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Abstract

Stronglymagnetized stellar objects have magnetospheres characterized by such activities
that define the geometry of the inner edge of the disk as well as control the inflow of matter
to the NS surface itself. Of all possible components of the surface magnetic field of the cen-
tral object (neutron star-NS), we have only considered the quadrupole term to investigate
what ever is going on nearer to the surface of the NS. There is a highly important difference
of the accretion flow in a quadrupolar and dipolar magnetic fields. The dipolar magnetic
field will in the end always present a barrier to the accretion flow since the field lines are
perpendicular to the plane of the disk, but the quadrupolar magnetic field will in the sim-
plest case lie in the plane of the disk, and thus it will rather channel the accretion flow all
the way down to the stellar equator. This work involves a mathematical treatment of an
accretion disk around a magnetized star. In order to define the disk structure magnetohy-
drodynamic (MHD) equations are solved in cylindrical coordinates. For the detailed results
an ordinary differential equation (ODE) derived from the angular momentum equation is
numerically solved. So, both Keplerian and non-Keplerian cases of thin accretion disk are
solved. Further, introductory work on slim disk is included as a part of this work. The
results of our analysis indicate the existence of two different regions: a super-Keplerian in-
nermost region and a broader sub-Keplerian outer region. The effects of stellar and toroidal
magnetic fields on the variations of viscosity, temperature and density have also been stud-
ied. We have identified the nature of the inner portion of an accretion disk. The velocity
of the transition varies from corotating magnetospheric boundary to super-Keplerian for
low density inner most portion of accretion disk, that extends frobiR@.to the peak and

then to sub-Keplerian. Our results are applicable to accreting astrophysical systems such

viii



asneutron stars (NSs) and white dwarfs (WDs). It can also explain observational results
not yet fully backed with theories.
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General Introduction

The interaction between an accretion disk and a magnetic central object lies at the heart
of the physics of a variety of astrophysical systems, including accreting neutron stars [21],
magnetic white dwarfs in cataclysmic variables [6], and T Tauri stars [8]. Compact objects
consist of white dwarfs (WD), neutron stars (NS) and black holes (BH). As the endpoint
states of stellar evolution, they form fundamental constituents of galaxies. WDs are held up
against gravitational collapse by the degeneracy pressure of the electrons [23]. Immediately
following the idea formulated by Fowler, existence of a large core degenerate neutrons
was predicted- the NS. NSs are rapidly spinning, extremely dense astronomical object,
composed primarily of neutrons. Itis created when the core of a supergiant star has evolved
so that it burns heavy elements instead of hydrogenhas converted all of the material in its
core to iron. Black holes (BHs) have been proposed as the ultimate energy source for
guasars in 1963. The existence of black holes has been established in a huge mass range,

from about three solar masses to 10 billion solar masses in the centers of huge elliptical



galaxies.

Ghosh and Lamb (1979) proposed a model for disk accretion by a rotating magnetic
neutron star. The magnetic field of the star is penetrating the accretion disk, and is produc-
ing an electric current in the disk, such that there is a Lorentz force on the disk resulting in
a torque between the disk and the star. The part of the accretion disk that is located inside
the co-rotation radius produces a torque that spins up the neutron star, while the part of
the disk that is located outside the co-rotation radius produces a spin down torque on the
neutron star. Consequently, the net torque on the neutron star is determined by the position
of the inner edge of the accretion disk, which depends on the accretion rate, the higher the
accretion rate the closer to the neutron star is the inner edge of the disk. The model is there-
fore making a definite prediction that the spin up torque on the neutron star is correlated
with the accretion rate, and the accretion rate can be estimated from the X-ray luminosity
[19].

The Ghosh and Lamb (1979) model has been confirmed to some extent through the
observations of the outbursts in Be/X-ray transients. However, there are some X-ray pulsars
with permanent accretion disks, whose behaviours appear to contradict the model [13].
These systems are switching between states of essentially constant spin up and constant

spin down with no apparent correlation with the X-ray flux. The time scale over which the



torqueremains constant varies from system to system. In some systems it is as short as
some tens of days, while in some other systems it can remain constant for ten years.

Several models have been advanced to explain this phenomenon. Torkelsson [29] noted
that the Ghosh & Lamb model ignores the possibility of an intrinsic magnetic field in
the accretion disk, but it is currently thought that the accretion disk becomes turbulent
due to the magnetorotational instability [25], [26]. Numerical simulations show that the
turbulence produces a dynamo effect in the accretion disk [12]. The magnetic field due to
the dynamo can increase the torque between the neutron star and the accretion disk by an
order of magnitude (e.g. Tessema & Torkelsson [28],[27]), and it has been inferred that the
torque reversals can be interpreted as magnetic field reversals in the dynamo similar to the
magnetic field reversals that we observe on the Sun.

It is believed that magnetic fields are important in accretion disks. If the angular veloc-
ity decreases outward like Keplerian disks, then the presence of a weak magnetic field leads
to magneto-rotational instability. This has been shown to produce turbulence and, together
with the strong radial shear, can result in self sustaining dynamo action [26]. Such dynamos
can generate and maintain magnetic fields in accretion disks. The resulting turbulent vis-
cosity and large scale magnetic stresses provide a means of angular momentum transport

which can drive the inflow through the disk. Quadrupolar and dipolar symmetry magnetic



fields transport angular momentum in different ways. Quadrupolar magnetic fields have
horizontal components which are symmetric about the disk mid plane, and antisymmetric
vertical component. Taking cylindrical coordinate centered on accretor, #Bg Bag-

netic stress advects angular momentum outwards through the disk and hence plays a part
in driving the inflow.

Many accreting stars have a strong magnetic field which disrupts the accretion disk and
channels accreting matter to the stars surface. For such stars many spectral and photomet-
ric properties are determined by the magnetic field. On the one hand the magnetic field
modifies the structure of the disk and on the other hand it produces an exchange of angu-
lar momentum between the NS and the disk, leading to observable variations in the spin
rate of the NS. Examples include young solar type stars (classical T Tauri stars, hereafter
CTTSs, and millisecond pulsars, white dwarfs in the binary systems (cataclysmic vari-
ables). The properties of such accretion will depend on the structure of the magnetic field
of the star[15].

In early models, it was assumed that the stars intrinsic magnetic field was a pure dipole
(Ghosh & Lamb 1979) [19] However, the actual configuration of the magnetic field of
strongly magnetized stars may depart from the dipole one. For example, Safier (1998)

presented a number of arguments pointing to a non dipolar magnetic fields in some CTTSs



[22]. The Zeeman measurements of the magnetic field of a number of CTTSs based on the
photospheric lines show that the magnetic field at the surface of CTTSs is strek@)
but not ordered, which means that close to the star the magnetic field is non-dipole [7]

The measurements of the magnetic fields of rapidly rotating low-mass stars with the
ZeemanDoppler imaging technique have shown that in a number of stars the magnetic
field has a complicated multipolar topology close to the star. If the multipolar component
dominates in the disk-accreting binary systems, then the matter flow to the star and the hot
spots will be different from those in the case of a pure dipole field [11].

The dipole magnetic field may, of course, dominate in some stars, and it will dominate
at larger distances from stars with complex surface magnetic fields. There are observational
signs that the dipole component possibly disrupts the disk. In many cases, there is evidence
that the dipole field dominates at all distances, giving periodic light curves in X-ray bina-
ries, intermediate polars, and some CTTSs. The magnetic field configuration is likely to be
different in stars with varying levels of importance of the dipole component. Bouvier et al.
(2006) argued that there are many signs of magnetospheric accretion in CTTSs and that the
field is probably dipolar at larger distances from the star, but may have a strong multipolar
component close to the star [10].

Early research on quadrupole magnetic fields near the surface of neutron stars was done



by Shakura, Postnov & Prokhorov (1991) and Panchenko & Postnov (1994) [18], [9]. Re-
cently, Jardine et al. (2006) [14] investigated the possible paths of the accreting matter
in the case of a multipolar field derived from observations. Von Rekowski & Branden-
burg (2006) performed axisymmetric simulations of the diskmagnetosphere interaction in
case when magnetic field is generated by the dynamo processes both in the star and in the
disk. They obtained a time-variable magnetic field of the star with a complicated multi-
polar configuration which shows that the dynamo may be responsible for a complex mag-
netic field structure [5]. Analytical analysis of accretion to a non-rotating star with a pure
guadrupole magnetic field was done by Lipunov (1978) [30]. A combination of dipole and
multipole fields was discussed by Lovelace, Romanova & Bisnovatyi-Kogan (2005) [24].
However, no numerical simulations of such accretion have been performed so far. Full
three-dimensional MHD simulations of accretion to a star with a non-dipole magnetic field
frozen to the stellar surface, was done by [15]

While previous studies have considered disks in a dipole field, we will consider an
axisymmetric thin disk threaded by the magnetic quadrupole field of an aligned rotator,
which might be the dominant magnetic field component close to the star.

In this work, we study hydrodynamical models of thin accretion disks -optically thick

disks which generalize the standard models of radiatively efficient thin disks to all accretion



rates. We start with theoretical background on accretion compact objects. It is followed
by a general introduction to the theory of accretion onto compact objects. In the following
sections we will introduce the necessary equations describing thin disk. A semi-analytical
method is presented for solving for the radial and vertical structure of accretion disks within
a large-scale quadrupole magnetic field. For this we will use two approaches: Keplerian
for the first and non-Keplerian for the second part. Based on this we will finally discuss the

obtained results and show their applications.



Chapter 1

Accretion disks and Compact objects

1.1 Introduction

Supernova is a violent explosion that occurs due to gravitation collapse. It can be brighter
than all the stars in an entire galaxy combined and can shine for weeks or months. The
extreme conditions in supernova explosions forge atomic particles into chemical elements
heavier than iron. The explosions also spread gas and dust into space where the chemically
enriched interstellar material can form new stars and planets. The spectrum of the light
from supernovas is an important source of information that can be used to help classify
supernova explosions. Spectral lines indicate what chemical elements are present and what
temperatures occur in the explosion. Astronomers use the term Type | for supernovas that
do not show spectral lines of hydrogen and Type Il to describe supernovas that do. The
subtypes for Type | supernovas, known as Type la, Type Ib, and Type Ic, lack hydrogen

lines in their spectra. They result from different explosion mechanism from Type la - core



collapseof a giant star rather than from the thermonuclear explosion of a white dwarf star.
Different types of supernovas also have distinct light curves or patterns of brightness over
time. Type la supernovas are typically brighter than other supernovas, while Type Ib and
Type Ic are generally dimmer.

Stars end their lives as compact objects (COs) depending on the initial mass of the
collapsed star, as neutron star (NS), white dwarf (WD) or black hole (BH). A neutron
star is a type of remnant that can result from the gravitational collapse of a massive star
(M > 8M>) during a Type Il, Type b or Type Ic supernova event, which occurs when a
massive star runs out of nuclear fuel in its core at the end of its life.

Neutron stars (NSs), Black holes (BHs) and White dwarfs (WDs) are associated with
extreme states of matter. The diversity of the extreme phenomena related to COs such as
the supernuclear density in the interior, the strong magnetic field on the surface, and the
intense radiation field in the magnetosphere, strong gravity etc. make this area of research
attractive. They are good laboratories that can reveal a lot of secrets about the origin and
evolution of the universe.

The compact object is not necessarily close to the companion star at the time of its
formation. Most of the known pulsars are isolated objects which emit radio-waves at fre-

quencies 19— 10'° Hz, which are pulsed at the rotation frequency of the star. The radio
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obsenations of pulsars stretch back to 1967 when the first pulsar was discovered. Rotation
powered Pulsars (RPPs), Millisecond Pulsars (MPs) and Magnetars fall in the category of
isolated pulsars.

When a CO such as a neutron star (NS) or a black hole (BH) is formed very close to
its companion star in a binary system, it has a strong gravitational influence on the surface
layers of the companion star, and can tear out matter from the companion. Because these
matter carry angular momentum it forms an accretion disc around the CO. Neutron stars
in the binaries, (LMXBs and HMXBs) are powered by the energy of matter accreted from

companion star.

1.2 Pulsars and Neutron Stars

After the discovery of the neutron by James Chadwick in 1932 scientists speculated on
the possible existence of a star composed entirely of neutrons, which would have radius
of the order ofR ~ (1/mnc)(fic/GnE)Y2 ~ 3 x 10Pcm. First models for the structure of

the neutron stars were worked out in 1939 by Oppenheimer and Volkoff (Oppenheimer-
Volkoff limit). Unfortunately their pioneering work didnot predict anything astronomers
could actually observe, and the idea of NSs was not taken serious by the astronomical

community. NSs therefore had remained in the realm of imagination for nearly a quarter of
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acentury, until in the 1960s a series of epochal discoveries were made in high-energy and
astronomy.

Neutron stars are fascinating celestial objects both in their observational and their phys-
ical properties. Walter Baade and Fritz Zwicky were the first who proposed the idea that
neutron stars could be formed in supernovae. When the degeneracy pressure of neutrons
balances the gravitational forces of the matter the core radius is about IR 4{— 14
km) and with a mass- 1.4M2 (M ~ 1—2M>2). The mass densitp ~ 10° g cm3-
roughly 3 times normal nuclear densityo(= 2.8 x 104 g cm3). Conservation of both
the angular momentum and the magnetic flux of the progenitor star during the collapse
gives the neutron star an extremely high spin rate and magnetic field [3]. Of course their
magnetic field evolution and interior composition (exotic interior) remain a mystery.

Neutron star types are classified according to the primary power source for their emis-
sion and spin evolution. They prefer to radiate most of their energy at X-ray and gamma-ray
wavelengths. Their emission is powered by rotation, accretion, magnetic fields. Rotation-
powered pulsars (RPP) derive their energy primarily from the rotation of the NS, magnetars
from magnetic field energy. APPs, AMXPs and LMXBs are binary systems where a NS
accretes matter from its companion, and conversion of the gravitational binding energy of

the accreted matter powers X-ray emission.
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Amongthe classes of neutron-star sources, RPPs and APPs are universally believed to
have the "standard” surface field-strengths of'21@ canonical for neutron stars, with a
rough spread of about one order of magnitude around this value. Magnetars are thought to
have superstrong fields 1014 — 10'° G by this standard, whence the name. By contrast,
LMXBs and AMXPs are thought to have fields10® — 10° G, low by the above standards.
Such low fields are believed to have been produced by a reduction of the standard neutron-
star field strengths in the process of recycling which occurs during the long accretion phases

in LMXBs.

1.2.1 Rotation Powered Pulsars (RPPs)

Rotation-powered pulsars are rapidly spinning, strongly magnetized NSs radiating at the
expense of their rotational energy. Using this concept we can get information on NS/Pulsar
parameters, from period and period derivatives. A NS with canonical radius of R = 10 km
and mass of M=1.4 M has a moment of inertia# (2/5)MR?. The rotational energy of
such star kg = 2m2IP~2. The period derivative implies a decrease in star’s rotation energy

according to the relation [32]

dErot _

& Erot = —1QQ = 411PP 3, (1.2.1)
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Morethan 1700 rotation-powered pulsars are known. Each pulsar is identified by its po-
sition on the sky in terms of two angles, right ascension and declination, where the sequence
of numbers is preceded by the letters PSR. The first pulsar discovered is PSR 1919+21, the
Crab pulsar is PSR 0531+21, the (Hulse-Taylor) binary pulsar is PSR 1913+16, the first
millisecond pulsar discovered is PSR 1937+21, and so on [31]. A young neutron star starts
operating as a rotation-powered pulsar if it is rotating fast enough, and if its magnetic field
is large enough. If such a pulsar is single, then either (a) it was born in the supernova
of a massive, single star, or, (b) it was born in a binary, but the supernova that created it
disrupted the binary. A large majority of the known rotation-powered pulsars is single.

Young rotation-powered pulsars in binaries, can have a "normal” star as a companion.
The majority of RPPs are single, relatively young NS, but there is a population of RPPs
in binaries, consisting mostly of old, recycled NSs with low mass companions, and also
a small number of young NSs with massive companions. In the mid-life of such neutron-
star binaries, during the accretion phase from the companion to the neutron star, the latter

becomes an accretion-powered pulsar.

1.2.2 Accretion Powered Pulsars (APPS)

Accretion powered pulsars (APPs) are binary X-ray pulsars rotating, accreting neutron

stars. About 110 APPs are known with their periods ranging from 1.7 milliseconds to
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9860seconds. Cen X-3 (in constellation Centaurus) is the first accretion-powered pulsar
discovered by Uhuru with period of 4.84 seconds in 1971. Her X-1 is the second discovered
in the constellation of Hercules by the end of 1971 with a period of 1.24 seconds. The
standard model of compact X-ray sources and accretion-powered pulsars (APPs), contains
a binary system of a neutron star or a black hole and a normal companion star. When
the companion transfers mass to the compact object by one or more of several possible
mechanisms, its gravitational energy is converted into electromagnetic radiation, primarily
X-rays.

The source of power for the X-ray emission from binary X-ray pulsars could not be the
rotational energy (k; = 51Q?) as it is low to account for the observed luminositiesl(®’

erg s1). Accretion is the only source of power for such class of X-ray binary pulsars [4].

