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ABSTRACT

Thisthesis provides an overview of harmonic functions of the following topic

a) Some basic results like, Maximum principle, uniqueness Theorem and
Green's Formula.
b) Thefundamental properties of harmonic functions, Results like Poisson's
Integral Formula and its properties
C) The basic theory regarding harmonic functions and positive harmonic
functions. .
Moreover, in this thesis we plan to focus on the advance theory of harmonic functions.

Finally we give the detail prove of the Harnack s Inequality and Harnack’s Theorem.



Rn

NOTATION

the set of real number.

the complex plane.

the unit disk {z € C: |z| < 1}.

n- dimensional real Euclidean space; the set of all n-tuples

x=(xX1,X2..)



CHAPTER 1

INTRODUCTION

In thisthesis, we plan to focus mainly on the theory of Harmonic functions.

The word “harmonic” is commonly used to describe a quality of sound. Harmonic
functions derive their name from a roundabout connection they have with one source
of sound.

Physicists label the movement of a point on a vibrating string “harmonic motion”.
Such motion may be described using sine and cosine functions, and in this context the

sine and cosine functions are sometimes called harmonics.

In classical Fourier analysis, functions on the unit circle are expanded in terms of sines
and cosines. Analogous expansions exist on the spherein £Y, N > 2, in terms of
homogeneous harmonic polynomials. Because these polynomiai's piay the same role
on the sphere that the harmonics sine and cosine play on the circle, they are called

spherical harmonics.

The term “spherical harmonic” was apparently first used in this context by William
Thomson (Lord Kelvin) and Peter Tait. By the early 1900s, the word “harmonic” was
applied not only to homogeneous polynomials with zero Laplacian, but to any solution
of Laplace’s equation.

Harmonic function is the solution of Laplace’s equation and it plays a crucial role in
many areas of mathematics, physics, and engineering. So it is necessary to extend

harmonic functions to R", where ndenotes a fixed positive integer greater than 1.



A function is harmonic if w is € and x, is a maximum of u - v then, partials of
i - v at x, vanish and the second derivative is zero, SO that
Au=Au—v)=0.
In fact thisis enough to characterize harmonic functions whose second partial exist.
Elementary properties of harmonic functions are often one-sided versions of
properties of harmonic functions. For example, harmonic function w on I has amean

value property:

1 &
= i}
wla) = ZR'J; u{ﬂ + Re )dﬂ

This property characterizes harmonic functions.

This thesis organized into four chapters. In the first chapter there isintroduction of the
thesis which consist back ground of harmonic functions. The second chapter consist
some basic and standard results on complex analysis and we study some basic results
Lebeseque’s covering lemma, Maximum modulus theorem, Schwarz lemma and

Cauchy’s integral formula.

In the beginning of chapter 3, we focus definition of harmonic function, basic
properties of harmonic functions such as mean value property, maximum principle,
uniqueness theorem and Greens formula. We prove the mean value property of
harmonic function, and Poisonsintegral formula. The fourth chapter consists of the
positive harmonic functions; we plan to study the harnacks inequality, and harnacks

theorem.



CHAPTER 2

REVIEW OF SOME IMPORTANT RESULTSIN COMPLEX
ANALYSIS

In this chapter, we wish to revise some important results of complex analysis.
We start with the connectedness and compactness of metric space. Next, we focus on
some results regarding compactness and connectedness of metric space. We aso study
thefollowing basic results:  Heine-Borel theorem, Lebesgue covering lemma,

Schwarz'slemmaand Cauchy integral formula.

DEFINITION 2.1 (connectedness). A metric space (X, d) is connected if the only
subsets of X which are both open and closed are @ and X. If AcX then A is connected
subset of X if the metric space (A, d) isconnected.

EXAMPLE 2.2: The set of real number R is connected.
PROPOSITION2.3. A set Xc R isconnected if and only if X isan interval.

PROOF. Suppose X=[a, b], wherea, be R. Let AcX be an open subset of X such that
ace A and A+ X. We will show that A cannot also be closed and hence X must be
connected. Since A is open and a€ A thereisan e > 0 such that [a. ate] c A.

Let r =sup {e:|a,a+¢€) c A}

Clam: [a,a +€) c A. Infact, if @ < x < a + r then, puttingh=a +r — x = 0,by

the definition of supremum there is an e withr —h <e <rand |a,a +€) C A.

