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Abstract

In this thesis, we analyze the squeezing and statical properties of light produced by degener-

ate three-level atom in a cavity coupled to squeezed vacuum reservoir via a port-mirror. The

three-level atom available in the cavity is driven by coherent light from the bottom to the top

level. Employing the master equation we obtain the differential equation of the atomic and

cavity mode operators. Applying the large time approximation to the time evolution of cavity

mode operator and using steady-state solutions of the expectation values of cavity mode and

atomic operators, we obtain the mean of the cavity photon number, power spectrum, quadra-

ture variance and quadrature squeezing of the cavity light.We have seen that the amplitude

of the coupling coherent light, the squeezing parameter, and the stimulated emission decay

constant have the effect of increasing both the global and local mean photon number. More-

over, we find that the quadrature squeezing of the cavity light increases with the increase of

the amplitude of the driving coherent light, the rate of the stimulation decay constant, and

squeeze parameter. The squeeze parameter and the amplitude of the driving coherent light

have the effect of enhancing the quadrature squeezing, with maximum squeezing of 58% for

r = 0.5 and 32% for r=0.
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Chapter 1

Introduction

Interaction of three-level atom with light has attracted a great deal of interest in recent

year[1,2,3]. In addition, some authors have studied the quadrature squeezing and statical

properties of a light produced by three-level atoms in which the crucial role is played by the

coupling of the top and bottom levels[1-7]. The coupling of the top and bottom levels are

responsible for the interesting non classical feature of the generated light. In general the

atomic coherence can be induced in three-level atom by coupling the level between which

direct transition is dipole forbidden by coherent light or by preparing the atom initially in

coherent supper position of these two level[1,7,8,9]. In three-level atom the top, intermediate,

and bottom levels are denoted by |a〉, |b〉, and |c〉 respectively, in which direct transition

between |a〉and |c〉is dipole forbidden[1,9,10,11,12]. When the three-level atom decays from

|a〉 to |c〉 via level |b〉 two photons are emitted. If the two photons have the same frequency,

then three-level atom is referred as a degenerate three-level atom, other wise it is referred

as a non degenerate three-level atom[3,13]. It has been estimated that a three-level atom

under certain condition generates squeezed light[13-16]. In this thesis we seek to analyze

the squeezing and statistical properties of light emitted by a degenerate three-level atom

whose bottom and top levels are coupled by coherent light and available in a cavity coupled

to squeezed vacuum reservoir via a port mirror. In order to determine the squeezing and

statistical properties of the light produced by the quantum optical system, we first drive

equation of evolution of atomic and cavity mode operators, applying the master equation.

Using the steady-state solution of the resulting equation, we calculate mean photon number,

power spectrum, quadrature variance, and quadrature squeezing.
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Chapter 2

The Time Evolution of Operators

We here consider degenerate three-level atom driven by coherent light and in a cavity coupled

to a squeezed vacuum reservoir. The Hamiltonian describing the coupling of the top and

bottom levels of the atom by the coherent light is expressible as[1]

Ĥ1 = iλ(σ̂†c ĉ − ĉ†σ̂c), (2.1)

where ĉ is annihilation operator for driving coherent light, σ̂c = |c〉〈a| is atomic operator, and

λ is coupling constant between driving coherent light and the a degenerate three-level atom.

With the driving coherent light treated classically, the Hamiltonian can be written as

Ĥ1 = iε(σ̂†c − σ̂c), (2.2)

where ε is constant proportional to the amplitude of the deriving coherent light. Moreover,

the interaction of a three-level atom with the cavity mode is described by the Hamiltonian[3]

Ĥ2 = ig[σ̂†aâ − â†σ̂a + σ̂†b â − â†σ̂b], (2.3)

where σ̂a = |b〉〈a|, σ̂b = |c〉〈b|, are atomic operator, g is the atom-cavity mode coupling con-

stant, and â is the annihilation operator for the cavity mode.
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Figure 2.1: Schematic diagram of coherently driven degenerate three-level atom in a cavity
coupled to squeezed vacuum reservoir

We denote the upper level by |a〉, the middle level by |b〉, and the lower level by |c〉, as shown

in Figure 2.1. The dipole allowed transition between level |a〉 and |b〉 and between level |b〉

and |c〉 are resonant with the cavity mode[3,14]. The direct transition between level |a〉 and

|c〉 is dipole forbidden[1,3]. The interaction of three-level atom with the deriving coherent

light and the cavity mode can be described by the Hamiltonian

Ĥ = iε(σ̂†c − σ̂c) + ig(σ̂†aâ − â†σ̂a + σ̂†b â − â†σ̂b). (2.4)

The master equation for the light produced by our quantum optical system expressible as[3]

dρ̂

dt
= − i[Ĥ, ρ̂] +

κ(N + 1)