1.2.3 Accretion Powered Millisecond X-ray Pulsars (AMXPSs)

Millisecond pulsars (MSPs) are believed to have been produced by the recycling of neu-
tron stars in low-mass X-ray binaries (LMXBs), where accretion had both (a) spun up
the neutron stars to millisecond periods and (b) reduced their magnetic fields to the order
108 — 10° G [3]When compared to the canonical radio pulsar population, they are distin-

guished by short spin periods<R5 ms, small spin-down rateB,> 1020, and thus low
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inferreddipole magnetic field strengthsgBole 0 (PP)Y/? ~ 108-10'° G, with large char-
acteristic ages; =P /2F> 2 1 Gyr. Studies of the=150 known MSPs are difficult at wave
bands outside of the radio due to their intrinsic faintness. The vast majes@9%) of

MSPs have binary companions that dominate at optical wavelengths; thus, X-rays are an
important avenue for studying MSPs [20].Such systems of accreting neutron stars have low
magnetic fields of the order 80-10° G. They are believed to have been produced by the
recycling of neutron stars in low-mass X-ray binaries (LMXBs), where accretion had both
(a) spun up the neutron stars to millisecond periods and (b) reduced their magnetic fields

to the above levels. [32]

1.2.4 Magnetars

Magnetars are believed to generate X-rays by conversion of the magnetic energy stored
in the twisted magnetospheres of neutron stars with superstrong magnetic fields. This en-
ergy release near the stellar surface is thought to produce hot spots, which emit thermal
X-rays through the very thin (typically 1 - 10 cm thick) neutron-star atmosphere. There are
two sub-classes of magnetars, Anomalous X-Ray Pulsars (AXPs) and Soft Gamma-Ray
Repeaters (SGRs), that were thought for many years to be separate and unrelated objects.
Today, we know that SGRs and AXPs are both NSs possessing magnetic fields of unprece-

dented strength of 10— 10'° G, and that show both steady X-ray pulsations as well as
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softy-ray bursts. They are two varieties of the same type of object, isolated NSs possibly
powered by magnetic field decay. In both sources, the high-state quiescent luminosities of
Lx ~ 10% ergs~! are much higher than their magnetic dipole spin-down luminosities of

Ex ~ 2—6x 1033 ergs~1, demanding an alternative power source [4].

1.3 X-ray Emission from Pulsars and Neutron Stars

X-rays and gamma-rays can only be observed from above the earth’s atmosphere, which
requires detectors to operate from high flying balloons, rockets or satellites. One of the
first X-ray detectors brought to space was launched by Herbert Friedman and his team at
the Naval Research Laboratory in order to investigate the influence of the solar activity on
the propagation of radio signals in the earth’s atmosphere. Results from high-energy cos-
mic ray experiments suggested that there exist celestial objects (e.g., supernova remnants)
which produce high energy cosmic rays in processes which, in turn may also produce X-
rays and gamma-rays. These predictions were confirmed in 1962, when the team led by
Bruno Rossi and Riccardo Giacconi accidentally detected X-rays from Sco X-1.

On July 4, 1054 AD, Chinese Astronomers noted a guest star in the constellation Tau-
rus. This event marked the arrival of light from the death of a massive main sequence star

which underwent a core collapse when its internal thermal energy produced by the nuclear
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fusion processes was not sufficient any more to counteract the gravitational force against
the star’s collapse. The cloud of gas which we observe today at the position of this guest
star is the Crab Supernova remnant. In the optical band the nebula has an exter of 4

arcmin, corresponding t® 7 x 10 light years for a distance of 2kpc [32].

1.3.1 The Magnetosphere

An enormous electric field is induced by the rotation of a magnetised NS. This field tears
particles from the stellar surface and accelerates them up to high energies. As a result, these
"primary” particles initiate an electron-positron cascade, which according to conventional
wisdom, populates the entire magnetosphere with plasma. In the aligned case, solutions
have been found for the region well within the light cylinder in which this plasma is con-
fined to domes above the poles and a differentially rotating equatorial disk. If on the other
hand, the magnetosphere is filled with plasma, the strength of the magnetic field is suffi-
cient to ensure that the plasma co-rotates. At some point near the light cylinder, co-rotation
must cease, and the particles escape, carrying away magnetic flux and energy in the form

of an ultra relativistic, magnetic wind [32].
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1.3.2 The Electromagnetic radiations at NS Magnetospheres

The rotation powered pulsar (RPP) radiates at the expense of its rotational energy (pul-
sars spins down as rotational energy is radiated away) and that rotational energy is lost
via electromagnetic radiation of the rotating magnetic dipole/quadrupole and emission of
relativistic particles. The particles are accelerated in the pulsar magnetosphere along the
curved magnetic field lines and emit the observed intense curvature and synchrotron radia-
tion. This curvature radiation is closely related to synchrotron radiation caused by gyration

of particles around the magnetic field lines.

1.4 Black Holes

Quasars and microquasars are among the most intriguing astrophysical objects ever discov-
ered.BH accretion disks might reveal some of the unique signatures of strong gravity: the

event horizon, the innermost stable circular orbit, and the ergosphere.

1.4.1 Event Horizon

This is a sphere of radius GM/c? surrounding the black hole singularity, from within
which nothing may emerge. This means that black holes have no rigid surfaces. This is a
unique signature of black holes; other relativistic features may be observable around non-

black hole objects, specifically sufficiently compact neutron stars, but the event horizon is
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adefining property of black holes.

1.4.2 Ergosphere

This is a region around a rotating black hole where spacetime itself is dragged along in
the direction of rotation at a speed greater than the local speed of light in relation to the
rest of the universe. In this region, negative energy states are possible, which means that
the rotational energy of the black hole can be tapped through various manifestations of the

"Penrose process”.
1.4.3 Marginally stable orbit
This is the smallest circleR'= Rng) along which free particles may stably orbit around a

black hole. No stable circular motion is possible B& Rys This is a unique feature of

relativity, as in Newtonian theory, orbits at all radii are possible.

1.5 X-ray Binaries (XRBS)

X-ray binaries are systems that consist of a compact object orbiting an optical companion.
They are "close” binary systems because there exists a transfer of mass from the optical

component to the compact object. "Optical companion” denotes nuclear burning is still
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takingplace in its interior. X-ray binaries divide up into blackhole systems, neutron star X-
ray binaries or cataclysmic variables (if the compact object is a white dwarf). In massive X-
ray binaries, the most massive star is normally termed primary whereas the less massive one
is called secondary. In lowmass systems, the term primary refers to the neutron star while
the word secondary is reserved for the latetype companion. The term "X-ray binaries” is
normally reserved for binaries with neutron stars. Neutron-star X-ray binaries divide into
high-mass and low-mass systems according to whether the mass of the donor star is above

~ 8 or below~ 2M>, respectively.

1.5.1 Low-Mass X-ray Binaries (LMXBs)

Bright, accretion-powered galactic-bulge LMXBs are among the brightest X-ray binaries
known, and are widely believed to be the nurseries producing AMXPs by recycling. Their
persistent X-ray emission does not show periodicity at any possible rotation period relevant
for neutron stars, although they are thought to harbor fast-rotating neutron stars with mil-
lisecond periods. Various explanations have been offered for this, e.g., (a) that the emitted
pulses are washed out by the dense plasma surrounding the neutron star, or (b) that their
rotation and magnetic axes have become aligned by accretion torques, so that they actually
do not pulse.

Many LMXBs undergo X-ray bursts, and coherent pulsations at millisecond periods
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have been detected during these bursts in about twenty of them so far. ldentifying this
periodicity with that of the neutron stars rotation, we can again use the above ideas of
pulse phase polarimetry as a diagnostic probe of the emission geometry in these systems.
These bursts are thought to be due to the ignition of thermonuclear reactions in the accreted
material upon reaching a critical temperature and density, deep in the atmosphere of the

neutron star where the optical depth is extremely large.

1.5.2 High-Mass X-ray Binaries (HMXBSs)

Neutron-star X-ray binaries are divided up into highmass (HMXBs) and low-mass (LMXBSs)
X-ray binaries depending on the spectral type of the mass donor, as this feature determines
the mode of transferring mass to the compact object and the environment surrounding the
X-ray source. HMXBs contain early-type (O or B) companions, while the spectral type of
the optical star in LMXBs is later than A. HMXBs are strong emitters of X-ray radiation.
Sometimes they appear as the brightest objects of the X-ray sky. The high-energy radiation
is produced as the result of accretion of matter from the optical companion onto the neutron
star during accretion. Based on evolutionary status of the optical companion, HMXBs is
subdivided in to two as, low-luminosity or wind-fed systems - supergiant X-ray binaries
(SGXBs) and high-luminosity or disc-fed systems - Be/X-ray binaries (BeXB), when the

optical star is a dwarf. In SGXBs, the optical star emits a substantial stellar wind, removing
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betweerl0-%-10-8 M- yr~1 with a terminal velocity up to 2000 knT$. A neutron star in

a relatively close orbit will capture some fraction of this wind, sufficient to power a bright
X-ray source. If mass transfer occurs via Roche lobe overflow, then the X-ray emission is
highly enhanced and an accretion disc is formed around the neutron star. At present, there
is known only one disc-fed SGXB in the Galaxy (Cen X-3) and three in total (SMC X-1
and LMC X-4), while there are about a few tens of wind-fed SGXBs. In BeXB, the optical
companion is a Be star. Be stars are non-supergiant fast-rotating B-type and luminosity
class IlI-V stars. Virtually all Be/X-ray binaries show X-ray pulsations.

Table 1.1: Statistics on HMXBs in the Milky Way
Numberof Neutron-star X-ray binaries 327

Number of suspected HMXB 131
Number of suspected BeXB 63
Number of confirmed BeXB 28

Othernewly discovered systems may not fit in these categories. Since its launch in
October 2002, INTEGRAL has unveiled a population of highly obscured HMXBs with su-
pergiant companions and a new type of source displaying outbursts which are significantly
shorter than typical for BeXB and which are characterized by bright flares with a duration
of a few hours and peak luminosities of*#0 10°” ergs 1. These new systems have been
termed as Supergiant fast X-ray Transients (SFXTs). Both obscured HMXBs and SFXTs

display X-ray and IR spectra typical of SGXBs. SFXTs differ from SGXBs because they
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areonly detected sporadically, during very brief outbursts.

Table 1.1 shows the number of various types of X-ray binaries. Neutron stars in binaries
evolve with time as the binary systems themselves evolve, so that the pulsars pass from a
young, rotation-powered phase to a middle-aged, accretion-powered phase, and, finally, to
an old, recycled phase, in which they are powered by rotation once again. The first mass
transfer in the binary evolution always starts from the primary, i.e., the more massive star,
to the less massive one, so that, at first, the orbit always shrinks and the orbital period
decreases. The black hole binaries are massexchange binaries that contain an accreting
black hole primary and a nondegenerate secondary star. They comprise about 10 % of all
bright Xray binaries. The BHBs range in size from tiny XTE J1118+480 wiih £0.17
days and a separation between the BH and its companior:&.8 R? to GRS 1915+105
with Py, = 33.5 days and a 95 R?. Low-mass X-ray binaries (LMXBs) contain a
secondary with a mass of roughly 1-Mor less. The BHBs 4U1543-47 and SAX J1819.3-
2525 have relatively massive secondaries+A.D M- and 2.9+-0.2 M, respectively We
classify them as LMXBs because their secondary masses are comparable to the mass of the
secondary of Her X-1 (2.3 0.3 M), which is a well-known LMXB. Furthermore, a 2-3
M~ secondary is much less massive than the O/B secondarigsNI~) found in HMXB

systems.
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Black holes are among the most striking predictions of Einstein’s theory of General
Relativity: So much mass is compressed into such a small volume that gravity overwhelms
all other forces, and nothing - not even light can escape. Instead of a normal surface, a black
hole has an event horizon, a virtual surface that separates the outside world from the region
of the black hole from which nothing escapes. Remarkably, General Relativity predicts
that macroscopic black holes such as those that are studied in astrophysics are extremely
simple objects; they can be completely described by just two parameters: their mass and
spin.

The Black hole masses may vary from a few solar mass to supermassive BHs with
masses between 4@nd 1§ M. Itis not clear so far whether there are intermediate mass
BHs between these two extremes. Black holes with masse4@M-? form when stars in
the range~30 to 100 M? exhaust their nuclear fuel and collapse under their own weight
there are perhaps 10 million such black holes in a galaxy like the Milky Way. Most are
dark and invisible, but some become powerful sources of X-rays when they accrete matter
from a companion star; these are called X-ray binaries (XRBs). More speculatively, the
accretion of matter onto a newly formed black hole at the center of a collapsing star may
give rise to gamma-ray bursts, the most energetic explosions in the universe. Nearly every

Galaxy contains massive BHs, in the rang€ 46d 10 M- at its center. The most direct
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evidence comes from elliptical orbit stars around the BH at the center of our Galaxy with

mass of~ 3.7 x 106 M.

1.6 Accretion disk models

Accretion disks are associated to different astrophysical objects in the universe like: young
stars (T Tauri)-probably sites of planetary formation; close binary system$iliga,
cataclysmic variables, novae, X-ray binaries, and active galactic nuclei (AGN) etc.The most
spectacular accretion disks found in nature are those of active galactic nuclei and of quasars,
which are believed to be massive black holes at the center of galaxies. Quasars and other
similar supermassiveobjects, are collectively called "active galactic nuclei’(or AGN), have
masses in the range - < M < 10°M-?.As matter follows the tendex line into a black
hole, the intense gravitational gradient gives rise to intense frictional heating; the accretion
disk of a black hole is hot enough to emit X-rays just outside of the event horizon. The
large luminosity of quasars is believed to be a result of gas being accreted by supermassive
black holes. This process can convert about 10 percent (high effic'rqalemy,/l\'/lc2 >0.1)

of the mass of an object into energy as compared to around 0.5 percent for nuclear fusion
processes.

The accretion disk model grew in popularity and began to be recognized as the theory
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capableto describe important energetic emissions observed in the Universe. After the
confirmation of quasars, in 1973 that Shakura & Sunyaev proposed a fundamental theory
of accretion disks known as the standard accretion disk model or simpéy-disk model.

Very soon, in the same year, it was generalized to the relativistic version by Novikov &
Thorne (1973) [16].

In close binary systems the more massive primary component evolves faster and has
already become a white dwarf, a neutron star, or a black hole, when the less massive com-
panion reaches the giant state and exceeds its Roche lobe. A gas flow then develops from
the companion star to the primary. Angular momentum conservation prevents a straight
flow from one star to the other and an accretion disk forms instead.

Accretion disks surrounding T Tauri stars or Herbig stars are called protoplanetary disks
because they are thought to be the progenitors of planetary systems. The accreted gas in
this case comes from the molecular cloud out of which the star has formed rather than a
companion star.

In the 1940s, models were first derived from basic physical principles. In order to
agree with observations, those models had to invoke a yet unknown mechanism for angular
momentum redistribution. If matter is to fall inwards it must lose not only gravitational

energy but also lose angular momentum. Since the total angular momentum of the disk



27

is conserved, the angular momentum loss of the mass falling into the center has to be
compensated by an angular momentum gain of the mass far from the center. In other
words, angular momentum should be transported outwards for matter to accrete.

On one hand, it was clear that viscous stresses would eventually cause the matter to-
wards the center to heat up and radiate away some of its gravitational energy. On the other
hand, viscosity itself was not enough to explain the transport of angular momentum to the
exterior parts of the disk. Turbulence-enhanced viscosity was the mechanism thought to
be responsible for such angular-momentum redistribution, although the origin of the turbu-
lence itself was not well understood. The conventional phenomenological approach intro-
duces an adjustable parameter describing the effective increase of viscosity due to turbulent
eddies within the disk.

The standard disk model (Shakura & Sunyaev 1973) has been widely and successfully
used to account for the blackbody component. However, optically thin, hot accretion disks
have been studied to account for hard X-rays from BHCs. The Shakura & Sunyaev model,
described a relatively cold disk (in rangel0? — 10° K for typical case of quasars) due an
efficient process of conversion and evacuation of gravitational energy into radiation. The
disk was also assumed geometrically thin and optically thick. They introduced a clever

parameterization for the turbulent viscosity, needed to guarantee the transfer of angular
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momentumand the process of accretion flow.

Based on disk physical structure (geometry): Thin disks, Thick and Slim disk models
are considered. On the other hand, based on its different features: hot disks, radiatively
inefficient disk, advective disk model etc. In this work we are concerned with thin disk
model.

The key assumption of the standard model, that the dissipated energy is radiated away
locally, is relaxed in the presently popular models of advection-dominated accretion flows
(ADAFs). There are two types of ADAFs: super-critical and two temperature. In both
models, a large fraction of the released energy is stored in the gas and advected into the
black hole instead of being radiated away. Advective disks are geometrically thick, and a
two-dimensional (2D) approach would be more adequate to the problem. Most of the mod-
els are, however, based on the vertically integrated (1D) equations due to their simplicity.
Thea-parametrization of viscosity is used in the same manner as in the standard model.

