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ABSTRACT

The generation of entraining currents in a homogeneous
plasma by means of high frequency electromagnetic waves, with
a slowly varying amplitudc arc considered., The treatment is
based on the Vilosov®s kinetic equation, from which quasi-
stationary additional terms to the distribution function with
respect to amplitude are obtained. Using the second order
additional term to the distribution function, the densities of
the current, energy and energy flux produced by the longitudinal
waves are evaluated. In this calculations only the non-resonant
particles are taken into account. The conditicn under which
resonant particles can be neglected is also investigated.
Results are presented in terms of longitudinal diclectric permi-
tivity and its derivative with respect tec fregquency. This work
is done with a possible application in a steady-state tokamak

reactors.
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INTRODUCTION

Plasma may be defined as a large coilection of approxima-
tely equal number of positively and nééati%eiy charged parci-
cles. Plasma has a tendency to be electrically neutral on 2
macroscopic level. Ionized gases are found naturally throughout
most of the universe except on the surface of the cold plahets,
such as the Earth, The study of the property of matter which is
highly ionized and where its properties are dominated by the
dynamic behavior of the free charges is usually referred as
classical plasma, The particles behave classically and the ioni-
zation is due to high temperature and low density. Quantum

plasma is used to study solids (metals, semiconductors) |1].

At present, one of the most important branches of plasma
research is in the area of controlled thermonuclear reactions,
The goal of this research is to generate energy by means of the
same reactione that take place in the sun, The fundamental pro-
cess is that the nuclear fusion of the heavy isotopes of hydrogen

into heljium, with the subsequent release of energy.

In order forﬁf%g reaction to take place, the reactants
must be heated to a.very high temperature (~10°%k) and must be
confined in some convenient device. Tokamaks are installations
which are used for this purpose. In these devices, the plasma
is heated by toroidal current which is produced inductively. The
charged particles are confined by means of the magnetic field
produced by the toroidal current and by externally applied mag-

netic field, The most commonly used method for driving plasma
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current in these devices is to induce a toroidal electric field
in the plasma by means of a time varying gagqatic flux. But
this method can not operate in a'ateaSy—state faeﬁicn; thzrefore
alternative methods capable of driving plasma current continu-
ously are desirable. Neutral beams|2|, heavy charged particle
beams |3,4| and various waveé | 5-8,20| ‘have been. proposed for
maintaining steady-state plasma current by imparting to the
electrons the momentum needed to compensate the resistive losses
or by making the resistivity asymmetric, Hence, the attractive-
ness of tokamaks as a theormonuclear reactors would be consi-
derably enhanced if it were possible to provide steady-state

toroidal currents in place of the pulsed ohmic heating current.

The main objective of this thesis is, to investigate the
generation of entraining currents by using high frequency elec-
tromagnetic waves with a slowly varying amplitude. The treatment
is based on the Vlasov equation, which is the collisionless
Boltzmann equation, The distribution function is determined by
successive approximation and using the second order approximation,
the densities of the current, energy and energy flux produced
in the field of the longitudinal wave will be evaluated. In the
evaluation, only the non resonance particles will be taken into
account. The condition as when the role of the resonant particles

can be neglected will also be investigated,
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CHAPTER 1

CONTROLLED THERMONUCLEAR FUSION AND TOKAMAKS

Thermonuclear Fusion:

The present revival of plasma physics is primarily due to
the experimental attempts to produce controlled thermo-
nuclear reactions. The continuous and rapid growth of
industry throughout the world raises demands on energy
which in the long run cannot be securely satisfied except
in one way: by the reliable control of energy that is
generated in the interior of the stars, and which in un-
controllable way is also released on Earth in the form of

thermonuclear explosions.

Apart from being a virtually inexhaustible source of energy-
considering that the reserves of deuterium in the oceans
are estimated to suffice for many million of years - ther-
monuclear generation of energy has several additional

advantages:

1. 8afe operation of the thermonuclear reactor;

Explosion can be virtually ruledout.

2. The extent of radioactive pollution is smaller than

with fission type reactors.

3, With controlled thermonuclear reactions taking place
in a plasma, thermal enexgy can be converted directly
into electrical energy by magneto hydrodynamic | MHD |

generators.,

L




The elementary processes resulting in the release of ther-
monuclear energy on a macroscopic scale is the fusion
(upon their collision) of two light nuclei of deutexium,
tritium, etc, into the nucleus of a heavier element, Here

are some of the most important reactions:

D+T He4 + n + 17.6 MeV

3

D+ D ca T *+ P % 4.0 MeV

# o % 3.2 MeV

The symbols D,T stand here for the nuclei of deuterium and
tritium (i.e,, hydrogen isotopes of atomic weights 2 and 3)
respectively, He3, He4 for nuclei of helium isotopes of
atomic weights 3 and 4, and n and P are a neutron and a
proton respectively. The number of MeV in each equation
indicates the energy released by the fusion of a pair of

nucleli .,

The process of nuclear fusion, like any elementary process,
ie defined by its effective cross-section which indicates
the probability of the process; on the other hand it defines
the size of an inpenetrable target area which one nucleus
represents to another moving nucleus, After the impact of
the moving nuéleus onto this target, both nuclei fuse, In

a plasma where th; particles move at thermal velocities, the
effective cross-section is a function of the relative
velocity of the reacting particles or in equilibrium state,

functions of the temperature.
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Givan the effective cross~section for the fusion of two
nuclel, for a given density and plasma temperature, the
frequency of occurance per unit volume of this reaction
can be computed. If we denote the number of reactions in
D-T by z , the output released in 1 cm® will be N=2x17,.6
MeV x se~l [9]|. At a given deuterium density, this output
rises steeply with the plasma temperature. The radiated
output likewise rises with the plasma temperature, though
somewhat more slowly, In the enerxgy balance this later
output figures as a loss, If the thermonuclear reactor is
to supply useful power, the output generated by fusion of
nuclei has to exceed this loss, Therefore, a specific
temperature limit Tm, called ignition temperature exists
for each total particle density n; above this limit the

reactor is capable of supplying energy |10,624,27|.

The criteria required for pulsed fusion reactors has been
derived by Lawson (1957) by considering the energy balance
in a reacting plasma of density n, which was heated instan-
taneously to a temperature T, and held for some time t,

- wpd

The criteria is given by the following formula:

nT> 1014 em™3 sec
Thus, inorder to produce useful fusion power it is necessary
to heat the plasma to a temperature of 10-20 KeV with a
number density of 1014-1015 cm™3 and confinement time about

one second |11].
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Some of the fundamental demands on a thermonuclear reactor

are the following:

- Of all the procedures aiming at the utilization of
energy released in the fusion of light nuclei, the use
of fully ionized high temperature plasma formed by

such nucled seems to hold the best promise,

~  The thermonuclear reactor requires a device which
permits the plasma to be heated above the ignition
temperature of the reaction involved, that is to a
temperature at which thermonuclear energy will be
released at a rate at least capable of balancing the

losses, mainly due to radiation.

~ The particle density must be relatively small; other-
wise the kinetic pressure p=nkT would exceed the tech-

nically sustainable value,

- As the enexgy loss due to Bremsstrahlung radiation inc-
reases with the square of the charge, the penetration
into the plasma of the elements that have a higher
atomic ;u;Ler must be prevented, Therefore, every ther-
monuclear reactor needs an ultrahigh vacuum pump which
permits the éhorough evacuation of the working space

before it 1le field with deuterium or tritium,

- Obviously no material used for the vessel containing the

plasma can stand the enormous temperatures that are
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required for controlled nuclear fusion. The plasma
must therefore be insulated from the vessei in order
to prevent it from being contaminated by materizlse
evaporating from the walls. An approach suitable under
terrestial condition is the insulation by means of a

magnetic field placed inside the vacuum.

- Using the MHD principle the energy released in the
thermonuclear reactor can be converted into electric
power. Heated by the thermonuclear energy released in
the reaction, the plasma expands and cuts across the
force lines of magnetic field confining it: an e.m.f.
is thus developed in a suitably placed auxiliary

windings.

