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Abstract

In this PhD dissertation we have studied the quantum properties of the cavity mode
driven by coherent light and interacting with a three-level atom available in an open
cavity and coupled to a vacuum reservoir via a single-port mirror. We have carried
out our analysis by putting the noise operators associated with the vacuum reser-
voir in normal order and by taking into consideration the interaction of the three-
level atom with the vacuum reservoir outside the cavity. With the aid of the quan-
tum Langevin equations, we have determined the equations of evolution for the
cavity mode operators. In addition, employing the pertinent master equation, we
have obtained the equations of evolution for the expectation values of the atomic
operators. Then applying the steady-state solutions of the equations of evolution
for the cavity mode operators and the atomic operators, we have calculated the
global mean and variance of the photon number for the light modes emitted from
the top and the intermediate levels and for the driven cavity mode. We have also
determined the local mean photon number for the driven cavity mode and for the

two-mode cavity light.

We have seen that the cavity modes a; and a, (for € > ~. + 7) are separately
in a chaotic state . Moreover, the driven cavity mode exhibits subPoissonian pho-
ton statistics. We have also established that the local mean photon number for the
driven cavity mode as well as for the two-mode cavity light approaches the global

mean photon number in the absence or presence of spontaneous emission.

iii



In addition, we have shown that the driven cavity mode is in a squeezed state
and the squeezing occurs in both the plus and the minus quadratures with the max-
imum squeezing for the plus quadrature being 52.08% below the vacuum state level.
The maximum squeezing occurs at ¢ = 0.6 (in the presence of spontaneous emis-
sion) and at ¢ = 0.37 (in the absence of spontaneous emission). On the other hand,
the maximum squeezing for the minus quadrature is 33.32% and occurs for values
of ¢ > 15 in the presence or absence of spontaneous emission. We consider the
discovery of squeezing in both the plus and the minus quadratures to be the single
most important result of this PhD dissertation. Furthermore, the two-mode cavity
light is in a squeezed state and the squeezing occurs in the minus quadrature with
the maximum squeezing being 43.42% below the vacuum state level and occurs at
e = 0.22 (in the absence of spontaneous emission) and at¢ = 0.35 (in the presence of
spontaneous emission). Moreover, we have found that the maximum local quadra-
ture squeezing for the driven cavity mode is 65.32% (in the absence of spontaneous
emission) and 62.11% (in the presence of spontaneous emission). And the two local

maxima occur in the frequency interval Ay = 0.01.

On applying the steady-state solution of the quantum Langevin equation for a
pair of superposed driven cavity modes, we have calculated the mean and variance
of the photon number as well as the quadrature squeezing. We have found that
the mean photon number of the superposed driven cavity modes is twice the mean
photon number of one of the constituent driven cavity mode. Finally, our result
shows that the amount of squeezing in the plus or the minus quadrature of the su-
perposed driven cavity modes is the average of the squeezing in the plus and the

minus quadratures of one of the constituent driven cavity modes.
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Introduction

Many problems of interest in quantum optics involve the interaction of light with
atoms [1-7]. In particular, the interaction of a three-level atom with light has been
widely studied by different authors [8-20]. Such interaction generates squeezed
light under certain conditions. Squeezing is one of the nonclassical features of light
that has been extensively studied by several authors [20-36]. In a squeezed state the
noise in one or the two quadratures may be below the vacuum-state level, with the
product of the uncertainties in the two quadratures satisfying the uncertainty rela-
tion. Squeezed light has potential applications in the detection of weak signals and
in low-noise communications [20, 30]. Squeezed light can be generated by various
quantum optical processes such as subharmonic generation [20, 29, 37, 38], reso-
nance fluorescence [1, 5, 25], second harmonic generation [1, 29, 39, 40, 41, 42], and

three-level laser dynamics [20, 43, 44, 45, 46, 47].

A three-level laser is a quantum optical system in which light is generated by
three-level atoms inside a cavity usually coupled to a vacuum reservoir via a single-
port mirror. When a three-level atom in a cascade configuration makes a transition
from the top to the bottom level via the intermediate level, a pair of highly corre-

lated photons are generated. This correlation is responsible for the productions of



squeezed light.

The squeezing and the statistical properties of the light generated by three-level
lasers have been studied by several authors [20, 43, 44, 45, 46, 47]. Fesseha [20]
has studied the statistical and the squeezing properties of the light generated by a
three-level laser with the three-level atoms available in a closed cavity and pumped
to the top level at a constant rate by means of electron bombardment. He has
found a maximum global quadrature squeezing of the two-mode cavity light gener-
ated by the laser, operating far below threshold, to be 50% below the vacuum-state
level. Moreover, he has found that the local quadrature squeezing is greater than
the global quadrature squeezing and a large part of the mean photon number is

confined in a relatively small frequency interval.

In addition, Fesseha [20] has studied the squeezing and the statistical properties
of the light generated by a three-level laser with the three-level atoms available in a
closed cavity and pumped to the top level by means of coherent light. He has estab-
lished that the three-level laser under certain conditions generates squeezed light
with a maximum global quadrature squeezing of 43.4%, which is slightly less than
the result found with electron bombardment. However, under special condition the
maximum global quadrature squeezing of the two-mode cavity light is found to be
50% below the vacuum state level.

This PhD dissertation mainly has two parts. In the first part of the dissertation
we seek to study the quantum properties of a cavity mode driven by coherent light
and interacting with a three-level atom available in an open cavity and coupled to
a vacuum reservoir via a single-port mirror. We carry out our analysis by putting

the noise operators associated with the vacuum reservoir in normal order and by



taking into consideration the interaction of the three-level atom with the vacuum
reservoir outside the cavity. We first obtain the quantum Langevin equations for
the cavity mode operators and the pertinent master equation for the three-level
atom interacting with the cavity modes and the vacuum reservoir outside the cavity.
Employing the master equation we obtain equations of evolution for the atomic
operators. Furthermore, we determine the steady-state solutions of the equations
of evolution for the atomic operators and the cavity mode operators. Then applying
the resulting solutions, we calculate the global mean and variances of the photon
number for the light modes emitted from the top and the intermediate levels and for
the driven cavity mode. In addition, we determine the local mean photon number
for the driven cavity mode and the two-mode cavity light. Moreover, we obtain the
global quadrature squeezing for the two-mode cavity light and the driven cavity
mode. Finally, we calculate the local quadrature squeezing for the driven cavity

mode.

In the second part of this dissertation, we wish to study the statistical and the
squeezing properties of a pair of superposed cavity light modes each driven by co-
herent light and interacting with a three-level atom. We then determine the equa-
tion of evolution for the superposed cavity light modes. Applying the steady-state
solution of the resulting equation, we calculate the global mean and variance of the

photon number and the global quadrature squeezing.



Operator Dynamics

In this chapter we wish to obtain the equations of evolution for the atomic and cav-
ity mode operators. A light mode confined in a cavity usually formed by two mirrors
is called a cavity mode. A commonly used cavity has a single-port mirror. One side
of such a cavity is a mirror through which light can enter or leave the cavity, with
the other side being a mirror through which light may enter but can not leave the
cavity [20]. We consider here the case in which a three-level atom in a cascade con-
figuration is available in an open cavity driven by coherent light and coupled to a
vacuum reservoir via a single-port mirror. We denote the top, intermediate, and
bottom levels of the three-level atom by |a), |b), and |c), respectively as shown in

Figure 2.1.

The atom absorbs a photon from the cavity and makes a transition from the
bottom level to the top level. Then it emits a photon and decays to the intermediate
level. Eventually, the atom emits another photon and decays to the bottom level.
We prefer to call the light emitted from the top level cavity mode a, and the one
emitted from the intermediate level cavity mode a,. In addition, we represent the
driving coherent light by the operator ¢ and the driven cavity mode by the operator

~

b.



Figure 2.1: Schematic representation of a three-level atom in a cascade configuration .

We carry out our analysis with cavity modes a; and a, having the same or dif-
ferent frequencies. And we take into account the interaction of the three-level atom
with the vacuum-reservoir outside the cavity. This interaction leads to spontaneous
emission. Moreover, we assume that the cavity modes a;, as, and the driven cavity
mode b to be at resonance with the transitions |a) — |b), |b) — |c), and |a) — |c),

respectively.

The interaction between the driving coherent light ¢ and the driven cavity mode

b can be described by the Hamiltonian
H' = i)(éb' — bél), (2.1)

where ) is the coupling constant between the coherent light and the driven cavity
mode. In order to have a mathematically manageable analysis, we replace the oper-
ator ¢ by a real and constant c-number p. On account of this, we can write Eq.
as

H' =in(bt —b), (2.2)

where n = Ap.
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In addition, the interaction of the three-level atom with the cavity modes b, a,,

and a, can be described at resonance by the Hamiltonian

H”:m<@6—ﬁ@+&my—d@+ﬁm,—@@), 2.3)
where
Go = |b){al, (2.4)
&y = |c) (b, 2.5)
Ge = |e){al, (2.6)

are lowering atomic operators and g is the coupling constant between the atom and
the cavity mode b or a; or a,, and is considered to be the same for the three inter-
actions. Thus upon combining Egs. and (2.3), the Hamiltonian describing the
interaction of the driven cavity mode with the driving coherent light and the three-
level atom as well as the interaction of the three-level atom with the the cavity light

modes a; and a, has the form

ﬁ:m@-&+m@ﬁ-ﬁ¢+@m—ﬂ@+ﬁ@—@@) 2.7)

