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ABSTRACT

The Cauchy-Bochner integral representation is extended to holomorphic function
of several complex variables belonging to the space H of the collection of
generalized functions. The Cauchy-kernel is holomorphic in a tubular region T¢
and also when n=1the Cauchy-Bochner transform turns to classical Cauchy-

Bochner integral.
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INTRODUCTION

One of the most effective means of solving problems in mathematical physics is the
method of integral transformations. The Cauchy kernel transformation is considered in the
setting of generalized function of slow growth and its representation is extended to holomorphic
function and also the Cauchy-Bochner integral representation is extended to holomorphic

function.

The Fourier transform is applied to construct the fundamental solution of the linear
differential operators having constant coefficients. Naturally, fundamental solution of

generalized function of slow growth can be obtained by this method.

Generally, in this seminar we can see that the Fourier transform and the Laplace
transform that is closely linked with it; we also consider the transformation of the Cauchy-

Bochner and Hilbert for the class of generalized function of slow growth.
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CHAPTER 0
Preliminary Concepts

In this chapter, the required symbols and notation are briefly listed. Some basic notations and

definitions which are use full for this seminar are also given.
Basic notations and Definitions

0.1 n-dimensional real and complex space
The points of n-dimensional real space R™ denote by x, y, ...; where x = (x4, ..., x;,). The
points of n-dimensional complex space C™ are given by z,{, ...; where
z = (24,24, ., 2Zy) = X + 1y ; X = Rez is the real part of z and y = Imz is the imaginary

part of z, Z = x — iy is the complex conjugate of z .

The scalar (inner) products in R™ and C" are defined as:
xy = (%,y) = X171 + X2 + -+ + XnYn = Xizy XiYi
(z,0) = 2121 + szz + ot ann = Z?=1Zizi

And the norms (lengths) are defined as:

x| = (62 + -+ x2) /2
1
|z = (|22 + -+ 12|2) /2.

0.2 multi-index

Let a = (ay, ay, ..., ay) be a multi-index that is its components a; are nonnegative

integers, where j = 1,2, ...,n. Then
|a| = ay+a,+ -+ a, : Length (order)
al=alay! ... a,!

a _ ,%1,.%2 an n
xC=x7%,°x,", XER

&)= (gi) (52) (52) - a!(tfiﬂ)!
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Let D = (Dy, Dy, ..., Dy), Dj = aix] j=1,2,..,n Then

!9 f(x)
Daf(x) - x‘flx;xz xim

0.3 The space S of basic function
o The space of basic (test) function § = S(R™) all functions infinitely differentiable in
R™ that decreases together with all their derivatives, as |x| — , faster than any power
of |x|7L.
SR :={peC (R): |lgll,a < ,forallp€Nyand foralla € N} }
Example ¢(x) = e~<*  where Rec > 0

o Let introduce the norm in § via the formula

loll, = 2 (1 + |x13)72ID% ()], @ € S
o Convergence in S: The sequence of the functions ¢4, ¢,,...in § convergesto ¢ € S, if
forall p € N,
lox —ell, =0, k—

o Linear operator in §: An operator A:S — S is linear if

vV peS = ApES

vV AQe +up) = AAp + uAY, ¢, €Sand A, u € C
o Continuous operator in §: A:S§ — § is continuous if

vV g —@in § = Ap, — Apin §
0.4 The space H

e Denoted by L2 the Hilbert space consisting of all function g(&) with finite norm

gl = j 9©Pa+IgPyrdE) = 9@+ 123

e The collection of all (generalized) functions f(x) that are Fourier transform of the

functions in L2, f = F[g] is denoted by

Hs = {f€ S : Flgl € L;(RM}, And with norm [Iflls = IF*[fllls) = Nglles)
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where the parameter s can assume any real values.
e Remark: when s = 0, then H, = £L? = L and
lglloy = llgll = IF A = @O IFI = lIfllo
By virtue of the parseval equation

0.5 The space S of generalized function of slow growth

» A generalized function of slow growth (tempered distribution) f € § (R™) is any
continuous linear functional on the space S of basic functions. The set all generalized
function of slow growth is denoted by § = § (R™).

» The generalized function f is a functional on the space of basic functions, that is, a
(complex) number (f, ) is associated with each ¢ € S.

> A generalized function f € § (R™) is a linear functional on the space of basic

function §, thatis,if @, €S and A,u € C, then

(fdp+up) =2(f, o) +ulf, ) v (1)

» A generalized function f € § (R™) is a continuous functional on the space of basic

function §, thatisif ¢, — @ ask — | then

f, o) — (@) ask > (2)

» Theset § is linear if the linear combination Af + ug of generalized function of f and

g 1s defined as a functional acting in accordance with the formula
Af+ug,0)=Af,0)+pu(g,p), pES ..ccoeei. 3)
Hence, from equation (1) and (3) the operator (.,.) is a bilinear.

» Convergence in S : A sequence of generalized function fj, f5, ... taken from §
converges to the generalized function f €S, fy — fas k— InS§,if for any

QES

(fx @) = (f,p)as k —
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» The linear set § equipped with convergence is called the space S of generalized

function of slow growth. Example: If f(x) is a function of slow growth in R", that is,
[If I + |x])™™dx <, for some m > 0,then it determines a regular functional f

ins.

Not every locally summable function defines a generalized function of slow growth. For
instance, * € §. On the other hand, not every locally summable function taken from
§ is of slow growth. For example f(x) = *cos( *). we set f(x) = (sin( *))
and g(x) = sin ( *). Then the function f is not a function of slow growth but it

generates a generalized function of slow growth.

Cones in R™,

A cone in R™ with vertex at 0 is a set  with the properties that if x € , and then Ax also

belongs to forall A > 0.

Figure 1

The intersection of  and the unit sphere s, is denoted by pr .The set of all limit point
of convergent sequence {x;}j=;, x, € is called the closure of and written as .

The cone  is said to be compact (is strictly contained) in the cone if  is bounded
andpr c pr ,then we write €

A set A is said to be convex if for any points x and x in A the line segment joining

them
Ax +(1—2x, 1 €]0,1], lies entirely in A.
LetA c thenchA =Nn{K : A S K S ,Kisconvex} is called the convex hull of A.
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e The cone
"={&(¢,x) =0, x € }issaid to be conjugate of the cone and " is closed
convex cone with vertex at 0.
e The int “denote the set of all interior points of the cone  and it can be characterized as
follows
v int " is open
v’ int " is the largest open subset of
v Tisopenifandonlyif *=int "

e The cone is said to be acute if there exists a plane of support for ch that has a unique

common point 0 with ch , where ch = ( ")*.

