 (∂Ω) . Then the following jump relation hold
on ∂Ω

γ+V∆u(y) = V∆u(y) (3.8)

γ+W∆v(y) = −1

2
v(y) +W∆v(y) (3.9)

T+V∆u(y) =
1

2
u(y) +W ′∆u(y) (3.10)

Proof: For the constant coefficient case, this theorem is well known.

Theorem 5 Let Ω be a bounded open domain in R2 with closed, infinitely smooth boundary
∂Ω. The following operators are continuous.

P∆ : H̃s(Ω)→ Hs+2(Ω), s ∈ R; (3.11)

: Hs(Ω)→ Hs+2(Ω), s > −1

2
; (3.12)

γ+P∆ : H̃s(Ω)→ Hs+ 3
2 (∂Ω), s > −3

2
; (3.13)

: Hs(Ω)→ Hs+ 3
2 (∂Ω), s > −1

2
; (3.14)

T+P∆ : H̃s(Ω)→ Hs+ 1
2 (∂Ω), s > −1

2
; (3.15)

: Hs(Ω)→ Hs+ 1
2 (∂Ω) , s > −1

2
; (3.16)

Proof: The operator P∆ is a homogeneous pseudo-differential operator of order −2 on
R2, mapping P∆ : Hs

comp(R2) → Hs+2
1oc (R2) continuously for any s ∈ R. Hence the

application of trace theorem, the operators (3.11), (3.13) and (3.15) are continuous. For

s ∈ (− 1

2
,

1

2
), H̃s(Ω) is identified with Hs(Ω), and (3.12) directly follows from (3.11).

To prove the case s ∈ (
1

2
,

3

2
), we implement the Gauss divergence theorem and the fact

that
∂

∂xj
log |x− y| = − ∂

∂yj
log |x− y| and obtain
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∂

∂yj
(P∆g)(y) = − 1

2π

∫
Ω

g(x)
∂

∂xj
log |x− y| dx

=
1

2π

∫
Ω

log |x− y| ∂
∂xj

g(x)dx− 1

2π

∫
∂Ω

log |x− y|njγ+g(x)dsx

= P∆(∂jg)(y) + V∆(njγ
+g)(y). (3.17)

Now for s ∈ (
1

2
,

3

2
), since ∂j : Hs(Ω)→ Hs−1(Ω) is continuous, we have

P∆∂j : Hs(Ω) → Hs+1(Ω) is continuous, and from trace theorem γ+g ∈ Hs− 1
2 (∂Ω) and

the properties of the single layer potential, we conclude that ∇P∆ : Hs(Ω) → Hs+1(Ω)

is continuous. This implies that P∆ : Hs(Ω)→ Hs+2(Ω) is continuous for s ∈ (
1

2
,

3

2
).

Further, with the help of these results and the relation (3.17), we can verify by induction

that the operator (3.12) is continuous for s ∈ (k − 1

2
, k +

1

2
) , where k is an arbitrary

nonnegative integer. For the values s = k +
1

2
the continuity of the operator (3.12) then

follows due to the complex interpolation properties of Bessel potential spaces.

The trace theorem will give the continuity proof for the operators (3.13) and (3.14). The
continuity of the operators (3.15) and (3.16) follows if we remark that for the chosen s
the normal derivative can be understood in the classical sense (15.5).�

By the Rellich compact embedding theorem (see e.g [8], Theorem 3.27]), Theorems 3 and
5 imply the following assertion.

Corollary 1 Let s ∈ R. The following operators are compact,

V∆ : Hs(∂Ω)→ Hs(∂Ω) (3.18)

W∆ : Hs(∂Ω)→ Hs(∂Ω) (3.19)

W ′∆ : Hs(∂Ω)→ Hs(∂Ω) (3.20)

3.4 Invertibility of the Single Layer Potential Operator

The boundary integral operator V4 : H−1/2(∂Ω) → H1/2(∂Ω) is Fredholm operator of
index zero ([4], theorem 7.6). For the three dimensional case, the following holds. For
ψ∗ ∈ H−1/2(∂Ω) , if V∆ψ

