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ABSTRACT
The complete set of this project focuses on solvability of the Dirichlet problem of the
type

{Auzf inQ
u=¢ on JdQ

and the Neumann problem of the type

{Au=finﬂ

ou _ hon 0Q
av

The explicit solutions of the problem in particular wifes 0, in elliptic linear operator
specifically in Laplace’s operator and also discuss the integral representation for the solution of
the Dirichlet problem for harmonic functions in upper half space and in a ball in the whole
of R™.

Keywords Ball, Dirichlet problem, half space, harmonic functions, integral representation,

Neumann problem
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| ntroduction

Laplace’s equation is one of the most important partial differential equation in applied
mathematics. Because it occurs in gravity, electrostatic, steady state heat conduction,
compressible fluid flow and so on...

In n-dimensional, u depends on n-coordinatex,, ...,x, .The Laplace equation in n-

dimensional case given as

n 0%u
=1 6xi2

Au = , Where i=1, 2, 3... n, whose solutions are harmonic functions.

We shall limit our discussion on Dirichlet problem, integral representation of harmonic
function in upper half space and in a ball and Neumann problem. This project consists of two
chapters. The first chapter is about preliminaries which simply to make the reader familiar with
the concept of elliptic Partial differential equations of second order specifically about Laplace’s
equation. In this chapter definitions and notations, result of advanced calculus, change of
variable formula, basic property of harmonic function, distribution, and related result are
discussed. The second chapter deals mainly on integral representation of harmonic functions and
it discusses fundamental solution, Newtonian potential, Dirichlet problémegral
representation of harmonic function a in upper half-Space, Integral representation of harmonic

function in a Ball , Neumann problem and related result.
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CHAPTER ONE

PRELIMINARIES
The purpose of this chapter is to fix some terminology which will be used through the

project, to present a few analytical tools which will be used in later chapter.
1.1 Notations and Definitions

Points and Sets in Euclidean Space

R will denote the set of real numbers.

R™ denotes the euclidean space of n-dimensionai ferl. We will be working inR™.

:= denotes “equals by definition”; it is used to stress that an equation is defining someth-
ing

B denote the end of a proof.

Q) always is an open subsetRif.

d() denote the bounday.

Q will denote the closur® (i.e.Q=QUdN).

If x and y are points iR", we set

1
x.y = N1 xy; andlx| = (x.x)?
We use the following notations for sphere and balls;&fR™ andr > 0

e B(x,r)={yeR";|x—y|l<r} (open ball)
e Blx,r)={yeR";|x—y|<r} (closed ball)
e S(x,1r)=0Q:={yeR";|x—y| =r}is called a sphere (circle if n=2)

center atc and radiug-.



Solutions to Dirichlet Problem and Neumann Problem | 2011

Definition A partial differential equation (PDE) is an equation involving derivatives of

an unknown functiom: O —» R, whereQ is an open subset B*, n > 2 .

Letu(x) = u(xy,...,x,) be a differentiable function. We use any of the

following notations to denote the partial derivative of u with respect ti'tvariablex;.

Uy, axiu , Diu ,:—;.
The second partial derivative of a twice continuously differentiable functiomsth
respect tox; andx; will be denoted by any of the following notations.
0%u
uxl.xj,a xie U Diju , Dy, i axiaxj'
Let Q € R™ be an open set ad@*™ be the set of X n real symmetric matrices.
A second order partial differential equation of2 in an unknown

u(x) = u(xy, ..., x,) is an equation of the form

F(x,u,Du,D?*u) =0 (1.1)
WhereF: Q X R X R™" x S™" — R .A typical pointy of ' = Q X R X R™ x ™" is
given byy = (x,z,n,r) wherex € Q,z € R,n € R, r € S,
Definition The second order partial differential equation (1.1) is called linear if it is of

the form

n

Z a;;(x)Djju + Zbi(x)Diu + c(u+dx)=0

i,j=1 i=1
Example The Laplace equatioku = 0 , whereAu = Y., D;;u , here
F(x,z,n,1) =tr(r)
A partial differential equation (1.1), and assume thas differentiable in the

variable r.we extend F to the whole space ofnxn matrices by say

F(x,z,n,r)=F (x,z,n,%(A + AT)) , Where (x,z,n,A) € QX R X R" x S™*" the

n X n matrix [F;; (¥)]nxn IS Symmetric wheré;; := %
ij
Definition The equation (1.1) is said to be elliptic at a pgint (x,z,n,r) € = QX

R x R"™ x ™™ if and only if the matrix[F;;(y)].xn iS positive definite, that is

U 1a Elg‘j > 0 for all £ € R™\{0}
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Equivalently, the partial differential equation (i) is ellipticjatf and only if the all Eigen
values (they depend on) of [F;;(¥)].xn are positive.