Figure 2

e Suppose is aclosed cone in R™. The collection of generalized functions of slow growth
in § whose supports are bounded on the side of the cone ~ will be denoted by § ( +).

e Aset A isbounded on the side of the cone ifA € + K, where K is a certain
compact. The space § ( + K) is a generalized function of slow growth defined on the

closedset + Kc R™ ThenS ( +) is defined by
SCH) =S +K

KcR"?

ek

7 Figure 3
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e The convergence in S ( +): the sequence of the function fj, convergesto 0 as k —

ins§( +)iffy > 0ask— in S andsuppfy € +K
0.7 Fubini’s theorem:
Let f(x,y) € R™™, Then the function

[ f(x,¥)dx and [ f(x,y)dy exist almost everywhere with respect to x

and y respectively and are integrables; furthermore

[ fGey)dxdy, [dx [ f(x,y)dy, [dy [ f(x,y)dx ... (1)

also, if any one of the integrals

J1G, )l dxdy, [ dy [1Cx, y)| dx, [ dx [|(x, y)| dy is finite, then so are

the other two and equation (1) holds.

AAU Department of Mathematics
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CHAPTER ONE

The Fourier transform of generalized function of slow growth

1.1 The Fourier transform of basic functions belongs to S
1.1.1 Definitions and its properties

Since, the basic functions @(x) in § are locally integrable over R™. Then the Fourier transform

operation F defined over them:

Flol(®) = [o(x) CXdx , €S ....ooooiiiiiiiiiiii (1.1)

In this case, the function F[¢](¢), which is the Fourier transform of the function ¢ (x), is

bounded and continuous in R™.

From the general theory of Fourier transformations, it follows that the function ¢ (x) is express
in terms of its Fourier transform F[¢](¢) by means of the operation of the inverse Fourier

transform F~1:

Where,
FPI(x) = @m) f P(E) ~@Hdg

= (2m)™" F[Y](—x)
= 2m) ™ [P(=§) ‘*Dd¢
= ) T FIO(=E)] oo (1.3)

The operator of inversion J:§ — § operating by the formula J¢(x) = ¢(—x) is linear and

continuous.

AAU Department of Mathematics 8
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Moreover,
Fpl(®) = @m) " Flo(—x)] = 2m) " FIe(x)
That is,
FF1pl] = FFIp(x) & FFI =1
Thus,

FF = 7, and consequently, FFo(x) = ¢(—x)
Properties
Let @ € S(R™) and @ be a multi-index. Then,

a) 1. D*Fle](§) = F(ix)*¢]
2. DEFTHYIE) = FH(—ix)*¢]

b) 1. F[D%] = (=i&)*Flo]
2. FHD%] = (i5)*F ]

Proof:

a) The test function ¢@(x) decreases at infinity faster than any power of |x| ™. Therefore, its

Fourier transform may be differentiated under the integral sign any number of times.

0<% )
1. DFIIE) = 57 j o) (G0 dx

0% .
= f(p(x)@ l(f:x)dx

= [ oG

= F[(ix)¢]

AAU Department of Mathematics 9
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- — _na_a —-i(&,x
2. D°Fpl(§) = (2m) " 52 [ o) ax
= o [ )57 69

= o) f () (—ix)® ~EP dx

= 2m)"FH(=ix)%¢]

b) Hence, every derivative D%¢ has the same properties with a) and therefore,

a“ .
L FIDpIE) = [ 57000 €9

a &0
GOl RS F
= 0 [ @@ “ax

= (-1 [ 00 @dx
= (~i)“Flo]
2% .
2. FRDIE) = @O [ S p() €0

ga -~

Fp dx

- @00 [ 9@
— @D [ pGo-iT Eax

= (Dl (—ig)e@m)™ j o(x) “EDdx

= ()" F ol
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Lemma 1: If ¢ € S(R"),then x%p € S(R").

Proof:

Let a € Njj and p € N,. Then from the definition of the space § of basic function, we have

2P D ()] < 201 + [x|P DR < cy, if x| = 1
p p+1y|na < { 1
(=l + X" DID0 0T < 5 | p1pag (o] < 201 + [xP)ID% (O] < 65, if 2] < 1

Choose C := max{cy, c,}, we get

(x? + 1xP* DD _ €

< 0,
1+ x| 1+x| x| —

|x[P|D%p(x)| <

Therefore, x*@ € S(R™)
Theorem 1: If ¢ € S(R™) , then
a) Flel F [yl € C (R™)
b) Flel € S(R™)
Proof:

a) From the above properties we get that D*F[p](€) exists for all @ € N?. Let ¢ be a

sequence in R™

such that ¥ — &as k — . Leta = (1,0, ...,0). Then

0% . 0% _
a ()} — pa — €M g — — i(§.0)
[D<Flp)(§%) = DFlp()] = |52 [ o € ax 5 [ 0@ ©ax |

N f(p(x)(ixl) (O gy f‘l’(x)(ixl) E) dx |

= J@(x)(ixl)( (€©x i(f”‘)) dx|

< [loGal| € - olax< k-

AAU Department of Mathematics 11
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Thus, %T [@](&) is continuous in R™. Again, applying the same reasoning to the properties (a)
1

holds for all second derivatives and so forth, and the same analogous to F ~1[1]. Therefore,

Flol, F Yl € C (RM).
b) Leta, B € N§. From (a) we get that F[@p] € C (R™) and from properties, we have
§PDUFp](§) = §PFI(ix)*o]
= {1218 [ x%p(x) D dx
= {10l [ x¥p(x)&F iGN dyx
= il (=) lBl [ x@p(x)(iE)F €M dx
= {14181 [ DB (x%p(x)) 1M dx
= {lal+IBIF [ D (x% )] (£)

From Lemma 1 it follows that for all a and 8 the magnitudes of E8D*F[p](&) are
absolutely bounded with respect to § € R™.

| D2F[p1(9)] < [|DP(x%p)]| dx
Thatis F[¢p] € S(R™).
Theorem 2: The operation of Fourier transforms F and F ~1is continuous from § into S.
Proof:

Let ¢, — @ as k — inS. Then applying the above inequality (b) of theorem 1, for

all a and p be a multi-index, we obtain
9% ,
| DFlpw — 1) = |a€—af D*(¢py — @) (x) l(f.x)dx|

< f X (px — 9)(x) 1€ dx

AAU Department of Mathematics 12
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- f X% (px — @) (01| 169 dx
- f X% (px — ) ()] dx

< f(l + 127 (px — 9) () ldx

14 |x|PH 4 x|P+|x|?P*?
- | |(x — @)l dx

T+ 2P
(1 + |x[)P*!
<) T |(r — @) (x)|dx
- f( TP A D (@ — D))
€ R ko 1+ [x|p+?