∗(y) = 0, y ∈ Ω, then ψ∗ = 0, which implies the invertibilty of
single layer potential operator mapping from H−1/2(∂Ω) to H1/2(∂Ω). But it is not true
the two dimensional case. It is well know ([4], Remark 1.42(ii), [13], proof of theorem 6.22)
for some 2D domains the kernel of the operator V4 is non-zero for the same domains.
The following example illustrates this fact.
Example 1. Take the density function φ ≡ 1 and Ω = B(0, R) to be a disc of radius R
centered at the origin and ∂Ω = ∂B(0, R) be the circular boundary of the disc. We can
show that

V4φ(y) =

{
R ln |y|, for |y| > R,
Rln R, for |y| ≤ R.

48



In the above example, if we take the value of R = 1, then V4φ(y) = 0 in Ω̃. This shows

that the kernel of the operator V∆ : H−
1
2 (∂Ω) → H

1
2 (∂Ω) contains non zero element for

a unit ball, i.e., KerV∆ 6= {0} for Ω = B(0; 1), which means, the operators V∆ is not
one to one for this particular domain. In order to have invertibility for the single layer
potential operator in 2D, we define the following subspace of the space H−

1
2 (∂Ω), see e.g.

[13], Eq.(6.30),

H
− 1

2
∗ (∂Ω) := {φ ∈ H−

1
2 (∂Ω) : 〈φ, 1〉∂Ω = 0},

where the norm in H
− 1

2
∗ (∂Ω) is the induced by the norm in H−

1
2 (∂Ω) .

Theorem 6 If ψ ∈ H−
1
2

∗ (∂Ω) satisfies V∆ψ = 0 on ∂Ω, then ψ = 0.

Proof: (see e.g. [8], Corollary 8.11 ii]).�

Theorem 7 Let Ω ⊂ R2 have the diameter diam (Ω) < 1. Then the single layer potential

V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) is invertible.

Proof : By [[13], Theorem 6.23], for diam (Ω) < 1 the operator V∆ : H−
1
2 (∂Ω)→ H

1
2 (∂Ω)

is H−
1
2 (∂Ω)-elliptic and since it is also bounded, c.f. Theorem 1 for s = −1/2, the

Lax-Milgram theorem implies its invertibility.

3.5 The Third Green Identity

For u ∈ H1,0(A; Ω), let us write the third Green’s identity (3.6) using the surface and
volume potential operator notations,

u− V∆T
+u+W∆γ

+u = P∆4u in Ω. (3.21)

Applying the trace operator to equation (3.21) and using the jump relations from
Theorem 4, we have

γ+[u− V∆T
+u+W∆γ

+u = P∆4u] in Ω.

γ+u− γ+V∆T
+u︸ ︷︷ ︸

V∆T+u

+ γ+W∆γ
+u︸ ︷︷ ︸

− 1
2
γ+u +W∆γ+u

= γ+P∆4u on ∂Ω

γ+u− V∆T
+u− 1

2
γ+u+W∆γ

+u = γ+P∆4u
1

2
γ+u− V∆T

+u+W∆γ
+u = γ+P∆4u.

1

2
γ+u− V∆T

+u+W∆γ
+u = γ+P∆4u on ∂Ω. (3.22)

Similarly, applying the normal derivative operator to equation (3.21), and using again
the jump relation, we obtain
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u− V∆T
+u+W∆γ

+u = P∆4u in Ω.

T+[u− V∆T
+u+W∆γ

+u = P∆4u] on ∂Ω

T+u− T+V∆T
+u︸ ︷︷ ︸

1
2
T+u+W ′∆T+u

+T+W∆γ
+u︸ ︷︷ ︸

L+
∆γ

+u

= T+P∆4u

T+u− (
1

2
T+u+W ′∆T+u) + L+

∆γ
+u = T+P∆4u

T+u− 1

2
T+u−W ′∆T+u+ L+

∆γ
+u = T+P∆4u

1

2
T+u−W ′∆T+u+ L+

∆γ
+u = T+P∆4u.