The points listed above refer to the immediate requirements
only. There are several additional problems, connected for
instance with the expecéed copious flow of neutrons which
cannot be confined in the magnetic vessél, since they carry
no electric charge; there are problems regarding the sta-
‘bility of the reactor, etc. At present, research into
thermonuclear reaction is mainly concerned with methods of

heating and confining the plasma.

Tokamaks

Since the theme of the thesis is connected with the pro-
duciion of current in tokamaks, let us briefly discuss

about these devices. A plasma with a temperature of several
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million degrees has been sustained for some time in instal-
lations known as tokamaks, which are widely regarded as
the most promising potential fusion reactors, with a high

yield of temperature, number density and confinement time.

The name tokamak (derived from the Russian "toroidal -
chamber - magnetic") is applied to axially symmetric
toroidal systems in which the plasma is confined by a
strong toroidal magnetic field Bt, produced by an external
toroidal solenoid, together with a weaker poloidal field

Bp , produced mainly by a toroidal current Ip flowing in
the plasma itself. The main components of tokamak, together

with the toroidal and poloidal magnetic fields are shown

in Figures 1 and 2.

As shown in Figure 1, the main part of this device is the
vacuum toroidal chamber, with coils to produce toroidal
magnetic field By{. The chamber is filled with hydrogen or
its heavy isotopes at a pressure of 10°¢ - 10™° Torr. and
Serves as a secondary circuit of the transformer. Current

is induced in the plasma by the action of the transformer,
This current heats the plasma and produces poloidal magnetic

field Bp.

The combination of the two fields, that is, the poloidal

and toroidal magnetic fields produce nested toroidal
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magnetic surfaces composed of helical lines as shown in

Figure 3.

FIG. 3. TOROIDAL MAGNETIC
SURFACES IN TOKAMAK.

Equilibrium of plasma is produced by the poloidal field
whilst, the toroidal field serves to supress the main mag-
neto hydrodynamic instabilities, provided the main
safety factor g = a Bt/RBp 1is sufficiently large, where
a and R are the plasma minor and major radii respecti-

vely|12].

In order to produce fusion reaction between the nuclei of
light elements, the energy of the nuclei must be raised

to a sufficiently high temperature, such that they approach
each other close enough overcoming the Coulomb repulsive

barrier and it is necessary to confine the plasma for some
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time. The toroidal current which is produced inductively

is used to heat and confine the plasma.

Eventhough devices such as tokamak are considered as one
of the most perspective ways of thermonuclear fusion they
have some shortcomings.' As has been pointed out earlier,
plasma confinement in tokamak fusion devices is maintained
in part by poloidal magnetic field sustained by a toroidal
current. The current is usually driven by an inductively
produced electric field so that the tokamak operates only
in a pulsed mode and besides the magnetic field system is
one of the most costly item in this device. Therefore, it
was necessary to find an alternative method of producing
toroidal currents which can be driven continuously so that,
the tokamak will operate on a steady-state basis. Different
methods of producing these currents have been suggested

and will bé considered in the next chapter.

- il
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CHAPTER 2

PRODUCTION OF STEADY STATE CURRENTS

A number of methods for achieving non-inductive current
drive, all employing beams of radiation or particles have been
suggested., For the generation of steady state currents wifh the
help of waves, it was suggested to use different types of waves:
lower-hybrid, Alfven waves, ion cyclotron, electron cyclotron,
electrostatic waves, etc. Befcre considering the various methods
of producing steady-state currents in tokamak, let us briefly
discuss the different types of waves and the basic principles

for the production of current in a plasma,

2.1 Waves in a Plasma

An ionized gas is capable of a wide variety of oscillatory
motions, Considerable theoretical study has been given to
three particular types of waves in a plasma: electromagnetic
waves, hydromagnetic waves and electrostatic waves. The
analysis of these various types of waves is based primarily

on Maxwell's. equations:

V.8 = op/e (2.1)
3.2 = o (2.2)
Val = -af (2.3)
- SR 1) (2,4)

If we take the curl of equation (2.3) and differentiate

equation (2,4) with respect to time, eliminating ¥ x %% "




w15

we obtain the basic equation for electromagnetic waves,
i g 2
2 ¥ 9 32§
V- B -50/8 = l.l-g'%'l'auﬁz (2,5)

In general, under any given set of clrcumstances four modes
of infinitesimal wave propagation are possible at each fre-
quency, although the phase velocity of some modes may be
imaginary. The simplest situation is obtained when there is
no external magnetic field, The modes are then of two types,
electromagnetic and electrostatic., In electromagnetic waves,
the electric field is perpendicular to the direction of
propagation. There are two such modes, corresponding to the
two directions of polarization, I f the frequency is less than
a certain critical value, which is called the plasma fre-
quency, which increases with increasing density, the phase
velocity becomes imaginary and electromagnetic waves cannot

propagate in the absence of magnetic field.

The other two modes in the absence of a magnetic field are
electrostatic type, in which the current density 3 and the
electric field E are parallel to the direction of propaga-~
tion. In one of these modes the positive ions are essentially
unaffected éna only the electrons oscillate, These oscilla-
tions are called electron or plasma waves. In the other
mode, called posltive ion ‘waves, the positive ions and
electrons, generally move together; the inertia of the ions
determines the wave velocity, which is normally less than

that of the electron waves., In the absence of a magnetic
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field, the phase velocity of the electron waves becomes
imaginary for frequencies less than the plasma frequency,
while the positive ion waves don't propagate above a cut-off

frequency equal to (me/mi)% times the plasma frequency |13]|.

In the presence of a magnetic field, these four modes are
profoundly modified, but the number of independent modes
remains the same. The term hydromagnetic wave is frequently
given to the waves which arise in the presence of a magnetic
field at a frequency small compared to the cyclotron frequen-
cy of the positive ions, An Alfven wave is a simple type of

hydromagnetic waves |[13],

In analysing a dispersion relation, it is frequently helpful
to examine the frequencies at which the velocity of the wave
is either zero or infinity, The former are called resonances,
since these’ are the frequencies at which a plasma will be in
resonance with an applied oscillating transverse electric
field, The latter are called cut~offs, At a cut-off, a wave
is usually reflected, while at resonance either absorption
or reflection-may occur depending on the nature of the‘

damping process involved,

When a wave proPag;tes across a magnetic field, the extra
ordinary mode, which is partially transverse and partially
longitudinal, will have two resonance frequencies at the
lower~hybrid and the upper-hybrid, which are defined by:

z f—

“h1 Yeoe Yoi
& - 2 2

Wp 2 W+ Oog [13]
L
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I

where:
Wh1 1s the lower~hybrid frequency

@,, 1s the upper-hybrid frequency

mp is the plasma frequency
w,y is the ion cyélotron frequency
and
Weae 18 the electron cyclotron frequency

At the upper-hybrid frequency, only the electrons oscillate
and the resonant oscillations represent the joint influence
of the electrostatic and magnetic forces on gyrating elec-
trons perpendicular to both the magnetic field and the wave
front. At the lower-hybrid frequency, electrons and ions

oscillate together.