1+ D - D [ T

<

E]R"

Hence, it follows that | D*F[¢@, 1(§) — D*Fle](¢§)] = 0,k — o ,& € R™.

That is, F[¢@,] — Fle] as k — o inS.

1.1.2 Examples
_x2 n _62
1. F [eT] = (2m)ze 2"
—x2 —x2 3 _x2 .
Solution: F [eT] = [ez My = [z *¥¥ dx
i i§ 2 x2
=fe_2 (3-2%) dx —fe_zxz((%_ﬁ)) 7 dx

o [ g o [ A

AAU Department of Mathematics 13
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52
Z

£ n 2 n
=e 2 25f e Y dt = (2m)ze”

=T[§

) n _=¢
2 Flen] = () e

Solution:

Fle=] = f e~ ¢!y = f e HHEX Iy

i : 2 _g2
=je_a2xz(1_2‘;ix) dx = je_azxz(l‘zizx) ‘% dx

2 . 25 2 _ &
= 3_57 e—(ax(l—z‘léx) ) dx =¢ 4azje—t2 dt

- () o

a
1.2 The Fourier transform of generalized function of slow growth belongs to S’
1.2.1 Definitions

Let f(x) be a locally summable function on R™. Then its Fourier transform,

FIFIE) = [f(x)elC¥ax (1.4)

is bounded and continuous function on R™ and consequently, defines a regular generalized

function of slow growth via the formula,

(FIfl, @ = [FIFIE@E)dE, @ ESMRY) covevereeenn., (1.5)

Using Fubini’s theorem (see sec. 0.7), on changing the order of integration, we transform the last

integral:

AAU Department of Mathematics 14
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[ Fir©e@as = [ || reoecoa| o

= [f() [ p(§e'™Dd Edx
= [ fOF[el(x)dx

That is,

(Flfl. o) = (f . FloD), ¢ €SR™)

Definition: The Fourier transform F[f] of any generalized function of slow growth f € §'(R")
is defined by

(FIf1, ¢ = (f, FleD, PESMR™) v, (1.6)

Let us now prove that the right hand side of equation (1.6) is a continuous linear functional

over S(R™), that is, F[f] € S’ (R™)
Proof:
Since, F[g] € S(R™) forall ¢ € S(R™), then (f , F[¢]) is a functional over S(R™).
Linearity: let ¢ ,1 € S(R™) and a , 8 € C. Then
(f Flap + gy D = (f , FlapD + (f ,FIBY D
= (f,aFleD + (f . BF[Y D
=a(f,FleD +B(f, Fl¥ D

Continuity: let ¢, — ¢ as k — oo in S(R™). From theorem 1 of section 1.1, we have

Flor] — Fle] as k — oo in S(R™).
(f, FlokD) = (f, FleD as k — o, f€S'(R")
So that the functional (f, F[¢]) is continuous over S (R").

Remark: The Fourier transform of generalized function of slow growth is a generalized

function of slow growth.

AAU Department of Mathematics 15
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Lemma 1: The operation of Fourier transform F is linear and continuous from S’ into §'.
Proof:
Linearity: Letf,g € §'and forany a, 8 € C
(Flaf + Bgl, @) = (af +Bg .Fle])
= (af ,Flp]) + (Bg ., Flo])
=a(f ,Fle]) +B (g . Flo])

=a (F[f], @) + B (Flgl, )

Continuity: Let fj, — f as k — o0 ,in §'.then by definition of Fourier transform, for

all p € S, we obtain

(Flfel @) = (fi,FloD — (f . FloD = (FIf],¢) as k — o

This show that F[f,] — F[f] as k — o ,in §’, that is, the operation F is

continuous from S’ into S’.

Now, let us introduce into §’ one more Fourier transform operation, which we will denote

by F~1:
FUf1= Qo)™ FIf(—0)], f €S, i, (1.7)

Lemma 2: The Fourier transform operation F 1 is the inverse operation of the Fourier

transform F, that is,

FUFIAl=F, FIFUAl=F i, (1.8)
Proof: Let ¢ € S. Then
(FFI]L @) = COTEFIFIFIEO], @)
= )™ (FIf1=E, FleD
= 2m)™(FIf 1 Flel(=)

AAU Department of Mathematics 16
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= (FIf1,F oD = (f , F[F el])

=(f.9) = (f,F'[Flel])

= (F'fLFleD = (FIF'If]], )
Therefore, the operation F ~1 is the inverse of the operation F .

Let f(x,y) € §'(R™™) where x € R", y € R™. We introduce the Fourier

transform F,[f] with respect to the variable x = (x;, x5, ..., x,) for any basic function

(€, y) € S(R™™)

Let us now prove that the right hand side of equation (1.9) is a continuous linear functional

over S(R™™),

Since Fel[p] € S(R™™) forall p(&,y) € S(R™™) , then (f, Felg]) is a functional
over § (R™*™).