1

2
T+u−W ′∆T+u+ L+

∆γ
+u = T+P∆4u, on ∂Ω. (3.23)

For some functions f,Ψ and Φ let us consider a more general indirect integral relation
associated with equation (3.21) .

u− V∆Ψ +W∆Φ = P∆f, in Ω. (3.24)

Lemma 1 Let u ∈ H1(Ω), f ∈ L2(Ω), Ψ ∈ H− 1
2 (∂Ω), and Φ ∈ H 1

2 (∂Ω) satisfy equation
(3.24). Then u belongs to H1,0(Ω;A) and is a solution of PDE 4u = f in Ω and

V∆(Ψ− T+u)(y)−W∆(Φ− γ+u)(y) = 0, y ∈ Ω

Proof. The proof follows word by word the corresponding proof in 3D case in [[1], Theorem
4.1].�

Lemma 2
(i) Let either Ψ∗ ∈ H− 1

2 (∂Ω) and diam (Ω) < 1, or Ψ∗ ∈ H−
1
2

∗ (∂Ω) . If V∆Ψ∗ = 0 in Ω,
then Ψ∗ = 0 on ∂Ω.
(ii) Let Φ∗ ∈ H 1

2 (∂Ω). If W∆Φ∗ = 0 in Ω, then Φ∗ = 0 on ∂Ω.

Proof :
(i) Taking the trace of equation in Lemma 2(i) on ∂Ω, by the jump relation (3.8) we have

VΨ∗(y) = 0 on ∂Ω. If Ψ∗ ∈ H− 1
2 (∂Ω) and diam (Ω) < 1, then the result follows from

the invertibility of the single layer potential given by Theorem 7. On the other hand, if

Ψ∗ ∈ H−
1
2

∗ (∂Ω) , then the result is implied by Theorem 5.
(ii) Let us take the trace of equation in Lemma 2(ii) on ∂Ω, and use the jump relation
(3.9) to obtain,

− 1

2
Φ∗ +W∆Φ∗ = 0 on∂Ω. (3.25)

It is well known that this equation has only the trivial solution. It is particularly due to

the contraction property of the operator
1

2
I +W∆, see [[14], Theorem 3.1].�
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3.6 Boundary Integral Equations (BIEs)

To reduce the Dirichlet BVP (3.2)− (3.3) to a boundary integral equation system, let us

denote the unknown normal derivative as ψ := T+u ∈ H− 1
2 (∂Ω) and will further consider

ψ as formally independent on u.

Assuming that the function u satisfies PDE 4u = f , by substituting the Dirichlet
condition into the third Green identity (3.21) and either into its trace (3.22) or into
its normal derivative (3.23) on ∂Ω, we can reduce the BVP (3.2)− (3.3) to two different
systems of Boundary Integral Equations for the unknown function u ∈ H1,0(Ω;4) and

ψ := T+u ∈ H− 1
2 (∂Ω).

BIE system (D1)obtained from equations (3.21) and (3.22) is

u− V∆ψ = F0 in Ω,

−V∆ψ = γ+F0 − ϕ0 on ∂Ω,

where
F0 := P∆f −W∆ϕ0 inΩ. (3.26)

The system can be written in matrix form as A1U = F1, where U := [u, ψ]T ∈
H1,0(Ω;A)×H− 1

2 (∂Ω) and

A1 =

[
I −V∆

0 −V∆

]
, F1 =

[
F0

γ+F0 − ϕ0

]
From the mapping properties of W∆ in Theorem 3 and P∆ in Theorem 5, we get the
inclusion F0 ∈ H1,0(Ω; ∆), and the trace theorem implies γ+F0 ∈ H

1
2 (∂Ω). Therefore,

F1 ∈ H1(Ω)×H 1
2 (∂Ω). Due to the mapping properties of the operators involved in A1,

the operator A1 : H1,0(Ω; ∆)×H− 1
2 (∂Ω)→ H1(Ω)×H 1

2 (∂Ω) is bounded.

BIE system (D2) obtained from equations (3.21) and (3.23) is

u− V∆ψ = F0 inΩ,

1

2
ψ −W ′∆ψ = T+F0 on∂Ω,

where F0 is given by (3.26) . In matrix form it can be written as A2U = F2, where

A2 =

[
I −V∆

0 1
2
I −W ′∆

]
, F2 =

[
F0

T+F0

]
Note that the operator A2 : H1,0(Ω; ∆)×H− 1

2 (∂Ω)→ H1(Ω)×H− 1
2 (∂Ω) is bounded.

