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ABSTRACT 

The ge ne r a tion o f antra in lng currents in a homogeneous 

pl a sma by me ans of h i gh f r eque ncy e l ectr omagne tic waves , with 

a slowly va r ying ampl i tude a r c conside r ed . The treatment is 

base d on th e Vilo s ov I s kinetic €Clua tion, from which quasi­

statio na r y additio na l t~rms to the d i stributi on functi on with 

r e spect t o a mplitude are obta ined . Using the se cond orde r 

a dd i t i o na l t e r m t o the dis tribution function , the densities of 

the curre nt, e ne r gy and e ner gy flux pr oduced by the l ongitudinal 

wa ve s a r e evaluat ed . In this cal culati ons only the non- resona nt 

particles ar e taken into a ccount. Th~ condition unde r wh ich 

r e so nant particle s ca n be negl ec t ed i s a lso i nvestiga t e d. 

Re sults a r e pr esented i n ter ms of l ongitudina l d i e l ectric perm i­

tivity a nd its derivative with r e spect t o fr e quency . This work 

i s done with a possible applicati on in a steady- stat e t okama k 

r eac t ors. 
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INTRODUCTION 
" . 

Plasma may be defined as a large CI )~.] ~ctio~ of Q,wrcxima'" , . 

tely equal number of positively a..,d r,eqa'::'::'vely cl.ar'.1du pari:.:i-

cles. Plasma has a tendency to be electrically neutral on ~ 

macroscopic level. Ionized gases are found naturally throuqhout 
. 

most of the universe except on the surface of t he cold planets , 

such as the Earth. The study of the property of matter which 1s 

highly ionized and where its properties are dominated by the 

dynamic behavior of the free charges 1s usually r eferr ed as 

classical plasma. The particles behave classically and the ioni­

zation 1s due to high temperature and, low density. Quantum 

plasma 1s used to study solids (metals , s emiconductors) Ill· 

At present, one of the most important branches of plasma 

research is in the area of controlled thermonuclear r eactions. 

The goal of this resear ch 1s to generate energy by means of the 

same reacti ons tbat take place in the sun. The f undamental pro­

cess is that the nuclear fUsion of the heavy isotopes of hydrogen 

into helium, with the subsequent release of energy. 

In order for the reaction to take place , the reactants -. 
must be heated to a very high temperature ( ~lO,ok) and must be 

confined 1n some convenient device. Tokamaks are installations 

which are used for this purpose. In these devices, the plasma 

is heated by toroidal current which is produced inductively. The 

charged particles are confined by means of the magnetic field 

produced by the toroidal current and by externally applied mag­

netic field. The most commonly used method for driving plasma 
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current in these devices is to induc~ a toroidal electric f ie l d 

in the plasma by means of a time var:ring t.\Asne.!:. ~ • .:: ~lux. Bt..t 

this method can not operate in a stea.3y-&t:!lte fae-hien 1 ~h'!.refore 

alternative methods capable of driving plasma current cont~nu­

oualy are desirable. Neutral bearnsl21, heavy charged particle 

beams 13,41 and various waves 15-8,201 have been proposed for 

maintaining steady-state plasma current by imparting to the 

electrons the momentum needed to compensate the resistive losses 

or by making the resistivity asymmetriC . Hence , the attractl ve-

ness of tokamaks as a theormonuclear reactors would be con8i-

derably enhanced if it were possible to provide steady-state 

toroidal currents in place of the pulsed ohmic heating current. 

The main objective of this thesis is, to investigate the 

generation of entraining currents by using high frequency elec­

tromagnetic waves with a s l owly varying amplitude. The treatment 

is based on the Vlas ov equation, which is the collisionless 

Boltzmann equation. The distribution function is determined by 

successive approximation and using the second order approximation, 

the densities of the current, energy and energy flux produced 

in the field of the longitudinal wave will be evaluated. In the 

evaluation, only the non resonance particles will be taken into 

account. The condition as when the role of the resonant partic les 

can be neglected will also be investigated. 
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CHAPTER 1 

CONTROLLED THERMONUCLEA~ FOSION AND TOKAMAKS 

1.1 Thermonuclear Fusion: 

The present revival of plasma physics is primarily due to 

the experimental attempts to produce controlled thermo­

nuclear reactions. The continuous and rapid growth of 

industry throughout the world raises demands on energy 

which in the long run cannot be securely satisfied except 

in one way: by the reliable control of energy that is 

generated in the interior of the stars, and which in un­

controllable way is also released on Earth 1n the form of 

thermonucl ear explosions-

Apart from being a virtually inexhaustib le source of energy­

considering that the reserves of deuterium in the oceans 

are estimated to suffice for many million of years - ther­

monuclear generation of energy has several additional 

advantages: 

1. Safe operation of the thermonuclear reactor; 

EXplosion can be virtually ruledout. 

2. The extent of radioactive po llution 1s smaller than 

with fission type reactors. 

3. With controlled thermonuclear reactions taking place 

in a plasma, thermal energy can be converted directly 

into electrical energy by magneto hydrodynamic IMHDI 

generators. 
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The elementary processes resulting in the release of ther-

monuclear energy on a macroscopic scale is the fusion 

(upon their collision) of two light nuclei of deuteI:iurn, 

tritium, etc into the nucleus of a heavier element, !!ere 

are some of the most important reactions: 

D + T .. H 4 
e + n + 17.6 MeV 

0 + 0 .. H 3 
e + n + 3.2 MeV 

0 + D .. T + P + 4.0 MeV 

The symbols n,T stand here for the nuclei of deuterium and 

tritium (1.e., hydrogen isotopes of atomic weights 2 and 3) 

respectively, He3, He 4 for nuclei of helium isotopes of 

atomic weights 3 a.nd 4, and n and P are a neutron and a 

proton respectively. The number of MeV in each equation 

indicat es the energy released by the fusion of a pair of 

nuclei. 

The process of nuclear fusion, like any elementary process, 

is defined by its effective cross-sectlon which indicates 

the probability of the process: on the other hand it defines 

the size of an inpenetrable target area which one nucleus 

represents to another moving nucleus. After the impact of 

the moving nucleus onto this target, both nuclei fuse . In 

a plasma where the particles move at thermal veloCities, the 

effective cross-section 1s a function of the relative 

velocity of the reacting particles or in equilibrium state, 

fUnctions of the temperature. 
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Given the effective cross-section for tile fusion of two 

nuclei, tor a given density and plasma temperature, the 

frequency of occurance per unit volume of this reaction 

can be computed. If we denote the number of reactions in 

D-T by z , the output released in 1 em3 will be N=zx17.6 

MeV x 8e-1 191. At a given deuterium density, this output 

rises steeply with the plasma temperature. The radiated 

output likewise rises with the plasma t emperature, though 

somewhat more slowly. In the energy balance this later 

output figures as a loss. If the thermonuclear reactor is 

to supply useful power, the output generated by fusion of 

nuclei has to exceed this loss. Therefore, a specific 

temperature limit Tm, called ignition temperature exists 

for each total particle density nj above this limit the 

reactor is capable of supplying energy 110,24, 27 1. 

The crite%~a required for pulsed fusion reactors has been 

derived by Lawson (1957) by considerin9 the energy balance 

1n a reactin9 plasma of density n, which was heated instan­

taneously to a temperature T, and held for some time t • . , 
The criteria is given by the following formula: 

n T > 1014 cm-3 sec 

Thus, lnorder to produce u~eful fusion power it is neces~ary 

to heat tha plasma to a temperdture of 10-20 KeV with a 

number density of 1014_1015 cm-3 and confinement time about 

one second 1111, 
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Some of the fundamental demands on a thermonuclear reactor 

are the following: 

Of all the procedures aiming at the utilization of 

energy released in the fUsion of light nuclei, the use 

of fully ionized hiSh temperature pia"",,, formed by 

such nuclei seems to hold the best promtse. 

The thermonuclear reactor requires a device which 

permits the plasma to be heated above the ignition 

temperature of the reaction involved, that is to a 

temperature at which thermonuclear energy will be 

released at a rate at least capable of balancing the 

losses, mainly due to radiation. 

The particle density must be relatively small; other­

wise the kinetic pressure pankT would exceed the tech­

nically sustainable value. 

As the energy loss due to Brernsstrahlun9 radiation inc­

reases with the square of the charge, the penetration 

into the plasma of the elements that have a higher 

ata.1c number must be prevented. Therefore, every ther­

monuclear reactor needs an ultrahigh vacuum pump wh1ch 
-

pe~1t9 the thorough evacuation of the working space 

before ~t is field with deuterium or tritium. 

Obviously no material used for the vessel containing the 

plasma can stand the enormous temperatu]~es that are 
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required for controlle~ nuclear fusion. The pla8md 

must therefore bo insulated from the vessel in order 

to prevent it from being contaminated by materialB 

evaporating fran the w·alls. An approach suitable under 

terrestlal condition 1s the inSUlation by means of a 

magnetic field placed inside the vacuum. 