Linearity: let ¢ , 3 € S(R™™)and a, B € C
(Flf1,ap + ) = (f , Felap + p])
= (f, Felap] + Fe[By])
= (f,aF¢lol) + (f . BFely])
= a(f  Felol) + B(f, BF:[¥])
= a(FIflo) + BFEIfLY)

Continuity: let ¢, — @ as k — o0 in S(R™*™) and hence, F¢[@,] — Fe[e], k — oo
in S(R™*™). Then

(Flf1,06) = (f, Feloi]) = (7, Felol) = (FIf1, )

Therefore, F, is continuous linear functional over §(R™*™), that is, F [f] € §'(R™™)

AAU Department of Mathematics 17
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1.2.2 Properties

1. Differentiation of the Fourier transform

D*FIf1(§) = Fl(ix)*f]

Proof:

For all ¢ € § (from properties of section 1.1), we obtain
(DFIf1,9) = (—DI(F[f], D)
= (=D"(f ,F[D%])
= (=D, (=ix)* Flo
= ()7 ,FlpD
= (FI0)*f] ,9)
Therefore, D*F[f](§) = F[(ix)*f]

2. The Fourier transform of the derivatives

FIDf] = (=i©)*FIf]

Proof:

For all ¢ € S (from properties of section 1.1), we obtain
(FIDf1,9) = (D*f ,Flp])
= (=D ,D*F[o])
= (-D(f ,FIE 9]
= (=D(F[f], (i©)“9)
= ((-i©°FIf] »)

Thus, F[DYf] = (—i&)*F[f]

3. The Fourier transform of a translation

Flf(x — x0)] = e'CoDF[f]

AAU Department of Mathematics 18
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Proof:

In fact, for all @ € S, we have
(FIf (x = x0)],9) = (f(x = x0) , Flo])
= (f, Flpl(x + x0))
= (f #le09))
= (F[f],ei*dg)
= (@D Fifl,0)

Hence, F[f (x — x)] = ei(xo.f)g:[f]
4. The translation of a Fourier transform
FIFIE+E) = Fleion ]
Proof:

Using number (3) for all ¢ € S, we obtain
(FIF1E+E0), @) = (FIf1 0§ —¢0)
= (£, Flo(E—&)D
= (f,eCo0F[p])
= (ei(fo'x)f,f[¢])
= (}'[ei(é’o,x)f]'(p)
Therefore, F[f](§+&y) = F[eiCo0f]

5. Analogous equations are valid for the Fourier transform F,.
a) DYFe[f1 = Fl(x)f]

b) F[DEf] = (i) *F[f]

AAU Department of Mathematics
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Proof:
Let ¢(&,y) € S(R™™). Then
@ (DEFIfL @) = (=D (F[f], Df p)
= (=D"(f, F¢[ D¢ o])
= (=DI(f, (ix)*Felo])
= (=D"((=ix)*f, Felo])
= (=D E(=)%f1, ¢)

= (Bl fl @)

Thus, DEF,[f] = F[(ix)*f]
(®) (FDESfL @) = (DL, Felol)
= (=DI(f, D§Felo])
= (=D"(f, F[(i)%¢])
= (-DI(EIf] (1))
= (i) FIf1 0)
Thus, F,[Dgf] = (=) “Flf]

1.2.3 Examples

1. T[ﬁ]zfg n=3

Solution:

The function |x| ™2 is locally integrable in R3and for all ¢ € S

AAU Department of Mathematics 20
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(7 [12)-0) = (- #101) = [ o Plolcoas

= [ [ 0(©e' @D dx

= [ow | = |Zel@ dxdg

Using polar coordinates:

Xy =rsinacosf, X, =rsinasinf, X3 =rcosa
Then the wronski determinant is
sinacosff rcosacosf —rsinasinf

sinasinff rcosasinff rsinacosf
cosa —rsina 0

=r?sina

Let |x|] = rand (§,x) = |x||&| cosa = r|&]| cos a, then we get

[o© [ zeteaxas -

ype f f [ s
- a8 oo [ e smsuas

=21 f @ (§) f f elrlélv qudrdé
0 -1
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= 41 f(plgfl)Jsmrlfld df

—n/2
_ 2 [ ©
=2r f T dé¢

(2|§| "”)

Therefore, F [ﬁ] = TSLIE ,

n=3
2. Let f(x) =1,x € R™ and 1 = constant function. Then F[1] =§

Solution:

Let p €S

(F[1L, ¢) = (L, FleD)

= f 1.f(p(x)ei(f'x)dxdf =f U P (x)etENdx| el d¢

fourier transformof¢

- f Flol(©)ei®Dds = F[F[p]](0)
= (FFp)(0) = (79)(0) = 9(0) = (6, )
Therefore, F[1] = 6

3. Find a fundamental solution of the heat conduction operator differential equation

Solution:

Let € be a fundamental solution of the heat conduction operator differential equation. Then ¢

satisty
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de(x,t)
at

a2 Ae(,t) =800t) .. €))

Now, applying the Fourier transform F, to (x), we obtain

F [0 a2 a ()| = Fl6(x, )]
But,
de(x, t) 0
Txl ot —%:Fx[g(x;t)]
0%e(x, t) . 92 ei€x)
Tx[A e(x,t)] = j-Tel(f’x)dx = fE(X, t)de

= f e(x, £)(i&)2e!EX) dx

=P+ ek 8 [ e dn
= —IEF e, O]

(FI8C 01, 9) = (500, F¢lg])
= Felp(x, D10) = 9(£,0) = 1E)5(D

Therefore, = Fy[e(x, £)] + a?[E*F,[e(x, )] = 1(§)8(t)
Let  E(E,0) = FleCx, 0], then 32 EE,0) + a?IEPEE, 0) = 1(S(®)

Let LE(t):= %E (&,t) + a?|&|?E (¢, t) is a linear differential operator with constant

coefficients. The solution is a generalized function 6(t)z(t) where z(t) is the solution of initial

value problem

Lz(t) =0, z(0)=1

Hence, %Z(t) + a?|¢|2z(t) = 0. this implies that z(t) = e~¢"I§I*t
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Therefore, E(&,t) = 6(£)z(t) = 6(t)e~*"1€°t and applying inverse Fourier transform F;1, we

obtain
e(x,t) = FHO()e "1t = g()F; [e~a 11Y]

_0

== a2 lE Pt g-i(EX) gg

_6(®) e_azt(m2+i|§y§|)d€
2T

ilx] \* Jx]?
_0O [ —are(ig55)

- 2a?t) 4aZtd§
T
g ] \*
Lx
- 00 [ (A
T
_lx2 1\
_0W@e f (evei15228)) "
21
_lx? 2
9t€ 4a2t gte4a2t
= La\/ff e tdt = L
2n l_ 2a/nt
—Vw
i
Therefore, the fundamental solution is £2¢ "
2avwt
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CHAPTER TWO

The Laplace transform of generalized functions of slow growth

2.1 The Laplace transform defined

Let I be a closed convex acute cone in R™ with vertex at 0 and put C = intI'*. Let a tubular

region in C"* with base C is denote by T¢:
T¢C=R*"+iC={Z=x+iy, x ER", y €C}
Definition: suppose g € §'(I'+). Then the Laplace transform L[g] of g is defined by
Lgl(2) = F[g©)e YD) oo (2.1
where F is a Fourier transform operation.

