
• 

,4, IQ 6 
'I 

«~ ;,,, ,. ,,· tl 

(5 ........ "" :L ___ _ 

SEMINAR REPOR1 Q\\ 

CONSTRU TION OF 

Compiled by: Tesfaye Tefera Mamo 

Advisor Dr. Tsegaye Gcdif Aycle 

Faculty of science 
Department of Mathematics 

June 2010 



ACKNOWLEDGM ENT 

First of all I thanks my Lord for all Hi s goodness to me. I am grateful 10 my 

advisor Dr. Tsegaye Gidef for his va luable advice and supply of material. It was 

my good fortune to have comments, guidance and suggestion from him. The 

knowledge and skills he shared with me have greatly enhanced my work. 

I would like to thank my wife and my son for their fanatical and moral support. 

Fina lly, my thanks goes to all my colleagues who were encouraging me on various 

ways. 



CO TENT 

PREFACE ........ .. ............. ................. ............ . ................................... . 

I TRODUCTIO ....... . .................................. •. .•..•.......... .. .... ..... . 2 

CHAPTER -1-

PRELI MINA RJES 

1.1 Symbols and otation ......................................................... 3 

1.2 Basic concepts and defin ition ........ . ................... . .. . ..•..•..•........ 4 

CHAPTER -2-

FUNDAMENTAL SOLUTON OF LINEA R DIFFERNTIAL 

OPERATORS 

2.1 Generalized solution of di ffe rent ial equation ................................ 20 

2.3 Fundamental solution of linear differential operator with 

Ordinary derivatives ............................................................. 21 

2.2 Fundamental solution of li near di fferenti al operator wi th 

Constant coefficients ............................................. ... . ... .. . .... . 24 

CHAPTER -3-

CO STRUCTION OF FUNDAMENTAL SOLUTIONS TO OPERA TOR; AND 

PARAMETRIX 

3. 1 The fundamental solution of heat conduction operators ........ . .. . ......... 30 

3.2 The fundamenta l solution of wave operator ........................ . .. . ....... 33 

3.3 The fundamental solution of Laplace's operator ........... ... . .. . ..•..•. .... 36 

3.4 parametri x .......... . .............................................. ...... . ......... 39 

Reference .................................................................. 42 



Construction or Fundamenta l Solution And Parametrix 2010 

PREFACE 

Analysis has been the dominant branch of mathematics for more than 300 

years, and both ordinary and panial differential equat ions are the hean of 

analysis. Different ia l equations are the most important part of mathemati cs for 

understanding of physical science. The primary use of both ordinary and pania l 

di fferent ial equation is to serve as a too l for the study of changes in physics 

world. 

The main purpose of this paper is to dea l with the construct ion of 

fundamental sol ution and Parametrix. In science, there are many phenomenon 

which are expressed by differential equation. For instance heat equation 

( .::oc:':('C"':!./) ,,202c(x I ) ) . (0 . ) L I ' - - 2 ' = O(X, /) , wave equation ,C(x,/ ) = O(x,1) , ap ace s 
01 Ox 

equation ('\7'£(x)=o(x) ),Helmholtz's equation « '\7' + k' )£(x)=o(x» , etc. 

These all different ial equat ion requ ire fundamental solution . 

This seminar paper consists of three chapters: chapter one gives a brief 

di scussion of preliminaries such as symbols, notation, basic concepts and 

definitions. Chapter two deals wi th fundamental solutions of linear differential 

operators wi th constant and variable coeffic ients. Lastly ,chapter three discusses 

about construction of fundamental solut ion to some differenti al operators. Here 

the concept ofparametrix is discussed 
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I TROD e TiOI 

This paper commences wilh basic concepts and de finiti on that are very 

important ror my work. The concepts or generalized function, test function. 

generalized function o f slow growth, convolution of generalized function, 

Fourier Transform are discussed in detail. 

In this seminar, construction or fundamental solution and parametrix main ly 

foc us on di fferent ial operalors. In d iffe rent fi eld of sciences such as physics, 

chemistry, astronomy, engineeri ng, etc., there are many differential operators 

which need fundamenlal solution. Thus construction of fundamental solutions 

and paramerri x are carried out in this work. 

Department of Mathematics Page- 2 -
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CHAPT ER - \-

PR ELIM ! ARl S 

In thi s chapter, the required symbols and notation are brieny listed. Some 

basic concepts and definitions which arc usc full for this paper are also g iven . 

1.1 Symbols a nd notation 

III 91" - An n- dimensional real space 

III 0 - open set in 91" 

III V(O) = V The space of basic function 

III V' (0 )= V'The space of generalized function 

III S - The space of test function 

III S' - The space of generalized function of slow growth 

III Coo (91" )- The space of infinitely often continuously 

d ifferentiab le function on 91" 

III F[<p]- Fourier Transform of funct ion <pES' 

III DO f(x)-The deri vat ive of the function f(x) of order 

lal =a" a" .. . , an where a=(a 1, a" ... , an lis a vector 

with non-negative integral components. aj's are 

called mu lt i indices. 

D Of! )_ a1a ' I{(x, .x, ..... x" l 
\X - aal ""a 2 ""an 

V X I V X2 "'V xn 
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1.2 Basic concepts and definition 

A. Heav iside unit function 

The characte ri stic function of a set A is the fu nction G.(x) which is equal 

to I when XEA and equals to 0 when xi! A. 

Defini tion:-The characteristic fun cti on 01'.OOI(x) o f the semi axis x~o is 

ca lled Hellvisi"e IIIlil [IIIIClioll ; denoted by O(x); and is 

defi ned as :-

(I(x) = (l, x > a 
a,x < a 

B.The delta function o(x) 

Strongly peaked functions are common to a ll branches of Phys ics. For 

instance concentrated force acting on a beam is actually strongly peaked 

di stribution of load. In electrical circuits, strongly peaked currents of extreme ly 

shon duration often occur in switching processes, like the redistribution of 

charges between two capacitors when the swi tch is closed. 

In order to facil itate a variety of operation in mathematical physics , and 

part icularly in quantum mechanics, Dirac proposed the introduction of the so 

called " eltll [IIIIClioll o(x) which w ill be representative of an infinitely sharply 

peaked functi on g iven symbolically by : 

5(x) = ( O, X * 0 , 
oo,x - 0, 
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1.2 Basic concepts and definition 

A. Heaviside uni t function 

The characteri stic function of a set A is the function O.(x) which is equal 

to I when XEA and eq uals to a when xI!A . 