2.1 Dynamics of cavity mode operators

The dynamics of a cavity mode coupled to a reservoir can be described using the
quantum Langevin equation. In this approach the time evolution of the cavity
mode is carried by the operators. We seek here to obtain the quantum Langevin
equations for the cavity mode operators a; , a,, and b. We carry out our calculation
by putting the noise operators associated with the vacuum-reservoir in normal or-

der. It can be verified that the noise operators in this case will not have any effect
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on the dynamics of the cavity mode operators. We can thus drop the noise operator

and write the quantum Langevin equation for the operator a; as [20, 48]

ddl(t> o K N 2
= a0~ ilan (1), 7(0)) 2:8)

where « is the cavity damping constant. In order to obtain the commutator of a, (¢)
and H(0) following the discussion described in Ref. [49], we fix the Hamiltonian

given by Eq. (2.7) at the initial time

H(0) = ¢n<8T<0>—6<0>>+z’g(&2(0>6<0>—6*<0>a—c<0>+&2<0>d1<0>—a1<0)fra<0>
+67(0)as(0) — a;(O)ab(0)>. 2.9)

We observe that 5(0)[a (t), H(0)] is in the Heisenberg picture where 5(0) is the
density operator at the initial time. This can also be written in the Schrédinger pic-

ture as 5(¢)[a1(0), H(0)]. One can thus write
p(0)[an(t), H(0)] = p(t)[a1(0), H(0)]. (2.10)

Then with the aid of Eq. (2.9), the right hand side of Eq. can be put in the form

We assume that

[a1(0),a1(0)] = 0, [a1(0),al (0)] = 1. (2.12)



2.2 Dynamics of atomic operators 8

We also assume that the cavity mode operator @; commute with the atomic opera-

tors and the cavity modes b and a,. We then readily obtain

p(t)[@1(0), H(0)] = —igp(t)6(0) = —igp(0)5a(t). (2.13)

Now on account of Egs. (2.10) and (2.13), we easily find

[a1(t), H(0)] = —igda(t). (2.14)
Upon substituting into (2.8), we get

ddl@)__EA R
T 2a1(t) 9oy (t). (2.15)

Following the same procedure, it can be readily established that

das (t

“;; ) _ —Zaa(t) - gon(t). (2.16)
db(t) K, .
T —§b(t) +n = g0.(t). (2.17)

2.2 Dynamics of atomic operators

We next wish to obtain the equations of evolution of the expectation values of the
atomic operators, using the pertinent master equation. The master equation for
the three-level atom interacting with the cavity modes and the vacuum-reservoir

outside the cavity can be written as [20, 50]

dp(t 2
WO~ ithr gl + L (2600, — 50,5 — palin) +

7
dt 2 2

(20096 — &lonp — pol6n)
+% (2&0;3&1 — &l — ﬁ&ifyc), 2.18)
where, v considered to be the same for the three levels, is the spontaneous emission

decay constant. Hence on account of Eq. (2.3), the master equation for the three-

level atom interacting with the cavity modes and the vacuum-reservoir outside the
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cavity can be expressed as

dp(t b s
% = g(UZbP — b6.p+ Gla1p — al6up + G)asp — abonp — polh
9013 — potan + pala, — polas + pales )
Y95 567 —6t6.6— s6t6 Y (96,061 — 616,56 — 5616
+§ Oaf0y4 — 040apP — P00 +§ OpP0y, — Op0ppP — POR0p
+% (2Jcpai —oloep — ﬁalac) (2.19)

Furthermore, applying the relation

d, dp(t)
—(A)=Tr | 5—=A 2.20
dt< ) T( dt ’ (2.20)
along with Eq. (2.19), we have
. S N A Oy DUy
%<Ga> = gTr(paaocb—poab Oc+ pOo0La1 — POoG10q + POOy a2 — PO4A40Y
—p6Tb6, + P 6,64 — p6Ta16, + Palo.Ga — poasda + padoo,
PO, a 1 b 2
i ot o ax sts  asis s
+§Tr <2p0aaaaa — P040,04 — paaaaaa>
V(25616 6 — 56616 — 567646
—1—5 7\ 2p0,0,00 — P00, 0p — PO, 00,
+%Tr (2@1@&0 — ot — ﬁ&i&cﬁa), 2.21)

where we have used the cyclic property of the trace operation. Then with the aid of

Egs. (2.4), (2.5), and (2.6), we arrive at

3 . t7 R o\ A At
—57(6a) + 9 ((010) + (i — 7)) + (adsr) ) (2.22)

—_
Q>

S

~
Il

% on) = —gr(0w) — 0 ((@l6e) — (e — in)a) + (01 223
L) = 1160+ ({60n) + (G~ 7)) — {Gi). @20

i) = =2y(i) + g ((615) + (Tan) + (o) + (al6a) ) (2.25)
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%mw——ﬁmw+vma+g«ﬂ@>—wmg+4@@y_@w@), (2.26)
where

fla = |a){al, (2.27)

i = [b) 0], (2.28)

fle = |e){c. (2.29)

We see that Egs. (2.22) - (2.26), are nonlinear and coupled differential equations
and hence it is not possible to obtain the exact time dependent solutions of these
equations. We intend to overcome this problem by making use of the large-time

approximation scheme [48]. Applying this approximation scheme, we obtain from

Egs. (2.15), (2.16), and (2.17) the approximately valid relations

2
m@:-f%@, (2.30)
. 29
as(t) = —;Ub(t)y (2.31)

a2

b@:%—fﬂﬁ (2.32)

Upon substituting Egs. (2.30), (2.31), and (2.32) (with the time argument sup-

pressed) and their adjoint into Eqgs. (2.22), (2.23), (2.24), (2.25),and (2.26), we easily

arrive at
L 60 = =2+ )6) + (6]) (2.33)
dtaa_ 2% Y)(6a) +€(G,), .
) = 20+ )(0) - (o), 239)
9 6) =~ + o) + 200 — (i), 2.35)
i) = =205+ )0) + (5D + (60, 230
L) = — (e 7))+ (e ) (), (2.37)
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where
44>

=29 (2.38)
K

is the stimulated emission decay constant and ¢ is defined by

— (2.39)
K
We note that the steady-state solutions of Egs. (2.33)-(2.37) are given by
. 2¢e ~f
Og) = ————(0)), (2.40)
0 = 5y (o
2¢
o) = — oy, (2.41)
(63) = ———(a])
g
G,) = ie) — ()], (2.42)
(0c) %+,y[<n> (71a)]
€
la) = =——[(61) + (60)], (2.43)
(Na) 2(%+7)[< )+ (00)]
() = (7a)- (2.44)
Applying Eqgs. (2.40) and (2.41), we easily find
(64) = (6v) = 0. (2.45)

We assume that the energy levels |a), |b), and |c¢) of the three-level atom form a com-

plete set, so that
=Y "la)al, (2.46)
where « = a, b, and c. It then follows that

(fla) + (o) + (7le) = 1. (2.47)

We interpret (7,), (M), and (7.) as the probability for the three-level atom to be in

the upper, intermediate, or bottom level. In addition, using Egs. (2.42), (2.43), (2.44)

along with Eq. and applying the fact that (67) = (6., we readily obtain

(6.) = e(ve +7)

o) = : 2.48
T B (e +7)? (249
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52

T3+ (e )

() = e+ (e +7)°
T3+ (et )t

(2.49)

(Tla) = (7o)

(2.50)

Upon setting v = 0 (in the absence of spontaneous emission) in Egs. (2.48), (2.49),

(2.50), we have

. £Ve
)= 555 2.51
62
la) = (M) = 7 2.52
{Na) = (1) FE (2.52)
62 _|_72
e < 2.53
Moreover, for ¢ = 0, we obtain
(6c) =0, (2.54)
(Na) = (M) = 0, (2.55)
(1) = 1. (2.56)

This shows that the atom is initially in the bottom level. Furthermore, for~. = v = 0,

we have
(6c) =0, (2.57)
) ) 1
(Na) = (M) = 3 (2.58)
() = & (2.59)
Ne) = 3 .

We thus see that the probabilities for the atom to be in the upper, intermediate , and

bottom levels are equal.

On the other hand, the steady-state solutions of Eqs. (2.14), (2.15), and (2.16) are

given by

2
4= -3, (2.60)

K

2
by = -5, 2.61)
K
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~ 2 2
b="1_295 (2.62)
K KR

Employing Egs. (2.60), (2.61), and (2.62) together with Egs. (2.4), (2.5), and 2.6), we

obtain
wal = %nb (2.63)
alar = 24, (2.64)
K
Goiih = 24, (2.65)
K
ity = %nb (2.66)
i A Ang o 497 (2.67)
=7 " 2 (6l +0.) + 2 e .
conAn? dmg, 4¢*
bth = k—Z - g(ac +6h) + %na. (2.68)

Moreover, adding Eqgs. (2.15) and (2.16), we get

dél K
— _ A _0h 2.69
dt 261 gU, ( )
where
C1 = Q1 + G (2.70)

is the annihilation operator for the superposition of the cavity light modes a; and
as, and

0 =04+ Op. (2.71)
The steady-state solution of Eq. (2.69) is given by

2
& =95 2.72)

K

Hence with the aid of (2.72), one can easily get

i (M + Ne), (2.73)

A oA c
cch:—
K
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elér = (i + ) 2.74)
2 =T (2.75)
KR

Applying the results obtained in sections 2.1 and 2.2, we will calculate the photon

statistics and quadrature squeezing.



Photon Statistics

In this chapter we seek to study the statistical properties of the cavity mode driven
by coherent light and interacting with the three-level atom available in an open cav-
ity and coupled to a vacuum reservoir via a single-port mirror. Applying the steady-
state solutions of the equations of evolution of the cavity light modes and the expec-
tation values of atomic operators, we calculate the global mean and variance of the
photon number for the cavity light modes. In addition, we wish to obtain the local

mean photon number for the two-mode cavity light and the driven cavity mode.

3.1 Single-mode photon statistics

In this section we wish to calculate the steady-state global mean and variance of the

photon number for the cavity modes a,, as, and b in the entire frequency interval.