Let us now prove that g(&)e~@% € §' forally € C.

Suppose 7 is any C*-function with the following properties:

ID“n(§)| < Cq;
_ (1, § € (suppg)*
n) = {0, £ @ (suppg)le e (2.2)

where € is any number greater than zero.
First, let us now prove that
n(&)e~ @9 e S(RM), forally € C

Since e"@%9 € S, then n(&)e”¥$ € C* and by the properties of 77 :

sup

e e R fa| < p (LT 6D 72D (1))

||n(f)e—(y.f)||p =

sup 1+ |€|2)P/2 Z (i) |D“‘5(n(f)Dﬁe‘(V'5))|

= € R, |a| <
§ Aal=p Ba
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sup

p
<C 1 2Y"/2|pae-9)
“Ee]R",IaISp( + 1617 /2| D%

< Celle0]

These inequality signify that n(§)e"®%) € S(R™) forall y € C and therefore,

g(©e 09 = gOm@e ¥ es.

Remark: The Laplace transform of generalized functions of slow growth is a generalized

function of slow growth with respect to x for all y € C.
Lemma 1: The operation of Laplace transform £ is a linear.

Proof:

This follows from the appropriate properties of Fourier transform operation and let f,g € §’,

letp € S and forany a,f € C,
(Llaf + Bgl,@) = (F[(af ) + Bg(©))e O], )
= ((@f(© + B9 (©))e 0D, F[ ¢])

= a(f(©)e 09, F[ ¢]) + B(g()e=D, F[ ¢])
= a(F[f(©e D] 0) + B(F[g(©)e 0], 0)
= a(L[f]¢) + B(Llg], ¢)
= (aL[f].¢) + (BLIg], ¥)
= (aL[f]1+ BLIg], @)

Therefore, Llaf + Bgl = aL[f]+ BL[g]

This show that the operation of Laplace transforms £ is linear.
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Lemma 2: Suppose g € §'(I"' +), then the Laplace transform of g can be represented as

Llgl = (g(&) ,n(&)e'®d) z€TE (2.3)

Proof:

Let ¢ €S andy € C, then
Llgl, @) = (F[9(§e %], 0)

= (9(©)e 9, F[9])

= (g(f),n(f)e‘(y'f)f<p(x)e“f"‘)>

f (9©) @ ODp()ei€) p(x)dx

= [ (9 n©e)pax

= ((9(),1(©)e'9) )
Therefore, L[g] = (g(f) ,n(f)ei(z'f)).

Remark: This representation does not depend on the auxiliary function 7 within the above-
indicated properties.

Theorem 1: letf(z) = L[g]. Then the function f(z) is holomorphic in T® and the following
differentiation formula holds true;

Def(z) = ((i&)%g(&), n(&)el=D )y .. (2.4)

Proof:
First let us now prove that f(z) is continuous in TC.

Let fix an arbitrary point z, € T and let z — z,. Then from the continuity of the
yp 0 0 Yy

function 7(&)e!®%) with respect to z € T¢ in the sense of convergence in S,
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n(&)el@)  — yn(E)el@D z 5 z,inS ..o (2.5)

Taking into account the continuity of the functional g on §, from lemma 2 and equation

(2.5), as z = z,, we obtain

f@) = (9(®) 1) — (g(&),n(®e*?) = f(zy),
which is the function f(z) is continuous at arbitrary point z,.

Thus, f(z) is continuous in T¢ .

To prove the holomorphicity of the function f(z) in T it suffices to establish that the existence

of all first derivatives % J=1,..,n.
J

Suppose e; = (1, 0, 0,..., 0). Then for every z € T¢

1 . . .
1n() = = (n(elEHhes ) — (£)ei®D) — n(§)(ig)ei@

as h—0ins.
Therefore, from lemma 2 and from the linearity and the continuity of the functional g

on §, (seesec. 1.1)as h — 0. We have

hey) — 1 - -
fz+ eh) f(2) _ E [(g(f) ’T](f)el(z+he1,f)) — (g(f) ,n(f)e‘(z'a)]

1 . .
= =[(9(®) m()ei@her & —p()ele)]

= (9® ;[ eE*rerD —()elD])

= (99, xn(®) — (9() , 1(D)ig,e!@®)

= (i€,9(8) ,n(§)e'®D)
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So that the derivatives aan exist and the differentiation formula (2.4) hold for a« = (1,0, ..., 0)
1

and hence, also for all first derivatives,

:—;f (i&9(©) (e D), j=1,..,n ... (2.6)

Again applying the same reasoning to the formula (2.6), we see that the formula (2.4) hold for all

second derivatives and so forth.

Definition: The generalized function g € §'(I'+) , for which f = L[g], where the function f is
called the transform of the function g and the function g is called spectral function of the

function f . Hence, the spectral function is unique (if it exist) and by virtue of equation (2.1),
g&) = ePOETFx +iP)E) v, (2.7)
And the right hand side of equation (2.7) is independent of y € C = intl'*
2.2 Properties of the Laplace transform
These Properties follows from the appropriate Properties of the Fourier transform.

1. Differentiation of the Laplace transform:
D*Llg] = L[(i§)“g]

Proof: let for all ¢ € S, then
(D*LIg], p) = (D*F[ g(©)e™ ], 0 )
= (=D(F[g(©)e O], D%[0])

= (-D!4(g(&)e=9, F[D[g]])

(—Del(g(&)e=D, (—iD)*F[gp])

= (-DI((-i)*g(©)e= P, Flp])

((i©)%g(&)e=3, Fp])
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= (F[©)*g(©)e D], ) = (L[ 9], )

Therefore, D*L[g] = L[(i§)%g]

2. The Laplace transform of derivative:
L[D%g] = (=iz)* L]g]
Proof:

Let ¢ € S.1It suffices to prove the Laplace transform of a derivative for the first

derivatives, we have

L[asj :F[ ggf) _@§ﬂ

= F [ (9(©)e 0] + yF[g(§)e 0]

= —ix;F[g(§)e O] + y,F[g(§)e D]
= —ix;L[g] + y:L[g]
= (—ix; + y)Llg] = —iz;L]g]

Therefore, L[D%*g]| = (—iz)* L[g].

