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Abstract

In this project we discussed the maximum principle for elliptic equations state
several theorems, corollaries, and give a number of examples. Although the maximum
principle for Laplace's and some other equations has been known for about a hundred
years, it is relatively recently that Hopf's established strong maximum principles for
general second-order elliptic equations

Hence the proofs of weak and strong maximum principles of second order linear

elliptic operator and other related corollaries are discussed in detail.
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Maximum principles of second order elliptic equations

INTRODUCTION

One of the most useful and best known tools employed in the study of partial differential
equations is the maximum principle. This principle is a generalization of the elementary

fact of calculus that any functigf(x) which satisfies the inequalify’ > 0 on an

interval[a, b] achieves its maximum value at one of the endpoints of the interval. We say

that solutions of the inequalify’ > 0 satisfy a maximum principle.

More generally, functions which satisfy a differential inequality in a dof2aand,
because of it, achieve their maxima on the bounda€y afe said to possess a maximum

principle.

The study of partial differential equations frequently begins with a classification of
equations into various types. The equations most frequently studied are those of elliptic,
parabolic, and hyperbolic types. Because equations of these three types arise naturally in
many physical problems, mathematicians interested in partial differential equations have
tended to concentrate their efforts on those developments which are of both mathematical

and physical interest.

Since many problems associated with equations of elliptic, parabolic, and hyperbolic
types exhibit maximum principles, we feel that a study of the methods and techniques
connected with these principles forms an excellent introduction or supplement to the

study of partial differential equations.

There is usually a natural physical interpretation of the maximum principle in those
problems in differential equations that arise in physics. In such situations the maximum
principle helps us apply physical intuition to mathematical models. Consequently, anyone
learning about the maximum principle becomes acquainted with the classically important
partial differential equations and, at the same time, discovers the reasons for their

importance.
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This project paper has two chapters; classification of second order linear partial
differential equations and the maximum principles.

The first chapter concerns about classification of second order linear partial differential

equations fon > 2 independent variables, and elliptic equations.

The second chapter deals with maximum principle of elliptic differential equations. In
this chapter we give the detail proofs for theorems on weak and strong maximum
principles of second order linear elliptic partial differential equation and other related

corollaries.
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1 Classification of second order partial differential

equations

Partial differential equations arise in physical science when the numbers of independent
variable under the discussion are two or more than two. When such is the case, any
dependant variable is likely to be a function of more than one variable so that it possesses
not ordinary derivatives with respect to a single variable but partial derivatives with
respect to several variables.

Letu(x) = u(xqy, x4, ... x,) be a continuously differentiable function in a donfain

Then we denote the partial derivativeuolvith respect to thé" variable x; by %.

The second order partial derivative of twice continuously differentiable function with

2
respect toy; and x; will be denoted b%%
10X

1.1 Classification of second order linear PDEs in two independent

variables

The general forms of second order linear partial differential equation in two independent

variablesx and y is:
92 9? 92 7] 3}
a(x,y) 55+ bl y) 5 -+ cloy) T r+d@y) o+ et y) o+ fFy)u = g(x,y)
€Y)

Where the variable
a,b,c,d,e, f and g are functions of x and y,Q S R™ and (a, b, c) # (0,0,0) in Q.
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The expression(x, y) 66—; + b(x,y) % + c(x,y) aa_; is called the principal parts of the

equation. Since the principal part mainly determines the properties of solutions we shall
classify the general second order linear partial differential equation based on the

principal.

The functionA defined by

Ax,y) = b?(x,y) — 4a(x,y)c(x,y) is called the discriminate of the above equatign
Definition we say that the equatid) at pointP(x,y) € Q is:

1. Elliptic, if A(x,y) < 0.
2. Parabolic, ifA(x,y) =0
3. Hyperbolic, ifA(x,y) > 0.

Example

9%u 9%u oy 0%u . I
=T nym +(1-y )6—312 is elliptic for

Show that linear operatdmu = (1 — x?2)
x% + y? < 1, parabolic forx? + y? = 1 and hyperbolic fox? + y? > 1 for all x,y € R.
Solution

1-x%2 xy

The principal matrix;; (x,y) = xy  1—y?

To show that is elliptic, we can use the elliptic formuldx, y) = b? — 4ac < 0.
Where

a=1-x?
b = 2xy
c=1-y?
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Thenb? — 4ac = (2xy)? — 4(1 —x*)(1 — y?) = (2xy)? — 4(1 — y* — x? + x?y?)
=4x?y? — 4+ 4(x* +y*) — 4((xy)?)
= —4 4+ 4(x* +y?)

From this we have

1 b%*—4ac<0if x*+y? <1 and hence Elliptic

2 b?—4ac =0if x>+ y? =1 and hence parabolic.
3 b?—4ac > 0if x> +y? > 1 and hence hyperbolic.