3.1.1 The global mean photon number

The mean photon number for the cavity mode «, is defined by
iy = (alay). 3.1)

Then taking into account Eq. (2.64), we see that

_ Ve
ny = K <77a>7 (32)

15
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so that upon substituting Eq. (2.49) into (3.2), we get

2

_ Ye &
_ e . 3.3
T (3€2+(%+7)2) 5:3)

In the absence of spontaneous emission (y = 0), the mean photon number for the

cavity mode a, takes the form

2
_ Ve €

== —]. 3.4
m K (352+7§) (3-4)

From Egs. (3.3) and (3.4), we note that the presence of spontaneous emission de-

creases the global mean photon number. On the other hand, for e > ~.++, Eq. (3.3)

Al

Furthermore, employing (2.66), the mean photon number for the cavity mode a,

reduces to

can be written as

fia = L2 (7). (3.6)

Therefore, in view of Eq. (2.49), we note that

2

_ Ye g
_ e , 3.7
T <3€2+(%+7)2) 5.7

We observe from Egs. (3.3) and (3.7) that the steady state global mean photon num-

ber for the cavity mode a, is equal to that of the cavity mode a;.

In addition, with the aid of Eq. (2.68) the mean photon number for the cavity

mode b is found to be

A 8ng .\ Ve,
?—?<0c>+ ﬁ(ﬁa>-

ny = (3.8)
The first term represents the mean photon number for the cavity mode b due to the

driving coherent light, the second term represents the mean number of photons

absorbed by the atom, and the third term represents the mean photon number due
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Figure 3.1: Plots of the mean photon number versus ¢ [Eq. (3:10)] for 7. = 0.5, x = 0.8, and for

~ = 0 (solid curve) and for v = 0.3 (dashed curve).

to stimulated emission. Now upon introducing Egs. (2.48) and (2.49) into Eq. (3.8),

we have

(3.9)

- 4n? € {809(70%—70 —-%evc}

K2 32+ (Ve +7)? K2
Then with the aid of Eq. (2.39), the mean photon number for the driven cavity mode

can be put in the form

4e? 2 3v. + 4
P e S N 3.10)
KYe K 382+ (Ve +7)?
In the absence of spontaneous emission (v = 0), Eq. (3.10) reduces to
4e? g2 3,
Ay = -_{7#7] (3.11)
KYe K | 3%+ 2

In addition, we note that for ¢ = 0, the mean photon number for the driven cavity
mode is equal to the mean photon number of the driving coherent light. Moreover,
the plots in Figure 3.1/ show that the presence of spontaneous emission leads to a
decrease in the global mean photon number of the driven cavity mode b for ¢ > 0.36.

We also note that the global mean photon number increases with increasing e.
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3.1.2 The global photon number variance

We next seek to calculate the variances of the photon number for the cavity light

modes a;, as, and b. To this end, the formal solution of Eq. (2.15) can be written as
t !
a1(t) = ay(0)e™"/? — ge=/? / e 26, (t)dt . (3.12)
0
On taking the expectation value of this equation, we have
t /
(a1(t)) = (a:1(0))e"/? — ge=1/2 / e (G, ()t (3.13)
0

We next proceed to determine (5,(¢')) that appears in Eq. (3.13). Thus applying the
large-time approximation scheme to Eq. (2.34), we obtain

. _ 2% 5t
(00(t) = =y {0 (3.14)

and taking the complex conjugate of this equation, we see that

(61(t)) = — (%Qj - (64(1)), (3.15)

so that on account of (3.15), one can write Eq. (2.33) as
d, . an
(o) = —H ), (3.16)

where

_ 4e? 4+ 3(y. + )?

a (3.17)
(Ve + )
We note that the solution of Eq.(3.16) is expressible as
(64()) = (54(0))eFat/2, (3.18)

Hence introducing Eq. (3.18) into Eq. (3.13) and carrying out the integration, we
arrive at

i — (G o—rt/2 _ 29(64(0)) o Hat/2 _ o=t/
(1)) = (02 - 200 | 3.19)
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We next wish to obtain the explicit form of (5,(0)) that appears in Eq. (3.19). To
this end, we consider the atom to be initially in the bottom level |¢). Then we note

that the density operator associated with this level has the form
p = le){(c|. (3.20)

Applying this equation, the expectation value of the atomic operator 5,(0) is ex-
pressible as

(64(0)) = Tr(p5a(0)) = Tr(|c){c|b){al), (3.21)

so that in view of the relation (c|b) = 0, we find
(64(0)) =0. (3.22)
Thus on combining this equation with Eq. (3.19), we have
(@ (t)) = (@ (0)e 2. (3.23)

Furthermore, on assuming that the cavity mode is initially in a vacuum state, one
can easily check that

(a,(0)) = 0. (3.24)
It then follows that

(ay(t)) = 0. (3.25)
In view of the linear differential equation described by and the result given by
Eq. (3.25), we claim that a,(¢) is a Gaussian variable with zero mean [20].

In addition, the expectation value of the solution of Eq. (2.16) can be written as
t
(a2(t)) = (a2(0))e /2 — ge=rt/2 / "2 (G (t))at. (3.26)
0

Applying the large-time approximation scheme to Eq. (2.33), we have

(60(0) = =5 @ 0) ©.27)
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and the complex conjugate of this relation is

(61(t)) = ﬁ@(t» (3.28)

With this result substituted into Eq. (2.34), we obtain

d . .
(o) = —%@,), (3.29)
where
4e® + 3(7 +7)°
— (3.30)
AN TRy
The solution of is expressible as
(0(1)) = (6(0))e 2. (3.31)
Assuming the atom to be initially in the bottom level, we easily find
(03(0)) = 0. (3.32)

Hence on account of Eq. (3.32) and the assumption that the cavity mode is initially

in a vacuum state, one can easily arrive at

(as(t)) = 0. (3.33)

In view of the linear differential equation described by (2.16) and the result given by
Eq. (3.33), we claim that a,(¢) is a Gaussian variable with zero mean. Therefore, on

account of Eq. (2.70), we see that

(@1(t)) = 0. (3.34)

Now taking into account the linear differential equation given by Eq. (2.69) and the
result given by Eq. (3.34), we claim that ¢ (¢) is also a Gaussian variable with zero

mean.
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The photon number variance for the cavity mode a, is expressible as
(Anp)? = (p2) — (Ay)2. (3.35)
Employing the definition 7, = ala,, we have
(Any)? = (alayala,) — (alag)? (3.36)
and making use of the fact that a,(¢) is a Gaussian variable with zero mean, we get

(Any)? = (alai)(alan) + (alar)(amal) + (@) (al) — (ala,)?

= (ala)(aal) + (@f*)(a?). (3.37)

(a}) = 0. (3.38)

Therefore on account of Eqgs. (2.63), , and (3.38) along with Eq. (2.44), we

arrive at

(Any)? = n?. (3.39)
This represents the normally-ordered variance of the photon number for chaotic
state.

Moreover, making use of the fact that the cavity mode a, is a Gaussian variable
with zero mean, the photon number variance for the cavity mode a;, can be put in
the form

(Ang)* = (ahas) (asal) + (af)(a2). (3.40)

Now on account of Eq. (2.61), one easily gets

(a3) = 0. (3.41)
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Thus in view of Egs. (2.65), (2.66), and (3.41)), we obtain
2 (Ve\? a s
(Ana)? = (L) (i) ). (3.42)

Upon substituting Eqgs. (2.49) and (2.50) into Eq. (3.42), we readily get

(Ana)* = (%)2 {f;if:((wchjm ' (543

This equation reduces to

(Any)?* = 03, (3.44)

for e > ~.+~. This represents the normally-ordered variance of the photon number

for chaotic state.

Finally, we recall that the photon number variance for the driven cavity mode b

is given by
(Any)? = (bbbTb) — (bTb)2. (3.45)

With the aid of Egs. (2.67) and (2.68), we have

N

bbt — 5t = 22 (5. — ). (3.46)

K

On the basis of this equation, the variance of the photon number can be expressed

das

~

(Anp)? = <5T2132>+%[<3Tﬁcb> — (b',b)] — A2 (3.47)

Applying Eq. (2.62), one readily gets

fion 16e*  32e3 . 162

(h12h2) = i m<ac> + (1), (3.48)
P Ao 4e? 12e? 2e .
<bT770b> - <bT77ab> = - () — —(0¢). (3.49)

KYe K7 K



3.1 Single-mode photon statistics 23

Figure 3.2: Plots of the photon number variance [Eq. (3:51)] versus ¢ for v, = 0.5, x = 0.8, and for

~ = 0 (solid curve) and for v = 0.3 (dashed curve).

10 T T T T

d (Al’lb)2
N

np, an

Figure 3.3: Plots of the mean photon number [Eq. (3-10)] (dashed curve) and photon number

variance [Eq. (3.51)] (solid curve) versus ¢ for v. = 0.5, xk = 0.8, andy = 0.
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Figure 3.4: Plots of the mean photon number [Eq. (3:10)] (dashed curve) and photon number

variance [Eq. (3.51)] (solid curve) versus ¢ for v. = 0.5, xk = 0.8, and v = 0.3..