2
(2âρ̂â† − â†âρ̂ − ρ̂â†â)

+
κN

2
(2â†ρ̂â − ââ†ρ̂ − ρ̂ââ†) − κM

2
(2â†ρ̂â† − â†2ρ̂ − ρ̂â†2)

− κM

2
(2âρ̂â − â2ρ̂ − ρ̂â2), (2.5)

where k is the cavity dumping constant, ρ̂ is density operators, and Ĥ is Hamiltonian. The

effects of the reservoir are incorporated via the parameters N = sinh2r and M = sinhrcoshr,
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with r being the squeeze parameter. The time evolution of expectation value of an operator

Â can be written in the Schrodinger picture, as[3,12]

d〈Â〉
dt

= Tr(
dρ̂

dt
Â). (2.6)

According to Eq. (2.5) and Eq. (2.6), the time evolution of the expectation value of the

cavity mode operator â can be written as,

d〈â〉
dt

= Tr(
dρ̂

dt
â)

= iT r([Ĥ, ρ̂]â) +
κ(N + 1)

2
Tr(2âρ̂â†â − â†âρ̂â − ρ̂â†ââ)

+
κN

2
Tr(2â†ρ̂â2 − ââ†ρ̂â − ρ̂ââ†â) − κM

2
Tr(2â†ρ̂â†â − â†2ρ̂â − ρ̂â†2â)

− κM

2
Tr(2âρ̂â2 − â2ρ̂â − ρ̂â2â)

= −iT r(Ĥρ̂â − ρ̂Ĥρ̂â) +
κ(N + 1)

2
Tr(2âρ̂â†â − â†âρ̂â − ρ̂â†ââ)

+
κN

2
Tr(2â†ρ̂ââ − ââ†ρ̂â − ρ̂ââ†â) − κM

2
Tr(2â†ρ̂â†â − â†2ρ̂â − ρ̂â†2â)

− κM

2
Tr(2âρ̂ââ − â2ρ̂â − ρ̂â2â), (2.7)

or

d〈â〉
dt

= −iZ1 +
κ(N + 1)

2
Z2 +

κN

2
Z3 −

κM

2
Z4 −

κM

2
Z5, (2.8)

where

Z1 = Tr(Ĥρ̂â − ρ̂Ĥâ),

Z2 = Tr(2âρ̂â†â − â†âρ̂â − ρ̂â†ââ),

Z3 = Tr(2â†ρ̂ââ − ââ†ρ̂â − ρ̂ââ†â),

Z4 = Tr(2â†ρ̂â†â − â†2ρ̂â − ρ̂â†2â),

Z5 = Tr(2âρ̂ââ − â2ρ̂â − ρ̂â2â).

(2.9)

Next we evaluate these traces applying the cyclic property of trace and commutation relation

for cavity mode operator. We thus have

4



Z1 = Tr(Ĥρ̂â − ρ̂Ĥâ)

= Tr(ρ̂âĤ − ρ̂Ĥâ)

= Tr(ρ̂(âĤ − Ĥâ))

= Tr(ρ̂([â, Ĥ])

= 〈[â, Ĥ]〉. (2.10)

Z2 = Tr(2âρ̂â†â − â†âρ̂â − ρ̂â†â2)

= Tr(2ρ̂â†â2 − ρ̂ââ†â − ρ̂â†â2)

= Tr(ρ̂(2â†â2 − ââ†â − â†â2)

= Tr(ρ̂(â†â − ââ†)â))

= Tr(ρ[â†, â]â)

= −Tr(ρ̂â)

= −〈â〉. (2.11)

Similarly

Z3 = Tr(2â†ρ̂â2 − ââ†ρ̂â − ρ̂ââ†â)

= Tr(2ρ̂â2â† − ρ̂â2â† − ρ̂ââ†â)

= Tr(ρ̂(â2â† − ââ†â))

= Tr(ρ̂â(ââ† − â†â))

= Tr(ρ̂â)

= 〈â〉. (2.12)

Moreover

Z4 = Tr(2â†ρ̂â†â − â†2ρ̂â − ρ̂â†2â)

= Tr(2ρ̂â†ââ† − ρ̂ââ†2 − ρ̂â†2â)

= Tr(ρ̂(â†ââ† − ââ†2 + â†ââ† − â†2â))

= Tr(ρ̂(â†â − ââ†)â† + â†(ââ† − â†â))

= 0. (2.13)
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And

Z5 = Tr(2âρ̂â2 − â2ρ̂â − ρ̂â2â)

= Tr(2ρ̂â3 − ρ̂â3 − ρ̂â3)

= 0. (2.14)

Substituting the results given in Eqs. (2.10)-(2.14) in to Eq. (2.8), we get

d〈â〉
dt

= −i〈[â, Ĥ]〉 − κ

2
〈â〉. (2.15)