1.2 Classification of second order linear PDEs in n independent

variables

Let Q be a domain in the — dimensional Euclidean spack™. And
x = (x4, %4, ..., xy) are point oR™. A linear second order partial differential equation in

R™ has the form

n 2

0“u
Z aij(x)m+ F(x,u,Vu) =0 (2)

ij=1

Where the coefficient;; (x) are assumed to be continuously differentiable functidn, in

ou du ou

a;j = a;, u(x) is unknown function antlu = o

is gradient ofs.

The linear operator
n az
£= 2w
L a” (x) axiaxj
1,j=1

is called the principal part of equati¢n).
A functionu(x) € C?(Q) is a solution of equatiof®) in Q,if the substitution of u and its

derivative in (2) satisfies equation one for all £
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The classification of linear second order equatiom imdependent variables can be

made with respect to the eigenvalues of the coefficient matrix

i.e. the roots of the equation
a;1(x0) — Ay ain (o)
: : =0
anl(xo) ann(xo) - An
From linear algebra it is known that since the matrix A is symmetric its eigenvalues of
the matrix are real. Moreover the number of zero and negative eigenvalues of the matrix

A remains invariant under nonsingular change independent variables.
LetA,,1,, ..., 4, be the eigenvalue of the matrix A of the principal part of equation (1)
Then the linear second order differential operator of equation (1) atygdmsaid to be

Elliptic, if A4,4,, ..., 4, is non zero and have the same sign.
Hyperbolic, ifA4, 4,, ..., 4,, are non zero and except one have the same sign

Parabolic, if any one of, 1,, ..., 4,, is zero

A 0D PF

Ultra hyperbolic, ifA,, 1,, ..., A,, are non zero and at least two of them are positive
and two of them are negative.
For example

0%u 0%u

1. The laplace equatiotu = STt
1

P 0 is elliptic inR™

2 2
2. The wave equation,, — C?2 (:xuz +o ;xuz) = 0 where( is constant, is
1 n

hyperbolic inR™*1,

2

2
3. The heat equation o, — a2 (:xuz 4ot ;xuz) = 0,wherea is a constant,
1 n

is parabolic ilR™*1,

0%u 4 0%u T
2 6x42 6x52 -

92 92
4. 3 Z+2Mi—7

6x1 2 6x3

0 is ultrahyperbolic irR®.

Proof: It is enough to show one of these examples, let us prove the first example
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1. We can put the laplac@uation in a matrix form as follows

100 07[ 271 ]

[0 10 0]|6x12|
M=o 0 1 ol :
: “ d0%u

0 0 0 - 5 7]

Then the eigenvalue of this equation is given by

[all(xo) —A Ay, (xg) ]
: : =0
anl(xo) ann(xo) - An
1 _/11 0 O e 0
[ 0 1-1, 0 0 ]
= | 0 0 1-1; | =0
l o 0 12,1

From this we gei; = 1 which implies all eigenvalue are positive and
hence have the some sign.

Therefore the laplace equation is elliptic.

Definition1.2.1 A domainQ is an open connected subseR8f And the boundary a2 is
denoted by Q.

C(Q) is the space of all continuous real functionfin
C%(Q) is the space of all twice continuously differentiabl€in
Definition1.2.2 A square symmetric matrig with real entries is said to be

1) Positive definite if and only ifftA€ > 0 for all non-zero vector§ with
real entries i.e€ € R™ \ {0}.
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2) Positive semi definite if and only i£‘AE > 0 for all non-zero vector§
with real entries i.e€ € R™ \ {0}

3) Negative definite if and only if€tAE < 0 for all non-zero vectors with
real entries i.e€ € R™ \ {0}

4) Negative semi definite if and only iE*AE < 0 for all non-zero vectors
€ with real entries i.e€ € R™ \ {0}

Note that: £¢ is the transpose of vectd.

Example 1 conceder matrid =|-1 2 -1

-1 -1 2

2 -1 —1]

€1
For any non zero vectér= [82]
€3

2 -1 —1][&
8 = gtAg = [81 82 83] —1 2 —1 82
-1 -1 21L&
= (6 )P+ (6, —€)*+(E-€)* =20
This matrix is positive semi-definite for any non zero veétor
And positive definite for any of the following condition:

ELFEor &y #Eor &3+ &

-2 1 1
Example 2MatrixA=|1 -2 1 ] is negative semi definite.
1 1 -2
€
To show this for any none zero vecte |€,| we have
€3
-2 1 17[&
gtAg = [81 82 83] 1 —2 1 82
1 1 -211&;
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= —26,%— 26,2 — 26,2 + 26,E, + 26,E5 + 2E,E,
= (61— &) —(§; - &) — (£, - &)* <0
And negative definite for any of the following condition:
ELFEor &y #Eor &3+ &

Definition 1.2.3 A square matrix(a;; (x)); j=1.n = A(x) for all x € Qis symmetric if

and only ifAT (x) = A(x).