3. The translation of Laplace transform:
IfIma €C, then L[g](z + a) = L[g(&)e!*]
Proof:

Letp € S.
(Llglz+a),9) = (L[g](x + Rea + iy +ilma),p)
= (F[g(§)eiReade-0+mad] o)
= (g()eireadle=0+mad), Flg))

= (g ({-)el(Rea!f)e_(Ima:E)e_(y:E) , T[(p])
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— (g(f)ei(ReaHIma,f)e—(y,f) ,T[(p])
= (9()e e, Flp])
= (FLg()e*De" 0], )

= (L[ 9(©)e" D], 9)

Therefore, L[g](z + a) = L[g(&)e' @]
4. The Laplace transform of a translation

Llg(& - &)] = @) Lg](2)
Proof:

Letg €.
(' L[g](2), ) = (e'*IF[g(£)e 9], )
= (Flg(©)e-09] il )
= (g(©)e=0, Flel@i0g])
= (900 709, e ODF[p](¢ + &)
= (9(De™ ) Flp](¢ + )
= (9(§ = §0)e™9 , Flo])

= (FI g€ —&)e~ 0], 9)
= (LIgE - &)1, )

Therefore L[g(é —&)] = @) L[g](2)

2.3 Examples

1. Show that  a) L[8(&)sin(wé)] = ——

b) L[6(&)cos(wé)] = ==
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Solution: @) L[0(&)sin(wé)] = F[6(&)sin(wé)e )]

= f sin(w&)e” 09 el dg
0

= foosin(wf) el (e
0

17>, . i )
—— iwE__ —iwE 1(Z,§)d
2i,]; (el@t—ei%) e g

(0]

1 . 1 )
— i(w+z,8€) ds — _j —-i(w-2z,¢) d
ZJO ¢ T §

0

_ 1 1
_2(w+z)+2(w—z)

w

w?2 — 72

b) L[6(§)cos(w§)] = F[6(§) cos(wE) e 4]
= -]-oocos(wf) e_(y'f) ei(x,f)dz
0
= -I-oocos(wf) ei(z'f)dz
0
- % L m(eiwqe—iwz) el g

- lf el(@+2,8) dg + lj e~ i(w=z9) dg
2 J, 2Jy

_ -1 4 1
2i(w+2) 2i(w-2)

—iz

w2 — 72
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2 a) L[o(O)e ] = —
b) £[0(©)eF] =
Solutions: a) L[8(&)el®?] = F[0(&)el@te= )]
_ f ei0Ee=0) ai() g
0
— f eimE ei(z,f)dz
0
— f ei(z+cu,€) dE — L
0 ztw
b)L[6(8)e Y] = F[9(&)e @te~ )]
_ j e-i05e- () gilnd) g
0
- f 6108 i) g
0
@ i
= f ellz-w,) d¢ =
B Z—w
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CHAPTER THREE

The Cauchy kernel and the transform of Cauchy Bochner and Hilbert
3.1 The Cauchy kernel X .(z)
Let C be connected open cone in R™ with vertex at 0 and let C* be the conjugate cone C.

Definition: The function
Ko (2) = [.e'®Dd¢ = Llxel = Flre(©e 9] ... (3.1)

is called the Cauchy kernel of a tubular region T€ and here, y¢+(§) is the characteristic function

of the cone C*.

From theorem 1 of sec. 2.1, the kernel K .(z) is a holomorphic function in T¢; and the integral

in equation (3.1) converges uniformly with respect to z in any tubular region T¥,k € C
(k is compact).

Now we will show that the kernel K .(z) can be represented by the integral

do

Since, (y,0) > 0 forally € C,o € prC*, it follow that the denominator of the integrand on the
right of equation (3.2) is equal to [(x, 0) + (y,0)]" and does not vanish inT . Since, the kernel
K .(2) is holomorphic function in T€. It suffices to prove equation (3.2) when x = 0 the formula

follows readily from equation (3.1).

K.(ly) = fc*e_(y'f)df

= fj e PO pn-1dpdo
0

prc*
do m —u,,n—1
= . 0)" e *u""‘du
Vv, 0
prc* 0
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— -—
i F(n)fprc* o, 0')"

Therefore, K.(z) = i"T'(n) [ z€TE.

prC* (y )n ’

From the representation (3.2) it follow that the kernel K.(z) and the kernel K__.(z) are

holomorphic in the region
D= C"\ UaEprC*[Z : (z,0) = 0]

The region D contains the tubular region T° and T~¢ and also the real parts of the cones C

and- C.

Figure 4
The kernels K. and K __ satisty the relations
K_c(2) = (=D"K(2) = K.(2) = Kc(-2)
K,(1z) = 7K. (z) , A€ C\{0},z€TUT™C .........cc......... (3.3)

Proof: by definition of kernels K and representation (3.2) we have

Hoo(iy) = _e™@Ddg = [ e

ff e p(ya)pn ldpdo

prc*

J f o) o Ad(l;)

pTC
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o)

- =G

prc* 0

el Ko AR

prc

do
(iy, o)™

= (—1)""T(n) f = (—1)"K,(iy)

prc*

Therefore, K_.(z) = (—1)"K.(2)

K. (z) = fC* el@Hgé = fC*ei(x—iy,f)df

= fc* el e ds
= fc*e_i("'f)e(y'f)df
= fc*e—i(x+iy.€)d§ = fc*e"i(z'f)df
= [eC20d¢ = 3, (-2)
Thus,  K_o(2) = (-1)"Ke(2) = Ko@) = Ko(-2)

K (idy) = [ e~ WDdE = [ .e720dg

0
prC*

- | Jom (5 Au(w)n_la ley) do

prC*

o] 1111—1
= "% ———dud
” ¢t s dud o
prC*
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do «
=" f e *(uw)" tdu
o)™ Jy
prcC*
= A" (n) f R (iy)
(iy, o)™ ‘
prcC*
Therefore, K.(Az) = 7™"K.(z) , A€ C\{0},zeT°UT ¢
Let us now prove that the estimate
|ID*K, (2)] < M, Al (y), zeTCUT™ ... (3.4)

Where A(y) = A(y,—dC U dC) is the distance from y to the boundary of the cone, —C U C;
— inf
AY) = jepre 0 0), y€EC.

