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PREFACE 

Even though the question of Stability is highly considered in different branches of study 

we are not attempted to present an exhaustive study of stability in this seminar. 

We are concerned on ly to consider Stabi lity of Mathematical optimization problems with 

primary attention given to Regularization method to solve unstable extermal problems. 

This seminar has two parts:-

The first part deals with some basic facts on convex sets, convex functions and related 

facts. 

The second palt deals with correctly and incorrectly posed problems and methods of 

determining (approximating) in correctly posed problems with correct ones. 

Before all I like to thank the heavenly father A lmighty God, with the help of WHOM thi s 

seminar has come to reality. 

I am deeply most grateful to my beloved advisor and instructor Prof. Dr. 

rer.nat.habiI.R.Deumlich for his constructive comments, suggestions, hints, valuable 

advices as we ll as lots of interesting things for wh ich I don't have space to mention. 

I am realy lucky to have him as my advisor. 

I am also gratefu l to WIt Tobiaw Tefera for her patience and care IJ1 typing the 

manuscript. 
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1 Some Facts on convex sets and convex Functions 

1.1 Notations 

a) 

The following notations are go ing to be used through out this seminar report: 

a) U: = 91", U: = {x Em"lx;:: O}or U: ={x Em'll a ~ x ~ b}. 

IIxll : = ~< x,x > where x E91" 

(The Eucl idean norm of a vector x) 

Let X c;;; U, g: U ~ m 

optimization problem : 

be a function , then we consider the following 

Find an Xo E X sllch that 

g(xo) ~ g(x) or g(xo) = min g(x) . 
XEX 

(P) g(x) ~ min x E X. and we use the fo llowing notations 

g .... objective function of (p), 

X .. feasible set of(P), 

x EX ... constraint of (P), 

Xo EX . .. so lution of(p) ifg(xo) = min g(x), 
XEX 

M (g, X) the set of all so lutions of (p) . 

c) p(v, X) ... the di stance of the point v from the set X. 

(p = p(v, X): = inf II x - vii ). 
XEX 

( I ) 

1.2 Some Facts about convex sets 

Let S be a vector space, for x, YES, 

[x, y] : = {z Esl z = AX + (I-A)Y, AE [O, I]} is said to be a closed segment. 

(x, y): = {z Eslz = AX + ( I - A)Y, '_E(O, I)} is said to be an open segment. 



Definition 1.2.1 : Let K ~ S, then K is said to be a convex set if and only if x,y E K 

implies AX + ( I-A)Y Ek, for all x, yE K, for all AE [0 , I]. 

i.e. K is convex ifand only ifx, y EK implies [x, y] ~ k. 

In 912, a line segment, half plane, half line, a whole straight line, a circle a triangle and the 

entire plane are examples of convex sets. 

1.3 Some Facts about convex Functions 

Definition 1.3.1: Let X ~ 91" be a convex set and g: X --t 9, be a function. Then 

a) g is sa id to be a convex function if and on ly if 

g(Ax + (I-A)y)::; Ag(X) + (1- A) g(y), for all , y EX and for all AE[O, I]. 

b) g is said to be a strict ly convex function ifand only if 

g(AX + (I-A)Y) < Ag(X) + ( I - A) g(y), for all x,y EX, uy, for all AE (0, I). 

c) g is said to be a strongly convex function ifand only if there is a constant 

p > ° such that 

g(AX + (I-A)Y)::; Ag(X) +(\ - A) g(y) - A( I-A)p [[X_y I!2 

for all x, y EX, AE [0, I]. 

d) g is said to be a concave function if and only if - g is a convex funct ion. 

Definition 1.3.2: A matrix B is said to be positive defin ite ifand only if there exists an 

a > ° such that (x, Bx) ~ a IIxII2 for all x E9, n
. 

Example: I. A quadratic function g given by 

g(x) = (x, Bx ) + (p, x ) where B is a symmetric positive definite matri x 

IS convex. 

2 



Proof: We have g(Ax + (I-A)Y) = 1.2 
( X, Bx ) + 21.( I-A) ( x, By ) + ( 1_1.)2 (y, By ) + A(p, 

x) + (I-A) ( p,y) 

= Ag(x) + I-A) g(y) - 1.( I-A) (x-y, B(x-y). 

For AE(O, 1), 1.(1 -1.), (x - y, B(x - y) ~ 0 ifand only ifB is a positive defi nite 

matrix. 

Hence g(Ax +( I-A)Y) = Ag(x)+ (I -A) g(y) - 1.( I-A) (x - y, B(x-y) ) ~ Ag(x) + (I-A)g(y) . 

Example 2: A quadratic function g given by g(x) = (x, BX ) + (p, x) where B is a strictly 

positive definite matrix is a strongly convex. 

The strong convexity follows from the relation 

g(Ax +( I-A)Y) = (Ax + (I-A)Y, B(Ax + ( I-A)Y) + (p, AX +( I-A)y ) 

= (Ax + (I-A)Y, ABx +(I-A)By) +(p, Ax + ( I-A)Y) 

= 1.2 (x,l3x ) + 1.(1 -1.) (x, By) + 1.(1 -1.) (y, Bx) +(1 -1.)2 (y, By ) +A(p, x) 

+ ( I-A)(p,y) 

= 1.2 (x, Bx) + A (p, x) + (1-1.)2 (y,By) + ( I +,,-) (p,y) + 1.( I-A) (x,By) + 

1.(1 - 1.) (y,Bx) 

= A.g(x) + (I -A)g(y) - 1.(1 -1.) (x-y, B(x-y) 

By positive definiteness ofB we have 

(x - y, B(x - y) ) ~ u llx - yf 

were u is the least eigen va lue of the matrix B. There fore 

g(Ax +( l -A)Y) ~ Ag(x) + ( I-A)g(y) - uA( I-A) Ilx-yl12 where A E (0, I). 

Consequently the strong convex ity follows. 

From example 2 it follows that in 9, a quadratic function g, given by g(x) = x2 + x is a 

strongly convex. In general any quadratic function g defined on 9, which is given by 

g(x): = ax2 + px (where a Em + and a> 0, p Em) is a strongly convex function. 

3 
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Proposition 1.3.1 : Let X be convex set and g:x ---+ 9t be a convex function. Then for 

any constant c the set 

Z: = {x EX I g(x) ~ c} is convex. 

Proof: It suffices to show that x, y E Z, imp lies that ax + (I-a) y EZ, aE (0, I). 