If AG) = (a;;(x)

for all x € Qis ann X n symmetric positive definite
i,j=1..n

(Or respectively positive semi definite) matrix then:
a;;(x) > 0(or respectively a;(x) = 0).

Supposed(x) isn x n matrix and let be an eigenvalue af(x) corresponding to

eigenvectok.
Then we have thaEtAE = £L(AE) = 1 (ELE) = A|E|A
Therefore from the above we have

If A(x) is positive definitel > 0.
If A(x) is positive semi definité >0

If A(x)is negative definitd < 0

A W N P

If A(x) is negative semi definite <0.
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1.3 Elliptic equation
Consider the following second order linear partial differential equation
= 2u(x)
_ B ) du(x)
Lu(x) = UZ_; a;j(x) —axi 2%, + Z b; (x)—axi + c(x)u(x)

forx € Q 3)
Where

1) Qs an open subset 8f*.
2) The matrix(a;;j(x));j=1.n» = A(x) isn X n symmetric matrix and
bixy= (b1 (x), by (x), ... by(x)) for allx € Q

3) The coefficienty;; (x), b;(x) and c(x) are continuous and boundedn

Let 4, (x) and 1, (x) be the smallest and largest eigenvalue of the mafrigx)

Definition1.3.1 The second order linear partial differential oper&Bris said to be

1) Elliptic in Q if and only if1,(x) > 0 for allx € Q

2) Uniformly elliptic in Q if and only if £ is elliptic inQ and L0 g

bounded im.

3) Strictly elliptic inQ if and only ifA; (x) > A,(x) forallx € Q and

for some positive constang ) .

10
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Example Show that the linear operator

2 2 2u

0“u 0“u
Lu=(1—-x%)=—+2 1-y?)—
u=(1-x)-7+ xyaxay+( y)ay2

is elliptic but not uniformly elliptic fox? + y? < 1, for allx,y € R.

Solution

L is elliptic if the smallest eigenvalue of

—-x%  xy )

1
aij(x’y):< xy 1_y2

is positive.
Let the eigenvalue af;;(x, y) be A; and it is given by

— x2) — ).
|(1 *) =4 Xy =0 fori=12

xy (1-y) -4
= (=2 =2)((1=y) = 24) = ()? =0
=>1-x)A-y) - ()?-240-y?)-24,1-x*)=0
22 =241 -x2+1-y)+ (A —-x)A —y?) - (xy)? =0
AT =22 =@ +y N+ -xDA-y) - ()? =0

Then using quadratic formu@=2 =9 \ve have

2a

2=+ y) Q- (2 +y2))? - 41 - x2)(1 - y?) - (xy)?)
B 2

A

2=+ y) £ V442 +y?) + (62 + y?2)? — 4((1 — x2 — y? + x2y2)—(xy)?)
B 2

2= 4yt JA—4(x2 +y2) + (x2 +¥2)2 — 4 + (x2 + y2) — 4x2y2? + 4(xy)?
B 2

11
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2= +y) £ (x% +y?)?
h 2

2= +y) £ (x* +y?)
- 2

A=1lord=1—(x?+y?) >0since (x> +y?) <1
Therefored; > 0 and henc& elliptic.
» To show thatf in not uniformully elliptic.
We need to show thaﬁ% is unbounded. Wherg, (x) is the smallest eigenvalue and
A, (x) the largest eigenvalue.
We now that(x? + y?) < 1.then
As (x? + y?) — —©
1-(x?+y?) >
> A(x) — o©

Therefore:

A2(x)
A1 (x)

) — ©

Hence,L in not uniformully elliptic.

12
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2 Maximum principle of elliptic equation

The maximum principle asserts that solution of certain elliptic equation of second order
cannot have a maximum or minimum in the interior of the domain where they are
defined. Consider the Laplace’s equatian= 0 . If u has maximum at a pointand the
second derivative of u does not all vanish at x, thers negatives at, in contradiction

to the equation.

The maximum principle is an important feature of second order elliptic equation that
distinguishes them from higher order. This is because the second derivative of a function

gives information on the function at the exterma.

The aim of this chapter is to prove maximum principle for a solution of

n 2 n
Lu(x) = Z aif(x)%;;? + Z bi(x)a;g) + c()ulx) =0 forx € Q
i=1

ij=1

To hold maximum principle we need to impose an additional condition on the sign of

c(x). Since otherwise no maximum principle can holds.
Example

0%u(x)
0x?

+ u(x) = 0on (0,1)

u(0) =u(r) =0

Has a solutionu(x) = Bsinx.

13
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For arbitraryu and depending on sign gf

These solutions assume an interior maximum or minimum angepending orp.
2.1 Weak maximum principles

2.1.1 The weak maximum principles of Laplace operator
In this section we shall prove some theorems related to weak maximum principles.

As introduction let us show the proof of the weak maximum principle for laplacian

operator.

Letu(x) = u(xq, x4, ... x,) be twice continuously differentiable function in a dom@in
The Laplace operatdr is defined as
92 02 92

A= +—st ot
Ox,%  Ox,” dx,,°

If the equatiomu = 0 is satisfied at each point of the dom&inwe say that u is

harmonic function €.