Generation of Steady+“State Currents

Plasma currents driven by traveling waves were first obser-
ved by Thonemann, Cowhig and Daveport in 1952 |8,14|, In
principle any wave with a net momentum can generate a
current via any damping mechanism, caused by the charged
particles in the plasma, The process of producing current is
based on the transition of momentum 6f the wave to the elec-
trons and ions in a plasma, This mechanism can be explained
using the single particle cold plasma model, In this model
only the motion of the electrons in the field of the high

frequency electromagnetic wave is considered,
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The equation of motion for the electrons is given by:
av &#r
Illa-i:. e ma'Eg = e E (2a6)

Taking the electric field of the plane mono~ehromatic wave
as: y

E (Z) =% cos (ut-k-¥) (2,7)
and neglecting the variations of this field on the amplitude
of the electron oscillations, by substituting equation (2,7)

into equation (2.6) we get:

4

=

eﬁo cos (wtrk+T) (2.8)

-
solving for T i

eﬁo sin (mt-i-g)

mw

Hed

(2,9)

From equations (2.8) and (2,9) the work done per unit time

by the wave is obtained as
_ e 2 BN <
eE.f = o |Bgl? % sin 2(ut K.x) (2,10)

From equation (2.10) , it follows that the average work
done by the wave is equal to zero. Therefore, there is no
regular interchange of energy between the wave and the
electrons, In'orderhto change the avarage energy of the
electrons, it is necessary to have a phase difference bet~
ween the velocity of the electrons and the field different

from m/2 , This can be achieved by using different methods.
\
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a) Scattering by free charges,

If an electromagnetic wave falls on a system of charges,
then under its action the charges are set in motion,
This motion inturn produces radiation in all direéﬁiona;
there occurs, we say, a scattering of the original

wave. The scattering is most conveniently characterized
by the ratio of the amount of energy emitted by the
scattering system in a given direction per unit time, to
the energy flux density of the incident radiation, This
ratio clﬁarly has dimensions of area, and is called the

effactive‘scattering cross-section. ]15,26].

The occurrénce of scattering leads, in particular, to
the appearance of a certain force acting on the scatter-
ing particle, One can verify this by the following consi-
derations, On the average, in unit time, the wave inci-
dent on the particle loses energy c<w> ¢ , where <w>
is the avetage energy density, and o¢ 1s the total
effective'scattering crogs—-section. S ince the momentun
of the field is equal to its energy divided by the velo-
city of iight, the incident wave loses momentum equal in
magnitude to <w> ¢ , The momentum lost by the incident
wave is absorﬂéd by the scattering particle, The average
force acting on the particle is equal to the average

momentum absorbed per unit time, 1i.e.,
<f> =g<w»n (2,11)
where 1 is a unit vector in the direction of propaga-

tion of the incident wave.,

s
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The scattering cross~section is given by |16]

b) Collision of Particles:

When: electrons collide with the neutral atoms of ions
an average force acts on the electrons which is given
by (17|

e2(k.B) uﬁo

C?) = (_2.12)
2um(w? + v?)

where v 1is the collisional frequency., From equation
2.12) , it is seen that the average force is different
from zero for longitudianl waves and is directed along
the propagation of the wave, Steady-state current is
produced if the average force acting on the electrons

as given by equation(2,12) is equal to the force of
friction which is given by Mvv . And when ww current

does not depend upon the frequency of collision,

c) Interaction of incident wave with resonant particles:

i

When the velocity of the electrons is close to the phase
velocity of the wave, it is necessary to take into
account the dependence of the electric field upon the
coordinates in integrating the equation of motion of the
electrons that is, equation (2,6) . In this case, regu-
lar interchange of energy between the electrons and the

wave takes place and the current produced by the electrons
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b

can be evaluated using the kinetic theory of plasma.
The generation of current is connected with the
actions of a practically constant electric field which

acts on the resonant electrons. -~

The resonant coupling between the wave and these elec-
trons which are moving with approximately the same
velocity as the phase velocity of the wave is known as
Landau damping |18| . Particles moving slightly faster
than the wave will decrease their average velocity to
the phase velocity of the wave through resonant inter-
action and transfer their extra kinetic energy to the
wave. Particles moving slightly slower than the wave
will be accelerated and absorb energy from the wave, : 5
the distribution function decreases with increasing
velocity damping takes place, since there will be more
slow particles to absorb energy from the wave than fast

particles to transfer energy to the wave.

Non Homogeneouse and Non Stationary Waves:

If the wayg changes its amplitude, then, there will be
a phase difference between the field and the velocity
of the dscillqtory particles which is propagational

either to the gredient of the amplitude %% or to
the time change of amplitude % ;
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.3 Methods Employed for the Generation of Steady~ State

Currents in Tokamaks

In this section the various methods proposed for the pro=
duction of continuous toroidal currents in tokamak wikl be
considered. These methods use either waves or beams of
particles to produce steady-state currents, For the case -
of waves, the main idea is, net toroidal momentum ia deli-~
vered to one of the species of the plasma, usually the
electrons, from an external source, The momentum absorption
by a particle leads te the production of current, In the
other case, many systems for the production of high, energy
intense directed beams of plasma electron, iomns or névtral
atoms are used. These beams are injected into a specially
prepared region of plasma confinement where ionization of

the neutral particles present can occur.

Fisch |5| has considered the production of continuous
toroidal currents by means of radio frequency (r f) waves,
These waves which can be injected continuously, have a net
toroidal component of momentum, S0 that when absorbed by -
electrons, a force is exerted that drives a toroidal
current, For practical employment in a reactor, the power
required to drive the current must be a small fraction of
the fusion out put. Since all types of waves do not incur
the same power dissipation, in searching for the most fav-
ourable wave, we must consider not only the ease with which

the waves can be excited, but also their individual power

requirements, There are two types of waves that are
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attractive in terms of minimizing the power dissipated

for a given current generated, namely low and high parallel
phase velocity waves. The former region of subthermal

phase velocity was suggested by Wort |5| and it is attrac-
tive, because in this region waves have a higher momentum
content per unit energy., In other words, whereas the momen-
tum in a wave is proportional to its wave number k , the
energy carried by the wave is proportional to its fregeuncy
w, so that waves with low w/kz have a high parallel momen-
tum content. (K, is the wave number in the toroidal direc~
tion) . When the energy of the wave is absorbed by the
electrons, the momentum absorbed is proportionaly higher,
Wwort envisioned the use of substhermal phase velocity, low

compression Alfven waves to achieve current generation,

The alternative approach of using waves with high phase
velocities was pointed out by Fisch |18| . Although, these
waves have little momentum content, their momentum and
energy are absorbed by fast electrons. The electrons that
carry the current are relatively collisionless and so
retain their momentum longer than the thermal electrons,
which carry the current when low phase velocity waves are
amployed. The relative infrequencylof collisions encountered
by the current carriers compensate for the dearth of momen-
tum in the driving waves., This approach was originally
envisaged employing the lower-hybrid wave with phase velo-
city parallel to the magnetic field several times the elec-

tron thermal velocity. Successful attempts of the production

e
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of current by using lower-~hybrid waves were reported by

Jobs, F, etal |19].

The production of current by ion cyclotron waves was con=
sidered by Tajima |6|. In this method the plasma is 1r;adi-
cated by electromagnetic.field in the ion cyclotron range
of frequencies. Some of the attractive features of the

ion cyclotron heating are:

- the low frequency of this scheme means that high power

technology is available for wave generation,

- it would heat the plasma ions directly by either
heating the bulk distribution or producing energetic

tails which are more active,

- ion cyclotron heating might be an alternative to the
expensive neutral beam heating,in terms of good

penetration to the centre of the plasma,

In the works of Karney and Fisch |7| the generation of
current by means of electron cyclotron wave absorption

was considered. These waves are employed to generate toroi~
dal current ﬁ;éély by heating selected electrons, and
interestingly without directly injecting substential
toroidal momentum to those electrons., The effect of cyclo-
tron heating is to increase primarily the perpendicular

component of the velocity of the resonant electrons, The

velocity increase lies in this direction because the waves

have very little parallel momentum content compared to the

energy content, SO that when the wave 18 absorbed by the

[
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electrons, the electron energy increases, but by momentum
conservation, its parallel momentum barely increases, That
the waves themselves have little momentum content to imput
to the electrons is a consequence of the supernliminedbae
parallel velocity. The energy in a wave is proportional

' to the frequency while 1ts momentum is proportional to
the wave number k, and since w/k, >c the wave possesses

little momentum .