Among the most important of all partial differential equations are undoubtedly
Laplace’s equations.

Au=0 (1.2)
Where »x Q and the unknown i8 : Q —» R, u = u(x),whereQ O R" is a given open set.
Definition A C? function u satisfying (1.2) is called a harmonic function.
EXAMPLES
1) Show thau(x) = a.x is harmonic foa € R"
Proof
ulx) = a.x
= aix1 + ayx+, ..., ApXxy,

Diu(x) = q
Dju(x) =0
Au(x) = ¥ty Dy ulx) =0
Henceu(x) = a.x is harmonic functon

2) Show thatt(x) = e*1***n-1gin(v/n — 1 x,,) is harmonic orR™

Proof
Uy, = eXrt-tin-1gin(vn —1x,) , Fori=1,..., n-1
Uy, = 1T P-1sin(vn—1x,) , Fori=l,..., n-1

Uy, = Vn—1e*1t*n-1c0s(v\n—1x,) ji=n

Uy, = —(n — 1)e* 1t *+n-1sin(Vn —1x,) ,i=n

Au(x) = X Uy, + Uy,

Au(x) =0

Hence u(x) = e**n-1sin(vn — 1x,,) is a harmonic function

Function Space

Let Q< R™ be a domain .The following function space will be used.
«  C(Q) orc°(Q) will stand for the space of continuous function<bn
* Letk > 1 be an integer.

> CR(Q) = {u:Q - R: DU is continuous in Q for all |a| < k}.
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> CK(Q) == {u € C*(Q): D*U is uniformly continuous in Q for all |a| < k}
> CF(Q) = {u € C*(Q): supp(w) is a compac subset of Q}, where

supp(u) = {x € Q:u(x) # 0}.
> C*(Q) ={u:Q - R:uis infinitely dif ferentiable in Q}
> C.”(Q) will be the space of infinitely differentiable function & with
compact support.
« L, (Q) is the set of all bounded measurable functionQ;inthe norm is defined
by

llull...o = ess suplu(x)|
XEQ

The support of a function u, denoted dapp u, is the complement of the
largest open set on whiegh= 0, if Q€ R", we denote by, (Q) the space of
all €™ functions onR™ whose support is compact and lie€ir{In particular, if

Q is open such functions vanish néar.)

1.2 Result from Advanced Calculus
If u is a differentiable function defined ne#2.We can then define the normal derivative

of u on9dQ by

au_ Ju=uvD
aU—v.gm u=v.Du

The Divergence TheorenlLetv(x) = (v1(x), ..., v, (x)) be the unit out ward normal to
0Q atx € 0Q Q be ac! boundary and € c(Q)

Jouxi dx =[, uv;do, More generally we have

Jodivwdx =[, ,wvdo [Diveregence theorem]

Where w is a! vector field onQ and the dot (.) denotes the euclidean product of vectors

in R™, and & is the volume element af2.
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If x e R", x = |x|%=rw,wherer € (0,00) andw=|zz—|Es”_1 ={x €

R™:|x|=1} which is a unit sphere. The formuta= rw is called the polar coordinate

representation of. Lebesgue measure is given in polar coordinate by
dx = "L dr do(w)
Wheredo is surface measure a1,
If £ is lebesgue measurable functiorRif such that eithef > 0 inR" or f € L}(R™) ,

then

ax = [ "1dg(w)d
Rnf(x) X fo fsn-lf(rw)r o(w)dr

And, given f € L*(B) whereB = B(x°,r)

f f(x)dx = jr.f f(x®+rw)r* ldo(w)dr
B(x0%1) 0 Jsn-1

1.3Change of Variable Formula
Let Q be an open set R", and¥:Q —» R" be a one-to-one! function such that

¢~Ly(Q) - Q is alsoc!.suppose thaf is lebesgue measurable WiQ).Then fo'¥ is

lebesgue measurable &y and

f\},m)f(x)dx = [ f(¥(x)) |det]¥(x)|dx, Where]'¥(x) is the jacobian matrix oF at

x € Q.
We also need to fix some notations

L)

* w, denote the volume of the unit ball B (0, 1) % (i.e.w, = [B(0,1)] ).It
follows that |[0B(0,1)] : =nw,, .