Using the MHO principle the energy released in the 

thermonuclear reactor can be converted into electric 

power. Heated by the thermonuclear energy released in 

the reaction, the plasma expands and cuts across the 

force lines of magnetic field confining it: an e.m.f. 

1s thus developed in a Buitably placed auxiliary 

windings. 

-The points listed above refer to the immediate requirements 

only. There are several additional problems, connected for 

~ instance with the expeceed copious flow of neutrons which 

cannot be confined in the magnetic vessel, since they carry 

no electric charge; there are problems regarding the sta-

nillty of the - reactor, etc. At present, research into 

thermonuclear reaction is mainly concerned with methods of 

heating and confining the plasma. 

1.2 Tokamaks 
" 

Since the theme of the thesis is connect ed with the pro-

v duct ion of current in tokQrnaks, let us briefly disCUSS 

about these devices. A plasma with a temperature of several 
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million degrees has been sustained for some time 1n instal­

lations known as tokamaks, which are widely regarded as 

the most promising potential fusion reactors, with a high 

yield of temperature, number density and confinement time. 

The name tokamak (derived from the RUBsian "toroidal _ 

chamber - magnetic") is applied to axially symmetric 

toroidal systems in which the plasma is confined by a 

strong torOidal magnetic field Bt, produced by an external 

toroidal solenoid, together with a weaker peloidal field 

Bp , produced mainly by a toroidal current Ip flowing in 

the plasma itself. The main components of tokamak, together 

with the toroidal and peloidal magnetic fields are shown 

1n Figures 1 and 2. 

As shown in Figure 1, the main part of this device is the 

vacuum toroidal chamber , with coils to produce toroidal 

magnetic field Bt. The chamber is filled with hydrogen or 

its heavy isotopes at a pressure of 10- 4 - 10-5 Torr. and 

serves as a seco~dary Circuit of the transformer . CUrrent 

is induced in the plasma by the action of the transformer. 

This current heats ~he plasma and produces peloidal magnetic 

field Bp. 

The combination of the two fields, that is, the poloidal 

and toroidal magnetic fields produce nested torOidal 
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magnetic s urfaces composed of helical lines as shown in 

Figure 3. 

JIG. 3. TOROIDAL MAGNETIC 
S\iID'AC:m III TOKAMAK. 

• 

Equilibrium of plasma i9 produced by the poloidal field 

whilst, the toroidal field serves to supress the main mag­

neto hydrodynamic instabilities, provided the main 

safety factor q = a Bt/RBp 1s sufficiently large, where 

a and R are the plasma minor and major radii respecti-

velyl121· 
.. 

In order to produc~ fusion reaction between the nuclei of 

light elements, the energy of the nuclei must be raised 

to a sufficiently high temperature, such that they approach 

each other close enough overcoming the Coulomb repulsive 

barrier and it is necessary to confine the plasma for some 
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time. The toroidal current which is produced inductively 

is used to heat and confine the plasma. 

Eventhough devices such as tokamak are considered as one 

of the most perspective ways of thermonuclear fusion they 

have some shortcomings. As has been pointed out ear~ler, 

plasma confinement in tokamak fusion devices is maintained 

in part by poloidal magnetic field sustained by a toroidal 

current. The current 1s usually driven by an inductively 

produced electric field 80 that the tokamak operates only 

in a pulsed mode and besides the magnetic field system is 

one of the most costly item in this device. Therefore, it 

was necessary to find an alternative method of producing 

toroidal currents which can be driven continuously so that, 

the tokamak will operate on a steady-state basis. Different 

methods of producing these currents have been suggested 

and will be considered in the next chapter. 

. .. 



'. CHAPTER 2 

PRODUCTI ON OF STEADY STATE CURRENTS 

A number of methods for achieving non-inductive current 

drive , all employing beams of rad i ation or particles have been 

suggested. For the generation of steady state currents with the 

help of waves, it was suggested to use different types of waves; 

lower-hybrid, Alfven waves, ion cyclo tron, electron cyclotron , 

electrostatic waves, etc. Befere considering the various methods 

of producing steady-state currents in tokamak, let us briefly 

discuss the different types of waves and the basic principles 

for the production of current in a plasma . 

2.1 Waves in a Plasma. 

An ionized gas is capable of a wide variety of oscillatory 

motions. Considerable theoretical study has been given to 

three particular t ypes of waves in a plasma: electromagnet ic 

waves , hydro~gnetic waves and electrostatic waves. The 

analysis of these various types of waves is based primarily 

on Maxwellls~ equations: 

'1.F. = p/< ( 2.1 ) 

H = 0 (2 .2 ) 

~"E 3"8 ( 2 • 3 ) = -IT 

M = 1 + 3 ii 
IT (2 .4) 

If we take the curl of equation ( 2.3) and differentiate 

" 3 i\ equation (2.4) with respect to time, eliminating v x it ' 
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we obtain the basic equation for electromagnetic waves, 

v' E - V piE (2.5) 

In general, under any given set of circumstances four modes 

of ~~' wave propagation are possible at each fre­

quency, although the phase velocity of some modes may be 

imaginary. The simplest situation is obtained when there 1s 

no external magnetic field. The modes are then of two types, 

electromagnetic and electrostatic. In electromagnetic waves , 

the electric field is perpendicular to the direction of 

propagation. There are two such modes, corresponding to the 

two directions of polarization. If the frequency 1s less than 

a certain critical value, which is called the plasma fre-

quency, which increases with increasing density, the phase 

velocity becomes imaginary and electromagnetic waves cannot 

propagate in the absence of nagnetic field. 

The other two modes in the absence of a magnetic field are 

electrostatic type, in which the current density 1 and the 

electric field E are par allel to the direction of propaga­

tion. In one of these nodes the positive ions are essentially .. 
unaffected and only the electrons oscillate. These oscilla-

tions are called electron or plasma waves. In the other 

mode, called positive ion waves, the positive ions and 

electrons, generally move together; the inertia of the ions 

deterndnes the wave velocity, which is normally less than 

that of the electron waves. In the absence of a magnetiC 
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fiel d, the phase velocity of the electron waves becomes 

imaginary for frequencies l ess than the plas ma frequency, 

while the positive ion waves don ' t propagate above a cut-off 

frequency equal to (me/mil' times the plasma frequency /13/. 

In the presence of a magnetic f t e ld , these four modes are 

profoundly modified , but the number of independent modes 

remains the same. The term hydromagnetic wave is frequently 

given to the waves which arise in the presence of a magneti c 

field at a frequency small compared to the cyclotron freque n­

cy of the positive ions. An Alfven wave 1s a simple type of 

hydromagnetic waves /13/. 

In analYSing a dispersion relation, i t is frequently helpful 

to exarndne the frequencies at which the vel ocity of the wave 

1s either zero or infinity. The for mer are called resonances, 

since these'are the frequencies at which a plasma will be in 

resonance with an applied oscillating t ransverse electric 

field. The latter are called cut -offs . At a cut-off, a wave 

is usually reflected, while at resonance either absorption 

or reflection- may occur depending on the na ture of the 

damping process involved. 

When a wave propagates across a magnetic field , the extra 

ordinary mode, which is partially transverse and partially 

longitudinal, will have two r esonance frequencies at the 

lower-hybrid and the upper-hybrid, which are defined by: 

w '= hl 
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where: 

~l 1. Ue l ower-hybrid frequency 

wh2 i6 Ue upper-hybrid frequency 

wp 1. the plasna frequency 

wci is the ion cyclotron frequency 

and 

wce is the electron cyclotron frequency 

At the upper-hybrid frequency, only the electrons oscillate 

and the resonant oscillations represent the joint influence 

of the electrostatic and magnetic forces on gyrating elec­

trons perpendicular to both the magnetic field and the wave 

front . At the lower-hybrid frequency, electrons and ions 

oscillate together. 

2.2 Generation of Steady~State Currents 

Plasma currents driven by travelin g waves were first obser­

ved by Thonemann , Cowh1g and Daveport in 1952 18 ,141. rn 

principle any wave with a net momentum can generate a 

current via an~ ~amping mechanism, caused by the charged 

particles in the plasma. The process of producing current 1s 

based on the transition of momentum of the wave to the elec-

trons and ions in a plasma. This mechanism can be explained 

using the single particle cold plasma model. In this model 

only the motion of the e lectrons in the fie ld of the high 

frequency electromagnetic wave is considered. 
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The equation of motion for the electrons is given by: 

.. 
dv mat = e E ( 2 .6) 

Taking the electric fleld of the plane mono~ehromatic wave 

as : 

= E cos (wt-k'r ) o 
(2. 7l 

and negl ecting the variations of this field on the amplitude 

of the electron oscillations, by subs tit uting equati on (2. 7 ) 

i nto equa tion (2.6) we get : 

.. 
mit" = eilo cos (wt-k-r) (2.8 ) 

.. 
solving for • r 

eEo 
,. .. .. sin (wt-k'r) • r = 

"'" 
(2 .9 ) 

From equations (2.8) and ( 2.9 ) the work done per unit time 

by the wave ,ls obtained as 

eE . ' = ~IE I' 
"'" 0 

(2. 10 ) 

From equation (2. 10) , it follows that the average wor k 

done by the wave 1s equal to zero. Therefore, there is no .. 
regul ar i nterchange of energy between the wave and the 

e lec trons. In order to change the average energy of the 

electrons , it is necessary to have a phase differ ence bet-

ween the velocity of the electrons and the field different 

f r om ~/2 • This can be achieved by using different method s . 