Buta<x=a+(r—h) < a+ eimplies x € A and our claim 1s established.
However, a +r € A: for if, on the contrary, a +r & A then, by the openness of A,
there is & 0 with [a + r,a + r + 8] < A, contradicting the definition of r. Now if A
were aso closedthen a + r € B = x —A which is open. Hence we could find

ad >0 such that (a +r —8,a +r] © B, contradicting the above claim. Similarly

we can prove thisfor other intervals. =



DEFINITION 2.4 (Compactness) . A subset K of a metric space X is compact if for
every collection @ of open setsin X with property Kc (: & € ©). A collection of set
{z satisfying above condition is called a cover of K. If each member of & isan open

set it is called an open cover of K.
EXAMPLE 2.5

(1) The empty set and finite sets are compact.
(2) Theset D={z € C:|z| = 1} isnot compact.

PROPOSITION 2.6.Let K be a compact subset of X; then:

(@) Kisclosed;
(b) If Fisclosed and FcK then F is compact.

PROQF. To prove part (a) we will show that K=K. Let
x, € K.s50 4B(x,; €)NK # @for each e > 0.

LetG,=X—B [x“';:_lz) and suppose that x, & K.Then each (o, is open

and K LJ';']‘;] G, .since K is compact there is an integer m

such that K = UL, G,,.
But GicG,c... so that KcG,,, = X — B (xﬂ;i)i But this gives that

B{xu;;—ll—}ﬂf{ = @, a contradiction. Thus K=K.

To prove part (b) let & be an open cover of F. Then, since F is closed. &U{X-f} is
an open cover of K. Let Gy,...,Gn be sets in & such that KcG1U...U(X-F). Clearly,
FcG1U...U Gn and so F is compact. [ |



COROLLARY 2.7 Every compact metric space is complete.

DEFINITION 2.8 (sequentially compact) A metric space (X,d) is sequentially

compact if every sequence in X has a convergent subsequence.

LEMMA 2.9 (Lebesgue s covering Lemma). If (X, d) is sequentially compact and
is an open cover of X then there isan € > 0 such thatif x is in X, there is a set G

in@: with B(x:€) C G.

PROOF We will prove this lemma by method of contradiction. Suppose that @ is

an open cover of X and no such e >0 can be found. In particularly, for every
integer n there is a point x,; in X such that B (x” :;) is ot contained in any set

G in @. Since X is sequentially compact there is a point x; in X and a subsequence

{xn, } such thatlim, . x,, = x, Let Go€ @ such thatx, € G, and choose e > 0

Such that B(x,; €) © G, Now let N be such that d(x,; x, ) < %‘v‘nkz N.

1

Let ny be any integer larger than both N and E and let yE B (xm;;;).'rhen
by triangle inequality d(x, y) = d(x,; x5, ) + d(xp,; ¥) {E +;‘; < g, Thatis
B(::,,,r;?—:—} C B(x,;€) C G, which is a contradiction to fact the that x,hasa

k

convergence subsequence x,, in X. So our choice of x;,, is wrong. |



THEOREM 2.10 (Heine-Borel Theorem). A subset K of R"(n = 1) is compact if

and only if K is closed and boundedd.

DEFINITION 2.11 Let Q ¢ C and f:{} — C.then f is said to be anmalytic or
holomorphic at z, € Qif and only if f is differentiable in some neieighborhocf z.

including at z,; i.e. there exist &> 0 such that f is dif ferntiable on B(z; 8).
REMARK 2.12 (1) f is analytic at z, implies fis differntable at z,.

(2) Let Gec Cbearegionand f:{: — C be continuously

differentiable on G. Then f is analytic on G.

THEOREM 2.13 (Cauchy's Integral Formula). Let f be analytic on a positively

oriented smooth simple closed curve C and inside C: If z, is any point in the

f(z
interior of C, then f(z,) = — —Ldz
] : 7— ZO
THEOREM 2.14 (The Maximum principle). Let QcC and suppose a is in the
interior of Q. We can therefore, choose a positive number N such that

B(a,N) c Q itreadily follows that there is a point N in Q with [N|>|a] i.e.ifaisa
point in {1 with |[N| > |«| for each N in the set () then a belongs to 9Q.

THEOREM 2.15 (Maximum Modulus theorem) if f is analytic in aregion Gaisa

pointin G with |f(a)| = |f(z)| ¥z in G then f must be a constant function.



THEOREM 2.16 (Schwarz's lemma) Let D={z:|z|<1} and suppose f is analytic on
D with

@If ()| <1 forzinD (b) £(0) = 0.

Then |f(0)| <1 and |f(z)| < |z|Vz € D.moreover if|f'(0)] = Oor |f(2)] = |z|

for some z 0 then there is a constant ¢, |c| < 1 such that
flw) = cw Yw in .

PROOF Let define g:'— C by
glz) = ﬂ;l = f'(0) = g(0) for z + 0, then g is analytic in .