3.7 Equivalence and Invertibility Theorems

In the following theorem we shall see the equivalence of the original Dirichlet boundary
value problem to the boundary integral equation systems.
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Theorem 8 Let ϕ0 ∈ H
1
2 (∂Ω) and f ∈ L2(Ω) .

(i) If some u ∈ H1(Ω) solves the BVP(3.2)-(3.3), then the pair (u, ψ) , where

ψ = T+u ∈ H−
1
2 (∂Ω), (3.27)

solves BIE systems (D1) and (D2).

(ii) If a pair (u, ψ) ∈ H1(Ω) × H− 1
2 (∂Ω) solves BIE system (D1), and diam (Ω) < 1,

then u solves BIE system (D2) and BVP (3.2)-(3.3), this solution is unique, and ψ
satisfies(3.27).

(iii) If a pair (u, ψ) ∈ H1(Ω) × H− 1
2 (∂Ω) solves BIE system (D2), then u solves BIE

system (D1) and BVP(3.2)-(3.3), this solution is unique, and ψ satisfies (3.27).

Proof :
(i) Let u ∈ H1(Ω) be solution of the BVP(3.2) − (3.3). Since f ∈ L2(Ω), we have that
u ∈ H1,0(Ω; ∆). Setting ψ by (3.27) and recalling how BIE systems (D1) and (D2) were
constructed, we obtain that (u, ψ) solve them. That is,

Since (u, ψ) = (u, T+u) solves the BVP (3.2)-(3.3) implies

4u = f

and
ϕ0 = γ+u

And now for u ∈ H1,0(Ω; ∆) and from the second Green’s identity, we have the fundamental
based Green’s third identity for y ∈ Ω using surface and volume potential operators
notation:

u− V∆T
+u+W∆γ

+u = P∆4u in Ω.

u− V∆ T
+u︸︷︷︸
ψ

= P∆ 4u︸︷︷︸
f

−W∆ γ
+u︸︷︷︸
ϕo

u− V∆ψ = P∆f −W∆ϕo︸ ︷︷ ︸
F0

u− V∆ψ = F0 where F0 = P∆f −W∆ϕo

=⇒ (u, ψ) = (u, T+u) solves the first equation of the BIE systems D1 and D2.

Applying trace simply to the above equation or applying trace to this third Green’s
identity and using the jump relations, we have

u− V∆ψ = F0 on ∂Ω

γ+[u− V∆ψ = F0] on ∂Ω

γ+u︸︷︷︸
ϕo

− γ+V∆ψ︸ ︷︷ ︸
V∆ψ

= γ+F0

ϕo − V∆ψ = γ+F0

−V∆ψ = γ+F0 − ϕo
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Or

u− V∆T
+u+W∆γ

+u = P∆4u in Ω.

γ+u− γ+V∆T
+u+ γ+W∆γ

+u = γ+P∆4u on ∂Ω

γ+u− V∆T
+u− 1

2
γ+u+W∆γ

+u = γ+P∆4u
1

2
γ+u− V∆T

+u+W∆γ
+u = γ+P∆4u

1

2
ϕo − V∆ψ +W∆ϕo = γ+P∆f

−V∆ψ = γ+P∆f −
1

2
ϕo −W∆ϕo

= γ+P∆f +
1

2
ϕo −W∆ϕo − ϕo

= γ+P∆f − (−1

2
ϕo +W∆ϕo)− ϕo

= γ+P∆f − γ+W∆ϕo − ϕo
= γ+(P∆f −W∆ϕo)− ϕo
= γ+(P∆f −W∆ϕo)− ϕo
= γ+Fo − ϕo

=⇒ (u, ψ) = (u, T+u) solves the second equation of the BIE of system D1.