S ince g is a convex funct ion we have g(ax + ( I-a)y) ~ ag(x) + ( I-a) g(y) ( I) 

By x, Y EZ we have g(x) ~ c and g(y) ~ c. (2) 

From (I) and (2) we have 

g(ax + (I-a)y) ~ ag(x) + (I-a) g(y) ~ a. c+(l -a). c = c. (3) 

From (3) it follows that ax + ( I-a)y EZ. II 

Proposition 1.3.2: Let X be a convex set, g: X ---+ 9t be a convex function and x* EX is 

any point of local minimum for problem of minimizing the function g on the set X then 

x* is an optimal point. 

Proof: Suppose x* is not optimal, then there is a point x' EX such that g(x') < g(x*) 

Let now x: = ax' + (l-a)x*, aErO, I] 

Then by the convexity of X we have x EX. Further more by the convexity of g we have 

g(x) = g(ax' + ( I-a)x*) ~ ag(x') + (I-a) g(x*) 

~ ag(x*) + ( I-a) g(x*) = g(x*) 

which imp lies that g(x) < g(x*). 

But the last resu lt contradicts that x* is a local m inimum point. 

Since for sufficiently small a the po int x belongs to an arbitrary small neighborhood of 

the point x* . II 
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Proposition 1.3.3: Let X be a convex set and g: X ~ 91 be a convex function. Then 

the set of optima l points i.e M(g, X) is a convex set. 

proof: suppose xl, X2 E M (g, X) 

since M(g, X) ~ X and X is a convex set we have 

z : = AXI + ( I-A)X2 EX, for a ll AE [0, 1,J 

By the convexity of g we have 

g(z) = g(AXI + ( I-A)x2) = Ag(XI) + (1-A)g(x2) 

But since XI, X2 EM (g, X) we have g(xI) = g(X2) = : c 

Then we get g(z) =g(A.x1 + ( I-A)X2) ~ Ag(xd + ( I-A)g(x2) = c. 

Thus g(z) ~ c. 

On the other hand since c is a minimal va lue it clearly holds that 

c ~ g(z). 

There fore g(z) = c. 

Consequently z E M(g, X). II 

P roposition 1.3.4: Let X be a convex set, g: X ~ 91 be a strictly convex functio n and 

x * E X is an optimal po int. 

i.e. g(x*) = min g(x), then g(x) > g(x*) for a ll x E X and consequently, the point x* is 
XEX x.-x· 

ul11que . 

Proof :Assume that there is a point x' EX, x',tx* such that g(x') = g(x*) = : c. 

Then given aE (0, I) the point x = ax' + ( I-a)x* EX 

By the stri ct convexity of g we have 

g(x) = g(ax'+(\-a)x*) < ag(x') + ( I-a)g(x*) 

= a.c + (l-a).c = c. 

Which contradicts the optimality of the point x* II 
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Proposition 1.3.5: Let X be a convex and closed set g: X ---+ m be a strongly convex 

function and contin uous, then for any po int y eX the set Xo: = {x eX Ig(x) ,.:; g(y)} is 

bounded and there is unique point Xo e Xo such that g(xo)":; g(x) for all x eX, i.e. 

g(xo) = min g(x) . 
. reX 

Proof: Let y be an arb itrary point in X but fi xed. 

By the continuity of the function g on X for p > 0 there is E > 0 such that Ig(x) - g(y)1 ,.:; p 

for all x, y e V where V: = {x e Xlllx-yll,.:; E} 

From (I) we get g(x) ~ g(y) - p for all x e V. 

Let x eXIV and A. : E.llx_yll-l then, A.,.:; I as Ilx-yWI > E, for all x eXIV. 

By the strong convexity of g we have 

(I) 

g(A.x+(l -A.)y) ,.:; A.g(x) + (I-A.) g(y) -A.( I-A.) pllx_yl12 (2) 

From (2) we get A.g(x) ~ g(A.x + (I-A.)y) -( I-A.)g(y)+ A.( I-A.)p Ilx-yl12 (3) 

Now let z: = A.X + (I-A.)y = y+A.(x-y). (4) 

From (4) we get Ilz-yll,.:; A.llx-yll = E.llx-yW 1 Ilx-yll =E, which gives that z e V. (5) 

From (I) , (3) and (5) we get 

A.g(x) ~ -p+A.g(y) + A.( I-A.) pllx_yll2 (6) 

Divid ing both sides of (6) by A. gives 

g(x) ~ - P + g(y) + (I-A.) pllx _ yl12 
A 

Substituting the va lue of A. = E Ilx-yWI in (7) we get 

~ g(y) + p· llx_yI12 - Ep llx-y ll - P Ilx-YII 
A 

~ g(y) - r( c+~) IIx-y ll + p Ilx-yl12 

There fore 

g(x) ~ g(y) - p (E: + ~) Ilx-yll + p Ilx-yl12 

6 
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From (8) we get that if the set X is not bounded then g(x) ~ 00 as Ilxll ~ 00. 

This we show now 

By g(x) ~ g(y) - p( & + ~) IIx-yll + P Ilx-yl12 

= g(y) + Ilx-yll [p(lIx - ylll - P (& +~) 

~ g(y) + (11xll - Ilylll (p<llxll - Ilyll - P ( & + ~) ) 

But if Ilxll ~ 00 then IIxll - Ilyll ~ 00 as g(y), Il yll, p( & + ~) are fixed constants and 

p> 0, 

Therefore g(x) ~ 00 as Ilxll ~ 00 . 

Now we show that the set Xo is bounded 

To prove th is we assume to the contrary (indirect proof) 

Suppose the set Xo is not bounded, then there is a sequence (Xk) E Xo such that Ilxkll ~ 00 

as k ~ 00. 

Therefore there exists an index ko = ko(Y) such that g(Xk) > g(y) for all k ~ ko wh ich 

fo llows from the continuity of the function g. 

Consequently Xk E Xo, fo r all k ~ ko contradicting the assumption that Xk E Xo. 

Therefore the set Xo is bounded. 

Clearly the point Xo exists because a continuous functi on on a closed and bounded set has 

a minimal point i.e Xo EM(g, Xo). 

But since g is a convex function on a convex set X by proposition 1.3 .2 Xo EM(g, X). 

More over the point Xo is unique because a strongly convex function is at the same time 

stri ctly convex. 

Proposition 1.3.6: Let X be a convex and closed set, g: X ~ 91 is a strongly convex 

function, then fo r all x EX the fo llowing inequali ty is va li d. 