Following a similar procedure, it can be readily verified that

d〈â2〉
dt

= −i〈[â2, Ĥ]〉 − k〈â2〉 + κM, (2.16)

d〈â†â〉
dt

= −i〈[â†â, Ĥ]〉 − k〈â†â〉 + κN, (2.17)

d〈ââ†〉
dt

= −i〈[ââ†, Ĥ]〉 − k〈ââ†〉 + κN + κ. (2.18)

We seek to obtain the equation of evolution for the expectation value of atomic operators

with aid of Eqs. (2.5) and Eqs. (2.6). We thus see that

d〈σ̂a〉
dt

= Tr(
dρ̂

dt
σ̂a)

= −iT r([Ĥ, ρ̂]σ̂a)

+
k(N + 1)

2
Tr(2âρ̂â†σ̂a − â†âρ̂σ̂a − ρ̂â†âσ̂a)

+
kN

2
Tr(2â†ρ̂âσ̂a − ââ†ρ̂σ̂a − ρ̂ââ†σ̂a) −

kM

2
Tr(2â†ρ̂â†σ̂a − â†2ρ̂σ̂a − ρ̂â†2σ̂a)

− kM

2
Tr(2âρ̂σ̂a − â2ρ̂σ̂a − ρ̂â2σ̂a), (2.19)

or

d〈σ̂a〉
dt

= −iL1 +
k(N + 1)

2
L2 +

kN

2
L3 −

kM

2
L4 −

kM

2
L5, (2.20)
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where

L1 = Tr([Ĥ, ρ̂]σ̂a)

L2 = Tr2(2âρ̂â†σ̂a − â†âρ̂σ̂a − ρ̂â†âσ̂a),

L3 = Tr(2â†ρ̂âσ̂a − ââ†ρ̂σ̂a − ρ̂ââ†σ̂a),

L4 = Tr(2â†ρ̂â†σ̂a − â†2ρ̂σ̂a − ρ̂â†2σ̂a),

L5 = Tr(2âρ̂âσ̂a − â2ρ̂σ̂a − ρ̂â2σ̂a).

(2.21)

Evaluation of the above traces results in

L1 = 〈[σ̂a, Ĥ]〉, (2.22)

L2 = 0, (2.23)

L3 = 0, (2.24)

Moreover

L4 = 0, (2.25)

L5 = 0. (2.26)

Substituting trace fromL1 up to L5 into Eq. (2.20) we obtain

d〈σ̂a〉
dt

= −i〈[σ̂a, Ĥ]〉. (2.27)

In similar manner, one can establish that

d〈σ̂b〉
dt

= −i〈[σ̂b, Ĥ]〉, (2.28)

d〈σ̂c〉
dt

= −i〈[σ̂c, Ĥ]〉, (2.29)

d〈η̂a〉
dt

= −i〈[η̂a, Ĥ]〉, (2.30)

7



d〈η̂b〉
dt

= −ı〈[η̂b, Ĥ]〉, (2.31)

d〈η̂c〉
dt

= −i〈[η̂c, Ĥ]〉, (2.32)

where η̂a = |a >< a|, η̂b = |b >< b|, and η̂c = |c >< c| are atomic operators representing

the probability of finding the atom in the upper, intermediate, and bottom level respectively.

Employing the Hamiltonian specified by Eq. (2.4) in Eqs. (2.15)-(2.18) as well as in Eqs.

(2.27)-(2.32), the time evolution of the expectation values of cavity mode and atomic operators

are expressible as

d〈â〉
dt

= −κ

2
〈â〉 − g(〈σ̂a〉 + 〈σ̂b〉), (2.33)

d〈â2〉
dt

= −κ〈â2〉 − g(〈âσ̂a〉 + 〈σ̂aâ〉 + 〈âσ̂b〉 + 〈σ̂bâ〉) + kM, (2.34)

d〈â†â〉
dt

= −κ〈â†â〉 − g(〈σ̂†aâ〉 + 〈â†σ̂a〉 + 〈âσ̂†b〉 + 〈â†σ̂b〉) + kN, (2.35)

d〈ââ†〉
dt

= −κ〈ââ†〉 − g(〈âσ̂†a〉 + 〈σ̂aâ
†〉 + 〈âσ̂†b〉 + 〈σ̂bâ

†〉) + κN + κ, (2.36)

d〈σ̂a〉
dt

= g(〈η̂bâ〉 − 〈η̂aâ〉 + 〈â†σ̂c〉) + ε〈σ̂†b〉, (2.37)

d〈σ̂b〉
dt

= g(〈η̂câ〉 − 〈η̂bâ〉 − 〈â†σ̂c〉) − ε〈σ̂†a〉, (2.38)

d〈σ̂c〉
dt

= g(〈σ̂bâ〉 − 〈σ̂aâ〉) + ε(〈η̂c〉 − 〈η̂a〉), (2.39)

d〈η̂a〉
dt

= ε(〈σ̂†c〉 + 〈σ̂c〉) + g(〈σ̂†aâ〉 + 〈â†σ̂a〉), (2.40)

d〈η̂b〉
dt

= −g(〈σ̂†aâ〉 + 〈â†σ̂a〉 − 〈â†σ̂b〉), (2.41)

d〈η̂c〉
dt

= −ε(〈σ̂c〉 + 〈σ̂†c〉) − g(〈â†σ̂b〉 + 〈σ̂†b â〉). (2.42)