Let ¥(y) = x+ry.ThenJ¥(y) =rl.

Note that
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B = Sy @ = Sogao) @Y

= |det J¥(x))|dx

B(0,1)
Since¥(y) = (xq +1y1, X2 + 7Yoo, Xn +TV)
r 0
J¥Yx)=|: =~
0 e T
|det/¥(x)| = r"
Thus|B(x,7)| = | dy = r*|B(0,1)| = r"w,

n — n
s’ dy=r

B(0,1)
Therefore,

|B(x,7)| = r"w,
Similarly, |0B (x,7)| = " 1nw,

% For f € L*(u),and a measurable sgt which u(E) # O.we use the notation

ﬁfdu = H%E) f fdu

(The integral averagefobver E

1.4 Basic property of Harmonic Function

Green’s Theorem
Letu,w € c2(Q).Then we have

i) JouAwdx = - Du.Dwdx + [, us*do  (Green’s First Identity)
(Here Du is the gradient of u)

ii — aw ou ) .
i) JouAw —wAw)dx = [, (uFr—w_)do  (Green’s Second Identity)
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Proof i) div(uDw) = Du.Dw + uAw

div(ubw) = div((uwxl,... UWyr))

l 1 gxi ( E)
—yn 0w 0w  <n o 0w
=1 gxi " Axi =17 gxi2

= Du.Dw + ulAw
Integrating with respect da onQ
JoDudwdx + [ uAwdx = [ div(uDw) dx

=[,quDw.vdo by (Divergence Theorem)

¥, U do
Therefore,
Bw
Jouawdx = — [ Du.Dwdx + [, u%*do (1.3)
i) First consider the following equation
Jowbudx = — [ Du.Dwdx + [, ,witdo (1.4)

Subtract equation (1.4) from equation (1.3); we get Green’s second
identity
Jouaw —wAw)dx = [, (U3 - wi)do

The Mean Value Theoremlf B(x, r) is a ball with centex and radiusr which is
completely contained in the open et R", then the value(x) of a harmonic function
u: Q — R at the center of the ball is given by the average valueoaofthe surface of the
ball; this average value is also equal to the average valuaahe interior of the ball. In
other words

1 1
u(x) = —nwnr” T j uda_nwnr” judy

0B(x,r) B(x,r)

Where,w,, is the volume of the unit ball in n dimensions ani$ then—1 dimensional

surface measure.
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Theorem (Maximum principle for harmonic functions)
If u is harmonicq € c?(Q) n ¢(Q), Au = 0), in a bounde®®. Then
maxu = maxu
Moreover, ifQ is connected and if the maximum of u is obtaine@,ithen u is constant.
Remark

* The second statement is also referred to as the strong maximum principle

* The assertion holds also the minimum of u, replace u by —u.

Proof we prove the strong maximum principle. Suppose Mhat maxgu is attained

at x; € Q, then there exists a b@l(x,,r) c Q, r > 0. Mean value property
M =u(xo) =F5, , u®dy
< B(xo 1) Mdy =M
We have equality
= u=Mon B(xy,r)
If u(z) < M for a pointz € B(x,7r), then we get a strict inequality
M ={x € Qux) =M}

M is a closed if2 since u is constand/( is also open €2 since it can be viewed as the

union of open balls

> M =, uis constant €. ]
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1.5 Distributions

Distributions (or generalized functions) are objects that generalize functions.
Distributions make it possible to differentiate functions whose derivatives do not exist in
the classical sense. In particular, any locally integrable function has a distributional

derivative.

Definition A distributionsf € D' on a non empty s&c R" is any continuous linear

functional defined on the space of basic functions from D.
i.e.

& We write the value of the functionfilon basic functiop as< f, ¢ >= f(¢) which

is a (complex) real numbers.

@ The distributionf € D’ is a linear functional on the space of basic functions D. That is
if ¢, € D andA, u € C, then

<f,Adp +up >= f(Ap + wp)
=ALZf,o>+u<f,p >
& f € D' is a continuous functional on D
i.e.ifp, - ¢ inDasn — oo, then< f, ¢, >-><f, 0 >
A simple example of a distribution is the Dirac deltaefined by

8(p) =< 8,9 >= ¢(0)
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Convolution

Let f andg be locally integrable functions @®T*. The convolutiorf * g of fand g is

defined formally by
fxg)=[flx-y)g)dy =g=*f(x)
(The two integrals are equal by change of variables)

The convolution of any distributiocm with the Dirac delta functio exists and is equal
tou (i.e.u x § = u ).The meaning of this formula is that any distributetanay be

expand- ing in terms of delta functiong¢) = [ u(y)d(x — y))

10
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CHAPTER TWO

INTEGRAL REPRESENTATION OF HARMONIC FUNCTIONS

In this chapter we introduce the Green’s function, the Poisson’s kernel and we
develop the Poisson’s integral formula which is integral representation of harmonic
function in upper half space and in a ball and lastly we shall see Neumann problem.