Deflnition:-The characteristic function 9[o.aJl(x) of the semi axis x~o is 

call ed Ileavisitle IIIlil [IIIIClioll ; denoted by O(x); and is 

defined as :-

ti(x) = (l, x > a a,x < a 
B.The de lta fun ction 8(x) 

Strongly peaked functions arc common to a ll branches of Physics. For 

instance concentrated force acting on a beam is actually strongly peaked 

distri bution of load. In elect rical c ircuits, strongly peaked currents of extremely 

short duration often occur in switching processes, like the red istri bution of 

charges between two capacitors when the switch is closed. 

In order to faci litate a variety of operation in mathematical physics , and 

particularly in quantum mechan ics, Dirac proposed the introducti on oflhe so 

called tlelta[wlclioll 8(x) whi ch will be representative of an infinite ly sharply 

peaked funct ion given symbolically by : 

8(x) = (a,x '" 0, 
OC), x = 0, 
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but such that the integral of Sex) is lIorll/lllizeil 10 IIlIily : 

f ' O(x) = 1 

The first and basic operation to which Dirac sought to subject S(x) is the 
w 

integra l J5(x)/(x)c(, ,where f{x) is any continuous function. This integral can 
_w 

be "evaluated" by the following argument: 

Since Sex) is zero for ,;to, the limit of integra tion may be changed to 

- E to + E , where E is a small posi ti ve number. More over, since f{x) is 

cont inuous at x=O, its va lue within the interval (-E,+ E) will not differ much 

f{O) and we can claim, approximate ly, that 
w , 

J8(x)/(x)dx = J8(x)/(x)c(,. 
_w -, 

w , 

=> J8(x)/(x)dx ;:f{O) J8(x)c(, ;with the approximation 
_w -, 

improving as E approaches zero. 
, 

However, J8(x)c(,= I ...... for all values of E, because Sex) =0 for 
-, 

x;tO ,and Sex) is normalized. 

Now, lett ing E ~OO, we have exactl y: 

w 

J8(x)/(x)cl< =f{O) 
_w 
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C. Linear space and funclional 

Definil ion LeI M and be linear selS. An operalor L 

transforming the elements of set M in to 

elemenls of scI is called iilletlr if for 

any elemenls f and g of M and complex 

number A and fl , L(Ar+flg)= ALf+~ILg 

Example Lf= f K(x ,Y)f(y)dy is linear inlegral operalor 
G 

where K(x,y) is ils kernel. 

Defin ition I f a linear operator L transforms a set of 

elements of M into a sel of complex 

numbers Lfwilh fEM, Ihen L is ca lled a 

Iillear /IIIICliOlWI on M. 

D. The space of basic funclion [V (0 ) = VI 

In Ihe case oflhe delta funclion we have already seen Ihal 

• 
f6(x)f(x)dx =f(0) and Ihe delta funclion is delermined by 
'. 

means of continuous functions as a linear(continuous) functiona l . Cont inuous 

funclions are said to be btlsic filll ctioll for delta funclion . 

A sequence offunclion <j>, f 'D (0 ) is said 10 be converge 10 Ihe funcli on 

<j> E 'D (0 ) if limqJ, = '1' in'D (O).A linear sel 'D (0 ) equipped wilh 
,~. 

convergence is call ed Ihe space of basic funclion 'D (0 ). 

Department of Mathematics Page·6· 
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E. T he space of generalized functions 11)' (0 )= 1)'1 

A generalized (distri but ion) is a generaliza tion of the class ica l notion ofa 

function. On the one hand, th is generalization permi ts expressing in a 

mathematically proper form such an idealized concepts as; 

~ the density o f the material po in! 

~ the density of a point charge o r di pole 

> the intensity of an instantaneous point 

source 

~ the magnitude of an instantaneous force applied 

to a point etc. 

On the other hand, the notion of generalized function can refl ect the factthm 

in reality one can not measure the value of physical quantity at a point but can 

onl y measure the mean values within suffic iently small neighborhood of the 

poi nt and claim that these mean values as the values of the physical quanti ty. 

Thi s can be explained by attempting to determi ne the density set up by a 

mate rial poin! o f mass I . Assume that the point is the origin o f co-ordinates. To 

determine the density, we distri bute (or,as one says ,spread) the unit mass 

uniformly inside a ball U,. We then obtain the mean density: 

C() {...2.." lxl <E Ie X = 41ft" 

a ,Ixl > E 

Department of Ma thematics Page-7 -
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To begin with, for the desired density (which is denoted by &(x) ) 

We take the point of the sequence of mean density f, (x) as E O. ie., 

< {+ oo,if< = 0 
u(x) = lim! (x) = . 

~ 0 c O,ijx '* 0 

It is this functional value that we take as the defi nit ion of the density &(x) and 

thi s is the famous delta function of Dirac. 

Thus, f, (x)-. &(x) as E-->O in the sense that for any continuous function cp(x) 

the fO llowing lim iting relationship is valid. 

Jf.<x)cp(x)d(x)-> ( &,<p) , E-->O,where (&,cp) 

Stands for <p(O),the value of functional & on the function <po 

Defin ition A general ized function specified on an open set 0 is 

a cont inuous linear functional on the space of 

basic fu nctions 'D (0 ) . 

We wi ll write the value of functiona l (generalized function) fon the basic 

fu nction cp as (f, cp) . By analogy with ordinary functions, we sometimes write 

formally as f(x) instead of f, and regard x as the argument of basic funct ions on 

which the function foperates. (f, <p) is bilinear. 

A generalized funct ion f is : 

a) afull etiolllli on 'D (0 ) , that is, with each cpE 'D (0 ), there 

is associated a (complex valued) number (f, cp) 

Department of Mathematics Page- S -
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b) a lilleor /III1ClioIlOI on 'D (O), that is if cp and IjI belong 

to 'D (0 ) and ), &~t arc complex number, 

(f, ACP +~t ljl)=A(f, cp )+Il(f, IjI ) . 

c) a cOllliIlIlOIiS/III1CliOl",1 on 'D (0 ) , that is, if cp, 'P , 

k ___ in 'D (0 ) , then (f, cp, ) ~ (f, cp), k '" 

The genera lized function f and g specified in 0 arc eqllol in 0 if they are 

equal as a fun ctional on 'D (0 ) . That is, if cp E 'D (0 ) then 

(f, cp)= (g, cp). We then write t=g in 0 or f(x)=g(x), x E 0 

Let f(x) is locally integrable fun ction in 91' . A generalized function which is 

generated by f(x) is said to be reglilor generalized fu nction if 

(f, cp)= V (x)g>(x)dx , q> E 'D (0 ). All other generalized func tions are said to be 

singular . 