2 2 2 
Ilx - xoll $ - Ilx - xoll where Xo E M(g, X). 

p 
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Proof: By strong convexity of g we have for A = .!.. , 
2 

(
I I ) I I I 2 g - x + - Xo ~ - g(x) + - g( x o ) - - P Ilx - Xo II 
2 2 2 2 4 

From ( I) we get 

g(±x+±xo) - I I 2 I 
- g( xo) + - P Ilx - XO II < - g(x) 
2 4 2 

This implies 

I I 2 I 
g( xo) - - g( xo) + - P Ilx - XO II < - g(x) 
242 

(3) follows from g(xo) ~ g(±x+±xo) 

From (3) we get 

.!.. g( xo) + .!.. P Ilx - Xo If ~ .!.. g(x) 
2 4 2 

From (4) we have 

I 2 I 
- P Ilx - XO II ~ - (g(x) - g( xo)) 
4 2 

From (5) we conclude that 

2 I 
Ilx - XO II ~ - (g(x) - g( Xo )). 

2 

Suppose the following optimization problem is give 

(p) g(x) ---t min, XEX ~ U ~ mn. 

(I) 

(2) 

(3) 

(4) 

(5) 

( I ) 

Definition 1.3.2: A continuous funct ion ~\If defined for all x EU and [3 > 0 wil l be 
fJ 

call ed a penalty if \If is such that \If(x) = 0 for all x EX 

\If(x) > 0 for all x E U\X (2) 

A function IV(X, B) = [3g(x) + \If(x) defined on the set U for all [3 > 0 will be ca lled 

a penalty functi on of the problem (I) if \If sati sfies the condi tions in (2). 
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Definition 1.3.3: Let X be a vector space K <;; X and f: K ~ (-00, 00) then, fo r ue91 the 

set Na(l): = (x eK If(x) $ u} is said to be level set of f. 

Remark: If f is a convex function , then the level sets Na(f) are convex sets for all ue91. 

Obviously for x, y e Na(f) and Ae(O, I ,) by the convex ity of fwe have 

f(Ax + ( J-A)Y) $ U(x) + ( I-A) fey) $ A.u+( I-A)y = u. 

Theorem 1.3.1: Let X <;; 91" and f: X ~ 91 be convex and contin uous further more let 

the set X be convex. Iffpossesses a single mi ni mum point Xo e X, 

i.e. {xo } = M (f, X) then each level set Ne(1) is bounded and closed, i.e each level set is 

compact. 

Proof: We assume Ne(1) is not bounded. Then there is a sequence (Xk) in Ne(1) such that 

Ilxkll k~ro ) 00. So we have f(xo) $ f(xk) $ c for all k eN i.e Xo eNe(f) or 

o $ f(Xk) - f( xo) $ c - f( xo) = :c\ 

Since Ne(1) is convex we get AXk + (I-A) Xo e Ne(f) for all Ae (0, J) we have by the 

convexity of f (I) 

f(hk + ( I- A)xo) $ U(Xk) + ( I-A) f(xo) = f( xo) + A (((x, ) ~ f(xo» 
<c. 

Now we choose ko sufficiently great, Then we have 

Ilxdl > I for all k ~ ko 

we set 
I 

1.. = Ilx, II e (0, I) for all k ~ ko. 

(2) 
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Then we get 

IIzkll = IIAxk + (I-A) XO II ~ IIAx, II + II( I -A) XO II = I + II XO II - All XO II, (AE (0, I)) 

'~I 
So we have IIAxkll - I II( I -A)xo II = 1+11 Xo 11- All Xo II ~ 1+11 XO II AE(O, I ) 

This gives that (Zk) is bounded. 

Therefore, there is a bounded sequence (Zk,) i.e. Zki --> Z ENe(t) 

Since f is continuous (assumption) Ne(t) is closed. 

From (2) we get 

f(Z)=f~~~ z,, ) = !~';! f(Zki) = !~';!{ II:::II + (1-llxl" II}"J 

~ !~';! Ilxl" II fl ~ J + ! ~';! (1-llx~i l l ) f( xo) = f( xo)· 

Hence f( Z) ~ f( xo). 

'--v-----" 
~ o 

But since X o E M(( X) we have f( x o ) ~ f( z ) 

i.e f(Z) = f(xo)' 

Since Xo is the only minimum point off on X we have Z = xo' 

On the other hand 

Ilzk - Xo 112 = IIAxk + ( I-A) Xo - X o 112 = IIAXk - A Xo 112 

= A2 [2(llxkI12 + II X o 112) - lIxk + Xo 112] (parallelogram equation), 

~ 1..2 [211xki12 + 211 Xo 112 - Cllxk ll + II Xo 11l2] 

= 1..
2 

[ llxkl1
2 

- 2l1xk ll · II X o II + II XO 112] 

=A211xk112 + A21IxoIl2-n21Ix& Il xoll 

10 
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(3) is also true for the elements of the subsequence 

i.e 

So we get 

II z - Xo 112 = lim IIZik - Xo 112 <! I. 
, ~~ 

But th is a contradiction. II 

II 



2. Correctly and Incorrectly posed problems 

In most of practical problems whose mathematical model are mathematical 

optimization problems the initial condition is of approximate character. 

There fore, we identify problems and numerical minimization method for which small 

perturbation in the initial conditions does not produce strong effect on the solution. 

2.1 The exact (Unperturbed) Problem 

Let U ~ 91 n
, g: U ~ 9, 

Then we consider the following optimization problem 

(p) g(x) ~ min, x E X, 

X: = {x E U I f(x) ;:: O} , 

f is vector valued function , i.e. 

f= (flo f2, .. . , fm), 

f i: U ~ 91 , i = 1,2, ... m. 

Then (p) is called the exact (unperturbed) problem. 

2.2 The initial information 

(I) 

In practice the information about the functions g and f is of approximate character, i.e 

instead of g and f we know some perturbed functions ge and fe on the set U such that, 

ge and fe belong to the set. 

p,(g, f): = {ge, fe Ilg(x) - g, (x)1 ~ E, Il f(x) - f,(x) II ~ E, x EU}. 

(where E is parameter of perturbation). 

There fore, the solution y to the unperturbed problem is determined from the solution 

y, of perturbed problem. 

12 



2.3 The approximate (Perturbed) problem 

Let U ~ 91", go: U ~ 91. 

Then we consider the following optimization problem. 

(P,) g,(x) ~ min, x EX" 

X,: = {x EU I [,(x) ~ a}, 

f, is a vector function . i. e. 

I: (x) = (fe (x), Ie (x), ., Ie (x) )T, , , . 
I

G
, : U ~ 91 , i = 1, 2, ... ,m. 