According to Maximum Modulus theorem for |z| <rand 0 < r < 1,

we have | g(z)| = lre <r L (¢ |f(2)] < 1Vz €D).Asr— 1 we have |f(z)] =< |z|

|2|
vz eland |[f'(0)| = g(O)] < 1. If|f(z)| < |z| for some zin D, z=0
or |[f'(0)| = 1, then |g| assumes its maximum value inside D. Then again by

applying maximum modulus theorem,|g ()| = ¢ for some constant c with c=1,

since |g(z)| = %ﬁ—l = ¢, 50 we have f(z) = cz Vz €. |



CHAPTER 3
BASIC PROPERTIES OF HARMONIC FUNCTIONS
1. Preliminaries
DEFINATION 3.1
If Gisanopen subset of C, thenafunction {J: G— R isharmonic

if it has continuous second order partial derivative and it satisfies Laplace’s equation,
thatis

a2y 2u
ax? | Ayt

= 00r tyy + tyy = 0.

Often written as V4w = 0.

EXAMPLE 3.2
(1) Thereal and imaginary part of any holomorphic function is a harmonic function.
(2) The function f(x,¥) = e* cos y is a Harmonic function.

(3 ulz) = In(|z|?) is harmonic on G = C\{0}. Indeed,

In|z| = Inyx? + y? and (ugy +uyy )(2) = 0if z # 0.



LEMMAZ3.3: If v is aconjugate harmonic function of . then u is a conjugate

harmonic function or” v.
PROOF, Given v is a conjugate harmonic function ofu

Clam: —v + iu is analytic. We know that f = u + iv is analytic.

du _ dv au av : .
S—=—gnd = =—=— C i
a2 1d Iy - by Cauchy Riemann equation
d dv _ du d du du
N[} — = —— = — nag—{— = e e— = ——
Wdr( T.?} ax ay “ dﬂy{ U] iy dx
Hence u is a conjugate harmonic function of v. [ ]

THEOREM 3.4 A function f onaregion Gisanayticif and only if Ref = u and

Imf = v are harmonic functions.

Theorem 3.5 A region G is simply connected if and only if for each harmonic function

uon G thereisaharmonic function v on G such that f = u + iv is analytic on G.

PROPSTION 3.6 I u: G— I is harmonic, then uisinfinitely differentiable.
Proof: Fix 2z, =x, +iy, inG. Let § = 0 chosen such that B (2,:8) c G.

Asuisaharmonic conjugatev in B (z,:4) . That means f = u + iv is analytic.
= Itisinfinitely differentiable on B (z,,:6).

So uisinfinitely differentiable. [ |

10



THEOREM 3.7 (Mean value Theorem);
Let.u: G — R be a harmonic function and B(a,r) be a closed disk contained in G.

if y1s acircle |z — al|=r then

p
u(a) = —t~ Irf[u +re'?)ds
0

2m

PROOF. Let D be a disk such that B(a,r)c D G and f be a analytic function

on D Such that Ref = u. By Cauchy’s integral formula

f(a) -1 Ecfiff,'m..rh,.enz' y = B(z;r).
e z—a
(3.1 Letz—a =re" =dz=ire'? df.
1 Ffa+re
fl@)=— Jre—q Yiret?de.

L]

_1 = iq
=>f(a) = o jo f(a+re)dg.
So by taking the real part of equation (3.1), we get

u(a) = ?t:F Jozp u(a+re'?)dg |

11



THEOREM3.8: (Maximum principle{first version}).

Let G be a region and suppose that uis a continuous real valued function on G
with the MVP. If there is a point @ in G such that w(a) = u(z)¥z € GG. thenuisa

constant function.
PROOF. Set A be defined by A={z € G:u(z) = u(a)}. As u is continuous on the

set A is Closed in G. If z, € A, then we choose a r such that B({z,: ) (. Suppose

3 a point b€ B(z, 1) such that u(b) # u(a); then,u(b) < u(a). By continus
u(z) < ula) = u(z,)vzin neighborhood of b. in particular p = |z, — b| and
b=2z,+pe?, 0<f <2m.

So there is a proper interval [ of [0, 2] such that fel and u(z, + pe'®) <
ul(zy) V8 € 1.

So by MVP
u(zy) = %{Jﬂ;“ ulzy + pem)dﬂ < u(zg),
Which is a contradiction. So B(z,;r) © A and A is open. so by definition 2.1 A=G.
THEOREM 3.9: (maximum principle{second verstion}).