8



The quantum Langevin equation for the cavity mode operator â can be written, based on Eq.

(2.33), as

dâ

dt
= −κ

2
â − g(σ̂a + σ̂b) + f̂(t), (2.43)

where f̂(t) is a cavity mode noise operator whose correlation properties remain to be deter-

mined. It is clear that the expectation value of Eq. (2.43) is equal to Eq. (2.33) if 〈f̂(t)〉 = 0.

We observe that Eqs. (2.34)-(2.36) and Eqs. (2.37)-(2.42) are nonlinear coupled differential

equations and hence it is difficult to obtain their time-dependent solution[3,4]. We thus apply

the large time approximation scheme to Eq. (2.43) and write its solution as

â(t) = −2g

κ
(σ̂a + σ̂b) +

2

κ
f̂(t). (2.44)

It then follows that

〈â(t)〉 = −2g

κ
(〈σ̂a〉 + 〈σ̂b〉), (2.45)

and

â†(t) = −2g

κ
(σ̂†a + σ̂†b) +

2

κ
f̂ †(t). (2.46)

Substituting Eq. (2.44) into Eq. (2.34), we obtain

d〈â2〉
dt

= −κ〈â2〉 +
2g2

κ
(〈(σ̂a + σ̂b)σ̂a〉 + 〈σ̂a(+σ̂a + σ̂b)〉 + 〈σ̂b(σ̂a + σ̂b〉 + κM

= −κ〈â2〉 +
2g2

κ
(|b〉〈a|b〉〈a| + |c〉〈b|b〉〈a| + |b〉〈a|b〉〈a| + |b〉〈a|c〉〈b| + |c〉〈b|b〉〈a|

+ |c〉〈b|c〉〈b|) + κM

= −κ〈â2〉 +
2g2

κ
(|c〉〈a| + |c〉〈a|) + κM

= −κ〈â2〉 +
4g2

κ
〈σ̂c〉 + κM, (2.47)

where 〈σ̂a〉〈σ̂a〉 = |b〉〈a|b〉〈a| = 0,

〈σ̂a〉〈σ̂b〉 = |b〉〈a|c〉〈b| = 0,

〈σ̂b〉〈σ̂a〉 = |c〉〈b|b〉〈a| = 〈σ̂c〉,

〈σ̂b〉〈σ̂b〉 = |c〉〈b|c〉〈b| = 0.

Following the same procedure, we find that

d〈â†â〉
dt

= −κ〈â†â〉 +
4g2

κ
(〈η̂a〉 + 〈η̂b〉) + κN, (2.48)
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d〈ââ†〉
dt

= −κ〈ââ†〉 +
4g2

κ
(〈η̂b〉 + 〈η̂c〉) + κN + κ. (2.49)

Substituting Eq. (2.44) and its conjugate into Eq. (2.37), we note that

d〈σ̂a〉
dt

= g(〈η̂b(−
2g

κ
(σ̂a + σ̂b) − 〈η̂a(−

2g

k
(σ̂a + σ̂b)〉

+ 〈(−2g

κ
(σ̂†a + σ̂†b)σ̂c〉) + ε〈σ̂†b〉

= −2g2

κ
(〈η̂bσ̂a〉 + 〈η̂bσ̂b〉) −

2g2

k
(〈σ̂†aσ̂c〉 + 〈σ̂†b σ̂c〉)

+ 〈η̂aσ̂a〉 + 〈η̂aσ̂b〉 + ε〈σ̂†b〉.

(2.50)

Utilizing the results η̂bσ̂a = σ̂a, η̂bσ̂b = 0, η̂aσ̂a = 0, η̂aσ̂b = 0, we can express Eq. (2.50) as

d〈σ̂a〉
dt

= −2g2

k
(〈σ̂a〉 + 〈σ̂a〉) + ε〈σ̂†b〉,

(2.51)

or

d〈σ̂a〉
dt

= −γc〈σ̂a〉 + ε〈σ̂†b〉, (2.52)

where the parameter defined by γc = 4g2

κ
is called stimulated emission decay constant.

