STUDY OF COMPETING CHARGE, SPIN AND
SUPERCONDUCTING ORDERS IN UNDERDOPED
HIGH-TEMPERATURE SUPERCONDUCTORS.

By

Urga Dinegde

A Dissertation submitted to the
department of physics
of Addis Ababa University
in partial fulfillment of the requirements for the Degree of

Doctor of Philosophy in Physics

Addis Ababa
Ethiopia

March 2018



ADDIS ABABA UNIVERSITY

SCHOOL OF GRADUATE STUDIES

This is to certify that the dissertation prepared by Urga Dinegde Yadete,
entitled ” study of competing charge, spin and superconducting orders in under-
doped high-temperature superconductors” and submitted in fulfillment of the
requirements for the degree of Doctor of Philosophy in Physics complies with
the regulations of the university and meets the accepted standards with respect

to originality and quality.

Dated: March 2018.

Signed by the Examining Committee:

External Examiner: Dr. Sudip Chakraborty.

Sign. -Date

Internal Examiner: Dr. Cherinet Amente

Sign. Date

Research Supervisors: Prof. P. Singh

Sign. Date -

Chair person of the department: Dr. Teshome Senbeta

Sign. Date

Chair of Department or Graduate Program Coordinator ——

Addis Ababa University, March 2018



This thesis is dedicated to the memory of my
brother, Dadi Dinegde.

il



Contents

| List of Figures|

[Abstract

|Acknowledgement|

1 Introductionl

(1.1 Introduction to Superconductivity| . . . . . . . . . . . . ... ...

MI1

History of superconductivity| . . . . . . . .. .. ... ...

T1.2

Types of superconductors| . . . . . ... ... ... ....

M1.3

London Theory| . . . . . . . . .. ... .. .. ... ....

M.14

BCS Theory|. . . . . . . . . . ...

(1.2 Basic properties of the superconducting state|. . . . . . . .. . ..

(L.2.1  Zero resistancel . . . . . ... ..o
[1.2.2 Complete Diamagnetism Meissner Effect|. . . . . . . . ..
[1.2.3  Isotope Effect in Conventional Superconductors| . . . . . .
(1.2.4 Proximity eftect| . . . . . . . . . . . ... ... ... ... .
[1.2.5 Thermodynamic properties|. . . . . . . . . . . . ... ...

2 High Temperature Superconductivity]|

il

iv

1x



2.1 Cuprate Superconductors| . . . . . . . . . . ... ... ... ... 20

[2.2  High Temperature Iron Based Superconductivity|. . . . . . . . .. 24

[2.2.1 Iron-based superconductors versus Cuprate superconductors| 27

2.3 Density Waves and High Temperature Superconductivity|. . . . . 28

[2.4 Possible Mechanisms of Cooper Pairing in High-T'c Superconduc- |

| TVILY| . . . o e 30
I3 Mathematical Technique and Formulation| 31
13.0.1 Green’s function formalisml. . . . . . .. ... ... ... 31

4 Competing Superconducting (A) and Charge-density Wave(W) |

| Orders in underdoped Y 5ayCus0,) 34

4.0.2 The Charge Density Wave(CDW) Parameter(W)| . . . . . 43

1> Competing charge, spin, and superconducting orders in under- |

|  doped Las ,Ba,CuO, 52

15.0.3 The Spin Density Wave(SDW) Parameter(M)| . . . . . . . 59

6 Combined Mechanisms in high temperature Superconductors| 70

7 SUMMARY AND CONCLUSION 76

v



List of Figures

(1.1 Experimental data obtained on mercury by Kamerling Onnes show-

| ing the superconducting transition for the first time.[1] | . . . . . . 2
(1.2 The time evolution of the superconducting critical temperature

| since the discovery of superconductivity in 1911.[122] . . . . . . . 4
[1.3 Schematic plot of magnetic field vs temperature of type-I(left)

| superconductor and type-II(right) superconductor.[1]| . . . . . . . 6
(1.4 he magnetic field B inside a superconductor versus distance x from

| the surtace of the superconductor. The field outside the supercon-

| ductor (for z < 0 ) is By , and the superconductor is to the right

| of the dashed line.[1]| . . . . . ... ... .. ... ... ... .. 8
(1.5 A schematic drawing of an electron interaction with crystal lattice

I I0DS) .« . o 9
(1.6 The BCS temperature dependence of the energy gap A(T).[1]| 11
(1.7  Diagram of the Meissner eftect. Magnetic field lines, represented

| as arrows, are excluded from a superconductor when it is below

| its critical temperature.[1]| . . . . . ... 15
[1.8 A magnet levitating over a superconductor. [I. . . . . ... . .. 16




19

Temperature dependence of the specific heat of a superconductor.

The characteristic jump AC occurs at Te [T . . . . . .. ... ..

18

pI

Phase diagram of hole-doped cuprates, showing superconductiv-

ity (SC), anti-ferromagnetic (AF), pseudogap, and normal-metal

regions[122]| . . . . ..o

23

R2

Four families of iron-based superconductors, (a) 1111, (b) 122, (¢)

11, (d) 11 types 2] . o o oo

25

2.3

Phase diagram of iron-based superconducting systems derived trom

the BaFeyAsy parent compound,[124] | . . . . ... ... ... ..

27

B4

Formation of charge density wave (CDW) state in a one-dimensional

metal. The dots represent the position of the metal ions and the

solid lines represent the spatial variation of the charge density.

(a)T" > Tp in the metallic state without the presence of CDW.

T'he metal 1ons are evenly spaced and the electron charge density

is uniform. (b) 7" < Tp in the CDW state. The ions are displaced

and electron density is periodically varying[125] | . . . . . . . . ..

29

7|

Phase diagram of Superconducting parameter (A) against tem-

perature (T)

48

2

Phase diagram of Superconducting parameter(A) against temper-

ature('T) for different values of charge density wave order param-

13

Phase diagram of charge density wave order parameter(W) against

temperature (T))| . . . . . . . . ...

vi



4.4 Phase diagram of charge density wave order parameter(W) against |
temperature (T) for different values of (A)[ . . . . . . .. ... .. 51
5.1 Phase diagram of Superconducting parameter (A) against tem- |
perature (T)|. . . . . . . . . 66
5.2 Phase diagram of Superconducting parameter (A) against tem- |
perature(T) for different values of charge density wave order pa- |
rameter(W) and spin Density wave order (M)| . . . . . ... ... 67
5.3 Phase diagram of spin density wave order (M) against temperature |
(T . 68
5.4 Phase diagram of spin density wave order (M) against temperature |
(T) for different values of (A)| . . . . . . . .. ... ... ... .. 69

vil



List of Tables

2.1 Critical temperature (Tc), crystal structure and lattice constants |

| of some high-Tc superconductors[122/| . . . . . .. ... ... ... 22

6.1 Comparison between theoretical and experimental value ot super- |

| conducting transition temperatures for cuprates.|. . . . . . . . .. 73

(6.2 Comparison between theoretical and experimental value of super- |

| conducting transition temperatures for iron pnictides, . . . . . . . 75

viii



Abstract

Superconductivity often emerges in the proximity of, or in competition with,
symmetry-breaking ground states such as antiferromagnetism or charge den-
sity waves(CDW). A number of materials in the cuprate family, which includes
the high transition-temperature(high-Tc) superconductors, show spin and charge
density wave order. Thus a fundamental question is to what extent do these or-
dered states exist for compositions close to optimal for superconductivity. Recent
observations of CDW order in Y BasCuzO, and other cuprate families have raised
interesting questions regarding the general role of charge modulations and the
relation to superconductivity. It was studied that in the system Las_,Ba,CuO,
SDW and CDW orders appear to be intertwined with a spatially-modulated
superconductivity. Here by developing a model Hamiltonian and by using quan-
tum field theory Green’s function formalism, we obtain mathematical expres-
sions for superconductivity order parameter(A), and charge density wave order
parameter(W) in under-doped Y BayCu30O,. We plot the phase diagram of su-
perconducting order parameter (A) against temperature(T) for different values
of charge density wave orders(W) in under-doped Y BasCu3O,. The relation-
ship between superconductivity(A), charge density wave(W), and spin density
wave(M) orders and their critical temperatures is studied theoretically for the
under-doped Las_,Ba,CuO,4 superconductor and plot the phase diagrams of su-
perconducting order parameter(A) against temperature(T) for different values of
charge density wave(W) and spin density wave(M) orders. Finally, we examine

the physics of combined mechanisms for cuprates and pnictides.
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Chapter 1

Introduction

1.1 Introduction to Superconductivity

1.1.1 History of superconductivity

Superconductivity is a phenomenon of exactly zero electrical resistance and expulsion of magnetic
fields occurring in certain materials when cooled below a characteristic critical temperature. Its
special physical properties have attracted the attention of many physicists and electric engineers,
since it was discovered by Dutch physicist Heike Kamerlingh Onnes in 1911. He and his co-
workers cooled mercury to the boiling temperature of liquid helium (4.2K) and observed the

abrupt vanishing of its electrical resistance[2] as shown in Fig 1.1 .
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Figure 1.1: Experimental data obtained on mercury by Kamerling Onnes showing the supercon-

ducting transition for the first time.[I]

He was awarded the Nobel Prize in Physics for low temperature investigations in 1913. Since
then, it has been a key interest to understand the mechanism behind superconductivity and find
superconducting materials with higher Tc values. Physicists have considerable interest to study
the variation of electrical resistivity with temperature.

The next great discovery in understanding superconductivity occurred when the expulsion
of magnetic field was discovered by Meissner and Ochsenfeld in 1933 [3]. This phenomenon of
superconductivity is now known as the Meissner effect. Over the next few decades, theorists
struggled to find a microscopic theory for superconductivity. Major advances were made toward
such a theory for superconductivity with the development of the London theory[4] in 1935 and
the Ginzberg-Landau theory [5] in 1950. The complete microscopic theory of superconductivity
was finally proposed in 1957 by Bardeen, Cooper, and Schrieffer[6] and is called the BCS theory.
The authors were awarded the Nobel Prize in Physics in 1972 . In general, the BCS theory

limits superconducting transition temperatures to below 30 K. The limiting value of Tc was



calculated as a function of the electron-phonon and electron-electron coupling constants within
the framework of the strong-coupling theory [7]. Indeed, no superconducting compounds with
Tc values higher than 30K were known for a long time. In this context, the most important
low-temperature superconductors are the metallic A15 compounds (Nb3Ge, Tc = 23K)[8].

A genuine breakthrough was achieved in superconductivity research when high-temperature
superconductivity was discovered in the cuprates in 1986 [9]. These ceramic superconductors
show T, higher than 77 K (the boiling point of liquid nitrogen), with 92 K in Y BayCu3Os
[10] . The highest confirmed value of 7, at ambient pressure so far is 133 K observed in
HgBayCaCusOg, [11]. In 1994, another class of superconductor, rare-earth borocarbides were
discovered with a highest 7, of 23 K for Y PdyB>C [12] . There was another surprise in the
superconductor world when a metallic superconductivity with a Tc value of 39 K was found in
a simple binary compound MgB, in 2001 [13]. In March 2008, a new era in superconductivity
research began with the discovery of high-Tc superconductivity in an iron based compound with
a Tc of 26 K [14]. Many families of Fe-based superconductors have been discovered within the
last couple of years. To date, the maximum value of Tc found in the Fe-based superconductors
is 56 K for Gdy_,Th,FeAsO(x = 0.2) [15] . The discovery of high-Tc superconductivity in
these Fe-based materials has emerged as a huge surprise to the scientific community, since the
compound contain the most familiar ferromagnetic atom Fe and there is a historical antago-
nistic relationship between superconductivity and magnetism. This has opened a new path of
research driven by the fact that our fundamental understanding of the origins of superconduc-
tivity needs significant improvement. A great deal of work is in progress around the world to
explore the similarities of this new class of Fe-based superconductors with the cuprate super-
conductors and thereby pave the way towards understanding the superconducting mechanism
behind these high temperature superconductors. The record of superconductivity pressurized
hydrogen sulfide(H,S) was reported in June 2015 with a maximum Tc onset of 203 K [23].

Fig 1.2 shows the superconducting critical temperature(Tc) of several high-Tc superconduc-

tors and metallic superconductors as a function of the year of discovery.
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Figure 1.2: The time evolution of the superconducting critical temperature since the discovery

of superconductivity in 1911.[122]

1.1.2 Types of superconductors

As scientists began to probe the exciting new properties of superconductors, they discovered that
superconductors did have limitations apart from a maximum operating temperature. Although
currents can flow without any energy dissipation, superconductivity is destroyed by the appli-
cation of a sufficiently large magnetic field or if the flowing electrical current density exceeds a
critical value.