\. 
\ 
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a) Scattering by free charges. 

If an electromagnetic wave falls on a system of charges, 

then under its action the charges are set in motion. 

This motion inturn produces radiation in all directions; 

there occurs , we say, a scattering of the original 

wave . The scattering is most conveniently characterized 

by the ratio o f the amount of energy emitted by the 

scattering sys tem in a given direction per unit time, to 

the energy flux density of the incident radiation. This 

ratio clearly has dimensions of area, and is called the 
, 

effective scattering cross-section. !lS,Z6! . 

The occurrence of scattering leads, 1n particular , to 

the appearance of a certain force act1ng on the scatter-

ing particle. One can verify this by the following cons i-

derations . On the average, in unit time, the wave 1n01-

dent on the particle loses energy c<w> a , where <w> 

is the ave;age energy density, and a is the total 

effective scattering cross-section. Since the momentum 

of the field is equal to its energy divided by the velo-- . 
city of l i ght, the incident wave loses momentum equal in 

magnitude to <w> a . The momentum lost by the i ncident 

wave is absorbed by the scattering particle . The average 

force acting on the particle is equal to the average 

momentum absorbed per un! t time, i. e . , 

where 
... 
n 

(2 .11) 

is a unit vector in the direction of propaga-

tion of the incident wave. 
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The scatter ing cross-section 1s given by 1161 

a = an 
T 

e ' (- -, ) me 

b ) Collision of Particles: 

When ~ electrons collide with t he neutral Ato~ or ions 

an average force acts on the electrons whi ch is given 

by 1171 

= 
e'(k .E) vE

O 

2Wll1( "" + v') 
l2 ,12 ) 

where v 1s the collisional frequency. Prom e quation 

~.12) , it is seen that the average force 1s differ ent 

from zero for longitudianl waves and 1s directed a long 

the propagation of the wave. Steady-state current is 

produced if the average force acting on the electrons 

as g1ven by equati on l 2 , 12) 1. equal to the force of .. 
frict ion which is given by Mvv • And when V<W current 

does not depend upon the frequency of collis10n. 

c ) Interaction of inc~dent wave with resonant part i cle s : 
• • • 

When the veloe! t y of the electrons is close t o the phase 

velocity of th~ wave, it 1s necessary to take int o 

account the dependence of the electric fie ld upon the 

coordinates in integrating the equation of mot ion of the 

electrons that is, equation (2.6) . In this ca se, regu­

lar interchange of energy between the electrons and the 

wave takes place and the current produced by the electrons 
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can be evaluated using the kinetic theory of plasma ~ 

The generation of current 1s connected with the 

actions of a practically constant electric f ield which 

acts on the resonant electrons • 

. 
The resonant coupling between the wave and those elec-

trons which are moving with appro~mately the same 

velocity as the phase velocity of the wave 1s known as 

Landau damping 1181 . Particles moving slightly faster 

than the wave will decrease their average velocity to 

the phase velocity of the wave through resonant inter­

action and transfer thei r extra kinetic energy to the 

wave. Particles moving slightly slower than the wave 

will be accelerated and absorb energy from the wave. If 

the distribution function decreases with increasing 

velocity damping takes place, since' t here yill be more 

slow particles to absorb energy from the wave than fast 

particles to transfer energy to the wave. 

d) Non H01llOgeneouse and Non 5 ta t10nary Waves: 

If the W~Vg changes its amplitude, then, there will be 

a phase difference between the field and the velocity 

of the oscill~tory particles which is propagatlonal 

either to the gredient of the amplitude 

the tiJlle change of amplitude; • 

.aA 
~r or to 
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2.3 !l!thod. Employed for the Generation of 6 teady ~ State 

I 
Currents in Tokamaks 

In this section the various :methods proposed for the pro­

duction of continuous torOidal currents 1n tok~ wi~l be 

considered. rhese methods use either waves or beams of 

particles to produce steady-state currents. FOT the case ' 

of waves, the main idea Is, net toroidal momentum 1s aell~ 

vered to one of the species of the plasma, usually the 

electrons, from an external source. The momentum absorption 

by a particle leads to the production of current. In the 

otner case, ~any systems for the productIon of high, energy 

intense directed beams of plasma electron, ions or niutra·l 

atons are used. These beams are injected into a specially 

prepared region of plasma confinement where ionization of 

the neutral particles present can occur. 

Fiscn 151 'has considered the producUon of continuous 

toroidal currents by means of rad.io frequency Ct f 1 waves. 

These waves which. can be injected continuously , have a ne t 

toroidal conponent of momentum, 80 that when absorbed by , 

electrons , s '1torce is exerted that drives a toroi dal 

current. Far practical employment in a reactor , the power 

required to drive the current ~st be a small traction of 

the fusion out put. since all types of waves do not incur 

the same power dissipation, in searching for the moat fav­

ourable wave, we must consider not only the ease with which 

the waves can be excited, but also their individual power 

requirements . There are two types of waves that are 
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attractive in terms of minimizing the power di8sipat ed 

f or a given current gener ated, namely low and high parallel 

phase veloci t y waves. The former region of subthermal 

phase velocity was suggest ed by wort 15 1 and it i. att rac­

tive, because in this region waves have a hi gher momentum 

content per unit energy. In other words, whereas the'1'QOmen-

tum 1n a wave i s proportional to its wave number k , the 

energy carried by the wave is proportional t o i t s f r eqeuncy 

W, so that waves with low wlkz have a high par a l lel momen"" 

tum cont ent. (k z is the wave nU1lt:ler in the t or oidal direc­

tionl • When the ener gy of the wave i s absorbed by t he 

electrons, the momentum absorbed is proportionaly higher. 

wort envisioned the use of substhermal phas e velocity, low 

compression Alfven waves to achieve current generation. 

The alternative approach of using waves wi th high phase 

velocities ~as pointed out by Yisch /181 . Although , these 

waves have little momentum content, their momentum and 

energy are absorbed by fast electrons. The elect r ons t hat 

carry the current are relatively coll1sionles5 and so 

retain their ~tum longer than the thermal electrons, 

which carry th! current when low phase velocity waves are 
. 

smployed. The rela~ive infrequency of collisions encountered 

by the current carriers compensate for the dearth of "D'W:JfIlen­

tum in the driving waves. This approach was ori ginally 

envisaged employing the lower-hybrid wave with phase ve lo­

city parallel to the magnetic field several tines the elec­

tron thermal velocity. success ful attempts of t he production 
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of current by using lower-hybrid waves were reported by 

Jobs. F. eta1 1191. 

The production of current by ion cyclotron waves was con­

sidered by Tajima 161. In this rrethod the plasma is irradi­

cated by electromagnetic field in the ion cyclotron r~nge 

of frequencies. Some of the attractive features of the 

ion cyclotron heating are: 

the low frequency of this schene means that high power 

technology is available for wave generation, 

it would heat the plasma 10ns directly by either 

heating the bulk distribution or producing energetic 

tails which are more active, 

10n cyclotron heating mi~lt be an alternative to the 

expensive neutral beam heating,!n terms of good 

penetra~ion to the centre of the plasma. 

I n the works of Karney and Fisch 171 the generation of 

current by means of electron cyclotron wave absorption 

was considered. These waves are employed to generate toroi-

--dal current ~rely by heating selected electrons, and 

interestingly without directly injecting substential 
. 

toroidal momentum to those electrons . The effect of cyclo-

tron heating is to increase primarily the perpendicular 

component of the velocity of the resonant electrons, The 

velocity increase lies in this direction because the waves 

have very little parallel momentum content compared to the 

energy content, so that when the wave is absorbed by the 



electrons, the electron energy increases, but by momentum 

conservation, its parallel momentum barely increases. That 

the waves themselves have little momentum content to imput 

to the electrons is a consequence of the super-limdneouse 

parallel velocity. The energy in a wave is proportional 

to the frequency while its momentum is proportional to 

the wave number k, and since w/k" >c the wave possesses 

Ii ttle momentum 

Toroidal currents produced by means of electrostatic waves 

was considered by Kenematisu Kato 181. I n this work the 

general formula which gives the current density generated 

by an electrostatic traveling waves was derived in the 

frame work of quasi-linear theory. For the case of high 

frequency electrostatic waves, in which the ion motion can 

be neglected, it was shown that no net plasma corrent is 

produeed by the wave particle interaction. Here, the wave 

momentum is defined as the momentum of the non resonant 

electrons. Wher. the wave is attenuated or growing, momentum 

is exchanged between the wave and the resonant electrosn • 

If the momentum of the electron distribution function, 

which is the sum of the wave moment-am and the momentum of 

the resonant electrons is initially zero, it must still 

vanish af~er the wave has damped out. Not only the reso­

nant electrons but also the nonresonant electrons contri­

bute to the current 90 that the currents generated by them 

cancel each other. And next, by considering low frequency 
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electrostatic waves , in which the motions of the ions are 

taken into account, it 1s shown that plasma current 1s 

generated not by momentum exchange between the electrons 

themselves but due to the monentum exchange between the 

electrons and the 10ns. But for the case of electromagnetic 

wave, which has field momenta as well as particle nomenta, 

as the wave decays , the field momenta 1s converted to 

particle momenta therefore, even if the ions are considered 

to be immobile, the electrons galn momenta 80 that a plasma 

current is generated . 