Applying normal derivative simply to the first equation of BIE or to the third Green’s
identity and using jump relation, we have

u− V∆ψ = F0 on Ω

T+[u− V∆ψ = F0] on ∂Ω

T+u︸︷︷︸
ψ

− T+V∆ψ︸ ︷︷ ︸
1
2
ψ+W ′∆ψ

= T+F0

ψ − (
1

2
ψ +W ′∆ψ) = T+F0

ψ − 1

2
ψ −W ′∆ψ = T+F0

1

2
ψ −W ′∆ψ = T+F0

Or
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u− V∆T
+u+W∆γ

+u = P∆4u in Ω.

T+[u− V∆T
+u+W∆γ

+u = P∆4u] on ∂Ω.

T+︸︷︷︸
ψ

u− T+V∆ T
+u︸︷︷︸
ψ

+T+W∆ γ
+u︸︷︷︸
ϕo

= T+P∆ 4u︸︷︷︸
f

ψ + T+V∆ψ −W∆ϕo = T+P∆f

ψ − (
1

2
ψ +W ′∆ψ) + T+W∆ϕo = T+P∆f

ψ − 1

2
ψ −W ′∆ψ + T+W∆ϕo = T+P∆f

1

2
ψ −W ′∆ψ = T+P∆f − T+W∆ϕo

1

2
ψ −W ′∆ψ = T+(P∆f −W∆ϕo︸ ︷︷ ︸

Fo

)

1

2
ψ −W ′∆ψ = T+Fo

=⇒ (u, ψ) = (u, T+u) solves the second equation of the BIE of system D2.

Or
If (u, ψ) = (u, T+u) solves BVP (3.2) and (3.3), that is, 4u = f and γ+u = ϕo
First we want to show that (u, ψ) = (u, T+u) solves the first equation of both systems
(D1 and D2)
Using Green’s third identity (u−V∆T

+u+W∆γ
+u = P∆4u) and jump relations, we have

u− V∆ψ = u− V∆T
+u

= P∆4u−W∆γ
+u

= P∆f −W∆ϕo

= Fo

=⇒ (u, ψ) = (u, T+u) solves the second equation of both systems D1 and D2

Second we want to show that (u, ψ) = (u, T+u) solves the second equation of BIE
system D1
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−V∆ψ = −V∆T
+u

= −γ+V∆T
+u

= −γ+[−P∆4u+ u+W∆γ
+u]

= γ+[P∆4u− u−W∆γ
+u]

= γ+[P∆4u− u−W∆γ
+u]

= γ+P∆ 4u︸︷︷︸
f

− γ+u︸︷︷︸
ϕo

−γ+W∆ γ
+u︸︷︷︸
ϕo

= γ+P∆f − ϕo − γ+W∆ϕo

= γ+P∆f − γ+W∆ϕo − ϕo
= γ+[P∆f −W∆ϕo︸ ︷︷ ︸

Fo

]− ϕo

= γ+Fo − ϕo

=⇒ (u, ψ) = (u, T+u) solves the second equation of system D1

Third we need to show that (u, ψ) = (u, T+u) solves the second equation of BIE system
D2

1

2
ψ −W ′∆ψ =

1

2
T+u−W ′∆T+u

= T+u− 1

2
T+u−W ′∆T+u

= T+u− [
1

2
T+u+W ′∆T+u]

= T+u− T+V∆T
+u

= T+[u− V∆T
+u]

= T+[u− V∆T
+u]

= T+[P∆ 4u︸︷︷︸
f

−W∆ γ
+u︸︷︷︸
ϕo

]

= T+[P∆f −W∆ϕo]

= T+Fo

=⇒ (u, ψ) = (u, T+u) solves the second equation of system D2

And therefore, =⇒ (u, ψ) = (u, T+u) solves BIE system D1 and D2

For (ii) and (iii),

Let now a pair (u, ψ) ∈ H1(Ω)×H− 1
2 (∂Ω) solves system (D1) or (D2). Due to the first

equations in the BIE systems, the hypotheses of Lemma (1) are satisfied implying that u
belongs to H1,0(Ω; ∆) and solves PDE (3.2) in Ω, while the following equation also holds,