The critical magnetic field depends on how far below the critical temperature the material is.
Fig.1.3 given below shows this dependence. As more superconducting materials were discovered,
it was found that they fell into one of two classes, or types with regard to their magnetic prop-
erties, and in particular in the way that they expelled magnetic fields. Type I superconductors

have a sharp transition from the superconducting state where all magnetic flux is expelled to



the normal state. Type I materials show at least some conductivity at ambient temperature
and include mostly pure metals and metalloids. They have low critical temperatures, typically
between 0 and 10 K (-273C and -263C respectively). As discussed above, this type experiences
a sudden decrease in resistance as well as the complete expulsion of magnetic fields (perfectly
diamagnetic) at critical temperature. The variation of the thermodynamic critical field H, with

temperature for a type-I superconductor is approximately parabolic [1]

HA(T) = H(0)(1 - (T/T.)?) (1.L1)

where H.(0) is the value of the critical field at absolute zero. The dependence H.(T') is schemat-
ically shown in Fig. 1.3 (left)

Most Type II materials are metallic compounds or alloys, although elemental vanadium,
technetium, and niobium also fall within this group. They are capable of superconductivity at
much higher critical temperatures. Type II materials also take on a mixed state, which contrasts
with plunging resistance at Tc for Type I materials, when approaching their critical tempera-
ture. Mixed states are caused by the fact that Type II superconductors never completely expel
magnetic fields, so that microscopic superconducting ”stripes” can be seen on the material clas-
sification according to the types above is theoretically done by magnetic field behavior. Type
I materials have a single critical field temperature above which superconductivity ceases com-
pletely, while Type II materials have two critical field points between which a mixed state may
exist. For a type-II superconductor, there are two critical fields, the lower critical field H.; and
the upper critical field H., , as shown in Fig. 1.3 (right). In applied fields less than Hel | the
superconductor completely expels the field, just as a type-I superconductor does below Hc . At
fields just above H,.; , flux, however, begins to penetrate the superconductor in microscopic fila-
ments called vortices which form a regular (triangular) lattice. Each vortex consists of a normal
core in which the magnetic field is large, surrounded by a superconducting region, and can be

approximated by a long cylinder with its axis parallel to the external magnetic field.
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Figure 1.3: Schematic plot of magnetic field vs temperature of type-I(left) superconductor and

type-11(right) superconductor.[I]

1.1.3 London Theory

London equation was developed by F. London and H. London in 1935 [16]. It was the first theory
to explain the Meissner effect. Originally this theory was motivated by a two-fluid model for
super-fluid 3 He, but the result could be utilized to account for the behavior of superconductors.

Derived from the two-fluid model, London equation is given by

jo=-"C4 (1.1.2)
Me
whereA is the vector potential.
B=VxA (1.1.3)

where n, , e, and m, are the number density, the charge, and mass of superconducting electrons
respectively electrons respectively, and J is the super-current density due to the applied field.
To find out its physical meaning, curl operator is applied on both sides of equation (1.1.2)

and this yields

— nsez —

VxJs= B (1.1.4)

Me




Now, use the Maxwell equation with static E-field, i.e.:

— -

VXB:M()JS

and substitute it into Equation (1.1.3), it becomes

2
V x (Vx B) = S
Me
and rewriting it as
— 1 —
V x (V X B) = —EB

Here X is defined as London penetration depth which

Me

HoTls e?

A\ =

According to the identity

and the Maxwell equation

V-B
we have Eq.(1.1.7) in the form of
L1 .
2p _

(1.1.5)

(1.1.6)

(1.1.7)

(1.1.8)

(1.1.9)

(1.1.10)

(1.1.11)

If B is along x-direction, where x represents the depth into body of the superconductor from

the surface (x = 0), eq.(1.1.10) can be written as

(1.1.12)



Therefore,

B(z) = B(0)e» (1.1.13)

It indicates that the applied field will be screened out within the length of the penetration
depth A when the field enters the bulk superconductor. For z >> A, there is no B-field inside the
superconductor, which is exactly the Meissner effect. From this result, the physical meaning of
A is realized to be the length scale of the B-field penetrating into the superconductor. Typically
A is in the order of 100 nm. It implies that the field can only penetrate into a very thin layer
on the surface, and practically almost all the region in the bulk of the superconductor has no
B-field.

So the magnetic field does not drop abruptly at the superconductor surface but penetrates

into the material with exponential attenuation as shown in Fig.1.4.

B

Figure 1.4: he magnetic field B inside a superconductor versus distance x from the surface of the
superconductor. The field outside the superconductor (for z < 0 ) is By , and the superconductor

is to the right of the dashed line.[I]

We have now convinced ourselves that the superconductor can tolerate a magnetic field only
in a thin surface layer (this is the case for type I superconductors). An immediate consequence

is that current flow is restricted to the same thin layer.



1.1.4 BCS Theory

The first theory describing the superconducting phenomenon on a microscopic level was proposed
by John Bardeen, Leon Neil Cooper, and John Robert Schrieffer in 1957, now a days being well-
known as the BCS theory [28, 29]. This theory attempted to give a deep insight beyond the
superconductivity itself by explaining the real nature of charge carriers transporting the electric
current in superconductors on a quantum level. The main concept of this theory is in the electron
pairing via crystal lattice vibrations (phonons) creating boson particles, which conduct an electric
current without losses. Later on, these particles were named Cooper pairs, according to one of
the BCS theory co-founders.

Let us assume an electron moving in a lattice cell containing positively charged atoms that
vibrate at a characteristic frequency. The initial electron attracts surrounding atoms, which
means that for a short time, electrostatic potential between the ions and the electron is changed.
After that, the second electron, transferring through the changed potential, is attracted by the
ions through the Coulomb force slightly more than the first electron, as attracted ions are not
relaxed to their characteristic positions as shown in Fig.1.5. Therefore, it can be said that the first
electron attracts the second electron through changed electrostatic potential at the particular
place. The crucial fact for the pairing is a time difference between relaxation time of ions and
time of the arrival of the second electron into changed potential. From a view point of quantum
physics, these vibrations might be mathematically described by vibration quanta (phonons), and

the pairing is mediated through the exchange of phonons.

Figure 1.5: A schematic drawing of an electron interaction with crystal lattice ions.

The pairing interaction between two different electrons in states (k 1) and (—k J ) near

9



the Fermi surface leads to creation of Cooper pairs. It can be pointed out that all Cooper
pairs create one coherence state (at T=0), which can be expressed by one wave-function having
quasi-macroscopic behavior.

BCS theory predicts the dependence of the value of the energy gap (A ) at temperature T on
the critical temperature Tc. Two times the energy gap is the binding energy of a Cooper pair
(energy required to break the paired state), and the gap magnitude at zero temperature, A(0)

is related to the superconducting transition temperature T by value[]]

2A(0) = 3.52k 5T, (1.1.14)

Near the critical temperature the relation asymptotes to [IJas shown in Fig 1.6

AT = T,) ~ 3.07TK5T.\/1 — (T/T.) (1.1.15)

BCS theory relates the value of the critical field at zero temperature to the value of the
transition temperature and the density of states at the Fermi level. In its simplest form, BCS
gives the superconducting transition temperature Tc in terms of the electron-phonon coupling

potential V and the Debye cutoff energy w is given by [1]:

KpT, = 1.13hw exp(—1/N(0)V) (1.1.16)

where N(0) is the electronic density of states at the Fermi level. we assume weak coupling
N(0)V << 1. A formula similar to eq(1.1.16) is predicted for the zero temperature energy gap:
where kg is the Boltzmann constant. At low temperature (below Te, kgT is smaller than the
gap and hence the superconducting electrons are not excited by the thermal vibrations of the
lattice. The temperature dependence of the BCS energy gap shows that A(T) falls to zero at Tc

I
A(0) = 2hw exp(—1/N(0)V) (1.1.17)

The essential result eq (1.1.17) shows that the energy gap at the temperature 7" = 0K is pro-

-1
NV

portional to the Debye frequency and the exponential factor( ), which is given only by the

10



density of electron states on the Fermi surface and the strength of electron-phonon interaction V.
Higher density of electron states and stronger electron-phonon interaction lead to higher values
of the energy gap (A). We can also find the ratio between the energy gap and the transition

temperature as follows [I]

= 1.76 (1.1.18)

BCS dependence

0 0.2 0.4 0.6 0.8 1
T/T,

Figure 1.6: The BCS temperature dependence of the energy gap A(T).[I]

In the weak-coupling limit, i.e. when A < 1, the influence of the Coulomb interaction on Tc

in Eq.(1.1.16) can be taking into account by introducing the Coulomb pseudoptential [1]:

1
_[L*

KgT. = 1.14hwp exp(—A ) (1.1.19)

where p* is N(0) times the Coulomb pseudo-potential. Later, McMillan extended this result for

the case of strong-coupling superconductors, and obtained [I]

_ 6p 1.014(1 + )
L= (1) Pl 3= s s 0620 (1.1.20)
Azz/ww (1.1.21)

11



where a(w) is the phonon coupling function and F'(w) is the phonon density of state,and ©p is
the Debye temperature. The quantity A is proportional to the static local compressibility of the
lattice, which is independent of the isotope mass M since it is irrelevant to the ionic motion. Then
where, apart from the parameter ©, does the isotope effect come. In this formula u represents

the Coulomb pseudo-potential defined as [1]

. NO) <V, >
~ L+ N(0) < Vo> in(gh)

1 (1.1.22)

where < V, > is the averaged Coulomb interaction. In an approximation of ignoring ©p depen-

dence of p*,Tc is simply proportional to ©p and then proportional to M=%, Therefore, the

_ —0(InT,)
= "3(nM)

isotope exponent « becomes

1
— 1.1.2
a - ( 3)

which is just the BCS result.

A superconductor with BCS gap symmetry is known to have s-wave pairing symmetry. In this
pairing symmetry, electrons with opposite spin (singlet) form the cooper pairs. This is manifested
as a finite-sized energy gap called superconducting gap in single particle excitations throughout
the entire Fermi surface. Here, the orbital state of the Cooper pair can be a spherically symmetric
analogous to an atomic s orbital.

The breaking of Cooper pairs is the mechanism by which the superconductivity is destroyed.
This can occur by increasing the temperature so that the electrons can be thermally excited
out of the state, but also by other pair-breaking mechanisms. For instance, the electrons are
paired by (1,]) and a magnetic field that would tend to align the spins along the direction of
the field, (1, 1), say, would destroy the pairing. Magnetic impurities tend to spin-flip scatter the
electrons as do spin-density fluctuations (paramagnons) and hence pairing is destroyed. Other
pair-breaking effects can arise from an applied current which shifts the energies of the electrons
and hence, large enough currents can give enough energy to the electrons to excite them out of

the superconducting state. These are some of the pair-breaking mechanisms.

12



1.2 Basic properties of the superconducting state

A superconductor has several main macroscopic characteristics, such as: Zero Resistance , The
Meissner Effect, The Josephson Effect , The Isotope Effect, Proximity effect, Anomalous Specific
Heat Capacity etc. Here we will focus on four basic properties, namely zero resistance, Meissner

Effect the Josephson Effect, and Proximity effect, Thermodynamic properties.

1.2.1 Zero resistance

The zero resistance characteristic of the superconductor refers to the phenomenon that resistance
abruptly disappears at a certain temperature. It is able to transport direct current (DC) without
resistance in the superconducting state.

The typically experimental dependence of resistance on temperature in a superconductor is
shown in Fig 1.1, in which the resistivity of the superconductor suddenly falls to zero when the

temperature reduces to a certain value below the critical temperature Tc .

1.2.2 Complete Diamagnetism Meissner Effect

When the superconductor is subjected to a magnetic field,in a non-superconducting state, the
magnetic field can penetrate the superconductor and so the inner magnetic field is not zero in its
normal state Fig.1.7(left). However, when the superconductor is in a superconducting state, the
magnetic flux within is completely excluded from the superconductor, and the inner magnetic
field is zero, that is, the superconductor is completely diamagnetic. This phenomenon is called
the Meissner effect which was discovered by Walther Meissner and Robert Ochsenfeld in 1933.
The superconductor can be suspended in a magnetic field due to its diamagnetism or the Meissner
effect Fig.1.7(right)

We first explain such an effect in the context of classical electrodynamics. Since the resistivity

(p) of superconductor is zero, the electric field E is also zero according to Ohm’s law:

E=pJ (1.2.1)

13



where .J is the current density. Applying it to the Faraday’s law that

L, 0B
EF=—— 1.2.2
it results in
OB
— =0 1.2.3
5 (1.2.3)

In the case of applying magnetic field after transforming to the superconducting state B is zero.
However, if the happening sequence is reversed, B is not necessarily zero. Obviously, classical
electrodynamics cannot explain the origin of Meissner effect. In other words, superconductor is
not just a ”"perfect conductor”. This special effect becomes another characteristic property of

superconductors. In a magnetic medium,
B = po(H + M) (1.2.4)

where 1o is magnetic permeability in free space, H is the applied field, and M is the magnetization
of the medium. When B is zero

—

H=-M (1.2.5)

Therefore, superconductor is regarded as perfect diamagnetic material. As the diamagnetic effect
is very strong, the magnetization drops sharply at Tc Since the measurement of magnetization
is free of contact, the measurement of magnetization against temperature is also commonly used
as a proof of superconductivity due to its convenience. Meissner found that no magnetic field is

allowed inside a metal when it is in a superconducting state.