Let G be a region and let u and v be two continuous real valued functions on G

that have the MVP. If for each point a in the extend boundary d..G . lim supu(z) <
20

lim,_, inf(z) then either u(z) < Bz € G or u = v.

12



PROOF: Fix a ind..G and for each § = 0, let Gy N B(a; §). then by hvpothesis,
0= limg_g|(supfu(z):z € G5} — Inf {v(z): zeGx]]

= Esi_r:ralisup{u{z}:z E Gg} —sup {—v(z):zeCs}]

= Emg_g(sup{u(z) — v(z):zeGy}

(3.2) So limg_.sup{[u(z) — v(z)]} < 0 for eacha € d..G.Let v(z)=0vz€EQG.

that is, assume lim,_.,. supu(z) < 0Va € d,.G.claim: u(z) < 0vz € Gor u = 0.

If we show that u(z)< 0%z € G ,then by theorem 3.8 u = 0. Suppose that u
satisfies (3.2) and there is a point bin G with 1u(b)>0. Let =0 be chosen so that u
(b)=¢ and letB={z € G:u(z) = €}.

If a € 8,.G then by propos ion 3.6, thereisa § = §(a)such that u(z) <e
Vz € G NB(a;&).Bylemma 2.9 a & can be found which is indepzndent of a.

That means, there is ad > o such that if z € G and d(z,0,G) < & thenu(z) <e.
thus Bc {z € (i:d(z,d..G) = §}.

This gives that B is a bounded plane and closed. So B is compact. So B#
@, there is a point 2y € B such that u(zy) = u(z)vz € B.sinceu(z) <e forz €

GG — B,it gives that u assumes a maximum value at a point in G.

So u must be constant, which is nothing but the u(z,) and positive. Which

contradict (3.2). So it gives the prove of the theorem. |

13



THEOREM 3.10(uniqueness Theorem): Let D be a domain bounded in C and h4
and h; be two harmonic functions that extend continuous to the boundary aD of

D.if h1=h2 on dD. Then these two functions are equal throughout D.

PROOF: consider the function h=h1-h». This function is harmonic and by

construction, h=0 on dD. let h be a harmonic function on a domain D in C.

If h attains a local maximum in D then h is constant. Suppose that D is bounded
and h extends continuously to the boundary dD of D. if h<0 an dD then h< 0

throughout D. Applying now the function -h, we conclude that h=0 on D.
Hence, h1=h,. [ |

COROLLARY 3.11: Let D be a domain in C and z€D. If k1 and h are two functions
harmonic on D, and such that h1=h; on the boundary of a disk about z in D then

these two functions are equal throughout D.
2. Green’s formula and its properties

In this section, we summarize some useful formulas due to Green. These formulas are

convenient in the computations related to Laplacian.
These are derived from Divergence Theorem (or, Gauss formula):

THEOREM 3.12 Let Q be a bounded domain in R™ with smooth boundary 0Q. Let V

be the unit outer normal of A€2. For any smooth vector field w € €1 (1), it holds that

JoVowdx = [, w.VdS (2.1)

14



Let Q be a bounded domain in R™ with smooth boundary 0Q. Let V be the unit outer

normal of f€2 For u € C*(11), one derives from the divergence theorem

(Letting w = Du) that

JyBudx = f, Du.Vds = [; 2ds (2.2)

Now, for u, v € €*(2)by choosing w = uDv or w = vDu respectively in the

divergence theorem. we have

J(udvdx) = [, usodS— [Du.Dvdx  (First Green'sformula) (2.3)

a

Jo(wbudx) = [o, v==dS — [ Dv. Dudx (2.4)

We subtract the above two equations to get

dv du :
(uAv — vdu)dx = J- [u— - v—) dS. (Second Green'sformula) 2.5
N S TR T

0
Remark. By approximation, (2.3} — {2.5) continue to hold for function

w, v € C*(N) n L)

such that Aw and Av are essentially bounded in Q.

Remark . [fuisharmonicin (, then

J- E:l_u dS =0
aq IV
and
|Au|® dx =J. ua—u ds.
n gn GV

15



3. POISSON INTEGRAL FORMULA AND IT’S PROPERTIES

In this sectien, we shall attempt to find a harmonic analog to Cauchy’s integral

formula. If f is analytic inside and on asimple closed contour C, then

Flo) = o [ - ez 3.)

At all pointsz inside C. we would 1 ke to find an expression for Ref at pointsinside
C intermsof the values of Ref on €.

Unfortunately, the expression Re{;? f(z) az}
At

Simplifies mto one involving both Refand Imf on C.

If, however, the integral of (3,1) 1s transformed into one of the form
fﬂh gp(t)dr, whered (t) is acomplex-valued function of areal variablet, then
h b
Re [ ®(1)dt = [ Red(t)dt .