V∆(ψ − T+u)(y)−W∆(ϕ0 − γ+u)(y) = 0, y ∈ Ω. (3.28)
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(ii) Let (u, ψ) ∈ H1(Ω) × H−
1
2 (∂Ω) solves system (D1). Taking the trace of the first

equation in (D1) and subtracting the second equation from it, we get γ+u = ϕ0 on
∂Ω. Thus, the Dirichlet boundary condition is satisfied, and using it in (3.28) , we have
V (ψ − T+u)(y) = 0, y ∈ Ω. Lemma 2(i) then implies ψ = T+u. That is,

Let (u, ψ) ∈ H1(Ω)×H− 1
2 (∂Ω) solves system (D1). That is,

u− V∆ψ = Fo in Ω

−V∆ψ = γ+Fo − ϕo in ∂Ω

Taking the trace of the first equation in (D1) and applying the jump relation, we have

γ+u− γ+V∆ψ = γ+Fo

γ+u− V∆ψ = γ+Fo

and subtracting the second equation from it, we get

−
{
γ+u− V∆ψ = γ+Fo

−V∆ψ = γ+Fo − ϕo

=⇒ γ+u = ϕo on ∂Ω

=⇒ γ+u− ϕo = 0 on ∂Ω

Thus, the Dirichlet boundary is satisfied.
And using this in (3.28), we have

V∆(ψ − T+u)(y)−W∆(ϕ0 − γ+u︸ ︷︷ ︸
0

)(y)

︸ ︷︷ ︸
0

= 0, y ∈ Ω.

V∆(ψ − T+u)(y) = 0

And then by Lemma 2(i), since ψ ∈ H− 1
2 and diam(Ω) < 1,

V∆(ψ − T+u)(y) = 0, for y ∈ Ω =⇒ ψ − T+u = 0, on ∂Ω =⇒ ψ = T+u on ∂Ω

=⇒ T+u = ψ ∈ H− 1
2 on ∂Ω and hence (3.27) satisfied.

And also if (u, ψ) solves BIE system (D1), then (u, ψ) solves BIE system (D2) since they
are identical in their 1st equation, and 2nd equation of (D2) comes from the 1st equation
of (D1) by taking the normal derivative.

(iii) Let now (u, ψ) ∈ H1(Ω)×H− 1
2 (∂Ω) solve system (D2). Taking the normal derivative

of the first equation in (D2) and subtracting the second equation from it, we get ψ = T+u
on ∂Ω. Then inserting this in (3.28) gives W∆(ϕ0− γ+u)(y) = 0, y ∈ Ω and Lemma 2(ii)
implies ϕ0 = γ+u on ∂Ω. That is,
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Let now (u, ψ) ∈ H1(Ω)×H− 1
2 (∂Ω) solve system (D2).

Taking the normal derivative of the first equation in (D2) and applying the jump relation,
we have

u− V∆ψ = Fo in Ω

T+u− T+
y V∆ψ = T+Fo on ∂Ω

T+u− 1

2
ψ −W ′∆ψ = T+Fo

and subtracting the second equation from it, we get

−
{
T+u− 1

2
ψ −W ′∆ψ = T+Fo

1
2
ψ −W ′∆ψ = T+Fo

=⇒ T+u− ψ = 0

=⇒ T+u = ψ on ∂Ω

=⇒ T+u = ψ ∈ H−
1
2 (∂Ω), (3.27) satisfied.

Inserting this in (3.28), we have

V∆(ψ − T+u)(y)−W∆(ϕ0 − γ+u)(y) = 0, y ∈ Ω.

Since ψ − T+u = 0, we have

W∆(ϕ0 − γ+u)(y) = 0, y ∈ Ω

And hence by Lemma 2(ii), since ϕ0 ∈ H
1
2 and W∆(ϕ0 − γ+u)(y) = 0, y ∈ Ω

=⇒ ϕo = γ+u on ∂Ω

The uniqueness of the BIE system solutions follows from the fact that the corresponding
homogeneous BIE systems can be associated with the homogeneous Dirichlet problem,
which has only the trivial solution. Then paragraphs (ii) and (iii) above imply that the
homogeneous BIE systems also have only the trivial solutions. �

Theorem 9 If diam (Ω) < 1, then the following operators are invertible,

A1 : H1(Ω)×H−
1
2 (∂Ω)→ H1(Ω)×H

1
2 (∂Ω), (3.29)