In 1991, with the rediscovery of the magnetorotational instability (MRI), Balbus &
Hawley established that a weakly magnetized disk accreting around a heavy, compact cen-
tral object would be highly unstable, providing a direct mechanism for angular-momentum
transport. The differential character of disk rotation, which is quasi-Keplerian produces

MHD turbulence. The turbulent pulsations in turn force each gas element to diffuse from
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oneorbit to another, and a ring of gas spreads out to form an extended disk. At the inner
edge of the disk gas is channeled by MF so that it is accreted by central star (NS). The orbit-
ing mass elements being coupled magnetically, pull on each other as the shear attempts to
separate them as if connected by a weak spring.The inner fluid element of the disk would
orbit more rapidly than the outer, causing the spring to stretch. The inner fluid element
is then forced by the spring to slow down, reduce correspondingly its angular momentum
causing it to move to a lower orbit. The outer fluid element being pulled forward will speed
up, increasing its angular momentum and move to a larger radius orbit. The spring tension
will increase as the two fluid elements move further apart and the process runs away, thus
removing angular momentum.The redistribution of angular momentum is accompanied by
a viscous heating. As a result, the binding energy of spiraling gas is dissipated into heat
and can be radiated.

The most important scale in accretion disk theory is the Eddington accretioMiate,
Le/c? = 1.7 x 10Y(M/M.) g/s. Based on this accretion rate we can divide ADs into two

as sub-Eddington and super-Eddington disks.

1.6.1 Sub-Eddington accretion disks

These include thin disks and ADAFs. The Shakura-Sunya®isk model is both ther-

mally and viscously unstable. An alternative model, known a{3tdesk, which is stable
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in both sense assumes that the viscosity is proportional to the gas pressure. In the stan-
dard Shakura-Sunyaev model, viscosity is proportional to the total pressure. This model
assumes that the disk is in local thermal equilibrium, and can radiate its heat efficiently. In
this case, the disk radiates away the viscous heat, cools, and becomes geometrically thin.
However, this assumption may break down. In the radiatively inefficient case, the disk may
"puff up” into a torus or some other three dimensional solution like an Advection Domi-
nated Accretion Flow (ADAF). The ADAF solutions usually require that the accretion rate

is smaller than a few percent of the Eddington limit.

When the accretion rate is sub-Eddington and the opacity very high, the standard thin
accretion disc is formed. It is geometrically thin in the vertical direction (has a disk-like
shape), and is made of a relatively cold gas, with a negligible radiation pressure. The gas
goes down on very tight spirals, resembling almost circular, almost free (Keplerian) orbits.
Thin disks are relatively luminous and they have thermal electromagnetic spectra, i.e. not
much different from that of a sum of black bodies. Radiative cooling is very efficient in
thin disks.

When the accretion rate is sub-Eddington and the opacity very low, an ADAF is formed.
ADAFs started to be intensely studied by many authors only after their rediscovery in the

mid-1990 by Narayan and Yi, and independently by Abramowicz, Chen, Kato, Lasota



31

(who coined the name ADAF), and Regev. Most important contributions to astrophysical
applications of ADAFs have been made by Narayan and his collaborators. ADAFs are
cooled by advection (heat captured in matter) rather than by radiation. They are very ra-
diatively inefficient, geometrically extended, similar in shape to a sphere (or a "corona”)
rather than a disk, and very hot (close to the virial temperature). Because of their low
efficiency, ADAFs are much less luminous than the Shakura-Sunyaev thin disks. ADAFs
emit a power-law, non-thermal radiation, often with a strong Compton component. Thin
accretion disks are consistent with accretion rides< Mg, and thick accretion disks with
M >> Mg. Whereas Slim disks are those with accretion rdes Mg. They are different
from both thin and thick accretion disks in several astrophysically important respects.

For an alternate description we can define critical accretion rave as% = 10Mg =
1.7 x 10Y(M/M.,) gfs, whereLg ~ 10°3(M/M.)g/s, is the Eddington luminosity and

n ~ 0.1, is the efficiency of accretion. Slim accretion - disk models can very roughly

be characterized by D< M /M.
1.6.2 Super-Eddington accretion disks
These include slim disks and Polish doughnuts. The theory of highly super-Eddington

black hole accretiol >> Mgqq, Was developed in the 1980s by Abramowicz, Jaroszyn-

ski, Paczynski, Sikora and others in terms of "Polish doughnuts” (the name was coined
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by Rees). Polish doughnuts are low viscosity, optically thick, radiation pressure supported
accretion diks cooled by advection. They are radiatively very inefficient. Polish doughnuts
resemble in shape a fat torus (a doughnut) with two narrow funnels along the rotation axis.
The funnels collimate the radiation into beams with highly super-Eddington luminosities.

Slim discs have only moderately super-Eddington accretion rites,Mgqq, rather
disk-like shapes, and almost thermal spectra. They are cooled by advection, and are radia-
tively ineffective. They were introduced by Abramowicz et al. in 1988 [1].

All these models showed a good agreement with observations. Accretion disk is now
the accepted paradigm in order to describe several energetic phenomena either on small
scales, like disks around Young stellar object (YSO), or Cataclysmic variable stars (CV)
or on large scales, like AGNs or quasars. The central idea of accretion disks lies in the
fact that the accreting masses possess a considerable amount of angular momentum per
mass unit which has to be removed in order to be accreted into the central object. What
causes the loss of angular momentum is the friction caused by turbulent viscosity working
between adjacent gas layers in the disk. The faster inner layer loses angular momentum
and infalls slightly, while the next (slower) outer layer gains angular momentum, which is
given away to the next outer layer, and so on, resulting in a continuous flow toward the

centre whereas angular momentum is transported to the outer region The friction of the
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disk heats up the gas, resulting in a continuous radiation emission, which is believed to
be the source of AGNSs, quasars, X-ray binaries, luminosities (among other phenomena) as

mentioned above [17].

1.6.3 Quasiperiodic Oscillations (QPOs)

As with any finite distribution of fluid, accretion disks have natural oscillation modes as-
sociated with them. If these modes can be excited at appreciable amplitudes, they may be
able to modify the observed light curve of the disk in measurable ways. Even when analytic
disk solutions are stable against finite perturbations, it is often the case that these perturba-
tions will, nevertheless, excite oscillatory behavior. Oscillations are a common dynamical
response in many fluid (and solid) bodies. There are a number of local restoring forces
available in accretion disks to drive oscillations. Local pressure gradients can drive oscilla-
tions via sound waves. Buoyancy forces can act through gravity waves. The Coriolis force
can operate through inertial waves. Surface waves can also exist, with the restoring force
given by the local effective gravity. Of particular interest are families of low order modes
that may exist in various accretion geometries. Such modes will tend to have the largest
amplitudes and produce more easily observed changes than their higher-order counterparts

[16]. All of the above classes of NS X-ray sources exhibit periodic pulses at the rotation
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Table 1.2: Accretion Powered Pulsars-Spin frequencies are assumed to lie within the range
of observed QPO peak separations

Source Frequency ratio
GX 340+0 251/435 = 0.577
GX5-1 219/357 = 0.613
4U 1820-30 220/350 = 0.628
Sco X-1 232/312=0.74
GX17+2 222/322 = 0.689

XTE J2123-058 5-1 222/322 = 0.689

periodof the NS, except for LMXBs, for which these pulses are believed to be unobserv-
able or absent,although the neutron stars in these sources are thought to be rotating fast
as a result of the recycling process which they are undergoing. However, many LMXBs
undergo X-ray bursts, and during the bursts from some of them, periodic oscillations have
been observed at high frequencies, which are believed to be the spin frequencies (or sim-
ple multiples/submultiples) of the underlying neutron stars. Some examples are shown in
Table 1.2.

Also in several microquasars the detected high-frequency QPOs come not as single
oscillations, but as part of a pair. Furthermore, Abramowicz anaiihk noticed that they
are commensurable, being most often in a 2/3 ratio, as shown in Table 1.3. This suggests
that a resonance may be at work. Twin peak QPOs in the kilohertz range have been also
detected from binaries containing accreting neutron stars. These neutron star QPOs show a

similar, though less obvious, 2/3 ratio.
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Table 1.3: Frequency ratio of the twin peak QPOs in all four microquasars where they have
been detected

Microquasar Frequency ratio

GRO J1655-40 300/450 = 0.66
XTE 1550-564 184/276 = 0.66

H 1743-322 166/240 = 0.69
GRS 1915+105 113/168 = 0.67

A major property of bright LMXBs in the time or frequency domain is the quasiperi-
odic oscillation (QPO) exhibited by them. QPOs appear as relatively wide, but clearly
discernible, peaks in the power spectra of LMXBs, as opposed to the extremely sharp
peaks corresponding to periodic pulses that appear in the power spectra of APPs. QPOs
occur at both low frequenciesdpo ~ 6 —50H2) and high kilohertz frequenciesdpo ~
400— 100H?2), and they have also been detected recently at intermediate hectohertzfre-
guencies. The study of QPOs and their relations with LMXB spectral states has become
a most valuable diagnostic tool for probing the dynamics of inner accretion disks and the

interactions between neutron stars and accretion disks.



Chapter 2

Accretion Disk around Magnetized Stars
| - Keplerian Thin Disk

2.1 Introduction

In this chapter we consider thin Keplerian disk - geometrically thin and optically thick

magnetohydrodynamical model to generalize the standard radiatively efficient disk around
compact objects. In Sect. 1 we introduce the relevant MHD equations to derive a dimen-
sionless function to solve the equation of angular momentum conservation. We employ
the kinematic viscosity and solve the equation of angular momentum conservation for the
rotation profile of a disk around a neutron star. In Sect. 2.2 we describe the inner part of an
accretion disk in a quadrupolar field. In Sect. 2.3 we discuss the significance of the results

obtained in this work. Finally we summarize our results in Sect. 2.4.

36
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2.2 The Mathematical Description of Keplerian Thin Disk

Accretion discs are often assumed to be geometrically thin. This means that the typical
length scale in the vertical direction, the disc half thickndsss much smaller than the
radial distance from the central objeBt, The structure of an accretion disk is determined
by the basic equations of viscous fluid dynamics: the continuity equation, Navier-Stoke’s
equation and the equation of conservation of energy, to which we add the effect of the

magnetic field through the Lorentz force.

2.2.1 Conservation of Mass

The condition of mass conservation of fluid in a flow directly leads to continuity equation

g—f+m-(pv) =0 (2.2.1)

wherep is density and is the fluid velocity. In cylindrical symmetry the steady continuity
equation becomes

10 0
and following the thin disc approximation we ignore the vertical velocity and integrate in

the vertical direction across the disc, which gives us that the mass accretion rate is

M = —2TRE (R VR, (2.2.3)
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whereZ is the surface density defined by

SR)= p(R2)dz=2pR)H, (2.2.4)

wherep(R) denotes the vertically averaged density &hi the half-thickness of the disc.

2.2.2 Conservation of momentum (Navier - Stoke’s equation)

The general form of the Navier-Stoke’s equation for fluid motion is:

pd—\t/:—Dp-l-D-T-l-f (2.2.5)
or
ov
po +P(v: D)V =—Op+0-T+f (2.2.6)

wherep is the pressure; is the stress tensor, afdepresents body forces per unit volume
acting on the fluid. Assuming a steady state the Navier-Stokes equation can be written in
the form

p(v-D)v:—Dp—DljJJrJ><B+D-(pv(Dv—§D-v)) (2.2.7)

where ) is gravitational potential. Each of the three components of the Navier-Stokes

equation defines some important properties of accretion discs as shown below.

2.2.3 \Vertical structure: hydrostatic equilibrium
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For steady, axisymmetric disk the vertical component of Eq. (2.2.5) is given by:

P (VR R V2 02) - (az) P ( 0z) " Ho \ 0z b \ 0z * Ho \ AR 28)
Thensince it is equally possible to choose R or z directions, taking component8with

instead ofB; as a new alternative we can write as

Ve +Vo— | === ) —p | =— == == 2.2.
p<R0RjL Zaz) (az) p(az o \ 3z W \ 0z (2.2.9)
Neglecting the time-dependence and vertical outflows, i.e. assuming vertical hydrostatic

equilibrium, we can then write the equation as

g\ 9 Bz +Bj
p(&)“a—z <p-|— . (2.2.10)

Hereare gravitational force and pressure force in the vertical direction and such a situation,

where gravity is balanced by pressure, is called "hydrostatic balance”. For a weak magnetic

field this reduces to

1/0p oy GM z
5 (E) -2 === (2.2.11)

Thepressurep is the sum of gas and radiation pressure

ok Te N 40T
KMy 3c’

(2.2.12)
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whereT. is temperature in the central planethe Stefan-Boltzmann constant aadhe

speed of light.Withp = c3p we can then rewrite Eq. (2.2.11) as

cidp  GMz
> dz =~ (2.2.13)
for which the solution is a Gaussian:
p = poexp—Z/H?, (2.2.14)

wherepg is the midplane density and we have introduced a vertical scale height

Cs
H=—. 2.2.1
o (2.2.15)

The equation of hydrostatic equilibrium gives us a simple relation between the thickness,

the sound speed and the Keplerian rotational velodity= RQk

(2.2.16)

| T

Cs
Vk
This demonstrates that the requirement that the disc is thin is equivalent to that the disc
rotation is highly supersonic (i.e. thet < cs). From vertical integration, we can also re

write the radial equilibrium of the disk given by Eq. (2.2.10) as

B pKeTe 40T4
SofsH = 0 Pl B0k

= — 2.17
2 200 pMy 3c 2 )

Theright hand side of Eq. (2.2.17), is the total pressure and can be also written as

GM 1.,.GM
Rot=p-3 H*=SHZ

— 2.2.18
SHEZS, (2.2.18)
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wherePR,q is the pressure at the midplane. Solving fbthen gives

1
2 2
_cs 1 [KgTe 40Td B
H= o~ O (ﬁmo + 3cp +2pop ; (2.2.19)

2.2.4 The Radial equilibrium: centrifugal balance

Radial equilibrium: centrifugal balance.

The radial component of Eq. (2.2.5) takes the form:

(e o) ()3 (322SR -2

OvR Ve _ (b oy By (9(RBy)
o rvom 7)< () o (3R) oo (M5R) 22

Ignoring the time dependence and with the assumption that the disk is axisymmetric this

equation can be rewritten as

9 (V2 W\ Vi 10 B7\ 1

— (R — -2+ == |P+—=|—-=ByJy=0 2.2.22

0R(2)+(6R) R TpR\ ") p 2 (2.2.22)
wherethe toroidal current density, = %("% - %). For convenience we used the mag-

netic pressure to include the Lorentz force component in the radial forces. An accretion
disc kept in equilibrium by the balance between the gravitational acceleration, centrifugal

acceleration and the pressure gradient fulfills the equation

VZ 19 B2 o
e _- = o) (X)) =
X 53R <P+ . (OR) 0 (2.2.23)
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For non-magnetic disk or weak magnetic field cases this reduces to:

2
V(P

_1/0p oy
R p (6R) * (OR) ’ (2.2.24)
Sincefor thin diskscs < Vg, this gives

Lo
~ (2.2.25)

;U|'e|\)
(3]

Thegravitational potential of the central stgr—= —%V' yieldsKeplerian rotation, that the

angular velocity iQx = (GM/R3)1/2,

2.2.5 Angular momentum conservation

The last component of Navier-Stokes equation, in which the viscous term plays an impor-

tant role describes the angular momentum conservation along r, given by:

A 0
o(Rar® i) = ok () ()

+ii<R3pVi(\LF;P>> (2.2.26)

or

(T or P +%57) = (o) + (%) reom (Fov (P27

Thevertically integrated form of the Eq. (2.2.26) becomes

ol ) B.B 19 o [/
NVeag = 2H(R)55 (RZ EO“’> + 23R (R%Za—R (@)) : (2.2.28)
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2.2.6 Viscosity

Viscosity is the least understood physics in the theory of disk accretion. The molecular
viscosity is too small to drive the accretion flow, rather the source of the viscosity is likely
to be small scale turbulence in the disk, which is probably caused by the magneto-rotational
instability (MRI) (Balbus & Hawley, 1991). Based on mixing length theory the turbulent
viscosity can be written as,

V=20, (2.2.29)

where/ is a typical turbulent length scale aNda typical turbulent velocity. The length
scale of the turbulence cannot be larger than the scale height of théldsikd the velocity
of the turbulence should be subsonic. Using the Shakura Sumyggevprescription the

kinematic viscosity can be written as
V = OsLCsH, (2.2.30)

whereassis a parameter that i 1. But since the non negligible component of stress

tensor i, the viscous stress tensor can be written for Keplerian case as

trp = —PVRQ = —gnQ, (2.2.31)
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wherev is the kinematic viscosity ang is dynamic viscosity. Making substitution using

EqQ. (2.2.18) & (2.2.15) the shear stress in a thin disk is

From stress tensor Eq. (2.2.31) and (2.2.32) solving for P we then have

32v

P(R)=-—
R) 4Hogg

Qk, (2.2.33)

2.2.7 The Magnetic Field

We investigate the accretion disk formed around magnetic star (NS) with a quadrupolar

magnetic field. The stellar quadrupole field in the equatorial plane is given by

Br = BO<RES)4: =3 (2.2.34)

whereBy is the field strength at the surface of the sRy,is radius of the star, R is the
cylindrical radius andl is the quadrupole moment. The disk is formed around such mag-
netic star (NS) in the equatorial plane (z = 0) and it is threaded by quadrupolar magnetic
field, that lies in the plane of the accretion disk. The MF structure within the disk is simply

determined by the Faraday'’s induction equation

B

E—DX(VXB—HDXB), (2.2.35)
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wheren) is the magnetic diffusivity of the plasma. The dominant terms are the shear be-
tween the disk and the star, the shear due to the differential rotation of the disk, and the

vertical diffusion through the disk. The azimuthal component of Eq. (2.2.35)

9B, 0 [ 9By\ 0
7 = 6_2 (HE) + a—R (V(pBR) . (2.2.36)

Sincewe look for a stationary solution we ignore the time derivative

0 [ 0By 0
Assumingthat the star is rotating at the angular velo€tyand that the angular velocity of

the disk isQ(R) we can write

Vo=R@Q-Qsy), (2.2.38)

Finally solving Eq. (2.2.37) we get the vertical distribution of the toroidal magnetic field

H2 9
B(p,shear(R7 Z) = EO_R[(Q - QS)RBR]- (2-2-39)

thetoroidal field given by The magnetic diffusivity, like the viscosity, is due to turbulence.
In Eq. (2.2.35) the turbulent diffusivity is much stronger than the ohmic one. For simplicity
we will assume that) ~ ny ~v. (e.g. Campbell 1992; Cameron & Campbell 1993; Yi
1995). Using Eq. (2.2.30), we can then rewrite Eq. (2.2.39) as

1 0

By shear= T as0, 9R [(Q—Qs)RB] (2.2.40)
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Usingthe earlier definitions fof2 & B, as given in Eqgs. (2.2.25) & (2.2.34), and the fact

thatQ, Q,, B« & By are all R dependent, we arrive at

3B, (3 Qs
B =—|=Pk—=— . 2.2.41
@,shear Oss (ZBK QK) ( )

wherepk = 1 for Keplerian case. This is the toroidal field generated by the shear between
the disk and stellar magnetosphere.