14
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Figure 1.7: Diagram of the Meissner effect. Magnetic field lines, represented as arrows, are

excluded from a superconductor when it is below its critical temperature. [1]

Probably, the most spectacular demonstration of the Meissner effect is the levitation effect.
A small magnet above Tc simply rests on the surface of a superconductor having dimensions
larger than those of the magnet. If the temperature is lowered below Tc , the magnet will float
above the superconductor as shown in Fig 1.8. The gravitational force exerted on the magnet is
compensated by the magnetic pressure occurring due to supercurrent circulation on the surface

of the superconductor.
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Figure 1.8: A magnet levitating over a superconductor. [I]

1.2.3 Isotope Effect in Conventional Superconductors

Isotope effect studies have been vital to the development of the microscopic theory of super-
conductivity. The first piece of evidence about the existence of isotope effect in mercury was
reported in 1950 by Maxwell[17] and independently by Reynold et al.[I8]. They found that the
critical temperature Tc of mercury varies as an inverse function of isotopic mass. The argument
that isotope mass enters into the formation of the superconducting phase implies that supercon-
ductivity is not purely electronic in origin. In the same year, Frohlich[19] proposed that same
electron lattice interaction responsible for the scattering of conduction electrons by lattice vibra-
tions provides a necessary glue between electrons. Frohlichs theory got a strong base from the
experimental observation of isotope effect and played a key role in understanding microscopic
mechanism of superconductivity.

Within the framework of BCS microscopic theory, one has relation between transition tem-

perature Tc, typical phonon frequency w (e.g Debye frequency) and interaction strength N(0)V
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as[I]

KpT, = 1.14hw exp(—

) (1.2.6)

where V is the pairing potential arising from the electron phonon interaction, N(0) is the elec-
tronic density of states at Fermi surface and Kp is the Boltzmann constant. Equation (1.2.6) is
considered as one of the most significant and influential prediction of BCS theory. In the har-
monic approximation both V and N(0) are independent of the ionic mass, while characteristic
frequency wcan be expressed as[I]

(1.2.7)

al-

where M is the ionic mass.

1.2.4 Proximity effect

Every superconductor exhibits the proximity effect. The proximity effect occurs when a
superconductor S is in contact with a normal metal N. If the contact between the superconductor
and normal metal is of a sufficiently good quality, the order parameter of the superconductor
close to the interface, ¥ , will be altered. The superconductor, however, does not react passively
to this intrusion. Instead, it induces superconductivity into the metal which was in the normal
state before the contact. Of course, this induced superconductivity exists only in a thin surface
layer of the normal metal near the NS interface.

Thus, when a normal metal and a superconductor are in good contact, the Cooper pairs from
the superconductor penetrate into the normal metal, and live there for some time. This results
in the reduction of the Cooper-pair density in the superconductor. This also means that in a
material which by itself is not a superconductor, one can, under certain conditions, induce the

superconducting state. So, the proximity effect gives rise to induced superconductivity.

1.2.5 Thermodynamic properties

The transition from the normal state to the superconducting state is the second-order phase

transition. Rutgers formula, that defines the height of the specific-heat jump at Tc in the frame-
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work of the BCS theory for conventional superconductors (the weak electron-phonon coupling

approximation),this jump is given by[I].

_AC = ng Cn _ 1.45 (1.2.8)

In the normal state, thus above Tc , the specific heat C), linearly decreases as the temperature
decreases, C,, =T , as shown in Fig.1.9. Such a linear dependence of specific heat is typical for
normal metals, and represents the electronic specific heat. In the superconducting state, thus

below Tc , the specific heat falls exponentially, as the temperature decreases:

—A(T)
C, x ex 1.2.9
p( T ) (1.2.9)
f_‘_‘l
A
Co=yT
r
S
T
- |
- 1
- A
RV~
- '
..-"‘r. I
0 T. T

Figure 1.9: Temperature dependence of the specific heat of a superconductor. The characteristic

jump AC occurs at Tc [I]

as schematically shown in Fig.1.9.

Out Line of the Thesis

This dissertation is organized as follows. In Chapter 2 the history of high-Tc copper based super-
conductor, Iron based superconductor is reviewed. Some crystal structures of high-Tc cuprates

and high-Tc pnictides are described. Density waves and mechanisms of Cooper pairing in high-Tc
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superconductor is explained. In Chapter 3 the mathematical technique and formulation needed
to solve our problem is discussed briefly. In Chapter 4 Competing Superconducting (A) and
Charge-density Wave(W) Orders in underdoped Y BayCuzO,is discussed. In Chapter 5 Com-
peting charge, spin, and superconducting orders in under-doped Las_,Ba,CuQ, is discussed. In
Chapter 6 Combined mechanisms of superconductivity is discussed. Finally we summarized the

results.
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Chapter 2

High Temperature Superconductivity

For some superconductors, the BCS theory cannot account for the physical properties. The
observed critical temperatures are too high to be explained by the electron-phonon interaction.
Some of families of such superconductors are the copper based superconductors and the iron
based superconductors, since their critical temperatures are much higher than low temperature
superconductors.

In 1986 Bednorz and Muller discovered superconductivity in a lanthanum based cuprate
perovskite material, which had a transition temperature of 35 K. Lanthanum strontium cuprate
oxide (Lay_,Sr,Cu0y ) discovered in the same year[49] . In Jan, 1987, Y BCuO was discovered
with a superconducting transition temperature Tc = 92 K [50].

Recently, the highest temperature superconductor (at ambient pressure)is mercury barium
calcium copper oxide ( HgBayCayCuzO, ), with Tc is 134 K[51] and reaches 164 K under high
pressure [52].

In 2008, the highest T, superconductor is pnictide (Cay,Nd,FeAsF ) with Tc = 57 K, was

reported [53]

2.1 Cuprate Superconductors

The understanding of the superconductivity turned upside down when in 1986 J. G. Bednorz
and K. A. Muller discovered that under certain conditions, layered copper oxide (cuprates)

superconductor[d] . It was quite surprising that a very poor conductor could become a super-
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conductor and the Tc¢ was higher than any other known material. In less than one year after the
discovery of superconductivity in cuprates, the effort of hundreds of labs around the world pushed
the transition temperature above the liquid Nitrogen temperature (77K) with the discovery of
Y BayCuzO7—,, (YBCO)[10].

Some cuprate superconductors are Y BasCuzO7_, (YBCO), BiySroCaCuOgy, and BigSraCuOg iy
(BSCCO), Lay_,Sr,CuO, (LSCO), and HgBa,CuO,,, (HBCO). Their common feature is the
two dimensional C'uOy planes in their structure. From angle-resolved photo-emission spec-
troscopy (ARPES)[37] and transport[38] experiments, as well as from band structure calculations[39]
14], it is established that cuprates are quasi two-dimensional (2D) conductors, and the electronic
properties mostly originate from the d-orbital of copper and p orbital of oxygen in CuO5 planes.

Superconductivity was observed in various compositions of cuprates and the table 2.1 sum-
marizes the most studied compounds. Tc tends to increase for both increasing the number of
neighboring Cu-O planes and reducing the disorder. This table also elegantly points out how
structure effects, such as the dopant disorder, could influence the transition temperature. The
only thing that all these high-Tc superconductors have in common is the presence of lightly doped

copper-oxide (Cu-O) planes, that serves as the stage for all the physics that we are interested.
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Table 2.1: Critical temperature (Tc), crystal structure and lattice constants of some high-Tc

superconductors[122]

Formula Notation | Tc¢ (K) | No. of Cu-O planes in unit cell | Crystal structure

Y BayCusOr 123 92 2 Orthorhombic
BisSraCuOg Bi-2201 20 1 Tetragonal
BiySreCaCusOg Bi-2212 85 2 Tetragonal
BiySroCasyCusOqg || Bi-2223 110 3 Tetragonal
TlsBasCuOg T1-2201 80 1 Tetragonal
TlyBasCaCusOg TI1-2212 108 2 Tetragonal
TlyBasCasCuszOqg | TI1-2223 125 3 Tetragonal
TIBayCasCusO1y T1-1234 122 4 Tetragonal
HgBasCuOy Hg-1201 94 1 Tetragonal
HgBayCaCuyOg || Hg-1212 128 2 Tetragonal
HgBayCayCusOg || Hg-1223 134 3 Tetragonal

Phase diagram for cuprates superconductivity

A typical phase diagram of cuprate high-temperature superconductor is shown in Fig. 2.2, in
which the phase of zero dopant concentration is anti-ferromagnetic (AF), and the doped carriers
(electrons or holes) destroy the anti-ferromagnetic phase and induce superconductivity (SC). Hole
doped cuprates present superconductivity when doping level is around 0.05 < x < 0.27 where
x is the hole doping per Cu in Cu-O planes. The doping level with x = 0.16 is optimal doping
of which the Tc is maximum, and the doping level with x < 0.16,2 > 0.16 are under-doped
region,over doped region respectively.

In under-doped region, sample shows strange normal state that couldn’t be described by
conventional Fermi-Landau liquid theory which works quite well in the metals. For under-
doped sample, an energy gap is opened above superconducting transition temperature Tc , and
this gap is called pseudo-gap, while the energy gap is only opened below Tc in conventional

superconductors. It is believed that clarifying the physics in under-doped region is indispensable
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in understanding the superconducting mechanism of cuprates, and whether the pseudo-gap state
above Tc is a competitive phase of superconductivity or a precursor of superconductivity. In
the normal state of over-doped region and the non superconducting region with doping level
x > 0.25, the material presents characteristic of normal metal. For electron- doped region, the
material presents anti-ferromagnetic in a wide doping region which is shown in Fig. 2.1, and

only presents superconductivity in a narrow doping region.

Pseudogap T
\
\
\

"spin fluctuations"

Temperature

(param‘?gnons)

conventional

\

Fermi liquid

AF
SC d-wave

A L

0.0 0.1 0.2 0.3
underdoped =— —overdoped

Doping x

Figure 2.1: Phase diagram of hole-doped cuprates, showing superconductivity (SC), anti-

ferromagnetic (AF), pseudogap, and normal-metal regions[122]
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2.2 High Temperature Iron Based Superconductivity

For years the effect of high T, superconductivity has been studied mainly in cuprate materials
which has almost led to the conclusion that substantial copper content might be an obligatory
condition for materials to exhibit high-temperature superconductivity. In 2008 this misconcep-
tion was clearly disproved as Kamihara et al. discovered high-temperature superconductivity in a
copper free material, LaFeAsO;_,F, with-T'c = 26 K [40]. This finding, which immediately was
followed by the discovery of superconductivity for a great number of other Fe-based supercon-
ducting materials, caused a lot of excitement in the community and propelled the field of high-
Tc superconductivity, which at that time had slowed down a bit compared to the beginnings in
1986, back to be one of the most exciting fields in condensed matter physics again.

With the discovery by Kamihara et al. a real rush for new compositions with even higher
critical temperatures was started and within a short span of time numerous discoveries were
made. It was found that by replacing lanthanum in LaFeAsO,_,F, by magnetic rare earths
such as Ce, Sm, Nd or Pr the critical temperature could easily by increased up to 56 K[41l, 42].
Simultaneously another class of Fe-based materials was discovered as Rotter et al. observed
superconductivity with Tc = 38K in BaggKo4FesAsy [43].

By now the field of Fe-based superconductors has been fully established and has become a
very active field in solid state research with an uncountable number of scientific publications, a
long list of international research groups working on a variety of different topics. Many different
materials have been discovered with a range of different properties investigated with almost every
experimental technique imaginable. The following sections will try to give a brief introduction

to some of the basic properties of these Fe-based superconducting materials.