Then (P,) is called approximate (perturbed) problem. 

2.4. Correctness 

Let the un perturbed problem (P) be given. 

Let Y: = M(g, X) be non empty, 

Y,: = M(g" X,) be non empty, 

Z,: = Y u Y,. 

Definition 2.4.1: The problem (P) is said to be:-

a) 

b) 

weakly correct if lim sup inf Ily, - yll =0. 
£"-+0 yeY 

y", "'", 

correct (correctly posed) if 

lim sup liz' - z"ll = 0 
&-+0 <z"ez", 

c) In correct (Incorrectly posed) if 

lim sup liz' - z"ll = 0 is not satisfied. 
&-+ 0 :',zwe :

e 

(2) 

Remark: Obviously from definition 2.4.1 a) we have for E ~ 0 the fami ly of the set 

Y, belongs to the set Y, i.e . given 8 > 0 there is EO > 0 such that for any EE (0, Eol and 

y,E y, there is y E Y such that 

Ily, - yl l ~ 8. 

13 



From this it trivially follows that for any 8 > 0 there is 80 > 0 such that for any 8e (0, 

80] and g, e p, we have 

Ig,(y,) - g(y)1 ~ 8. 

we will show now that (I) is valid . 

By g,ep,(g) we get 

Ig,(x) - g(x) 1 ~ 8, X e U; 

[ftrivially fo llows that 

Ig, (y) - g(y) 1 ~ 8, Y e Y 

From lIy, - yll ~ 8 and (2) we get 

Ig,(y,) - g(y) 1 ~ 8. 

By setting 8: = 8 we get (I) i.e. 

Ig,(y,) - g(y) 1 ~ 8. 

(I) 

(2) 

There fore, in connection with this we have that weak correctness implies correctness 

l.e. 

From definition 2.4.1. b) we have that the family of the set Y, belongs to a set Y 

consisting a single element y. 

Obviously a correct problem is always weakly correct but not conversely. 

Now we consider the fo llowing examples 

Example 1 

g(x)= -x l -x2~ min xeS 

S: = {x e\H2lxl + X2 ~ 1, XI, x22': O} 

and g(x) = -XI - X2 ~ min, xeS' 

S' = {x e912 1 (I + 181+ 8) XI + (I + IEI - 8) X2 ~ I) XI 2': 0, X2 2': 0 }. 

14 



Solution 

case 1: suppose E = 0 

Then Y = {[a, b]} 

Y, = {[a, b]} 

z, = {[a, b]} 

Figure I illustrates this fact 

Case 2: Suppose E > 0 

Then 

b(O,I) 

Figure 1 

a(I,O) 

(I +IEI + IE) XI+ (1 + IEI - E)X2 = 1 is equivalent to 

(1+2E) XI + X2 = 1 

or X2 = -(1+2E) XI + 1 

In this case 

Y = {[a, b]} 

Y, = {CO, I) }. 

Z. = YuY, = {[a, b]} . 

Figure 2 illustrates this 

Figure 2 

15 
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Case 3 : suppose E < 0 

Then (1 +IEI + E) XI + (1 + lEI - E) X2 = 1 is equivalent to X I + (1 - 2E) X2 = 1 

-x 1 
or X2 = --'- + -­

I - 26 1- 26 

We have the following generalization from above considerations 

Y,= {[a, b]} ifE = O 

Y,= {O, I)} if E>O 

YE = {(l, O)} if e< 0 

Y = {[a, b]} 

Zc = YE U Y = {[a, b]}. 

Figure 3 illustrates this fact 

b(O,I ) 

For E = 0 

sup liz' -z" ll = ..fi 
z' ,z ' ez., 

a(1 ,O) 

Figure 3 

so lim sup Ilz' -z"ll = lim sup Ilz'-z" lI = ..fi. 
cJ.o z' z' ez eto ZI z· , ~ , ., 

In this case over optimization problem is not correct. 

For e > 0 

From Y c UY = ZE = {[a, b]} we get in this case also 

16 



lim sup liz' - z" ll =../2 
E~O Z',Z"EZ" 

similarly it ho lds that for E < 0 too that lim sup liz' - z"l1 =../2 
&-+0 z',z'ez, 

There fore in all cases the given optimization problem is not correct. 

To see weakly correctness 

Case 1 : suppose E = 0 

Then inf II Yo - yll = 0 
yeY 

There fore lim sup inf II YE - yll = 0 
c-t O f , Er" yeY 

In the simi larly way it can be show that 

lim sup inf II YE - yll = 0 fore > 0, E < 0 
&-+0 ye eY" ye Y 

There fore our optimization problems is weakly correct. 

Example 2 

f(x) = X2 -+ min, XES' 

Case 1: Suppose E = O. Then we have from Figure 4 

YE = {(l, O)} 

Y = {(l, O)} 

ZE = YE UY = {(l , O)} 

b(O,I) 

Figure 4 

17 

a(!,O) 



Case 2: s > O. Then 

X2 = -(1 + + 2 s) X I + I and from Figure 5 we get 

Y, = {CO, I)} 

Y = {(I , OJ} 

z, = {CO, I), (I , OJ}. 

b(O,I) 

a(\ ,O) 

Figure 5 

x I 
Case 3: E < O. Then X2 = - -'- + --. From figure 6 we get 

1- 2& I - 2& 

Y, = {(I , OJ} 

Y = {(I , OJ} 

z, = {(l , O)} 

b(O,I) 

Figure 6 

a(I,O) 
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From the above considerations we have the following generalization 

z,= Y,U Y = {(O,I),(l , O)}ifE > O 

z, = Y, UY = {(i , O)} ifE ~ O. 

For E = 0 we get 

sup liz' - z" ll = 
Z',Z"EZ, {

..fi if £ > 0 

Oif £> 0 

Therefore, lim sup liz' - z"ll =..fi and 
&-)00 t' ,z"ez, 

lim sup liz' - z"ll = 0 
&--+0 Z',Z"EZII 

Therefore the problem is not correct for E = 0 

Now is we consider 

inf II y, _ yll = {..fi if £ 
yeY 0 if £ 

Therefore 

lim sup inf 
&-+0 Y, EY£ yeY 

>0 

~ 0 

Therefore, the given optimization problem is not weakly correct. 

Methods of so lving mathematical optimization problems were elaborated under clear 

assumption that the problems under consideration were correct. 

One of these methods is regularization method. In the next chapters we will consider 

the regulari zation method to approximate incorrect problems with correct ones. 