Manheimer andtlinsor 13\ considered the possibl1i ty of 

injecting intense pulsed 10n beams into tokamak plasma 

inordpr to heat the plasma and mantaln the current . In 

order to accomplish these objectives, several obstacles 

must be overcope. First, the 10n beams must be produced ; 

second it nlust be injected into the toroidal chamber, third 

it must deposite its energy in the plasma . The ion beam is 

injected into a partially formed plasma and is trapped and 

the remaining plasma is formed around it. Once the beam i s 

trapped in the torus, the next question is coupling it to 

the plasma. By properly choosing the lJeam and plasma para­

meters, the energy of the beam can be absorbed by the 

plasma in a confinrnent tine or lesS. 

The production of steady-state current by high energy 

a -particles produced by fusion reactor was considered by 

B harda and Chu \4\ . The idea is to use r f power to prohi­

bit the a-parti cles from slowing down isotropically and to 



push the a -particles in d preferential direction and thus 

[arm an a -particle beam. The a-particle beam will then 

transfer momentum to the electrons and t hus sustain plasma 

current. 

A basically different approach was proposed by Fisch and 

Sooter /21/ in wh~ch no net toroida l momentum is injected , 

but the collisionulity of plasma is somehow altered so t hat, 

for example electrons moving to the left collide ~re fre ­

quently with ions, than do electrons moving to the right. 

There would result a net current with 10ns moving to the 

left and clcc~ron= rnov!ng, on the average to the right . The 

means sU9gested for achleving this asymmetric resistivity 

is selective heating of those electrons moving to the right. 

The electrons being hotter naturally collide less. 

I n this t heRis, t he mechanism of generating entraining 

currents by using high frequency electromagnetic waves 

with a slowly varying ampli tudes is cons idered which is a 

ba5i~ally different approach f rom the above mentioned works. 

The curren~ density , energy density and e nergy flux density 

which are produced by the passage of such waves will be 

ev~luated using Vlasov's kinetic equation which is consi -
-

dered in the next chapter. 
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CHAPTER 3 

PLASf'A "11 ~ ~ "HEORY: TRE BOLTZMANN EQUATION 

Kinetic theor' -t: "11pts to e::plain the macroscopically 

observed phenom· n:3. )f J03.se c by cons idering the fo rces of inter­

action between the ""U.L .... cul ~s of the gases. Free at oms, ions and 

electrons are considered merely as special types of 'molecules 

1221. If at sOllie inst:mt cf time, the position of e ach molecule 

of the qas :ind the forces that acted on each molecule , are 

known, the subsequent 1'1otion of the molecules can be determined 

in principle by classical nechanlcs. But it is not possible to 

get detailed infurT"'ation of the molecules and even if there is, 

the problem pi~.l be ~·oc dlff:!.cult and time consuming to solve. 

An alternati VP. aporoach to the problem is t hrough the meth­

ods of sta t ist 1.ci\l "T'\.!cha',ics. If WE: c onsider a box of gas contai­

ning n, mol~cul(''' at som in3tant of t1:me , the three components 

of momentum and Lre t.hle~ components of position of e ach molecule 

are g1 yen by t' .. ")( blt aumbers. The entire gas a t that i nstant 

of time 1.6 repre s."'l'" tr d 

Phase space J 
"T~ .... .., I 

),:' a single pcint in the 6n dilnensional 

ider again a box of gas which may be the 

Sal'r,e box as ct'):1s1dert.:d previOl.1sly I but at so~e later instant of 

tl.oe, it can be l'epr~sem:ed by a nother point in phase space. If 

the proces i . i 6 S Cc..n.l nllad until all possible states are cons -

dered , the t, , .. ,1 11 b the '-'_.... ...r2r of. points in phase space ~i e 
different t m number of dynamical ~tates of the particulqr sys e • 

These !>Oints 
are said to form an ensemble 

of points in phase 
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statistical .. ~t:.::.I.:l.n':c::; deals with the probability of find-

Lng one ~yste 0 r t..: .... eJ'5~rnble , choosen 3t random, in a parti-

cular region f pha~c s:; ace . The assumption of statistical 

mechanic~ is th t, _h~ mac..-r)scop1cally observed variables 0': 

the gas corresr"'nd to tnose d.:'namlcal states that are most 

probable. 'T'~- _l.lnJ.ar.:mtal ~heorL i of £tatistical mechanics is 

Liouville' s t'leOrE-'m wnich states that, the voltmle occupied by 

a given sat ot pO'.nts in phase space is constant through out 

the mot1t:"'n of .. t.one po .nts. The solut1on of Liouville 1 s equation 

gives 'the p~ ,baLl,11ty 01: finding a point at a given place in 

phase space. That is, "Ie would know the probability that each 

~lecule has a specified pos~tion and momentum. However , it is 

often unnec~3salJ to have Guch a complete description of the 

gas and it would be> sufficient to know only the probability 

that any sl.ugl.! molecule has (l given position and momentum. 

This part 0;> .... ~.li$t- .cal mecl}anl.cs dealing tilth one particle 

distribut ion f ... j~8 the framework of kinetic theory. For this 

case it i s 1'" - "r.! ... 0 constder only a six dlmension&l phase 

space. 

~ ~u~r.tion of molecular velocities ~5 defined 

as the denSity of pOints i n phase space . This is a one particle 

distrlbutlol1 fl1n~tlon, because th9: posit1on and velocity of any 

9i~en partlcl~ 1~ not correlated with the position and velocity 

of any othe J.. f..- ... .:.cle ox pdrticles • If the distribution function 

of the 1lI01 ~_c , k then the various molecular 
~- ve'0cities is nown, 

prope:rtlel'i ln~ .... lv~ng the pres')r:re and energy of the gas can be 

Obtained by integrating the quantity of interest times the dis­

[rib t u lon function over all velocity space. 

\ 

I 



3.1 The Distribution of Molecular Velocities 

consider ~. certain volume of gas, where the location of 

each mo~ec C is repr e sented by i ts position in a carte-

sian coordiJ:ate system. The differential volume element 

dr (= dx
1

,ix
2

d::
3

) i s a small , but finite, volume element 

which is a~',:.rned to be large enough to contain a great 

number of ~lccules but which is, nevertheless, small 

compare d It) tl1e l e ngt hs involved in spatial variation of 

t he maC' r 'S('f'ric p a rame ters of the gas. 

If N(xl, t) is the number densi ty of molecules in confuga ­

r ation spac t he n t he number of mo lec ules in dr is Ndr. A 

molecule said to be in dr i f the molecule i s located 

at a position with its Xl - component between Xl and x1+dx1, 

its x 2 - 'o',~ one nt between x 2 a nd x 2+dx2 , and its x3 -

component bptween x 3 and x3+~~3 ' All the molecules in dr 

have the 5a~e value of Xi as far as macr oscopiC variation 

of the g~~ are concer ned . 

The ndr T"""lc'cules in dr have a wide range of diffe:rent ve­

lOcities . The ve l oci t ies of the ndr molecules can be repre­

sented i n u three dimensional velocity space. The density 

of t he ndr points in ve locity space is given by 

f(Vi, Xi' t}dr, where f 1s called the velocity disttibut10n 

fUnct ion, If dc(=dV
1 

dV
2 

dVJ) is a differential volume 

element i n velocity space, then f dr dc is the number of 

POints in the volwne element dc. A molecule 1s said to be 

in dc if it has a velocity with components between VI and 

V1+dv1 , v
2 

and v
2
+dv

2
, and v3 and v3+dv3' 
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Now if f dr de is tr.e number of molecules in dr whose 

velocities are in de, we see that f 1s the density of 

points in the six dimensional phase space made up of 

the three components of position and three components of 

velocity. D1vlding f dr de by the volume dr we note that 

f de 1s the number of molecules per unit volume with 

velocity v~ in dc. If we integrate the expression f dr de 

over all velocity space, we will obtain the total number 

of points in the six dimens ional phase space, Thus, 

ndr = dr f fdc 

and 
(3.11 

N f fdc 

3.2 tlean Values of Molecular Properties 

Let us associate some molecular property $(v
i

, xi' t) with 

each of the ndr moleculars i n dr, which is in general a 

fUnction of velocity v position x. and time 
i ' 1 

t. At some 

time t , the values of ¢ for the ndr molecules in dr will 

depend only on their velocity vi' because the xi dependence 

of I/l will be the same for all molecules in dr. 