Theorem 1(weak maximum principle for the laplacian equatior)
Letu € c2(Q) n c°(Q) with Q a bounded domain iR™.

1) If Au = 0 in Q. Thenu < maxyq u.

2) If Au < 0inQ, thenu = mingq u

3) If Au =0in Q, thenmingg u < u < maxzqu

Proof (1) First we consider the cade: > 0 in Q.

Assume that u has an interior maximum at some pgigt@. Then at this point we have

14
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Implies Au < 0 contraduction to the assumptiaru > 0.
Therefore u has no an interior maximum.

u <maxu
aQ

Now let us see the general cage: > 0.
Let e > 0.and define
v=u+e€|x|?
Then we get Av = Au + Aelx|? = Au+ 2ne > 0in Q
Then by the above cagecannot have a maximum point within
If the maximum value ofi on dQ is M and the maximum value 6f|2 onQ is R2.
Then the maximum value ofon the boundary a® is M + R?.that is
u+telx|?=v<M+R?

Since R? is bounded by letting —» 0 we get
u<M=maxgou *)
To prove(2) let us takeu = —u in Au > 0. then we have

A(—u) =0

= —-Au=>0

>AU<0

15
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And again using u in place of u at u < maxag u.

—u < nggx(—u)

> —-u<-— nalgznu
= U = mingo u *%)
And hence from(x)&(**) we get(3)

minu <u < maxu
9Q 9

2.1.2 Weak maximum principle of elliptic equations

Now let us extend the discussion to linear second order elliptic equation

Throughout this section we shall consider a second order linear partial differential

equation of the form

= 0%u(x) =
Lu(x) = z aij(x)W-F Z bi(x)a;i’f) + c(xX)ulx) for all x € Q
X;0X; = i

ij=1
The following assumptions are taken through@uis a domain irR™ .

The matrix( a;;(x)); j=1.n iS Symmetric and strictly positive definite at everg Q i.e

L is elliptic.

The coefficients a;;(x)); j=1.n b;(x), and c(x) are continuous and bounded€@n
u €c2(Q)Nc(Q) ';%))' <c

Unless indicated otherwise this condition will be assumed throughout.

Definition

i.  Afunctionu € c?(Q) n c°(Q) is called sub solution u < 0.

16
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i. Afunctionu € c?2(Q) N c°(Q) is called super solutiafu > 0 .

The weak maximum principle of elliptic equation can be expressed by the following

theorem.
Theorem 2(weak maximum principle of elliptic equation)

1) Assume thatu = 0,c(x) = 0 in a bounded domaiR. Then the maximum of

u(x) on Q is achieved on 0Q.

2) Assume thatu < 0,c¢(x) = 0 in a bounded domai2.Then the minimum of

u(x)on Q is achieved on dQ.
To prove this theorem we need the following definition.

Definition The closure of2 denoted by is the intersection of all closed sets that

containQ.

The closure of2 is the union of2 and its boundary.e.Q = Q U 9Q.
Proof:

1) If Lu(x) =0

Case 1f Lu(x) > 0 for all x € Q then u cannot achieve its maximum anywhere

within Q let us take the contrary i.e.

Suppose: has a maximum point af in Q . Then at the interior maximumy, of u

Ju(xo)

We must have——==0fori=1,2...n and
0%u(xo) <
axian

17
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From this we have

I 92u
fuley) = Y a0 5 f,,") Zb()

ij=1
< 02u(x,)
=) a ) Gxiox, =0

ij=1

+ c(u(xo)

This impliesLu(x,) < 0
This contradicts the assumptidn(x) = 0 in Q.

This shows such interior maximum cannot occur wifhin
Thereforemaxg u = maxyo u

Case 2For the general caggi(x) = 0 for all x € Q.

Let us define an auxiliary functio# (x) = e¥*i wherey is a positive constant to be
chosen soon.

First let us prove the ca¥¥(x) = e

6W(x) IwWx)
2%, YW(x), and o, YW (x)
oW (x 0%W(x
But ];;(i) au;( )=0 for i J>1
- aW( )
X
e = Y a0 LD Eb ()
A dx 6
,j=1
= a;; ()Y*W(x) + by (x) YW (x)
b, (x)
=a1(x)) yYW(x ( + )
1)) YW (v a1, (%)
Sincea,(x) and b, (x) are bounded ther2® <C for some positive constant C

aa( )_

18
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= a1 () YW(x)(y — €)

Now choosey > C so thatLW(x) > 0

Then[,(u(x) + eW(x)) = Lu(x) +eLW(x) > 0 in Q.
Hence by the above caéb) u(x) + eW(x) cannot have a maximum value witl§n
Sinceew >0, u <u + ew

maxu < max(u + ew) = max(u + ew) < maxu + € maxw
Q Q 0Q 0Q 0Q

SinceQ is boundedve observe tha® (x) is bounded 2 henceW (x) is finite
Then by lettings = 0 we have

mgxu < nggxu
Since u is continuous, Q is closed and bounded, hence the cloSuig compact.