Following a similar procedure, we readily obtain

d〈σ̂b〉
dt

= −γc

2
(〈σ̂b〉 − 2〈σ̂a〉) − ε〈σ̂†a〉, (2.53)

d〈σ̂c〉
dt

= −γc

2
〈σ̂c〉 + ε(〈η̂c〉 − 〈η̂a〉), (2.54)

d〈η̂a〉
dt

= ε(〈σ̂†c〉 + 〈σ̂c〉) − γc〈η̂a〉, (2.55)

d〈η̂b〉
dt

= γc(〈η̂a〉 − 〈η̂b〉), (2.56)

d〈η̂c〉
dt

= −ε(〈σ̂c〉 + 〈σ̂†c〉) + γc〈η̂b〉. (2.57)
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The steady-state solution of Eq. (2.47), Eq. (2.48), Eq. (2.49), Eq. (2.52), Eq. (2.53), Eq.

(2.54), Eq. (2.55), and Eq. (2.56),can be written, respectively, as

〈â2〉 =
4g2

κ2
〈σ̂c〉 + M, (2.58)

〈â†â〉 =
4g2

κ2
(〈η̂a〉 + 〈η̂b〉) + N, (2.59)

〈ââ†〉 =
4g2

κ2
(〈ηb〉 + 〈ηc〉) + N + 1, (2.60)

〈σ̂a〉 =
ε

γ c

〈σ̂†b〉, (2.61)

〈σ̂b〉 = 2〈σ̂a〉) −
2ε

γ c

〈σ̂†a〉, (2.62)

〈σ̂c〉 =
2ε

γ c

(〈η̂c〉 − 〈η̂a〉), (2.63)

〈η̂a〉 =
ε

γ c

(〈σ̂†c〉 + 〈σ̂c〉), (2.64)

〈η̂b〉 = 〈η̂a〉. (2.65)

Complex conjugates of Eq. (2.61) and Eq. (2.62) becomes

〈σ̂†a〉 =
ε

γ c

〈σ̂b〉, (2.66)

〈σ̂†b〉 = 2〈σ̂†a〉) −
2ε

γ c

〈σ̂a〉. (2.67)

Substituting Eqs. (2.66) and (2.61) into Eq. (2.62), we obtain

〈σ̂b〉 =
2ε

γc

〈 ˆ
σ†b〉 −

2ε2

γ2
c

〈σ̂b〉, (2.68)

and its complex conjugate is

〈σ̂b
†〉 =

2ε

γc

〈σ̂b〉 −
2ε2

γ2
c

〈σ̂b
†〉, (2.69)
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Subtracting Eq. (2.68) from Eq. (2.69), we obtain 〈σ̂†b〉 = 〈σ̂b〉, so that Eq. (2.61) becomes

〈σ̂a〉 =
ε

γc

〈σ̂b〉, (2.70)

and

〈σ̂†a〉 =
ε

γc

〈σ̂†b〉. (2.71)

Moreover, substituting Eqs. (2.70) and (2.71), in to Eq. (2.62), we get

〈σ̂b〉 = 0. (2.72)

Putting Eq. (2.72) in Eq. (2.61), we have

〈σ̂a〉 = 0. (2.73)

Employing Eq. (2.65)along with the relation

〈η̂a〉 + 〈η̂b〉 + 〈η̂c〉 = 1, (2.74)

we see that

2〈η̂a〉 + 〈η̂c〉 = 1. (2.75)

On the basis of Eq. (2.63), we notice that σ̂c = σ̂†c . Taking this in to account and combining

Eqs. (2.63), (2.64), and (2.75), we obtain

〈η̂a〉 =
4ε2

γ2
c + 12ε2

, (2.76)

which with the aid of Eq. (2.65) leads to

〈η̂b〉 =
4ε2

γ2
c + 12ε2

. (2.77)

Next substituting Eq. (2.76) into Eq. (2.75), we get

〈η̂c〉 =
γ2

c + 4ε2

γ2
c + 12ε2

. (2.78)

In addition, using Eq. (2.76) and Eq. (2.78)in Eq. (2.63), we have

〈σ̂c〉 =
2εγc

γ2
c + 12ε2

. (2.79)
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Now substituting Eq. (2.72), and (2.73) into Eq. (2.45), we obtain

〈â〉 = 0. (2.80)

Putting Eq. (2.79) into Eq. (2.58), we find

〈â2〉 =
2εγ2

c

κ(γ2
c + 12ε2)

+ sinhrcoshr, (2.81)

〈â†2〉 =
2εγ2

c

κ(γ2
c + 12ε2)

+ sinhrcoshr. (2.82)