We consider the following parametric linear optimization problem: 

Example 

(PI.) 2Xl + 3 X2 - Xl ~ max 

subject to 

2Xl + 3X2 - Xl ~ 3 + A 

-Xl - X2 + 2Xl ;:: 2 - A 
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The following table give the solution of our problem depending on A.. 

parameter Xl* X2* XJ* f(x*) 

A. 

-00 < 11.<-4 No feasible solution 

-4$11.$2 0 4 1 5 I 7 4 
-+-A. ---A, -+-A, 
3 3 3 3 3 3 

2<11.$5 -2 I 2 5 I 3+11. 
-+-A. ---A, 

3 3 3 3 

5<11.$6 6 - 11. -3 + A. 0 3+11. 

6<11.<00 0 3 0 9 

Table 1 

From table 1 given above it can be seen that small perturbation of A. gives changes in 

the solution and the value of the objective function. 
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3. A class of correct problems 

In this chapter we consider the exact (unperturbed) problem considered in chapter 2.1 

and the problem of minimizing the approximate (perturbed) problem considered in 

chapter 2.3 i.e. we consider the following optimization problem. 

(P,) g,(x) --+ min, x EX. (Chapter 2.3) 

In this consideration the feas ible set X remams unperturbed, while the objective 

function is perturbed. 

Our objective is to determine 

y, E M(g" X). 

To achieve this result we assume for each E > 0 there exists a point .J! ,EX such that 

g,(y, ) :0; g,(yc) +TJ(E) where TJ is a positive constant that depends on E. (3.1) 

We prove the following theorem under the above considerations. 

Theorem 3.1: Let X be a convex and closed set. 

Let g: X --+ 91 be a strongly convex and continuous function. 

Furthermore, let the fo llowing be satisfied. 

a) g, is continuous on X, 

g,EPc(g): = {g, llg,(x) - g(x)I:O; E, x EX}. 

b) lim TJ (E) = O. 
,~o 

Then 

lim )l, = Yo. 
1.' _ 0 
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Proof: From goEpo we have 

go(x) ~ g(x) - E, (x EX). 

Further more, g(x) --+ <Xl for Ilxll --+ <Xl 

(by proposition 1.3.5). 

consequently go(x) --+ <Xl for allllxli --+ <Xl . 

(by (I) and (2)) 

(I) 

(2) 

(3) 

Therefore, there is a constant c, such that, the set V : ={x EX I g.(x) ~ c} is bounded 

and non empty (by (3) and proposition 1.3.5). Therefore, M(&, X) is non empty. 

Now we have 

(Yo E M(go, x)),and 

g()le) - g(y) = [gCYe) - gOCYe)) + [(gO()le) - g(y)] 

~ [gCYe ) - gE( )le )]+ [g,(yo) - g(y)) + ll(E) (by 3.1) 

(4) 

By the strong convexity and continuity of g on a convex and closed set X we have 

II )Ie - Y 112 ~ 2 [ g()le ) - g(y) ] 
p 

(by proposition 1.3 .6). 

(p is parameter of strong convexity) 

It follows that 

II )Ie - Y 112 ~ 4&+ 21)(£) , (by (4) and (5)). 
p 

Taking limit as E --+ 0 of (6) we get 

o ~ lim II )Ie - Y 112 ~ lim 4£ + 21)(£) = 0 
&--+0 &--+ 0 P 

consequently 

lim II )Ie - Y 112 = 0 
e~O 

Therefore, we have that 

lim )le = y. 
e~O 

(5) 

(6) 

Remark: For any function g which satisfies Theorem 3.1, the optimization problem 

(P) g(x) --+ min, x EX, is correct. 
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4. Problems with Exact constraints 

4.1 Regularization Method 

In this chapter we will consider the regularization method to so lve non-linear 

optimization problems. 

Most of practical problems whose mathematical models are mathematical 

optimization problems contain some additional conditions that allow us to select an 

element in the solution set Y of un perturbed problem (P), (see chapter 2.1) which 

satisfies some addition condition. 

In this connection we consider the closest element in the so lution set Y to a fixed 

point Xo EU. 

4.1.1 The Normal Solution 

We consider the fo llowing un perturbed problem (P). 

(P) g(x) ~ min, x EX (see chapter 2.1) 

Y: = M(g,X). 

Let Xo E U be fixed and 0: U ~ 91+ be given by 

O(x) : = IIx - xoll 2 

Let 

(PN) O(y) ~ min, y EY. 

Let YoE Y be a solution to (PN), i. e. 

Ilyo- xoll2 
= min II y - xof Then 

yeY 

a) A solution Yo Of(PN) is called the normal solution of(P). 

b) The problem (PN) is called the problem of the normal solution. 
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4.1.2 Regularization 

We apply the regularization method to determine the normal solution to the 

unperturbed problem (P) when only the objective function is perturbed. For this we 

consider the following: 

Let Xo E U be fixed , g: U ~ 9i and 

0: U ~ 91+ be given. 

Then we define a function 

Na: U ~ 91 given by, 

Na(x): = g(x) + aO(x), (a > 0). Then 

a) The function Na is called a regularization function. 

b) The number a is called parameter of regularization. 

Now we consider the following optimization problem: 

(Pa) Na(x) ~ min, x EX. 

Let YuEM (N .. " X). 

In what follows we will show how to determine the value of Ya approximately. 

Let N~: = Na(Ya) = min Na(x) . 
.reX 

Further more, we assume that for each a > 0, there exists a point Ya EX such that 

Na(Ya) $; N~ + ll(a), ll (X) > O. 

(11 is a positive number which depends on a) 

In connection w ith the above considerations we have the following theorem. 

Theorem 4.1.1: Let X be a closed set and g: X ~ 91 be continuous. Let Y = M(g,X) 

to be non-empty and lim ry(a) = O. Then the following 
a--+O a 

conditions are satisfied: 

i) lim gcya ) = g(yo), 
a~O 

ii) lim PCYa , Y) = O. 
a~O 
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Further more, if the set X is convex and the function g is convex, then 

lim Yo = Yo· 
o~O 

Proof: First we show that Na(x) ~ 00 for IIxll ~ 00, 

Obviously g(x) ~ g(y), for all x EX, y EM(g, X). 