Toroidal currents produced by means of electrostatié waves
was considered by Kenematisu Rato |8|. In this work the
general formula which gives the current dengity generated
by an electrostatic traveling waves was derived in the
frame work of quasi-linear theory. For the case of high
frequency electrostatic waves, in which the ion motion can
be neglected, 1t was shown that no net plasma current is
produeed bybthe wave particle interaction. H ere, the wave
momentum is defined as the momentum of the non resonant
electrons. Wher. the wave is attenuated or growing, momentum

is exchanged between the wave and the resonant electrosn.

If the momenthﬁ'of the electron distribution function,

which is the sum of the wave momentum and the momentum of

the resonant electrons is initially zero, it must still

vanish after the wave has damped out. Not only the reso-

nant electrons but also the nonresonant electrons contri-

bute to the current sO that the currents generated by them

cancel each other. And next, by congidering low frequency



iy A T

electrostatic waves, in which the motions of the ions are
taken into account, it is shown that plasma current is
generated not by momentum exchange between the electrons
themselves but due to the momentum exchange between the
electrons and the ions.But for the case of electromagnetic
wave, which has field momenta as well as particle momenta,
as the wave decays, the field momenta is converted to
particle momenta therefore, even if the jons are considered
to be immobile, the electrons gain momenta 8O that a plasma

current is generated.

Manheimer and #insor |{3| consldered the possibility of
injecting intense pulsed ion beams into tokamak plasma
inorder to heat the plasma and mantain the current, In
order to accomplish these objectives, geveral obstacles
must be overcone. First, the ion beams must be produced;

second 1t must be injected into the toroidal chamber, third

it must deposite its energy i{n the plasma. The ion beam is

| injected into a partially formed plasma and is trapped and

the remaining plasma is formed around it, Once the beam is

f trapped in the torus, the next question is coupling it to

the plasma.,BY properly choosing the beam and plasma para-

| meters, the energy of the beam can be absorbed by the

‘ plasma in a confinment tipe or less.

The production of steady-state current by high energy

a-particles produced by fusion reactor was considered by

B harda and Chu |4]|. The jdea is to use r f power to prohi-

g from glowing down {sotropically and to

bit the a-particle

s —
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push the a-particles in a preferential direction and thus
form an a~particle beam., The a-particle beam will then
transfer momentum to the electrons and thus sustain plasma

current.

A basically different approach was proposed by Fisch and
Boozer |21| in which no net toroidal momentum ig injected,
but the collisionality of plasma is somehow altered so that,
for example electrons moving to the left collide more fre-
quently with ions, than do electrons moving to the right,
There would result a net current with ions moving to the
left and electronz moving, on the average to the right, The
means suggested for achieving this asymmetric resistivity
is selective heating of those electrons moving to the right,.

The electrons being hotter naturally collide less.,

In this thesis, the mechanism of generating entraining
currents‘hy using high frequency electromagnetic waves

with a slowly varying amplitudes is considered which is a
basically different approach from the above mentioned works.
The current density, energy density and energy flux density
which are pro&uced by the passage of such waves will be

evaluated using Vlasov's kinetic equation which is consi-

dered in the next chapter,
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CHAPTER 3

PLASMA VINUTIC THEORY: THE BOLTZMANN EQUATION
Kinetic theory attempts to explain the macroscopically

observed phenomenz of gases by considering the forces of inter-
action between the moleculcs of the gases, Free atoms, ions and
electrons are considered merely as special types of molecules
|22, If at some instant of time, the position of each molecule
of the gas and the forces that acted on each molecule, are
known, the subsequent motion of the molecules can be determined
in principle by classical mechanics, But it is not possible to
get detailed information of the molecules and even if there is,

the problem will be +oc difficult and time consuming to solve,

An alternative aporoach to the problem is through the meth~
s of statistical wechanics. If we consider a box of gas contai-
ni
g n, moleculen at some instant of time, the three components

of
Tomentum and the three components of position of each molecule

are
given by - the entire gas at that instant

2£ 6n numbers,

of

tine 15 represented bv a single point in the 6n dimensional
pha

%€ Bpace. I we coneider again a box of gas which may be the

same
box as considered previonsly, but at some later instant of

time
1t can e represenced by another point in phase space. 1£

the
Process is continued until all possible states are consi~

ﬂered
' the totul . iher of points in phase space will be the

®Mt number of dynamical states of the particular ki

eae
¥ POints are said to form an ensemble of points in phase
Ace , : _
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gtatistical echanlcs deals with the probability of find-

ing one system of t..» ensemble, choosen at random, in a parti-

cular region of phase zce. The assumption of statistical
mechanics is that, the mac.oscopically observed variables of
the gas correspond to Lhose dynamical states that are most
Th= “undamental theorca of statistical mechanics is

probable.
liouville's theorem winich states that, the yolume occupied by
. agiven set of points in phase space is constant through out
the motion of chese points, Th:e solution of Liouville's equation
gives the poobavility ox finding a peint at a given place in
phase space. That is, we would know the probability that each
mlecule has a specified position and momentum. However, it is
often unneccssary to have such a complete description of the
gas and it would be sufficient to know only the probability
that any single molecule has a given position and momentum,
This part of «i: listical mechanics dealing with one particle
distribution f£- ne the framework of kinetic theory, For this

o consider only a six dimensional phase

Case it is 1 a0 ~roapy

Space,

The 2. © ' ws-w £upetion of molecular velocities is defined

pace, This is a one particle

yelocity of any

a .
S the density of points in phase s
digtrib‘lticﬂ function, because the position and
Iven particle is not correlated with the position and yeigerty

e 1f the distribution function

1y othei g...!cle or particles.

of the molac 1a~ yalocities is known, then the various molecular

Propertien inv_lvino the pressire and energy of the gas can be

Obt: -
| dined by integrating the guantity of interest times the dis

tr
_ Hbution function over all velocity space.
B ——TTTTT



3,1 The Distribution of Molecular Velocities

Consider @ certain volume of gas, where the location of
each molecule is represented by its position in a carte-
sian coordinate system, The differential volume element
dr (= dxldrgdxa} is a small, but finite, volume element
which is assumed to be large enough to contain a greét
number of molecules but which is, nevertheless, small
compared to the lengths involved in spatial variation of

the macroscopic parameters of the gas, .

If N(xq,t) is the number density of molecules in confuga-
ration space, then the number of molecules in dr is Ndr. A
molecule is said to be in dr if the molecule is located

at a position with its %y -8 component between X, and x1+dxl'

its %, - component between x, and X,+dx,, and its X,

component between X3 and x3+dx3. All the molecules in dr

have the same value of Xy as far as macroscopic variation

of the gas are concerned.

The ndr molecules in dr have a wide range of different ver

locities, The velocities of the ndr molecules can be repre-

Sented in » thiee dimensional velocity space. The density
of the ndr points in velocity space is given by

f‘vi’ X5+ t)dr, where £ is called the velocity distribution

function, 1£ de (=dv, dv, dv,) iz a differential yvolume

Slement in velocity space, then f dr dc is the number of

Points in the volume element dc. A molecule is said to be

in de if it has a velocity with components between vV, and

vl+dv1’ vy and v,+dvy, and V3 and v3+dv3.