The Rp-component of the magnetic stress density inside the disk is

B.Bq

= Osgy 2.2.42
m asd, ( )

Basedon the results of numerical simulations of magnetohydrodynamic turbulence in ac-

cretion disks there are those who argue (Brandenburg et al.,1995 & Torkelsson, 1998) that

Bo

Yo =g (2.2.43)

A second toroidal field componergg qyn is generated by magnetohydrodynamic tur-
bulence in the accretion disk. Using the-prescription this field, can be estimated as

(Tessema & Torkelsson 2010)
— 1/2
Bo.dyn= 8(HOC‘SSYdynP) ) (2.2.44)

wheree < 1.
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Fromthe radial and toroidal field components, ignoring the contribution of the radial

dynamo component, we get

BxBy = Br(Bgsheart Bodyn) - (2.2.45)

2.2.8 Conservation of energy

The conservation of thermal energy in the disk relating the divergence of the radiative flux

to the viscous and magnetic dissipation is given by (e.g. Campbell 2003)

S =R 4 (0] (2.2.46)

Thenvertical integration of the thermal equilibrium equation gives the surface energy flux
as the sum of viscous and magnetic dissipations per unit surface area as

9 2, N Bz(ps
Fs=-v2Q4 ——— 2.2.47
S 8V H ) ( )

Theenergy flux at height z from the vertical integration is

Z
T 0FR,, AogT?
F(z)= Edz_— 3 (2.2.48)

In the limit that the optical depth is large, the radiative conduction approximation for the
temperature gradient implies tHef ~ 3t.T#. Theemitted surface flux is given in terms of

the effective temperature of the disk, and the Stefan-Boltzmann constamg, by

40T

Fo—
3 31,

~ _ogTS, (2.2.49)
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Heretc, theoptical depth at the mid-plane of the disk given by
Tc = PcHKe = pcH (KK +Kes), (2.2.50)

wherep. is the density at the central plang; is the opacity in the central plangg is
the Kramer's opacitikk = pcHkoTe /2, Ko = 5 x 102°mPkg—2K~7/2 and the electron
scattering opacityges= 0.04m? kg 1.

Finally since the energy balance requires that the energy deposited by viscous and mag-
netic dissipation in each active layer is equal to the energy radiated away at each surface of

the disk equating Eq. (2.2.47) and (2.2.49) gives

9 B3
osTh = JvzQ2 4 1@

5 TR (2.2.51)

For an optically thick disk when the local viscous dissipation is balanced by the radiative
losses we can solve for central temperatiigdrom Eq. (2.2.51) introducing Eq. (2.2.50)

as

27
T = 32—OBpH KevZQ?2. (2.2.52)

2.3 The Governing Equations

If we define a function y related to the viscosity by

y=vz, (2.3.1)
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we can, using this definition, rewrite Eq. (2.2.28) as

M y 4H /BB
y = 6T[R_ﬁ?+6( m ) (2.3.2)

InsertingEq. (2.2.33) into Eq. (2.2.44) will give

Bodyn=¢ <W) 1/2)/1/ 2 (2.3.3)
or Inserting Eq. (2.2.46) into Eq. (2.2.44) will give
Byyn = E(H0Cp) ¥/ A aiss” M7/ 10R2/16(3)17/40 (2.3.4)
where
o-fe (B R)"

Onthe other hand Eq. (2.2.41), can be rewritten as

3B, (3 [R\*?
B‘P,shear— G_ss (E - (Ec) > ) (2-3-6)

andR; is the corotation radius at which the disk angular velocity equals the stellar angular

velocity. It is defined by

GM\ 1/3 2/3
Q_§> — 15x 10°M,P

Ro= ( PZem (2.3.7)

wherePspin is the spin period antfl; = ,\’,\l"

O]



Substitutingeq. (3.3.3) and Eq. (2.3.6) into Eq. (2.2.45) gives

BB _Be 3HoYdynQ2 1/2y1/2+3_B§< 3 (R 32
REP™ R 4H Oss \ 2 \ R ’

whichwhen inserted in to Eq. (2.3.2) delivers

M y 3Ydyn 1/2 1/2
y = R 2R 2Br (UOQK (Hy)

12HB? (3 ( R>3/ ?
- = :
OsdloQ, \ 2 Re

or

substitutingeq. (2.3.4) and Eq. (2.3.6) into Eq. (2.2.45) gives

BBy = £(1oCp) 1/2yd/y2n 1/20M7/16R—21/16(ZV)17/4OB

382 (3 (R\%¥?
s z‘(@)

whichwhen inserted in to Eq. (2.3.2) delivers

My
Y =R R

1/2 ,1/20 _
KSUq(Uon)l/ZVd/y ; / M7/16R 85/16(2\))17/40

12HE (3 [ R\*?
+GSSUOQK E_(Ec)

N 4H
HoQ
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(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)
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Furtherintroducing the necessary relations we can re write this as

My 3yayn |2 1/2p-13/4
}/—6HR_2R+2£UQ<“O\/W) (HY) R

122 (3 [R\¥? 1

Ty == —13/2
+Gssl-10 Y (2 (Rc) HR 132 (2.3.12)

or
My
y_GTR_ZR
YayrCp ) /2 1/20

gl (#J) 2O\~ 1/16 R-61/16(5))17/40

122 (3 (R\¥? L

L B R B —13/2
+assl10 i (2 (Rc> HR (2.3.13)

If we introduce a dimensionless variat\e¢hroughy = AM, and another dimensionless

radial coordinate r througR = rRy, whereRy is the Magnetospheric radius, the ODE

takes the form:

dA 1 A Byayn |2 —9/4 1/2 .—13/4
i ST TN (k. —9/4 (A /
dr — 6w 2r < (po\/GMM> o (HATET

120 112, 132(3
+ : Hr~ /2(—— r3/2>, 2.3.14
Osdlov GMM Ru 2 s ( )
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or

A_1 A
dr 6w 2r
YdynCp Yz 1/20) 1 ~1/162-45/16\ —23/40,  —61/167 17/40
+4gpyg TG ) s M-YIR, Hr A
11/2
12
e jRMG_MM r13/2<‘;’ (osr3/2) (2.3.15)
S
respectiely. ws is the fastness parameter defined by
.\ 3/2
s = <%) : (2.3.16)
(0]
and
o2\ Y1
= (ﬁ) =5.3x 1M/ M (2.3.17)

We can now rewrite the ODE in its final form as The final version of our ODE can be

of the form
dA 1 A 1/2,-13/4 13/2 3/2
o " am o TCHA)TE +CoHr~ 2 — GOsf (2.3.18)
B 3yayn  \1/2-9/4 128 1/2
whereCy = 2g|g (uO—\/GLNH\/I) R, andC; = ™ TV R,
dA 1 A 61/16) 17/40 3 3/2 —13/2
4 “arr o TOHI VI Gy (D — a2 Hr 2, (2.3.19)

11/2

whereC; = 2¢ ydy“c" /oéézo ~1/16R-45/16\ ~23/40 g, — 12GRy
Ha Uslov/GMM
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We can further transform our equation by defining the unit less paragatsr=1/¢§,

and rewrite respectively as

aA__ 1 A 1/2p1/2g5/4 3 -3/2\ £9/2
g~ eE gz CHTATET-CGHI -0k &%, (2.3.20)
hereCy — 2 yayn  \ /2 -9/4 dC, — 12p§ 12
whereC; = Sllq(“o ﬁGMM> Ry’ an \/GTAMRM
A _ 1 /\ 17/40:19/16 3 3/2) £9/2
gt~ em Tz ahh % CoH | 5~k &, (2.3.21)

11/2

1/2 _ .
whereCy = g}, <ydy”c”> al?om-1/ 16RM45/ 16\1—-23/40 andC, = iﬁl%M

2.4 Result and Discussion
2.4.1 The Quadrupolar Magnetospheric Region

There can be accretion when the corotation radius is greater than the inner radius of the disk.
Figure 2.1 shows the relation between inner radius, assumed to coincide approximately
with magnetospheric radius although there is deviation in real cases. As a particular case
of interest we take NS of mass 1.4 solar mads’{, stellar radius of about 10 km and
surface magnetic field of £0r. To determine the Magnetospheric radius we can consider
total energy as a limit so that we take the double of kinetic energy. Therefore we can

calculate a lower limit for the truncation radius equating the ram pressure to the magnetic
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Figure2.1: The Variation of Magnetospheric radius of an accretion disk around magnetic
star with accretion rate in units 13 shown by dash dot line and (Corotation radius of an
accretion disk around magnetic star with period in units of seconds shown in dashed line )

pressure as (see Frank, King, and Raine 2002)

o2 \ Y S 2/11, ,—~1/11 4/11
Rv = GMMAE =53x10°M3" "My by (2.4.1)

We can also calculate an upper limit for the truncation radius equating the ram pressure

to the magnetic pressure - Afim radius- as (see Shapiro & Teukolsy 1983)

L6re} e n—2/11, ,—1/11 4/11
Ra= 2GMMZ2 =6.01x 10°M 3" "My higyy m, (2.4.2)

Basedon this we can assume that, the inner radius of an accretion disk to be at the mag-

netospheric radius (MR) as a lower limit and Aéfv radius (AR) as its upper limit. The
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The Variation of Stellar Magnetic Field
20 T T
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Figure2.2: The Variation of Stellar Magnetic field components B with r. Datal indicates
the dipole field, data2 the quadrupole field and data3 the combined field.

structure of thin accretion disk in dipolar field was calculated by Tessema and Torkels-
son (2010). Their results also agree with the fact that the lower limit for inner radius is
Magnetospheric radius. It is expected that stellar magnetic field has a combined multipolar
nature, where the dominant components are dipole and quadrupole components. Figure 2.2
shows that there is slight deviation from the combined field in both cases when the field is
treated as only dipolar or quadrupolar. It is clear that the real field of the star is combined
field. However, quadrupole field gives us an opportunity to see the effects magnetic field of
comparable magnitude on an accretion disk at relatively nearer distance to the central star.

In our case the MR for quadrupole and dipole fields, we calculated that it is about 510
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km and 5,600 km respectively. Also we have calculated the respective values of AR to be
580 km and 6,800 km. We assume this region of an accretion disk, between MR and AR
to be the most probable region of truncation if magnetic effects on accretion are taken into

account. Based on the results obtained we make final comments on this in section 4.4.

2.4.2 Analytic Solution - disk structure equations

The physical structure of an accretion disk can be found analytically by solving the mag-
netohydrodaynamic equations derived in the above sections. For convenience we divide
the disk into an outer region with gas pressure and freefree opacity, a middle region with
gas pressure and electron scattering opacity, and an inner region with radiation pressure
and electron scattering. The total pressure is the sum of gas pressure, radiation pressure
and magnetic pressure. We assume the gas pressure is dominant in most cases (see Shapiro
1983), and thus we can find structure equations describing thin Keplerian- disk based on
this in the following section/as given below.

Height of an Accretion Disk

1 1
yo 1 (*EBTC) f_ (&) Tk Ve = e (2.4.3)
Q \ umy mpG
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or

1
_ [ Ke \? 1720 0-1/271/203)2
_<mpG> L2127/ 2R802 (2.4.4)

Solvingfor density we get

1 35v  3/mp\*? e
T 0, 40 Z(K_p ) Gogd SV MR 3T, %72 (2.4.5)
K SS B
3/m 3/2
p:Z(K_p) Gaglsvit/2MR 3T, ¥/2, (2.4.6)
B

The gas pressure is then similarly given by

Ko\ o1 o 3 ol /2 ap-12
Pg—<mp>u PTe= 3055 (KB_> SVGMR 3T, (2.4.7)
3 mpir) /2 ~1/2
Pg:—as_sl( pv SVGMR 3T, /7, (2.4.8)
4 Kq
Since
312 (Mp\ _1g = 10,01/20-3/2
pH = ZGY2 (15 ) g SVITg MY 2R/, (2.4.9)
B

theoptical depth of the disk (central opacity) is given by

Tc = PcH (K +Kes)

3 m _
— 21c;l/2 (K—p) (K¢ 4 Keg)OgarsVTs tMY/2R3/2, (2.4.10)
B

Temperature of the disk (for combined opacity approach) is

1/4

27 Va7
T = [32 ZVTCQZ} = [BTZVPCH(K +Kes)Qz , (2.4.11)
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81 m - _
TS = %63/2 <K—:> (K + Kes) (ZV)20 oM/ 2R79/2| | (2.4.12)
Te = Ca(Ky +Kes)/%0iss’ °(£v) 2/S/SR-9/10M3/10, (2.4.13)
where
_ ([ 81m Yo 3/10
Cl_(lzsorg) G (2.4.14)

Thenthe plasma density for combined opacity is

p = Cer(K, + Kes)_3/10a§s7/1o(2v)2/5ﬁ6/5M 11/20R‘33/10, (2.4.15)
where
3/ 81 \ %10 /m \6/5
_ 11/20° Mp
Cr=6 4(1280> (KB) ’ (2.4.16)

The part of the disk inside the radius at which electron scattering opacity is dominant
includes, the region in which the magnetic perturbation of the disk becomes strong. Then

the plasma density for electron scattering opacity is

p=Ce 1G§s7/ lo(ZV)Z/SﬁG/SM 11/20R-33/10 (2.4.17)



where

. —G11/20§ 81Kee\ ~3/10 mp 6/5
to 4\ 1280 K,

3 m P _
Tces= PcHKes= ZGUZ (K_p) KesOlss ZVHT; IMY/2R3/2,
B

81Kes /M _
T5 — GS/Z es(''p )3 2,1 M3/2R79/2
c |: 1280 KB ( V) aSS H )

T.— Cezcx;sl/S(Zv)2/5ﬁl/5R_9/1°M 3/10’

where

81KedMy \ /5
_ (3/10 P
C2=G ( 1280K, > :

Thescale height for this case is
H— Cesols_sl/ 10(2\))1/5(1*2/5M*7/20R21/20,

where
2

Cez= G 7/20 (81'(68) HA < Ke > ®

1280 mp

and
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(2.4.18)

(2.4.19)

(2.4.20)

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)
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P, =Ce 40(st9/ 10517/20) 17/20(Zv)4/5R‘51/20, (2.4.25)
3 /81Kes ~1/10 Mol 2/5
Cea=7 (1280) Ky ’ (2.4.26)

For gas pressure and electron scattering opacity, when electron scattering is dominant

the scale height is

H Blres \/10( Ky ¥ (GM\ % sy)1/5
B (12800(35) (mpg) (ﬁ) (2v) (2.4.27)
Bo.dyn = Ca1€(HoYayn) "/ 2(GM)*/40R™51/40 (2.4.28)
where
Cdl: § 1/2 81Kes -1/20 & -1/5 (2429)
4 12800ks Mpt ’ o

Whenthe Kramer’s opacity is greater than electron scattemg> Kes):

The optical depth for Kramer’s opacity is

5,2

m

Tex = 12663/2 (K_p> KOGS_52<ZV)2F15/2TC_6M3/2R_9/27 (2.4.30)
B
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and

4/5

Te = 228 % 1000 g IM1L AL, (2.4.31)

(i.e., The optical depth of quadrupolar accretion is independent of radial distance R, mass
of the NS, and the magnetic moment of the NS).