Then the maximum af on Q coincides with the maximum aofon Q.

= maxu = maxu < maxu.
Q Q 9Q

maxu < maxu
Q oQ

Since Q = QU 0Q,and 0Q € Q themaxg u cannot be less than the maxyo u
Hence maxgu = maxyqu

Remark In the above maximum principle, only the positive definitenegioj in Q

and the boundednessié_i% in Q for somei = 1,2 ...n are needed in the proof.

24

Then one can take the auxiliary functidi(x) = e¥*i in Q in the above proof.

19
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Thatis: IfLW (x) = 0
Let W(x) = e?*i in Q wherey is positive constant to be determine soon

W (x)
axi

=yW(kx) i=12..n

W) W) o 0°*W (x) .
3x9%, = % Y*W(x) fori=j=12,..n and 33:9%; =0 fori=+]j.

Then

n

w6 =Yy T Zb()

i=1

forl—12 .nand x € Q.

n

= @@y W + Y Gy W
i=1

i=1

n n b
= @@y W (y +) a((fc)))

i=1 =1

snice a;;(x), b;(x) and c(x) are bounded in Q then is bounded,

a;;(x

This impIiesZ?zl% is bounded. Say

Z (x)

i=1

B~

For some positive constafit

> 2 a; ()Y W) (v — €)
i=1

choose y large enaugh such that (y —C) > 0 thatisy > C.

This implies

20
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LW(x) = a;(x)y W)y =€) >0
= LW([x) >0

L(u(x) + EW(X)) = Lu(x) + eLW(x) = eLW(x) >0

Then by casé u(x) + eW(x) cannot have a maximum value witl§in

It is clear thatu(x) < u(x) + eW(x) fore >0

maxu < max(u + ew) = emax(u + ew) < maxu + € maxw
Q Q 0Q 0Q oQ
= maxu < maxu
Q 0Q

Since u is continuous, Q is closed and bounded, hence the cloSuig compact.
Then the maximumf u on Q coincides with the maximum of u @&

= maxu = maxu < maxu
Q Q oQ

maxu < maxu
Q Q

But Since Q = QU IQ,and 0Q € Q themaxgu cannot be less than the maxyg u

Hence maxgu = maxgou

2) If Lu(x) < 0in Q then the minimum of in Q achieves oPQ i.e.
minu = minu
Q 0Q
Proof: Due to the linearitpf £ if u is super solution then -u is sub solution. Then

we can substituteu(x) in in place of u(x) in (1) we have

21
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Lu=0
=>L(—u) =0
=>—-Lu=0
=>Lu<0
And again substituteu(x) in place of u(x)in abave equation we get
m(_zilx(—u) = r%gx(—u)
= —rginu = —ngsi)nu
= mg_gnu = rglgi)nu
Corollary 3 Suppose L is elliptic,c(x) < 0, in a bounded domai.
Letu € c2(Q) N c%(Q)
i) if Lu = 0inQ, then maxg(u) < r%gxu“L
i) if Lu = 0in Q,then ming u > —max u-.
iii) if Lu = 0in Q, then maxg|u|= r%gxlul
Whete = max{u(x),0} and
u~ = max{—u(x), 0}
Proof: we shall first provei)

If u(x) < 0 throughoutQ then (i) trivially true

max(u) < maxu®
Q a0
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Supposei(x) = 0 for somex € Q then the set
" ={xeQ:ulx) >0} is nonempty

Let Lou(x) = Lu(x) — c()u(x)

n

= ) aij(x)5—— by (x) e
a a

ij=1

Figure2.1
onQ* , we have
Lou(x) = Lu(x) — c(x)ulx) Since u(x) > 0 forx € QF
> —c()u(x) since c(x) < 0in 2 and hence in QF
>0
By the weak maximum principle.

maxu(x) = maxu(x) in QF (D
£—2+ aQ+

Since u(x) < 0 on Q" N 9Q then the maximum must achieve 0AQ.

It is also clear thalQ™ N 9Q € 4Q anddQt n aQ € IQ*
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= max u(x) < maxu(x) < maxu(x) < maxut(x
_max_u(x) < maxu(x) < maxu(x) < maxu* (x)

< +
= rggg{ u(x) < maxu (%) (2)

From(1)and (2) we have
rr;—ﬁx u(x) = max u(x) < max ut(x)
nz_)qrx u(x) = max ut(x)
max u(x) < r%@rx u(x) < max ut(x)
mgxu(x) < r%gqur(x)
Since u is continuous, Q is closed and bounded, hence the cloSuig compact.
Then the maximum af on Q coincides with the maximum afon Q.
max u(x) = max u(x) < max ut(x)
max u(x) < max ut(x)
ii) To proof (ii)