Structural Properties

Similar to the previously discussed cuprate materials, Fe-based superconductors crystallize in
layered crystal structures. As illustrated in Fig.2.2 for the four main classes of Fe-based materials,
these layered crystal structures are organized in an alternate stacking of Fe; Ass -layers and layers
containing the other elements of the composition.

The shape of these tetrahedral surrounding the Fe-atoms in fact might impact the formation
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of the superconducting phase as it has been suggested that less distorted tetrahedral lead to
higher critical temperatures[44]. As a result it was even proposed that the structural effects
caused by doping might even be more important for the creation of superconductivity than the

additional charge carriers provided by the introduction of foreign atoms to the system[45].

Figure 2.2: Four families of iron-based superconductors, (a) 1111, (b) 122, (¢) 111, (d) 11 types

[r24)

The Phase Diagrams

Similar to the cuprates, all undoped Fe-based materials exhibit long range anti-ferromagnetic

order, as in this case the Fe?T moments form a magnetic sub-lattice. The magnetic order sets

in after the crystal structure has transitioned from tetragonal to orthorhombic symmetry.
Doping the system with foreign atoms is one method to suppress the magnetic order and

eventually induce superconductivity to the system. The doping can be conducted in several dif-
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ferent ways, as basically all elements of the material can be replaced by foreign atoms. Depending
of the introduction of these foreign atoms absorbs or emits electrons from or to the system the
doping is referred to as either hole- or electron-doping. Increased doping concentration leads
to a continuous suppression of the magnetic transition temperatures which is accompanied by a
continuous reduction of the ordered magnetic moment and orthorhombic distortion of the crystal
structure. As soon as the long range order is suppressed the system becomes superconducting,
and aside for a small phase present in 122-materials the superconducting phase is related to a
tetragonal crystal structure. For some 122-materials [46] and 1111-materials superconductivity
even sets in before the magnetic order is completely suppressed, which leads to a coexistence
of static magnetic order and superconductivity, and which clearly illustrates the compatibility
of magnetism and superconductivity in these materials. The superconducting phase forms a
dome-like shape in the phase diagram where the highest Tc is reached for a certain doping level
(optimal doped), whereas both lower doping (under doped) and higher doping concentrations
(over doped) lead to lower Tc and an eventual complete suppression of superconductivity as

showing in Fig. 2.3.
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Figure 2.3: Phase diagram of iron-based superconducting systems derived from the BaFeyAss

parent compound,[124]
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2.2.1 TIron-based superconductors versus Cuprate superconductors

Iron-based superconductors are usually compared with cuprate superconductors due to their
similarity. Both of them are recognized to be unconventional superconductors due to their high-
Tc behavior. They are also in layered structure with both superconducting layers and binding
layers. In the cuprate compound, the superconducting layers are Cu-0 layers while the binding
layers vary in different cuprate compounds. The most interestingly, their parent compounds are
both antiferromagnetic.

They look very similar, but difference can still be found between them. Unlike iron-based
materials, the parent compounds of cuprates are insulators. Upon doping, cuprate supercon-
ductors appear a phase called pseudo-gap phase, where an energy gap is present, between the

anti-ferromagnetic phase and the superconducting phase .

2.3 Density Waves and High Temperature Superconduc-
tivity

Metals may undergo a phase transition to a state exhibiting a new type of electronic order upon
cooling. A type of phase transition called charge density wave (CDW) state occurs in a class
of metals with a chain crystal structure, namely, quasi-one-dimensional materials, as a conse-
quence of electron-phonon interactions. The resulting state consists of a periodic charge density
modulation accompanied by a periodic lattice distortion, both their periods being determined by
the Fermi wave vector kgp. Consequently, both the electron and the phonon spectra are strongly
modified by the formation of the CDW.

Rudolph Peierls [24] and H. Frohlich[4] independently suggested that a coupling of the electron
and phonon systems in a one-dimensional metal is unstable with respect to a static lattice
deformation of wave vector () = 2kp.

Below the Peierls transition temperature (7p), CDW in one-dimension can simply be de-
scribed as a periodic distortion of a quasi-one-dimensional lattice, which is accompanied by a
periodic modulation of the electron density. A spin density wave (SDW) is closely related, and

can be thought of as two CDWs for the spin-up and spin-down electrons that are 180° out-of-
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phase. Fig.2.4 illustrates a one-dimensional metal with lattice spacing ag distorted below the

Peierls transition temperature 1p, introducing new periodicity 2ag, in to the lattice.

(a). T=Tp

Electrons

o0 o000 00O OOOOOORO® [oOns

(b). T < Tp
Acpw

f\/‘\/‘\/\ Electrons

000 © 000 © 000 o 00e o lons

Figure 2.4: Formation of charge density wave (CDW) state in a one-dimensional metal. The
dots represent the position of the metal ions and the solid lines represent the spatial variation
of the charge density. (a)T" > Tp in the metallic state without the presence of CDW. The metal
ions are evenly spaced and the electron charge density is uniform. (b) 7' < Tp in the CDW state.

The ions are displaced and electron density is periodically varying[125]

In 1955, Frohlich[25] demonstrated that the incommensurate CDW can slide through the
lattice upon application of an infinitesimal electric field. Since the CDW carries charge collec-
tively, it can contribute to electrical conductivity. Frohlich proposed this as a possible mechanism
for superconductivity. Instead, the CDWs are not superconductors, since the CDW is usually

pinned to the lattice by impurities and defects. Therefore, contrary to the Frohlich theory, the

28



collective mode contribution to the electrical conductivity at low electric field is zero. However,
if an moderate electric field is applied that is large enough to overcome the pining potential, the
CDW is depinned from the underlying lattice and slides through the lattice. The sliding of the
CDW results in increase of conductivity.

In general the order parameters interfere destructively; with CDW tending to suppress super-
conductivity and vice versa. A large enough CDW interaction which produces a semi conducting
state may completely destroy superconductivity, but all metallic CDW states become supercon-
ductivity at sufficiently low temperature.

There are certainly many good examples of systems where the transition temperature for one
type of order, such as charge density wave (CDW) or spin density wave (SDW) order, drops
to zero at the same point where the superconducting Tc reaches its maximum. For example in
Lay_,Ba,CuO4 SDW and CDW orders appear to be intertwined with superconductivity, referred
to as a pair-density-wave (PDW) superconductor[69, [70].

Experimentally,it was studied that in the system Lay_, Ba,CuO,[68] 69, [70] SDW and CDW
orders appear to be intertwined with a spatially-modulated superconductivity. Recently CDW

order was observed in Y BasCusOg,[57, 61) [77] which competes with superconductivity.

2.4 Possible Mechanisms of Cooper Pairing in High-Tc
Superconductivity

Till to date, a theory that completely describes High- Tc¢ superconductivity continues to remain
elusive. One reason for this is that the materials in question are generally very complex, multi-
layered crystals, making theoretical modeling extremely difficult.

Most of the theories assume that polarization causes electron pairing. Two other things
can be polarized is, charge or spin. A huge variety of exotic polarizing mechanisms excitons,
plasmons, spin fluctuations have been proposed.

Combined phonon-exciton mechanism in copper based superconductors was proposed[104]
105 106]. Singh et al. proposed bi-exciton as pairing mechanism for copper based superconductor

[76]. Combined phonon-magnon mechanism in iron based superconductors was also proposed[89,
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Chapter 3

Mathematical Technique and

Formulation

3.0.1 Green’s function formalism

In this chapter we study double-time retarded Green’s function technique given by Zubarev [20].
The Green’s functions are the appropriate generalization of the concept of correlation functions
and work as a propagator. In many body problems, determining properties of the system by
solving the exact many body eigen function is very complicated. In such case and many others,
the Green’s function technique turns out to be simple, direct and very useful. In the situation
of free field, as an example we shall deriving the corresponding statistical distribution functions
under a basis set of general commutation relations which are suitable to not only the usual Bose
and Fermi-statistics but the general one by using the double time Green’s function technique in
the first, second and third order decoupling approximations respectively.

In statistical mechanism different kinds of Green’s functions are used. It is known that, the
double Green’s function describe the linear response of many body systems to external fields
and treats quantum and thermodynamic fluctuations on the same level and it tightly related the
correlation functions for describing the fluctuations. Therefore we believe that it is an effective

approach to describing the statistical distribution function. In the present work double-time
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retarded greens functions are used. It is defined as follows:
Gi(t, 1) = ((A(t), B(t'))) = —ib(t, 1')([A(t), B(t')]) (3.0.1)

where, fl(t) and B(t’ ) are the Heisenberg representation of operatorA and B, expressed in terms
of a product of quantized field function (or of particle creation and annihilation operators). It is

known that, A(t) = et A(0)e~**, H is Hamiltonian operator.
4Bl - AB _nBA

where n = +1 for Bose operator and n = —1 for Fermi operator. And 6(t — t') is the Heaviside
step function, defined as,

Ot —t)=1, fort >t

and

O(t —t') =0, fort <t'

and (.....) denotes the thermal average and ((.....)) is the abbreviated notation for the Green

functions. The Heaviside step function related to the Dirac delta function as,

d / /
%[G(t—t)] =0(t—t) (3.0.2)

equation of motion for Green function is

i%Gr(t -t =46t—-1t)< [A(t),f)’(t’)] > —l—(([fl(t),ﬁ],f}(t’») (3.0.3)

for ¢ > ¢’. The Fourier transformation G, (w)is given by

G, (t—1t)= /Gr(w)exp[—iw(t —t')]dw (3.0.4)
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Taking the Fourier transform of (3.0.3), we get:

WG (w) = ([At), BU)w + (([A(t), H], BE)). (3.0.5)

Finally we have
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Chapter 4

Competing Superconducting (A) and
Charge-density Wave(W) Orders in
underdoped Y BaysCu30,

Abstract

The relationship between the charge density wave (CDW) and superconductivity is a topic of
interest in the research on the cuprate high T, superconductors.

In this research work, the the interplay between charge density wave(CDW) and superconduc-
tivity in Y BayCugO, is studied. Starting with a model Hamiltonian for the system and using
quantum field theory Green function formalism, we have found mathematical expressions for
superconducting transition temperature Tc, charge density wave transition temperature (Ty ),
superconducting order parameter (A) and charge density wave order parameter (W). The phase
diagrams of superconducting order parameter versus superconducting transition temperature ,
charge density wave order parameter versus and charge density wave transition temperature,
and superconducting order parameter against temperature for different values of charge density

waves are plotted.
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Introduction

Charge-density-waves (CDW) have fascinated physicists for decades, since Peierls transition was
suggested in one-dimensional metals coupled to an underlying lattice, where a periodic lattice
distortion with wave vector 2kr develops and results in opening up of a gap at the Fermi level[54]
55]. In a pioneering study, Lee, Rice, and Anderson [56] showed how fluctuations in the order
parameter affect the CDW transition. They considered a model consisting of electrons in a linear
chain coupled to phonons and predicted the appearance of a pseudogap in the CDW state that
arises due to the thermal lattice motion.

The CDW state is a ubiquitous phenomenon in cuprate high-critical-temperature supercon-
ductors,appearing in the under-doped region in both hole-[57, 58, 59] and electron-doped[60]
materials at a temperature higher than Tec, suggesting that the CDW is a characteristic in-
stability of the CuO, plane. The CDW competes with superconductivity[57, [58| 59} [61], and
pressure-dependent data[62] suggest that if the CDW can be suppressed in Y Bay;CusO, (YBCO),
then an enhanced Tc occurs in the nominally under-doped region rather than at optimum doping.
Experiments on YBCO using resonant soft X-ray scattering suggest that the CDW is associated
with significant d-wave components for charges on the oxygen bonds around the Cu site [63] [64],
as proposed by Sachdev[65].

The purpose of this work is to study theoretically how charge density wave order(W) and
superconducting orders compete each other in under-doped Y BayCu3O,. Using the double time
temperature dependent Greens function formalism we find the expression for superconducting
order parameter(A) and charge density wave order(W) parameter. Within the framework of the
BCS model, we propose the following model Hamiltonian (expressed in second quantized form),

the the system as:

H= Z €xCl Che — A Z(CLTCEM +h.c)—W Z(CLUCHQU + h.c) (4.0.1)
ko ko ko

The first term of H represent single particle energy of the conduction electron and the second
term BCS type electron-electron pairing and the third term is charge density wave Hamiltonian;

(¢l , cro) are the creation (annihilation) operators of an electron having the wave number k and
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spin o, Q is the CDW vector,

A=V (ewer)) =V D (e gyci)) (4.0.2)

k k

is defined to be superconducting order parameter; and is chosen real and positive.