Recall that we performed this kind of transformation when proving the mean-value
principle for harmonic functions. This enabled us to determine value of harmonic
function at the center of acircle based on its values on the circumference.

By (3.1). we have the so-called mean value property for analytic functions:
fla) == [7 fla+re")dd 0 < < ds(a,C) = RFor a inside C.

Thevaue f(a) of f at the center a of thedisk |z~ a| < r is expressed by the

integration of f over the boundary circle |zo- a| = r of thisdisk.

Notethat f(a) isthesamefor al r in the interval (O, R). We wish to obtain similar
expression for apoint of the disk | zo- a| < r other than the center.
But an analog to the Cauchy integral formuiafor the circleis an expression for the

harmonic function at al pointsinside the circle in terms of its values on the circle.

16



LEMMA 3.1: (Poisson Integral Formulafor anaytic Function): Suppose f(z;) i3

anaytic in adomain containing the closed unit disk |z,| < 1. thenfor|z,| < 1,

. & 1-|z| * dz
Wehave f(z,) = j‘z‘  iaf fa— (3.2)
2
Or equivalently  f(z) =2ij02p% f(€*)dd (3.3)
€ -z

PROOF. By Cauchy's integral formula, we have

f(2
) =5 ), 7o @

= [7 2 (Z) (12 < 1) (3.4)

J.i'T

If z,=0, theresult follows from Gauss s MEan-value theorem,

So we may supposethat z, # 0, and set z°, = — which isthe reflection of z, inthe
r

unit circle,

The point z*,, which lies on the ray from the origin throughz,,, is outside the unit

circle|z| = 1.

Hence (as z°, = -=), for |z,| < 1.

0=.1—._[_ LZZdz:—i_J. L(E)dz (3.5)
emi 7=l 72— 7% 2pi Yzt z—zz0
Subtracting (3.5) from (3.4) we get

== 1 Z f(2)d 3.6
fla) =0 ol T (36)

17



We can simplify (since|z| = 1) to,

1 7, 1~ |zo[? 1=z, 11—z

z—z, 1-—2zZ, = (z —z,0(1 —22,) = (z—=2z)Z —2,) |z —z2,l%2

Using the fast equality, (3.6) gives (3.2).
Equation (3.3) followsif welet z = e* in (3.2)

The following general result is a consequence of the above lemma 3.1.

THEOREM 3.2:Poisson Integral formula for analytic functions):
Suppose [ (z,) is analytic in domain containing the closed disk

|z, —a| £ R.Then for |z, —a| <R,

1 R2_|zo_a12 dz
We have f{zrjj:ﬂj‘z_a‘:R 12—z f(z)i(z—af

Or equivalently,

» R-|z-a] ?

1 .
Flzo) = — | _ f(a+Re") df (3.7)
] 27 J-O ‘Réq_(zo_a}
PROOF By the change of variable w = (—zi"fﬂ

it reduces to the case where R=1 and a=t).

18



In particular, for a=0, the formulareducesto

P -

{rrz'E1r =— J _f (Re™)dD .
' Rt:”"—rn* [

The expression (with z=Re!® 2, = refand + <R},

Z|® Z+2 Ri-pt . .
P(zy.2) = ol ol Ll = Re( ”) = — - is known as the Poisson
lz—zyl Z—2p, R‘—zrncus[:ﬁ— ‘-D}-i-r*

kernel for thedisk |z,| < R.
F
Note that Poisson kernel is bounded above by, ———— = —, and
kE—2rR+r? R—-r
=yt __ R=t
Ri+2rR+re ~ R+r’

is bounded below by ,
Let a=0 and let f(z,) = u(z,) + iv(z,) be analytic for |z,| < R. Then, from
Theorem 3.2. It followsthat f(z,) = i{flzlﬂ p(z,, 2)f (2)d¢ and equating the real

part gives

THEOREMS3.3 . ( Poisson integral Formiuia for harmonic functions)

Suppose u(z,) is harmonic in adomain containing the disk |z,| < R.

Then for z, =re', r <R, wehaveu(z,) = —.[ p(z,, Z)u(z)dd ;

|z|=R
or equivalently,

2_ 2
e )= N itk

= u(Re®)dD
2790 R°-2rRcos(f!—)+r-

A similar formula holds for the imaginary part v(z,) af f(z;).

19



COROLLARS3A4. For r < Rand @ arhitrary,

1 J-Zp RZ—I'2
o R*-2rRcos(g - ®)+r?

1 iq i® _
dd)—gj-o p(re”,Re”)dd =1.