If We add up the values of $ for the ndr molecules in dr, 

.... + ~ (ndrl = 

'l'he lI'Iean value < 4> > of $ for the ndr molecules in dr is 

deft ned by the equation 

E$ =<$> ndr 
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some of the ndr values of $ making up 1:41 will have 

essentially the same value: namely, those whose veloci-

ties 11e 1n the same velocl ty element de. The number of 

such molecules is f dr de and each contributes the quantity 

~ to the sum t~ • Thus, the contribution of all molecules 

with all velocities is found by integrating over all the 

velocities. Thus, 

E ~ = dr J $ f de 
(3 . 2) 

N<q,>= J $ f de 

From equations (J .1) and (3.2) we see that the mean value of 

any function ~ is found from 

< q, > = 
J $ f de _ rtf de (3 .3) 

N r f de 

Applying the above method we will obtain the mean velocity 

< Vi > and the peculiar velocity Vt which will be used 

later. 

To find the mean velocity < Vi > let 41 = v t 1n equation 

3.3, then, 

1 ! Vi f(V11 Xi ' t)dc 
(3 .4) 

We note that whereas v~, Xi and .t are independent varia­

bles and are thus independent of each other,<vt > is a 

function of position Xi and time t. The peculiar 

veloCity Vi is defined as the velocity of a molecule 

relative to the mean velocity. That is, 

(3.5) 
Vi4 = Vi - < Vi > 
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Since < vi > is a function of xi and t then,Vi is also 

a function of x i and t. Prom equation 3.5, we see that 

the mean value of the peculiar velocity is zero since 

< Vi > = < vi - < vi )0 > = < Vi - <vi> = 0 

] ,3 The Boltzmann Equation 

The macroscopic properties or the mean values of a gas can 

be determined from a knowledge of the velocity distribution 

function f. In order to find the time variation of the 

macroscopic properties it is necessary to obtain an equa­

tion describing the time variation of the velocity distri­

bution functlon. The equation that describes this time 

variation 1s the Boltzmann equation. The Boltzmann equation 

will be der! ved 1n two parts, considering first the form 

which it takes in the absence of col11s10n, and then deriv­

ing the collisional term. The collisional term of the 

Boltzmann equation takes account of binary collisions. In 

plasma multiple coulomb collisions must also be taken into 

account. 

J ,J 1 Th . _ e Collisionless Boltzmann Equation 

Let Rl be the force per unit mass on a particle in a gas. 

In most CAses the force will not be a function of velocity. 

However 1 a force that is a function of , n case of a plasma 

velocity does exist. This is the force on a charged parti-

Cle moving in a magnetiC field given by q ~ x B , where 

q is the charge on the particle. The force per unit mass 

\ 
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R1 is wr ltten as the sum o f two terms; Ri which is 

independe n t of ve l ocity, and the velocity dependent term 

+ + 
q v x B . l'hat is, 

, 
+ q/m ~ x B R i ~ a- (3 .4) 

i 

• 
And from Newton's s e c ond l aw we have that Ri ~ vi 

At time t . t he number of molecules 1n volume element 

dr(t) at xi wi th velocities in the velocity element dc(t} 

at vi i s flv! , xi' t) de (t) dr (t). In the time interval 

dt, the l ocation of a molecule will change by an amount 

• xl dt .= v dt , while its velocity will change by an 

amount vi d t = Ri dt . Thus, at the time t + dt , in the 

absence of any col l i sions, the number of molecules in the 

volume eleme n t dr (t +dt) at xi+vi dt with velocities 1n the 

velocit y e l ement dc{t+dt) at Vi+R1 dt is 

f ( t+dt). de 
(t+dt) dr (t+dt). Howe-

V1+R i dt, xi+vi dt, 

ver, these are e xac tly the same molecules as considered 

at time t , so tha t we can equate the two expressions and 

obtain; 

f (v i'x i ' t) de ( t) dr (t ) ~f (v i+R idt ,x i+vidt, t+dt) x 

(t +dt) d (t+dt) dr . e 
(3 .5) 

Th dr(t) de(t) and dr(t+dt)¥ de(t+dt) 
e relationship between 

can be determined 1n the following way . The changes in the 

volume element dc(t ) and dr(t) are given by the Jacobian 

transformation 

a (xl +vl dt) 
~ a txs) 

dr (t) (3 . 6) 
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and 
, 

J(V1+Rl dt+q/m VxBdt) dc(t) 
a (vs ) 

(3 .7) 

Since vi and xJ ar e independent variables we note that 

in equat i on 3 . 6 

J (r) = 3 (xi + vi dt) 
ax. = det 6 1 j = 1 

where det s tands for determinant, so that 

dr(t+dt) = dr(t) (3.8 

Expanding the J acobian in equation (3 . 7) , 

= 1 

If we neglect t erms of order (dt}2, thus, equation 3.7 can 

be written as 

dc(t+dt) = dc(t) • (3,9) 

USing equations (3.8) and (3.9) we can write equation 

(3.6) as, 

f(VttXi,t)=f(vi,+r1.dt,xi + Vi dt, t+dt} 
(3.10) 

Expanding the right hand side of equation (3.10) 1n a 

TaYlor aeries about dt = 0 we obtain: 

f(v1'Xl't)=f(Vi.'X1,t)+I~;iRidt + ~;iVl dt +~tl + 

terms of order (dt)2 . 
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Neglecting terms o f order (dt)2 and higher te~s we have 

3f 
3vi 

= o (3 . 11 ) 

This 1s the co illsioniess Boltzman equation expressing the 

time dependence o f the velocity distribution function. The 

first term, ~!, is the local variation of the distribu-

tion func t ion. The term 
3f 

vi 31Ci is the variation of the 

distribution funct i on resulting from ~lecules s treaming 

1 d R· ~ i s n an out of a given volume element. The term i aVl 

the variation of the di stributi on f unction resulting f rom 

the external forces act i ng on the molecules. 

The distribution function will always vary as a result of 

col lisions between the mol ecul es of the gas. we can include 

this variation by writing a col11sional term on the right 

hand side of equation (3 . 11). Thus , 

(3 . 12) 

The form of .this. collision term has to be determined. For 

a gas of low den s ity, where binary collisions only need 

to be considered , _thi s collision term can be wr i tten as an 

integral known a s the collision integral. 
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1.1.2·The Collision Integral 

af The term (ar)eoll which appears on the Boltzmann equation 

represents the time rate of change of the distribution 

funct ion , f due to collisions of the ~lecules with each 

other . An explicit expression for this term can be obta~ 

ined by considering the statistical nature of the binary 

coil lsions. 

Por a given distributi on function at a specific time t, 

there will be a certain namber of ~lecules with veloc~t±e6 

in particular regions of the velocity space. That is, 

there will be a cer tain number of molecules per 'uni t volume 

f(v/) dc
A 

with velocities ViA in dcA• 

which we write as tA d~. 
Th1s number 1s 

I f as a reeul t of co111s10n, 
A - .A 

t he velocity of a molecule changes trom v 1: to Vi ' then 

we Will say that the molecules have been knocked out from 
A -A 

the velocity element de into the velocit y element dc 

L t ·n - B e Vi and vi be the initial and fi nal ve locities of a 

molecule that collided with the above mentioned ~olecule 

respectively. That is , to say this ~lecule wa~ knocked 
~ -

from the velocity e lement deB into the velocity element 

deB. 

Now in order to calculate (af) we need to determine the 
at coll 

net gain of molecules wi th velocities in a certain velocity 

element due to collisions with~leeu les of all other 

velocities, taking as our typical ~lecules those with 

velocities vi A. 
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:PIG. 4 REPRESEN'l'A'rION 0'1 COLLISlOll aE'l'UiII . I 
MOLECULE A AlW 1I0UCllLIi: 1I ...... - _ . ... 

--
Represente.t1~n of _a collision between 1l'IOlecule A and 

lIlolecule B. 

consider first the collision in which molecule. are knocked 

Out of the velocity el~ent d~ • The collision occurs 

between molecule A with velocity in dc
A 

and molecule B with 
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velocity in de as shown in Figure 4. The number of mole-

cules per unit volume with velocities in deB 1s 

fIV1B) deB or fBdeS and the relative velocity between 

the two molecules is g. 