The derivative of generalized function f is: 

(D " t, ,,,) = (- I)" (J, D " "' ) , q> E 'D (0 ) and with lal S p 

where f E C' (91' ). 

This can be shown using integration by parts and induction as fo llows: 

Department or Mathematics Page · g · 
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Let la l= 1 and rpfCO'(rR!') 

• 
(Of, <p)= f D[(x)9'(x)d, let u= <p(x) dv=Df(x)dx -. 

du=O<p(x)dx - f(x) 

• • 
=f(x)<p(x) 1 - J [(x)Drp(x)cl, - -

o 

= - f[(x )Drp(x)dx 
- 0 

= (-I )' (f,O<p) 

Let la l =2, 

(O' f, <pi = f: D' f(x)rp( x)dx Let u=<p(x) 

du=O<p(x)dx 

dv=O' f(x)dx 

v=Of(x) 

=Of(x) <p(x) I" -j D[(.)D9'(x)([, Let t=O<p(x) dp=Of(x)dx 
- -

, 
dt=O- <p(x)dx p=f(x) 

00 0000 2 
= D[(x)rp(x) I - [(x) D9'(x) l+ f[(x )D rp(x)dx 

=(f,O'<p(x» 

=(-I)'(f,O'<p(x)) 

Thus by induction principle, (O"f,<p)=(-I )" (f,O"<p) 

For f=1i, (0"1i,<p )=(-1) "(1i,0 "<p) 

Department of Mathematics Page - 10 -
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Example { I'X ~ O 
LetO(x) = be a Heaviside 

O,x < 0 unit function . how that 

6'(x)=0(x). 

solution Let cpE 'D (0 ) =c: (9n . 

Then, (6', cp) = -( 6, cp') ... '" by definition of derivat ive of 

generali zed functi on . 

• 
But, -( 6, <jl')= - fO(x)9"(x )dx -. 

= -f~", lJ(x),,!'(x)dx - fo'" lJ(x)I{J'(x)dx 

• 
= 0- f l.9"(x)dx 

o 

o 

= <jl(0)- <jl( '" ) 

= <jl ... as cp( '" )=0 

• 
= fo(x)9'(x)dx -. 
= (o,cp) 

Thus (6', <jl)= -(9, <jl')= (o,cp) 

=> 6' (x)= o(x) 

Definition a) suppose {E'D '. The union of all neighborhoods 

where f=0 form s an open set 0rca ll ed the zero set of 

general ized function f. 

Department of Mathema ti cs Page - 11 -
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b) The suppon of generalized function fis the complement of Of with 

respect to mn ;it is symbolized as suppf; so that supp f-=mn\ Of . 

c) The generali zed function 1'~ that operates in a cordanee with the 
x 

formula: 

is said to be the finite pan or principal val ue (I'V)o fthe integra l of the 
c . 1 
JunctIon -

x 

NOTE:- A simple layer on a surface is a generalization of the delta function. 

Suppose that S is a piecewise smooth surface and I' (x) is cont inuous 

funct ion defined on S .We in troduce the genera lized fun ction 

J.I0s acting according to the rule: 

(J.I0s'rp ) = Is J.I(x)rp(x) ds, rpfT) 

Clearly I' Os fT) , and I' Os (x) = 0 where x i" S; so that supp J.I0s C S. The 

generalized fu nction J.I 0s is a simple layer on the surface S with density 1' . 

Defi nition (convolution of generalized fun ction) 

Let f(x) and g(x) be funct ion locally itegrable in 91" with the functi on 

h(x)= f lg(Y) f (x - Y*Y being also locally integrable in 91" . The functi on 

(f*g)(x) = f lg (Y) f (x - Y*Y = flf(y)g(x- y)f'iy =(g*f)(x) 

is called the convolution f*g of the two function f and g. 

Department of Ma thematics Page - 12 -
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F. The space of test funct ion 1$(0 ): $ I 

Definition Test function or rapitlly diminishing IIIIIC/ioll s arc runction or the 

class ofC
W

(91" ) that decreases together with all their deri vati ves as 

Ixl .... DO faster than any power of Ixr 1 . The space of test function 

is denoted by 5 . 

The sequence ('I'd in 5 converges to function 'I' f 5 if ILf!1 (qJ,> = q> • It is 

clear that 5 is linear space; more over , 'D (0 ) c 5 (0 ) and that convergence in 

'D implies convergence in 5 

G. The space of generalized function of slow growth IS': $ ' (0 )1 

Definition A genera lized function of slow growth (tempered distribut ion) is 

any continuous linear functional on the space S or test runctions. 

5' is a linear set. A sequence of generalized function ( fd E 5 ' 

converges to a generalized function rE S' , ie fl:~f as k ~ co in S' 

if(f" '1') ..... (f, tp) as k ..... 00 ,for any 'I' E S. The linear set S' equipped with 

convergence is termed the space S' of generalized function of slow growth. 

S' c V' that converges in S' implies convergence in V ' 

H. Fourier transform of generalized function of slow growth 

-I-The Fouriertransform of test funct ions 

Definition Letq>(x) E S be absolutely integrable on 91". The 

operation F of Fourier transform of <p is defin ed as: 

F[q>l(~): fq>(x)ei(~ , x)dx 

The function F[q>l(~) , which is the Fourier transform of the function 'I' E S , 

is bounded and continuous in 91" .A test function q>(x) decreases at infinity 

faster than any power of Ixl- t . 

Department of Mathematics Page · 13 . 
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Thus ,its Fourier transform may be different·,ated d h · I . un er t e Integra Sign any 
number of times: 

D"F[<p](~)= f(ix)a<p(x)/(~, x)dx = F[(ix)" <p] (~) 

Whence it follows that F[<p] ECoo .Further more, every deri vat ive 

D"<p(x) has the same properties and so 

F[D"<p](~)= fDa<p(x)/(~, x)dr 

= (-i~)" F[ <p ] (~). 