Upon introducing Eqgs. (3.48) and (3.49) into Eq. (3.47), we get

4e? [ 4e? + 72 3263 + 2672\ . 4e% _
(Any)? = — (—7) — (—7> (6c) + — () — 77 (3.50)

K2 702 527(: K2

Then on account of Egs. (2.48) and (2.49), we arrive at

2 1 2 4 2 2 2 2 2 —4 2
(Any)? = = (16e® +4v7) ([ (e +7)(32e° +297) — 4. _a2 @350
K2, Ve 3e% + (7e +7)?

where 7, is given by Eq. (3.10). On the other hand, on setting v = 0 in Eq. (3.51),

there follows

2 T(162 4 d4n? (3262 + 242) — 4.
(Amy)? = = |67 F47e) (263267 + 20) —deem) | oy (3.52)

where 7, is given by Eq. (3.11I). The plots in Figure show that the effect of
the spontaneous emission is to slightly increase the photon number variance for
0 < ¢ < 0.4 and to decrease the photon number variance for ¢ > 0.4. In addition,
we observe that the photon number variance is less than the man photon number

in the absence of spontaneous emission (Figure [3.3) as well as in the presence of
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spontaneous emission (Figure|3.4). We then realize that the driven cavity mode has

subPoissonian photon statistics.

3.1.3 Local mean photon number for the driven cavity mode

We next wish to calculate the local mean photon number for the driven cavity mode.
To this end, the power spectrum of the driven cavity mode with central frequency

wy is expressible as

" or

P(w) ! / h dre’ @ (BT ()bt + 7)) ss. (3.53)

—00

Upon integrating both sides of Eq. (3.53) over w, we readily get

/ P(w)dw = ny, (3.54)

[e.e]

where 7, is given by Eq. (3.10) [20]. From Eq. (3.54), we observe that P(w)dw is the

steady-state mean photon number in the interval between w and w + dw.

We now proceed to determine the two-time correlation function that appears in

Eq. (3.53). To this end, we realize that the solution of Eq. can be written as
b(t +7) = b(t)e /2 4 ne=7/? /T e 2dr — gerT/? /T e 25 (t+7)dr'. (3.55)
0 0
On account of Egs. and (2.44), we have
(M) =1 = 2(fa). (3.56)
Now upon substituting this equation into Eq. (2.35), we readily get
d

£<6C> = —(Ye + )6 + (1 — 3(Ra)). (3.57)

Moreover, using the large-time approximation scheme, we obtain from Eq. (2.36)

(1a(t)) = 57— ((&l(®)) + (5:(t))) (3.58)
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and assuming that

(61(1)) = (6.(1)), (3.59)

we get

£

(1) =

(Gc(t))- (3.60)

Hence combination of Egs. (3.60) and (3.57) leads to

d
—(60) = —a(s) +e, (3.61)
where
3 2 . 2
a3 e tY)” (3.62)
Ye + 7Y
On the basis of (3.61), one can write
d X )
70c = —ad; +e+ fo(t), (3.63)

in which fc(t) is a noise operator. We observe that Egs. (3.61) and (3.63) will have
the same form if

(fu(t)) = 0. (3.64)

The solution of Eq. (3.63) can be put in the form

Go(t +7) = 6o(t)e T +ce™7 / T dr! 4o / e fu(t 4+ 1')dr, (3.65)
0 0

Thus combination of Egs. (3.55) and (3.65) yields

bt +7) = b(t)e /24 (M) {1 _ e—m—/2:| N (W)

K ala — k/2)

> |:em'/2 . eCMT:| - gefm-/z /T dT/ef(afn/Q)-,-/
0

X / dr' e fc(t + 7). (3.66)
0
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On multiplying Eq. by b(t) from the left and taking the expectation value of

the resulting equation, we have

OOt +7)) = B )b))e /2 + (M) (' (1)) [1 _ em‘/2:|

RO

0= (b(8) ~ 905D\ [ wrss o
* < ala—k/2) > [ ]

—ge T/ / dr' e~ (a—r/27’ / dr" e (ET(t)fc(t +17")).(3.67)
0 0
Since a noise operator at a certain time should not affect a cavity mode operator at
earlier time [20], we have

o) fut + 7)) =0, (3.68)

so that Eq. (3.67) reduces to

<BT(t)B(t + 7‘)> = <BT(t)B(t)>e—m'/2 + (M) <E)T(t)> |:1 _ e—RT/2:|

RQ

. <g5<m<t>(i(; gaé%(;)ac@») {/ _ ] (369

On account of Eq. (2.32), we see that

Go(t) = —“g(gt) + g. (3.70)

With this substituted into Eq. (3.69), there emerges

200 — K 200 — K

e R e o

)]

BTOb(t + 7)) = <z§f<t)z3(t)>[ 20wy K e—m]
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Upon substituting Eq. (3.71) into (3.53), we have

2c 1 [~ . K
P — 7 - d —(k/2—i(w—wo))T _ =
@) " <2a—/<e) 2T /_OO e "\2a -k
Xi > d76_(a i(w—wo)) <bT> |: (277a — 295) i /oo dTei(w—wo)T

21 J_ o Ko 2m
2na —2ge \ 1 /°° noa — ge
B it e Rl dre—(8/2=i(w=wo))T = ge
(/4:(04—%/2)) 27 J_ e * ala—kK/2)
1 [~ ‘
X — dTe(O‘Z(“‘”O))T] : (3.72)
2m J_o

Now carrying out the integration, applying the relations

1 [ 1 &
— d:zce (a—ib)z _ —Re/ dxe=(a=)z (3.73)
2 J_ T 0
and
< 1
/ e “dxr = —, (3.74)
0 a

where a and b are real and a« > 0, we find the power spectrum of the cavity light

mode b to be

Plo) = m [2042(j /£2<(/€/22)2 I—T-/(Zg— w0)2> B 2;'1 K 2(042 + Zji w0)2>j
i | (P22 ) - (225 (o)
N (a?f__f/g@) (aui{i wo)QH' o

We next proceed to calculate the local mean photon number for the cavity light

mode b in the interval between «' = —)\ and w’ = +)\. The local mean photon

number in this interval is expressible as

+A
NpLr = / P(w’)dw’, (376)
-

in which v’ = w — wy [20]. Upon substituting (3.75) into Eq. (3.76), we get

e = ”b[(gfi) / (v/22 +w’2_(2aﬁ—ff>%/ik%}
mss[(zm ) [ - (Rt

X/+>\ na — ge a/+/\ duw’ (3.77)
_y (k/2)? —i—w’2 ala —k/2) 2w '
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Figure 3.5: Plots of local mean photon number [Eq. (3:84)] versus A fore = 1,~, = 0.5, and x = 0.8,

for v = 0 (solid curve), and for v = 0.3 (dashed curve).

Therefore, carrying out the integration, applying the relation

od 2 A
/ ! (-) (3.78)
)y vt a a

we readily obtain

Moty = T [(2042? H) %tanl (%) (2a — m) % e ( )1
w00 () - (o) 2 (%)
(=)t (]

On account of Egs. (2.62) along with Egs. (2.48) and (3.62), we readily obtain

- _ 2na — 2ge

(b') s = (3.80)

RO

Then using (3.80) in Eq. (3.79), we get

o= () 2 () < (555) T (3)
Npex = Ny — tan — | = — tan —
20—k ) T K 20 — k) T «
n 2na — 2ge 2na —2ge\ [ 2na —2ge ztan_l %
Ko e kla—k/2)) K

! <%) %tanl (2) } (3.81)




3.2 Two-mode photon statistics 30

Furthermore, in view of Egs. (2.38) and (2.39), one can easily verify that

1
9=3 NG (3.82)
RE
n= 2 (3.83)
v EYe

Thus on account of Egs. (3.82) and (3.83), the local mean photon number for the

driven cavity mode can be written in the form

_ _ 2« 2 12X K 2 (A
NpLr = Ny — tan — | — — tan —
20—k /) m K 20— Kk ) T «
2rkeQ — KY€ 2KEQu — KY€ 2KEQ — KY€ 2 1 (2X
+ — — tan —
Koy /Ke Koy /Ko Ry —KJ2) ) 7 K
2KEQ0 — KY€ 2. (A
—t — 3.84
! (2amc<a—m/2>> 7t (a)] 564

where 7, and « are given by Egs. (3.10) and (3.62), respectively. From the plots in

Figures[3.5/and 3.1} we see that as ) increases the local mean photon number for the
driven cavity mode in the presence (dashed curve) or in the absence (solid curve)
of spontaneous emission approaches to the global mean photon number fore = 1.

3.2 Two-mode photon statistics

In this section, we wish to calculate the global mean and variance of the photon
number for the superposition of the light modes emitted from the top and interme-

diate levels of the three-level atom.

3.2.1 The mean photon number

On account of Eq. (2.74), the steady-state mean photon number for the two-mode

cavity light can be written as
= (&) = (i) + (i) (3.85)

and this happens to be the sum of the mean photon numbers of the cavity modes
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Figure 3.6: Plots of mean photon number [Eq. (8:87)] versus ¢ for 7. = 0.5 and x = 0.8, fory = 0

(solid curve), and for v = 0.3 (dashed curve).

a; and ay. Thus employing Eq. (2.44), we get
7 =22505,). (3.86)
K

Finally, in view of Eq. (2.49), we see that

2

_ Ve €
=2— 3.87
T (352+«7c+»w2> 589

and for ¢ > ~. + v, Eq. (3.87) reduces to

1
7= ole (—) . (3.88)

Kk \ 3

In the absence of spontaneous emission (y = 0), the mean photon number for the

two-mode cavity light turns out to be

2
n=2% (%) (3.89)
Kk \ 3 + ¢

The plots in Figure 3.6/ show that the presence of spontaneous emission leads to a
decrease in the global mean photon number for the two-mode cavity light. We also

note that the mean photon number increases with increasing e.
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3.2.2 The photon number variance

The variance of the photon number for the two-mode cavity light ¢; can be written
as

(An)? = (leeley) — (eley)? (3.90)

and using the fact that ¢, is a Gaussian variable with zero mean, the photon number

variance can be written as
(An)? = (eer)(@rd]) + (E)(e). (3.91)
Now on account of Egs. (2.73), (2.74), and (2.75), one readily gets
A2 Ye\? 15 \2 A\ /A A\ 2
(80) = (2)7 200)° + 2(0a) i) + (62)?) (3.92)