Let T be the nurr~er of sllch collis i ons occuri ng in the 

time interval dt. This will be equal to the number of 

molecules with ve l ocity componetts 1n deB which at a cer-

ta1n 1nstant of t ime 11e 1n the ~olume element p dp d~ 9 dt. 

Since the number of molecules in deB 1s fBdeS , it follows 

that, 

T = fB deB p dp d~g dt. 

This 1s the number of col lisions occurlng 1n the time dt 

b B A etween molecules 1n de and a s ln91e molecule 1n de . 

Since the number of molecules 1n dcA per unit volume is 

~ dc
A 

and each one makes T co1lis10ns with molecules in 

deB 1n the time dt , the total number of such collisions 

is 

[3. 13) 

In order to 9dt~the total number of ~olecules that enter 

into collisions with all molecules 9f all velocities in 

the time dt, we m~9t integrate equation 3 .13 with respect 

to deB, dp and d~. Defining this quant1ty by "out' (mole-

CUles knocked out of deAl, we have fram equation 3 . 13 

"out" = dc' A B d d B n dt r f f 9 P dp ~ e • 
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Now let us consider a collls10n in which a molecule enters 

A de . For each 

molecules get 

of th~ 30 called 

qd from dcA 
knock 

direct encounters 

and deB in to dcA 

in which 

and deB, 

there 1s an inverse e ncounter in which molecules get }cnoc-
A ·s A B 

ked from d~ and de intd de and de . Thus , for an inverse 

"lsider ViA to encounter we can co be the pre collis ion 

velocity of the mo l -cule wh1 ch, after col11sion , has its 

velocity in dcA, We then calculate as before the number of 

collisions iT bet weeP molecules with 

dcB , so that the r!',latlve speed 1s 

velocities in deA and 

9 The result is 

p - A 
Since each of the r de mol cules per unit vo11lll)e in dcA 

makes T collisions I"ith moleculoG in deB in the time dtr 

this collisions between molecules 1n 
the t otal number of 

d
.A i ',) deB is 
c and molecules 

P dp d~ dt (3. 15) 

-ler of molecules that emerge from a 
Thus, the total nmW 

"Y integrating equation (3.15) • Denoting 
collision 1s found 1 - .. 

" thi s quantity by "11' 

have, 

"In" = d c;A dt 
fA 

f 

A 
(mQl~cules get knocked into dc ) we 

(3. 16) 

c ules is the difference between equa­
The net gain of mol( 

, tion (3.14). 
tion (3.16) and e qu' 

·1 
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'(~ qet. 

. ~ '1 - de"' n H_[A ( 5 ) q I P (p d (3.17) 

i ~ .he rate of chdnq£> of fA duL' to collision. 

of mol€cules per unit volume with velocities in 

t I,egginning of dt is f A dcA.. The number of mole-

unit" volume with velocity i n dc
A 

at the end of dt 

( ~fl1. I A ~t leoll ct de . Thus , the net galn of molecules 

[3 .18) 

il. d x:lvin1'3 this equation wt? have considere d ViA to be the 

V oc ty of our typical fQC"lccule. lo-'€, might as well have 

"tl aT' w~]O(~tty Yi' 1n thi s casc f(Vi
A

) -"" fA would 

e , \ 
f 'nt quatl.,)n (3. t8) would be written as 

(3.19) 

" t' 'j ~ 19) w'" ,";10 writA thl" Boltzmann equation 89 
• -.IIJ<:,... rr."I \-. , . 

d (3 . 20) 
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The Eguilibriwn Solution of the Boltzmann Equatlon 

The equilibrium solution of the Boltzmann equation is 

used to mean the expression for the velocity distribu-

tion function that satisfies the equation when there are 

no external forces nnd when interparticle collisions no 

longer cause any change 1n the dletribution. 

Consider a collision between two molecules A and B. Xf a 

fUnction $ of molecular velocities 1s associated with each 

molecule and if the sum of the ~·s for the two molecules 

15 conserved during a collision, then ~ is called a summa­

t ional invariant. ThUS, ~ has a property that, 

(3 .21) 

l'he t otal energy and the components of linear momentum are 

conserved during a collision. That 15, 

l; M 
(3 . 22) 

a nd 
8 8 + M8 v-

1
8 

M V
1 

+ M Vi = M Vi 
(3 . 23) 

are summational invariants. A 

numerical constant Is another summational invariant. 

four equations giving the six 
Equations O.22)and O.23)are 

_ B - B d - B intermS of VI' v2 ' 
quantities «1' v2 ' VI ' v2 an v3 

and 
Thus, solving these four equations 

two 
unknowns to be determined. 

in six unknowns leaves 

geometriCal unknowns required 
However, there are two 

to 
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specify the collisions completly - p and ~ in F1g.4. 

Knowi.nq t hese the problem 1s determined by equations 0 . 231 

and (3.2 4 ! mhus, any other summational invariant cannot be 

i ndependent and must be a linear combination of 

(3 . 24) 

We wish to determine the form of the distribution function 

for t he case of a un i form gas ,3..! .:z:: 0) on which no exte­
\) x 1 

rnal forces are acting. The Boltzmann equation becomes : 

(3.25 ) 

solution - that is a 
Fo~ equilibrium or 

solu~ion for which 

steady state 

af_ _ - 0, for 
at 

equation (3.261 · Th1s requ-

ires t hat the integral on the right hand side vanish. 

Clea l"l y this integral will vanish if, 

(3.26) 

2 ) 
. a necessary and sufficient condition for 

Equation (3. 6 1S 

express1on(3.lS) t o be zero 123 1. Taking the natural loga-

r i t hm of equation (3.26), we obtain, 

- - -B L f + Lnf
B 

Lnf+Lnf = n 
(3.27) 

d (3 21) see that Lnf must be 
Comparing equations p.27}an . we 

a srunmational invariant. Thus, 

a line a r combination of ~(l), 
e quation (3.22).That is, 

as we have seen, it must be 

~ i2) and ~(3) given by 



~, -

3 
• (n) ¢ (n) Lnt = E 

n== 1 

= a (1 ) 4> (1 ) + . 1 (2) 
~ i 

(2 ) _ .(3) ~ (3 ) 

= • (1) + .1 (2) MY! - a(3) ~ MVj Vj 

where a t (2 ) is a vector having t hree coroponets . The' sign 

of t he constant a(3) is t aken negative tor later convenle-

nee. Summing over repeated indi ces gives, 

If v;e write 

or 

L i 3 ) ~!(v 2 + v 2 + v 2 ) , 1 2 3 

= 

+ 

" 1 (2 ) 

--;;n) 

"3 (2) 2J 
+ (v3 - ~)) 

= 8 1 ' we obtain , 

f = " (0) 

(3 , 28 ) 

The f o rm of f give n 
t10n (3 28) 1s known as t he 

by equa . 

There are five arbitrary constants , 
ma xwellian distribution. 

(0 ) " (3) d 5 wh1ch must be det erm1ned. 
a , , 13 1 , B2 an 3 
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3. 5 Tho '1axwelllan Distr ibut ion 

The maxwellian distribut ion of partic l e s give n by equation 

tJ.2 3) is the most important ve l oc ity dist r ibution in plasma 

kinetic theory . I t is the distribution of a set of parti­

cles in co111sional equilibrium with themselves. Under 

this conditions a temperature ~ay be properly assigned to 

the 9as a nd the various thermodynamic properties of the 

qas may be discussed . When this condition 1s not fulfilled, 

that i s to say, when the external forces are too strong to 

be masked by col11s10ns , the ther.modynamic properties can­

not be properly applied to the gas. I n such a case it may 

be a ver y di f ficul t problem to solve the 801t~ann equation 

for the d istr ibution f unction. It is therefore important, 

in plasma problems to know when the particles posses a 

maxwell i a n veloci ty di stribution or when such a distribution 

may be a 900d approximat i on . 

In or der t o determine t he five arbi trary const ant s in 

eq uati on (3.28), l e t us ~ake t he following change of 

variables . 

°1 
= Vi - 62 

U2 
~ v2 - 62 

°3 
= v3 - 63 

Then equation (3 . 2 8 ) becomes 
2 2 21 

a (3) 1 U1 "'U2 "'°3 
e f 

(3 . 29) 



"'hl.O! "'ecln 'l alue of any function "as w given as , 

N <: > 

so thctt, 

Let p = in equation (3.30 ) I then 

a (0) 7 u 
.., 1 

-0. 