One good strategy for investigating any partial differential equation is first to
identify some explicit solutions and then, provided the partial differential equation(PDE)
is linear, to assemble more complicated solutions out of the specific ones, Furthermore ,in
looking for explicit solutions is often wise to restrict attention to classes of functions with
certain symmetry property. Since Laplace’s equation is invariant under rotations. Now, a
typical rotation invariant quantity is the distance function from a point, for instance from
the origin, that is =|x|. Thus, let us look for radially symmetric harmonic
function u = y(|x|).

Definition 2.1 A radial function is a function of the form(x) = y(|x|) for some
functionsy: [0,0) - R.
Let us therefore attempt to find a solutwf Laplace’s equation

Au=0 inQ (2.2)

having the formu(x) = y(r) , wherer = |x| =\/x;2+, ..., +x,2 andy to be selected so
thatAu = 0 holds.

First note fori = 1, ..., n that

Ol ) T2 = k0
axi—z(xl e FX%) 2. 2x; = r’(X )

We thus have

du ar X;
a_xi - )/r(r)a_xi - Vr(r) 7
0’u 9 X;
o~ 707

xiz 1 1
=Yrr Tz + Vv (; + x;0x; ;)

11
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Where
axi1 = 3x; (%, %+, ...,+xnz)_71 = —1(x12+, . +xn2)_732xi I
r 2 r3
Then,
0%u x;? 1 x?
2yt
Thus

Result If u(x) = y(r) is a radially symmetric solution of Laplace’s equation then

-1
Yer T Vr (nT) = (2.2)
2.1 The Fundamental solution of the Laplacian and the Newtonian Potential

2.1.1 The Fundamental Solution of the Laplacian
Special solution radially for solviryu = 0 of the previous equation (2.2)
Assumingy(r) #0
1—n
Yrr _ Integrate in r
Vr r

= Iny, = (1 — n)Inr + In¢;

n

=y, =crl” where Inc,,is a constant

Integrate again

c
n=2:yr:71:>y=cllnr+c2

1
Tl23:)/r:m:> Y =—

12
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Consequently if > 0, we have

1 Ccq

y(r)={ T TG ifn>2 2.3)
cilnr + ¢, ifn=2
Where c;and c, are constants. That ig:x — y(|x|]) is a solution ofAu =0
in R™\{0}.
Note: Ay = 0 for x # 0 but not defined ik = 0.
Ay can be defined everywhere in the sense of distributions.

Ay = 6, ="' Dirac Mass"

8o (x) = {3 x=0

x#0
Ay(x —y) ={1 *27
0 xXFy
Formally, this suggest a solution formula for Poisson’s equation
Au=f inR"
Namely

u(x) = [y =y f@)dy
Therefore we set that by the translation invariance of the Laplace operator the function
uzx = y(lx -yl
is a solution oAu = 0 on R™\{y} .we takec, = 0 but would like to choose the constant
¢; such that
Avy(lx —yl) = 6, (x) (x € R"\{y})
in the sense that

fwmx YD) Ap(dy = 9(x)  Forall ¢ € ¢,*(R")

For this, suppose € c*(R") say¢ is supported in the open $&tand lete > 0 small
enough such tha, (x) 0Q. letQc = Q\B.(x).
Now we will assume for the cage> 3

Let v(y) denote the outer normal t@Q. at y. Note that aty € dB.(x)
xX—y
lx =yl

v(y) =

By Green’s second identity we see that

13
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(y(Ux —yDAp(y) — Ay(lx — yDe(y))dy

Qe
-/ . <y<|x D5~ 0)

SinceAy(|x — y]) = 0 onQ¢, and recalling thap = 0 neardQ we see that

0 9] -
J, e =ypapra=[ (v =332 - 000 ZEZ2) o)

€

ay(Ix — yl)) o)

_ do dy (|x —yl)
- (v =352 - 000 L= o)

¢ 1) dy(|x —yl)
I R R )