2.1 The Correlation properties of the cavity mode noise

operators

Upon substituting Eq. (2.43) and its conjugate in to the relation

〈dâ†â〉
dt

=
〈dâ†

dt
â〉 +

〈â†dâ〉
dt

, (2.83)

we obtain

〈dâ†â〉
dt

= −κ〈â†â〉 − g(〈σ̂†aâ〉 + 〈σ̂†b â〉 + 〈â†σ̂a〉 + 〈â†σ̂b〉) + 〈â†f̂(t)〉 + 〈â†f̂(t)〉. (2.84)

Comparing Eq. (2.48) with Eq. (2.84), we obtain

〈â†f̂(t)〉 + 〈f̂ †(t)â〉 = κN. (2.85)

The solution of Eq. (2.44)can be written as

â(t) = â(0)e
−κt
2 +

∫ t

0

e
−κ(t−t′)

2 (−g(σ̂b(t
′) + σ̂a(t

′)) + f̂(t′))dt′. (2.86)

Multiplying Eq. (2.86) from the left by f̂ †(t) and taking the expectation value of the product,

we have

〈f̂ †(t)â(t)〉 = 〈f̂ †(t)â(0)〉e
−κt
2 +

∫ t

0

e
−κ(t−t′)

2 (−g(〈f̂ †(t)σ̂b(t
′)〉 + 〈f̂ †(t)σ̂a(t

′)〉) + 〈f̂ †(t)f̂(t′))〉dt′.

(2.87)

13



Since the noise operators should not affect cavity mode and atomic operators at earlier times,

we can write

〈f̂ †(t)σ̂b〉 + 〈f̂ †(t)〈σ̂a〉 = 〈f̂ †(t)〉〈σ̂b〉 + 〈f̂ †(t)〈σ̂a〉 = 0 , so that Eq. (2.87) can be put as

〈f̂ †(t)â(t)〉 =

∫ t

0

e
−κ(t−t′)

2 〈f̂ †(t)f̂(t′))〉dt′. (2.88)

Following a similar procedure, we readily obtain

〈â†(t)f̂(t)〉 =

∫ t

0

e
−κ(t−t′)

2 〈f̂ †(t′)f̂(t)〉dt′. (2.89)

Combination Eqs. (2.88) and (2.89) with Eq. (2.85) leads to∫ t

0

e
−κ(t−t′)

2 〈f̂ †(t)f̂(t′))〉dt′ +

∫ t

0

e
−κ(t−t′)

2 〈f̂ †(t′)f̂(t))〉dt′ = κN, (2.90)

and assuming 〈f̂ †(t)f̂(t′)〉 = 〈f̂ †(t′)f̂(t))〉, we obtain∫ t

0

e
−k(t−t′)

2 〈f̂ †(t)f̂(t′))〉dt′ =
kN

2
, (2.91)

〈f̂ †(t)f̂(t′))〉 = κNδ(t − t′). (2.92)

In a similar manner, it can be verified that

〈f̂(t′)f̂ †(t)〉 = κ(N + 1)δ(t − t′), (2.93)

〈f̂(t′)f̂(t)〉 = κMδ(t − t′). (2.94)
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Chapter 3

Photon Statistics

Here we investigate the statistical properties of the light generated by coherently driven

degenerate three-level atom in a cavity coupled to squeezed vacuum reservoir via a single

port mirror. In light of this, we evaluate the mean of the photon number and the power

spectrum of the cavity light.

3.1 The mean photon number

Employing Eqs. (2.76) and (2.77) in (2.59), the steady-state cavity mean photon number is

expressible as

n =
γc

k
(

8ε2

γ2
c + 12ε2

) + sinh2r. (3.1)

Moreover, substituting Eq. (2.77) and Eq. (2.78) into Eq. (2.60), we obtain

〈ââ†〉 =
γc(8ε

2 + γ2
c )

κ(γ2
c + 12ε2)

+ sinh2r + 1. (3.2)

We see from Eq. (3.1) that the steady-state cavity mean photon number depends on the

amplitude of the coupling coherent light, stimulated emission decay constant (γc), cavity

dumping constant, and the squeeze parameter. If there is no driving coherent light(ε = 0)

the steady-state mean photon number becomes,

n = sinh2r, (3.3)

which is the mean photon number of the cavity mode coupled to squeezed vacuum reservoir.

For a cavity coupled to vacuum reservoir (r = 0), the mean photon number reduces to

n =
γc

k
(

8ε2

γ2
c + 12ε2

), (3.4)
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or

n =
γc

k
(

8

12 + (γc

ε
)2

). (3.5)

We observe from this result that coherently driven three-level atom in a cavity coupled to

vacuum reservoir emits light as the result of stimulated emission due to its interaction with

the driving coherent light.

Figure 3.1: Plot of steady-state mean photon number[Eq. (3.1)] versus ε, for κ = 0.8, r = 0.5,
and γc = 0.5

From Figure 3.1 we see that the mean photon number increases with the increase of the values

of amplitude of driving coherent light (ε).