Temperature of an Accretion Disk

Te = Cooltse” P/ AML/4(5v)3/10R-3/4, (2.4.32)
where
1/10 /5 1/4
o= (223K T (2.4.33)
5120 K,
and
To = 2.63x 10°0 /O /42y oMLY 44 A3/ 10 -3/, (2.4.34)

Density of an Accretion Disk

p = Cyp0iss /10(2\))11/20ﬂ9/8M5/8R—15/8 (2.4.35)
where
_ 3 (2436 S e (mp)®
and

p = 1.570843a /B3 "M M PANLL/2G 1578 (2.4.37)
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Height of an Accretion Disk

H = Croase’ 2% 3/8(zv)3/20m ~3/8R0/8 (2.4.38)
where
3
24310\ V%0 [ K, \ &
Cho = (5120) (mpe) : (2.4.39)
and
H = 4.73993x 10%0g o0 3/8M 3 %M, V417 N3/2% /8, (2.4.40)

Aspect ratio of an Accretion Disk

H _1/10- /0 7/56x s
== 0.008934cs” /B 2N/ 2% 18, (2.4.41)

This also shows that the disk proposed here is thinner than the standard dis$kR ef
0.05(see e.g. Frank, King & Raine 2002)

Surface Density of the Accretion Disk

5 = Cs10s” >(3v) /1B AML/AR-3/4, (2.4.42)
where
31 (243K ~1/10 M 3/4
Cs1 = 2G ( 5120) K. , (2.4.43)
and

¥ = 14891373« 10%a g/ */AMTS > My P2 3 AT/ A0 34, (2.4.44)
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This result shows that the surface density increases as the disk comes closer to the NS due
to increased gravitational effect.

pressure of an accretion disk

Py=Cpa (%M) /80(;59/ Pzt (2.4.45)
where
Coa=> (24%) o (_ﬁb) Y (2.4.46)
4\ 5120 Ky )
and
P = 0.003153s " /2Ny oM 44y 20 PN/ 218 (2.4.47)

The radial velocity of accretion

Vi = Co08l>(5v) /100 3/4M V4R 1/4, (2.4.48)
where
1 1 (2436 1/10 7\ 3/
Sl A —P 2.4.49
Cr2 =358 <5120 Ky ’ ( )
and

Vi = 20155805 H2/*Mg3 *oM > 20 AT/ 14, (2.4.50)
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For gas pressure and Kramer’s opacity, when Kramer’s opacity is dominant the scale height

is

3
_(2430\ Y[ KR NP 110,30
H_(5120) (mpﬁGM> ase/M0(zv)¥/20, (2.4.51)

The Dynamo component Magnetic Field

172 ( GM 18 120 17/40
Bo.dyn = Cme(HoYayn) ™ | =g st (Zv) 7, (2.4.52)
where
1/2 ~1/40 ,—_ \ 3/16
Cra (3 2430 ) (2.4.53)
4 5120 Ky
and

1/2— 1/20,1/2,,73/110, ,49/88 —21/44 —_
Bpayn = 0.05615e)d /Ly M5/ MIY/ B 2N/ 2116 (2 4 54)

The shear magnetic field component

1 4 a(3
Bg.shear= _3G5éUqRin4r 4 (é - 005"3/2) (2.4.55)
1 511/ 9 B
Bpshear= — 1265150511 /4M g5 M/ e ot <§ - u)sr3/2> 4 (2.4.56)

Both dynamo and shear components of toroidal magnetic fields are relatively higher as
compared to dipolar field. This may be due to the very nature of quadrupole field short

range activity and the very position of quadrupolar disk to central star.
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Whenthe radiation pressure is dominant

9Kes
= ( ac ) (2v), (2.4.57)

whichis independent of R. In the region where the radiation pressure is dominant and this

is due due to the electron scattering, the depth of the layer is very thin.

3/8c\3/ R\
=- — Lz : 2.4,
Temperature of an Accretion DiskK
[ 81Kes /4 1 gc\ /2 71/4 1/8 —3/8
Te= <1280> e (GM)~"R (2.4.59)
and
Te = 2.43x 100/ T /4Ny *oM Y M A0 3/, (2.4.60)

The optical depth of Accretion Disk
Te = 2618320g8 *IM°AL/5, (2.4.61)

(i.e., The optical depth of quadrupolar (also dipolar) accretion is independent of radial

distance, mass of the NS, and the magnetic moment of the NS).
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2.4.3 Numerical Solutions

For our thin disk model, we take a neutron star of M = 1.2 nd a magnetic moment of
107* Tm?, which is accreting at the rate kg s1. The dimensionless parametgrand
Ydyn are, respectively, 1 and 10 in our model, whilgy = 0.01. We vary a parameterto
find the solutions following the same approach as in Tessema & Torkelsson (2010).

For a thin Keplerian disk we get the solution of the density of an accretion disk shown
in Figures 2.3 - 2.7, in which the density variation is clearly shown. In Figure 2.3 results
corresponding te = 0.1, 0.05, and 0, from top to the bottom respectively are given. To get
a good picture of this we can consider the point of maxima (peak) as a reference and take
the left and right side of this plot for discussion.

The effect of the internal dynamo is to redistribute the central density according to
Pe—0.1 < Pe=0.05 < Pe—o for the left side antbs—g < Pe—0.05 < Pe—0.1 t0 the right of the
peaks.

The disk inner radius seems to be located at the magnetosphdRjg)(radius. Density
assumes its lowest value near this boundary. On the other hand on the right panel of density
plot (Fig. 2.3) it rather decreases outwards from the peak.

The solution of the disk central temperature is shown in Figures 2.8 - 2.10. In Figure

2.8 the temperature variation corresponding 0.1, 0.05, and 0, is shown from top to the
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Figure2.3: The Variation of density of an accretion disk around magnetic star with r, where

the curves correspond o= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure2.4: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond &= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure2.5: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond o= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure2.6: The Variation of density of an accretion disk around magnetic star with r, in the
mid region of the disk where the curves correspone00.1,dashed line, te = 0.05,the
solid line,toe = 0,the dash dot line.
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Figure2.7: The Variation of density of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond t@ = 0.1,dashed line, te = 0.05,the solid line,t& = 0,the dash dot line.

bottom respectively. At the inner boundary the value of temperature is of the ordef of 10

K (2.1 x 10’ K). Here no significant effect of dynamo component is observed<oRx.

This continues to be the case forr Ra. However, the dynamo effect is clearly observed

in the middle region beyond R On the other hand the radiation pressure near the inner
radius is high, corresponding to the maximum value of temperature as shown in Fig. 2.8.
However, the magnetic pressure can increase and support the disk in the vertical direction,
since magnetic heating can balance such radiative cooling.(e.g. Oda et al. (2012))

The solution showing the variation of Lambda of an accretion disk, is shown in suc-

cessive Figures 2.11 - 2.20. In Figure 2.11, the left side plot corresponds to the region



70

T(RIK]

Radius R [RM]

Figure2.8: The Variation of central temperature of an accretion disk around magnetic star
with r, in the mid region of the disk where the curves correspora=d.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure2.9: The Variation of central temperature of an accretion disk around magnetic star
with r, in the mid region of the disk where the curves correspora=d.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure2.10: The Variation of central temperature of an accretion disk around magnetic star
with r, in the outer region where gas pressure and Kramer’s opacity is dominant - where the
curves correspond to= 0.1,dashed line, te = 0.05,the solid line,t¢ = 0,the dash dot

line.

around the inner radius for positive valueseof 0.1, 0.05, and 0, from top to the bottom
respectively. The value of Lambda at the inner radius is the maximum possible and it is of
the order of 1600 as shown in Figure 2.12. This may be basically due to the MRI that is
expected to be a source of effective viscosity, since molecular viscosity is almost the same
everywhere.

In absence of the internal dynamo the value of Lambda approaches the Shakura-Sunyaev
value very rapidly. The contribution of the internal dynamo at the inner boundary is not
significant. Rather the interaction of magnetosphere with the shear component field is re-

sponsible for this as it is dominant here. The fact that density is low at the boundary is also
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Figure2.11: The combined plot for Variation of Lambda of an accretion disk around mag-
netic star with r,where the top, dashed curve correspongs .1, 0.05 and 0,the middle,
solid curve corresponds ®= 0.05 and the lower, dashdot curve corresponds=d),the
dotted curve corresponds ¢a- - 0.05 and the solid curve correspondgto- 0.1
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Figure2.12: The combined plot for Variation of Lambda of an accretion disk around mag-
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Figure 2.13: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspond 4#00.1,dashed line, to
€ = 0.05,the solid line,t& = 0,the dash dot line.

due to the the interaction we have between star magnetosphere rotating with star’s spin to
Keplerian disk. From the middle plot it can be clearly seen that it is enough to consider
the positive values of due to the symmetric nature of dynamo contribution results. The
effect of the internal dynamo is clearly observed for the middle part of the disk as shown

in Fig. 2.19 & 2.20. However, near the outer radius the value of Lambda deviation due to
the internal dynamo becomes negligible so that Lambda approaches the Shakura-Sunyaev
value. This is in a good agreement with the results obtained by Gosh and Lamb (Gosh &
Lamb) for thin accretion disks.

The results from density, temperature and Lambda plots also show that the inner radius
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Figure 2.14: The Variation of Lambda of an accretion disk around magnetic star with

r, in the mid region of the disk where the curves correspone 400.1,dashed line, to
€ = 0.05,the solid line,t& = 0,the dash dot line.
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Figure2.15: The Variation of Lambda of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond te@ = 0.1,dashed line, te = 0.05,the solid line,t& = 0,the dash dot line.
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Figure 2.16: The Variation of Lambda of an accretion disk around magnetic star with

r, in the mid region of the disk where the curves correspone 400.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure 2.17: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspond 400.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure 2.18: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspone 400.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure 2.19: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspond 400.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure 2.20: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspond 4#00.1,dashed line, to
€ = 0.05,the solid line,t& = 0,the dash dot line.

can extend beyond magnetospheric radius as assumed. This is true for the cases considered
irrespective of the value of star’s spin. At the boundary of inner radius, density of accretion
disk plasma reduces to zero as can be seen from Figure 2.3.

Steady thin diskd-disk) theory has only a fairly weak dependenceoona is a di-
mensionless measure of the viscosity whose properties is still under investigation. Its size
is directly proportional to the rate at which angular momentum is transported within the
disk, and so is directly related to the time-scale on which the disk can evolve. To mention
some figures for dwarf novae in cataclysmic variables (Q¥s)0.1-0.3 andx ~0.2-0.4

soft X-ray transients (SXTs)-accreting NS binaries (King et al. (2007)).
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Thesize ofa (viscosity) is directly proportional to the rate at which angular momentum
is transported within the disk, and so is directly related to the time-scale on which a disk
can evolve. The approach we followed for disk solution in this model (sec. 2.3) is to mag-
nify this weak dependence so that we can achieve better results. Magnetically Channeled
Accretion onto the Central Star Since the work of Ghosh and Lamb (1978), workers in
the field of X-ray binaries have concurred that if the central object is sufficiently strongly
magnetized, the last stages of mass accretion from a surrounding disk may be channeled
magnetically onto the central (neutron) star rather than continue to the stars surface by
viscous inspiraling. Only in the case of YSOs, however, do we have direct spectroscopic

evidence of this process in the shape of predicted line profiles

2.5 Conclusion

We can summarize the main results of our study on Keplerian-disk in this chapter as fol-
lows:

1. We have put the clear distinction between Magnetospheric an@miiadii which
are commonly used in relation to the accretion process in section 2.4.1.

2. Using alpha prescription we are able to find self-similar Keplerian-disk structure

solution, for different disk regions as given in sec. 2.4.2.
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3. Our numerical solution in section 2.4.3 gives the variation of density, temperature
and viscosity for Keplerian disk around magnetic star. The spectrum of emitted radiation
is shown in TC plot (Fig. 2.8).

4. The quadrupole treatment makes this treatment special as it has enabled us to ap-
proach the central star more than dipolar field.

5. The inner disk radius is determined with better accuracy.

6. Our Lambda result shows relatively larger viscosity specially at the inner region of
AD where the magnetic field is strong (e.g. Fig. 2.11).

7. Though it is difficult to determine detailed propertiesighere we have determined

(its) viscosity radial dependence in AD.



Chapter 3

Accretion Disk around Magnetized Stars
Il - non-Keplerian Thin Disk

3.1 Introduction

In this chapter we consider thin accretion disk - geometrically thin and optically thick

magnetohydrodynamical model to generalize the standard radiatively efficient disk around
compact objects. If an accretion disk can be non-Keplerian, what is the possible origin?
We will find out this first and then introduce non-Keplerian nature to investigate such disk

throughout this chapter. In Sect. 1 we introduce the relevant MHD equations to derive
a dimensionless function to solve the equation of angular momentum conservation. We
employ the kinematic viscosity and solve the equation of angular momentum conservation
for the rotation profile of a disk around a neutron star. In Sect. 3.2 we describe the inner

part of an accretion disk in a quadrupolar field. In Sect. 3.3 we discuss the significance of

80
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theresults obtained in this work. Finally we summarize our results in Sect. 3.4.

3.2 The Mathematical Description of non-Keplerian Thin

disk

The structure of an accretion disk is determined by the basic equations of viscous fluid
dynamics: the continuity equation, Navier-Stoke's equation and the equation of conser-
vation of energy, to which we add the effect of the magnetic field through the Lorentz

force. For a thin axisymmetric non-Keplerian accretion disk around neutron star having
quadrupole fields, steady state equations in cylindrical coordifRtgsz) can be summa-

rized as shown below.

3.2.1 Conservation of Mass

The condition of mass conservation of fluid in a flow directly leads to continuity equation,

and for steady, axisymmetric disk it is given by

10 o)

wherep is the density an¥ is the fluid velocity, with radial Vg, azimuthal v, and vertical

-\, components. Following the thin disk approximation we ignore the vertical velocity and
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integrate in the vertical direction across the disk, to obtain the mass accretion rate as

M = —21RZ(R)VR, (3.2.2)
whereZ is the surface density defined by

3 (R)= » p(R,z)dz=2p(RH, (3.2.3)

wherep(R) denotes the vertically averaged density &hib the half-thickness of the disk.

3.2.2 Conservation of Momentum (Navier - Stoke’s equation)

We make use of cylindrical coordinate®,{p,z), and each of the three components of the
Navier-Stokes equation define some important properties of accretion disk.
Vertical structure: hydrostatic equilibriumintroducng axisymmetry and the vertical

equilibrium condition, ¥; = 0) in the vertical component of Eqg. (2.2.5) for a steady disk

gives
op\ 9 BZ+B5
0 (E) -2 <p+ o (3.2.4)
For a weak magnetic field this further reduces to
1/0p GM z

which may be rewritten as

cidp  GMz

- (3.2.6)
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wherecs is the speed of sound, for which the density distribution is Gaussian if the disk is

isothermal in the vertical direction. The presspiie the sum of gas and radiation pressure,
PgOTe : PagOTE (3.2.7)

whereT; is temperature in the central plane.

Hydrostatic equilibrium condition demands that

_ S (3.2.8)

K

| T

whereH is a vertical scale height. Eg. (3.2.8) demonstrates that the requirement the disk is
thin is equivalent to that the disk rotation is highly supersonic.

Radial equilibrium: centrifugal balancelgnoring the time dependence and with the
previous assumption that the disk is axisymmetric, the radial component of Eq. (2.2.5) can
be written as

aiR <V?R2) +vz%+ (g—ﬂ:) —VéJr%aiR <P+B—u§"> —%Bqu,:O (3.2.9)

wherethe toroidal current densityl, = %(%R — %—BRZ). We used the magnetic pressure

term to incorporate the Lorentz force in to the radial forces. An accretion disk kept in
equilibrium by the balance between the gravitational acceleration, centrifugal acceleration

and the pressure gradient fulfills the relation

VZ 19 B2 o
e _- = o) (X)) =
X 53R <P+ . (GR) 0 (3.2.10)
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or

G B2
2 ®
V2= R(aR) o <P+ _IJ0> (3.2.11)

wherethe first term on the right hand side (RHS) corresponds to the Keplerian velocity and
the second represents the deviation from Keplerian rotation. When the deviation term is
non-negligible the corresponding motion is said to be non-Keplerian. It is clear that both
cases of super-Keplerian and sub-Keplerian velocity are there and this follows from the
gradient term. This directly leads to the inclusion of thesign. We now introduce the

sound speed equation,

R +5 (3.2.12)

0 2d 2
p( P) c[.:)dg CRS’

whichwhen used in the version of Eq. (3.2.11) for non-magnetic disk, delivers

de Rdp
2 2 2
Vg = 6R+CZ =V2+ c2polR V2, (3.2.13)

Sincefor thin disks cs <V, this gives

V2 0l|l
9 _ 7Y
R (3.2.14)

Thegravitational potential of the central stgrjn this case is expected to lead to Keplerian

motion.
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Froma vertical integration of Eq. 3.2.4 we can get the radial equilibrium equation for

the disk as

1 B pKeTe 40T4
_QZZH:_(P+p_B C‘I‘ [

2 K 2l HMp 3c

(3.2.15)

Theright hand side of Eq. (3.2.15) is the total pressure (at the midplane) and we can rewrite

the left hand side of the same equation as

GM 1 _GM
Plot = pﬁsz SHI=5 (3.2.16)

Solvingfor H this gives

1

4 BZ 2

He O _ 1 (Ko 40T B | (3.2.17)
Q QO \umy 3cp  2op

So, combining the results from the vertical and radial equations, i.e. , Egs. (3.2.13) &
(3.2.6), we derive

2 2
Q2= Q2

H\*Rd
1+ (ﬁ) Ed_;] — Q2p2. (3.2.18)

This shows that the motion is no more Keplerian.