W= S lelcrran))

k

is the charge density wave order parameter. Inorder to derive an expression for superconducting

order parameter A given in eq (4.0.2) we write equation of motion for (({c+, CLT» which is

~

W<<CkT7 CJIL’T>> = Opr + <<[CkT7 H]’ chfc/T>> (4'0'3)

Putting from eq (4.0,1) in eq (4.0.3)and applying anticomutation relation we get

(w — ) ({emchy)) = 1= Wilcrsar ) — A{cly ely)) (4.0.4)

The equation of motion for ((ci+or, C;LT>> is

A

w{{cerar ) = ({cksar H, cly) (4.0.5)

simplifying we get

(w = err@)((chear chy)) = =W {{err, chy)) (4.0.6)

Similarly the equation of motion for cT_ ¢ )Y can be written as
y kL Okt

wl{el g ch)) = (e H cly)) (4.0.7)

and it gives

(@ + e {(chpycin)) = —Alleir, cly) (4.0.8)
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Substituting eq(4.0.8) in eq(4.0.4) and simplifying we get

(@ =i = AM)((cLyy i) = =D+ AW ((ehrar. cfy)
Putting eq(4.0.6) in eq(4.0.4) we get

(@ = & = W) {{crrar chy)) = =W + AW (e, cy))

Solving eq(4.0.9) and eq(4.0.10) simultaneously we obtain

—A
T T _
<<ka¢cm>> = (w2 — Ei — A2 W?)

And
-W
(w? — 2 — A2 —W?)

({crsqref) =

Superconducting order parameter and transition temperature

(4.0.9)

(4.0.10)

(4.0.11)

(4.0.12)

In this section we calculate temperature dependence of superconducting parameter (A). The

superconductivity order parameter (A) can be obtained using

—A
T T _
<<C—mcm>> = (w2 — Ei — A2 W2)

Now the temperature dependence of superconducting order parameter can be written as:

A= %z«cm, )

where [ = and kp is the Boltzmann constant. Then we can write

O S
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We replace the summation by integration. Thus

Z de (4.0.14)

—ef

where N(0)is the density of states at the Fermi level. Substituting eq(4.0.14)in eq (4.0.13), we

obtain,

= _VYNO) /OO de (4.0.15)

For further simplification, we use the Matsubara frequency w — iw,, where

(2n+ 1)m

5 (4.0.16)

Wp =

Using (4.0. 16) and the fact that for effective pairing interactions,—hw < € < hw , we have from
(4.0.15)

1=2VN(0 52/ O BQEQ]d (4.0.17)

where E? = A% + ¢2 + W2, Finally, using the Poisson summation

: ! _ 1 EB)
%tanh( )= Z Gt QEanh 5 (4.0.18)

where x = Ef8 and defining A = V N(0) which is electron-phonon constant eq(4.0.17) becomes

" tanh(B/ (€2 + A2 + W?2) /2

1
— = 4.0.19
A 0 V(€ + A%+ W?) ( )
Right hand side of eq(4.0.19) can be written as
" tanh A2 + W?2)/2d 2R 1
/ anh(B+/ (€2 + A%+ W?2)/2de / Z : : : (4.0.20)
0 V(2 + A2+ W2 = WG AW
Fiw n=o00 Fw n=o00 Fiw n=o00
2 2 1 2 1
= = [ Z4 [ wrAYdes S
I 2 a8 ‘2 @ JRUSES G2 @rart
(4.0.21)
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Using Laplaces transform and Matsubara frequency ,w,, = % eq(4.0.20) can be written as

1 " tanhBe/2de 9 o9 "X 1
Z= ——W+A2/ de= . 4.0.22
) /o ¢ ( '), eﬁn;w (2n+ 152+ &) (40.22)
It is known that
= (@n+1)FP+e)? T = ((2n+1)F)? + )2
By using the relation
n—=-+oo n=oo n=oo
1 1 1
2 - 9N - N -
2 @rar lans gy L dr

where x = £, and a = m Now the right hand side of eq (4.0.22)can be written as
5

hw hw n=00
tanhBe/2de 5 9 / 4 1
——— = (W*+ A de— E ——+ ... = . 4.0.23
Where
hw hw n=oo
tanhfe/2de ) 5 / 4 1
— — L g=(A W de—
/0 € q= (A7) 0 65 e a(1+ 22)? "
Inorder to solve for p, let y = ge. Then
Bhw/2 tamh Bhw /2
p= / an ydy = Inytanhy — / Inysech®ydy (4.0.24)
0 Y 0

For Qkh;Tc >> 1, tanh%'?n — 1. Extending the upper limit of the above equation we obtain

/ Inysech?*dy = In-"—
0 477

where v = exp(0.577). Now eq(4.0.24) becomes

T hew
—in— =1Inl.14——— 4.0.2
anBT ln47 In T (4.0.25)

p=1I
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Similarly we can solve for y as follows

_ 2 2 e 4”:00 1 _ 2 2 = ﬁ OO 1
q-(A +W)/O dGBZm—ZI(A +W>zo:(m)2/o md.ﬁlﬁ—i—

n=0
(4.0.26)
1 11
= (A% + W? il
A+ W) T 100
From standard integral we used [;° (lfﬁ = T and ) m = (1 — 277)((r) where

r = 3,((r) = 1.202 it is called the Riemann Zeta function. By substituting eq (4.0.25) and eq
(4.0.26) in eq (4.0.22)we obtain
1

Fiw
= —In(1.14
N~ il KaT

1
(71']63T)2 ’

) — 1.05(A% + W?) (4.0.27)

From eq (4.0.27 )the superconducting order parameter can be expressed interms of charge density

wave parameter as

A= \/[zn(1.14ﬂ) - l]M — W2 (4.0.28)

As can be observed from eq(4.0.28) as charge density order parameter increases superconducting
ordeder parameter is getting supressed as clearly shown in phase diagram fig (4.2). In pure

superconducting phase where W = 0, at Tc we have

hw

—=In(1.14
n< KBTC

) (4.0.29)

> =

from which we can calculate

1
KgT. = 1.14ﬁwexp(—x)

which is the well known BCS expression for the superconducting transition temperature(7y).
Now lets consider the case as

T—0,8— 00

then from eq(4.0.19) we have

1_/h°’ de
U Vs
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Simplifying the above expression we obtain

VAT W) = 2 exp(—%) (4.0.30)

This equation tells us that superconductivity and charge density wave can coexist in some region.

From eq(4.0.30) superconductive order (A ) as T'— 0 can be expressed as

-1
A(0) = \/[2??/4) exp(T)]2 —W?2) (4.0.31)
When the charge density wave ordering (W) is absent the above equation reduces to
1
A(0) = 2hw exp(—x)

From the BCS theory we have,
2A(0)

= 3.9.
kgT.

From which we get

1
kT, = 1.14hw exp(—x)

which is the well known BCS expression for the superconducting transition temperature(T,).

Order parameter in pure superconducting region

In pure superconducing region the charge density wave parameter where W = 0, from eq (4.0.19)

we have:

1 /"M tanh(f+/(e; + A?)/2)de (4.0.32)

A (€7 + A2)

eq(4.0.32) can be transformed by using the technique of Laplace transformation

l—fwdQan ! —/mdﬁzf L (4.0.33)
Nh B e Sy B & ey -

n=—oo n——
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substituting the value of the Matsubra frequency

2
o — (2n+ 1)m
B
,then eq (4.0.33) becomes
1 ' tanhBey /2 o2 X 1
X == A dET — /0 dEA B nzzoo (W(ZZ"FI) )2 n €2>2 + ... (4034)
Simplifying eq(4.0.34) becomes
1 In(1.14phw) — 1 05021 (4.0.35)
= ) : CAE 0.
Using eq (4.0.29) in eq(4.0.35)we obtain
hw hw 1
In1.14 = Inl.14—— — 1.05A% ———— 4.0.
" ]CBTC " k?BT 05 (WkBTC)Q ( 0 36)
From which we obtain
T 1
In(=) = —1.05A%———— 4.0.37
n(TC) CAE ( )
This can be written as
T 1
In(l—-(1-=))=—-1.056A"——— 4.0.
n(l—( Tc)> 05 (L) (4.0.38)
Using the relation
1 — 2
n(l—(1-y)=—(1-y)— ( 2y> (4.0.39)
From which we obtain
T
A(T) = 3.06kgT.(1 — T—C)l/2 (4.0.40)

As can be seen from eq (4.0.40) that superconducting order parameter varies with temperature,
it attains the maximum vlue at T=0 , decreases as temperature increasing and finally becomes

zero at superconducting transition temperature Tc.

42



4.0.2 The Charge Density Wave(CDW) Parameter(W)

In this section we obtain the expression for charge density wave order parameter and discuss how

it compete with superconductivity. To do so we write down the equation of motion for

((choCrao))-

Here we defined (o =1). Using eq (4.0.1),the equation of motion for <<CLTCk+QT>> is

~

((chicrrar) = (e, H], criqn) (4.0.41)
Simplifying eq(4.0.41) we get
(@ + ) {{chps crran)) = Wlchagrerran) + Al{c-ricrron)) (4.0.42)
The equation of motion for ({c} Lot CktQt)) 18
(eksqr ervar)) = 1+ ((fcksqp Al crsqr)) (4.0.43)
Simplifying this we get

(@ + ersan{(Chyan ciran) = 1+ W{cherran) (4.0.44)

Similarly the equation of motion for ((c_g, cx+gr)) is

A

((c—rps crrqr)) = ((ery, H], ceror)) (4.0.45)

Simplifying this equation we get

(w = e-p)({eorersan) = Allcky crran)) (4.0.46)
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Substituting eq (4.0.46) in eq(4.0.42) and simplifying we get

(@ = & = A)((chrerrar)) = (@ — )W {{chygrenian) (4.0.47)

Finally solving eqs. (4.0.47) and (4.0.44)simultaneously and solving for ((cLTcHQT}) we get

((chicrrar) = & fVAQ ) (4.0.48)
But the CDW order Parameter W is :
W= o S eheran) (10.49)
245
The tempreture dependence of charge density wave parameter can be written as
W = % zk: e _WN 7 (4.0.50)

From eq(4.0.50) and eq(4.0.13) it is observed that
A= fAW)

and

W = f(A,W).

This means in certain temperature interval superconductivity and charge density wave may co-

exist. For mathematical convenience, we replace the summation by integration. Thus

Zk: = /_Oj N(0)de (4.0.51)

where N (0)is the density of states at the Fermi level. Substituting eq (4.0.51)in eq (4.0.50), we

obtain,

_UN(0) [ de
== /_ef P oo (4.0.52)
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For further simplification, we use the Matsubara frequency w — iw, where

(2n+ 1)m
B

Wp =

(4.0.53)

Using eq(4.0.53) in eq (4.0.52) and the fact that for effective pairing interactions,—hw < € < hw

we have

1=UN(0 BZ/ i) W e (4.0.54)

where E? = A% + ¢ + W2, Finally, using the Poisson summation

1 1 1 (Ep)
gtanh( )= Z Ghi s 2Eﬁt<mh 5 (4.0.55)

where © = E3. Using eq(4.0.55) , eq (4.0.54) can be written as

1 " tanh( %
—:/0 MT(EZ)de (4.0.56)

where we used x = N(0)U is charge density wave coupling constant. Eq (4.0.54) can be written

as

X

1 ho tanhB (A2 + €2 + W2

-1_ / g lanhg V(A% +e ) (4.0.57)
0 NISEEN D

We solved eq(4.0.57) using same procedure we used to solve for the superconducting order pa-

rameter described in eq (4.0.20)to eq (4.0.27) ,we can get the expression for the charge density

wave order parameter as

1
(WkBT)Q )

1
——=In(1.14 fiw

. KBT) — 1.05(A? + W?)

(4.0.58)

From eq(4.0.58 )the charge density wave order parameter(W) can be expressed in terms of su-

perconducting order parameter as

(7T]€BT>2
1. 14— —|— — AZ 4.0.
W= \/ln )t 10 (4.0.59)

Again from eq (4.0.59) it is clear that as superconducting parameter increases the charge order
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parameter getting suppressed as is plotted in phase diagram in Fig (4.4). From eq(4.0.28)and

eq (4.0.59) it is clear that superconducting and charge density wave orders are comepeting each

other.