2

PROOF .set u(z;) = 1in theorem 3.3

THEOREMS3.5 .Suppose f(z5) = ulzy) + iv(zy) is analyticinthe disk |zy| < 1.then
for |zy| < 1, we may express f(z,) as

1

flzo) = = [ Z %u(z)do +iv(0)(z = €9) (3.8)
T J0 7Z— ZO

PROOF to do this i: suffices to recall (3.4) and (3.5):

1 » z
f) = 52 ), 7= 1@ (39)
And (because zz = 1),0 = _—1 z‘)_f(z)dz=_—1 2pLf(z)dd).
2pi J12-11- zz, 20 0 z-1z,

Since the integral on the right is a Riemann integral, taking conjugation on the right

B —] 2z

2Tz (3.10)

2x P z—gz,

leads to: 0

Writing f(z) = u(z) — iv(z), and then adding (3.9)and (3.10)shows that:
1 ozt 7 B Ry 2
f(z,) = % jo Z_—Enu(z)dtl) +i % jo v(2)do.

The desired formula (3.8) follows if we apply the mean-value property for the last
integral to the harmonic function v.
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THEOREM 3.6: Suppose f(zy) = u(z;) + iv(zy)is analytic in the disk |zy| < R.

then for |z,| < R. we may express f(z,) as

f(z)=— j "”—Zou(z)dq>+|v(0) (z=Re®);  (3.10)
Or equivdently  f(zy) = —jz”R—”S(I)u(R ®Ydd + iv(0).

(Theintegral on theright is called the complex Poisson integral)
Equating imaginary part on both sides of (3.11) gives.

COROLLARY 3.7: suppose f(z,) = u(z,) + iv(zy)is analytic in the disk |z, <

K. then

For Z = Re'®, Zy = re'” and r < R we may express v (Z,) ss

W) =5, R(Z+z°)u(z)dd>+v<0) ) (Z=Re'?),

2Rsin(g — D)
P2 cos(¢— D) +r?

Or equivaently, v(re'?) = ﬁ L 3 u(Re®)dd + v(0).

REMARK: suppose f(z,) and g(2,) are analytic ins de and on asimple closed
contour C, with Ref(z,) = Reg(z,)on C.then

fi(zs) = g(z,) + ik Inside C, where k is & real constant.

That isan anaiytic function is determined to within an imaginary constant by its real

part. Inthe casethat the function f(z,) + iv(z,)isanalytic in the disk|zg| < R . »
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THEOREM 3.8: Suppose i(zy) 15 harmonic in the open disk |z,| < 1 and continuous

ontheclosed disk |z,| < 1. Thenfor 2z, = re'?,r < 1,we have,

gy _ ix 1 r
u(.’re jl = | 2rcosq D)+ 1 ~(e®)dd .

PROOF: Let f(zy) = ulzy) + iv(z,) be analytic for |z5| < 1, and let {¢,} bean
increasing sequence of pasitive real numbers approaching |
Then for each n, define f,(20) = f(tn. 20), wn(zg) = u(tyze), and v, (zp) =
vitnzo).
Ciearly, 1,,(0) = v(0) for each n and,
u,(z) = Ref(t,zy), andvy, (29) = Imf(t,2zg).

As ult, zy) is harmonic in the closed disk |z,] < 1,
we obtain that f(t,z) is analytic inthe closed |zy| < 1 (.’i‘infE‘ ]fjl':n > 1) and so
equation (3.8) is applicable for f,

Thus, for each fixed z, with |z,] < 1,

L1

f”{ 0) = ﬁ 1;Tri_—+ﬁu {E'"D}ﬁ.j'm-d-ﬂ (0).
1=

Since f,(zy) iscontinuous at z, (|2, < 1)and t,z; — 2, a5 n—> o,
lim £, (z0) = im f(tnz,) = f(z0)5 [zl < 1.
The proof will be completed by verifying that
[ j:—:t%un( "o - [* 7o > e ”0 € T %e%)do. (312)
(Recall that v, (0) = v(0)).
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It suffices to show that the difference

2 €® +
J.O (_.:M"

1+r 20
<
1-r

z,

=0

(u, (e”) ~u(e™))do

U, (%)~ u(e”)ldo.

Can be made arbitrary small.

Note that 1(z,), being continuous on the compact set|z,| < 1, is uniformly
continuous on |z] < 1. S0 u;, (ef m) = u (t,,e" :1:-) —u (ef m): uniformly with
respect @, 0= © < 2.

Consequently. the expression on the last integral convergesto zero as n —+ oo.