We can include the effect of magnetic pressure by rewriting the above equation as

Q=0 (3.2.19)
1/2 1/2
wherep, is given by, = [1+ (%)zgg%} 2 _ [11 (%)Z] / , is a measure of the devi-

ation from the Keplerian motion. Sin do 1, is of the order of unity, the positive sign
R
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representsuper-Keplerian motion while the negative sign represents (i.e. being related to
negative pressure gradient) sub-Keplerian rotation. Obviously this in theHinik R,
gives the disk rotation is Keplerian.

Angular momentum conservatiofihe vertically integrated form of the last component

of Navier-Stokes equation, Eq. (2.2.5) becomes

o 0 BBy\ 10 o (¢
NVpom =2H(R)2 (RZ o > +Z— <R3VZ— <—)) : (3.2.20)

where/ is an angular momentum.

3.3 The Governing Equations
If we define a function y related to the viscosity by
y=VZ, (3.3.1)

we can, using this definition, rewrite Eq. (3.2.20) as

My 4H (BB,
y_ﬁ TR ( o > (3.3.2)

InsertingEqg. (2.2.33) into Eq. (2.2.44) will give

0N 1/2
StoVaynC2 ) Y12, (3.3.3)

B =€
i < 4H
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or Inserting Eq. (3.4.35) into Eq. (2.2.44) will give

Bpdyn = £(HoCp) l/zvﬁé,zr]déézoBZ/sM7/16R*21/16(ZV)17/40, (3.3.4)
where
~1/20 3/8
C, = SgT/8( 243K Hmp ) (3.3.5)
4 5120 K

Onthe other hand Eqg. (2.2.41), can be rewritten as

3/2
Byshear= 3BR< B, — (Fz) ) (3.3.6)

andR; is the corotation radius at which the disk angular velocity equals the stellar angular

velocity. It is defined by

GM\1/3 2/3
Q_§> =15x10°M;P (3.3.7)

spln

e

wherePspin is the spin period antfl; = ,\2" .

©

Substitutingeq. (3.3.3) and Eq. (3.3.6) into Eq. (2.2.45) gives

B 3uovayrQ\ % 1, 382 (3 R\ %2
BRB(P_BRS(T> Yy +G_55 EBK @ , (338)

whichwhen inserted in to Eq. (3.3.2) delivers

Py)

- 1/2 1/2
y=M _Y . om 3Ydyn Hy
6TR 2R HoQ, Be

12HB2 3/2
+ = (3L ( R) . (3.3.9)
OsdloQ \ 2 By
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or

Substitutingeq. (3.3.4) and Eq. (3.3.6) into Eq. (2.2.45) gives

1/2 .1/20 _
BBy = E(UOCp)l/ZVd/n / BZ/SM7/16R 21/16(ZV)17/4OB

382 (3 R\ %2
+a_ss<§BK_(ﬁc> ) (3.3.10)

whichwhen inserted in to Eq. (3.3.2) delivers

My
Y =R 2R
i 4H IJq(UOCp)l/Z L2 1/20[32/5M7/16R—85/16(ZV)17/40
HoBy« Qk
12HE (3 R\ %/2
+—2 | B | = 3.3.11
cxSSHOBKQK <2BK (RC> ( )

Furtherintroducing the necessary relations we can re write this as

y = My + 2 < 3Ydyn )1/2 (ﬂ/) Y2 R-13/4

6MR 2R oV GM B«
12 (3 1 (R\Y?\ 15
R (é 3. (@) ) HR 132, (3.3.12)

or
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1/2

g, (Vii;;rép) a%ézoM*1/16[5;3/5HR*61/16(Zv)17/40
+ﬂ §_i<5)3/2 HR13/2
asglov/GM \ 2 B¢ \Re

If we introduce a dimensionless varialdiehroughy = AM, and another dimensionless

(3.3.13)

radial coordinate r througR = rRy;, whereRy is the Magnetospheric radius, the ODE

takes the form:

d/\_ 1 AN 3Ydyn 1/2 —9/40-1/2 1/2,.-13/4
W—E‘WZ%(W) n - BEHA)T

+ia\—ﬂﬂ/ﬁ_”ls/z <g B §r3/2> 7

' 3.3.14
OsglovGMM ) ( )
or
dA 1 B N
dr  61m 2r
+4elg (%) aééZOM—1/16R|\—A45/16M—23/4OB;3/5Hr—61/16/\17/40

—11/2
4 12“3RM Hr—13/2 (

_ 3 0s 3/
OsdlovVGMM

5B ) (3.3.15)

Wws is the fastness parameter defined by

Ri 32 w—3/11, ,—5/11 6/11_
T (é) =021V, "My 7 gy Pt (3.3.16)
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and

ZT?pé 1/11
Rv = (W) =5.3x 1M M (3.3.17)

We can now rewrite the ODE in its final form as The final version of our ODE can be

of the form

AL NGB AHA 214 o132 @ _ Bﬁrw) . (3.3.18)

dr 6 2r K
12 __ _
whereC; = 2gg <M%M) R-9*andC, = GSJ%M 112 o

_—= —— — — —'I— /\ 2 . =

11/2

YayiCo \ /2 . 1/20 45/16,° Ry
whereC; = 2¢jq ( dy p) agt?om- 18R, /16M1-23/40 andC, = aj.?\/GTAM
We can further transform our equation by defining the unit less paraéaser=1/¢,

and rewrite it as If we further transform our equation through unit less vargaddg = 1 /¢,

Eq. (3.3.18) and (3.3.19) respectively take the form

an_ 1 A . \BY2HY2AL2E5/4 _ CoH (3 s e 3/2) €92 (3.3.20)

dg 6 2¢ 2 By
_ By \ /2 -9/4 o 12g 11/2
whereC; = 2gjq (mVGWM> R, andC; = o /O Rv

dA 1 TAN 3 W
B SRTEAN o 3/5 \17/40519/16 _ C,oH ( 3/2) 9/2 3.3.21
a orE T 28 1B 3 5 BKE & ( )
11/2

whereCy = 2epi (Y452 ™ a2 -1/16R 1910 -23/40andc, = 1A L
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3.4 Result and Discussion
3.4.1 Analytic Solution - disk structure equations

The physical structure of an accretion disk can be found analytically, and some of the
results are given below. The following approximations (thin disk approximations) are made
in solving structure equationsBﬁ =~ 1, and as well all other related higher order term
approximations similarly follow. In most cases we can assume the gas pressure is dominant

(see Shapiro & Teukolsky 1983), and then we can write

1 1
_i KeTe\2 _ [ Kg \2—1/20,—1/201/203/2
H_QK <ﬁrfb) _(_mpe> Tk Ve i = S8 (3.4.1)

Solvingfor density we get

3/2
= ;3’1 <%> GB, agdsvi MR 3T, /2. (3.4.2)
B

The gas pressure is then similarly given by

1/2
Pg 3(171 (mpu : 1/2

=70 (¢ B IVGMR3T; /%, (3.4.3)
B

When gas pressure is dominant, for the combined opacity the temperature is

To = Ci(Ky + Kes) /B B0t (2v) 2/51/SR-9/10M3/10, (3.4.4)
where
gim, \'/° 3/10
- 4.
C1 (1280}%) G (3.4.5)
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Thenthe plasma density for combined opacity is

p = Cer(K, + Kes)73/10%/1005—57/10(2\))2/5l—16/5M 11/20R-33/10 (3.4.6)
where
3/ 81 \ 310 /1 6/5
_ l1/20° Mp
Cor =G 4(1280) (KB) ’ (3.4.7)

The part of the disk inside the radius at which electron scattering opacity is dominant
includes, the region in which the magnetic perturbation of the disk becomes strong. Then

the plasma density for electron scattering opacity is

p— CelB&/loas_sN 1O(Zv)2/5ﬁ6/5M 11/20R_33/10, (3.4.8)

where
Cor— Gn/zog (?;_';eos) “30 (%’) 6/5’ (3.4.9)
Te = CeaB/Sass”®(2v) 2/ /SM3/10R-9/10, (3.4.10)

where
Coy G0 (%ﬁ"é)l/s, (3.4.11)
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Thescale height for this case is

H— CeSBi/loa;sl/ 10(Zv)1/5r1‘2/5M‘7/2°R21/2°, (3.4.12)
where
81 1/10 /¢ 2
Coz— G7/20<F';e;> (ﬁ) , (3.4.13)
and
Py =Ce 4[31/1°a§59/10G17/201\A 17/20(Zv)4/5R‘51/20, (3.4.14)

For gas pressure and electron scattering opacity, when electron scattering is dominant the

scale height is

—7

(%) * (sv)1/5 (3.4.16)

[ 18]

1/10
H_ 81R3Kes / K
|\ 12800k MpH.

Bo.dyn = Ca1€(HoYayn) /B A(GM)13/40R—39/40 (3.4.17)
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where

1/20 1
3\ 1/2 81 Kes Ky \ 3
Ca1 = (Z) (12800(SS (mpﬁ> ’ (3.4.18)

_ 4 4(3
Bg.shear= 3assluqu4r 4 <§BK — (JOSI’S/Z) (3.4.19)

Whenthe Kramer’s opacity is greater than electron scattemng> KeJ):

The optical depth for Kramer’s opacity is

9 m 5/2 - - -
B
and
Te = 2.28 x 100 oo "IMILAL/S, (3.4.21)

(i.e., The optical depth of quadrupolar accretion is independent of radial distance R, mass
of the NS, and the magnetic moment of the NS).

Temperature of an Accretion Disk
Te = CiaB2/Sass Ppt/ MY/ 4 () 3/10R-3/4, (3.4.22)

where

243k \ 110 /G 1/4
Cio = (512'2) ( Km'°> (3.4.23)
B
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and

Te = 2.63x 10°82/Sagd oY/ MZ3 >y 3 A0 374, (3.4.24)

Density of an Accretion Disk

o= %26;3/50(3_87/10(2\))11/zoﬁ9/8M5/8R—15/87 (3.4.25)
where
wi(@) TR e
and
0— 15708 4$3;3 /50@57/101_19 /SMfg/SSMfS/Mu;Zlf/ZZ AL1/20,-15/8 (3.4.27)

Height of an Accretion Disk

H = CroBl %ass 19 3/3(2v)3/20M ~3/8R%/8 (3.4.28)
where
3
 (243\ Y[ K, B
ch2_<5120> (mpG), (3.4.29)
and

—21/44
1

H = 4.73993x 10°BY/ 0o % 3/8M, 2/>M Mo N3/20 /8 (3.4.30)
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Aspectratio of an Accretion Disk

g = 0.008934f/Sa g’ %3/ BN M T s 2N/ 2% 18, (3.4.31)

This also shows that the disk proposed here is thinner than the standard diskR ef
0.05(e.g. Frank, King & Raine 2002)

Surface Density of the Accretion Disk

S =Cs1By 2/54 4/5(ZV)7/10—9,/4M1/4R—3/4 (3.4.32)
where
Cs1 = 261/4 (%) A (%)3/47 (3.4.33)
and
> = 1.4891373« 103, 2/Sagd 0/ eMLS *oM [ FA 3 TG -3/, (3.4.34)

This result shows that the surface density increases as the disk comes closer to the NS due
to increased gravitational effect.

pressure of an accretion disk

GM\ "/® —9/104/5 17/20
Pg:Cp4 (ﬁ) Gss BK (ZV) , (3435)
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where
Cos= > 2 ) (3.4.36)
4\ 5120 Kg
and
P = 0003158 0ss” G Y/ 3 "My M 2 21T/ 20 2178, (3.4.37)
The radial velocity of accretion
Vi = C5oB2/%0s>(5v) /10 3/4M - 1/AMR /4 (3.4.38)
where
1 243K 1/10 /1 \ —3/4
Cs) = —G1/4 _P 3.4.39
> 3n (5120) Ky ’ ( )
and
Vi = 201558[%/Soel 13/ My3 My */ gyt /0r 14, (3.4.40)

For gas pressure and Kramer’s opacity, when Kramer’s opacity is dominant the scale height

is

3
243K 120/ KRB \B 1
_nl/5 B /10 3/20

=P (5120) (mpﬁGl\/I) Oss ™ (20)77 (3.4.41)

The Dynamo component Magnetic Field

GM\ 7/16
Bg.dyn = Cra€(HoYdyn) 1/2 <¥> 1/20[32/5(2\))17/40’ (3.4.42)
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where

o= (3) () (%) (3.4.43)

and
Bpdyn = 0.05615¢[3/ 5/ 1%/ LCa g g M3 My B 2y AL AG 2116 (3.4.44)

The shear magnetic field component

_ a4 /(9
Bepshear= —agéUqRinA'r 4 (EBK — 005"3/2) (3.4.45)

Bpshear= —12.651505 1 /435 My M ot <2BK — g/ 2) 4, (3.4.46)
Both dynamo and shear components of toroidal magnetic fields are relatively higher as
compared to dipolar field. This may be due to the very nature of quadrupole field short

range activity and the very position of quadrupolar disk to central star.

When the radiation pressure is dominant

H — g2 <9g§S> (5v), (3.4.47)

whichis independent of R. In the region where the radiation pressure is dominant and this

is due due to the electron scattering, the depth of the layer is very thin.

3/8\3/ R\ . . _
p:Z< )(G—M> B, >agg (Zv) 2. (3.4.48)
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Temperature of an Accretion DisK

[ 81Kes 4/ ge \M? —1/4,—1/4 1/8 5-3/8
TC_<—1280> o) B s GM) RS (3.4.49)
and
Te = 2.43x 100 s i /M2 oMy g A0 34, (3.4.50)

The optical depth of Accretion Disk
Te = 261832052 *iM,°AL/5, (3.4.51)

(i.e., The optical depth of quadrupolar (also dipolar) accretion is independent of radial

distance, mass of the NS, and the magnetic moment of the NS).

3.4.2 Numerical Solutions

For this thin disk, we take a neutron star of of mas4.4 M~ and a magnetic moment of
10?4 Tm?, which is accreting at the rate kg s™1. The dimensionless parametgyn is
10 in our model, whiless= 0.01. In addition we vary a newly introduced variaBie and
parametek to find the disk solutions.

The thin disc solution of the density of an accretion disc is shown in Figures 3.1 -
3.6. In Figure 3.1 results correspondingete 0.1, 0.05 and 0O, from top to the bottom
respectively are given. To get a good picture of this we can take the points of maxima

(peaks) as references and consider the left and right panels of this plot for discussion.
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Thedeviation from Keplerian rotation is in general a second-order correction with little
influence on the steady disk structure, specially for a thin disk. It is possible to physically
rewrite the pressure gradient g~ 58 (g—§> in which the first term on the right hand side
is always positive, whereas the quantity in the bracket can be positive or negative. We have
introduced this fact in defininfk in relation to Eq. (2.2.28)

The densities corresponding to the three peaks in Figure 3.1 are 18.18, R§/16¢¥
kg/m?, &14.81 kg/n? respectively and these occur at approximately 1.467, 1.537 and 1.685
Rm. On the other hand, sinceaR1.134 Ry, this gives the peak correspondinggte- 0, to
be at heake—0= 1.467 R1=1.29 R\ ~ Ra. This shows that the internal dynamo has a peak
lowering and shifting effect, which in absence of it is of the order gf R

Fortunately in the density plots the sign of density gradient, is posi@%&(O), for the
inner most part of accretion disk on the left side, and nega%&(O), at relatively larger
radius on the right side of the peaks. The effect of the internal dynamo is to redistribute the
central density according @ —o.1 < Ps=0.05 < Ps—o forr < rz andps—o < Pe—0.05 < Pe=0.1
forr > r¢ (refer to Fig. 3.1). The region betweegandr. (rc —ra << Ra) is a density
transition region with no significant interest. Consequei2lpr vV, assumes the Keplerian

valueQk=(GM/R®)(1/2) or V=(GM/R)(1/2), in this transition layer.
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Radius R [RM]

Figure3.1: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond o= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure3.2: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond &= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure3.3: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond o= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure3.4: The Variation of density of an accretion disk around magnetic star with r, where
the curves correspond &= 0,the dash dot line = 0.05,the solid line, and = 0.1,dashed
line from top to the bottom respectively (i. e. taking peaks).
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Figure3.5: The Variation of density of an accretion disk around magnetic star with r, in the

mid region of the disk where the curves correspone +00.1,dashed line, te = 0.05,the
solid line,toe = 0,the dash dot line.
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Figure3.6: The Variation of density of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond te@ = 0.1,dashed line, te = 0.05,the solid line,t& = 0,the dash dot line.
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From Figure 3.1 it is obvious that for the region to the left of the peaks it is super-
Keplerian in nature, while that to the right sub-Keplerian. This agrees with paper by Camp-
bell (2011)

The solution of the disk central temperature §er0.1, 0.05, and 0, are shown in Fig.