As T — Tw,W — 0. Then eq (4.0.57) can be written as

-2 /h“’ tanh2.\/(A? + €2)
0 (A% + €2)

Using the Laplace ttransformation, eq (4.0.60)becomes

-2 /ﬁw detanhBey/2 25 A2 /ﬁ/.u N nio:o
X 0 €k 0 e (M(2n 4+ 1))4(1 +
from which we get
-2 1
— =1Inl.14 — 1.05A* ————
X KBTW (ﬂ'kBTw)2

Since A is small enough we can neglect A? term, eq (4.0.62)becomes

—2 fw
— =1In(1.14
X ( ksTw

)

In pure CDW phase A = 0 eq (4.0.57) becomes

-2 /h‘” p tanhS\/e2 + W?2)
€
0

- 2 +W?2)

X

and simplifying it as usual we obtain

9 1
=2 e gsw
X

kgT (7"'I€BT'W)2

Comparing eq (4.0.65) and eq (4.0.63) we obtain

T , 1
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(4.0.62)

(4.0.63)

(4.0.64)

(4.0.65)
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Eq (4.0.66) can be written as

T T 1
Inl—(1-=—))=-(1-=)—-1.05W*——— 4.0.67
(1= (1= ) = =(1 = 7o)~ LW e (4.0.67)
Rearranging eq (4.0.67) we obtain
T
W (T) = 3.06kp Ty /(1 — —) (4.0.68)
Tw

As given in eq (4.0.68) the charge density wave order is described as a function of tempera-
ture(T) which is decreasing as temperature is increased and becomes zero at charge density wave

transition temperature Ty .

Result and Discussion

Here we considerd an appropriate model Hamiltonian for a given system Y Ba,C'usO, and double
time temperature dependent Green’s function formalism, we obtained mathematical expressions
for the superconducting order parameter (A), and charge density wave order (W) and using the

results we plotted the phase diagrams as given below.

Phase diagram of Superconducting order (A) against temperature (T)

By employing eq(4.0.40) and the experimental value, T'c = 67K, for Y Ba;CusO, at y = 6.67
, we plotted the superconducting order parameter (A) versus temperature as shown in Fig.4.1.
It is observed from Fig.4.1, as the temperature increases, the superconducting order parameter

decreases and vanishes at the superconducting transition temperature Tc
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Figure 4.1: Phase diagram of Superconducting parameter (A) against temperature (T)

Phase Diagram Of Superconducting Order Parameter(A) Versus tem-

perature(T) for different Values Of charge density wave Order param-

eter(W)

The expression for the superconducting order parameter as a function of temperature and charge
density wave ordering has been obtained and is given in eq.(4.0.28). It is analyzed numerically
for different values of the charge density wave order parameter(W). The phase diagram of the su-
perconducting order parameter versus temperature for different values of the charge density wave
ordering is plotted. As shown from Fig.4.2, the superconducting order parameter is suppressed
when charge density wave ordering is set in and this suppression becomes more significant as the
value of the charge density wave order parameter is larger. This suppression could be attributed
to the presence of charge density wave ordering that scatters or flips the spins of the charge
carriers by increasing the energy of the electrons involved in the Cooper pair and hence breaking

up the pair.
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Figure 4.2: Phase diagram of Superconducting parameter(A) against temperature(T) for differ-

ent values of charge density wave order parameter(W)

Phase diagram of charge density wave order parameter(W) against

temperature (T)

By employing eq(4.0.68) and the experimental value, Ty = 135K, for Y BayCusO, , we plotted
the charge density wave order parameter(W) versus temperature as shown in Fig. 4.3. As can be
observed from Fig.4.3, as the temperature increases, the charge density wave order parameter(W)

decreases and vanishes at the charge density wave transition temperature Ty .
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Figure 4.3: Phase diagram of charge density wave order parameter(W) against temperature (T))

Phase Diagram Of charge density wave Order parameter(W) against

temperature(T) for different Values Of Superconducting Order Parameter(A

)

By employing eq (4.0.68) and the experimental value, Ty = 135K, for Y BasCusO, , we plot-
ted the charge density wave order parameter(W) versus temperature (T) for different values of
superconducting order parameter as shown in Fig. 4.4. As can be observed from Fig. (4.4),
as the superconducting order parameter increases, the charge density wave order parameter(W)
decreases. This means superconducting order parameter suppresses charge density order param-

eter(W).
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Figure 4.4: Phase diagram of charge density wave order parameter(W) against temperature (T)

for different values of (A)

Conclusion

We have studied the interplay between charge density wave (CDW) and superconductivity in a
model system by using a mean-field approximation. Following Green’s functions technique and
equation of motion method, we have obtained coupled equations of superconducting gap (A)
and CDW (W) as clearly explained in eq (4.0.13 ) and eq (4.0.46). The two order parameters,
( W) and (A) are coupled with each other through the distribution functions, which are also
functions of (W) and (A). It is clear that there are three nontrivial sets of solutions for (A) and
(W) : the pure CDW gap A = 0, W # 0), the pure superconducting gap (W = 0, A # 0 ),
and their coexistent region (A # 0 and W # 0). As clearly shown in Fig 4.2 as charge density
wave increases superconductivity decreases. From fig.(4.4) as superconductivity increases charge
density wave decreases. From these two figures we can say these two parameters compete each

other.
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Chapter 5

Competing charge, spin, and
superconducting orders in underdoped

Las_.Ba,CuOy

Abstact

We present a model calculation of the interplay of the charge density wave (CDW), spin density
wave (SDW) and superconductivity in under-doped Las_,Ba,CuO4. In low doping situation
the long range anti-ferromagnetic order is destroyed to give rise to SDW state accompanied by
a CDW state in the system due to doping. For suitable doping the superconductivity appears in
the system. The CDW state may describe the pseudogap phenomenon which co-exists with the
superconducting phase and extends to normal phase in high-Tc systems. These three competing
orders co-exist together. These three gap parameters are calculated from the model Hamiltonian
and solved self-consistently. The theoretical results show the interplay between charge density

wave, spin density wave and superconductivity in compound Las_, Ba,CuQOy.

Introduction

Under-doped cuprate superconductors exhibit a pseudo-gap phase that becomes apparent below

a temperature 7™ | where T™* decreases with increased doping, approaching the superconducting
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transition temperature Tc for hole concentrations beyond optimal (where optimal doping cor-
responds to maximum 7, )[66] . It has become common to discuss competing orders that may
be responsible for the pseudo-gap and which may compete with superconductivity. There are
certainly many good examples of systems where the transition temperature for one type of order,
such as charge density wave (CDW) or spin density wave (SDW) order, drops to zero at the same
point where the superconducting Tc reaches its maximum. From studies of Las_,Ba,CuQy it
was observed that, SDW and CDW orders appear to be intertwined with a spatially modulated
superconductivity [68] 69, [70]. Anti-ferromagnetic and pairing correlations seem to develop in a
cooperative fashion, forming a spatially self-organized pattern. Such behavior has motivated the
perspective that intertwined orders are a common feature of the cuprate superconductors [71].
The case of Las_, Ba,CuO, provides an example of how spins and charges can organize them-
selves in an intertwined fashion that enables strong pairing of holes. After the initial discovery of
high-temperature super-conductivity[72], exploration of the phase diagram revealed a sharp min-
imum of 7T, at the hole concentration x ~ 1/8 . It was demonstrated that the unusual behavior
in Lay_,Ba,CuO, is associated with a phase transition to the low-temperature tetragonal (LTT)
phase at a temperature of ~ 60K [74]. The occurrence of stripe order was eventually confirmed

in LCLQ,:EBCL:L«CU,OAL [75, 67]

Theoretical model Hamiltonian

The purpose of this work is to study theoretically how charge density wave, spin density wave
and superconductivity in Las_, Ba,CuQ4 superconductor compete each other. We propose the

mean-field model Hamiltonian by

H = Z ekcLUckU —A Z(CLTCT_M +h.c)—W Z(CLUC;H_QU +h.c)— M Z(C};UC]H_QU +h.c) (5.0.1)
ko ko ko ko

The first term in eq (5.0.1) describes the energy of free electron. Here c;rm /cko are the creation
(annihilation) operators of the conduction electrons of copper atoms. The second, third and

fourth terms in H describe the mean-field SC, CDW, and SDW states. The A, W and M are,
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respectively, the SC, CDW, and SDW order parameters and are given by

M= > elyeriqa)

In order to derive an expression for superconducting order parameter we write equation of motion

((cu, cop))-

~

w{{ext, chn)) = O + ({[ewr, H], cfn))

Putting eq (5.0,1) in eq (5.0.2)and applying anticomutation relation we get equation

(@ — ex){{emels)) = 1= (M + W){{cisar ) — DUyl

The equation of motion for ((cx+or, CLT>> is

A

wl{crror cha)) = (ersor, H], cfp))

and it gives
(w — erv@){{Crron chy)) = —(M + W){{crr, cfr))

Similarly the equation of motion for ({c' iCLT>> can be written as

~

W<<CT—1@¢>CLT>> = <<[ka>H]7CLT>>

which gives

(w + e {(chiycly)) = —Alleir, cly)

o4

(5.0.2)

(5.0.3)

(5.0.4)

(5.0.5)

(5.0.6)

(5.0.7)



Substituting eq (5.0.7) in eq (5.0.3) and we obtain

(07 = & = Al . cl)) = A+ AT+ W) eusgrcly) (5.0
Putting eq (5.0.7) in eq (5.0.5) we get

(0 = & = W {{errar cg)) = =W + AM + W)({c! ey (5.0.9)

Solving eq (5.0.8) and eq (5.0.9) simultaneously we obtain

oot _ —A
<<C—k¢CkT>> = (wg — ez A2 _ (M + W)2))

(5.0.10)

To take into account the temperature dependence of order parameters, we shall rewrite eq (5.0.10)

as:

1% ~A
A= 3 ; A (W) (5.0.11)

We replace the summation in (5.0.11) by integration. Thus

Xk: = /Oj N(0)de, (5.0.12)

where N (0)is the density of states at the Fermi level. Substituting eq (5.0.12) in eq(5.0.11) , we

obtain,

Voo A
A= SN0 /ef ey E et (5.0.13)

For further simplification, we use the Matsubara frequency

W — Wy, (5.0.14)
where |, w, = % Assuming effective pairing interactions,—hw, < € < —+hw, and using eq
(5.0.14) in eq (5.0.13)

1=2N(O)VEY. /ﬁw de (5.0.15)
B — Jo  (2n+1)*7% + B2EZ o
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where E? = € + A% + (M + W)?. Finally, using the Poisson summation

1 1
—tanh(x/2) = . 0.1
2 (z/2) Zn: (2n 4 1)%?72 4 22 (5.0.16)

where x = SF and defining A = V N(0) is the superconducting coupling constant, we can write

eq(5.0.15) as

| o=
N V@SR 0w

tanh(B+/ (€2 + A2+ (M + W)?)/2)de (5.0.17)

From (5.0.17), it clearly follows that the order parameters A, M and W for superconductivity ,
charge density wave and spin density wave are interdependent. Right hand side of eq (5.0.17)

can be written as

" tanh(B/ (€2 + A2 + (M + W)2) /2de ﬁ“’2noo 1

Z . o (5.0.18)

0 V(E@+ A2+ (M +W)2) Wt + A2 (M W)

ho o "EX 1 ho o TSR 1
z - Zd -
/0 5 ZOO +e+ A2+ (M +W)? /0 5 6;_:00 W2 + )
/M(AQ + (W + M)*)d 2 nio ! + (5.0.19)
i Eﬁ 2. EraE 0.

Using Laplaces transform and Matsubara frequency ,w, = @ eq (5.0.19) can be written as

1 fiw tanhBe/2de ) ) R 1
X T e T 2 . 0.2
A /o ‘ WA )/0 5 2 @anrrar G0
It is known that
L (@ D2+ 7 g (Cnt 1)) + )2

26



By using the relation

L @ P anrEr L a P

where = £, and a = m Now the right hand side of eq(5.0.20)can be written as
B
hw hw n=o00
tanhfe/2de 5 5 / 4 1
—_—— (M+W A de— —_— 4 ... = . 5.0.21
o e wr s [Cag S s e mrte G02)

Where

hw fiw n=o00
tanhfe/2de 5 9 / 4 1
= — g =(A M+ W de— —
/ ; = (A" + (M +W)?) i eﬁ E " +

0

Inorder to solve for p, let y = Se. Then

Blw/2 4ot Bliw/2
p= / az ydy = Inytanhy — / Inysech®ydy (5.0.22)
0 0

For

/ Inysech*dy = In-"—
0 4’77

where v = exp(0.577). Simplifying eq (5.0.22) gives ,

T hw
=1 —In— =Inl.14—: 5.0.23
P ke My T kT (5.0-23)
Similarly we can solve for q as follows
q= (A*+(M+W)? /ﬁw deé 3 _r 4(A2+W?) i /OO ;dx—l—
o B = a*(1+a?) — 2n—|—1 (14 22)? h
(5.0.24)
1 11
= (A2 + (M +W)H) s ——
(A% + (M + W) 5 100
From standard integral we used [;° (Hfl% = T and ) m = (1 — 277)((r) where
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r = 3,((r) = 1.202 it is called the Riemann Zeta function. By substituting eq (5.0.24) and eq

(5.0.0.23) in eq (5.0.20)we obtain

1 hw

KBT) — 1.05(A? + (M + W)?)

