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PREFACE

Analysis has been the dominant branch of mathematics for more than 300
years, and both ordinary and partial differential equations are the heart of
analysis. Differential equations are the most important part of mathematics for
understanding of physical science. The primary use of both ordinary and partial
differential equation is to serve as a tool for the study of changes in physics
world.

The main purpose of this paper is to deal with the construction of
fundamental solution and Parametrix. In science, there are many phenomenon

which are expressed by differential equation. For instance heat equation

( e _ a?3%e(x,1)
o ox2

equation (V?g(x)=8(x) ),Helmholtz’s equation ((V* 4k )e(x)=8(x)) , etc.

=d8(x,1) ), wave equation (L &(x,r)=d(x,r)), Laplace’s

These all differential equation require fundamental solution.

This seminar paper consists of three chapters: chapter one gives a brief
discussion of preliminaries such as symbols, notation, basic concepts and
definitions. Chapter two deals with fundamental solutions of linear differential
operators with constant and variable coefficients. Lastly ,chapter three discusses
about construction of fundamental solution to some differential operators. Here

the concept of parametrix is discussed

 ———
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INTRODUCTION

This paper commences with basic concepts and definition that are very
important for my work. The concepts of generalized function, test function,
generalized function of slow growth, convolution of generalized function,
Fourier Transform are discussed in detail.

In this seminar, construction of fundamental solution and parametrix mainly
focus on differential operators. In different field of sciences such as physics,
chemistry, astronomy, engineering, etc., there are many differential operators
which need fundamental solution. Thus construction of fundamental solutions

and parametrix are carried out in this work.

————————
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CHAPTER -1-
PRELIMINARIS

In this chapter, the required symbols and notation are briefly listed. Some
basic concepts and definitions which are use full for this paper are also given.
1. Symbols and notation
£ R" — An n- dimensional real space
£ O - open set in R”
£ D(0) = D The space of basic function
£ D' (0)=D'The space of generalized function
£ § - The space of test function
L 8’ - The space of generalized function of slow growth
£ C" (R")- The space of infinitely often continuously
differentiable function on R"
L2 F[¢]- Fourier Transform of function @eS’
LA D" f(x)-The derivative of the function f(x) of order
la|=ay, @y, ..., @y, where o=(ay, @y, ..., @, )is a vector
with non-negative integral components . o;’s are

called multi indices.

9'%1l s (x4,%2,...2%n)

@1 4Q2 Adn
il i

D “f(x)=

e —
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1.2 Basic concepts and definition

A. Heaviside unit function

The characteristic function of a set A is the function 0,(x) which is equal
to 1 when XeA and equals to 0 when xgA.

Definition:-The characteristic function 0, .j(x) of the semi axis x>0 is
called Heaviside unit function ; denoted by 0(x); and is

defined as :-
1.x20

0(x) = [O,x <0
B.The delta function d(x)

Strongly peaked functions are common to all branches of Physics. For
instance concentrated force acting on a beam is actually strongly peaked
distribution of load. In electrical circuits, strongly peaked currents of extremely
short duration often occur in switching processes, like the redistribution of
charges between two capacitors when the switch is closed.

In order to facilitate a variety of operation in mathematical physics , and
particularly in quantum mechanics, Dirac proposed the introduction of the so
called delta function 5(x) which will be representative of an infinitely sharply

peaked function given symbolically by :

0,x#0,
S(x)z[ooizo

e —
Department of Mathematics Page - 4 -



Construction Of Fundamental Solution And Parametrix | 2010

1.2 Basic concepts and definition

A. Heaviside unit function

The characteristic function of a set A is the function 0,(x) which is equal
to | when XeA and equals to 0 whenxgA.

Definition:-The characteristic function 0y, (x) of the semi axis x2o is
called Heaviside unit function ; denoted by 0(x); and is

defined as :-

1,x=20
0(x) = {O,x <0

B.The delta function 6(x)

Strongly peaked functions are common to all branches of Physics. For
instance concentrated force acting on a beam is actually strongly peaked
distribution of load. In electrical circuits, strongly peaked currents of extremely
short duration often occur in switching processes, like the redistribution of
charges between two capacitors when the switch is closed.

In order to facilitate a variety of operation in mathematical physics , and
particularly in quantum mechanics, Dirac proposed the introduction of the so
called delta function 5(x) which will be representative of an infinitely sharply

peaked function given symbolically by :

0,x#0,
5(x)={wx___0

—_—_—mm—
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but such that the integral of 8(x) is normalized to unity :
2,800 =1
The first and basic operation to which Dirac sought to subject 8(x) is the

integral Ié'(x)f(.r)air ,where f(x) is any continuous function . This integral can

be “evaluated” by the following argument:
Since (x) is zero for x#0, the limit of integration may be changed to
—&to+ &, where £ is a small positive number. More over, since f(x) is
continuous at x=0, its value within the interval (-&,+ &) will not differ much

f(0) and we can claim, approximately, that

j.:s(x) f(x)dx= [5(x) f(x)dx .

= IJ(x) 1 (x)dx =f(0) ]5(.\')(& ;with the approximation

improving as € approaches zero.

x#0 ,and 0(x) is normalized.