By Na(x) = g(x) + aQ(x) = g(x) + a llx - xo112, a > 0 

we get 

Na(x) = g(x) + allx-xoll2 

~ g(y) + a llx - xof (4. 1 ) 

Since g(y) is a constant and a > 0 it suffices to consider Ilx - xol12 for Ilxll ~ 00. 

since Ilx-xol12 = ( X - Xo, x - Xo ) 

= (x, x) - 2(xo, x) + (xo, xo) 

~ IIxll2 - 21 (xo, x ) I +lIxoll2 

(definition of norm) 

~ IIxll2 - 211xoll· Ilxll + Ilxol12, ( (Ixo, x)1 ~ Ilxoli. Ilxll ) (Cauchy-shwarz 

= ( Ilxl l - Ilxol l 

By assumption IIxll ~ 00, and Il xo ll is a constant gives 

Ilxll - IIxol12 ~ Ilxll - Ilxoll ~ 00 as Ilxll ~ 00. 

Therefore 

Ilx - xol12 ~ ( IIxll-llxoll i ~ Ilxll - Ilxoll ~ as IIxll ~ 00. 

Hence we conclude that 

Na(x) = g(x) + aQ(x) = g(x) + allx - xof ~ 00 as Ilxll ~ 00. 

inequality) 

2. Now we show that for arbitrary but fixed z EX, the set Xo: = {x EX I Na(x) ~ 

Na(z) =: c} is nonempty, closed and bounded. 

By the set Y is nonempty and definition of Na we get that the set Xo is 

nonempty. Obviously the set Xo is level set of Na. Moreover the function Na 

is continuous which follows by the continuity of g and Q (assumption). Hence 

the set Xo is closed (each level set of a continuous function is closed). 
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By the fact that Nu(x) ~ 00 for Ilxll ~ 00 and the set Y is nonempty and the 

definition of Nu give us that Nu has a minimum point. consequently the set Xo 

is bounded. 

Let now Yu E M(Nu, X). 

By Yo E Y we have 

g(yo) :<:; gcya ) 

:<:; r(Ya)+aQ(YaJ :<:; N; + 11 (a) = r(Ya)+ aQ(YaJ+ 11 (a) 

:<:; r(Yo)+aQ(YoJ + 11 (a) 
Na(yo) 

Therefore, we have the following inequality g(yo):<:; gcya ) :<:; g(yo) + aQ(yo) + l1(a). 

From this it follows that 

0 :<:; gcya ) - g(yo):<:; aQ(yo) + l1(a) . 

Therefore 

0 :<:; lim (g(Ya) - g(yo)):<:; lim (aQ(yo) + l1(a)) = O. 
a-40 a-)oO 

Hence we have that 

lim g(ya ) = g(yo). II 
a~O 

4. Now we show that 

lim P(Ya, Y) = 0 
a~O 

From proof (3) we get 

aQ (Ya ) :<:; aQ(yo) + 11 (a). 

which gives Q(Ya ):<:; Q(yo) + 1J(a). 
a 

Hence by lim 1J(a) = 0 and the definition of Q give that 
a -)00 a 

0 :<:; Q(Ya ) = IIYa - xo112 :<:; Ilyo - xo l1 2 + 1J(a) :<:; c2 (for constant c) 
a 

which gives 0 :<:; II Ya - xo ll :<:; c. 
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Therefore, for sufficiently small ex the family of the sets {Ya } is bounded. 

Hence together with 

lim g(Ya) = g(yo) and bounded ness of {Ya } 
a ~ O 

we concl ude that 

lim P(Ya' Y) = O. II 
a~ O 

Let now the set X and the function g be convex, then the set Y is also convex. 

5. Now we prove 

lim Ya = yo· 
a~O 

By proof (3) we have that lim g(ya ) = g(yo) . 
a~ O 

From this we have that the sequence (g«Ya)) is a convergent sequence with 

the limit g(yo). 

Let y be an arbitrary limit point of the family {Ya ). i.e. there is a subsequence 

(Ya. ) of (Ya) such that 

lim Ya = y . 
k ~ C(I k 

By the continuity of g we have 

g( Y ) = g( lim Ya ) = lim g (Ya ) = g(yo), 
k-)<Q t k-+C() k 

(since (g(Ya,) )) is a subsequence of a convergent sequence (g(Ya. )) ). 

Hence we have that 

lim g(Ya ) = g(yo) = g(y). 
k -)000 k 

Consequently y E Y. 

From proof (4) and continuity oro we have 

o (lim Ya = lim 0 (Ya ) = OeY ) ~ O(Yo). ~-7<X) k k -HQ k 
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Hence we have 

min Q(yo) = Q( Y ). 
yeY 

Considering the strong convexity of Q on a convex and closed set Y (Q - is strictly 

convex), we get that Q has a unique minimum point. 

Hence we have 

y =Yo· 

Therefore we have for a -7 0 the fami ly ofthe set {Ya } has a single limit point: (i.e. 

lim Ya = Yo· 
, --> ro 

Remark: In connection with Theorem 4.1.1 the rate of convergence of yo. to yo for 

a -7 0 can be very low. 

The following example illustrates this fact: 

Example: consider a one-dimensional problem. 

Let g: 91 -7 91 given by g(x) = x2k, k 2': 1, 

and (P) 

Clearly 

g(x) -7 min, x E9~. 

min g(x) = min X2k is attained when x = 0 =: Yo. 
xe~H XE9t 

Therefore Yo = 0 is a solution to our optimization problem. 

Now we choose xoE91 such that Xo '" 0, and define Q(x): = Ilx - xol12 
= (x- xoi, 

N,,(x) : = g(x) + a(x - xoi , a> 0, 

= X2k + a(x _XO)2, k 2': 1, a > O. 

Then we determine the solution to the fo llowing optimization problem: 

No.(x) -7 min, x E9t 

Since No. is differentiable for all x E9~ we consider the derivative ofN", i.e. 

N,,'(x) = 2kx2k
-

1 + 2a (x - xo). 

In order to get the minimum points to our problem one has to solve: 

N,,'(x) = O. 

i.e. 2kx2k
-

1 + 2a (x - xo) = O. (2) 
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In general the solution to (2) for some fixed k and Xo is dependent on a and has the 

following form: 

Ya:= Yo + 0 ()-I) 
where 0 (a ,lk_1 ) is to indicate that the solution is dependent on the a. 

Theorem 4.1.2 Let X be a convex and closed set. 

More over let g: X ~ 91 be convex and continues, 

g, EPc(g): = {g,: Ig,(x)- g(x)1 < E, for all x EX}, 

Y: = M(g, X). 

If Y is nonempty and g, is continues, then the problem 

Na(x) ~ min, x EX is correct for each a > O. 

Proof: Let Na,: U ~ 91 be given by 

Na,(x) : = g,(x) + aQ(x). 