A1 : H1,0(Ω; ∆)×H−
1
2 (∂Ω)→ H1,0(Ω; ∆)×H

1
2 (∂Ω). (3.30)

Proof . Theorem 8(ii) implies that operators (3.29) and (3.30) are injective. Let us denote

A1 :=

[
I −V∆

0 −V∆

]
. Then A1 : H1(Ω) ×H− 1

2 (∂Ω) → H1(Ω) ×H 1
2 (∂Ω) is bounded. It

is invertible due to its triangular structure and invertibility of its diagonal operators I :
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H1(Ω)→ H1(Ω) and −V : H−
1
2 (∂Ω)→ H

1
2 (∂Ω) (see Theorem 7) .

To prove invertibility of operator (3.30) , we remark that for any F1 ∈ H1,0(Ω; ∆) ×
H

1
2 (∂Ω), a solution of the equation A1U = F1 can be written as U = (A1)−1F1,

where (A1)−1 : H1(Ω) × H
1
2 (∂Ω) → H1(Ω) × H−

1
2 (∂Ω) is the continuous inverse to

operator (3.29). But due to Lemma 1, the first equation of system (D1) implies that

U = (A1)−1F1 ∈ H1,0(Ω; ∆)×H− 1
2 (∂Ω) and moreover, the operator (A1)−1 : H1,0(Ω; ∆)×

H
1
2 (∂Ω) → H1,0(Ω; ∆) ×H− 1

2 (∂Ω) is continuous, which implies invertibility of operator
(3.30).�

The following similar assertion for the operator A2 holds without the limitation on the
diameter of Ω.

Theorem 10 The following operators are invertible.

A2 : H1(Ω)×H−
1
2 (∂Ω)→ H1(Ω)×H−

1
2 (∂Ω), (3.31)

A2 : H1,0(Ω; ∆)×H−
1
2 (∂Ω)→ H1,0(Ω; ∆)×H−

1
2 (∂Ω). (3.32)

Proof : Theorem 6(iii) implies that operators (3.31) and (3.32) are injective. Since

A2 =

[
I −V∆

0 1
2
I −W ′∆

]
Then A2 : H1(Ω)×H− 1

2 (∂Ω)→ H1(Ω)×H− 1
2 (∂Ω) is bounded.

It is invertible due to its triangular structure and invertibility of its diagonal operators I
: H1(Ω)→ H1(Ω) and 1

2
I −W ′· : H−

1
2 (∂Ω)→ H−

1
2 (∂Ω)(Since W ′· is compact, 1

2
I −W ′·

is Fredholm with zero index). The invertibility of operator (3.32) is then proved similar
to the last paragraph of the proof of Theorem 7. That is,

To prove invertibility of operator (3.32), we remark that for any F2 ∈ H1,0(Ω; ∆) ×
H−

1
2 (∂Ω) , a solution of the equation A2U = F2 can be written as U = (A2)−1F2,

where (A2)−1 : H1(Ω) × H−
1
2 (∂Ω) → H1(Ω) × H−

1
2 (∂Ω) is the continuous inverse

to operator (3.31). But due to Lemma 1 the first equation of system (D2) implies

that U = (A2)−1F2 ∈ H1,0(Ω; ∆) × H−
1
2 (∂Ω) and moreover, the operator (A2)−1 :

H1,0(Ω; ∆)×H− 1
2 (∂Ω)→ H1,0(Ω; ∆)×H− 1

2 (∂Ω) is continuous, which implies invertibility
of operator (3.32).�
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Chapter 4

Conclusion and Future Work

In this paper, we have considered the interior Dirichlet problem for constant coefficient
PDE in a two-dimensional domain, where the right hand side function is from L2(Ω)

and the Dirichlet data from the space H
1
2 (∂Ω). The BVP was reduced to two systems

of Boundary Integral Equations and their equivalence to the original BVP was shown.
The invertibility of the associated operators in the corresponding Sobolev spaces was also
proved.
In a similar way one can consider also the 2D versions of the BIEs for the Neumann
problem, mixed problem in interior and exterior domains.
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