(3.30) 

(3 . 31) 

Since the f i sst integral is the integral from _OIl to • of 

em odd f unc tion u
1

' <til > .... <vl - 51>'" <v?,-Bl - 0 and there­

f o r e I Al = < v I > is the xl-component of the mean velocity 

o f the gas. In a similar manner we can show that 13 2 .:: < v2 > 

and B3 ":::::1 <v
3

'" so that we can write, 

where VI ' V2 

velocity Vi' 

wr i tten as 

U
3 

:=: v3 - < v3" ::: v ) 

h components of the peculiar 
and V) are t (l 

The maxwellian distribution can thus be 

(3.32) 



+ 
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by using N <~ > = ! 4t fdv and transforming to spherical 

coordiI_ates, where ViVi = w2 and then by l etti ng •• 1 

ilHd = m 1 V1/2 respectively, we Clln determine a {OJ and 

(3) 
~ . The ~esult is that equaiton (3.32) can be written as , 

(3.33 ) 

Thus , we see that fo r a given number density n, mean 

velocity < vi> , and temperature T, there is only one 

possible equilibrium distribution ot mol ecular velocities 

and that any di ffe rent distribution will tend to approach 

this distribution in the absence of external forces. 



CHAPTER 4 

PI T1 01' OF ENTRAINING CURREN"'S • BY A SLOWLY VARYI NG 

AHPLITODE WAVE 

4.1 Succ~ss1ve Approximation of the Distribution Function. 

'rt.e t valuation o f the current dens ity, energy density and 

~nergy flux densi ty 1s carried out by means of the kinetic 

theory. The kinetic theory treatment of plasma is based on 

t he Boltz~ann equation and Max~ell'9 equati ons . Since the 

s olution of the Boltzmann equation is difficult , some 

approximation procedures are necessary. For rarefied plasma 

when collision between particles are negligible the colli­

s10nal term in the Boltzmann equation can be set equal to 

7. pro and we get the Vlasov equation . The velocity distri­

b ution funct ion can be determined by successive appr oxi­

mation t~ any desired degree of accuracy . The successive 

approximations are given by: 

and 

1 1 nO n-1 etc. , where 
are respect1 veli proportiona to n, , 

n is the n,l!I1ber density of the particles 1221. 
Hence , the 

i 
become relatively more 

later terms in the approximat on 

dens ity 
decrea ses . When the density of 

important as the 

bl
e with that of the atmosphere near the 

the gas is compara 

f
(r) in ! decrease rapidly as r lncreascf 

ground, the termS 
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.m d { (OJ + f ( l ) i s suf fic ient good approximation t o f 

for most purposes. In rarer gases, naturally , the l at er 

t~rrr.~ are r e l a tive ly mor e impor t ant, so that some purpo­

ses i is worthwhile to dete rmine t (2) 1221 . 

Conside r a homogeneous , isotropic and electrically 

neutra l pla sma . There is no constant fleld which can lead 

to aniso tropic electr omagnetic properties and also there 

i s no orderly motion o f charged particles which can gene-

rate current and bring about non-homogeneouse dlstribu-

ticn of particles. Under this conditions , the distribut ion 

function doe s not depend upon the coor dinates but depends 

only upon the a bsol ut e value of the impulse of the external 

wa ..... e . Fo r this case I t he distribution functi on can be ex­

panded 1n power seri e s and our treatment will be limited 

upLo the second order approximation. Thus, we can write 

the dis tr1~ut1on function as : 

• ~ .. (· ~ l 

f (p~ r· t ) = f (p) +f
1 

cp,r,t l +f20 p,r,t 
a " Oct (l 

(4.11 

• where t oo (p) 
is t he distribution of a- sort of particles 

.. .. d 
f1a (p,r,t ) an 

in the unpertubed state of plasma and 

f
2a

{p ,f,tl a r e small additional terms 

func t ion. 

to the d1stribution 

The Vl d.sOV for r aref ied plasma 1s given by 
equation 

af + V 
at 

1! ==0 
ap 

(4 .2 1 
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+ v. o (4.3) 
ot 

+ v. = o (4.4) 

When equations (4 . 3) and (4.4) are integrated in a moment 

ard 

• * 
1 2 P"t)= 

t r dt ' 
to 

x 

±-+-+ 'af l + + ... ,,(r-v (t-~') ,t' I . -:;-Ip,r-v (t-t') ,t' I 
ap 

x 

l4.5) 

(4.6) 

No\« let. us consider the electric field of the wave whose 

amplitude varies slowly with time a5 

E(t 
E -at 

.... (4.7) 

t) = (1-e ) cos (wt-k.r) 

- 0 

where 

Eo is the amplitude of the wa\Te 

.. is the frequency of the wave 
w 

it is the wave vector and 

is 
the value characterizing 

the rate of 

a 
amplitude growth of teh ~8ve in 

the plasma. 
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At a time , t = 0 the electric field given by equation 

(4.7 1s equal to zero, And 

f (+ -+ ...,. -to 
1 p,r,t) ~ f 2 (p,r,t) = 0 

and ween t» l/ a 

E(t,t) = Eo cos ~ ~ 

[J.Jt-k .r) • 

If equation (4 .7) is sutstituted into equations (4.5) and 

~ . 6) we obtain: 

~ ~ 

f1{p,r,t) 
afo t -+ ~at ... -+ ".. • I 

= -e-J dt'E U-e )coslwt-x.r+x.vlt-tl) 
ap 0 0 

(4.8) 

and 

at 
t -t ,.~".~ I 1 

= -e Jdt'E (1-e a )coslwt'-K.r+k.v(t-t') .-
o 0 ~ 

(4.9) 

If the cosine term in equation (4.8) is written in complex 

form that ie, i n the form of 

we get 

e
ta -1a 

e _-.-:+::...!e,­
cos a == - 2 

af t -at f 
~ J dt' (1-e ) 
av j 0 

x 

I .• ~ .. ~ I 
I~i wt'-k.r+k.v(t-t') 

++++( t')1 -il wt'-k.r+k. v t- I 
+ e 

After integration we obtain 



- 50 -

~ 
ilt I4 ... ,. ... 

f I I , ) 
e 

2m 
e w -k.r+k.v(t-t') I 

i (w-u) I~ 

- i 
+ e 

- t'+i I -+... -+-+ e a lilt -lk.r+1k v(t-t l ) . t 
.. .. I 

-a+ lw-ik.v 0 

e-~l;1 twt ' -lk.v(t-t')+lk.~ 
+ It .. .. 

- -iw + ik .v 0 

af o 
.. .. .. ........ 

- e E 
- 2m oj av;-

eiwt- ik.r_ e - ik •r +ik •vt 

i n 

. .. 
ttlk: . r 

.. -+ -+ .. 
+ eik.r-lk.vt 

1 n 

-+ .. +-+ .. + 
e- t+lwt-ik.r e-ik.r-ik .vt 

+=-----
-y + 1n 

where n = w 
.... 

- k.v 

-0 + in 

+ 

1'-+ -to ... 
e - ik.r+1k.vt .. ~ 
-a+!w-ik.v 

~ ~ 

-at-iwt+lk .r 
+ e 

• + in 

After some rearrangement we errive at the following expres-

slon for 
.. .. 

f1 (p.r.t). 

f .. .. l (v ,r ,t).:c - e 
2m I 

-at 
{ e 

+ 
(a-ill) _ .... t 1 

e~ - + 0 
(12+0 2 

-i I li x 

~ .. 
-iwt+ik .r 

e 

. \ 

• I 

i 

I' • .' , 

., , 



.~ 

" 

I 
.J 

)1 

, 
• 

I 

.1 -

+ 
~ + ... 4-

1 eik.vt-ik,r r '1"') 
10 

n (a+1 'ii) 
-+ -+ ...... 

e- ik •vt+1k.r } 
14.10) 

The inteoration of equation (4 . 9) 1n a similar manner and 

us ng equation (4.10) yields 

. ., 
f

2
(v,r,t} (4.H) 

whicl> is the addi tional term to the distribution function, 

and 0 is given by 

1 1- e-Clt+l -2at H nt 1 _ e - at+iOt_1 I 0 e -1 e -+ 2a in a-iO 
-i01 a 

e-at+l 1 I-~ a 

+ 1, l.l( - Wt+ n in e 

+ 
e -2at_l e - lnt+l -at-1r.t 1 e -

+ W a+H2 20 

The expression for 0 c an be simplified to yield 

2 nt lia sin nt) { (l-e -at) + 2 (-1 + cos -

(cos nt-I) 
(4 . 12) 

D has the sense Of diffusion in velocity 
of coefficient 

Space 171 . 
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The expression for 0 in equation 

in tw li~lted cases: 

4.12 

a) w n ~ < J nJ 

o ,..!. 
n' 

or Jw/k - v" J >«/k 

J (l-e -at), J ,..!. 
n' 

For this case the resonant particles 

b) if 0' < a' or J w/k - vnJ < «/k 

can be simplified 

(4.13) 

can be neglected. 

«' - 2-(coo nt-l) J 

n' 
(4.14) 

In the interval IUI/k - vn I < w/k, the resonant particles 

must te taken into account. 

4. 2 Evaluation ot the current density, energy density and 

energy flux density. 

In this section, the average velocity, current density, the 

energy density and the energy flux density are calculated 

by the second order approxtroation without taking into account .. 
the resonant particles. 