On the other hand, with the aid of Eq. (2.48) along with Eq. (2.49), one can write

(6.)? as
A2 (Ve + 7)2 .
0 = (g ) i 3.98)
Then using (3.93) in Eq. (3.92), we have
(i) = (L)) H (2<ﬁa> +2(f) + 352(16 &Vl 7)2)} . (3.94)

Hence on account Egs. (2.49) and (2.50) along with Eq. (3.86), we readily get

o _ (e [4e? +3(7 +9)°
(an)? = 2 (L) {352 g (3.95)

We note that Eq. (3.95) reduces to

(An)* = n?, (3.96)

for e > ~.+~. This represents the normally-ordered variance of the photon number

for a chaotic state. The plots in Figure[3.7]show that the photon number variance for
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Figure 3.7: Plots of the photon number variance [Eq. (3:95)] versus varepsilon for, = 0.5, k = 0.8,

for v = 0 (solid curve), and for v = 0.3 (dashed curve).
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Figure 3.8: Plots of n (dashed curve) and (An)? (solid curve) for v, = 0.5, x = 0.8,and v = 0.
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Figure 3.9: Plots of n (dashed curve) and (An)? (solid curve) for v, = 0.5, x = 0.8, and y = 0.3 .

the two-mode cavity light in the presence of spontaneous emission is less than that
in the absence of spontaneous emission. Furthermore, we observe that the photon
number variance is less than the mean photon number in the absence (Figure
as well as in the presence (Figure[3.9) of spontaneous emission. Therefore, the pho-
ton statistics is subPoissonian. We also note that the photon number variance for

the two-mode cavity light increases as ¢ increases.

3.2.3 Local mean photon number for the two-mode cavity light

We next seek to calculate the power spectrum of the two-mode cavity light when
both light modes a; and a, have the same central frequency w,. The power spectrum

of the two-mode cavity light is expressible as

1 > ,

P@%:Jk/ dre @O (G (#)é1 (E + 7)) s (3.97)
T 0

Upon integrating both sides of Eq. (3.97) over w, we readily get

/mPWMw:m (3.98)
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From this result, we observe that P(w)dw is the steady-state mean photon number

in the interval between w and w + dw.

We now proceed to determine the two-time correlation function that appears in

Eq. (3.97). To this end, the solution of Eq. (2.69) can be written as
G (t+7) = éi(t)e /2 — ge_’”/Q/ e 2o (t 4 1')dr'. (3.99)
0

Now adding Egs. (3.16) and (3.29), we get

%@ = —%(M — %<&b>, (3.100)
where
() = (6a) + (60)- (3.101)
We then see that
(03) = (0) — (Ga). (3.102)

Upon introducing this relation into Eq. (3.100), we have

d . ~ 1 R
(6) = =E26) + 5 — 1a) (54), (3.103)

On the basis of this equation, one can write

—_

6 ==L+ = — p)da + f), (3.104)

SR
DO

in which f(t) is a noise operator. We observe that Eqs. (3.103) and (3.104) have the

same form if

(f(t)) =0. (3.105)

The formal solution of Eq. (3.104) can be put in the form

1 T
o(t+7) = (e + S — pa)e 7 / e 26, (t + 7')dr’
0

e/ / ™12 (1 4 )7 (3.106)
0
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Thus combination of Egs. (3.99) and (3.106) yields

. A - 29 . — T /2 —KT/2
Ht+T1) = et)e - L _G5(t)[e T2 — e7RT/?)
(K — )
_Q(Mb - :ua) efm—/Z /T e(/{f,ub)r’/ZdT/ /T €'ubTH/2a'a<t + T//)dT//
2 0 0
_gen‘r/2/ e(“#b)‘r’/2d7-’/ eub.ru/gf?(t + T//)dT”. (3107)
0 0

On multiplying Eq. (3.107) by &/ (¢) from the left and taking the expectation value of
the resulting equation, we get

@et+r) = <é{(t)@1(t)>e—m/2_(/:_gub)@;(t)&(t»[e—w/z_e_m/g]

_wem/a / k=) /2! / e E (1)t + 7)) dr”
0 0

/

/

—ge "T/? / el /2! / e 2 ft 4+ 7). (3.108)
0 0
On the other hand, in view of Eq. (3.16), one can write

A5 = Hap | £a(0), (3.109)

where f,(t) is a noise operator with a vanishing mean. Applying the large-time ap-

proximation scheme to (3.109), we have
Ga(t) = — fult). (3.110)
Then with the aid of this result, we can put Eq. (3.108) in the form

@meat+r) = (E@e)e? - (fi—gub)@(t)&(t»[ewm _ el

’

90 = f1a) 2 / e(r=h)T 2 ] / e 2 (E () fu(t + 7)) dr”
0 0

Ha

—gelt [y [T G 04 ar. @)

/

Since a noise operator at a certain time should not affect a cavity mode operator at
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earlier time, we readily get

ERalt+) = @oame? - —2_d®ae)

x[e~MT/2 — 7T/, (3.112)

Applying the large-time approximation scheme once more to Eq. (2.69) and solving

for 5, we find

5(t) = —%él(t) (3.113)

and upon introducing this relation into Eq. (3.112), there emerges

Al A 7 K —ppT/2 J22 —KT/2
Gt (t+T)es =7 | —e ———¢ . (3.114)
@Ot + ) =n | o

Hence on substituting (3.114) into Eq. (3.97) and carrying out the integration, ap-
plying the relation

/ e “dr = 1, (3.115)
0 a

we arrive at

DK /2 T K/2m
Plr=i= b ((Mb/Q)2 + (w— wO)Q) K — i <(,@/2)2 F(w— wo)2> , (3.116)

where a > 0.
We next proceed to calculate the local mean photon number in the interval be-
tween w’ = —)\ and w’ = . We recall that the local mean photon number in this

interval is expressible as

A
iy = / P(w)dw, (3.117)
-\

in which v’ = w — wy. Thus on account of Eq. (3.116), we see that

_ A / — A /
’Fli)\:( nK )&/ dczu 2_( Ny )ﬁ/ % (3.118)
) o o G2rr? \nm) o | e

and on carrying out the integration, applying the relation

A d 2 A
/ 0 2 pan! <_> (3.119)
attz a a
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Figure 3.10: Plots of Eq. fore = 5,7, = 0.5, « = 0.8, and for v = 0.6 (dashed curve), and for

~ = 0 (solid curve).

we easily get

iy = nz(\), (3.120)

where

2 2 2
2(\) = 26/m tan™* (—A) — o/ tan™* (—/\) : (3.121)
K — W Hb K — Wp K

Thus with the aid of Eq. (3.30), we readily obtain

6fi(’70 + 7)/77— 1 ( 6/1(76 —+ 'y))\ )
o 36(Ye +7) — 42 +3(7e +7)%  \422 +3(7. +7)2
(8e* + 6(y. +7)*) /7 )
et 1) — 421302 \% ) (3.122)

From the plots in Figure and Eq. (3.120), we see that the local mean photon
number of the two-mode cavity light in the presence (dashed curve) and in the ab-
sence (solid curve) of spontaneous emission approaches the global mean photon

number as ) increases.



Quadrature Squeezing

In this chapter, we seek to study the squeezing properties of the driven cavity mode
and the two-mode cavity light. In a squeezed state the noise in one or the two
quadratures may be below the vacuum-state level, with the product of the uncer-
tainties in the two quadratures satisfying the uncertainty relation. We first calculate
the global and local quadrature squeezing for the driven cavity mode. We next de-

termine the global quadrature squeezing for the two-mode cavity light.

4.1 Global quadrature squeezing for the driven cavity mode

The plus and the minus quadrature operators for the driven cavity mode b are given
by

by = bl +0, (4.1)
b =i(bt —b). (4.2)
Then one can readily establish that

[677 6+] = 22%(% — e)- (4.3)
On account of this result, the quadrature uncertainty relation becomes [51]

Dby Ab- > L G,) = (7). (4.4)

39
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Upon substituting Egs. (2.49) and (2.50) into Eq. (4.4), we easily get

Ab Ab_ > f,(), (4.5)
where
Ve (et)? )
Jole) = K (3g?+(%+7)2 ‘ (4.6)

On setting ¢ = 0 in Eq. (4.6), we have

Ab, Ab_ > % (4.7)

This represents the quadrature uncertainty relation for a vacuum state.
The variances of the plus and the minus quadrature operators are expressible as
(Aby)? = (bTb) + (BT) + (b2) + (B%) — (b')* — (B)* — 2(b") (D) (4.8)
and
(AD_)? = (bTB) + (BbT) — (bT2) — (B?) + (B")2 + (B)2 — 2(b") (D). (4.9)

Now with the aid of Eq. (2.62), we find

. A2 8pg .
(b%) = H—Z — g@), (4.10)
~o A 8ng,. . 49 .
<b> = ? - ?<Uc>+?<ac> y (411)
iy A 8ng, o 497
(b') (b) = — 5 (0 + ?<o—c>2, (4.12)

Therefore, on introducing Egs. (2.67), (2.68), (4.10), (4.11), and (4.12) into Eqgs. (4.8)

and (4.9), we obtain

(Ab4) = LE[(0a) + (o) — 4627, (4.13)
(8b-) = L[(R) + (i) (4.14)

Then on account of Egs. (2.48) and (2.49) along with (3.93), the plus and the minus

quadrature variances are found to be
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Figure 4.1: Plots of (Ab_)?2, (Ab;)?, and (Ab)%, versus e fory, = 0.5,7 = 0.3, and x = 0.8

6! +e%(ve +9)° + (e + 7)4]
Ab,)? =2 ‘ c , 4.15
(Bhe) = { (3e? + (7 +7)%)? )
26 + (v, + 7)2}
Ab 2= c . 4.16
(85-) ﬂ[3€2+(%+7)2 (.16
Upon setting e = 0 in Egs. (4.15) and (4.16), we have

(Ab,)? = (Ab_)2 = e, (4.17)

K
This indeed represents the quadrature variance for the cavity vacuum state in which
the uncertainties in the two quadratures are equal and satisfy the minimum uncer-
tainty relation given by Eq. (4.7).
The product of the uncertainties in the plus and minus quadratures can be writ-
ten as

AbyAb_ = fi(e), (4.18)

where

(4.19)

fole) = k\/[654 +e2(7. +7)2 + (Yo + 7)Y [2e2 + (7. + )2
b R (32 + (7. +7)2)3 .