(5.0.25)

(71' k BT)2 .
From eq (5.0.25 )the superconducting order parameter can be expressed interms of density waves

parameters as

. hw 1 (7T]€BT>2 9
A= \/[zna.ka—T) ~ e — (M W) (5.0.26)

If charge density wave order parameter is switched off (W=0), eq (5.0.26) becomes

A= \/[zn(1.14k%) _ L ERTE (5.0.27)

As can be observed from eq (5.0.26) and eq (5.0.27) as spin density order parameter(M) and
sum of spin and charge density wave orders supreses superconducting order parameter shown in
phase diagram Fig. 5.2. In pure superconducting phase where W = 0, M = 0, at Tc it can be

shown that

T
A(T) = 3.06K5T.(1 — T)W (5.0.28)

[

Now lets consider eq(5.0.17) in the case as
T—0,0— 00

then from we have

e de
/0 V(e + A2+ (M +W)2)

!
A

Simplifying the above expression we obtain

1
V(A2 4 (M + W)?) = 2hwexp(—7) (5.0.20)
This equation tells us that superconductivity and charge density wave can coexist in some region.
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From eq(5.0.29) superconductive order (A ) as T'— 0 can be expressed as

—1
A(0) = \/[%w exp(—=)] = (M +W)?) (5.0.30)
In the absence of density waves ordering the above equation reduces to
1
A(0) = 2hw exp(—X)

From the BCS theory we have,
2A(0)

= 3.9.
kgT.

From which we get

1
kT, = 1.14hw exp(—X)

which is the well known BCS expression for the superconducting transition temperature-Tc

5.0.3 The Spin Density Wave(SDW) Parameter(M)

In this section we derive an expression the spin density wave order parameter. To do so we

calculate the equation of motion for

{(choCrrao))

Here we defined (0 =1). Using value H defined in eq (5.0.1), the equation of motion for

({chicrsqn)) is

((chrerrar)) = ([che. H], cuvon)) (5.0.31)

Simplifying eq (5.0.31) we get

(w + &) ((chps craqnr)) = (M + W) (el orcrran)) + Allcoricrror) (5.0.32)

The equation of motion for ({c| Lot CktQt)) 18

A

((chor crran) = 1+ ([chyon Hl crrar) (5.0.33)
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Simplifying this we get

(w + ensan){(Chegp crron)) = 14+ (M + W)({clcrran) (5.0.34)

Similarly the equation of motion for ((c_g, cx+gr)) is

A

((c=rps errqr)) = ((e—ry, H], crrqr) (5.0.35)
Simplifying this equation we get
(w = e-B)({coriersan) = Allck, crran)) (5.0.36)
Substituting eq (5.0.36) in eq (5.0.32) we get

(@ — et = A%){(chronron) = (W — &) (M +W){(ch grcrtar) (5.0.37)

Finally solving eqgs. (5.0.34) and (5.0.37)simultaneousy and solving for ((cchkJrQT» we get

(chewson) = e mr = AT (5.0.38)
The spin density wave order parameter can be expressed as:
M = S ckerran) (5.0.39)
k
Temprature dependent of spin density wave order can be written as
=% Z N (M + WEM s (5.0.40)

The sum may be changed into an integral by introducing the density of states, N(0) and we

(M + W)de
/ e (5.0.41)

obtain:
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For further simplification, we use the Matsubara frequency
W — 1Wn,

where
(2n+ )7
B

Wy =

Considering the fact that effective pairing interactions is found in region —hAw < € < hw, eq

(5.0.41) becomes

(M + W)de
— M =2VN(0 52/ s e 1 (5.0.42)

where E? = €2 + A% + (M + W)?. Finally, using the Poisson summation

1 T 1
—tanh(=) = 5.0.43
21; an (2) ; (2TL + 2)27T2 + .CCZ ( )

where © = BE and defining n = VN(0) is spin density wave coupling constant, eq(5.0.41)

becomes

_M - M * W) 2 2 2 €
. AT O @ A WD (5.0.4)

From eq(5.0.44), it is again indicates that the order parameters A, M and W are interdependent.
Therefore, we can assume that in some temperature interval, charge density wave, spin density

wave and superconductivity may co-exist and compete each other.

Competing superconducting (A) and spin density wave(M) orders in under-doped

Las_,Ba,CuO,

In this section we study the effect of spin density wave order(M) on superconducting order
parameter (A). Now let consider eq (5.0.44) by switching off charge density wave order(W=0)

which is given by

—1 e 1 2 2 2 €
-l /0 —— M2>tcmh(ﬁ\/(ek A2+ M?)/2)d (5.0.45)
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Right hand side of eq (5.0.45) can be written as

" tanh AZ + M?2)/2d 2R 1
/ anh(B+/ (€2 + A% + M?)/2de / Z : : : (5.0.46)
0 V(e + A2+ M?) w2+e+ A2+ M
hw n=00 hw n=00 fiw n=o00
2 1 2 2 1
— = M?*+A?)de= —_—
0 an_:oow%—i-ﬁi—i-AQ—i—MQ /0 z_: w2+62 /0 (M )66nz_:oo(w%+62)2+
(5.0.47)
Using Laplaces transform and Matsubara frequency ,w, = w eq (5.0.47) can be written as
-1 " tanhBe/2de ) w9 "X 1
— = — _(M*+A? / de— . 5.0.48
i A '), %5 2 v nzraer (50.48)
It is known that
= (@n+DE)2+e)? T ((2n+1)5)2 +e2)?
By using the relation
n=-+o00 n=00 n=00
1 1
ZO (a2 + )2 62 —~at(l+ 5)? = a'(1+a?)?
where ¥ = £, and a = m Now the right hand side of eq (5.0.48)can be written as
5
/ * tanhfe/2de (M? + A?) / d Z + (5.0.49)
_— = e— .= . 0.
0 € 0 a*(1 4 22)? a:2 P
Where
how hew n=00
tanhfe/2de 5 5 / 4 1
= ——qg=(A"+ M de— —— ..
/0 ¢ 4= (A7 M) o B = a1+ a?)? i
Inorder to solve for p, let y = Se. Then
Bhw/2 tanh Bhw/2
p= / an ydy = Inytanhy — / Inysech®ydy (5.0.50)
0 Y 0
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For 5 >> 1, tanhg w1 Extending the upper limit of the above equation we obtain

2kpTe

/ Inysech®*dy = In-"*
0 477

where v = exp(0.577). Simplifying eq (5.0.50) gives

hw
=1 In— =Inl.14—— 5.0.51
T ”47 T (5:051)
Similarly we can solve for q as follows
2 o [ 2 e = 1
= (A + M?) de— 4(A% 4+ M~7) ————dr + ..
= (A" /O ‘ z:a41~|—:152 * 20:71'2TL+1 /0 (1 + x2)? v
(5.0.52)
1 11
_ AQ W2 -
(A W) T2 100
From standard integral we used [;° (Hfl% = Z and > m = (1 — 27")¢(r) where

r = 3,((r) = 1.202 it is called the Riemann Zeta function. By substituting eq (5.0.51) and eq
(5.0.52) in eq (5.0.48)we obtain
—1

fuww
— =In(1.14
p In( KT

1
(WkBT)2 ’

) — 1.05(A? + M?) (5.0.53)

From eq(5.0.53 )the spin density wave order parameter can be expressed in terms of supercon-

ducting order parameter as

hw 1, (mkpT)?
M = 1.14——— —|— — A2 .0.54
\/[ln( kBT)+ 77] T 05 (5.0.54)

As can be observed from eq (5.0.54) as superconducting ordeder increases spin density order

parameter is getting supressed as clearly shown in phase diagram Fig (5.3).
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Competing charge density wave(W) and spin density wave(M) orders in under-

doped Lay_,Ba,CuO,

In this section we study how charge density wave(W) and spin density wave(M) orders compete
each other in under-doped Lay_,Ba,CuO,. To do so lets consider eq (5.0.44) by switching off

superconducting order parameter (A = 0) which is given by

-M (M +W)
/\/gk WERTE t”hﬁ\/ + (M +W)?/2)de (5.0.55)

From eq (5.0.55 ) we get

M B hw 1
n(M+W)  Jo @+ (M+W)?)

tanh(By/ (€ + (M + W)2/2)de (5.0.56)

We calculated eq (5.0.56) applying the same technique we used above which is expressed as

M Fieo (M+W),
o e e 0.
S ™ S e, oo (5.057)
From eq (5.0.57) we have
hw M (rkpT)?
M = [[in(1.14 0.
(M+W) \/[ O VT T L (5.0.58)

From eq(5.0.58) we have the expression for spin density wave order as a function of temprature(T)

and charge density wave order as

B Fiw M (7kpT)?
M_\/[zn(1.14kBT)+n(M+W>] oW (5.0.59)

From eq (5.0.59) in pure spin density wave order at spin density wave transition temperature
T = Ty we have

=[nl.14
n kgT

(5.0.60)
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In pure spin density wave region from eq(5.0.55) we have

tanh(By\/ (€2 + M?/2)de (5.0.61)

—1_/“ 1
n 0o /(e +M?

simplifying this eq (5.0.55)as usual we obtain

-1 hw 1
— =Inlld—— — 1.05M?*——— 5.0.62
n " ]{JBT (WkBTM)Q ( )
Comparing eq (5.0.60 ) and eq (5.0.62) we obtain
hw 1
In(1.14 =Inl14——-r — 1.05M* ————— 5.0.63
n( ]{?B M) " k’BT (Wk?BTM)z ( )
from which we obtain
T
M(T) = 3.06kpTy /(1 — —) (5.0.64)
T

Result and Discussion

In this chapter , we considered the interplay of three strongly competing orders, namely super-
conductivity, charge density wave and spin density wave in the under-doped Las_,Ba,CuQOy .
The single particle electron Greens functions are calculated using Zubarevs technique from which
the gap equations for superconducting order parameter ( A ), charge density wave order param-
eter (W ) ,spin density wave order parameter (M ), superconducting transition temperature Tc
charge density wave transition temperature (Ty )spin density wave transition temperature (7).
Based on these expressions,by taking into account the experimental values needed parameters

we plotted and discussed the phase diagrams for various combinations of these parameters.

The phase diagram of superconducting order against temperature for under-doped

Las_pBa,CuO,

By employing eq(5.0.28) and the experimental value, 7. = 16K, for Lay_, Ba,CuOy, we plotted
the superconducting order parameter (A) versus temperature as shown in Fig.5.1. As can be

observed from Fig. 5.1, as the temperature increases, the superconducting order parameter
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decreases and vanishes at the superconducting transition temperature Tc

0.0006 |
0.0005 |
0.0004 |
0.0003 |
0.0002 |

0.0001 |

FrLI|.'.IE'I'IIIZIII'II'.1LIIZ|.iI'Ig order parameter

I:II:":":":I :I 1 1 1 1 1 1 1 1 1 1 1 1
10 12 14 16 18

]
=

Tempreture( K)

Figure 5.1: Phase diagram of Superconducting parameter (A) against temperature (T)

Phase Diagram Of Superconducting Order Parameter(A) Versus tem-
perature(T) for different Values Of charge density wave Order param-

eter(W)and spin density wave order parameter (M)

The expression for the superconducting order parameter as a function of temperature and charge
density wave ordering(W) and spin density wave ordering (M) has been obtained and is given
in eq.(5.0.26). It is analyzed numerically for different values of the charge density wave order
parameter(W) and spin density wave orders. The phase diagram of the superconducting order
parameter versus temperature for of different values of the charge density wave ordering and spin
density wave ordering is plotted. As shown from Fig.5.2, the superconducting order parameter
is suppressed when charge density wave ordering and spin density wave ordering are increased
and this suppression becomes more significant as the value of the charge and spin density wave
order parameter increases. This suppression could be attributed to the presence of charge and
spin density wave ordering that scatters or flips the spins of the charge carriers by increasing the

energy of the electrons involved in the Cooper pair and hence breaking up the pair.
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Figure 5.2: Phase diagram of Superconducting parameter (A) against temperature(T) for differ-

ent values of charge density wave order parameter(W) and spin Density wave order (M)

The phase diagram of spin density wave order against temperature for under-doped

Las_,Ba,CuO,

By employing eq (5.0.64) and the experimental value, Ty, = 42K, for Lay_, Ba,CuOy, we plotted
the spin density wave order parameter (M) versus temperature as shown in Fig.5.3. As can be seen
from Fig. 5.3, as the temperature increases, the SPIN density wave order parameter decreases

and vanishes at the spin density wave transition temperature T;.
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Figure 5.3: Phase diagram of spin density wave order (M) against temperature (T)

The phase diagram of spin density Density wave order against temperature for un-

derdopped Lay_,Ba,CuO, for different values of superconducting order parameter(A

) By employing eq (5.0.54) and the experimental value, Ty, = 42K, for Lay_,Ba,CuQy, we
plotted the spin density wave order parameter (M) versus temperature for different values of
superconducting order parameters as shown in Fig. 5.4, as superconducting order parameter

increases, the spin density wave order parameter decreases.
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Chapter 6

Combined Mechanisms in high

temperature Superconductors

Abstact

While phonons are central to explaining the mechanism of conventional superconductivity, their
role should be taken into account for explaining copper-based superconductivity, as well. It is
suggested that phonons have a role in the superconductivity mechanism in Fe- pnictides also.
We studied the dependence of the superconductive transition critical temperature Tc for some
systems, where superconductivity is mediated by a combined phonon- exciton mechanism for
cuprate and a combined phonon-magnon mechanism for pnictides. It is believed that purely
electronic mechanisms of high-temperature superconductivity are not sufficient alone and un-
able to capture the essential physics of cuprates and other layered superconductors, but the

combination with phonon does|106}, 113], 115] [116].