Figure 3.2: Plot of steady-state mean photon number versus γc for κ = 0.8, and r = 0.5,
ε = 0.5

From Figure 3.2 we see that the mean photon number enhances with stimulated emission
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Figure 3.3: Plot of steady-state mean photon number versus r for κ = 0.8, ε = 0.5, and
γc = 0.5

decay(γc).

From Figure (3.3) we see that the mean photon number enhances with squeezed parameter(r).

Generally, the plots Figures 3.1, 3.2, and 3.3 show that the values of amplitude of driving

coherent light (ε), stimulated emission decay(γc), and squeeze parameter(r) increase mean

photon number of the cavity light produced by the system.

3.2 Power spectrum

In nearly all cases the frequency of a single-mode light is not sharply defined[3]. In general

there is some variation about the central frequency [1,3]. In this section we want to evaluate

the spectrum of the mean photon number usually known as the power spectrum of light emit-

ted by coherently driven degenerated three-level atom represented by cavity mode operators

â and â†. The power spectrum of a single mode light with central frequency ωo is expressible

as [3,12]

P (ω) =
1

2π

∫ ∞

−∞
〈â†(t)â(t + τ)〉ssei(ω−ωo)τdτ. (3.6)

Upon integrating both sides of this equation over ω, we see that∫ ∞

−∞
P (ω)dω =

∫ ∞

−∞
〈â†(t)â(t + τ)〉sse−iωoτdτ

1

2π

∫ ∞

−∞
eiωτdω (3.7)

and in view of the relation

δ(τ) =
1

2π

∫ ∞

−∞
eiωτdω, (3.8)
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we find that ∫ ∞

−∞
P (ω)dω =

∫ ∞

−∞
〈â†(t)â(t + τ)〉sse−iωoτδ(τ)dτ, (3.9)

which with the aid of the relation∫ ∞

−∞
f(x)δ(x)dx = f(x)|x=0, (3.10)

becomes ∫ ∞

−∞
P (ω)dω = 〈â†(t)â(t)〉ss, (3.11)

or ∫ ∞

−∞
P (ω)dω = n. (3.12)

Based on the result described by Eq. (3.12), we observe that P (ω)dω is the steady-state mean

photon number the frequency interval dω [3]. Rewriting Eq. (3.6) as

P (ω) =
1

2π

∫ 0

−∞
〈â†(t)â(t + τ)〉ssei(ω−ωo)τdτ +

1

2π

∫ ∞

0

〈â†(t)â(t + τ)〉ssei(ω−ωo)τdτ (3.13)

by replacing τ by −τ and then t by t + τ in the first integral, we obtain

P (ω) =
1

2π

∫ ∞

0

〈â†(t)â(t − τ)〉sse−i(ω−ωo)τdτ +
1

2π

∫ ∞

0

〈â†(t)â(t + τ)〉ssei(ω−ωo)τdτ, (3.14)

The first term is the complex conjugate of the second term .

Hence the power spectrum can be express as,

P (ω) =
1

π
Re

∫ ∞

0

〈â†(t)â(t + τ)〉ssei(ω−ωo)τdτ, (3.15)

where Re stands for the real part of the integration. We proceed to determine the two time

correlation function that appear in Eq. (3.15) for the cavity light. Taking Eqs. (2.72) and

(2.73) into account, we can write the solution of Eq. (2.33) as

〈â(t + τ)〉 = 〈â(t)〉e
−k
2

τ . (3.16)

Apply the quantum regression theorem to this equation, we obtain

〈â†(t)â(t + τ)〉 = 〈â†(t)â(t)〉e
−κ
2

τ . (3.17)
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Substituting this result in Eq. (3.15) and performing the integration, the power spectrum for

the cavity light is expressible as

P (ω) = n̄[
κ/2π

(ω − ωo)2 + (κ/2)2
]. (3.18)

In view of Eq. (3.12) the local mean photon number in the interval between ω′ = −λ and

ω′ = λ is expressible as[4]

n̄±λ =

∫ λ

−λ

P (ω′)dω′, (3.19)

in which ω − ωo = ω′.