From the general theory of the Fourier transformation , it follows that the 

funct ion <p(x) is expressed in terms of its Fourier Transform F[<p] (~) with the aid 

of the inverse Fourier transform, 

I 
= - Ffljl](-x) 

(2;r )n 

= _1_ F[IjI(_~)] . 
(2;r)n 

-IJ- The Fourier Transform of generalized function of slow growth 

Suppose f{x) is integrable function on 91 ' .Then its Fourier transform ; 

F[ f] (~)= j f (x)/(¢ ,x)dr ; IF[f](~)1 5 f lf(x)drl <oo; is a (continuous) bounded 

function in 91 fl and, hence determines the regu lar generalized function of slow 

growth by the formu la: 

(F[f] , <p) = fF[fl(~)'P(~)d~ ,<p E S 

Using the Fubini theorem on changing the order of integrati on; we transform the 

last integral: 

Department of Mathematics Page· 14 . 
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f F[fl(~)9'(~)d~ ~ II If(.,)/({' X)cl,Jtp(~ )d{ 

~ I f(x)( Iq>(~)i({, x)d{ Idx 

~ f f(x) f1 9'I(x)dx 

~ (f,F[q>]) 

Thus, (F[I], q» ~(f, F[q>]) , q> E 5 . It is this equation that we take for defini tion of 

the Fourier transform F[I] of any generalized function of slow gro\\1h : 

(F[I], q» ~(f,F[q>]),FE 5 ' ,q> E 5 . 

The inverse Fourier transform of a function f is defined as: 

F-' [I] (~) ~ ~F[f(-x)J , fE 5 ', where f(-x) is the refl ection off(x). 
(2,,)" 

Also, F'[F(t)l~F[F'[l]l~f , fE 5' 

Suppose f(x,y) E 5 ' (91",m), where x E91 ' and y E 9lm . We introduce the 

Fourier transform F, [I] with respect to the variable X~(x"x" ... ,x, ) by putting for 

any bas ic function q>(~,y) E 5 (91",m), 

(F, [I], q» ~(f,Fdq>]) 

Departm ent of Mathematics Page- 1S -
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Example Show that 

a. (O(x-xo), f)=l(xo) 

b. F[o(x-xo)]=e i(xo.O 

c. F[o]= 1 

• 
Solution a.(O(x-xo),f)= fO(x - xO)f(x)cl, 

-. 
• 

= fO(~)f(~ + xO)d~ 

= fO(~)g(~)d~ 

=g(O) 

= f(O+'o) 

= f(xo) 

Let X-Xo = 1;, x=l;+ x. 

let I(I;+xo)=g(l;) 

b. (F[o(x-xo)], '1') =(o(x-xo),F[<p]), 'I' E $ 

=F[<p](xo) ... by (a) above 

= f~(~)/(XO'~)d~ 

=( e;('o' (),<p) , 'I' E $ 

=:0 F[o(x-xo)]= e;("o' () .. . by equality of generalized functi on 

c. Put Xo =0 in (b) above. Then F[o(x)]=e;(o'()= 1 

Note:- Here we considerthat ,o=F"[I]= ~F[II 
(21T)n 

=:0 1'[ 1]=(2n)"0(1;) 

-III-Properties of Fourier transform 

a. Differentiating a Fourier transform 

If f E $' , then D"F[f]=F[(ix)"f] . For 'I' E $ , lVe have; 

Department of Mathematics 
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(O"F[f], '1') ~H)iai(F[J],Jfl") 

~(- I }aiu, F[Da 1"1) 

~ (- I)iaiU , (_ix)a F[ I" j) 

~ «(ix)af,F11' J) 

~ (Fj( ix)afl ,l") 

b. The Fourier transfonn of a derivati ve. 

If fE S' , then F[O" f]~ (-i l;)"F[f] 

In deed, for Ij>E S ,we have 

REMARKS 

(F[O"f], Ij»~ (O"f,F[ Ij>]) 

~ H)iaiU ,DaFII"D 

~ H)iaiU,F[(i~)a9']) 

~ H)iai(F[JI , (i~)a9') 

~ «-i~)aFIJI , 9') 

2 2 rrr - 1{12 

a) F[e - a X] =-;;-e-.;;r forn~ 1 

n -1' 0 llZ - (JI \ . I .. 
b) F[e-(AX.x)] = -e • where A is a rea pOSH, ve 

..JdeCA 

matrix. 

1 2nz . 
Example. Prove that F[lxl ' ]-"I ' In n~3. 

[ 
1 J ,'''.,) 

Solution. F lxi' = ~XI<R ~ dx 

1 1~b}(osO 

~ I.RI.' I.'" p'dljls inOdOdp o 0 0 p2 

Department of Mathematics Page· 17 . 
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= ~ rR sin(l~lp) 
1~1 )0 p dp 

Since 1 J."" i n l~IP dpj = l(os(l<IP) _ 2..f,OO (oS(l<lP) 1 ' 
R P IplR 1<1 R p' dp:s I<IR .lVe have 
rR s i n (l~lp) d _ . 

) 0 p p - 2 ./p/ '* 0 

4rr i
R s in (/ ~/p 2rr' 

=> - dp-> 
/~/ 0 p W-

=> F["':"] _ ,.' r _ 
lxi' - 1<1 • lOr n- 3 

REMARK A) For n=2.1'Clx~,)fS· is given by the fonnul a: 

(1' ...:.. ) - r .Cx)-.CO) d f, .Cx) d 
Ixl" <p - )lxl<1 lxi' x + Ixl>1 lxi' X. <pES. 

F rlx~ ,l = -2rrln /~/ - 2rrco. where Co = foll - I:CO) du - flOO I ' ~U) du 

andi o is the Bessel function of order zero. 

8 ) Let ""Cx) be a simple layer on sphere of radius r in 91'-

[ 1 sinrl<l 
then F os,(x) = 4rrr -

I
<I- . 