Now, letting &€ —0, we have exactly:

m[c?(x)f (x)dx =1(0)

——
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C. Linear space and functional
Definition Let M and N be linear sets. An operator L.
transforming the elements of set M in to
elements of set N is called linear if for
any elements fand g of M and complex
number A and p , L(Af+pg)= ALf+ulLg
Example Lf= [K(x,y)f(y)dy is linear integral operator

where K(x,y) is its kernel.
Definition If a linear operator L transforms a set of
elements of M into a set of complex
numbers Lf with feM, then L is called a
linear functional on M.

D. The space of basic function [D (0)= D]

In the case of the delta function we have already seen that

Ié‘(x) f(x)dx=f(0) and the delta function is determined by

means of continuous functions as a linear(continuous) functional . Continuous
functions are said to be basic function for delta function.

A sequence of function ¢y € D (0) is said to be converge to the function

¢ € D(0)if |ime@, =¢ inD (0).A linear set D (0) equipped with
k—x

convergence is called the space of basic function D (0) .

————————
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E. The space of generalized functions [D' (0)=D'|

A generalized (distribution) is a generalization of the classical notion of a
function. On the one hand, this generalization permits expressing in a
mathematically proper form such an idealized concepts as;

» the density of the material point
» the density of a point charge or dipole
» the intensity of an instantaneous point
source
» the magnitude of an instantaneous force applied
to a point etc.

On the other hand, the notion of generalized function can reflect the fact that
in reality one can not measure the value of physical quantity at a point but can
only measure the mean values within sufficiently small neighborhood of the
point and claim that these mean values as the values of the physical quantity.

This can be explained by attempting to determine the density set up by a
material point of mass 1. Assume that the point is the origin of co-ordinates. To
determine the density, we distribute (or,as one says ,spread) the unit mass

uniformly inside a ball U, . We then obtain the mean density:

3

f, (x)= [m x| <e
0,|x|>¢

O —————
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To begin with, for the desired density (which is denoted by 8(x) )
We take the point of the sequence of mean density f, (x) as e—0. ie.,

{+ w,ifx =0

(5(.\')= 1 (x) =
lim/ () e

It is this functional value that we take as the definition of the density 8(x) and
this is the famous delta function of Dirac.

Thus, f; (x)— 8(x) as €0 in the sense that for any continuous function @(x)
the following limiting relationship is valid.

[ £ (0)0(x)d(x)>( 8,0), e->0,where (8,0)

Stands for ¢(0),the value of functional 8 on the function .
Definition A generalized function specified on an open set O is
a continuous linear functional on the space of

basic functions D (0) .

We will write the value of functional (generalized function) f on the basic
function ¢ as (f, @) . By analogy with ordinary functions, we sometimes write
formally as f(x) instead of f, and regard x as the argument of basic functions on

which the function f operates. (f, ¢) is bilinear.
A generalized function f'is :
a) a functional on D (O) , that is , with each ¢ D (0O), there

is associated a (complex valued) number (f, @)

S —————————
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b) alinear functional on D (0),that is if ¢ and y belong

toD (0) and A & are complex number,
(£, 2o +py)=A(f, @)+u(f, y).

) acontinuous functional on D (0) , that is, if 9,—@,
k= inD(0) ,then(f, @) = (f, ),k > =
The generalized function f and g specified in O are equal in O if they are
equal as a functional on D (0) . Thatis, if ¢ D (0Q) then
(f, )= (g, @). We then write f=g in O or f(x)=g(x),x € O
Let f(x) is locally integrable function in R" * A generalized function which is

generated by f(x) is said to be regular generalized function if

(f, 9)= _[f(x)(o(x)dx , € D (0). All other generalized functions are said to be

singular.

The derivative of generalized function f is:
(D f.9)=(=1)"(f/.D"¢),9€ D (0) and with |« < p
where f e C” (R" ).

This can be shown using integration by parts and induction as follows:

———————
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Let |a|=1 and peC5(TR")
(DS, ¢ )= [Df (x)p(x)dx let u=@(x)  dv=Df(x)dx

du=De(x)dx  v=f(x)

=)o) | - [7(x)Doxd

=- [f(x)Dp(x)dx
=(-1)' (Do)
Let |o|=2,
(D*f, )= [ D? f(x)p(x)dx Let u=¢(x) dv=D"f(x)dx

du=Deo(x)dx v=Df(x)
=Df(x) ¢(x) |u= -~ ]Df (x)Dp(x)dx Let t=Dq(x)  dp=Df(x)dx
dt=D” p(x)dx p=f(x)
=Df (x)ﬂo(x)i— f (-r)DcO(X)E I]f (x)D%p(x)dx

=(£D%(x))

=(-1)’(f, D’p(x))
Thus by induction principle, (D“f,p)=(-1)" (f,D%p)
For =8, (D“8,¢)=(-1) “(8,D%p)

e —————————————————
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’ Lx20
Example Leto(x) = {OJ <o PeaHeaviside unit function. Show that

0'(x)=5(x).
solution Let pe D (0) =c. R .

Then, (6", 9) =-( 0, ¢')...... by definition of derivative of

generalized function.