From the plots in Figure we observe that both (Ab,)? and (Ab_)? are below
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Figure 4.2: Plots of f,(¢) and f;() versus ¢ for v, = 0.5, v = 0.3, and x = 0.8.

the quadrature variance for the vacuum state ((Ab)2,). This is certainly unexpected
result. We then see that the cavity mode b is in a squeezed state in both the plus and
the minus quadratures. The occurrence of squeezing in both the plus and minus
quadratures has been reported in Ref. [52]. In addition, we note from the plots in
Figure[d.2]that f,(¢) (solid curve) and f,(¢) (dashed curve) have equal values for 0 <
e < 0.03. However, the values of f,(¢) are greater than that of f,(¢) for ¢ > 0.03. On
the basis of these results, we realize that the cavity mode b satisfies the uncertainty
relation.

We next seek to calculate the global quadrature squeezing for the driven cavity
mode relative to the quadrature variance of the cavity vacuum state. We then define

the squeezing for the plus and the minus quadratures by

Ab )2 — (Aby)?

S+:( +()UAb+()12j +) : (4.20)
Ab_)2 — (Ab_)?

- ( ()va SQ ) (4.21)
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Figure 4.3: Plots of S, versus ¢ for 7. = 0.5, x = 0.8, and for v = 0.3 (dashed curve), and v = 0

(solid curve) .

Hence on account of Egs. (4.15), (4.16), and (4.17), we readily obtain

_ 6t + 2(ve +7)2 + (e + )*
i { (32 + (e +7)2)? } | R
B 2e2 + (7. +7)?
=1 {352 + (e +v)2} ' 423

The maximum squeezing for the plus quadrature (Figure is 52.08% in the pres-
ence of spontaneous emission (dashed curve) and occurs at ¢ = 0.6 and in the ab-
sence of spontaneous emission (solid curve) the squeezing occurs at ¢ = 0.37. In
addition, the squeezing in the presence of spontaneous emission is less than the
squeezing in the absence of spontaneous emission for 0 < ¢ < 0.48 and vice versa
for ¢ > 0.48. On the other hand, we see from the plots in Figure 4.4 that the max-
imum squeezing for the minus quadrature is 33.32% in the presence or absence of

spontaneous emission and occurs for values of ¢ > 15.



4.2 Local quadrature squeezing for the driven cavity mode 44

0.35 T T

— —

03 [ /

025 - |1

0.2 (I

0.15

0.1

0.05

15

Figure 4.4: Plots of S_ versus ¢ for 7. = 0.5, k = 0.8, and for v = 0.3 (dashed curve), and v = 0

(solid curve).

4.2 Local quadrature squeezing for the driven cavity mode
We seek here to calculate the local squeezing for the plus quadrature for the driven
cavity mode. The spectrum of the plus quadrature fluctuations for the cavity mode

with central frequency wy is defined by

1 R A A
Si(w) = —Re/ (by (£), by (t+ 7))sse @ 0)7dr, (4.24)
0

™

where ss stands for steady-state. Upon integrating both sides of Eq. (4.24) over w,

we get

/ 8 (W)dw = (A2, (4.25)
in which

(Aby)* = (b (t), by (t))ss (4.26)

is the global quadrature variance at steady-state. On the basis of the result given

by Eq.(4.25), we assert that S, (w)dw is the steady-state quadrature variance in the
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~ ~

interval between w and w + dw. The expression (b, (¢), b, (t + 7))ss can be written as

~ ~ ~ ~ ~ ~

(b1 (), b4 (E+7))ss = (04 ()b (t + 7)) — (b1 (£)) (04 (¢ + 7)), (4.27)

so that on account of Eq. (4.1), we have

A~

by (), b (t+7))ss = BTt +7)) + (B()b(t + 7)) 4+ (b(E)DT (t + 7))
HOT )bt + 7)) — [(BT () (¢ + 7)) + (b(£))(b(t + 7))
+(OT @)Dt + 7)) + D)) (¢ + 7). (4.28)

Employing this result, one can write Eq. (4.24) as

™

Si(w) = 1 Re /0 h ((BT(t)B(t+T)) + ()bt + 7)) + + (B (¢ + 7))
+(OM ()bt + 7)) — [(5*(t)><l3*(t +7)) + (b(t)) (b(t + 7))

(BT @)t + 7)) + (b)) (b (t + T>>} > eiw—wo)Tqr (4.29)

We next proceed to calculate the expectation values involved in Eq. (4.29). To
this end, upon multiplying Eq. (3.66) by b(¢) from the left and taking the expectation
value of the resulting equation, we have

2na — 2ge

(bobte+ 7y = G+ (22 e - e

.\ (ge<b<t2(; gaé%t)m(t») e/t gmor]

!

—ge ) / dr'e= (/2T / dr"e®™ (b(t) fo(t +7")). (4.30)
0 0

Making use of the fact that

b fu(t +7")) =0, (4.31)

there follows

2na — 2ge

bobe-+ 7 = G+ (22 e - e

. ( gs(i)(t)ci(; fa,i%t))60(t)>> R/ ) 4.32)




4.2 Local quadrature squeezing for the driven cavity mode 46

Now using Eq. (3.70) in Eq. (4.32), we readily obtain

BObE+7) = (1) [_2‘)‘ o2 _F }

200 — K 200 — K
o) (.
! (%) B_M} (4.33)

Following a similar procedure, one can readily establish that

(OB ¢+ 1) = G0 0) |52 = ]

+i00) | (;fi—azg) . (%) -

i <%> eml’ (4.34)
b () = (B [Qj—f,{e—m B H@_QT]

+(b' (1)) { (2”0‘;&295) _ <3(77;_— 5/926)) w2

! <%> eml’ (4.35)
GO +7)) = (b(t))? [2(}2? s K ﬁe_m]

() (o)

i (%) em}’ (4.36)
BN +7) = (b)) [2;—%%@—*’”/2 _ 2@/{_ KG_M}

(=52 (3

i (%) em}’ (4.37)

GG E+71) = b)) [_20‘ g/ _ e_w}

' (%) em}- (4.38)
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Upon substituting Egs. (3.71), (4.33), (4.34), (4.35), (4.36), (4.37), and (4.38) into Eq.

(4.29), we arrive at

2 & .
Si(w) = (Ab+)2( « >E / e~k /2=ilw—w0))
0

20— K ) T

—(Ab+)2( i )@ / dre—(emilw—wo)T. (4.39)
0

20— K ) w

On carrying out the integration, applying the relation

& 1
/ e “dr = —, Re(a) > 0, (4.40)
0

a

we find the spectrum of the plus quadrature fluctuations for the cavity mode to be

Si(w) = (Ab+)2[(2a2iﬁ> <(m/2)2j—/(2¢:r—w0)2>
) ()]

in which (Ab, )? is given by Eq. (4.15).

The variance of the plus quadrature in the interval betweenw = —Aand w’ = +\
can be expressed as

+A

(Aby )3, = / S, (w)do, (4.42)

—-A

in which v’ = w — wy. Upon substituting Eq. (4.41) into (4.42), we see that

(ab, )2, = (Ab+)2[(2a2—fﬁ> /j <</€/§)/2%) o
N (204/1 H) /_ ) (aao:iz/z) dw'} (4.43)

and on carrying out the integration, applying the relation

A dw 2 A
/ & (-) (4.44)
o\ wW?+a® o« a

we arrive at

(Aby )2, = (Aby)? { A0/T 4 ont <§> _ /T (3)} (4.45)

200 — K K 200 — K
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where « is given by Eq. (3.62). Now on account of Eqgs. (4.15) and (3.62), we have

R

(362 + (7e +7)?)? ( y 232 + (ve + 7)) — k(e + )
(23 26(ve +7)/m
xtan ( " ) (2(352 T (e + 7)) — k(e +7)>
4 Ave +7)
X tan (352 n (%+7)2) ] (4.46)

Furthermore, upon setting ¢ = 0 in Eq. (4.46), we find the local quadrature variance

for the vacuum state to be

X tan ™! (% i 7) ] : (4.47)

The local quadrature squeezing for the driven cavity mode in the interval be-

tween \. frequency interval is given by

(Aby )oin — (Aby )Ly
(Aby )7 ’

Sy = (4.48)

so that on account of Egs. (4.46) and (4.47), there follows

4 2 2, .2 _ _ .
(65 +(ve+) (2(%4-7) +e )) [(24p/7r>t n 1 (2/\) (22‘1 )tan 1 (A(Y +Y)>}
S \ = 1— ! P4 b4 !

4(vetr)/m —1(2) 267 1 ({ A
[(2«m+wn>ta“ (2) - (3285 ) tan (az:)}

(4.49)

where
p=3+ (7. +7)% (4.50)
q= k(v +7). (4.51)

The plots in Figure[d.5[show that the maximum local quadrature squeezing is 65.32%
below the vacuum-state level without spontaneous emission and occurs in the fre-
quency interval AL = 0.01. On the other hand, the maximum local quadrature

squeezing with spontaneous emission is 62.11% below the vacuum state level and
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Figure 4.5: Plots of Eq. for v. = 0.5, Kk = 0.8, and for v = 0, ¢ = 0.37 (solid curve) and for

~ = 0.3, ¢ = 0.6 (dashed curve).

occurs at AL = 0.01. From this results we observe that the effect of the spontaneous
emission is to decrease the maximum local quadrature squeezing. However, as the
value of )\ increases the local quadrature squeezing with or without spontaneous

emission approaches to the global quadrature squeezing (Figure[4.3).