The gamma function 

The gamma function; denoted by rCn) is defined by 

rCn) = fo"" xn - I e-Xdx ; which is convergent for n>O 

REMARK A) r Cn + 1) = nr Cn). This is shown as: 

rCn + 1) = f.""xn e-xdx Letu = xn 

du = nxn -1 dx 

1
m r m n -xd = Iimm_ GO _ xn e-x 0 + n Jo x e x 

Department of Mathematics 

dv = e-xdx 

Page · 18 · 



Construction Of Fundamenta l Solulion And Parame"", 1
20 

I 0 

= n(r(n)) 

B) r(n + 1) = n! 

q rG)=v'ii 

0) For n~ 3,we get that V'lxl: - 2 = -en - 2)" n6(x),where an 

is the surface area of a unit sphere in !H II: 
n 

L d bl . • . 
cr::: S == rr ,and r IS the gama junctIOn. n s . r(-) 

2 
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CHAPTER -2-

FUNDAMENTAL SOLUTION OF U, EAR DIFFERNTIAL OPERATOR 

To build the fundamental solution of linear di fferential operator wi th 

constant coefficients, we will Use the Fourier transform method. atura lly, only 

fundamental solution of slow growth can be obtained in th is way. 

2.1 Generalized solution of linear differential equation 
" 

Let L::aa(x)D
a

" = [ (x) ,fe D' ..... (I( be a linear differemial equation of 10 /_0 

order m with coefficients 3aECOO(91 ' ). By imroducing the differential operator 
• 

L(x,D) = 2:aa (x)D
a

, we can rewrite equation [I] as: 
/"1_0 

L(x,D)u=f(x) ..... (21 

Defini tion The function UE D' which satisfies equation [2] in 

a region G ,in a generalized sense , i.e 

(L(x,D)u, <p) = (f, <p) .... (31 for any <pE D (G) is said to be 

a generalized solution of equation [I] . 

Lemma (2.1) (L(x,D)U, <p)= (U,L*(x,D) <p)= (f, <p) , <pE D (G) where 

"Ial a (L*(x,D) <p)= Ie-Iy D (aa~) . 
14·0 

• a 
Proof: (L(x,D)U, <p)= ( L:.aaD u , ~) 

I,·' 

" a a 
= I (- I) (u ,D (aa~» 
I,·' 

Department of Mathematics Page· 20 · 



Construction or Fu ndamental Solution And Paramflnx 1
20 

t 0 

= (U,V(x,D) <p) 

Thus, (L(x,D)u, <P)=(u,L*(x,D) <P)=(f, <p) 

Note that each class ical solution is also a generalized solution. 

2.2. The fundamental solution of linea r differential operator with ordina ry 

derivatives 

TH EOREM 2.1 Let L=: ~ + aJI~_-i + .. . +an be linear different ial operator 

where the coeffi cients 31,32,3] , .. ·,Cln are constants. Let CE V' such that 

cl'c ", - Ic 
L E = dIn + a l dIn- I + ... +anc = 0(1) ... .. 141 

Also, let z(t) be the solution of the homogeneous differential equation 

Lz=z(n)+a1i n
-I)+a2Z(n.2)+ ... +anz=O ; satisfying the condition 

z(O)= z' (O)=z" (O)= .... =z' ·'(O)=O and z'·' (O)= 1 

Then E is the fundamental solution of L £=o(x) and it is given by the formula: 

1 E( t) = 9( t) z ( t) I····· 151 ,where 11(1) = {~:;: ~ is a Heaviside uni t function. 

Proof E (t)=8(t)z(t) 

=> E ' (t)=( 9(t)z(t»' = 8' (t)2(t)+ 8(1)2' (t) 

=> E ' (t)=0(t)2(t)+ 8(t)2' (t) .... Since 8' (t)= ott) 

=> E ' (t)= 8(t)2' (t) .... Since 2(0)=0 

Also, E " (t)=[ 8(t)2' (t)] , =8' (t)2' (t)+ 8(t)2" (t) 

=> E " (t)= 0(t)2' (t)+ 8(t)2" (t)=O+8(t)z" (t) .... As z' (0)=0 

=> E " (t)= 8(t)2" (t) 

Thus, E '(t) = [8(t)2 '-' (t)] , 

=> E '(t)= 8' (t) 2 ' -'(t)+ 8(t) 2 ' (t) 

-
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=> E "(t)= ott) z "·'(t)+ 8(t) z Ott) 

=> E "(1)= O(t)+ 8(t) z Ott) ...... since z "., (0)= I 

Here, we consider that E (t)= o(t)+ 8(t) z(t) .... Since 

=> L E (t)= o(t)+ 8(t)L z(t) 
E "(t)= o(t)+ 8(t) z"(t) and for n=1 

=> L E (t)= o(t) ... .. since Lz(t)=O 

=> E (t) is a fundamental solution and hence E (tl = O(t) z(tl 

Example Find the fundamental solution of the fOllowing linear 

differential operator with ordinary derivatives. 

d a) L:=-+a 
dl 

solution a) L=~ + a 
dl 

Let E E 'D' be the fundamental solution. 

=> E (t) = 8(t) z(t) where z(O)=1 and Lz=O 

ow , Lz=O 

dz 
=> -+az= O 

dl 

liz => -: -adl 
z 

=> fdz 
= -a fd' 

z 

=> enlzl = -al + c 

=> z(t) = ke" 

=>z t = e ( ) ." 

But z(O)= keo= k= I 
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I 0 

Thus, IE(t) = S(t) e -
at 

}s the fundamental SO IUlion, 

Let E ED' be the fundamental solution 

~ E (t) = Set) z(t) where z(O)=O,z' (0)=1 and Lr-O 

? 

d-z 2 0 h' '2" d ODE ' h ' ~ - 2 + a z = ,t IS IS Or er Wit constant coefficient. dl 

~ m'+a'=O is the characteristic equation 

=> m=±ai 

~ z(t)=c ,cosat+c,sinat is the homogenous sol ution 

z ' (t)=-ac,sinat+ac,cosat ,z(O)=O => c,=O,z' (O)=ac,= 1 

() 
sinal 

~ z t =_ 

a 

=>c,= l/a 

sinat I I ' Thus, E(t) = Set) - is the fundamenta so utlon 
a 
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2.3 Fundamental solution of linear differential ope rator 

with constant coefficients 

One of the basic and most profound results is the proof of existence of a 

fundamental solution E(x) in 'D'of any linear differential operator LCD)* 0 with 

constant coefficients. This result was first obtained independently by 

L Ehrenpreis (\954)and B.Malgrange (1953). 