But, -( 6, ¢')= - [0(x)p'(x)ax

T 'f_om 6(x)e' (x)dx — fom O0(x)e'(x)dx

=0- Il @' (x)dx

0

w

= —p(x)

0

= 0(0)- o()
=@...as ¢(= )=0

= [6(x)p(x)dx

=(3,9)
Thus (6', 9)=-(6, 9')=(5,9)
= 0" (x)= 8(x)
Definition a) suppose feD'. The union of all neighborhoods
where f=0 forms an open set O,called the zero set of

generalized function f.

e ——————————
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b) The support of generalized function f is the complement of O, with
respect to R™;it is symbolized as suppf; so that suppf=®™\ 0O;.

: i 1 : .
¢) The generalized function P ~ that operates in accordance with the

formula:

1 = © @(x) : - %
(Po@) =PRI ey =l . o0 + [ 22 dx, peD(RY)
is said to be the finite part or principal value (PV)of the integral of the

<
function -
X

NOTE:- A simple layer on a surface is a generalization of the delta function.
Suppose that S is a piecewise smooth surface and H(x) is continuous
function defined on §.We introduce the generalized function

ud; acting according to the rule:

(U85, 9) = [, u(x)p(x)ds, peD
Clearly uds€D" and uds(x) = 0 where x € S; so that supp ud; € S. The
generalized function ud; is a simple layer on the surface S with density u.
Definition (convolution of generalized function)

Let f(x) and g(x) be function locally itegrable in R" with the function

h(x)= _ﬂg(y) f(x—y)dy being also locally integrable in R" . The function

(fxg)(x) = ﬂg(y)f (x=ydy = _ﬂf (1)g(x - y)dy =(g*f)(x)

is called the convolution fxg of the two function f and g.

e —————————————
Department of Mathematics Page - 12 -
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F. The space of test function [$(0)=§ )

Definition Test function or rapidly diminishing Sfunctions are

class of C*(R"

function of the

) that decreases together with all their derivatives as
x| > o faster than any power of |x| ' The space of test function
is denoted bys.

The sequence (qy) in § converges to function g € § if |'l{‘l.fl(¢9‘) = tis

clear that § is linear space; more over D (0) < §(0)and that convergence in

D implies convergence in §

G. The space of generalized function of slow growth [8§'= 8" (0)]

Definition A generalized function of slow growth (tempered distribution) is
any continuous linear functional on the space § of test functions.
S’ is alinear set. A sequence of generalized function{f,} e §’
converges to a generalized function fe §’ | ie fi—>fask — » in 8’
if (f, @) — (f, @) ask - oo ,forany ¢ € § . The linear set S’ equipped with
convergence is termed the space 8’ of generalized function of slow growth.
8’ < D' that converges in 8§’ implies convergence in D’

H. Fourier transform of generalized function of slow growth

-I-The Fourier transform of test functions

Definition Let ¢(x) € § be absolutely integrable on R". The

operation F of Fourier transform of ¢ is defined as:
FlI(E)= fpxe’®Vax

The function F[@](§) , which is the Fourier transform of the function ¢ € § ,

is bounded and continuous in R" .A test function @(x) decreases at infinity

faster than any power of |x| ~ b

e —————————
Department of Mathematics Page - 13 -
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Thus ,its Fourier transform may be differentiated under the integral sign any
number of times:

DF[OIE= [V = Fi(iny® o) 2)

Whence it follows that F[¢p]eC* .Further more, every derivative

D"“p(x) has the same properties and so
FID*01(&)= [D%p(xe" € s

= (-i6)* F[o](&).
From the general theory of the Fourier transformation , it follows that the

function @(x) is expressed in terms of its Fourier Transform F[¢](&) with the aid

of the inverse Fourier transform,

~i(x,£)

F': o= F '[F[g]], where F '[y](x)=— fwice de

@z)"

Fly](-x)

(7 )”

i(x g)

o ),,I(e‘)

i ),, Fly(-8)] .

-11- The Fourier Transform of generalized function of slow growth

Suppose f(x) is integrable function on R" .Then its Fourier transform :
F[f] (&)= _[f(x)e"(‘f"")dx s [FLANE) < Ilf(x)drl < }is a (continuous) bounded
function in R" and, hence determines the regular generalized function of slow
growth by the formula:
(FIf], 0) = [FI/1€)p()ds ;9 €S

Using the Fubini theorem on changing the order of integration; we transform the

last integral:

e ————
Department of Mathematics Page - 14 -
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JAn@eeae= i [7 0" Doy

= [7@ foe)e € ¥z

= [/0Fplx)ax

= (£F[o])
Thus, (F[f], p)=(£F[0]), 0 € § . Itis this equation that we take for definition of
the Fourier transform F[f] of any generalized function of slow growth:

(F[f], 9)<(fFlg]) fe 8", e § .

The inverse Fourier transform of a function f'is defined as:

F'[f] (&)= (2;)" FIft-x)], fe 8’ , where f{-x) is the reflection of f{x).