Thus, for |z5| < 1, we have

f(zo) = :—H Jozp Z:Z—t:’u.(em’)dCD +iv(0).

Equating the real part on both sides, we have the desirad result. ]
REMARK: The uniformly continuity of u(z,) (|z,| < 1) enabled usto show that the

sequence u,(z,) = u(t,z,)

converges uniformly tou(z,) (lzz] = 1).
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DEFINITION 3.9 The function

for 0 <r <land — o <8 < oo is called Poisson kernel.
Let z=re",0<r <1 then
1+r€! 1+z o
—=——=(1+2)(1-2z
1-ré* 1-z 1+2)-2)
by expanding we get

=1+ A+ z+ 2 +..) =14 2) 2" =1+ 2> g™
n=1 n-1

Hence,
Re(lJr re* )= 1+ Zi r'" cosnq
1-re" i

o pNfANg —ing
= 2
=p@)

And adso

1+rd® 1+rd'—re'—r?
iq 12
1-re ‘1_ relq‘

So that

1-r? 1+re"
P.@) 1= 2r cosq +r? é{l— re J (3:13)
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PROPOSITION 310 .The Poisson kernel satisfies the follwings:

1 ¢
a}) — . ()dg =1,
(a) 2IC)jpp(q)q

PROOF :
for a fixed valueof r;0<r <1,theseries
p, (0) = Zr‘“‘e”’q converges uniformlying.

N=—00

Ay _ LS dngn
[ p@ -= = j_p-n_zwr e™dq

-p
Nl L P an
=r ijpeqdq

N=—o0w

= _Zz)rn %[ei”q]]p x%

n
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CHAPTER 4
POSITIVE HARMONIC FUNCTIONS
The Poisson integral formula allows to obtain useful inequalities for positive harmonic
functions. Note that if a non-negative harmonic function attains a minimum value zero
on adomain, it is zero throughout the domain. So the class of non-negative harmonic
functions on adomain consists of all positive functions and a zero function.
As an application of Poisson integral formula, we prove Harnack’s inequality.
THEOREM 4.1.(Harnack's Inequality): Suppose u(z) is harmonic in the disk
A (W R) ={z:|z—w| <Rhwith u (2)>0 for all ze A (W, R).
Then for every z inthis disk;
R+[z—w]|

We have, u(w)wﬁu(z)ﬁu(w)R |z w|'

R+[z—w]|
PROOF: Fixze A(w; R),, and let S<R. Then, for every s with S<R,
The Poisson integral formula given by theorem 3.2 leads to

P 2 | = _\ar .
i) = i j‘_-' g | e l..u (11'*'.&'&*'1['}13'(11. (4.1)

] LF] iy =
i 580 ={z=w) \

For every zeA(w; s). using positivity of u(z)and the inequality
s — |z —wl| 5% — |z — w|? {s+|:«:-w|

T Lo = e —
s+ |z —wl |5Erm_(2_w}| 5— |z —wj

We get from (4.1)
s—|z—w S+|z—-w
—s+|z— u(w)£u(z)3—8_|z_ u(w) .

Because by the mean value property( i.e. from (4.1), for ; = W)

u(w) = %j-l u(w+se')dd .Since the last inequality is valid

whenever |z —w| < 5 < R, these inequalities continues to hold when s approaches
R. [ ]
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Recall that any function that is holomorphic on C and bounded in absolute value is
constant. As an immediate corollary of Harnack’s inequalities one¢ obtains an
analogue of this result Tor harmonie functions.
COROLLARY 4.2 ( Liowville Theorem) if wis harmonic in € and is bounded
above (or below), then w is constant.
Proof: Tt suffices to prove u(z) =2 0 in C.Fix z(|z| = r) and R > r.
By Harnack's inequality E:L w0 <ulre”y < gt: ().

Letting R — oo, we see that u(z) < u(0)so that u atrains iis maximum at z=0 and
|
therefore u is constant for |7 <r

THEORFEM4.3. (Harnack s Theorem) Suppose {it;,(2)} is a sequence of real-valued
harmonic functions defined in adomain D, and that 14,4 (2) = u,(z) for eachn.

If {u,(z)} convergesfor at least one pointin D, then {u,(z)} convergesfor all
pointsin D.
Furthermore , the convergence is uniform on compact subset of D, and the limit
function is harmonic throughout 1.
PROOF. We may assume that u,,(#) = 0; for if not, the theorem can be proved for the
nonnegative sequence suppose{w, (z) — 1y (2)}. By the monotonicity property, for
each Z in D, either {u,,(z)} converges or approaches co.
Let A={Z e D;u,(z) = e} and

B={Z € D:u,(z)coverges}.