3.7 from top to the bottom respectively. At the inner boundary the value of temperature is
of the order of 10K (i.e., 2.1x10’ K). Here no significant effect of dynamo component

is observed for€ Ra. However, the dynamo effect is clearly observed in the middle part
beyond R (see Figs. 3.7 & 3.11).

Since the gas pressure varies directly with the plasma density, we can predict its vari-
ation from density variation. The gas pressure at the inner radius is minimum. To the left
of the peak as we approach the central star gas pressure decreases as magnetic pressure
increases. On the other hand the radiation pressure near the inner radius is high, corre-
sponding to the maximum value of temperature as shown in Figure 3.7.

The variation of Lambda as a function of r for a thin accretion disk, are shown in Figure
3.13 (combined Lambda plot) The plot on the left side (Fig 3.13 (a)), corresponds to the
region around the inner radius for positive values ef0.1, 0.05 and 0, from top to bottom
respectively. The value of Lambda at the inner radius is the maximum possible and it is of

the order of~ 350. This may be basically due to the MRI that is expected to be a source
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Figure3.7: The Variation of Central Temperature of an accretion disk around magnetic star
with r, where the curves correspondge- 0,the dash dot line = 0.05,the solid line, and
€ = 0.1,dashed line from top to the bottom respectively.
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Figure3.8: The Variation of Central Temperature of an accretion disk around magnetic star
with r, where the curves correspondége- 0,the dash dot line = 0.05,the solid line, and
€ = 0.1,dashed line from top to the bottom respectively.
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Figure3.9: The Variation of Central Temperature of an accretion disk around magnetic star
with r, where the curves correspondge- 0,the dash dot line = 0.05,the solid line, and
€ = 0.1,dashed line from top to the bottom respectively.
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Figure3.10: The Variation of Central Temperature of an accretion disk around magnetic
star with r, where the curves corresponcte 0,the dash dot line = 0.05,the solid line,
ande = 0.1,dashed line from top to the bottom respectively.
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Figure3.11: The Variation of central temperature of an accretion disk around magnetic star

with r, in the mid region of the disk where the curves corresporedtd.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure3.12: The Variation of central temperature of an accretion disk around magnetic star
with r, in the outer region where gas pressure and Kramer’s opacity is dominant - where the
curves correspond to= 0.1,dashed line, t& = 0.05,the solid line,te = 0,the dash dot

line.
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of effective viscosity (Balbus and Hawley 1991), since molecular viscosity is almost the
same everywhere. In absence of the internal dynamo the value of Lambda approaches the
Shakura-Sunyaev value very rapidly. The contribution of the internal dynamo at the inner
boundary is not significant. From the middle plot (Fig. 3.13 (b)), it can clearly be seen
that it is enough to consider the positive values dtie to the symmetric nature of dynamo
contribution. The effect of the internal dynamo is clearly observed for the mid-section of
the disk as shown in Figure 3.14 and middle plots in Figure 3.13 (a) combined plot. From
Fig. 3.13 (c) we notice that for radiz 1000, Lambda approaches the Shakura-Sunyaev
value.

Due to the symmetric nature of dynamo contribution results, it is enough to consider
the positive values of for both density and central temperature, as it is clearly observed in
the Lambda case shown in Figure 3.14.

Due to the interaction between the magnetospheric boundary and inner boundary of
accretion disk the value of Lambda is maximum in this layer so formed.

In the region between the accretion disk (AD) and the NS, the quadrupolar magnetic
field will have an effect of channeling the plasma to the surface of the NS (funnel flow). At
the magnetospheric boundary shock waves are formed giving rise to accelerated patrticles.

These particles that bounce back deep into the accretion disk, transfer energy and angular
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Figure3.13: The combined plot for Variation of Lambda of an accretion disk around mag-
netic star with r,where the top, dashed curve correspongls-10.1,0.05,and 0,the middle,

solid curve corresponds = 0.05 and the lower, dashdot curve corresponds+00,the
dotted curve corresponds¢e= —0.05 and the solid curve correspondste —0.1
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Figure 3.14: The Variation of Lambda of an accretion disk around magnetic star with
r,where the top, dashed curve corresponds £90.1,dashed line, t@ = 0.05,the solid
line,to € = 0,the dash dot line, the dotted curve corresponds=to—0.05 and the lower
solid curve corresponds to= —0.1
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Figure 3.15: The Variation of Lambda of an accretion disk around magnetic star with
r.where the top, dashed curve corresponds t©0.1,dashed line, t@ = 0.05,the solid

line,to € = 0,the dash dot line, the dotted curve corresponds=0—0.05 and the lower
solid curve corresponds o= —0.1
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Figure 3.16: The Variation of Lambda of an accretion disk around magnetic star with
r, in the mid region of the disk where the curves correspond 400.1,dashed line, to
€ = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure3.17: The Variation of Lambda of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond t@ = 0.1,dashed line, te = 0.05,the solid line,t& = 0,the dash dot line.

momentum outwards. In the mean time the particles subject to the forward shock will be
forced to move against the magnetospheric particles till they lose all their radially directed
kinetic energy. Our result shows that this distance is only Q5 Re inner radius of
accretion disk. This is in a good agreement with the results obtained by Gosh and Lamb
(Gosh & Lamb) for thin accretion disks.
The problem of sub-Keplerian accretion has long been known, that material falling in
an elliptic orbit onto the surface of the disk has sub- Keplerian angular momentum, even in
the case of infinitely flat disks. When mixing with the disk material, which is in Keplerian

rotation, a torque is exerted that pushes the disk material in towards the star Cassen &
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Moosman(1981). The cummulative effect is that the plasma content of the inner AD will

be forced to execute super-Keplerian rotation something that extends upto the density peak
point (Fig. 3.1). Based on this result we can describe the motion of thin AD as Keplerian-
like having distinct super and sub-Keplerian features on either sides of the density peak
point. The transition boundary layers in both cases are expected to be thin. The case of
similar super-Keplerian outfow from BHs has also been discussed by Marek, et. al (1998)

[2] and Mao, et. al. (2009).

3.4.3 Comparison with observation

Observations from X-ray transients, some active galactic nuclei, and the Galactic Centre
show that the inner part of an accretion disk can be well described by hot optically thin ad-
vection dominated accretion flows. This region rotates with an orbital speed faster than the
Keplerian one (super-Keplerian). On the other hand the next outer layer can be described by
standard Shakura-Sunyaev accretion disc (SSD). These observations clearly indicate that
the SSDADAF transition does occur in accretion discs. However, there is no theoretical
ground to bridge this result. Our result agrees very well with this fact since it shows that

the inner part of accretion disk is super - Keplerian.



113

3.5 Conclusion

The contribution of the internal dynamo on the variation of density and temperature at the
inner boundary is not significant. Rather its contribution is clearly observed for the middle
part of the disk in both cases. On the other hand the opposite is true, when we consider its
contribution on variation of Lambda. (i.e., it has observable effect at the inner part). Near
outer radius, at relatively large radius (i.e., R=500) the value of Lambda approaches the
usual value, as expected in agreement with the Shakura-Sunyaev value.

Near the NS/BH the motion is super-Keplerian though it is over relatively narrower
region as compared to sub-Keplerian case, that covers most of the accretion region. It
means that the accretion process is dominated by sub-Keplerian accretion. On the other
hand, comparison of the non Keplerian and Keplerian rotations of the disk implies that this
basically cannot change the basic pattern of the result. Generally the disk appears to be
drawn closer to the central star in Keplerian case.

In this work we have tried to study the non-Keplerian behaviour of disk formation
around magnetized stellar object. We have identified that, the accretion process shows
complexity, since it has mixed nature of super-Keplerian and sub-Keplerian behaviour re-
spectively during its formation around magnetized central star, extending out from inner

part to further out. Our result also agrees with the simulation by Mao et al. (2009) that
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proved the existence of high amplitude, super-Keplerian traveling modes in the inner re-
gions of accretion flow.

We summarize the main results of our study on non-Keplerian-disk in this chapter as
follows:

1. Using alpha prescription we are able to find self-similar disk structure solution for
non-Keplerian disk, for different disk regions as given in sec. 3.4.1.

2. Our numerical solution in section 3.4.2 gives the variation of density, temperature
and viscosity for non-Keplerian disk around magnetic star. The spectrum of emitted radia-
tion is shown in TC plot (Fig. 3.7).

3. The process of accretion disk formation shows complex and mixed behaviour, that it
is super-Keplerian in the inner part and sub-Keplerian in the broader outer part.

4. Quadrupolar accretion also shows that there is funnel flow from accretion disk to the
central star.along magnetic field lines. The layer between central star and inner boundary
of AD is the region of radiation of thermal and non-thermal origin.

- The relatively high viscosity in the inner part of AD can cause magnetic heating that
leads to thermal radiation.

-The electric field parallel to the open magnetic field lines near the light cylinder ac-

celerates particles out so that there will be non thermal emission from the magnetospheric
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boundaryand inner AD.

5. The density plot (Fig. 3.1), indirectly demonstrates the nature of disk rotation which
is Kepler-like, is a direct implication of the possible energy and angular momentum trans-
port.

6. Our Lambda result shows relatively larger viscosity specially at the inner region of

AD where the magnetic field is strong (e.g. Fig. 3.13).



Chapter 4

Accretion Disk around Magnetized Stars
Il - Slim disk

4.1 Introduction

In this chapter we study the structure of an accretion disc in a quadrupole magnetic field.
The fact that there is a hole in the magnetic field at the equatorial plane means that the
stellar magnetic field can drive the accretion flow onto the stellar equator from inside the
co-rotation radius all the way to the stellar surface. This is different from the situation in
a dipolar magnetosphere, in which case the magnetic field forms a barrier in the equatorial

plane.
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4.2 The mathematical description of a slim disk

The structure of an accretion disc is determined by the basic equations of viscous fluid
dynamics: the continuity equation, Navier-Stoke’s equation and the equation of conserva-
tion of energy, to which we add the effect of the magnetic field through the Lorentz force.
For a slim axisymmetric accretion disk we will integrate the equations along the vertical
coordinate.

4.2.1 Conservation of Mass

The mass continuity equation of a fluid can be written as

M = —2mRZ(R) Vg (R) =41R0 (R H (R)vk (R), (4.2.1)

wherevy is the radial component of the velocity, is the constant mass accretion rate and

2 is the column density obtained from the vertical integral of the depsity
3(R)= p(R,z)dz=2p(RH, (4.2.2)
Wherep(R) denotes the vertically averaged density.

4.2.2 Conservation of momentum (Navier - Stoke’s equation)
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Theradial component of the Navier-Stoke’s equation takes the form

vk Ok Vo (0w 1oP 14 (Bj\ 1_ .
Ror TV, TR T\GR +paR poR \ 210 pBZ‘]("_o

wherethe toroidal current density, = % (% — %). We can ignore the last term since

in the quadrupolar fiel®, ~ 0 in the equatorial plane. The pressupejs the sum of gas

and radiation pressures,

p_ PkeTe 40T}

e (4.2.3)

whereT; is the central plane temperatune= 0.62 is the mean molecular weight for a
fully ionised gas of cosmic composition, 0.6%; is the Stefan-Boltzmann constant and
is the speed of light. The vertically integrated form of the radial equation of motion can be

rewritten as

(4.2.4)

dr 1d +B_<2p L (P—6) , WdinQy
- R3 > dR

wherel = Ry, is the specific angular momentum of the gas afad= R?Qk), respectively.
The last term in the equation is the correction for the decrease of the radial component of
gravitational force(%) away from the equator (Honma et al. 1991). This term must be

included as it is of the same order as the pressure gradient term. In Eqg. (4.2.4) we have a

vertically integrated pressure

Zy Zy
H

. . p(R,z)<c§+%v§\) dz=3(R) (c§+ v,i) (4.2.5)
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WherePR,ot = P+ Pmagandcs is average sound speed. The radial momentum conservation
equation, Eq. (4.2.3) implies that a cold non self-gravitating disk in this potential will
be geometrically thin and rotate locally with Keplerian velocity, though for slim disks the

rotation can be non-Keplerian at some points because of the radial pressure gradient.

4.2.3 \Vertical structure: hydrostatic equilibrium

Based on our assumptions the vertical component of the momentum conservation equation
is given by
P\ 10 B\ 1
Tl | p+ 2 “BrJy,=0 4.2.6
(02) p02< Taw) TR (4.2.6)
For a weak magnetic field the half thicknebs,can be written as

P:p%széHZ%, (4.2.7)

whereP is the pressure at the midplane. Solving ffbr

1
1 (KgTe 40TH)?
& (ﬂ+ GC) , (4.2.8)

H="=——| =
Qk Qg \ pmy 3cp

4.2.4 Angular momentum conservation

The viscous term plays an important role in the azimuthal component of the Navier-Stokes

equation

o0 10 0 (¢ 10 BrBg 0 BzBg
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wherel = Ryy = R?Q. The vertically integrated form is

Z

o 10 3 /1 12H o [ _,BrB

SVRoe = —— [ RS — | — = Z(R=)dz 4.2.1
RIR RaR( VOR(R2>>+R—H0R( uo)dz (4.2.10)

Here we have ignored thg,B, term, sinceB, = 0 for a quadrupole field. This equation
relates the radial advection of angular momentum to the viscous and magnetic torques.
Multiplying both sides withR we can get a constant factor in front of the derivative on the

LHS

_2%% _ (;iR (R%za% (V_F;P)) +2H(R)aiR (RZBF;?‘P) . (4211)

4.2.5 Viscosity

The molecular viscosity is too small to drive the accretion flow, rather the source of the
viscosity is likely to be small scale turbulence in the disc. Based on mixing length theory

the turbulent viscosity can be written as,
vV =l \, (4.2.12)

where/; is a typical turbulent length scale amda typical turbulent velocity. The length
scale of the turbulence cannot be larger than the scale height of théddisnd the turbu-

lence should be subsonic. Thus we write the viscosity as

vV = ds<$sH, (4.2.13)
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whereassis a parameter that is 1.

4.2.6 The Magnetic Field

The accretor is taken to have a magnetic quadrupole mopaguarallel to the rotational
axes of the accretor and the accretion disc. In the plane of the disc the quadrupole field has

only a radial component

4
Br = % — By (%) , (4.2.14)

whereBy is the field strength at the poles of the star, &jdts radius. The structure of the

magnetic field in the accretion disc is determined by the induction equation.

% _
ot

Ox (vxB—nOxB)), (4.2.15)
wheren is the magnetic diffusivity of the plasma. The dominant terms are the shear be-
tween the disc and the star, the shear due to the differential rotation of the disc, and the
vertical diffusion through the disc. The azimuthal component of Eq. (2.2.35) reduces then
to

0By 9

0By\ 0

Sincewe look for a stationary solution we ignore the time derivative

0 [/ 0B 0
o7 <r] O_Z(p) = _a—R(V(pBR)~ (4.2.17)
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Assumingthat the star is rotating at the angular velodity and that the angular velocity

of the disc isQ(R) we can write

Vo=RQ-0Q,), (4.2.18)

Finally solving Eq. (2.2.37) we get the vertical distribution of the toroidal magnetic field

Z—H? 0
2n 3Rl(Q — Qsar)RER]. (4.2.19)

Byshear(R,Z) =—

The magnetic diffusivity, like the viscosity, is due to the turbulence. For simplicity we will
assume thag ~ nt ~v. (e.g. Campbell 1992; Cameron & Campbell 1993; Yi 1995). With

Eq. (4.2.13) we can write as

1 o0
Boshear= T a0k OR (Q—Q.,)RBR] (4.2.20)

The local turbulence in the accretion disc can also generate a toroidal magnetic field through
a dynamo actiorBg gyn. We model this dynamo as Tessema & Torkelsson (2010). Assum-
ing that the viscous stress in the accretion disk is due to the internal magnetic stress, we

can estimate the size 8f,qyn from thea-prescription. The turbulent magnetic stress is
fRo= ———. (4.2.21)

Theseare the small-scale, turbulent magnetic fields, which are not related to the large-scale
fields By shearandBr. Based on the results of the numerical simulations of magnetohydro-

dynamic turbulence in accretion discs (e.g. Brandenburg et al. (1995)) Torkelsson (1998)
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hasargued that

Ydyn= 55— (4.2.22)

whereygyn ~ 10. Furthermore in order to account for that the large-scale field generated by
the dynamo can be significantly weaker than the turbulent field and directed in either the
positive or the negative direction they introduce a parameiter 1, such thaBg qyn = €By;-

This gives us

Ba,dyn = £(HoOssydynP) /2. (4.2.23)

Now combining the two large-scale toroidal fields, the magnetic sBe&gtakes the form

BrBy = Br (B(p,sheaH‘ Bcp,dyn) (4.2.24)

4.2.7 Conservation of Energy

The energy balance requires that the rate at which energy is deposited by vidgous,
and magneticQ;qag, dissipation at each radius is equal to the energy losses due to radiation,

Q,,q @nd advectionQ_,, at the same radius

;dv
Vise = Qrag + Qagv (4.2.25)