Also, F'[F(D]=F[F'[f]]=f , fe &'
Suppose f(x,y) € §' (R™™), where x e R" and y € R™. We introduce the
Fourier transform F,[f] with respect to the variable X=(x,,x,,...,x,) by putting for

any basic function @(&,y) € § (R"™),
(FA[f], )=(£.F¢[0])

S — Page - 15 -
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Example Show that
a. (5(x-x0),t)=f(x0)
b. F[8(x-xo)]=e (*04)

c. F[o]=1
Solution  a.(3(x-x),f)= ja(x-xo) f(x)dx Let x-x, = &, x=£+ X
= [OsCrapas let REngg(e)
= [6)e(6)ae
=g(0)
= f(O"‘Xo)
= f(Xo)

b. (F[8(x-x0)], ¢) =(8(x-x0),F[¢]) , ¢ € &
=F[@](xo ) ... by (a) above
- fore 09
=€"y%0).0€8
= F[8(x-xp)]=¢'%y? ... by equality of generalized function
c. Put x, =0 in (b) above. Then F[§(x)]=¢""* =]

Note:- Here we consider that , 8=F"[l]= LS F[1]
(2x)"

=F[1]=(27)"8(%)

-I11-Properties of Fourier transform

a. Differentiating a Fourier transform

Iffe 8, then D*F[f]=F[(ix)*f] . For ¢ € &, we have :

m
Page - 16 -
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(D°FIf], ¢) =(-1)lsy 1), 0%
=027, F{p%))
=0 1, i) 1))
=((ix)%, Flg))
= (Fl(ix)%f ], 0)
b. The Fourier transform of a derivative.

If fe 8§, then F[D“f]= (-i€)“F[f]

In deed, for pe S,we have
(F[D™], @)= (D*f,F[¢])
= 0%, 0%p))
= 1%y, Flae2p))

= (—I)‘al(F[f].(ié")“qo)
= ((—i&)*F[f).0)

REMARKS a) Fle~®*** =£ e—‘flcf]zz for n=1
b) Fle~#)] = \/a.i_Ae_m:lg'ﬂ where A is a real positive
matrix .
Example. Prove that F[W ’ g,z _in n=3.
Solution. F ] = flm“’l'i—:’fdx
- j fz“"”"’"'m" 2dysin6dodp

e O ——— Page - 17 -
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Since [ [ Si"f"’ dp| = Fgffl'—;@ L =) dp] < -2 we have
fo = 2dp =2 o] # ¢
“sin(lélp 2n?
€y PR
[|X|2 === for n=3

REMARK A) For n=2 ?(—-)ES is given by the formula:

LA, T 20-9(0) | 0 (%)
(:P FXIZ’(p) y - J.le<1 e ax+ f[x]>1 X2 —dx, peS.

: 11-],(0 B
F[W = —2nln|g| — 2mcy, where ¢, = | —i::udu - liflu—)du

and J, is the Bessel function of order zero.
B) Let 6 (x) be a simple layer on sphere of radius r in R3.

sinr|g|
then F [Ssr(x)] = 4nr|—él— {

The gamma function
The gamma function; denoted by I'(n) is defined by

I'(n) = f:x"“l e *dx ; which is convergent for n>0
REMARK A) I'(n+ 1) = nl(n). This is shown as:

I'lh+1) = f x" e *dx Letu = x" dv = e *dx
0

du=nx"1dx v=-—e*

m m i
. n.—x n X
= hmm o—=x"e IO +n IU x" e *dx

R Page - 18 -
Department of Mathematics g



Construction Of Fundamental Solution And Parametrix l 2010

=n(l'(n))
B) I'(n+1) =p

0 1) =i

D) For n> 3 we get that V2|x|'11-2 = =(n = 2)0,5(x),where o,

is the surface area of a unit sphere in R":
n

212 : !
On =), ds ==t andTis the gama function.
sl F(E)

Page - 19 -
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CHAPTER a1
FUNDAMENTAL SOLUTION o LINEAR DIFFERNTIAL OPERATORS

To build the fundamenta] solution of linear differential operator with
constant coefficients, we wil] yse the Fourier transform meth

od. Naturally, only
fundamental solution of slow growth can be obtained in this way.

2.1 Generalized solution of linear differential equation

Let ZGQ(X)DQN =/(x) ,fe D' ..... [1] be a linear differential equation of
|a|=0

order m with coefficients a,€c”(R"). By introducing the differential operator

L(x,D)= Zaa(x)Da, We can rewrite equation [1] as:

lal=0
L(x,D)u=f(x) ..... 12]
Definition The function Ue D’ which satisfies equation [2] in
aregion G ,ina generalized sense | i.e

(L(x,D)u, @) = (f, @)....[3] for any pe D (G) is said to be

a generalized solution of equation [1].

Lemma (2.1) (L(x,D)U, @)= (U,L*(x,D) 0)=(f, 0), pe D (G) where

(L*(x,D) ¢)= i(-l)!a,Da(aaqp) .

[xi=0

Proof :  (L(x,D)U, 9)= ( 3a,0%0)

|xi=0

= Z(aaDau.(p)
|

=0

= i(_])a(u. Da(aa,oﬂ))

|50

= (u, i(—l)aDa(aafp))

-_—

Page - 20 -
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=(uL*(x,D) )
Thus, (L(x,D)u, 9)=(u,L*(x,D) P)=(f, )

Note that each classical solution is alsg 4 generalized solution

2.2. The fundamental solution of linear differentia operator with ordinary

derivatives

_. d' gl :
_.THEOREM 2.1 Let [=: Eﬁ+%}m+...+an be linear differential operator

where the coefficients a1,8,33,...,a, are constants. Let £ D’ such that

d'e  d-lg
Le= 7 +al P tta,e=4(1)..... [4]

Also, let z(t) be the solution of the homogeneous differential equation
Lz=z"+a 12" V4,702 -+a,2z=0 ; satisfying the condition
20)=2" (0)=z" (0)=....=2"%(0)=0 and Z"(0)=1

Then & is the fundamental solution of L_ £=3(x) and it is given by the formula:

£(t) = 0(t)z(v)|..... [5] ,where 6(1) = {(I)‘;i?) is a Heaviside unit function.