- (2—-n)er? Ix—yl|=€
For alle > 0, andy(|x — y|)A@(y) is integrable o™, by the lebesgue dominating

convergence theorem we see that
lim [ 0l = yDap0Idy = [ ¥(lx = yDapGIdy
Qe Q
Since ¢ € ¢c*(Q), and henc®¢ (y) is bounded it is clear that

€1 do
lim ————— — do(y) =0
en0 (2 —n) E”Z_[lx_y|=eav 2

Note that this limit is still true provided thAtp is locally bounded ofo.
Also, ondBc(x)

dy(Ix —yI)
T— vV y(x—yD.v
_ 1-n Xy
= n)( 2) Ix YIS

= —cq|x - 3’|1_n

Therefore

Enl

a _
_J o) )/(Ia yl)d o) =
[x-y|=€

f p(y)da(y)
[x-y|=€

14
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= clnwn]f | p(y)do(y)
x—y|=€

- cnw,p(x)ase -0

Therefore we see that

Ly(lx —yDAp(y)dy = cinw,e(x)

1

Hence we choosg = ~

similarly For case n=2, we have
j)/(lx - )’DA(P(J’)dy = Clzﬂ(p(x),since |0B(0,1)| = 2m,whenn = 2
Q

Hence again we choose = i

Therefore forx = 0 , we define

1
o = o= ln|1x| ifn=2
n(2 — n)w,|x|"2 ifn>2
Definition 2.1.1.1:-The function
ilnlx—yl ifn=2
I(lx -y = 1 > 2 (2.4)

n(2-n)wq|x—y|""2
defined forx € R™\{y}, x # 0, is the fundamental solution of Laplace’s equation.

We will sometimes slightly abuse notation and wfife —y) = I'(Jx — y|) to
emphasize that the fundamental solution is radial.

The partial differential equation (2.1) is unchanged, andse I'(x — y) is also
harmonic as a function of x # y.let us now takg: R"® — R and note that the mapping
x— T'(x —y)f(y) (x # y) is harmonic for each poipte R™, and thus so is the sum of
finitely many such expressions built for different points

This reasoning might suggest that the convolution
ux) = [pa Tl — ) f)dy (2.5)

15
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1 .
u(x) = 21 r2 nlx = ylf (¥)dy ifn=2
- 1 ) ,
n2-n)wn f]Rn |x—y|n—2 lf n>2

is a solution ofAu = f at least whenf € c,*(R") . In the next theorem we show that
this is indeed the case.

Theorem 2.1.1.1 Let f € c.2(R™).Then the function defined by (2.5) isdA(R™) and
satisfiesAu = f onRR".

Proof

+ we first rewrite the integral, by change of variable in (2.5) as

M@=ITUV@—WM
Rn

Since I'(Y)A,f(x —y) in R™ uniformly inx, we can differentiate under the integral
sign.
Hence

u(X+hei)—u(x):f F(y)[f(xﬂlei—y)—f(x—y)]dy
]Rl'l

h h
Whereh # 0 and ¢; = (0, ...,1, ...,0) , the 1 in th&'" slot .but

fGrthe—y)—fx—y) of
h oxi

(x—y)

Uniformly onR™ as h = 0, and thus

J d
G_Z(x) - fRnF(Y)a_,];(x - y)dy (i=(1..,n)
Similarly
ai:auxj x) = fRn r'(y) a:z;ij (x —y)dy G,j=1,..,n) (2.6)
And

M=fIUMJ&—w®
]Rn

As the expression on the right hand side of (2.6) is continuous in the variable x, we

seeu € c2(R™M).

16
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¢ Sincel blows up to 0, we will need for subsequent calculations to isolate this

singularity inside a small ball. So fer> 0 we write

Au(x) = f

B(0,€)
= le(x) + Je (%)
We wish to show below that
limeoo le(x) =0, and  limeJe(x) = f(x)
el < D21 oqany Jy /TG Idy

{ce |lnel —e (n=2)
<
~ (ce? (n=3)

COBS =Dyt [ TS =y

In particular: I, - 0 as € » 0.Now we consider J.(x), first we note that A,f(x —

y) =4, f(x —y), sincef € c.”(R") we have

f FAf(x —y)dy = J F(Af(x —y)dy
™\B(0,€) Q\B(0,€)

[ o=y
"\B(0,€)
By Green’s second identity, and noting th&k — y) is harmonic orQ\B (0,¢) we find
that
]e(x) = fQ\B(O,e) F(y)Ayf(x - Y)dy

- | <r<y)—fcx—y> flx —y)ﬂ>d o)
3(Q\B(0,))