Proof: by using representation (3.2) we have, for z € T¢

do
(z,0)"

prC*

|D*Kc(2)| = |i"T'(n)D“

| G

prC*
lo|*do
<M,
J‘(y U)n+M|

sup

* g € prc* (v, o)™l

= M A1 (7)
The case for z € T~¢ can be considered with the use of the relation (3.3)
DK _c(2)| = |(-1)"D*K (2)| = |DK.(2)|

Thus, [D*K_(2)| < MaA™" 1%l (y)
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Therefore, [D*¥,(2)| < M,A™" 1%l (y), zeTcuUT¢
We now prove that the estimate for all s> 0.

IDYK, (x + iy)lls < Ko o(1+A75(y))A™" /271 (y), ye—CUC ......... (3.5)
Proof: from equation (3.1) and (3.2) we have

DK Cx + i = IF DK (x + )]l

l=i§)*0c- (e D7

= e 20D+ E2)1E0 P dg

Sf (1+p2)spn—1+2|a| fe—z(y,a)do.dp
0 prC*

< % e=20A0) (1 4 p2)s pn-1+2lalg,
0

o, © u?z \° al
-u n—-1+2|a
= 2n+1+2|a| An+2|a|(y)f0 € <1 + 4A2(y)> u du

< K2,(1+ 475 () a2 (y)
Here, 0, is the surface area of the unit sphere in R".
Thus, [[D*K(x + iy)lls < Koa(1+A7())A™/271(y), y e C
The case y € —C can be considered with the use of the relations (3)
IDFK_cCe + D)IF = I(=D"D*Kc(x + iy)IZ = DK (x + iy)I2
Therefore, || D*HK (x + iy)|ls < Ks’a(l + A‘S(y))A"n/Z"lal(y), yE—-CUC
The boundary values of the kernel K (z) equal to (£1)"F[x+c:], respectively

Ho(x +iy) — (FD"K(£6) = (ED)FLlac]eeeomeeeoneeiieeaeeen, (3.6)
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as y — 0,y € £C in norm in H for arbitrary s < ~"/, .

Proof:

Since K.(x +iy) € H, , fory € —C U C and for any s, while the generalized functions

T[Xic*] € :7'[5 forall s < _n/z
Therefore, when s < ~"/, andy € C,y — 0, we have

19¢: (e + iy) = FlxcelllE

|~ b9 -,

- el -2 e,

_ 2
= ”XC*e o4 _XC*”(S)
= ||lxc- (e — 1)”?5)

= [ (e =121 + |§19)%dE — 0
But,ify € —C,y — 0, then
K (x+iy) = (~D)"K(—x —iy) — (D" (-x) = (-D)"F[x_c].

From the formula (3.3) and (3.5), we have the following relations for the boundary values of the
kernel K.(z) and K_.(2):

Hoo() = K00 = He(—x), x €R® .
K_.(x) = (-D"K.(x), x €—-CUC v e e (3.7)
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1
ReX. (x) = jf[Xc* + x—c]

= 210,00 + K ()]
e (3.8)

1
Im¥c(x) = 5 Flxc: = x-c°

= L0 - Ko@)

Proof: for x € R"

H_c(x) = [_.e®ds = [ e 0dg = [ e *DdE = K, (—x)

e ¥ dg = K (—x)

Ke(x) = m = fc*e_i(x'f)df — fC*

Therefore, KX_.(x) = K.(x) = K.(—x), x € R"

K_.(x) = f_c*ei(xf)dsz — fc*e—i(x,f)df
- | f e P p" 1 dpdo
prc*
”‘1 du

jf lA(x) iA(x)dU
prC*

f f l”(x o) ———dudo

prC*

i—n do ” -u n-1
i o) e *(u)" du
prC*

d
=i (=)"T'(n) f (x (;)n

prC*

d
= (=) i"T'(n) J (x (;)n

prc*

(=1)"HK(x)
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Ke() + K (x) 1

ReX.(x) = 5 =5

|/ -ei®Ods + [ @D dg]
1
=3 [Flxc ]+ Flx—c]

1
= ET[XC* + x—c*

= 21 + K ()

1 1 S
Mo (x) = o [Ho(0) = Ko@) = o |[ - e @Odg — [ ez

1
= [Flxc] — Flx_cl]

1
:—}' * = —C*
T Lxc X—c*]

1
= 5[5 () = 3 ()]

From this, taking into account we have the following equalities
e —x-c)? = Ue + x-c)? =X + x—cr
(Xc* —){_c*)()(c* + )(_c*) =X T X =0 e (39)

And we obtain the following relations between the generalized

functions ReX.(x) and ImK_.(x)

— Im¥K_.(x) * ReX.(x) = ReK .(x) x ReK.(x) = (272r)" ReX . (x)

Im¥K.(x) x ReX.(x) = (272r)” Im¥K,.(x)
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3.2 The Cauchy-Bochner transforms

Definition: Suppose f € H. The function
f(2)= Qn)™(f(x"),K.(z—x")), z€T°UTC ... (3.10)

is called the Cauchy-Bochner transform (integral). It is assumed here, that the cone C is convex

and acute.
Let us prove that the representation Cauchy-Bochner transform
f(2)= Q)™ f(x)*K(x"+iy), zZ€TUT ™ i (3.11)
Since K. (x + iy) € H, forallsandy € —CU C. Let f € H_g and let forall ¢ € S.
Here, H_, is the conjugate of H.
Then  (f * K.(2),9) = (FFIFIF[K (2)]] )
= (FIFIF K] F o))
(?[f [5,(2)], (27) ™ f 0 (x)e= D dx)
= @m) [ (FIFIFIK(2)], e D) (x)dx
Since F[f]F[K.(z)] € L, Therefore,
(f * (@) (x) = @n) (FIfIF[Kc(2)], e719)
= (2m)(FIf], FIK (2)] e
= @)™, FIF[K(2)] e D))
= QO (@), [FIK2)](E) e "D de)
= (f("), FHIF[H (] (x +x7))
= (f(x), % (z—x"))
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The function f(z) is holomorphic in T¢ U T~¢, and
D*f(z) = 2r)™(f(x"),D*K(z—=x")), e eveer .. (3.12)
IDUf(2)] < Kse@m)TIfls(1+2°(0)AT2719 (). 3.127)
Where the numbers K_; , are the same as in the estimate (3.5) of section 3.1

Proof: The estimate (3.12”) follows from equation (3.12) and also from equation (3.5) of section