Proof & (t)=H(t)z(t)
= &' ()=(8(H)z(1) "= 0" (z(t)+ B(1)Z (1)
= &' (t)=8(t)z(t)+ B(t)Z' (t).... Since 6’ (1)= &(1)
= &' (t=0(t)Z' (t) .... Since z(0)=0
Also, &" (t)=[ 8(t)z' ()] ' =0' (1)’ ()+ B(1)2" (1)
= &" ()= 8(t)Z' (t)+ 0(t)z” (t)=0+0(t)z" (1) .... As Z' (0)=0
= &" (t)y=0(t)z" ()
Thus, £"(t)=[06(t)z™'(1)]
= £"(t)=0'(t) "' (t)+ 0(t) z"(t)

w{)ago%
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= &"(1)=38(t) 2" (t)+ 0(t) z"(t)
= &"(t)=8(t)+ 0 z%0... . since z ™! (0)=1

Here, we consider that ¢ ()= 8(t)+ O(t) z(t) .. . Since

€"(t)=§(1)+ 0(t) 2°(t) and for n=1
= L & (t)=§(t)+ O(t)L z(t)

= L & (t)=8(t).....since Lz(t)=0
= £ (1) is a fundamenta] solution and hence ¢ (1) =6(t) z(1)
Example Find the fundamenta] solution of the following linear

differential operator with ordinary derivatives .

d d?
) L ——dr+a b)L dfz +a

solution a) =4 +a
S dr

Let & € D’ be the fundamental solution .

= & (1) =0(t) z(t) where z(0)=1 and Lz=0

Now , Lz=0
= i +az=0
dt
=% ~d£ = —qdl
4
= iz_ = -a_[dr
4

= lnlz| = -at +¢
= z(t) = ke™ But z(0)= ke'= k= |
= z(t)=e™

-— e  _—_—_— - s — —_—
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Thus, |&(t) = 9(t)e'ﬂ_is the fundameny] solution,

2
b) L= . +a?
dr?

Let € €D’ be the fundamenta] solution

= & (1) = 0(t) z(t) where 2(0)=0,z' (0)=1 and Lz=0

d<z

2 Ig, {
= -3 +a”z =0, this is 2" order ODE with constant coefficient.

= m’+a’=0 s the characteristic equation
= m=tai
= z(t)=c|cosat+cysinat s the homogenous solution
z' (t)=-ac,sinat+ac,cosat 2(0)=0 = ¢,=0,7' (0)=ac,=1
= c=1/a

— Z(t): sinat
a

Thus, | £(t) = 0(t) smt}s the fundamental solution

S e————————————————————
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2.3 Fundamental solution of linear differential operator

with constant coefficients

One of the basic and most profound results is the proof of existence of a

fundamental solution &(x)in D'of any linear differential operator L(D)# 0 with
constant coefficients. This result was first obtained independently by
L.Ehrenpreis (1954)and B.Malgrange (1953).

Definition Let L be a differential operator with constant

Coefficients, a4(x)= a,:

L(D)=%[%|=0 @cD% L*(D)=L(-D)..... [6] . A generalized

function £eD' that satisfies equation

L(D)e = 8(X)/|..... [7] in R" is said to be a

fundamental solution (influence function) of operator L(D)

THEOREM 2.2 (Malgrange-Ehrenpreis)
Every differential operator with constant coefficients L(D)# 0 has a
fundamental solution in D’
REMARK Fundamental solution &(x) of the operator L(D) is not
generally unique; it is determined to which a term &(x) ,
which an arbitrary solution of the homogeneous
equation : L(D) & =0..... [8]
The general function &(x)* £y(x) is also the
fundamental solution of the operator L(D):
L(D)( &+ &)=L(D) € L(D) &g .... Linearity of L
=L(D) & =3(x)

Page - 24 -
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Lemma (2.2) For generalized function g € 8" 10 be the

fundamentg] solution of the Operator L(D), it is

necessary and sufficient that its Fourier transform
F[€] satisfies the €quation :

LC-i)F[e]=1..... [9], where L(E)= Ya 2.

Proof =) Suppose £ € §' to be fundamental solution of L(D).
Wts  L(-i€)F[g]=1.
Since ee 8§’ is fundamenta] solution, L(D)e= 8(x)

= F[L(D) £]=F[5]

=F[ Ya, 0% -]

laf=0

= iaaF[Das] =]

laf=0

= iaa(—ié)al’ [e]=1
4

al=0

= L(-i§)F[g]=1

<) Suppose L(-i&)F[¢] =1
Wis £e 8’ is a fundamental solution. ie., L(D) & =§(x).
L(-i§)F[g] =1

= 3 a,-it)Flel=I

|af=0

= iaaFIDag] =]

|af=0

e e —
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= F[ Ya,0%] =1=F[3]

[a]=0
= F[L(D) &] = F[g)

=LD)e =(x) .