By g, E p,(g) we have 

gc(x) ~ g(x) - E ~ g(y) - E =:c for all x EX, Y EY. 

More over, the set 

{x EX I Na,(x):$ c} for a constant c is bounded (Theorem 4.1.l). 

By (I) and (Theorem 4.1.l) 

Nac(x) ~ 00 for Ilxll ~ 00 and Ya, E M(Na" X). 

Obviously the functions Na and Na, satisty (Theorem 3.1 ). 

Therefore we have that the problem under consideration is correct. 

Example 1: We consider the following nonlinear optimization problem 

g ,, (x) =x.A-e"x E91. 

Then we determine the super mum of g" on 91 . 

Case 1: If A > 0 

g" (x) sup= max g" (x) = A(en A - I) . 
xe9i xe!H 
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Case 2: rn. = 0, Then 

go(x) = _ex < 0 for all x E\R and 

_ eX ~ 00 as x ~ 00 and 

_eX ~ 0 as x ~ - 00. 

Hence in this case 

sup go(x) = O. 
xe9! 

Case 3: If A. < 0, Then 

g ;. (x) = x.A. - eX and 

g J. (x) ~ 00 as x ~ -00 which gives 

sup g J. (x) = 00. 
XE:H 

Therefore, from above considerations we have 

J

OO if A. < 0, 

<D(A.) : = sup g ;. (x) = 0 if A. =0 
xelJi 

A.(t nA. -1) if A. > O. 

Example 2: Let f).(x) = x.A. -Ix - 21, x E9{, 

Determine the superman of f, on \R. 

clearly 

x~2 

{
x.A. - x + 2 is 

f,(x) = 
x.A. + x - 2 is x < 2 

= {(A.- I) x+2 is x~2 
(A. + 1)- 2 is x < 2 

Case 1 : suppose A. > 1, then 

f, (x) ~ 00 for x ~ 00. 

Hence sup f, (x) = 00. 
xe91 

Case 2: Suppose A. < -1, then 

f, (x) ~ 00 for x ~ - 00. 

Hence sup f, (x) = 00. 
xe9! 
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xe!ll 

Case 4: If A = - I , then 

sup f).(x) = -2 = max f).(x) . 
.re!ll .le91 

Case 5: suppose A E (- I , I) 

Then (A - I) < 0 and (A + I) > 0 

Consequently 

(A - I)x + 2 --+ -00 as x --+ 00. 

In this case we have 

sup f).(x) = 2A max f).(x). 
xe9l .re9l 

Considering 

(A + I)x + 2 --+ -00 as x --+ 00. we get again 

supf).(x) = sup (1 +A)x +2 ) = 2A. 
xe9! xe9t 

Hence we have the following generalization for the above considerations: 

{

oo is A > I and A 
<D(A) = sup hex) = 

xe9l 2A. is AE [- 1,1] 
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5. Regularization Method (the general case) 

In chapters (3) and (4) we considered regularization method for problems with exact 

constraints . 

In this chapter we consider problems of the form 

(Pe) ge(x) -t min, x E Xe (chapter 2.3). 

In connection with this we have to determine approximate values of the normal 

solution to the problem 

(P) g(x) -t min, x EX (chapter 2. 1) 

To get this result we consider the following: 

5.1 Regularization 

Let \fIape : U -t m be a function defined by 

\fIape(x) = ~ [ge(x) + (Xr2(x) 1 + \V,(x), ~ > 0, 

\fI, : U -t 91+ be defined by 

no 

\fIe(x) : = I Imin {fe, (x), 0 } IP, P > 0 be given. 
i= l 

Then the function If! a is a penalty funct ion for the problem 
/k 

(Pa ) Na (x) -t min, x E Xe. , , 

In the next chapter we will consider on how to determine 

Yap, E M (\fIape, U) . 
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6. Convergence of the Regularization Method 

6.1 The General Case 

Let the following conditions be satisfied: 

(i) the set U is convex and closed, 

(ii) the function g is convex and continuous on U, 

(iii) the functions f;, i = 1,2, .. . ,m, are con cave and continuous on U. 

(iv) the functions , 

g" f, E p,(g,f) := {g,,f,: Ig,(x) - g(x)l:;; E, Il f(x) - f,(x) ll:;; E for all XEX}, 

(v) Y: = M(g,X) be non empty, 

m 

(vi) ljI(x): = I Imin {f;(x),O}l, 
i=l 

m 

1jI, (X):= I Imin {!C, (x), O}l, 
i= 1 

Now we prove the following propositions. 

Proposition 6.1.1: For any x EU the inequality 

IIjI(x) - 1jI,(x)1 :;; E.m holds. 

Proof:- We first show 

II min {f;(x), O}I-Imin {!c (x), O} II:;; If;(x) - !c (x)l· , , 

Case 1: Suppose f;(x) > 0, !c, (x) > 0 for all ;=1,2, ... ,m, for all x EU. Then 

Imin {f;(x), O} I = 0, Imin {!c, (x), O}I = 0, 

and 11 m in {f;(x), O} I-Imin {!c, (x), O} II = O. 

Il min {f;(x), O}I-Imin {!c, (x), O} II:;; If;(x) -!c, (x) l· 

Case 2 : Suppose f;(x) < 0, f ., (x) < 0 for all i = 1,2, ... ,m, and for all XEU. Then 

Imin {f;(x), O} I = If;(x) l, 

Imin {!C, (x), O} I = l!c, (x) l· 

Therefore 

II min {f;(x), O} I-Imin {!c, (x), O} II = 11f;(x) I-I!c, II:;; If;(x) - !c, (x)l · 
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Case 3: Suppose fi and fe" fo r i = 1,2, ... ,m, have opposite sign, with out loss of 

generality, 

Let fi(x) > 0, fe, (x) < 0 for all i = 1,2, . .. ,m and for all XEU. 

Then 

Imin {fi(x), O} I = 0 and Imin { fe, (x), O} I = I fe, (x)l; 

Hence II min {f;(x), O} I-Imin { fe, (x), O} II= 10 -Ife, (x) lI · 

But 10 - I fe, (x) I ~ lfi(x) - fe, (x) I as f;(x) < 0 for all i, for all x 

By similar considerations it can be shown that, it is in general true that 

IImin {fi(x), O}I-Imin ( fe, (x), Ol ll ~ lfi(x) - fe, (x)l· 

Now by fe, Ep,(g,f) we get 

If;(x) - fe (x) I ~ E for all XE X for all i = 1,2, ... ,m. 