3.1, we have:
ID*f(@)| = m)™"|[ fF(x)D K (z — x")dx'|
< o)™ If ()P K (z — x)| dx’
= 2m) ™[ If()IIDK (z — x")| dx’
= o) If I ID¥K (2 — x")l s
= m)™If I IDH (x + i)l
< 2m) " K_sallflls(1+ 25 ())A~7271(y)
Now let us prove that for all s and y € —C U C , the estimates
If x4+ iV)ls < NI AT () oo (3.13)
If G+ i llsojag S MFlls covmeneei, (3.14)
Proof: from the representation (3.11) and from the definition of the kernel XK_.(z) it follows that
FUDf (x + iy)] = (2m) "FL[f * DUK,]
= FUfIF D %]
= FUf1E)“F %]
= () FIxc (e 0. (3.15)

Therefore, [D*f (x + i)l = [ FFIE)IPIE*Pe 2@ (1 +§2)°d
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< IFI2 320, 1§ 21ele20©)

— 2 sup 2|la| Sup -2p(y,0)
= WFIS ,20P™ gepre-©

= [1f I3 528 p?lele 20807
p=z

= IIf 27272 (y) 1% e

uz0

= Ve llflIZa~14 (y)

The function f(z) assumes in Hy , in norm, as y — 0 for y € +C , then the Boundary values of

f+(x), which are respectively equal to

fo= QO™ K., f=CED"RODT K,

Proof: taking into account equation (7) we have fory € C

FHfe+iy) = ful = FHU(x+iy) — @m) ™" f « XK ]

FRfGe+iy)] - o) FHf « K, ]
= FHf G+ ] - FHAIF I ]
= F M e () = F 1@ xe (§)
= FHAA - e O Nxe(©)

Therefore, when y — 0 for y € C we obtain

If G+ i)=fr N = [ AF AP A - €092+ [§17)%d — 0
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3.3 The Hilbert Transform

Definition: Suppose f € Hfor some s. The Hilbert transform f; of the generalized function

f is the convolution

Applying the Fourier transform to the equation (1) and using equation (9) of sec.3.1, we obtain

- —f % Im.‘K]

FIf] = F | gy

NCOR

FIf * Im¥]

= FIf]F[ImX,]
=—ilxc —x-c)FIf] .ooirieee. 3.17)
Hence, it follows that f; € H and suppF|[f;] € —C* U C".
Lemma 1: If f € H , then the following conditions are equivalent

1. suppF|[fi] c -C'ucC
-2
2. f— Wfl*lmxc

3 f= on )nf * ReX,

Proof:

(1) =(2) From equation (3.17) and equation (3.8) of sec. 3.1, we obtain

FlAl = ilxer = x-c)FIf]

Multiplying by i(y¢* — x_c¢+), we obtain

i(xe — x-cHFIfil = (e — x-c)*FIf]

However, from relation (3.9) of sec. 3.1, we have
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(e — X-c) e + x-c)Ff1l = Ger + x-c)FIf]
Flfl1=iCter — x-c)FIf1]
Finally, by applying the Fourier transform F !
FHFIA] = FH iler — x-c)FIA]
= iF (e — x-c)IF 7 FIA]]

= Q2n)™MFxe — x-c1* fu
= 2 Im¥K
= Wfl* m¥,

(2) =(3) from equation (3.16) and equation (3.9) of sec. 3.1, we obtain

-4
f (2 )nfl Imj(c_ (2 )Zn (f Imec)*Ime
4 Im¥K, * Im¥,

—4 —-2m)"
= (27_[)2”]‘ * < 5 Re?(c>

f * ReX,

~ @on

Finally, from (3) —(1) by virtue of (3.8) of sec. 3.1 and applying Fourier transform, we
obtain

2
FIF = F |y f * Re?(c]
= 2" T[f * Re?(c]
— e FIAIFIRe
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3.4 Examples

1. Whenn =1, C = (0, ) then find the following
a) ReX.(z) =nd(x)
b) ImK,.(2) = P%

Solutions:

From equation (3.8) of sec. 3.1, we have
1 1
a) ReX (z) = ET[XC* +x—cl= 2 [T[Xc*] + T[X—c*]]
Consider the equation y¢+(§)e %, a >0

Flxe ©e %] = [ eobeiwde

:fe—(a—ix)é’ __1
0

a—ix

[

x+ia

Since, yc:(§)e™ — ye+ (&) as a — 07,
Thus, F[xc (e %] — Flxc(§)] = Flxc], a — 0%, then

lim i _ i
a-0tx+ia x+i0

Recall that from Sochoski formula, we have

lim

. 1
a_)0+xiia—+m6(x)+1P;

ELE z(L) = i(—ina(x) + Pi) = m8(x) + P~

x+i0

Hence, Flyc] = nd(x) + i?i
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Again, consider y¢-(§)e®,a < 0

Flr-c(©e®] = [ _ee™ ds

0
— fe(a+ix)f — 1
a+ix

—i

x—ia

Since, y_c(§)e® — y_+(§) as a — 0.
Thus, Fx_c-(§)e*]| — Flx_c:(§)] = Flx-¢:], a — 07, then

lim -1 -1

a->0tx—ia x-—i0

But, —=—i(—) = —i(in6(x) + P3) = n6(x) - P~

x—i0 x—1i0
Therefore, Fly_c] = nd(x) — i?i

Thus,

1
Re¥e(2) = [Flxc] + Flr-c]]

N |-

[(nS(x) +iP i) + (na(x) —iP i)] = 15 (x)

b) From equation (3.8) of sec. 3.1, we have
1 1
Im¥.(z) = ZT[XC* —X-c:l = Z[T[Xc*] — Flx—c]]

But, from b) we obtain F[yc] = n6(x) + iiPi and Fy_¢-] = mo(x) — i?i

Therefore,

Im¥,.(z) = zil [Fxe] — Fl-c]
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= %[(nS(x) +iP %) OB %)] - :D%

c) whenn=1,C = (0,0) and f € L', Cauchy-Bochner integral (3.10) turns into the

classical Cauchy integral:

1 D)
f(Z)_ZniJ_oox’—zdx'

Solution: f(2) =) Y f(x"), K. (z—x"))

(0]

= (2n)! f f(xNK.(z—x")dx'

= (2n)t f F(x) J el(z=x'%) gedx’
—00 0

= (2m) j FO) — gy

i(z—x")

i (x'-2)

_ 1 f(x") '
_ﬁf dx
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