= € is a fundamentg] solution of L(D) .

REMARK Lemma(2.2) reduces the problem of building

fundamental solution of slow growth for linear

differential operator with constant coefficients

solving in 8§,

S' algebraic equation of the type:

P()x=1..... [10] ,with p arbitrary polynomial

The solution of [8] belongs to D’ ( if such solution ) must coincide with the

function -—% out side the set N, of the zero of the polynomial p(&). i.e., N
p(

Np={&:

P(S)=0}. This implies that if N,#@ then [10] has no unique solution.
If the solution — is locally integrable in R" then it (or, precisely, the regular
p($) -
function defined by this function )is a solution in §" of [10]. But if the function

@ is not locally integrabl in R" , there arises the non-trivial problem of building
p(§)

a solution of [8] in &'

%mw
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We will denote any solution of [10] belonging to §' by Reg(— )
P&

The construction of such solution depends to great extent on the construction of

the set N, and can be carried out for each concrete polynomial p. Thus equation

[10] is always solvable in §' or F[E]_TEg!( =
i

Each linear differential operator L(D) with constant coefficient has a

fundamental solution of slow growth ,and their solution is given by the formula :
Fle] —regL( T g=F" [regL( i{)]

1
& E=
@ )"F[ g’-(tf)]

THEOREM 2.3 Let f € D' be such that & *f exists in D' . Then the
equation L(D)u=f(x) ..... [11] has a solution in D’ that is given by the formula

u= £ *f ..... [12]. This solution is unique in a class of generalized function

belonging to D' for which € exist .
Proof Suppose & *f exists in D'

Wits. L(D)( & *f)=f

Now, L(D)( € *f )= Za D*(e* f)

lal=0

= ( ia aDas yxf

jal=0

—L(D) £ *f
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= 5uf
= [60) /(-4

=f(x)

uniqueness of such a solution in the class of the generalized function D’ whose

convolution with & exists in D', For this, it suffice only to show the

corresponding homogeneous equation L(D)u=0 has only a zero solution inD".
Now, u=u»§
=u*xL(D) e
=L(D)ux &
=0
Thus, equation [1 1] has unique solution.

REMARK (Method of descent)
Consider linear differential equation with constant coefficient in the space of
R™16f variables (X,8)=(X1,X2,X3, . . . Xp,t) :

L (D, =)u = f(£)8(t), feD'(R™) ...[13], where

-\D U—Z: —L, + Ly, an 1 i in the
- = d L D are dlfferenual operalors n
( " ot ata 9 0 q( )

variables x.
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m——

Let the generalized function ueD’ (Rn+1 b
u€D’(R™) allow continuation of function of the

type @ (x)1(t),where @€D(R") in the following sense:

What ever the sequence of test function 1, (t), k = 1,2,3, ..belonging to D(RY

and converging to 1 in R, there exists the limit:

limyeo. (0, @XM (1) = (u, @(x)1(t)) = (ug, @), ...[14] and this limit
does not depend on the sequence {1, }.

If £(x, t) is a fundamental solution of the operator L(D, %) and admits of the
continuation &g of the type [14],then the generalized function
(€0, @) = (&, @(x)1(t), eD(R™),is the fundamental solution of the operator

Lo(D); In particular, if €(x, t)is such that[|E(x, t)| dtis locally integerable in
R" then

£5i(x) = jfom g(x, t)dt ... [15]

The physical meaning of formula [15] is that £¢(x) is a (t-independent)

perturbation generated by the source 8(x)1(t) concentrated along the t-axis.

Department of Mathematics
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3.1 The fundamental solytjop of heat conduction operator

o) 209 . 3
Let L:=5’— —a "V~ be heat conduction operator with y2 - ©

ox
! Ot 2.2 . .
Let &(x,t)e 8’ and = 2 X =iy ... [16] be heat conduction equation.

Then the solution of heat conduction equation [16] is given by:

~|f?

40,

£(x,t)= ol eda ... [17] and therefore €(x,t) is the fundamental

solution of heat conduction operator .

Now, we derive formula [17] using Fourier transform method as follows:

@ - azvzs =0(x,1)
ot

= R[S =07 = K 5(x)
- Fx[%:i] - F [a*V2s] = F [6(x,1)

2 e A .
NOW) I) F‘.\‘[‘ng] — _aaTFx[g](gaf) ii)}.“x[azvzg = azf\;"%] ek -L':} I"(“Cf}
iii) Fa[8(x,t)]=F.[8(x). 8(t)]=F[8(x)]. 8()=1(&).5(1)
Then, F,[ % ~a’Vs = Fx[8(x,0)]

-_
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:a—‘iFx[E](E..,t)~az(-i§)2Fx[£](é,t)=l(&)-5(0 ... [a]

generalized function

& CO=Flel(gr ... [b]

:356;§+azlﬂz €= 1(€).5(t) ... [c]; substitution of (b) in (a)

Let z(&,t)be the homogeneoys solution of [c] with z( Z,0)=1

= ﬁz_ + azlflzz =0
ot

Oz 2.2
—_—= d
= [2- it
= Inz= —azlrflzr +c

2.2
= 2E ke~ B but o2 0ty

2,2
= 2=~ Kl ¢
Thus, £(&,t) = 0(t) z(&,t) is the fundamental solution of [c] by [5]
2,2
= e(E)=0(t) e~ ? ¢t