The viscous heating rate per unit area is given by

00\?  asscZ . [,0Q)\?
Q\ﬁSC:VZ(Rﬁ> = SSKSZ(Rﬁ) . (4.2.26)
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We ignore the magnetic heating since Tessema & Torkelsson (2010) argued that it is much

smaller than the viscous heating. The advective cooling rate can be written

_ 10 oh
whereh is specific enthalpy and
oh 1 3 oP Pop
R p (4— zB> (ﬁe - aa—R) ’ (4.2.28)

andp = % is the ratio of the gas pressure to the total pressure. The vertically integrated

form of the advection term is then,

_ 3 1 /OW WoZ
Qaav= (4— EB) ZVRE (ﬁ — Eﬁ) , (4.2.29)

This can be also written as

_ 3 W /dInT WdInZ
Qaav = (4_ EB) >RTR <dInR - EdmR) ! (4.2.30)

Assuming that the disc is optically thick the energy loss rate in the vertical direction due to

radiative cooling can be expressed as

40T

4.2.31
e (4.2:31)

Qrad =
Theoptical depth to the mid-plane of the disk is

Tc = PcHKe = pcH (Kk +Kes), (4.2.32)



125

wherep. is the density at the central plang, is the opacity in the central planeg is the
Kramer's opacitykk = pcHKoTe /2, Ko = 5x 10P°mBkg~2K~7/2 and the electron scat-
tering opacitykes= 0.04n? kg~L. Introducing the above results into energy conservation

equation gives

00\ ? 40T 3 1 (dinT wdins
s(RES) = %l (4 °p)zp v 4.2.33
v ( 0R> 3(Kff+Kes)z+( 2B) VRZR(dInR ZdlnR)’ (4.2.33)

4.3 The Governing Equations
4.3.1 Differential Equation-I

In this section we derive the equation describing slim accretion disk ignoring the dynamo

component magnetic field. If we define a functirelated to the viscous stress through
y=VZ, (4.3.2)
we can rewrite Eq. (2.2.28) as

My 4H (BB
y,—BTIR—ZR-i- o ( m ) (4.3.2)

Onthe other hand Eq. (4.2.20), can be rewritten as

3Br (3 R\ 3?2
Bcp,shea;f:(EBK—(@) ) (433)



126

and R; is the corotation radius at which the disc angular velocity equals the stellar

angular velocity. It is defined by

GM\ V3
Re = (sTg) = 15x 16°M;PZom (4.3.4)

wherePspin is the spin period antfl; =

©

Substitutingeq. (4.3.3) in to Eq. (4.2.24), ignoring the dynamo contribution in this

treatment gives

383 R\*?
B:Bo= Oss ( Bk — (Rc) >, (4.3.5)

This (Eg. (4.3.5)) when inserted in to Eq. (4.3.2) delivers

My 12HBZ (3 R\ %2
Y=o 2R e, (éBK_<§) | (4:39)

Furtherintroducing the necessary relations we can re write Eg. (4.3.6) as

- 3/2
y = M_y, "4 124 (g’—i(R) )HR—13/2. (4.3.7)

6MR 2R  agglpv/GM \ 2 Pk
If we introduce a dimensionless variat\e¢hroughy = AM, and another dimensionless
radial coordinate r througR = rRy;, whereRy, is the Magnetospheric radius, the ODEs

Eq. (4.3.7) take the form
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dA 1 A 13/2,-13/2 (3 _ Ws 3/
Tl +pqas§10\/GMMRM 5~ BK , (4.3.8)
wherew is the fastness parameter defined by
(R 3/2_ 3/11 —5/11 6/11_
Ws= | 5— 0. 87M M, Hg20 I:)spln’ (4.3.9)
Reo
and
2"2U§ i 2/11, ,—1/11 4/11

Rv = <GM—M2“%> = 1.86x 10°My5" My " Log - (4.3.10)

We can now rewrite the ODEs, Eq. (4.3.8) in final form as

d/\ . l /\ _13/2 3 (L)s 3/2
6w 2r +Cor 27 B, —r , (4.3.11)
_ yayn | 1/2 ~o/4 11/2
whereCy = 2¢|y, (“o ﬁm) andCz = — o mM R, '~ We can further transform

Eq. (4.3.11) by defining the unit less paramétasr = 1/§, and rewrite as

am__ 1 A g (2 E’SE 3/2> £9/2 (4.3.12)

12
whereC, = FPW Y] JPEWM Rv

4.3.2 Numerical Solution

The density profiles are shown in Figs. (4.1) - (4.3). In general the result shows that density

decreases with radius in different fashion at different points. The curves are not smooth and



128

1.81
1.6
1.4r

1.2r

0.8

tho(R) [kg/m’]

0.6

0.4

0.2}

. . . . )
[0] 100 200 300 400 500
Radius R [RM]

Figure4.1: The density profile of slim accretion disk around magnetic star - where the
stellar magnetic field i8g = 10* T.

abrupt changes are observed at different points. Zigzagish behavior is clearly observed in
all cases. The complex behavior observed from the respective plots can be mainly due to
the large accretion rate.

The accretion disk temperature profiles are shown in Figs. (4.4) - (4.6). Again the result
shows that temperature decreases with radius though the type of decrease is different at dif-
ferent points. The curves still are not smooth and abrupt changes are observed at different
points. Here rather successive constancy and linear behavior is clearly observed. The com-
plex behavior observed from the respective plots can be mainly due to the large accretion
rate. This can be because of advective behavior of slim disks unlike radiatively efficient

Shakura Sunyaev disks.



129

1.4r

1.2r

0.8

tho(R) [kg/m’]

0.6

0.4

0.2}

. . . . )
[0] 200 400 600 800 1000
Radius R [RM]

Figure4.2: The density profile of slim accretion disk around magnetic star - where the
stellar magnetic field i8g = 10* T.
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Figure4.3: Combined plot for the variation of density of slim accretion disk around mag-
netic star with r - where the stellar magnetic fiel®ig= 10* T.
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Figure4.4: The temperature profile of slim accretion disk around magnetic star - where the
stellar magnetic field i8g = 10* T.

The accretion disk Lambda profiles are shown in Figs. (4.7) - (4.9). The result shows
that Lambda increases with radius smoothly. Here the maximum viscosity occurs at the
outer raius of the disk. However, even the maximum vlue here is by far less than that of
our previous result. This may show that the disk is non viscous. The complex behavior
observed from the respective plots can be mainly due to the large accretion rate and non
viscous or advective nature of the disk. This can also confim slim disks are radiatively

in-efficient.
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Figure4.5: The temperature profile of slim accretion disk around magnetic star - where the
stellar magnetic field i8g = 10* T.
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Figure4.6: Combined plot for the variation of temperature of slim accretion disk around
magnetic star with r - where the stellar magnetic fielBgs= 10* T.
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Figure4.7: The viscosity (Lambda) profile of slim accretion disk around magnetic star -
where the stellar magnetic fieldBy = 10* T.
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Figure4.8: The viscosity (Lambda) profile of slim accretion disk around magnetic star -
where the stellar magnetic fieldBy = 10* T.
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Figure4.9: Combined plot for the variation of Lambda of slim accretion disk around mag-
netic star with r - where the stellar magnetic fieldBig= 10" T.

4.3.3 The Differential Equations Il

The second option is to include the dynamo component. We will solve two differential
equations along with coupled equations to study slim disk in this work. Introduciag
R2Q, andM = 2mR\k= and and defining = v , we can derive ODE in terms of viscosity
function and rewrite Eq. (2.2.28) as
My

4 BrB
)/ ___+_M

= eR RO o (4.3.13)

Fromthe energy equation we can solve coupled equation for column density and tempera-

ture as

df 92 (GM)l/ZZZ_Z

—= . ==l 4.3.14
dR " 2(4-3p)M \ R R (4.3.14)
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and

B 1/2
dTe | c(1—p)me (GM) p1/2_ Toc. (4.3.15)

dR  k(4-3pM \ R R

Theradial equation can be rewritten using the energy relation as

a - 3 RZGSS 2 2
aR(Zv) E{z + O (Q°—Qk)
2 1/2
R2WROssVR |~ 9n0(53§3K. (GM) Rz 1. (4.3.16)
Ok R 2(4—3pM
Finally the combined radial and azimuthal equation is
02 [Qx (M 3Zv 4HBRBy SR 2y 2
— — = — —Qg)— = 4.3.17
R~ {ass<6nR 2R 0 1o )1 ¥ > (-0~ & (4.3.17)
Usingthe relation given by Eq. (2.2.18) into Eq. (4.2.23 gives
1 .\ Y2 Sv 1/2
B(p,dyn:E<§UOGSSdenHZQK> (UOden(2H>QK> ) (4.3.18)
Eqg. (4.3.3) can be also written in a simplified form as
Q R \3/2
Boshear= BR[QK (@)) }7 (4.3.19)

whereR; is the corotation radius at which the Keplerian angular velocity equals the stellar

angular velocity. It is defined by

GM\ 1/3 2/3
Reo — (Q_g) = 15x 10°M;P22m, (4.3.20)
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Here Tspin = (22—’: is the spin period of the star, arMd; = MM whereM, is the solar mass.

Substituting Eq. (4.3.18) and (2.2.41) into Eq. (4.2.24) gives

BRB(p = Br (Bcp.,shear+ B(p,dyn)

ofion(29) () B, a

Furtherintroducing Eq. (2.2.34) we can write Eq. (4.2.24) again as

22V 1/2 1/4-19/4
BRB(p:F,(ydynuquﬁ) (GM)Y/4R19/

> 3/2
_%R—le/z (Q% _ (%) ) | (4.3.22)

Substitutingeq. (4.3.22) into Eq. (4.3.13) we can then write

M Yy 4 2& 1/2 1/4-19/4
y “2R™ <€(de”“°“Q2H) (GM)""R

TBMR 2R WwQ
2
_Hagae2[ Q@ (R)H32
S (2)7) wsad
or equivalently
My, 4 2 ZV\Y2 o\ -1/4p-13/4
Y=%mR 2R 1o <de”“°“Q2H> (GM)™"R
41 —13/2 R \3/2
S T = —(— 4.3.24
HoBd av/GM [BK <Rco) } ( )
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To parametrize our equations we introduce dimensionless variahlesd x through,
y =AM, and a dimensionless radial coordinate throRgh rRin, whereR;, is the Magne-

tospheric radius. We can then write Eq. (4.3.23) and (4.3.24) as

aA 1 A 4%( Yayn/\ )1/2(GM)—1/4%9/4F13/4

dR~ 6MR 2R Pk \2mMH
__4 o R 1323, ogr3/2) (4.3.25)
HoPk o /GMM ™" ’

or

dA 1 A 4€_Mq( Yayn/\ )1/2(GM)_1/4Ri9/4r—13/4
n

dR ™ 6MR 2R Pk \2lMH
4 W e —13/2( Ws 3/2)
" R r 1— =r , 4.3.26
Hod /GMM ™ Bk ( )

whereRy, is the Magnetospheric/inner radius of an accretion disk given by

2y i n—2/11, ,—1/11 4/11
Rin = (GM—MZH%> =53x10°M5’ M, Ty (4.3.27)

andus is the fastness parameter

R\ >/
W = <§) , (4.3.28)
(0]

We can simplify Eq. (4.3.14) for column density as

dX 9oy (GMRin

—= : R 1252 =5CR L, (4.3.29)
oz (e
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We can rewrite Eq. (4.3.15) for the inner most part assuming maximum radiation

dTe C(l— B)TTT(: GMRi 1/2 —1/211/2 -1
- c : R /T =TLCrR 4.3.30

Theradial equation, Eq. (4.3.16) can be rewritten similarly as

dA  3A  dgk Oss VR us37 VK
= — 2 |cy - —=¥K 8 , (4331
dR 2R 21w (BK Dt SR 2(4—3B) WR ( )
Finally the combined radial and azimuthal equation is
02 [Qx /M 3v 4HBRBy SR? ,. Z
= — = —QZ)-= 4.3.32
oR [ass<6nR 2R 0 1o )1 VR( KR ( )
Thefinal version of our ODE can be of the form
dA 1 - Ws -
G AR AR 18/2( 1 B5R32) g1312 4.3.33
where
2_1/20 3/110, ,21/88 3/16
C1 = (252)eB v c0ge /oM, ME B8 20, (4.3.34)
and
C; = (—0.9)ags, (4.3.35)

We can further transform our equations through unit less vari@laler = 1/¢. Eq.

(4.3.33) then takes the form

aA 1 1/2¢5/4 < 3/2) 9/2
e O, BKE £9/2 (4.3.36)
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Figure4.10: The density profile of slim accretion disk around magnetic star - where the
stellar magnetic field i8g = 10* T.

4.3.4 Numerical solution

The density profiles when the internal dynamo component is included are shown in Figs.
(4.10) - (4.12). In general the results show that density decreases with radius in different
fashions at different points. The curves are not smooth and abrupt changes are observed
at different points. Comparison with previous section shows direct similarity. Zigzagish
behavior is clearly observed here as well in all cases. The complex behavior observed from
the respective plots can be mainly due to the large accretion rate.

The accretion disk temperature profile with the inclusion of dynamo component are shown

in Figs. (4.13) - (4.15). Again the results show that temperature decreases with radius
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Figure4.11: The Variation of density of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond t@ = 0.1,dashed line, te = 0.05,the solid line,t@ = 0,the dash dot line.
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Figure4.12: The Variation of density of an accretion disk around magnetic star with r, in
the outer region where gas pressure and Kramer’s opacity is dominant - where the curves
correspond te@ = 0.1,dashed line, te = 0.05,the solid line,t& = 0,the dash dot line.
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Figure4.13: The Variation of Central Temperature of an accretion disk around magnetic
star with r, where the curves corresponcte 0,the dash dot line = 0.05,the solid line,
ande = 0.1,dashed line from top to the bottom respectively.

though the type of decrease is different at different points. The curves still are not smooth
and abrupt changes are observed at different points. Here rather successive constancy and
linear behavior is clearly observed. The complex behavior observed from the respective
plots can be mainly due to the large accretion rate. This can be because of advective
behavior of slim disks unlike radiatively efficient Shakura Sunyaev disks.

The accretion disk Lambda profiles when dynamo component is included are shown in
Figs. (4.16) - (4.18). The results show that Lambda increases with radius smoothly. Here
the maximum viscosity occurs at the outer radius of the disk. However, even the maximum

value here is by far less than that of our previous result. This may show that the disk is
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Figure4.14: The Variation of Central Temperature of an accretion disk around magnetic
star with r, where the curves corresponcte 0,the dash dot line = 0.05,the solid line,
ande = 0.1,dashed line from top to the bottom respectively.
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Figure4.15: The Variation of Central Temperature of an accretion disk around magnetic
star with r, where the curves corresponcte 0,the dash dot line = 0.05,the solid line,
ande = 0.1,dashed line from top to the bottom respectively.
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Figure4.16: The combined plot for Variation of Lambda of an accretion disk around mag-
netic star with r, where the curves correspondete: 0.1, dashed lineg = 0.05,the upper

solid line,e = 0,the dash dot line
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Figure4.17: The Variation of Lambda of an accretion disk around magnetic star with
r,where the top, dashed curve corresponds £00.1,0.05,and 0,the middle, solid curve
corresponds te = 0.05 and the lower, dashdot curve corresponds=td),the dotted curve

corresponds te = —0.05 and the solid curve correspondste —0.1
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Figure 4.18: The Variation of Lambda of an accretion disk around magnetic star with
r.where the top, dashed curve corresponds00.1,0.05, and 0,the middle, solid curve
corresponds te = 0.05 and the lower, dashdot curve corresponds=00

non viscous. The complex behavior observed from the respective plots can be mainly due
to the large accretion rate and non viscous or advective nature of the disk. This can also
confirm slim disks are radiatively in-efficient. The minimum value of Lambda is mainly

due to relatively weak magnetic field (1) applied.

4.4 Coclusions

Slim disks are new branches which are different from standard thin disks. We solved two
different cases for this. The first one is including the dynamo component and the second

without. In both cases we have obtained plots describing the slim disk solution which are
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different from our previous results.

The results show variation with radius in different fashions-zigzagish at different points.
This complex behavior slim disk may be mainly due to the large accretion rate and non
viscous or advective nature of such a disk. This can also confirm slim disks are radiatively

in-efficient unlike Shakura Sunyaev disks.

4.5 Summary

We summarize the main results of our study on Keplerian and non-Keplerian-disk as fol-
lows:

1. Using alpha prescription we are able to find self-similar disk structure solution for
Keplerian and non-Keplerian disk, for different disk regions (local solution).

2. Our numerical solution in section 2.4.3, and 3.4.2 gives the variation of density,
temperature and viscosity for Keplerian and non-Keplerian disk around magnetic star.

3. The process of accretion disk formation shows complex and mixed behaviour, that it
is super-Keplerian in the inner part and sub-Keplerian in the broader outer part.

4. Quadrupolar accretion also shows that there is funnel flow from accretion disk to the
central star.along magnetic field lines. The layer between central star and inner boundary

of AD is the region of radiation of thermal and non-thermal origin. - The relatively high
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viscosityin the inner part of AD can cause magnetic heating that leads to thermal radiation
-The electric field parallel to the open magnetic field lines near the light cylinder accelerates
particles out so that there will be non thermal emission from the magnetospheric boundary
and inner AD.

5. The density plot, indirectly demonstrates the nature of disk rotation which is Kepler-
like, is a direct implication of the possible energy and angular momentum transport.

6. As indicator for the direction of the future work introductory work on slim disk as a

new branch is introduced.
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