Defi nition Let L be a differential operator with constant 

Coefficients, aa(x)= aa: 

L(D)=Ej:;I=O aaDa, L*(D)=L(-D) ..... 161 . A generalized 

function EED' that satisfies equation 

1 L(D)E - 5(x) I .... · 171 in 91 ' is said to be a 

fllndamental soilltion (influence function) of operator L(D) 

TH EOREM 2.2 (Malgrange-Ehrenpreis) 

Every di fferent ial operator with constant coeffic ients L(D)* 0 has a 

fundamental solution in 'D ' 

REMARK Fundamental solution E(X) of the operator L(D) is not 

generally unique; it is detenmined to which a tenm E(X) , 

which an arbitrary solution of the homogeneous 

equation: L(D) Eo =0 ..... 181 

The general function E(X)+ Eo(X) is also the 

fundamental solution of the operator L(D): 

L(D)( E+ Eo)=L(D) E + L(D) Eo· ... Linearity of L 

= L(D) E =o(x) 

Department of Mathematics 
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. 

Lemma (2.2) For generalized function £ E S' to be the 

fundamental solution of the operator L(O), it is 

necessary and sufficient that its Fourier transform 

F[ £] satisfies the equation : 

L(-i~)FIEI=I. .... '91, where L(I;)= f a/. 
1°1_0 

Proof ~) Suppose £ E S' to be fundamental solution of L(O) . 

Wts L(-i~)F[£]= 1. 

Since EE S' is fundamental sOlution, L(O) £ = o(x) 

~ F[L(O) E]=F[o] 

• 
~ F[ l :aaDa, ]=1 

10 1_0 

• 
~ I aJ!Da'J =1 

lal-o 

• 
~ Iaa(-i~)aF['J=1 

lal·o 

~ L(-il;)F[E]=1 

~) Suppose L(-i~)F[E] =1 

Wts EE S ' is a fundamental solution. i.e., L(O) E =o(x). 

L(-i~)F[E] =1 

~ i:aa(-i~)aF['J = 1 
lal_O 
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~ F[l(D) c] ~ F[6] 

~ LCD) c ~6(x). 

~ c is a fundamental solution ofl(D) . 

REMARK lemma(2.2) reduces the problem of building 

fundamental solution of slow growth for linear 

differential operator with constant coefficients 

solving in s. 

S' algebraic equation of the type: 

P(~)x~ 1 ..... /101 ,with p arbitrary polynomial 

The solution of[8] belongs to V ' ( if such solution) must coincide with the 

function p(~ out side the set Np of the zero of the polynomial p(~). i.e., p~{S: 

p(~)~O} . This implies that ifNp;t0,then [10] has no unique solution. 

If the solution -'- is locally integrable in 91 ' then it (or, precisely, the regular p(f) 

function defined by this function lis a solution in S' of[ JO]. But if the function 

~ is not locally integrabl in 91 ' there arises the non-tri vial problem ofbuiJding p({ ) , 

a solution of[8] in S' 

. 
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We will denote any solution of[IO] belonging to S' by Reg(.2...). pm 

The construction of such solution depends to great extent on the construction of 

the set Np and can be carried out for each concrete polynomial p. Thus equation 

[10] is always solvable in S' or F[E]=reg-l -
I( -If)" 

Each linear differential operator L(D) with constant coe ffi cient has a 

fund amental solution of slow growth ,and their solution is gi ven by the formula : 

F[E] =reg_ 1
_ <=:> E =FI[reg~] 

L(- In ' (- In 

1 I 
<=:> E =--F[reg-] 

(2l1")" ' (In 

THEOREM 2.3 Let f E 'D' be such that E.f exists in 'D' . Then the 

equation L(D)u=f(x) ..... 1111 has a solution in 'D' that is given by the formula 

u= E. f ..... 1121. This solution is unique in a class of generalized function 

belonging to 'D' for which E exist. 

Proof Suppose E *f exists in 'D' 

Wts. L(D)( E .1)= f 

• 
Now, L(D)( E .f)= 'L aad'{&' f ) 

,I-' 

= L(D) E *f 

Department of MathematicS 
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= f6(y)[(x - y)dy 

= f\x) 

Thus, u= E *f is indeed a solution of equation [II]. eXI, we will prove the 

uniqueness of such a solulion in Ihe class of Ihe generalized funclion D' II hose 

convolulion wi th E exists in D'. For Ihis, il suffice only 10 show Ihe 

corresponding homogeneous equation L(D)u=O has only a zero solulion in D ' . 

Now, u=u*o 

= u*L(D) E 

= L(D)u* E 

=0 

Thus, equalion [II] has unique solution. 

REMARK (Method of descent) 

Consider linear differential equal ion with conSlant coefficient in Ihe space of 

!Rn+'of variables (X,I)=(X],X"X3, .. . ,X"I) ; 

L (D !...) U = f (t )5(t),fdJ'(fJln) _ .. 1131, where , at 

L(O,:,) U =L aq d L (D) are differenlial operalors in Ihe -Lq + Lo,an q a,· 
variables x. 

-
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Let the generalized function uE'D' (!Rn+l ) allow continuation of fun tion of the 

type q> (x) l ( t) ,where <pE'D (!Rn) in the following sense: 

What ever the sequence oftest funct ion ryk (t) , k = 1,2,3, ... belonging to 'D(!R t) 

and converging to I in !R" there exists the limit: 

Iimk~oo (u, <P(X)1Jk (t)) = (u, <p(x) l (t)) = (uo, <p) , .. . 1141 and this limit 

does not depend on the sequence (lJd . 

If E(X, t ) is a fundamental solution of the operator L(D,.!!.) and admits of the 
~I 

continuation Eo of the type {14],then the generalized function 

(EO' q» = (E, q> (X) 1( t ), tpE'D (!Rn),is the fundamental solution of the operator 

LoCD); In particular, if E(x, t)is such thatf IE(x, t)1 dtis locally integerable in 

gtn ,then 

EO (x) = r>(x, t)dt ... 1151 

The physical meaning of formula [1 5] is that EO (X) is a (t-independent) 

penurbation generated by the source 8(x)1(t ) concentrated along the t-axis. 

Page · 29 . 
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CHAPTER _3_ 

CONSTRUCTION OF FUNDAME TAL SOLUTIO OF DIFFERE IA I. 