Applying the inverse Fourier Transform, we have:

& (E0)=F,[€](E.1)
= e(x,t)=F¢[¢](E )

| "f(éu-r)dé
=— e
= € (x,t) 2 [e

et -6

1 % dé
=& (X,t)='(‘ﬁj.9(f)e

-_—
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= &(x,t)=

n) s Jone ™61~ Cn)

_9(1) — ¥, _
= £(xt)= Qr)" .[ al;l; x ; Let0'=g§\,-’;

ke 9(1) = =
= £(x,t)= ot (o +a:)-\l/—=da
a

= e(x)=—20 J‘—(cr+——~ M

a\ﬁ(z,r)" 2aVt”  4q2; do...completing the square
= £ (x,1) é(r) Jxl o+ ix 2
- ——anl at [,
aViz)" : I 2af i
2
= &(x,t)= a0 —lr,Zz -8 i i
- e | je dp ... integration along
m f=—
2avi
imaginary axis
2
= g(x,t)= — 20 hll%,f;]e_ﬁ 2dﬂ... shifting line of integration
avi(27)" 2

to the real axis

n
avt(2m)n w/f)
10 R .
= |e(x,t) = i e +a’t| is the fundamental solution of heat
2aymt

conduction equation.

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!I!I!E!!!!!!!!!!lll!I!!!!IIII!lIlllllIIlIlIIIIIIIIIIIllllllllllll::;:;:lfl;!;lr
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3.2 The fundamenta] solution of the wave operator

Let [J, is the wave operator (or D’Alembert’s operator) whe
2

0
I—&—z—a 2y2 . s U=0,, with v3=_9~

2
0

X 2
ax 6: 5 _}x —2 called Laplace’s
operator.

Then [, ¢ n(X,)=8(x,t) ..... [18] is the wave equation. Thus,
62 ? 2

= ¢ (x.1)-a Ex—zen(x,t) =9d(x.1). Applying Fourier transform F,

2 2
\[a 5 J}?(x 1) - a ~——£ (x N]= Fx[é'(x 1]

2 2

5 5
= Flose 1+ Fx[—az—ajsn]= F [6(x)15()

2
Now, i) F, [aczs"] 6:2&8“

N 2 2
ii) in—azé—i—zs,,l=—a2(—i§)2Fx[sn1=a2[§l Fle ] iii) F[§(x)]8(t) = 1(£).6(¢)

2
Thus, s [——.s 1+ F [-a —‘?—e] F [6(x)].6(1)

2 _
= %Fxlanwzlél 2Fxra,,1=(§)-5w Let £,(§, t) = Fe[e,(x, 0)].

atz‘e:(f t) + a?[¢1°5,(§,t) = 1(§).6(t) ..... [a]

-
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Let z(&,t) be the fundamental solution of homogeneous equation [a], with

2(£,0)=0, z(&,0)=1.

2
= i*z+a 'dj]

= m’+a’|¢[” = 0 is the characteristic equation.

= my =*a|{|i

= z(E,t)=ccosalé|t+c,sina|é|t is the solution and
Z(&,t)=-c a|§|sinal |t+c,a| |cosal €|t z(€,0)=c,=0,

sina|&|t

agl

Z(&,0)=calé| =1 = °2__|£_t Thus z(&,t)=

— e—n (&,0)=0(1)2(£,1) ,where 0(t) is the Heaviside unit function.

— 6'(()sma|§[r
= Sn(é:;f) ) | I » [SH(IJ)]

>l (x, t) = 29

Ff [WT;:HCJ is the fundamental soluton to the

wave operator

-34-
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For instance , let n=3. Then we know that

_ sina|g|t ¥ :
F[‘Ssat] = 4mat T , Where Js,, is the simple layer on the sphere of

radius at.

o |
== 553, = FEI [41[&&%;_@] - 4nalF€" [surit"g]]
<

2 F [smal|€| =

9] 4rral Sat

0
= &((x,t) = = 03( Os,

= g(x,t) = Bm 5( 222 — |x/?), where the generalized

function &3 acts according to the rule:

1 J-oo (653t (p)dt

(83' (p) = 4maz J0 4“32 f fsat (p(xo t)dsx dt ' cpeS(?i"‘)

Similarly, we can obtain that :

el o _ B(at+|x|)
gxt) = 5. 8(at — [x]) and g, (x,t) = andattio|x?

e ————
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3.3. The fundamental solution of Laplace’s operator

Let L=:V? be the Laplace’s operator , where V2=Z}'=1 ;—23 (i=1,2,3,...). Let
Xl -

en(x)€S’ and V2 En(X)=6(x)....[19]; for X=(X1,X2,X3,...,X,) be Laplace’s operator.

Then the fundamental solution of Laplace’s operator is:

1
winlx| ,n=2

En(x) = ...[20]

_

'xl—n+2 n _>- 3

(n‘z)a'n

We will compute the fundamental solutions using Fourier transform method.

Applying Fourier transform to equation [16], we get:
F[ V* &, (x)I=F[3(x)]

= (—i&)°F[e,] = 1

1

== F[Sn] = _E

= I
= 8n(x) =-F : Hz.

| 1
= &(x) = - (2m)" F[Jé?]