Due to the linearity of if u(x) is super solution thenu(x) is sub solution. Then we

can substitute u(x) in in place of u(x) in the above result

Then L(—u) > 0= Lu <0 and maxg(—u) < nggx(—u)* And since

max(—u) = —minu
Q Q
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T =) = magipGe)
as (-uw)* = max{—u(x), 0} = —min{u(x),0} = u~

max(—u) < max(—u)*
ax(—) < max(-u)

= —min(u) < max(u)~
in(w) < max(w)

Multiplying both sides by negative one we geing u > — maxyq u~ which provegii)
Finally we prove(iii) as follows
SinceLu =0 = Lu = 0 and L(—u) = 0 on Q we see that for any € Q

maxu < maxu't < max|u| and
o} 09 o0

max(—u) < max(—u)* < max|u
ax(—u) < max(~u)* < maxful

= max|u| < max|u|
Q o0

But Since Q = QU IQ,and 9Q € Q the

maxg|u| cannot be less than the maxyq|u|
~ max|u| = max|u|
Q 0Q
Corollary 4 let Q be bounded domait, is elliptic, u and v are in c?(Q) N c°(Q)
and c(x) <0, such that:

1) Lu=Ly inQandu <vondQ thenu <vinQ.

2) Lu=Lvin Q anbu =vondQthenu =vin Q.

Proof:
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1) Letw =u—vthenLw > 0inQand w < 0 on 0Q.
By the weak maximum principle and the above corollary we have

maxw < maxw?t =0
Q a0
=> maxw <0
Q

> wkx) <0inQ.
= ulx) —v(x) <0inQ.
~u(x) <vx) inQ.
2) Letw=u—vthenfw =Lu—Lv =0in Qand w = 0 on 0Q.
By Corollary 3 we have

max|w| =max|w| =0
Q 0Q
= max|w| =0
Q

= |w|=0inQ
w=u—-v=0inQ
This impliesu = v in Q.

A consequence of the maximum principle is the uniqueness for the dirichlet problem
associated to the operator

n 62 n
Lu(x) = z aij(x)%;xx.) + Z bi(x)ag—fcx_) + c()ulx) forx € Q
ij=1 T = '

2.2 Uniqueness theorem of bounded value problem

We begin with a study of one of the simplest boundary value problems for second order
partial differential equation on a bounded two dimensional do@aiith a
boundaryo Q.
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We pose the problem of determining a functidw, y) which is twice differentiable

in Q, continuous 0182 U 9Q2 . And satisfies the equation

9%u  9%u *
Lu=-5+52=f(x) (*)
u=g(s) (**)

Equation (*) is known as the poisons equation. The funcfiasmprescribed throughout

Q, and the functio given in terms of the arc lengsh is prescribed alongQ.

The problem of determining such a solution u is said to be dirchlet problem or first
boundary value.

By a means of maximum principle alone, it is possible to show that if a solution of the
first boundary value exists then it must be unique. That is we prove that there can be at

most one solution of the problem.

Theorem 5(Uniqueness theorem of bounded value problem
Supposet, and u, are two functions which satisfy) & (x*) thenu; = u, .
Proof:

Definev = u; —u,

We see that satisfies
Lr=0inQ
v = 0 on 0Q.

According to the maximum principle,cannot have a maximum point in the interior of
Q. However the maximum of a continuous function on closed and bounded set must be

attained. Sinc® is continuous orvQ U Q andv = 0 onodQ,
We conclude that < 0 in Q.

Similarly v cannot have a minimum pointéa
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To show this substitute by — v in the above equation. We get
v <0inQ.

v=20inQ

From these we obtain that
v=u —u, =0in Q.
S U =Uu,inQ.
This completes the uniqueness of the solution.

Remark it is essential to assume that the dongaiis bounded. Otherwise the above

result is not holds true.

Example let Q be the infinite string given by

—o< x <
Q:{O Sysm

The function
u= e*siny

0%u

6y2=0

2
Satisfiestu = 2% +
0x

It vanishes on the boundary Qf
i.e.u(x.0) = u(x,m) = 0.

Although the functioru satisfies the maximum principle, it does not assume its

maximum on the boundary 6.

T

We can see thatt (x, E) =e¥ > +oasx — +x
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2.3 Strong maximum principle

The weak maximum principle states thét) achieves its minimum or maximum
for Lu(x) < 0,0r Lu(x) = 0 on the boundary d2 Howeveru(x) may attain its
maximum or minimum at many points. And therefore it does not rule out the possibility

that some of these points are interior.

In this section we will prove a strong version of the maximum principle When

uniformly elliptic that rules out the possibility thatcan take its maximum inside.

Since strong maximum principle relies on tlepf ’s boundary lemma we need to prove

the following lemma.

Definition A domainQ is said to be satisfy an interior sphere conditiaryat 9Q if

there is exist a baB € Q such thatc, € dB. Type equation here.