Introduction

The isotope effect has played an important role in the understanding of the underlying pairing
mechanism in superconductors. Historically it was used to identify the role of the electron-lattice
interaction for the superconductivity. Experimental evidence as to the nature of interaction that
causes superconductivity were first provided in 1950 by Maxwell [I08] and by Reynolds et al.

[T09] . They showed that T. o M~%, where a = 0.5 and M is the mean mass of different
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isotopes of the superconductor. These findings indicated that the ion mass, and therefore lattice
vibrations, phonons, are important to the mechanism of superconductivity.

Frohlich [IT0], who was unaware of the experiments on the isotope effect, and Bardeen [111],
the same year, have provided theories of the phonon-electron interaction, which in turn led to
models of superconductivity dependent on the phonon energies.

For the high-Tc superconductors the study of the isotope effect does not paint a simple and
straightforward picture. The role of the electron-lattice interactions in the mechanism of super-
conductivity was initially ruled out, and the pairing mechanism was ascribed to antiferromagnetic
exchange and fluctuations [78], [79]. As time went it was observed that interactions of the lattice
with the carriers in high-7, became important [80, 81} 82, 83].

Excitonic superconductivity was first suggested as a theoretical possibility in 1964 by Little
[84] and Ginzburg [85], 86]. The idea is very similar to that involving phonons, except that the
polarization leading to an attractive interaction is not due to a movement of the ions themselves
but rather to movements of electrons (say, on the ion cores perhaps not within the supercon-
ducting CuO planes). This polarization will result in a net positively charged region of space to
which a conduction electron will be attracted. Little envisioned a one-dimensional geometry with
conduction chains along side ”exciton” chains. The two types of electrons (conduction and those
that produce the excitons) are then physically separated from one another. Ginzburg considered
a two-dimensional geometry with a metallic layer sandwiched between two dielectric layers.

The most compelling reason for considering excitonic superconductivity is, in that the medi-
ating boson (exciton) now has an electronic energy scale. Hence, in the simple BCS picture, Tc;
will be significantly enhanced because the prefactor is now we, >> wp . Theoretical work [103]

has also suggested the possiblity of excitonic superconductivity in the high-Tc oxides[107].

Phonon -exciton combined mechanism in cuprates

The understanding of the mechanism responsible for the high superconducting transition tem-
perature of the cuprate superconductors has remained elusive in spite of the enormous effort
devoted to its study during the past thirty years.

There is as yet no consensus as to the mechanism that is responsible for the superconductivity
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of the high-Tc oxides[I03] . One possibility that is being explored is that it is a combined phonon-
plus-excitonic mechanism [104), 105], 113, 114]

W. A. Little et al using Resonant Inelastic X-Ray Scattering (RIXS) now provide compelling
evidence of the nature of the interactions that cause the high transition temperature of the
optimally doped cuprates. The high transition temperatures suggested that excitations with
energies above those of the phonons would be involved|[I13] 114], 115]. If this were so, tunneling
would be unable to yield the density of states at these energies, because the voltages required
would exceed the breakdown potential of the barrier [I16]. However, it has long been known that
similar information from that of tunneling can be obtained from the optical properties[117, 118]
of a superconductor. They observed that a phonon-electron interaction was needed as well as
interactions at energies between 1.6 and 2.3 eV. From their experimental observations they make
the following conclusions.

i) Little et al [I13] 114], T15] found that electron-phonon interaction alone, while moderately
strong, is much too weak to explain the high transition temperature of the materials.

ii) There are no contributions to the pairing in the mid-infrared region between 0.1 and 1.0eV
that might be expected from some magnetic or plasmon interactions.

iii)The key feature in explaining the high transition temperature is the combination of a
phonon interaction and the high energy electronic contributions [I19]. Neither one alone, results
in a high transition temperature nor is able to account for the optical properties.Both are needed.

iv) There is a clear indication of an attractive contribution from higher energy interactions
that exceeds the repulsive Coulomb interaction at these energies[120)].

v)The real and imaginary parts of the gap function give a characteristic shape to the en-
ergy dependence of the calculated reflectance ratio. This is accurately mapped in the observed
reflectance ratio both in the phonon and in the electronic-interaction regions. This fingerprint
is strong evidence that the Eliashberg equations accurately describe the superconducting gap
function even at energies that are many times higher than the phonon energies for which the
theory was developed.At high energies the integral could be approximated to:

, 200 Re[A(A — Ag)]InZ2

w?

(6.0.1)
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Equation (6.0.1) shows a reduction occurs in the above ratio where the gap function (A)
becomes large, as in the neighborhood of the electronic terms between 1 and 2 eV for many of
the cuprates. Their data shows such depletion. Molegraaf et al.also observed such depletion in
the oscillator strength sum rule [121]for BisSroCaCus0sys using spectroscopic ellipsometry.

One of the main attractions of the proposed phonon- exciton combined mechanism by Singh
and Sinha [91] is the apparent possibility of higher transition temperatures which follows from

modified BCS formula for Tc is given by

T, = 114wl wl? exp[— (A, + A2) ] (6.0.2)

where ). is the electron(hole) exciton coupling constant and ,w,, and w, are energies of phononic

A
hg — A /\;h _ ph P Ae

. . . . A
and elecronic excitations respectively. h; = ( s wil = oD e T oD
P € P €

ph
Aph+>\ﬁ) )
In this section we calculate T, values for some cuprates using eq(6.0.2) by using w,, = 300k,
A, = 0.33 , we = 4000K and different values of A, and compare with experimentally observed

values as reported in the table below.

Table 6.1: Comparison between theoretical and experimental value of superconducting transition

temperatures for cuprates.

Compounds Ae | Experimental value of Tc(K) | Theoretical value of Tc(K)

Y BayCusOr 0.218 92 92.42
BiySreCaCusOg 0.20 85 84.62
BiySraCasCusOqg | 0.245 110 109.8
TIBayCa3CuyOq1 | 0.264 122 122.15
HgBayCayCuzOg | 0.28 134 134.11

Phonon -magnon mechanism of Pairing in pnictides

Despite extensive studies on high-Tc superconductivity in iron pnictides since its discovery, the
question of what plays an important role in the pairing mechanism of this class of superconduc-

tors remains enigmatic. The earlier estimated value of the electron-phonon coupling within the
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Eliashberg theory was found to be very weak to generate the required Tec for these systems,[93], [04]
and as a result an unconventional origin of superconductivity mediated by AFM spin-fluctuations
was proposed[95]. In another study, the effect of magnetization and doping was calculated on the
electron-phonon coupling, and it was found that electron-phonon coupling strength increases sig-
nificantly via spin-channels [96, [07]. Theoretical calculations have also suggested that electronic
structure of FeBS systems is strongly perturbed below the magnetic transition temperature due
to the opening of spin density wave gap[98],09]. The electron-phonon coupling increases substan-
tially for states at the Fermi surface due to anisotropic coupling between phonons and magnetic
moments (i.e. magneto-elastic coupling) in the AFM structure below structural and magnetic
transition temperature. The strength of the electron-phonon coupling constant, calculated by
taking into account the many body effects is found to be ( A._, ~ 1), suggesting that the role of
electron-phonon coupling can not be neglected in the pairing mechanism. In addition to these
theoretical calculations, a large isotope coefficient as high as a¢. ~ 0.81 has been reported experi-
mentally for different families of FeBS,[100], 10T, 102] clearly suggesting that the electron-phonon
coupling can not be ruled out in understanding the pairing mechanism in these materials along
with other degrees of freedom such as spin and orbital.

Existing reports in the literature, with finite iron isotope coefficient in different families of
FeBS, suggest that the study of isotope effect is pertinent to investigate the role of electron-
phonon coupling in these materials.

The magnetic mechanism of pairing in high-temperature superconductors was studied by
many researchers. These studies used the assumption that the pairing is realized due the exchange
by spin excitations magnons, i.e., the transfer system is the system of spins in a magnetic metal.

A great attention was attracted by the pioneer work by Akhiezer and Pomeranchuk[89] O0].
They considered the interaction between conduction electrons caused by both the exchange by
acoustic phonons and an additional interaction related to the exchange by spin waves (magnons).

Egami et al [91] had also suggested that spin-phonon coupling may play an important role
in the superconductivity of iron pnictides.

In this section, by taking into consideration the combined role of phonon-plus-magnon mech-

anism of pairing following Singh and Sinha [91] we calculated Tc values for some iron based
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compounds using

T, = 1L.14whwl? exp[— (A5, + X)) 7] (6.0.3)

where A;s is the spin fluctuation electron coupling constant and, wy, and wsy are energies of

. . . . . . o Aph o Asyr *
phononic and spin fluctuation excitations respectively, hy = Gt j;/\ph), 2= Do) b =
%, i = (/\’\f—il) and compare the results with experimentally observed values. Using

pn s

wpr, = 300k, A\pr, = 0.33, wsy = 1000K and different values of A\;y we get Tc values for various

iron based compounds as reported in the table below.

Table 6.2: Comparison between theoretical and experimental value of super- conducting transi-

tion temperatures for iron pnictides.

Compounds Asf | Experimental value of Tc(K) | Theoretical value of Tc(K)
LaOy_,F,FeAs 0.11 26 26.32
Bay_,K,FesAs2 | 0.16 38 38.65
Fey_,Se,Tei_ 0.06 15 15.75
SmO_,F,FeAs | 0.23 56 56.5

Cay_Nd,FeAsF | 0.232 57 57.33

We have described as comprehensively as possible our view regarding the role of exciton -
plus- phonon as pairing mechanism in a number of novel superconducting systems, paying special
attention to the cuprates and the role magnon -plus- phonon as pairing mechanism for pnictides.
We have indicated how phonon combined with exciton/magnon as a mechanism can give rise to
high temperature superconductivity, and it can be shown theoretically even room temperature

is possible within this framework[91].
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Chapter 7

SUMMARY AND CONCLUSION

By using a model Hamiltonian consisting of charge density wave and superconducting part and
applying Green’s function formalism we derived an expression for charge density wave order
parameter and superconducting order parameters for Y BaCuOy system. We have presented
the theoretical curve of the superconducting order parameter A(T') for different values of charge
density wave(CDW) order parameter. It is observed that as charge density wave(CDW) or-
der parameter increases the superconducting order parameter decreases. Again we plotted the
graph of charge density wave order parameter against temperature for different values of super-
conducting order parameter. It is observed that as superconducting order parameter increases
charge density wave(CDW) order parameter decreases. Then we can say that superconducting
and charge density wave orders compete in certain temperature interval. Similarly by using a
model Hamiltonian consisting of charge density wave, spin density wave, and superconducting
order parameter parts and applying Green’s function formalism we derived an expressions for
for each of these parameters for Lay_,Ba,CuQ, system. From these expressions we can easily
observe that these three order parameter compete each other in certain temperature interval.
Finally we discussed combined phonon-exciton and phonon-magnon as mechanisms for cuprates
and pnictides high-Tc superconductor respectively. We calculated the theoretical high-Tc values
for some cuprates and pinicides giving appropriate values for the desired parameters and we got

values approximately comparable to their corresponding experimentally determined results.
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