4.3 Global quadrature squeezing for the two-mode cavity light

We wish here to calculate the global quadrature squeezing (in the entire frequency
interval) for the two-mode cavity light. To this end, the squeezing properties of the

cavity mode ¢, are described by two quadrature operators defined by
Gy =6+ 6, (4.52)

& =i(el — &), (4.53)



4.3 Global quadrature squeezing for the two-mode cavity light 50

where ¢, is defined by Eq. (2.70). Employing Egs. (4.52) and (4.53), the commutator

of the minus and the plus quadrature operators can be put in the form
[61_, é14] = —2i[¢y, &1]. (4.54)

Then on account of Egs. (2.73) and (2.74), we readily get

61, é14] = 21%(% — 7). (4.55)
Applying this result, one can write the uncertainty relation as
AcriAer > 15 [{ia) = (i) (4.56)

so that in view of Egs. (2.49) and (2.50), one easily gets

Ye (Ve +7)?
> — . .
ACH,ACl, = (362 T (% T 7)2) (4 57)

Upon setting ¢ = 0, we find the uncertainty relation to be

AcriAey > L2 (4.58)

K
This represents the uncertainty relation for the plus and the minus quadrature op-

erators for the two-mode vacuum state.

We now proceed to calculate the quadrature variance for the two-mode cavity
light. To this end, The variance of the quadrature operators ¢; . and ¢;_ is expressible
as

(Aci)? = (&3,) — (e14)% (4.59)

Now with the aid of Eq. (2.70), we find
(¢14) = 0. (4.60)
Therefore, (Ac;+)?* can be put in the form

(Acre)? = (eér) + (&d]) £ (&) + (&) (4.61)
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Then taking into account Egs. (2.73), (2.74), and (2.75), we have
(Acre)? = (3(a) + () 2(5.)). (4.62)

Upon substituting Egs. (2.48), (2.49), and (2.50) into Eq. (4.62), we obtain

2+2:(r.+7)
Acy =214 c 4.63
( ClJr) |i 382 + (76+7>2:| ) ( )

> —2e(y.+1)
Acy )2 =214 5 c . 4.64
acp =3[ S o

Now on setting ¢ = 0 in Eqgs. (4.63) and (4.64), there follows

(Acyy)? = (Acp )2 = % (4.65)

We thus see that for ¢ = 0, the cavity mode is in a two-mode vacuum state in which
the uncertainties in the two quadratures are equal and satisfy the minimum un-
certainty relation given by Eq. (4.58). The two-mode cavity light is said to be in a
squeezed state if (Ac;-)* < 2 or (Ac¢y4)? < 22, Hence from Eq. (4.63), we see that
squeezing cannot occur in the plus quadrature. However, squeezing can occur in

the minus quadrature if

g2 — 2e(y.+7) < 0. (4.66)

It then follows that

e < 2(v.+7). (4.67)

We next proceed to calculate the global quadrature squeezing for the two-mode
cavity light relative to the quadrature variance of the two-mode cavity vacuum state.

We define the quadrature squeezing for the two-mode cavity light by

(Aci )2 = (Acy)?

S 7.

(4.68)

Thus combination of Egs. (4.64), (4.65), and (4.68), leads to
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Figure 4.6: Plots of Eq. for v = 0 (solid curve), for v = 0.3 (dashed curve), 7. = 0.5, and
k=0.8.

(Ve +7)% + 4e% — 2e(v. +7)

S=1-
3+ ()

(4.69)

The plots in Figure[d.6|indicate that the light produced by the three-level atom avail-
able in the cavity driven by coherent light and coupled to a vacuum reservoir via
a single-port mirror is in a squeezed state, with the maximum global quadrature
squeezing being 43.42% below the vacuum-state level and occurs at e = 0.22 in the
absence of spontaneous emission and occurs at ¢ = 0.35 in the presence of sponta-
neous emission. This result agrees with the one found in Ref. [20]. In addition, for
e < 0.27, we see that the squeezing for v = 0 (solid curve) is greater than the squeez-
ing for v = 0.5 (dashed curve) . On the other hand, for ¢ > 0.27, the squeezing for

v = 0.5 (dashed curve) is greater than the squeezing for 7 = 0 (solid curve).



Superposed Cavity Light Modes

Here we seek to study the statistical and the squeezing properties of a pair of su-
perposed cavity light modes each driven by coherent light and interacting with a
three-level atom. We wish to represent the two driven cavity light modes by the an-
nihilation operators a and b. Then we define the annihilation operator for the pair
of superposed cavity light modes. We then determine the equation of evolution for
the superposed cavity light modes. Applying the steady-state solution of the result-
ing equation, we calculate the mean and variance of the photon number and the

quadrature squeezing.

We can define the annihilation operator representing the superposition of the

driven cavity light modes a and b by [49, 52]

¢=a+ib (5.1)
Then differentiating this equation with respect to time, we have
dé da .db
E = E + ZE. (52)

On the basis of Eq. (2.17), one can write the equations of evolution for the cavity

modes a and b as
da K. R
E = —Ea +n— g0, (5.3)

53
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and
db

K N
== — g6, A4
; 2b+77 qgo., (5.4)

Now upon substituting Egs. (5.3) and (5.4) into Eq. (5.2), we get

dc ~
d_j - _g(A +ib) + (1 +14) — g(6, +i67). (5.5)

Hence in view of Eq. (5.1), we see that

dé
d_j _ _g@ + (1 +14) — g6, (5.6)

where
G5 = 6o+ 0., (5.7)

with s indicating the superposed cavity light modes. In addition, 7. and &/, are taken
to be

Ge = |e){al, (5.8)

ol =|dWd|. (5.9)

6165 = Mo + 1L, (5.10)
661 =, + 1, (5.11)
62 =0, (5.12)

with 7, (7)) and 7.(77)) representing the probability for each atom to be in the upper

and bottom levels, respectively.

5.1 Photon statistics

In this section we wish to calculate the mean photon number and the variance of

the photon number for the superposed cavity light modes.
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5.1.1 The mean photon number

We define the mean photon number for the superposed driven cavity light modes

by 71, = (¢'¢). The steady-state solution of Eq. (5.6) can be written as

2n 29 ..

e=1+i)—Zs,. (5.13)
K K
Then using Eq. (5.13), we get
87 dng N N Ye s nt A
Tay
o =—5-—3 [(1—i)(6s) + (1 +0)(6])] + ;(UIUS% (5.14)

so that in view of Eq. (5.10), the mean photon number for the superposed driven

cavity light modes can be put in the form

i, = i—”; -0 i) + i)+

(o + 1) (5.15)
In addition, on taking the expectation value of Eq. (5.7), we see that

(65) = (0c) +1i(o0) (5.16)
and the complex conjugate of this equation is

(o1) = (&1) —i(6.]). (5.17)

Now on account of Egs. (5.16) and (5.17), we get

Re = o T 4 (ol) 460 + (60) — i((6e) — {61)) +i((61) — {61)

L5 () + (,)): (5.18)
On applying the fact that (¢.) = (6]) and (¢") = (5.1), Eq. can be written as

= o = W5 + (0] + (G + (i) (5.19)
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We now proceed to determine (d.), (¢7.), (1.), and (1.). Thus on the basis of Egs.

(2.48) and (2.49), we realize that

oy (et

(00) = 32 FPnTE (5.20)

(e +)

< c> - 352"*‘(’}/@"_7)27 (5.21)

L g2

(a) = 537 EREL (5.22)
2

(M) = = (5.23)

32+ (e )

Hence on account of Egs. (5.20), (5.21), (5.22), and (5.23), along with Eq. (2.39), we

readily get

2 2
no—olt e _Brtd) )} . (5.24)
KYe K A\3e2+ (7. +7)?

or

fiy = 2, (5.25)

with n representing the mean photon number for one of the driven cavity modes.
We see from Eq.(5.25) that the mean photon number of the superposed cavity

modes is twice the mean photon number of either of the driven cavity modes.

5.1.2 The photon number variance

We next wish to calculate the photon number variance for the superposed cavity
light modes. The photon number variance for the superposed driven cavity modes

is expressible as

(Ang)? = ((&7¢)%) — (¢Té)2. (5.26)

Applying Eq. (5.13) and its complex conjugate along with Eq. (5.10), we have

8
o= _ 29y (1l + ). (5.27)
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where

M = (1 —1i)6, + (1 + 1)o7 (5.28)

Therefore, squaring Eq. (5.27), yields

ot 64n*  64ng 1602, . R 16122
PV c 2
(¢'e)® = o M E(naJrng)Jr T M
4ng e L A Ve, n )2
2 ;[M(ﬂﬁ%) + (na+77;)M} + (;(nﬁng)) . (5.29)

We then see that

At A 647]4 647]3g 167]2’y R . 16772g2

TAy2y c 2

(@e) = — = — (M) + —==((la +1) + — 7 —(M?)