Lemma 6 (Hopf’s boundary lemma) let L be uniformly elliptic. Assume that

c=0andu € c?(Q) and Lu > 0. Let x, € 0Q such that

I.  uis continuous at x.
i, ulx) <u(xy) forall x € Q.

iii.  Qsatisfies an interior sphere condition at x.

Then the outer normal derivatio¢ u at x,, if it exists satisfies the strict
Inequality Z—Z (x9) > 0.

€3] le@)| :
Assume now th% and e is bounded irf2.

If c¢(x) <0inQ,the same conclusion holdsifx,) = 0, and ifu(x,) = 0 the same

conclusion holds irrespective of the sigfic(x).
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Proof: sinceQ satisfies the interior sphere conditioncgte 9Q there exist a ball

B = B(z,R) € Q. such that y € 9B
Now let0 < p < |x — z| < R and consider the annulus

A=B(z,R)\B(z,p) forallx € A

Figure

. 2 2 .
Define w(x) = e Y*~2I° — ¢=YR" jn the annulus

A = B(z,R)\B(z,p) for all x € A wherey > 0 and will be determined soon.

Then 229 = _2y(x; — z)e™"*#* and

axi

d%w(x)
axiaxj'

= —2y8,e W 4 4y2(x; — 2) (%) — z)e V2N
Wherethe Kronecker delta, §;; is defined as

5 _{1ifi=j
Um0 ifi+#]
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w(x) = Z a0 22D a Zb( )

ij=1

+ c(x)u(x)

n n
= —2ye Y2l z a6y + dy2e Y2l Z a;; () ;= 2) (x5 = 7;)

i,j=1 Lj=1

— 2ye V12l Z by(x) (x; — z;) + c(x) (e 77" — 7V

= e Ylx-zl* (42 Z a;;(x; — z)(x — z) — 2)/2(1”(96) ZyZb(xl

i,j=1

c(x)

_ o\ —|x—z|2_ —-YR?
T oar @ e’

— o~ Vlx—2I? 4y2 Z a;j(x; — zl)(xj Z]) ZVZau(x) ZyZb(xl

i,j=1

+c(x)( - e‘VR2+V|x—z|2)]

The ellipcity ofL implies

n

> ay(eie > (el

ij=1

Thus
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Lw(x) = e‘y|x‘z|2[4y211 () |x — z|? = 2ynd,(x) — 2yb(x)|x — z|

+ c(x)(1 — e YR Hrix—zlt]

B gl niy(x)  |b(x)| c(x)
= 2y (x)e Yl [Zylx —z|2 - ROREAC) |x — z| + A0 (1
— e—V(RZ—Ix—le))]
T niy(x)  [b(x)] lc()l
= ZYAl(x)e vl | [2)/'3( - Zl2 - Al(x) - Al(x) |x - Z| — m (1

_ e—y(R2—|x—z|2))]

) RB@WI le@)
H0) | 4 2rh@)

> 2y 4, (x)eYIz° [Zypz

A2(x) |b(x)] and [c(x)]

Since 3 o he PNES)

are bounded of2 we can choosg > 0

nlz(X)+R|b(X)|+ lc(x)]
A1 (x) A1 (x) 2y, (x)

i.e, 2yp? > < )large enough such that Lw(x) = 0

Now considek > o such that
u(x) — u(xo) +ew < 0 For all|x — z| = p in the annulus A = Bg\B,.
Thenu(x) — u(xy) + ew < 0 on the boundaryA of the annuluse A.

Sinceu € ¢?(Q) andu is continuous at,, .

u —u(xy) + ew is in c(A)

Moreover in A we have
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Lu—u(xy) +ew) =L(u+ew) —c(x)u(xy) = —c(x)u(xy)
= L(u—u(xy) +ew) = —c(x)u(xy)
if c(x) <0 ThenlL(u —u(xy) + ew) =0 ondiff u(xy) = 0.
if u(xg) =0 ThenL(u —u(xy) + ew) = 0 on A without sign restriction of.
Recall: u —u(xy) + ew < 0 on 9Q
~ By the weak maximum principle atirollary 3 we see that:
mgx(u(x) —u(xy) + ew) < r%ix(u(x) —u(xy) +ew)* =0
= mfx(u(x) —u(xy) +ew) <0
= u(x) —ulxg) +ew <0 ond
= u(x) —ulxy) < —ewond
Let v be the outer unit normal 822 at x,.
Now assume that the normal derivativeuaft x, exists.

Note that: u —u(x,) < —ew = —e(w(x) — W(xo)) since w(xy) = 0 at x,.