Now, let us consider for n=2,n=3 and n>3.

Qm
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CASE 1. Let n=2,

S _1_p[__1_ !
— a2 mlEl =y = a2 (F2Inix| - 21,

= S
= & = =In|x| + =

Since a constant satisfies the homogeneoys Laplace’s equation, disregarding the

Co :
term >x *We see the fundamenta] solution for n=2 is:

&(x) = - In|x|

CASE 2. Let n=3.

I
= 80) =~ 5Fl]
O v 1] _ 22
= &(x) = 8 T Since for n=3,F [-IEE =
3
— =1 22

=&8x) =~ But g3 = == ,where I is a gama function and

am|x| ~ a3|x|

")

1
47|x|

1
=0y = prd and thus for n=3, &(x) = -

CASE 3. Form [1 5] we know that &y (x) = f_: £(x, t)dt . Suppose

2
~I ,
é(x,0) = o) e 4a2r be the fundamental solution of heat conduction operator.
QaJm )"

Since e(x, t) is locally integerable inR",letting 8(t) =1 for t=0,a=1, we have :

Q—!Emw
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l l

e(x,t) =
(2y/nt)
0 1 lilzd
= e.(x) = e dtdt
e J @vmy
lxl 2 2 2
= ¢, (x) = — ne Tad =N =k =N
2 (%) 2 f tdt - Letu=r = W G
'xl_n+2 o n_,
= g,(x) = == du
4n2 ¥
Ix] -n+2 ;
= g,(x) = —-—4——-I‘(——- 1) , where I is the gamma function
= &,(x) = - [x]™™*2 for n>3.

(n— 2)0

Therefore, the fundamental solution of Laplace’s operator is:

ﬁlnlxl,n =72
&n(x) = 1

' (n-2)a,

IxI—TH-Z N > 3

-_—
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3.4. PARAMETRIX

The fundamental solution is a useful tool for the construction and
representation of more general solution of a partial differential equation. How
ever, some of the problems in which it plays a role can be handled just as easily,
or perhaps better ,by means of function possessing a singularity that is not
annihilated but merely smoothed out by the differential operator in equation .The
smoothing might even be so weak that the singularity actually becomes
augmented but acquires a less rapid growth than to be anticipated from the order
of the operator. Such a function is called a parametrix associated with relevant
partial differential equation. In particular, any fundamental solution is

automatically a parametrix.

Thus, parametrix is a generalization of the notion of a fundamental solution .
We say that a function p(x,y) of two variables x,y€Q is a parametrix for the

operator L(x,d,) inR? if :

[A]. [L(x,0,)p(x,y) = 6(x — y) + R(x,y) [where 8(x,y) is the Dirac

distribution and R(x,y) possesses a weak (integrable) singularity at x=y,
Le R(x,y)=0(|x — y|*) with k<3.
It is easy to see that ,for the operator L(x,0) given by:

a:(x)) = f(x),x € Qthe function;
xj

Lu(x)=: L(x,0,)u(x) =:):?=15if(a(x)

1 3 ix while the
B L . T2 e R3is a parametrix W
Bl Py e > P

remainder R in [A] is:
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=3 Xi-Y¥; Ba(x
[C]. R(x,y) V=1 m : XY € R3 and thys ; Is weakly

singular,0(|x — y|~ %), due to the Smoothness of the function a(x).

This can be shown as follows :-

WIS P(X:Y)W and R(x,y) = = Y s fu)

4ma(y) ox,

Now, L(x,0,)p(x,y) = y3. 1-(a(x)--p(x y)

= L(x,0,)p(x,y) = Y. 1[a(x) p(x y) +——a(x)——-p(x y)

= L(x0)p(x,y) =33 la(x) p(x )X gf;a(x)f;p(x,y)---[a]

But L(x,d,)

4?ra(y)n'x—y|) Ei‘ (a( ) (4rm(y)))
a(x)3 92 -1 2 9 9 ~1
“a(y) i=1 0x? (4n|x—y|)+z =10x; A )6x (4rra(y)|x YI)
_a(x)

Xi=Yi
a(y) o(x—y) + + 2 =Lana(y)|x-y| ox; a(x)

Xi=Yi
=1.8(x — y) +Z?=14————mw,x 15, 2() ... [b]

Thus, from [a] and [b] we have:

H0000p(xy) = 6(x =) + R@.Y) = L(x0) (o) = 8~ y) +

3 od d
e ——r—a(x
“lana()ix—y| oz, 0x a(x)

M

Page - 40 -
€partment of Mathematics



Construction Of Fundamental Solution And Parametrix ‘ 2010

———

-1 o B T B,
= PO = Gyl THREN = ), e o o)

We evidently have that the parametix p(x,y)given by [B] is a fundamental

solution to operator L(y, 0x) =:a(y)A(d,) with frozen coefficients a(x)=a(y):1.e.,

(D].[L(y,0)p(x.y) = 6(x — )

This can be illustrated as follows:
Suppose a(x)=a(y) andL(y,d,) =:a(y)A(0y)
Now,L(y,8,)p(x,y) = a(y)A@,)p(x,y)
3 0
= a(}’) Zi:l-a_x?p(x’ )’)

Tl —1
= a(y) 4nalx-y!

-1

———

= analx-y!

=5(x—Y)
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