- .. L
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Now if £ dr dc is the number of molecules in dr whose
velocities are in dc, we see that f is the density of
points in the six dimensional phase space made up of

the three components of position and three components of
velocity. Dividing £ dr dc by the volume dr we note that
f dc is the number of molecules per unit volume with
velocity vi. in dc. If we integrate the expression f dr dc
over all velocity space, we will obtain the total number
of points in the six dimensional phase space, Thus,

ndr = dr S fdc
(3.,1)

and N

J fdc

M¥ean Values of Molecular Properties

Let us associate some molecular property ¢(vy, xj, t) with
each of the ndr moleculars in dr, which is in general a
function of ’Velocity Vi oo position x; and time t, At some
time t, the values of ¢ for the ndr molecules in dr will |
depeng only on their velocity vy, because the x; dependence

°f ¢ will be the same for all molecules in dr,

If we ada up the values of ¢ for the ndr molecules in dr,

g (1) (2) -

4@ 4 L, 2P o 5ig

Th.e Mean value < ¢ > of ¢ for the ndr molecules in dr is

defineq by the equation

L ¢ =< ¢p>ndr



some of the ndr values of ¢ making up I¢ will have
essentially the same value: namely, those whose veloci~-
ties lie in the same velocity element dc, The number of
such molecules is £ dr dc and each contributes the guantity
¢ to the sum £¢ . Thus, the contribution of all molecules

with all velocities is found by integrating over all the

velocities, Thus,

it

z ¢ dr f ¢ £ dc

(3,2)

N <> ' e

From equations (3.1) and (3.2) we see that the mean value of
any function ¢ is found from

f¢ £ dczfq:f dc (3.3)
N r£ de

Applying the above method we will obtain the mean velocity
< Vi > and the peculiar velocity Vy which will be used

later,

To find the mean velocity <vy> let ¢ = Vi in equation

3.3, then,

PR | t)de (3.4)
vi. > NGiot) f vy £lvi, X3 B

¥ note that whereas Ver Xg and .t are independent varia-

bles ang are thus independent of each other,<vy > 1is a

velocity V, is defined as the velocity of a molecule

felative +to the mean velocity. That is,

. (3' }
ye. 3 AP ge YL 5
Vi- i i



since < Vv;. > is a function of x; and t then, V,. is also
a function of xi and t. From equation 3.5, we see that

the mean value of the peculiar velocity is zero since

<Vi>=<Vi‘<Vi>>=<v1 - <vy» =0

3.3 The Boltzmann Egquation

The macroscopic properties or the mean values of a gas can
be determined from a knowledge of the velocity distribution
function £. In order to find the time variation of the
macroscopic properties it is necessary to obtain an equa-
tion describing the time variation of the velocity distri-
bution function. The equation that describes this time
variation is the Boltzmann equation. The Boltzmann equation
will be derived intwo parts, considering first the form
which it takes in the absence of collision, and then deriv-
ing the collisional term., The collisional term of the
Boltzmann equation takes account of binary collisions, In
Plasma multiple coulomb collisions must also be taken into

account,

33,
1l The Collisionless Boltzmann Equation

- Ry be the force per unit mass on a particle in a gas.,

In most cases the force will not be a function of velocity.

However, in case of a plasma a force that is a function of

Velocity does exist. This is the force on a charged parti-

.-’-
®le moying in a magnetic field given by @ V¥ B, where

9 1s the charge on the particle. The force per unit mass

k ———— _4
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Ry is written as the sum of two terms: Ry which is

independent of velocity, and the velocity dependent term
- - E

qVv Xx B, That is,

Ry = Ri + q/m v x B (3.4)

L]
and from Newton's second law we have that Ry = vy .

At time t , the number of molecules in volume element

dr(t} at =, with velocities in the velocity element dc(t)

at vi is £(vy, xj, t)dc(t) dr{t). In the time interval
dt, the location of a molecule will change by an amount
L]

xa'dt = y' dt , while its velocity will change by an

amount v, dt = Ri dt. Thus, at the time t = dt , in the

absence of any collisions, the number of molecules in the

volume element ar (F4A8) 44 xj+vy 4t with velocities in the

velocity element ac (EHAE) g¢ vi+Ry dt 1s

+dt) . (t+dt) .
£(vi+R; dt, xj+vi dt, t+dt), ac 44t gyt , Howe

ver, these are exactly the same molecules as considered

at time t, so that we can equate the two expressions and

obtain:

ﬂvi'xiat}dc(t)dr(t}=f(vi+Ridt.xi+Vidtpt“'dt) x
ar (E+At) | g (£¥AE) (3.5)

(t+dt) (t+dt)
The relationship between ar () dc't) ana ar % de

can be determined in the following way. The changes in the

(t) dr(t) are given by the Jacobian

Volume element dc and

transformation

(t+dt) _ (£) _ 2(xq+vi dt) g (t) (3,6)




and

L]
e+dt) vy L (E) 3(vi+R{ dt+ v
4o (E¥¢ e (B) 3 R;aﬁi T/m vxBat) s .(t) (3 9
s
Since vy and X4 are independent variables we note that

in equation 3.6

() o 30 + Vi db) _ g4 544 =1

Bxs

where det stands for determinant, so that

dr(t+dt) = dr(t) (3.8

Expanding the Jacobian in equation (3.7),

L = g/m Bydt q/m B,dt

It
=

f q/m Bxdt 1 - g/m B,dt

| = a/m B,dt q/m B,dt 1

If we neglect terms of order (dt)2, thus, equation 3,7 can

be written as

de t+dt) _ dc(t} . (3.9)

Using equations (3.8) and (3.9) we can write equation

(3.6) as, i

3.10
Evy,xy,t)=£(vj,+ridt, X3 + Vi dt, t+dt) ( )

EXpanding the right hand side of equation (3.10) in 2

Taylor series about dt = O we obtain:

of i of dt +2£at| +
f(vi'xi'tJ:f{vi'xi't)+lmRidt + m\f}_ 2t |

terms of order (dt)2.

T D—— T



Neglecting terms of order (dt)2 and higher terms we have

of of P
TR T R o =0 B 12)

This is the collisionless Boltzman equation expressing the
time dependence of the velocity distribution function. The
first term, %% , is the local variation of the distribu-

tion function, The term vi%%f

is the variation of the
distribution function resulting from molecules streaming

in and out of a given volume element., The term Ri %%; is

the variation of the distribution function resulting from

the external forces acting on the molecules.

The distribution function will always vary as a result of

collisions between the molecules of the gas. We can include

this variation by writing a collisional term on the right

hand side of equation (3.11). Thus,

(3.12)

Hh

of of o - of
at T s _Ei + Ry Eﬁa = (§¥)c011

The form of this collision term has to be determined. For

a gas of low density, where binary collisions only need

to be considered, this collision term can be written as an

integral known as the collision integral.



"

3.3.2 The Collision Tntegral

The term (-F£ which appears on the Boltzmann equation

gt}coil
represents the time rate of change of the distribution

function, © due to collisions of the molecules with each
other, An explicit expréssion for this term can be obta-
ined by considering the statistical nature of the binary

collisions,

For a given distribution function at a specific time t,

there will be a certain number of molecules with velacitieg

in particular regions of the velocity space. That is,

there will be a certain number of molecules per unit volume

LA A
with velocities viA in ch. This number is f(VI ) dc

which we write as £ ch. TIf as a result of collision,

A =-A
the yelocity of a molecule changes from Vi .y v Shosts

we will say that the molecules have been knocked out from
the velocity element dc™ into the velocity element ach.

Let Vin and GiB be the initial and final velocities of a

molecule that collided with the above mentioned molecule

respectively, That is, to say this molecule was knocked

from the veloéity element ch into the velocity element

ds?,

the
Now in order to calculate (%%)coll we need to determine

het gain of molecules with yelocities in a certain velocity

element due to collisions with molecules of all other

Velocities, taking as our typical molecules those with

VBlocj_tieB ‘V{ A.

e B
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molecule A

aplecule
B -

‘. P HEd
FIG. 4 REPRESENTATION OF COLLISICN 33’!?3' ki
MOLECULE A AND MOLECULE B. =~ . .

| : le A and
Representation of a collision between molecu

molecule B,

les are knocked
Consider first the collision in which molecu

on occurs
out of the yelocity element dc™ , The collisi

molecule B with
between molecule A with velocity in ac® and
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velocity in ac” as shown in Figure 4, The number of mole-
cules per unit volume with velocities in ch is
f(viBJdCB or f£2ac® and the relative velocity between

e

the two molecules is g,

Let T be the number of sﬁch collisions occuring in the

time interval dt., This will be equal to the number of
molecules with velocity componegts in dc® which at a cer-
tain instant of time lie in the yolume element p dp dy g dt,
Since the number of molecules in ack is £B4cP , it follows
that,

v = £ dc® p dp dyg at.