OPERATORS ;AND PARAMETRIX 

3.1 The fund amental solution of heat conduction operator 

Let L:~~ - a
2
",2 be heat conduction operator with ",2 = ~. 

& •• 

Let E(X,t) E 5 ' and OE _a
2
",2c = O(X,I) ••••• 11 61 be heat conducti n eq uation. 01 

Then the solut ion of heat conduction equation (16) is given by : 

-lxl2 

C(X, I) = 0(1) e 4a2, ••• •• 11 71 and therefore £(x,t) is the fundamental (2a';;;;)n 

solution ofheat conduction operator. 

Now, we derive formula (17) using Fourier transform method as follows : 

0& 2 2 
- - a '" c = o(x,1) 
01 

Now, i) F [O& J = ~F [CJ(~,I) 
.tal Ot X 

iii) F,[o(x ,t»)~F,[o(x) . o(t»)=F,[o(x»). o(t)= I (~).o(t) 

-
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=> ! F,[E)(~,t)-a'(- i ~)'F' [E)(~, tF I (~).a(t) .... [a] 
ow, leI the 

generalized function ~ (~,tFF'[E]( S,I) ..... [b] 

=> :, [+a'/(/' If = 1(~).6(t) .... [e]; substitution of (b) in (a) 

Let z(~,t)be the homogeneous solution of[e] with z(~, O)= 1 

=> Oz + a21~12 z = 0 al 

fOz f22 => -= -a l~l dl z 

2 2 
=> z(~,t)=ke -a I~I I ,but z(~,O)=k= 1 

2 2 
=> z(~, t)= e -a I~I I 

Thus, ~ (~, t) = 9(t) z(~,t) is the fundamental solulion of[e] by [5) 

2 2 
=> ~ (~,t)= 9(t) e -a I~I I 

Applying the inverse Fourier Transform, we have: 

~ (~,t)=F, [ E )(~,t) 

=> E(X,tFF(" [ ~ ](~, t) 

I - i(~,x) => E (x,t)=--n fc(Me d~ 
(21r) 

I -a4~121 - i(~ , x)d' 
=> E (x,t)= (21T)" fO(')e e , 
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~ E(X,t)=~ JIJ(I)e -a4~fl-i(~'X)d 
(21() ~ 

IJ() - 1~2 ix 2 
~ E (x, t)- I e 4a21 fe -(<7+

2a 
r
l
) d<7 

aJi(h)n Vi 

~ E(X,t)= 2 

f -p 'P' . 
e d ... integratIon along 

Jm '.~ 
l Q-I, 

imaginary axis 

lJ(x) _ 1~2 0 _ p2 '" . . 
~ E(X,t)= Ji n e 4a21 fe dP· .. shIft ing linC or Inlcgral lon a 1(21() _0 

to the real ax is 

is the fundamental solution or heat 

conduction equation. 
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3.2 T he fund amental solution of the wave operator 

Let 0, is the wave operator (or D'Alemben's operalor) where 
2 

o 2 2 . 2 82 82 82 
0'=2-

a 
V ; 0=0 " with V =~+~+"'+::i:2 called Lap/ace 's 

01 ml m
2 

m" 
operator. 

Then O. E "(.,1)=6(.,1) ..... 1181 is the wave equation. Thus, 

i 202 

- 2 £ (x, I) - a - 2 e (X,I) = O(X,I) . Applying Fourier transform F, ar n Ox n 

i 202 
F' [- 2 e (x, I)-a - 2£ (x,I)I=F)o(x,I)1 01 n iJx n 

0
2 

2 02 
~ F [- £ 1+ F [-a - 2 e 1= F [o(x)l.o(t) x al2 n x Ox n x 

Now, i) 

0
2 

2 2 2 12 ii) F [_a
2

_ £ I= - a (-i~) F [e I=a I~ F Ie I 
x ax2n xn Xn i ii) F[o(x)]o(C) = leo. o(c) 

Thus, 
2 02 

F [~e 1+ F f-a2-2 e 1= F [o(x)I.o(t) 
x al2 n x'- Ox n x 

02 
2 2 

=:- -F [e I + a I~I F [e J =(~).O(I) at2 x n x n Let En«(, t) = Fx[En(X, c)]. 

=:-£'En «( ,t) + a' I(i' En«(, t) = 1eo·oCt) ..... raj 

• 
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Let zC~,t) be the fundamental solution of homogeneous equation [a], wi th 

zC~,O)=O , ZtC~,O)= l. 

a2 
2 2 

~ - 2 z +a I~I z= O al 

, 'I 12 . h h . . . => m +a ~ = 0 IS t e c aracterlstlc equation . 

~ ml.2=±al( li 

~ zC~,t)=clcosal(lt+c,sinal(lt is the solution and 

ZtC~,t)=-clal( l sinal(lt+c,al(lcosal(lt, zC~,O)=CI=O , 

ZtC~, O)=c,al( 1 =1 1 s in ~~I' 
~ c,-al(l Thus zC~,t) al~1 . 

~ &(~, I) = B(I )Z(~, I ) ,where 9Ct) is the Heaviside unit functi on. n 

- B(t)sinal~ I' 
~ c (~ , I ) = II = F [c (x,I )] 

n a ~ x n 

~ E (x t) = 8 (t) F,- I [Si na ln' ] is the fundamental soluton to the 
n' a ' 1(1 

wave operator 
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For instance , let n=3. Then we know that 

[ 1 si nal~lt .. 
F os" = 4nat I! I ,where 8s" IS the sImple layer on the sphere or 

radius at. 

-I [ sinatl~ l] _I [si nat l ~ l] = os" = F~ 4nat I ~ I = 4natF~ I~I 

~ F- 1 [Sinall;l] = _,_ 0 
; 1;1 41(al Sal 

function £3 acts according to the rule: 

( ) - ~ r OO (S,,, .,,,)dt = -'-r~ f cp(x,t)dsx dt , cpeS(91 4 ) 
(3, <P - 4rra2 ) 0 t 4na2 0 t Sat 

Similarly, we can obtain that: 

1 _ 9(at+ lxl) 
£, (x, t) = - Seat - Ixl) and £,(x, t) - ,nJ"t' -1x!' 

" 
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3.3. The fundamental solution of Laplace's operator 

2 2 (}2 
Let L=: V be the Laplace 's operator, where V =L;~ 1 axl (i= 1,2,3, ... ). Let 

<n(X)ES' and V' En(x)=6(x) .... [19]; for x=(x"x" x], ... ,x,) be Laplace 's operator. 