+ + - 1 111+ .,. 
< v (r. t) > % - J v f2 dv N_ 

~.,. a 
E . J v .,...-
0) J» OY 1 

(4.15) 
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After sub~tituting for D from.. equation (4.13) 

- . <v(r,t) , = 1 ( e )' E 7. a N 2m OiEoj _ v 6V
i 

using the definition for the change of longitudnal dielec­

tric permi ti vi ty due to the electrons that is, 

<» .. 1 -ato d"V f ex --) 
n oV 

the exoression for the average velocity can be written in 

th~ f lowing form: 

•• < vtr,t) > = 
o -.~£ 

oW e 
(4 , 16) 

seen that the average velo­
From equat i on (4 .16), it can be 

city is different from zero for longltudnl11 waves and for 

this case 1s can be written as; 

i n by: The average curr~t density is 9 ve 

<j(r,t»':= eN<Vft(t,t» 

and after using eg. (4.17) we obtain, 

.... 
<)(r,t) > = 

~,,1~12~te 
16. rn 

(4 .17) 

(4.18) 



• 
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This expression 1s similar w1 th the results obtained in 

the framework of quasi-linear t heory 181 . Also it is 

necessary to note that equation (4.17) was obtained in 

the lim! t as t .. 00 but, tor a finite time interval it 

is necessary to take into account the factor (l_e .. at)~ in 

the expression for coefficient of di ffusion which was 

used for evaluating the average velocity. 

The energy density w{r ,t) 1s evaluated as follows,: 

+ <w{i,t) > = 

m 1 
'2nI 

(I) a ifo + 
(~)'E iE j /v'~(~)dV 

.em 0 0 GO {IV 1 j 

(4.19) 

integratin~ this equation by parts and using equatlon (4.16) 

we obtain, 

+ 
< w(r,tl> = 

(4.20) 

Polarization of the 
Taking into account the longitudnal 

be written as, waVe equation (4.20) can 

IE I' a '< - o e 
16"n 

(4.21) 

h the value This expression is similar wit 
obtained for the 

en Ginzburg 1161. ergy density obtained by 
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For the 'nergy flux density + 
g(r ,t) we have , 

- + < g(r,t) ;Io (4.22) 

integrating this equation by parts and using eq . (4.16) 

one gets the following expression for the average energy 

density 

-+ -+-+ 1 -+ -+ -+ 2. 2. 

+ + EoO< ·E) W K(K.Eo) W I 2.6.Ee 
g(r,t) > - + 

< 32 ~ k'N 16 'lJ k~N 1w 

+ + + + + -

I 
Eo(K.Eo}W 

+ 
K(K.Eo}W

1 6< (4.24) - e 
16 ~ k'N 8'1\" k\N 

For long! tudnal waves the e'xpression for the energy flux 

density can be written as, 

3IEOI'K.W' ~ ;< [4. 25) 

= 32' It' N dW e 

4.3 ~valuatlon of the Time 

~ Neglected 

whi
ch Resonance partic les can 

During 

particles can be cal­
The average velocity of the resonant 

coefficient of di f fusion 
CUlated using the value of the 

given by equation (4 . 26) 
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< VR r,t» = 

and using 

,,/k 
f 

- a/k 

v = v ' .. p 
- m 
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k v. -"c~o,,-s :,e,-,t:.:-~l 
e' 

T = - kv =- w 
" 

cos e t-l = cos 2a 6-1 -= ... 2 s1n2 aG 

,/k 
f 
o 

sin ' as 
e' 

1 
j(2 X 

x 

[4.27) 

Denoting the 1ntegral by I then, we can 

integ r ate I by parametric methods as follows; 

I = limit 

b 4 a 

B + 0 

a/1< ~ e 
f e 
o 

sin aO 
e 

.in be de 
e 

by di ffere ntiating with re spect to a the above express!n 

we get, 

dI 
da = limit /k 

b + a ~ e~e 
8 ... 0 0 

Using the following trigonometriC indentit1es 

sin Ca+b) 6 - sin(a-b16 = 

6 

2 coS 6 sin b.e 

e 



- 57 -

~ 

Where Vc 15 the velocity of the ~ resonant particles. 

< Ii (r t) > = 2 ( e), E 
R' - N 2m OiEOj x 

m ~ ~ a (...!. J VP. 317. (cos nt-l) 0) d~ 
~ ~ n' ~ 

2 
~ a£o 

= (f.;l' Eoi Eoj J .Ltcos Ut-l ) + 
N ~ 

dv 
6 n' 

Substituting the maxwellian dj,stributlon for one dimension 

= N (m/2wT ) 

and 

equation (4.26 ) can be written as 

a/k 
J 

- a/l< 

kv, 
cos Ot-l 

(w-kv, )' 

by making the following change of var iables 

and by 

(4.14) 

d! 
= e dv -1< w - xv = • • 

v = w/k p 

considering the 

we obtain, 

/rIm a = t/2 
vT = 

e 

O
f applicability of equation 

region 



Then, 

dI -da limit ~ 
b + a 

E1 + 0 

By letting a 

~ 

r 
0 

lalk -liB 
J e 
o 

+ ~ 

e -qx 
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sin (a+b)ed6 a 

and using 

sin px dx -x 
• -1 
"2 - tan p/q 

it can be evaluated to y1eld~ 

dI - = limit 
da b" a 

E1 + 0 

1 I " "2 "2 

= limit i 
b + a 

E1 + 0 

_ tan-1 ia+b) + tan-1 (a-b) 
Il Il 

Using I 
o 

-1 tan x ... 1 x tI 2 2 dx ~ x tan - ~ ~ log (a + x ) a a L 

The above equation can be lnte9rated to yield 

I = limit -
b ... a I~ t -1 (a+b) 

an - B 
- ~ log 6 ' + (a+b)~ 

E1 + 0 



I - limit 
b .. a 
8 .. 0 
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_I a+b t -1 a+b 2 an -.r-- (a-b) -1 a-b 
2 tan -g-

and after the evaluation of the limit we finally get, 

I = .. • 2 a , and since a = t/2 , 1= - ~ 

Substituting this value of I into equation (4,27) we get 

for the average velocity of the resonant particles the 

f ollowing expression, 

1 I W 
= 2 2 

IE I' o • wTl't 

t 4.8) 

From equa tion (4 . 28) we see that the average velocity of 
• • 

the resonant particles increases with time, whereas the 

average velocity o~ the non-resonant particles as given 

by equation (4.16) is independent of time. 

NOW, let U$ esttmate the time during which it 1s possible 

to neglect the contribution of the resonant particles in 



- 60 -

evaluating the current density produced by using waves 

with a slowly varying amplitude. From the condition, 

» + + 
< VR(r,t) > 

+ 
where VN.R_i~ the velocity of the non resonant particles 

we get the limitation on time. By using equation (4 .16) 

for the average velocity of the non-resonant particles and 

equation t4.28) for the resonant particles and after 

simplification we get, 

where 

Then 

"'L is the Langmuir 

&te 
w 2/ Wi = 

L 

2 
I. 

frequency 

and a 
3w 

for longitudnal 

&te = 2 wL
2/W

2 

equation (4.29) can be written as 

wt -< 2 I'l. , eVp2/2VT~ (VT /Vp) 
~ e 

(4.29) 

waves, 

(4.30) 

From equation (4.30) we note that on the right hand side 

there 1s an exponential large term and for a considerable 

time the current produced is determined by the non-reso­

nance particles. ~erefore, during the time given by the 

inequality of expression (4.30) the effect of the reSO­

nant particles can be neglected. 



- bl -

CONCLUSION 

In this thesis the .~chanlSffl of Qcneration of entraining 

currents with a slowly vary~ng illrplitude high frequency elec-

tromaqnetlc w~ve was considered. It was shown that non-statlon-

ary amplitude leads to the generation of er,training currents. 

And these currents are produced only 1f the wave is longitudinal. 

Using the Vlasov equation the qUAsi-stationary additional term 

t o the distribution funct on appearing in thp p~~ond order 

approx1Inatlon was determined. With the help of this term , the 

current density, energy density and energy flux density in the 

field of the l ongitudnal wave were evalua~ed. The formula for 

the additional term was investigated as when the resonant and 

non resonant parlicle:3 can be neglect.ed. That is when, 

~ < I '" - ~v 
11 

the resonant particles can be neglected and wh~n a > I w - KVl~ 

the non-resonant particles can be neqlectcd. It was shown that 

during the t~me determined by the ~nequaljty 

wt « 

the group of resonant particles do not play an important role 

in the production of entraining currents when a slowly varying 

amplitude h1gh frequency electroreagnet1c wave 15 applied to 

homogeneouse plasma~ 



- 62 -

The results are presented 1n te~s of the longitudinal 

dielectric permltivity ant its derivatives with respect to 

frequency. The above method of generating entraining currents 

may be used in a rarefied plasma when collision between parti­

cles are seldom. This method could be used 1n tokamaks to 

produce conti nuous toroidal currents, but it needs further 

investigation. 
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