This is the number of collisions occuring in the time at
between molecules in dc® and a single molecule in ac®,
Since the number of molecules in dc’ per unit volume is
£ qch and each one makes T collisions with molecules in
dc? in the ﬁime dt, the total number of such colligions

is

In order to gét™the total number of molecules that enter
into collisions with all molecules ¢f all velocities in

the time 4t, we must integrate equation 3.13 with respect
to ac®, dp and dy, Defining this quantity by "out" (mole=

B
"out" - ch at s fA fBgPdP ay ac” .



Now let us consider ° COtlision in which a molecule enters

ac”. Por oxch of th? 50 called direct encounters in which

=d from ch

: B ~A -B

encount Sy
there is an inverse wcounter in which molecules get knoc

4 A B
bod Eran ch and d& intg d¢” and dc™, Thus, for an iqverse

nsider ﬁih to be the pre collision
encounter we can co

h t
velocity of the mol cule which, after collision, has its

th lculat before the number of
velocity in ch. We en calculate as o}

- 1 1 ith velocities in dCA and
collisions T betweeP i

B

- :lat d 18 @ . The result is
ag8, so. that thess S oLve Spes g

_§=i?'3 ac® p dp 4y g at .

=" ac® molecules per unit volume in ach
Since each of the f
- with molecules in dEB in the time dt,
makes T collisions !
+his collisions between molecules in
the total number of

~B
3 dc is
dEA and molecules ﬂ

-\ -B = dt (3.15’
= -a =g do* de¢ g p dp 4y
fhagh T = £ P
ser of molecules that emerge from a

Thus, the total numl
' ny integrating equation (3,15) . Denoting

collision is found | p
' #" (molecules get knocked into dc’) we

this quantity by "ii

have,

-

A ¢B 5 pap ay dc° (3.16)

"rn® = a@ at /

.cules is the difference between equac=

The net gain of mol¢
(tion (3.14).
tion (3,16) and equ:
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B C dE‘P CICB we get:

v - Monen < @l ar (2D BeghigBy) g opdpay ac® (3.17)

OF I .
() el L the rate of change of fa due to collision.

The cumber of molecules per unit volume with velocities in
3e't at the begginning of at is ¢ ac™.  The number of mole-
cules per unit volume with velocity in ac™ at the end of dt

P afh A :
1s | £+ Uzgihoansy at| dc”. Thus, the net gain of molecules

in dcﬂ i,

E
3£ _ ¢ (R $B.gP P 5 3,18)
. oE )iy (3* -tP ") gpdp d dc (

. ) S
In deriving this equation we have considered v, to be the

veloclity of our {:ypical'molecule. we might as well have

A
choosen any. veloeity Vi In this case f£(v{f ) = £ would

be fiv ) =1¢% and equatilon (3.18) would be written as
|

{;‘.i} L 9 W= 2. 2y g p dp dy dc (3.19)
at’coll 3
jte the Boltzmann equation as

Osing equation ©.19) we can W

B
o f 2f o BF o g (F Bt ¢8)g p ap dw @c (3.20)
T Hi..ni oy S
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The Equilibrium Sclution of the Boltzmann Equation

The egquilibrium solution of the Boltzmann equation is
used to mean the expression for the velocity distribu-~
tion function that satisfies the equation when there are
ne external forces and when interparticle collisions no

longer cause any change in the distribution,

Consider a collision between two molecules A and B, If a

function ¢ of molecular velocities 1s associated with each
molecule and if the sum of the §'s for the two molecules
is conserved during a collision, then ¢ 1is called a summa-

tional invariant. Thus, ¢ has a property that,
B
PP Pyt (3.21)

The total energy and the components of linear momentum are

conseryed during a collision, That 1is,

V.7 B; B 3 B 3,22)
LM ViVy F X MB viB =% MV,Vy + MYV (

F
and
B 3B (3.23)

B B _ *
M v1 + M vi M vi + M Vi

¥ 1 invariants. A
Thus, M vi/z and M vy are summationa

riant,
numerical constant is another summational inva

ations
B B ana V3B. Thus, solving these four equ

V3p Vl ¥ vz

determined.
In six unknowns leaves two unknowns to be de
geometrical unknowns required to

Howeyver, there are Lwo

L
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specify the collisions completly - p and § in Fig.d4.
Knowing these the problem is determined by equations (3.23)
and 3.24).Thus, any other summational invariant cannot be

independent and must be a linear combination of

" (1)_, (3)

o 6 Pamy , 9Py my (3,24)

We wish to determine the form of the distribution function

for the case of a uniform gas (g—-i-i = 0) on which no exte-=

rnal forces are acting. The Boltzmann equation becomes:

g—i —/ (328 - ££8) g p dp a4y dc® (3.25)

For equilibrium or steady state solution = that is a

solution for which o¢ = 0, for equation (3.261.This requ-
ires that the integral on the right hand side vanish.

Clearly this integral will vanish 1f,

758 - £ = 0. - (3.26)

Equation (3,26) is a necesgsary and sufficient condition for

expression (3,25)to be zero |23| ., Taking the natural loga-

rithm of equation (3.26), we obtain,

B
Lnf + 1nfe = Lnf + Lnf (3,27)

.27)and (3.21) we see that Lnf must be

Comparing equations 3
as we have seen, it must be

a summational invariant. Thus,

1 (2) (3) gqiven
a linear combination of d'( )f !bi and ¢ given by

equation (3.22).That is,



Lnf =
n

1 a(n} ﬂ'(n)

a{l) ¢\ll} + 31(2} ¢1(2) L4 u(3) ¢(3)

[ B d¥%)

- 0 g @y - )y g vy

(2) is a vector having three componets, The sign

where %y
of the constant a3 is taken negative for later convenie-

nce, Summing over repeated indices gives,

2)
Lnf (2) v, * u3( ¥y)

2
2 50(3) M(‘vlz + v22 + vy )

01(2) 2
Ln u(m -0(3) %M[('vl———rﬂ-a )

]

4

2
ay (@) , it = .33( ))2
(vy = ———3-0({3 ) 3 _Ha )

(2)

i = B, , we obtain,

If we write -—-(3")
o

2 2
pnraliaey Oy 8] by '31)2+(v2- 3,) %4 (vy-59) 7|

nf

or - -‘ :
MO RO (vy=3y) 24 (7= 3) P 3= %]

(3,28)

£ L gi'ven py equation (3.28) is known as the

The form o
There are five arbitrary constants,

maxwellian distribution i

L0 L3

g,, B which must be determined,
L i r lr 2

Bnd 83
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The Hﬁéyellian Distribution

The maxwellian distribution of particles given by equation
(3.28) is the most important velocity distribution in plasma
kinetic theory. It is the distribution of a set of parti-
cles in collisional equilibrium with themselves. Under
this conditions a temperature may be properly assigned to
the gas and the yvarious thermodynamic properties of the
gas may be discussed. When this condition is not fulfilled,

that is to say, when the external forces are too strong to

be masked by collisions, the thermodynanic properties can=

not be properly applied to the gas, In such a case it may

be a very difficult problem to solve the Boltzmann equation

for the distribution function. It is therefore important,

in plasma problems to know when the particles posses a

maxwellian yelocity distribution or when such a distribution

may be a good approximation.