Therefore we have 

m 

IIjI(x) - IjI, (x)1 ~ L IImin (f;(x), O} I-Imin{ fe, (x), O} II · 
;: 1 

m 

~ L If;(x) - fe, (x) I 
;",1 

m 

~ L E = E.m.11 
;=: 1 

Proposition 6.1.2: For any x E U, 0 ~ p ~ Po < 00, 0 ~ E ~ Eo < 00, and any a > 0 

there exists 

1jI*: = inf ljIa~, (x) > -00 . 
.reU 

Proof: since the function Na given by Na(x) = g(x) + aO(x) is a strongly convex 

on U, (a > 0), there is 

N** : = min Na(x) > - 00. 
xeU 

since by condition (iv) of (6.1) we have g, Ep, (g, f) we have 

g,(x) ~ g(x) - E. 

Hence 

ljIa~,(x) = P [g, (X) + aO(x)] + 1jI, (X) 

~ P[g(X) - E] + paO(x) + 1jI, (X) 

~ PN** - pI: =: C> - 00.11 
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Now we consider the fo llowing: 

Let \jf* = inf \Vap,(x), 
xeV 

YoEM(O,Y), 

YaE MCNa,x), 

N *:= Na(Ya) = min Na(x), 
.tEX 

N* * = min Na(x) > -co. 
xeV 

Further more, 

Let Yap, E U satisfies the following 

\jfap, (Yap,) :<> \jf' + YJ(€), YJ(€) > O. 

In connection with the above considerations we have the following theorem. 

Theorem 6.1.1 : Suppose the conditions (i - vi) of chapter (6.1) are sati sfied. 

Further more let lim ~(€) = 0, lim _e_ = 0, lim M = O. Then 
,.... 0 ,~ o fJ(e) ,~o fJ(e) 

lim lim Yap, = Yo. 
a ...... O £-Jo O 

Proof: Obviously 

\jf,(x) ;:: 0 for all x E U 

g(x) $ g, (x) + € 

g,(x) :<> g(x) + € 

More over 

(definition of IV,). 

(lg(x)-g,(x)1 :<> € for all XE U 

\jf* = inf \jIap,(x) $ \jIap, (x) for all XEU. 
.reV 

By definition of YaP, we get 

\jIape (Yap,) $ \jf* + YJ(€). 

All these imply 

N*' = ~W Na(x) $ Na (yap,) :<> Na (yap,) + ~ \jI, (Yap,) 

= g (yap,) + 0.0 (Ya/k ) + ~ \jI, (yap,) 

$ g, (yap,) + 0.0 (yap,) + ~ \jf , (Yap,) + € 
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= ~ [ ~(gc (yap.) + aO (yap.)] + ~ 1jI, (yap.) + I: 

= ~ ljIap, (yap,) + I: 

I 
~ fJ (1jI* + 11(1:» + I: (by 3) 

I 1 
~ fJ ljIap,(Ya) + fJ 11(1:) + I: (by 2) 

_ I ryeS) 
- g,(Ya) + aO(Ya) + -1jI,(Ya) + -- +8 (4) 

fJ fJ 

Since Ya EX = {XEU I fi(X) ~ 0 for all i = 1,2, ... ,m }, from the definition of IjI if 

follows that W(Ya) = O. 

From proposition (6.1.1) 

IIV(Ya) - IVc(Ya) I ~ E.m , IjI(Ya) = 0, gives 1jI,(Ya) ~ E.m as 1jI,(Ya) ~ 0 (5) 

From g,(Ya) ~ g(Ya) + E and ~J,(Ya) ~ E.m we get 

N** ~Na(YapJ ~ g,(Ya) + aO(Ya) + ~ 1jI,(Ya) + ryes) +s 
fJ fJ 

= N* + 8m + ryes) + 2c < C 
fJ(s) fJ(s) ~ - . (6) 

Since by supposition lim s(.m) = mlim ~( ) = 0 and lim ryes) = o. 
£~ O fJ s £~O fJ s £~O fJ 

we concl ude from (6) that 

Na (Yape ) = g (Yape ) + aO (Yape ) is bounded. 

Since Na is strongly convex on U (U is closed and convex by assumption 6.1.(1» Na 

is trivially convex we have that the set 

Q:= {Yape ~ Nc(Na) is the level set ofNa with the levels c. 

Each level set of a continuous function is closed. By Theorem (1.3.1.) we get that 

each level set is bounded. Therefore, we have that the set Q is closed and bounded 

i.e. it is compact. 
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Let now Y be a limit point of Q, i.e. there is a sequence (Yap", ) such that 

y= lim Yan, . 
k--+<1:l Pit k 

~k -.. 0 

Then from the inequality (4) i.e. from 

we get 

O 1 (- ) N* Em 1](e) 2 N (- ) :s; - 'Vc\.Yapc $ + - + --+ £ - u\)'apc 
fJ fJ fJ 

or 0 :;; IV, (yapJ :;; P [N* + el11 + 1](e) 1 + 2fJe - PNa (yapJ 
fJ fJ 

Therefore 

+2fJ,e, - PkNa(Yap,J 
--+0 .$;:c 

Now we have 

(since ljI(x) :;; 1jI,(x) + C.m proposition 6.1.1 ) 

which implies IjI(Y) = O. Then by the definition ofljl, f;(jI) <: 0 for all i = 1,2, . . . , m is 

gives that Y EX. 

From (6) we get 

N,,(jI) = lim N"(Ya , ) :;;N* + lim [e'l11 + 1](c')+2e,]= N* 
k -+<0 Pit It k-+aJ fJ fJ 
tit --+0 Ct --.0 k k 

Therefore we have 

On the other hand we have 
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Hence we have Na(Ya) = Na( Y). 

But since the function Na is strongly convex on U it has a unique minimum point on 

x ~ u. 

consequently we have Ya = y. 

So we have for any limit point Y of the compact set 

Q: = {Yap, for E ---+ 0 we get Y = Ya· 

Therefore lim Yap, = Ya 
,~o 

From Theorem 4.1.1 of chapter 4 we get 

lim Ya = yo. 
a~O 

i.e lim lim Yap, = yo. II 
a-+O&-+O 

38 

I 

J 



References 

1. Deumlich, R: Optimization and Theory of Approximation 

Text book for the lecture, Addis Ababa 1997, 

2. Deumlich, R: Optimization Theory I, 

Text book for the lecture, Addis Ababa 1996, 

3. V.G. Karmanov: Mathematical programming, MIR Publishers Moscow 

Q5 10,.K3 13 

39 
I 

j 