Substituting Eq. (3.18) in to Eq. (3.19) and carrying out the integration applying the relation∫ λ

−λ

dx

x2 + d2
=

2

d
arctan(

λ

d
), (3.20)

we arrive

n̄±λ = (2n̄/π)arctan(2λ/κ). (3.21)

Figure 3.4: n̄±λ versus λ, for κ = 0.8, ε = 0.9, r = 0(blue) and r = 0.2(red)

Figure 3.4 show that the local mean photon number increases with the squeeze parameter r

and frequency interval λ.
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Chapter 4

Quadrature Squeezing

In a squeezed state the quantum noise in one quadrature is below the coherent state level at

the expense of enhanced fluctuations in the conjugate quadrature, with the product of the

uncertainties in the two quadratures satisfying the uncertainty relation[1,3]. The plus and

minus quadrature operators are respectively defined as

â+ = â† + â, (4.1)

â− = i(â† − â). (4.2)

The variance of the quadrature operators are expressible as,

(4a±)2 = 〈â2
±〉 − 〈â±〉2. (4.3)

Substituting Eq. (4.1) and Eq. (4.2) in to Eq. (4.3), we get

(4a+)2 = 〈â†â〉 + 〈ââ†〉 + 〈â†2〉 + 〈â2〉, (4.4)

(4a−)2 = 〈â†â〉 + 〈ââ†〉 − 〈â†2〉 − 〈â2〉. (4.5)

Substituting Eqs. (2.80)-(2.82), and(3.1)-(3.2) in to Eqs. (4.4) and (4.5), we easily get

(4a+)2 =
γc

κ
[
16ε2 + γ2

c + 2εγc

12ε2 + γ2
c

] + 2(sinh2r + sinhrcoshr) + 1

=
γc

κ
[
16ε2 + γ2

c + 4εγc

12ε2 + γ2
c

] + e2r (4.6)
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(4a−)2 =
γc

κ
[
16ε2 + γ2

c − 4εγc

12ε2 + γ2
c

] + 2(sinh2r − sinhrcoshr) + 1

=
γc

κ
[
16ε2 + γ2

c − 4εγc

12ε2 + γ2
c

] + e−2r. (4.7)

The quadrature variance of the cavity mode in a vacuum state is obtained by setting r = 0

and ε = 0 in Eq. (4.7). It then follows that

(4a−)2
v =

γc

κ
+ 1. (4.8)

Figure 4.1: Plus quadrature variance(Red), minus quadrature variance in vacuum level(black)
and minus quadrature variance(blue) versus γc, for ε = 0.5, κ = 0.8, r = 0.5

From the plots in Figure 4.1, we see that the cavity light is in squeezed state and the squeezing

occurs in the minus quadrature. The quadrature squeezing(S)of the cavity light relative to

the quadrature variance of the cavity vacuum is defined as

S =
(∆a−)2

v − (4a−)2

(∆a−)2
v

, (4.9)

where (∆a−)2
v is the quadrature variance of vacuum light.

Substituting Eq. (4.7) and Eq.(4.8) in to Eq. (4.9), we obtain

S =
4γ2

c ε − 4ε2γc − 2κ(12ε2 + γ2
c )(sinhrcoshr − sinh2r)

(12ε2 + γ2
c )(γc + κ)

=
4γ2

c ε − 4ε2γc + κ(12ε2 + γ2
c )(1 − e−2r)

(12ε2 + γ2
c )(γc + κ)

. (4.10)

21



Figure 4.2: Plot of squeezing(S) versus ε, for κ = 0.8, r = 0.5(blue), r = 0(red) and γc = 0.5

Figure 4.2 shows that the degree of squeezing increases with the amplitude of the coherent

light coupling the levels of the atom and the maximum squeezing is 58% for r=0.5 and 32%

for r=0 below the vacuum level.

Figure 4.3: Plot of squeezing(S) versus r, for κ = 0.8, ε = 0.5 and γc = 0.5

The plot in Figure 4.3 indicates that the increase of the squeeze parameter enhances squeezing.
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Figure 4.4: Plot of squeezing(S) versus γc, for κ = 0.8, ε = 0.5, and r=0.5

Figure 4.4 indicates that the increase of emission decay( γc) enhances squeezing. We notice

from the plots in Figures 4.2, 4.3 and 4.4 the degree of squeezing of the radiation increases

with the increasing of the amplitude of the coupling coherent light, squeezed parameter (r),

and the stimulated emission decay constant.
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Chapter 5

Conclusion

In this thesis, we have studied the squeezing and statistical properties of cavity light generated

by degenerate three-level atom whose top and bottom levels are coupled by a driving coherent

light; and available in a cavity coupled to squeezed vacuum reservoir. Employing the master

equation for the system, we obtained the cavity mode and atomic dynamic equations. With

the use of the large time approximation and steady-state solutions of the dynamic equations,

we have calculated the global and local mean photon number, and the quadrature squeezing of

the cavity light. Our results have shown that the mean photon number increases with increase

of the amplitude of the driving coherent light, the squeeze parameter, and stimulated emission

decay constant. Moreover, the local mean photon number increases as the frequency interval

increases. We have also found that the cavity light is in a squeezed state and the squeezing

occurs in the minus quadrature. The plot in Figure 4.2 demonstrated that the squeeze

parameter and the amplitude of the driving coherent light have the effect of enhancing the

quadrature squeezing, with maximum squeezing of 58% for r = 0.5 and 32% for r=0.
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