Then the fundamental solution of Laplace's operator is: 

[ 

1 -lnlxl n = 2 
En (X) = '~' ... 1201 

- Ixl -n+' ,n ~ 3 (n-2)un 

We wi ll compute the fundamenta l solutions using Fourier transform method . 

Applying Fourier transform to equation [16], we get: 

F[ V' En(x)]=F[Ii(x)] 

=> (-i~)' F[E" ] = I 

, 
=> F[E,] = - 1<1' 

Now, let us consider for n=2,n=3 and n>3. 
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CASE I. Let n=2. 

1 1 
=> <2 =--F[-]=> E - I 

4IT' 1(1' 2 - - 4,2 (-2Inlxl_ 2nC
O

) 

I C => E, = -Inlxl + ~ 
- 2n 2n 

Since a constant satisfies the homogeneou L I ' . . 
s ap ace s equation, dISregarding the Co 

term 2IT ,we see the fundamental solution for n=2 is: 

CASE 2. Let n=3. 

=> () 1 2,2. [ ' J 2,' E3 X = --8 J'-II smceforn=3,F _ =_ 
, x 1<1' Ixl 

, 
211"2 . 

. But 0'3 = r(i) ,where r IS a gama function and 

=> "3 = 4~ , and thus for n=3, /<3(X) = - ~I 

£ASE 3. Form [15] we know that EO (x) = L: [ (x, t)dt . Suppose 

+12 

«X, I ) = 0(1) e 4a21 
(2a&)n 

be the fundamental solution of heat conduction operator. 

Since «x, t) is locally integerable in!R n,letting 8(t) = I for t~O,a= I, we have: 

-
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I - ['I' 
£(x, t) = =" e 4t 

(2"m) 

Let u- [,[, 
4, 

"~I' , t ==_ 
4, 

4,' dU=--dt 

"" 

Ixl-n+2 n 
=> ",(x) = - " f(- - I) ,where r is the gamma function 4nl 2 

=> £ (x) = - 1 Ixl-n+2 for n>3. 
n (n-2) O"n 

Therefore, the fundamental solution of Laplace 's operator is: 

{ ' 2nlnlxl ,n=2 
£n(x) = _ 1 1 1-"+2 > 3 x In _ (n-2)O"n 
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3.4. PARAMETRIX 

The fundamental solution is a useful tool for the construction and 

representation of more general solution of a partial differential equation. How 

ever, some of the problems in which it plays a role can be handled just as easily, 

or perhaps better ,by means of function possessing a singularity that is not 

annihilated but merely smoothed out by the differential operator in equation .The 

smoothing might even be so weak that the singularity actua lly becomes 

augmented but acquires a less rapid growth than to be anticipated from the order 

of the operator. Such a function is called a parametrix associated with relevant 

partial differential equation. In particular, any fundamental solution is 

automatically a parametrix. 

Thus, parametrix is a generalization of the notion ofa fundamental solution . 

We say that a function p(x,y) of two variables X,YEn is a parametrix for the 

operator L(x,ax) in913 if: 

(AI· I Lex, i}x)pex,y) = ,s(x - y) + R(x,y) rhere 8(x,y) is the Dirac 

distribution and R(x,y) possesses a weak (integrable) singularity at x=y, 

i.e. ,R(x,y)=O(lx - yl-k) with k<3. 

It is easy to see that ,for the operator L(x,ax) given by: 

Lu(x)=: L(xA)u (x) =: Ef=, a: (a(x) a~:~)) = [(x), x E n the function; 
, 

__ I ,x, Y E !lt3 is a parametrix while the 
IBI· p(x,y)- 4rra(Y)lx- y l 

remai nder R in [AJ is: 

Page · 39 · 
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ICJ R(x Y)=L? - x,_y, aa(x) 3 

• , t=1 4na(Y)lx_yr a:;:- , x,y E !II and thus is weakly , 
singular,o(/x - y/-Z), due to the smoothness of the function a(x). 

This can be shown as follows :_ 

LeI L(x, ax )p(x,y) = Ii(x - y) + R(x,y) 

WTS p(x,y) - . and R(x,y) = I 3_ x,-y, aa(x) 
-- 41l"a(Y)/x _YI t-1

4rra
(y) iJx! 

Now, L(x, ax)p(x,y) = Ir=.-!- (a(x)~p(x, y) 
U X j iJx/ 

~ L(x, ax )p(x,y) = Ir=. a(x) a: ', p(x,y) + Ir=. , a a 
;--a(x) ;-- p(x, y) ... [a] 
",X i v X / 

a(x) I
3 az 

( -1 ) I3 a a -1 
=- - + - a(x) - ( ) 

aCYl i=1 axl 4rr/x - y/ i=1 aXi aXi 4rra (Y)lx _ yl 

_a(x) ) N x,-y, ~ a (x) 
-;;(y) o(x - y + L.i=1 4na(Y)lx yl ax, 

- ,,3 x, - y, ~a(x) ... [b] - 1. Ii (X - y) + L.i=1 4na(Y)lx _yl ax, 

Thus, from [aJ and [bJ we have: 

( a ) ( - I )=Ii(x - y)+ L(x, ax)p(x, y) = Ii(x - y) + R(x,y) = L x, x 4naCy)lx-y l 

N x·_y. a 
~ . - I I - a x ,=. 4na Cy) lx_yl ax, () 

-
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-1 I3 x· -YI 0 = P X = andR X - ' (,y) 4rra(y)\x - y\ ( ,y) - 4 (y)\ \-0 a(x) f=l rra X - Y Xi 

We evidently have that the parametix p(x,y)given by [B] is a fundamental 

solution to operator L(y, ax) = : a(y)lI(ox) with frozen coefficients a(x)=a(y); i.e., 

\D\.\L(y, ax)p (x,y ) = 8(x - Y)\ 

This ca n be illustrated as follows: 

Suppose a(x)=a(y) andL(y, ax) =: a(y)lI(ox) 

Now,L(y, ax) p (x, y ) = a(y)lI(ox)p(x,y) 

3 a' 
= aCyl 1:i=1 ax! p(x, y) , 

aCYl -1 
=-a(y) 41ta\x-yl 

-1 

- 41ta!x-y! 

=8(x - y) 
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