In order to determine the fiye arbitrary constants in

equation (3.28), let us make the following change of

variables,
o, = V3~ B2
t}2 = Vy ~ B2
0y = \ 1
Then eguation (3.28) becomes

2,0 2402 (3.29)
L (0) - a(3) |0y 40,4057

B ——TTTTTT



Tha me Y,
rhe mean value of any function was given as P

N <> = h £
Ié dvl de ﬁv3
sc that, (3.30)
‘ - 2 2
N <> = [ a(O) e u(3)!5M|U1 ¥Ug vu I
3 dUllezdvg
Let # = U; in equation (3.30), then
- (0) o - af3) f

N <Oy = @' e "*( V5M Uy av, x
om0, gy 7 k3 w0
2le 3au, =0, (3.31)

Since the fipst integral is the integral from -=to © of

an odd function Ul' <Ul> = -<71-51>= <vl>- 81- 0 and there-

fore, f, =<v,>1is the xl-component of the mean velocity
of the gas. In a similar manner we can show that 8, = < v, ?
and g, = "<y, >, so that we can write,

Ul = ql - <V1> = Vl

where V,, Vy and V5 are the components of the peculiar

The maxwellian distribution can thus be

velocity V,.

written as
(3.32)

- 3 2 21
o v, 4V +V
PR ) a(a)knL1 2 '3
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by wusing N <¢> = [ ¢ fdv and transforming to spherical
coordinates, where vy, = w2 and then by letting ¢ = 1

(3)

. The result is that equaiton (3.32) can be written as,

-
e M 3/2 ~M(w"/2kt)
£ = Wiy ) e (3,33)

Thus, we see that for a given number density n, mean
velocity <wv, >, and temperature T, there is only one
possible equilibrium distribution of molecular velocitles
and that any different distribution will tend to approach

this distribution in the absence of external forces.
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Approximation of the Distribution Function.

ation of the current density, energy density and
rgy flux density is carried out by means of the kinetic
srv . The kinetic theory treatment of plasma is based on
Boltzmann equation and Maxwell's equations, Since the

tion of the Boltzmann eguation is difficult, some

d LAl

pproximation procedures are necessary. For rarefied plasma

11lision between particles are negligible the colli-

term in the Beltzmann equation can be set egual to

and we get the Viasov equation, The velocity distri-

function can be determined by succes8ive approxi-

ion to any desired degree of accuracy. The successive

pproximations are given by

f(OJ % f(1]r f:O) + f(1} 4 ftz) Y

- (1) f‘“......s“”

f r t I

—
©
—

(- T :
ire respectively prnpoftiona] ton, n ., N etc,, where

. . | 5
i« +the number density of the partlcles |22|. Hence, the

jon become relatively more

ater terms in the approximat
nt as the density decreases. Wnen the density ©OX

‘tant

the gas 18 comparable wit
aset

f(r) {n f decreas€

ground, the terms

rapidly as I incre



is sufficient good approximation to

purposes.

£

In rarer gases, naturally, the later

more important, so that some purpo-
hwhile to

determine £ '2) |22].

» ¥ f - 4
Y yomogeneous, isotropic and electrically

nlasma. There is no constant field which can lead

'tropic electromagnetic properties and also there

yrderly motion of charged particles which can gene-

cur

rent and bring about non-homogeneouse distribu-

pda

rticles., Under this conditions, the distribution
on does not depend upon the coordinates but depends
on the absolute value of the impulse of the external

or this case, the distribution function can be ex-

' power series and our treatment will be limited

second order approximation. Thus, we can write

stribution function as:

S - ; . > +
(D, X6} = fOH(P}+t1q‘§'r’t}+f2a[P'r’t) Kt

(p) is the distribution of a-sort of particles
unpertubed state of plasma and flﬂ(P'r't) o

($,F,t) are small additional terms to the distribution

CLCi0n,

Viasov equation for rarefied plasma 15 giyen OF

) f 3 !‘1.2)
o 4, F S £ =0

ot of 2P

—



terms £. & f

|
L
-
gL
o . of
'y Y s AT

+
lo
(=7
(o

o

o]

T4
-

. 1
¥ “'_! ' ’ 'A.I
t
> r T \ i } 5 ” H: \ <
< (@] -—o /
to
]
)
v (=t ,t' | =
cipl {
r t slectric £l
5410 Ltl time as
-~ *‘. -+
3 ] ") ‘08 | K
N . -l o8
;‘I - L =

i f 1" = \r':l-i ‘\.":
the amplitude O the

frequencCy of the wav

gyactor and
gecto

wave

: > sharactel L Z111Y
ig the value chal

i tude agrowth of teh wave
amplitude 97

-

A
4




WE

zero. And

> 2

E(r,t) = Eo cos (:nt-k.f)-

A -

(4.7) is substituted into equations (4,5) and

n:
f & X
O gt - - s < = b =h
—e—>= ] Gt'E_(1-e " )cos|wt~k,r+k.v(t-t')| (4.8)
ap © ©
i r—y af,
1 - I 3> 3 a3
’ "Lﬁ*'"?\,'T—e "'t}cos!mt'—k.r+k.v{t—+:') - (4,9)
[dt'Eg (] o
e term in equation (4,8) is written in complex

in the form oIl

o - 1.0
ei‘ + e
cos o = —
".f‘\ t . fr‘ .
L g .=/ at'(l-e )
2m 0j Wy o
- * "" f' i

4__—



ed |




i ot ik . vt-ik.r i K. vt+ik =
+ o e LA VT e _ - o “ikdﬂﬁik.
= ,"_—Il nif_’!"li-'n) e * }

The integration of equation (4.9) in a similar manner and

using equation (4.10) yields
jE 2 i -k € .2 2 1&0
fzu, +E) ] (ﬁ) EOi on 'ﬁz (Dﬁ] {(4.11)

which is the additional term to the distribution function,

and D is given bY

D= 1 _|Z . o ALy DAgHIRE, g STVt .
: o 20 if a=i0

| ety | em2mty o gnifity gmat=10t '

O+ia | 3 70 10 - oid

~at=10t 1 -at+iQt_;

1
2) = Eiiﬁ(e

The expression for D can be simplified to yield

a
? 2 { (l-e"“t)2 4+ 2(-1 + cos Rt = 7 sin ft)

2

Rz+c

-fltsin 0t ] (4.12}

- 28 2a7) (cos at-1) + | ©
velocity
D has the sense of coefficient of diffusion in

Space |7],

4‘
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The expression for D in equation 4,12 can be simplified

in twe limited cases:

al when a <2 er |a/k - v, | sa/k
! z% |(1—e'°‘t)*|=-§- (4,13)
2 a?

For this case the resonant particles can be neglected,

b) if 02 ¢ a? or | w/k = v,| < a/k

D=t |(1-e™? - 28 (cos nt-1)| (4,14)
a? Q

In the interval |e/k - v,| ¢ w/k , the resonant particles

must be taken into account,

d
Evaluation of the current density, enerdy density and

energy £1lux density.

t the
In this section, the ayerage yelocity, current density,

are calculated
energy density and the emergy flux density

to account
by the second order approximation without taking in
the resonant particles.

(4.15)
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After substituting for D from equation (4.13)

<TE,) > = SE2PE Bl g i

_.__l o -
- N(2m Eoi o3 L .!'( .,E... av

using the definition for the change of longitudnal dielec~

tric permitivity due to the electrons that is, .
2 L °of
be, =4 p®2—2 & 2]
1]1]{2 - a v
the expression for the average velocity can be written in
the following form:
E_(K.E)
R ~ O 3 .16

16 mmn W

lo-
From equation (4,16), it can be seen that the average ve

d for
city is different frem zero for longitudnal waves an
this case is can be written as:
""'Eolz_gﬁ (4.17)

16mmn ow

<. (%,t)> =

The average current density 18 given by:

-+
< 3(?,1:) s = eN< Vn (r,t) >

and after using eq.(4.17) we obtainy
ekalByl” 2 (4.18)
AT A R
t) > = 2
ciSun 16w m
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This expression is similar with the results obtained in
the framework of quasi-linear theory |8]. Also it is
necessary to note that equation (4,17) was obtained in
the limit as t + = but, for a finite time interval it
is necessary to take into account the factor (3.--e"""t}2 in
the expression for coefficient of diffusion which was

used for evaluating the average velocity.
The energy density w(¥,t) is evaluated as follows:

<, t)s = X B (4.19)
w E-ﬂ 2

- 2l sy x m?:,—")ﬁ
- 2n T Ve oioj 1 3

Bf
= 12,2 3 " -
= 55 Eoigo;]a (5) Vo lv "év_H : -5;
n (4,16)
integrating this equation by parts and using equatio
we obtain,
F.2
3 (E_.k)
o (E..K) 308¢€g ) o (4,20)
<w(r,t)> = .._._9..._...m-ﬁ-. | _-_slﬁﬂnk’

16mnk*

ation of the
Taking into account the longitudnal polariz

Wave equation (4.20) can be written as,

-
£, 1 A (4,21)
. j —8¢
< Wy(r,t)> = —— 0 e !
ety 167n B 15

the
obtained for
This expression is similar with the value

16/,
Shergy density obtained by Ginzburg |
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r the nergy flu s
X he ergy flux density g(r,t) we have,

- ~im poad >
.: 2 _':p:, 3 v f? &V (4'22)
-1 m. e + 2 of
7 21 om) Es1Fod i vy ﬁaz(gi g;?)dv

integrating this equation by parts and using eq, (4,16)

one gets the following expression for the average energy

dengity
. £ gk.Be?  REE)W
. ap;t) . = I + | —dce
32 nk*N 16 Tk'N Bu
E (K.E)W K(K.E v
m (- N - b NG | ﬁee (4,24)

16 7 XN 8 mk'N

For longitudnal waves the expression for the energy flux

density can be written as,

e T 3K, |E |
<2 ’j pan s -J|Eo Kn S = ____f___,q.....-ﬁc [4.25]
- N L4 — _—______.__....--——F-__- e 2
327N du 16mk'N

43 E particles can
3 Evaluation of the Time puring which Resonance

be Neglected

e resonant particles can be cal-

The average velocity of th
jcient of diffus

££ ion
Culated using the value of the coe

given by equation (4.14) .

o - (4,26)
1, §, £, 0V
Ny B

‘

< VR(E,t) > =



: - 2.8, . 1 Pk e
k'Zm' “oi oty ;;i (33} ° F2 X
2

A cos ft-1 2
J kv, oIV /2T an
-/ B2
2 =-m 1
F: r rI-| VT? ’ kV“ o U.‘
e
cos Bt=1 = cos 2a 8-1 = = 2 sin® a@

- R —- 8, e __L 1 % s, X
< Vglxr,t)> = = gl E B0y kj Vi 3(25) kj";:
e
= pl o 2 ¥on A% )
sin® af @"vp /2\Te as (4,27)
‘;T‘“'
a/Kgin? ag Badi; we oan
ting the integral [ ==5— d¢ DY I then,

o 0°

integrate I by parametric methods as follows:

I = limit
11_/](

b + a '!' a o _.__._--------—9
o © -

.

in
the above express
“ferentiating with respect to @&

oy '.i. _:
we Jet =
al
== = limit _, b
da a/k s cos af 8in DBY)ade
b+ af &> i 0
R =+ 00

ties

ic indenti
Using the following trigonometr:

in b 6

s
- 1 ?g—q—o—j"“"’_"———
sin (a+b) 8 ~ §£§£§,Elﬁ = a

0 e
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p By (— (cos ft-1) w‘l) av
1 ¥ 5 j

o of o
—(cos fit=1) "’579 dv
3

Zm 01 Cj = ’
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Substituting the maxwellian distribution for one dimension

2
N({m/2nT) e mv" /2T

h
o
|

o e 3
P - - ' f
- .'I!Vj/rj I

1
equation (4.2 A ‘; can be wr itten as
< ¥ = \ e s H m m },Li 1 X
: r Iy = &) (ae=]®E 2 =) T2
) R L, - \ ;}nj T:c,i":?-k':"{'* ('I‘} (2TTT k

; - 227
1fko g, €08 fitel VN /2T gy,

i_u‘-"k‘-"ﬂ:'z
1/k
W ma _ ” . ables
by making the following change of yari

g
dv"- i

= A/m ap b

ity of e:quatiOﬁ
and by the region of applicability

considering

we obtain, .

(4.14)
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Then,

ar_ 1imi 1 ?/k 88 sin(a+b)é a/ksin(a-b)ﬁ ~36

gl TR e e
B + o

By letting @ + =  and using

a0
c{ e % E-j-“i—ﬂdx = -g- - tan * p/q

it can be evaluated to yileld:

ar _ 1| -1 (a+b) = ~1 (a=b) l
= limit 5 | 5 = tan - = + tan
da - 2|2 2 k-3
B » o
L -1 {a+b) ~1 (a=b) '
= limit - tan + tan
b -+ & 2 { L Li
B + o
© 1
X &% = x tan" > § - % log (a’+ x%)

tan_
Using é =
The aboye equation can be integrated to yield

tmit - | 832 tan" (B - § 1og 6 7+aseD)

" (152) — fEB:.’?.’ +§£ log B *+(a=b)d
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- “‘j =
-

I = 1limit —!%—b tan "15,;‘-’- ‘9-53’ tan * 3P
3 + (a-b) *
5 log é ST (ath) g +. €
and after the evaluation of the limit we finally get,
I=nwZ ¢
~5a, and since a = t/2 , I=--T"a-

Substituting this value of I into equation (4,27) we get
for the ayerage velocity of the resonant particles the

following expression,

2 ;8vl 1
< > + % 4 Z/2V - 5
v, (r,t) w2 (3=) v, 5-) lE_| g b wE
: e
1 ¥ e2yt > (2 V2 /2V 2
573 ETE%V—T, b8 A S TR e (4.8)
e

From equation g;:zs) we see that the average velocity of
the resonant particles increases with time, whereas the
average velocity of the non-resonant particles as given

by eguation (4,16) 1is independent of time,

Now, let us estimate the time during which it is possible

to neglect the contribution of the resonant particles in
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evaluating the current density produced by using waves

with a slowly varying amplitude, From the condition,

- - .

where GN.R-is the velocity of the non resonant particles
we get the limitation on time, By using equation (4.16)
for the average velocity of the non-resonant particles and
equation (4,28) for the resonant particles and after
sinplificgtion we get,

kK*voo? ve2/2v,2 2 @
wt * @Te e B/ Vel = ammbE, (4.29)
where Wy is the Langmuir frequency for longitudnal waves,
oL W 2 2 4 e m 2 4.2
t'ie:e = we /W and & Gee 2 Wy, Jw

Then equation (4,.,29) can be written as

wt € 2 /2 (Vip /v )? e"p”'z“"r; (4,30)
4l P

From equation (4.30) we note that on the right hand side

there is an exponential large term and for a considerable
time the current produced is determined by the non-reso-

nance particles. Therefore, during the time given by the

inequality of expression (4,30) the effect of the reso-

nant particles can be neglected.
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CONCLUSION

In this thesis the mechanism of generation of entraining
currents with a slowly varying amplitude high frequency eléc-
tromagnetic wave was considered, It was shown that non-station-
ary amplitude leads to the generation of entraining currents.
And these currents are produced conly if the wave is longitudinal.
Using the Vlasov equation the quasi-stationary additional term
to the distribution function appearing in the second order
approximation was determined, With the help of this term, the
current density, energy density and energy flux demsity in the
field of the longitudnal wave were evaluated, The formula for
the additional term was investigated as when the resonant and

non resonant particles can be neglected, That is when,
u<|m-l~Vll|

the resonant particles can be neglected and when o > | w - KVy 4l

the non~resonant particles can be neglected. It was shown that

during the time determined by the ineguality

[

3 i
wt << #’% K fgg

2 x
7 Ay OF

WLg e

the group of resonant particles do not play an important role

in the production of entraining currents when a slowly varying
amplitude high frequency electromagnetic wave is applied to

homogeneouse plasma.
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The results are presented in terms of the longitudinal
dielectric permitivity and its derivatives with respect to
frequency..The above method of generating entraining currents
may be used in a rarefied plasma when collision between parti-
cles are seldom. This method could be used in tokamaks to
produce continuous toroidal currents, but it needs further

investigation.
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