) au( )= 1 u(xg + tv) — u(xg)
gy G0 = fip
+tv) —
> e lim w(xo + tv) — w(xo)
t—0~ t
ow
= —G%(xo)-

In the last inequality we used the fact that

u —u(xy) < —ew = —e(w(x) — w(x,)) And hence fot < 0 we have
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u() —ulx) _ —ewlx) = wixo))
t - t

ou(x) —ulx) o owx) —wi(xg)
= lim —— > lim ——
t—0~ t t—0~ t

Substitutex = x, + tv then from the above limit we get

u(xy + tv) —u(xy) o owlxg + tv) —w(xg)
m > —elim
t—0~ t -0~ t
ou ow ow
_ S e - —f—
= £ (xp) = —€ EN (x0) € EN (x0). v(x0)

Recall Z—:V(xo) = 2y(z — xp)e "R,

Since v(xy) points outward and — x, points in toQ it is clear that

(z = x0).v(x0) <0

xo —Z ; xO —Z
Since v(x,y) =
lxo — 2|

ou 2
- > - —YR
= 5 (xo) = E(Zy(z Xo)e ) o —z

Xg — Z

= —e(~(2r(xo — 2)e™). |0 — 2]

= e(2y(xo — 2)e "**) > 0

ou
%(Xo) > 0.
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Theorem 7 (strong maximum principle).suppose is a domain irR™. Not necessary

bounded, leL be unformly elliptic andLu > 0 in Q for u € c?(Q).
1) If c(x) = 0, andu achieves its maximum in the interior@fthenu is constant.
2) Ifc(x) <0and % is bounded, then cannot achieve a non-negative maximum in
the interior ofQ. unless it is constant.
Proof:
1. LetM = maxqu

The weak maximum principle implies that this maximum@ittains at the boundary .
The weak maximum principle does not exclude the possibility of attaMiiagthe

interior point ofQ.
We will now show that; unless u is constant this cannot exist.

Solet Q = {x € Q:u(x) < M} be non empty unless@i™ = @ thenu = M in Q. And
Q" ={x e Qulx) =M}

Supposé attains insid€, and yetu is not constant.
Then Q™ # @ andQ™ # Q.
We first show thad Q™ N Q # @. SupposedQ™ N Q = @.
ThendQ™ < dQ.now observe that.
Q\Q =Q\(Q Ui
= (Q\Q) N (Q\IQ)
=(Q\Q)NQ

=Q\Q~
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>Q\Q =Q\Q
But we know that Q\Q is open. And2\Q™ is closed.
SinceQ is connected this implie@\Q™ = Q or Q\Q™ = @.
HenceQ™ = QorQ™ = @. which contradicts
ThereforedQ™ N Q # Q.
So letx' € 9Q™ n Q.again letx, € B(x, 1) N Q~

Wherer = %dist(x', 0Q) then for any € 0Q we have

z

0" ={xeQulx) <M}

Figure 2.3
By triangular inequality;
lxo — z| + |x" = xo| = |z = x|

= |xg—z| = |z — x| = |x" = x|
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, 1 ,
> dist(x,0Q) — > dist(x,0Q)

1 .
=3 dist(x,0Q)

> |x" = x|
> dist(xy,0Q )

Thereforedist (x,,0Q7) < dist (x, 0Q). That isx,is a point inQ ™ closer to the
boundary of £,, 3Q") than to the boundary 62.

Let B (xo, R) be the largest ball containedin.
Thenu < M in B (x,, R) for somey € dB.

SinceQ™ satsfies the interior sphere condition aby Hopf's lemma, the outer normal

derivative ofu aty is strictly positive.
But sincey € Q we haveg—z (y) = 0, which contradicts the assumptions not constant.

Thereforeu must be constant.

2. If u has none negative maximuma€ Q, then by hopf’'s lemma this satisfies the

strict inequalityz—: (y) >0 forc(x) <0.
But sincey € Q the first derivative ofi aty vanishes, that i% = 0.

This contradicts

Thereforeu must be constant.
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Example
— 2
Letu € c2(Q) n c(Q) satisfy the equatiorﬂ‘ﬂ% —u3 = 0 show that if

u = 0 on the boundary 0Q,
Thenu = 0 within Q
Proof: Recallthat ifu € ¢?(Q) has local maximum, € Q. Then

n

d%u
z F (Xo) <0.

i=1 1

. Likewise ifu has local minimum at, € Q. Then

n

0%u
Z W (xo) = 0.

i=1 't

Supposet(x) > 0 at some point € Q ,then since: € ¢(Q) andu = 0 on 9Q , u will

attain its maximum value at some pone Q .

s uly) >0
Now ym 24 () =ud(y) >0
=1 axiZ y y

But since u takes its maximumjage Q we know that
Zn: 0%u ) <0
S 2U)=
= axi
This contradicts equation

Henceu < 0 *)

Suppose now < 0 at some point i€ sinceu = 0 on dQ andu € c(Q), u takes its

minimum value at some point z@.

38



Maximum principles of second order elliptic equations

>u(z) <0

2

Za—z(z) =u3(z) <0

(i OJx;
i=1

. - 92
However since u has minimumat Q, we have).™ s

=15, (2)>0 which contradicts

Henceu < 0 (*%)

From (*) & (**) we have
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