Giventhat w € D, choose a disk |z —w| = R contained in D. then for all Z
satisfying |z —w| < g; Harnack s inequality gives

1 R‘—E ﬁ!+E

3Un = H__EHH(W} <up(z) = H__iuu (w) = 3uy(w) (4.2)
2 2

If 1, (w) — oo, then the left hand inequality o (4.2) shows that

uny(z) = ofor|z—w| < R/2.

IT {u(w)} convergesfor for |z —w| < R/2.
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Hence, A and B are both open sets, with AUB =D. Since the domain 1D is connected,
either A=@ or B = Q.

By hypothesis, thereis at least one point in D. Thus B=D, and {u,,(z)} convergesfor
alzinD.

Nexi we must show thai {u,, ()} converges uniformly on compact subsets of D.

Applying Harnack s inequality to w4, (2) — u,(2), wegetasin (4.2).
Un+p(2) = uy (2) < 3|upsp(w) — u,t(wfl] (4.3)
For |z —w| < R/2 and p=1.2.. By the Cauchy criteria,
Un+p(w) — u, (w) <€ (n = N(e)).
Hence from (4.2), we see¢ that {u,(z)} converges uniformly in some neighborhood w.
Sincew was arbitrary to every point in D there corresponds a neighborhood in which
the convergence of {u,(z)} isuniform.
Now let K be a compact subset of D.

For each point of K, construct a neighborhood in which {u,,(z)} converges uniformly.

By the Heine-Borel theorem, finitely many such neighborhoods cover K.

But a sequence converging uniformly on finitely many different sets must converge
uniformly on their union.

Therefore, {ut,, (z)} converges uniformly on K.

Hence, the limit function is harmonic throughout D.
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SUMMARY
Summarize the main points of harmonic function
DEFINATION 1 If G isan open subset of C, then afunctionl/: G— R is harmonic

if it has continuous second order partial derivative and it satisfies Laplace’s equation,
that is

T S T b T . Of . 2
] +@—- 001 iy, + 1ty = 0. Oftenwritten as Veu = 0.

LEMMA 2 If v is aconjugate harmonic function of 1, then u is a conjugate
harmonic function of v.

PROPSTION 3 If u: G- R isharmonic, then u is infinitelv differentiable

THEOREM 4 (Mean value Theorem)
Let.u: G — R be a harmonic function and B(a,r) be a closed disk contained in G.
if y is acircle |z — al|=r then

2p

]u(a+ re'®)do
0

1

ula) =:

2m

The maximum principle states that a non constant harmonic function cannot attain a
maximum ( or minimum at an interior of itsdomain. Thisresult impliesthat the
values of aharmonic function in a bounded domain by its maximum and minimum

values on the boundary,
THEOREM £ (Maximum princple) Let u be a harmonic function on
@ domain G in C.

(a) If wattains a local maximum in G then u is constant.

(b) suppose that G is bounded and u extends continuously tto the boundary 36 0dG of G.
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If = 0onadGthen u < 0 throughout G.

THEOREM 6 (Uniqueness Theorem): Let G be a domain in C and u; and u, are
two harmonic functions that extend continuous to the boundary 9G of G. if

ity = 1y on dG. Then these two functions are equal throughout G.
THEOREM?7 :{ Poisson Integral Formulafor harmonic functions)
Suppose u(z,) is harmonic in adomain containing the disk |z,| < R.

2m

Then for z, = re'®. r<R, wehaveu(z,) = — J\M p(z,, 2U(2)dD;

or equivalently,

b

2 F )
u(ret?) = Lrp _ R J_ 2i1(Re®)dd
20" R —2rRcos(@—d)+

A similar formula hiolds for the imaginary part v(z,) of f(z,).
COROLLAR 8for r < Rand 8 arbitrary,
1

| R RZ — rz 2p ) i
j ~dd =— [ p(ré’,Re®)dd =1,
2z R —2rRcos(q —®)+r 2p Yo

THEOREM 9(harnack's Inequality): suppose u(z) is harmonic in the disk
A(w, R) = {z:|z—V\4 < R};with u(z) >0 for all ze A(w; R). Then for every zinthisdisk;
| R+|Z— |.L1

R—|z—wi
Wehave, u(w) -*!*_H’::[Z)SU(W)— L
R+|z—w R—|Z—11-|

THEOREM 10 (Harnack's Theorem) suppose {it,,(2)} is a sequence of real-valued
harmonic functions defined in adomain D, and that 1,4 (2) = u,(z) for eachn.
If {u,(z)} convergesfor at least one pointin D, then {u,,(z)} convergesfor all

pointsin D.
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