4 c ~ N A~ A~ c 2 ~ ~/
=02 aat ) + Gt 0] + () GG+ 0% 530

With the aid of Eq. (5.28) along with Eqgs. (5.8), (5.9), (5.10), (5.11), and (5.16) we

readily get
(M) = (6c) + (o0) + (6]) + (a2, (5.31)
(M?) = 2(ija) + 2(0;) + 2{ic) + 2(i1.), (5.32)
(M (1o + 1) + (7 + 1) M) = 2(6.) + 2(6,) + 2(a!) +2(a70), (5.33)
(M + 1)) = 2(0a) + 2(7)- (5.34)

Upon substituting Egs. (5.31),(5.32), (5.33), and (5.34) into Eq. (5.30), we find

(e = S SM sy 4 ity 4 (6ly + (5

IO 0e ) ) + 2 ) + G0 + () + ()

S0 () + (61) + (61 + 0D+ 2 () G + (L)) (6:35)

and making use of the fact that (5.) = (1) and (6") = (6.), we obtain

64n*  12813g

(@) = 2T~ 1) 4 (0] + o 2[R + ()]
F2LE ) () + () + (] — 22 [(5) + (00
2 () [t + (L)) 5.36)
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60 -
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Figure 5.1: Plots of Egs. (5.24) and (5.40) versus ¢ for v. = 0.5, x = 0.8, and vy = 0.3 .

On the other hand, squaring both sides Eq. (5.19), we have

o = S I o)+ S 2 1 (i)
S oy (o — 2 )+ (it + (6]
() ) + G (5.37)

Upon introducing Egs. and (5.37) into Eq. (5.26), we obtain

@Angt = PTG 4Gl + (0 + D) - () + (a0

2009 ) (il + () — ST (o) + (oL
+2 <%)2 [(f1a) + ()] — (%)2 [(Ra) + ()] (5.38)

Hence in view of Egs. (5.20), (5.21), (5.22), (5.23), and (2.50), the variance of the

photon number for the superposed driven cavity light modes takes the form

(Any? = |20+ 20 +9)°) = 3mgrere(re +7) + 4;87382}
s - I€4(3€2 + (’70+7)2)
L [64197ee° (e +7) — 64”9 (e +7)” — 4,@27384}
K132 + (e +7)?)? '

(5.39)
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Employing Eq. (2.39), one can write Eq. (5.39) as

2 _ [4€°[4(28° + (e +1)%) — 49ey — 397
(Any)™ = { K2(362 + (1. +7)?) }
N {484[(8 — K72 —4k(ye +7)* + 8%7]} |

@+ (e + 7)) >4

The plots in Figure[5.1/show that for ¢ > 0.7 the photon statistics for the superposed

cavity light modes is subPoissonian.

5.2 Quadrature variance

The squeezing properties of the superposed driven cavity light modes are described

by two quadrature operators defined by
ey =él4¢ (5.41)

em =it —e), (5.42)

where ¢, and ¢_ are Hermitian conjugate operators which represent physical quan-

tities called the plus and the minus quadratures. It can be readily established that
(6, ey] = —2i[e, él]. (5.43)

Applying Eq. (5.13), one can easily verified that

&,1) = G0+ 7L = 0 — 1), (5.44)
We then see that
A oA e/ A ~ ~ ”
[ ex] = 202 — 7e) + (7 — 7)) (5.45)

In view of Eq. (4.4), one can write that

Ac Acy > L2 1(0,) — () + (7)) — ()] (5.46)

K
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Now on account of Egs. (2.50), (5.22), and (5.23), we readily obtain

Ac_Acy > f.(e), (5.47)
where
_ e [ 20e+7)?
Jele) =+ (382 + (Ve +7)2) ' 648

We note that Eq. (5.47) represents the uncertainty relation for the plus and the mi-

nus quadratures.

The quadrature variances of the plus and the minus quadrature operators of the

superposed cavity light modes are expressible as
(Acy)? = (¢le) + (eeh) + (e) + (&) — (&) = (&)* — 2(eT)(¢) (5.49)

and

(Ac)? = (ele) + (eel) — (&) — (&%) + (&) + ()" — 2(e")(e). (5.50)

Now with the aid of Eq. (5.13), one can readily establish that

ety = 51— S (0] + i) + (o, (551
@ =3 B0 1 (@), (5.52)

@2 = S0 B0 o))+ 207 50, 6559
@) = 22~ 20 1 6] + (0 + (67 .50

On account of Egs. (5.19), (6.51), (6.52), (5.53), and (5.54), we find

(Aey)” = L[{0a) + () + () + )] =200 + (607, (5.55)
(Aco)? = Z[() + (L) + () + ()] = 2200 + (517 (5.56)
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Figure 5.2: Plots of Egs. (5.48) and (5.63) versus ¢ for v. = 0.5, x = 0.8, and vy = 0.3 .

Hence on substituting Eqs. (2.50), (5.20), (5.21), (6.22), (5.23) into Egs. (5.55) and

(5.56), the plus and the minus quadrature variances are found to be

s 2% [, (3432 + 7)2)}

(Acy)? === {1 ( GE )| (5.57)
2 e[, (343 (et 7)2”

(Ac)? === {1 ( e o) | (5.58)

We note that the quadrature variances of the plus and the minus quadratures are

equal. Now upon setting ¢ = 0 in Egs. (5.57) and (5.58), the quadrature variance for

a vacuum state turns out to be

(Acy)? = (Ac_)? = 2%. (5.59)

Furthermore, in view of Egs. (5.55) and (5.56), we see that
o L) e
v Ep-GE)) e
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It then follows

Ac_Acy = fq(e), (5.62)
where
2% [, (3 3% (e + 7)2)}
fale) = = [1 ( B2 (e )| (5.63)

Comparison of Eq. or with Eq. shows that the superposed cavity
light modes are in a squeezed state and the squeezing occurs in both the plus and
the minus quadratures. In addition, we note from the plots in Figure[5.2|that f,(c) =
fe(e) fore 0 < e < 0.08 and fy(¢) > f.(¢) for e > 0.08. On the basis of these results,

we observe that the quadrature operators satisfy the uncertainty relation.

5.3 Quadrature squeezing

The quadrature squeezing for the superposed driven cavity light modes is defined

relative to the quadrature variance of the vacuum state as

(Acy)? — (Acy)?
Ssup:l: -
(Acs)?

(5.64)

Now on account of Egs. (5.57), (5.58), and (5.59) the plus and the minus quadrature

squeezing take the form

o [6et (e )7 (3% + (e + 7)2)]

Ssup-‘r =1 [ (352 + (/yc + 7)2)2 ) (565)
o 6€4+(%+7)2(362+(%+7)2)]

Seup— =1 [ B2 (TP . (5.66)

We note from Egs. (5.65) and (5.66) that the global squeezing in the plus and minus

quadratures are equal. Thus in view of Egs. (4.22), (4.23), one can write

Ssup-‘,— = #a (5.67)
Seup— = Syt S (5.68)

2
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The amount of squeezing in the plus or the minus quadrature for the superposed
driven cavity modes is the average of the squeezing in the plus and the minus

quadratures of either driven cavity mode.



Conclusion

We have studied the quantum properties of the cavity mode driven by coherent light
and interacting with a three-level atom available in an open cavity and coupled to
a vacuum reservoir via a single-port mirror. We have carried out our analysis by
putting the noise operators associated with the vacuum reservoir in normal order
and by taking into consideration the interaction of the three-level atom with the
vacuum reservoir outside the cavity. Employing the pertinent master equation, we
have obtained the equations of evolution for the expectation values of the atomic
operators that involve the cavity mode operators. Then applying the large-time ap-
proximation scheme to the quantum Langevin equations of the cavity mode oper-
ators, we have decoupled the equations of evolution for the expectation values of
the atomic operators. Applying the steady-state solutions of the equations of evolu-
tion of the cavity mode operators and the atomic operators, we have calculated the
global mean and variances of the photon number for the light modes emitted from
the top and the intermediate levels and for the driven cavity mode. In addition, we
have determined the local mean photon number for the driven cavity mode and
for the two-mode cavity light. Moreover, we have obtained the global quadrature

squeezing for the two-mode cavity light and for the driven cavity mode. Finally,

64
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we have calculated the local quadrature squeezing for the driven cavity mode. We
have seen that the driven cavity mode exhibits subPoissonian photon statistics. We
have also noted that the presence of spontaneous emission leads to a decrease of
the mean photon number and the photon number variance. In addition, we have
established that the local mean photon number for the driven cavity mode as well
as the two-mode cavity light approaches the global mean photon number in the

absence or presence of spontaneous emission as the frequency increases.

Moreover, we have shown that the driven cavity mode is in a squeezed state and
the squeezing occurs in both the plus and the minus quadratures with the maxi-
mum squeezing for the plus quadrature being 52.08%below the vacuum state level
in the presence or absence of spontaneous emission and occurs at ¢ = 0.6 and
e = 0.37, respectively. And the maximum squeezing for the minus quadrature is
33.32% and occurs for ¢ > 15 below the vacuum state level in the presence or ab-
sence of spontaneous emission. We consider the discovery of squeezing in both the
plus and the minus quadratures to be the single most important result of this PhD
dissertation. On the other hand, the two-mode cavity light is in a squeezed state and
the squeezing occurs in the minus quadrature with the maximum squeezing being
43.42% below the vacuum state level and occurs at ¢ = 0.22 in the absence of sponta-
neous emission and at ¢ = 0.35 in the presence of spontaneous emission. Moreover,
we have found that the maximum local quadrature squeezing for the driven cavity
mode is 65.32% (absence of spontaneous emission) and 62.11% (presence of spon-

taneous emission), and both occur in the frequency interval A, = 0.01.

Furthermore, applying the steady-state solution of the quantum Langevin equa-

tion of a pair of superposed driven cavity modes, we have calculated the mean and
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variance of the photon number as well as the quadrature squeezing. We have found
that the mean photon number of the superposed driven cavity mode is twice that
of one of the driven cavity modes. In addition, our result shows that the amount
of squeezing in the plus or the minus quadrature of the superposed driven cavity
modes is the average of the squeezing in the plus and the minus quadratures of

either driven cavity mode.
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