=f|| (r(y>—f<x—y) e —y)ﬂ)d o)
y|=€

It is easy to see that

9]
im [t L~ yao) =0

€20 Jiy|=e

As before we see that

or 1
%(y) = —m on 6B(0, E)

n

Therefore

17
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“lim [ fx-y)

€20 Jiy|=e

ar(y) : 1
5 do(y) = lel—%W |y|=ef(x —y)do(y)

= lim fx—y)da(y)

€20 Jiy|=¢

= f(x)
Hence
Au = f onR" [ ]

2.1.2 The Newtonian Potential

The Fundamental solution of Laplacian is

1
— In|x| ifn=2
I(x) = 21 )

n(2 = njwy|x|"2

ifn=3

By choosingc, = 0 andc; = i if n=2,¢; = i if n > 3, But if we choose, = 0 and

1. 1.
c; = -ifn=2,¢; = —if n=3, we have

1

—In|x| ifn=2
I'(x) = 27[1

47| x| i n

is also called a fundamental solution for the Laplace opefatitre above choose of the
constantc; is made in order to haval'(x) = 8§(x). Where §(x) denotes the Dirac
measure at = 0.

The physical meaning df is remarkable: i = 3, in standard units;-4nl"
represents the electrostatic potential due to a unitary charge located at the origin and
vanishing at infinity.

Clearly, if the origin is replaced by a point y, the corresponding potential is
I'x—y) and

AT(x—y) =8(x—y)
By symmetry, we also havg,I'(x —y) = 6(x — y)

18
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Suppose that (x) is the density of a charge located inside a compact sRt.in
ThenT'(x — y)f(y)dy represents the potential atdue to charge (y)dy inside a small
region of volumedy around y. The full potential given by the sum of all the contributions

we get

u(x) = [, Tx =PIy = —— [~ dy

4 JR3 |x-y|

Which is the convolution betweghandI” and it is called th&lewtonian potential off.

Formally, we have

pu(x) = f AT (x — V) dy = f 5(x - V) = F()
]R3

R3

under suitable hypothesis ¢n

2.2 The Dirichlet Problem
The Dirichlet problem is the problem of finding a function which solves a specified PDE
in the interior of a given region takes prescribed values on the boundary of the region.
In this section we show the existence and uniqueness of a solution to the dirichlet
problem

Au=0 in ()
{u =@ on 0f) (2.7)
whereg € c(9Q) and for some € R".

Theorem 2.2.1 :( Green’s Representation Formula)

Let Q be a domain withC! boundary. If u € C3(Q) .Then for any € Q.

u(x) = [T = »Au@)dy — [, = DL —u@) S (x—y))do(y)  (2.8)
Proof

I'(x —y) is harmonic iny in R™"\{x} for n > 2.let x € Q.then B(x,e) cc Q for
somee > 0. LetQ, = Q\B(x, €)

Now u(y) and I'(x — y) are inc2(Q,) .We apply Green’s second identity
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[ G- yauw) - umrar - yay
Q

€

0 —
[ -2 -um TEZD a6 29)

FIo

_ ou or'(x —y)
J remmumiay= [ re-ngoren) - [ we) =3 dem

€

Now we note that
limf I'(x —y)Au(y)dy = f I'(x —y)Au(y)dy
e—0 Qe Q

We make the following claims about the limits of the other two terras-a$

Claim1:
hm [ LQ u(y) — (x - y)da(y)] —LQ u(y) g—l; (x —y)do(y) + u(x)
Claim2:
ou
i [ T N5 a0 = [ -0 G0
Proof of claim 1

or
-] w015 = naow)

or or
= — LQ u(y) %(x —y)do(y) + f u(y) = (x — y)do(y)

0B(x,€)
Now,
— _ 2—n
P —y) =00 n)wl yl
_p Yy —X
V,I(x —y) = 1-n

2 (x—y) = V,I(x - y).v(»)

=V F(x—y) ; ;

And the outward normal derivative 8fx, €) is

v(y) = Ix yl fory € 0B(x, €)

On the dB(x,€) , we havd'(x —y) =T'(e)

Therefore,
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Iry__1 1-n
~ (e) = €

nwy
Therefore,
x _ 1 u)
faB(x,e) u(y) 7 (x —y)do(y) = mfaB(x,e) oy do(y)
ar
- a(:) faB(x,e) u(y)do(y)
1
= et JoBioe U0 ()
1
- |0B(x,€)| faB(x,e) u(y)do(y)
Thusas - 0

1
—_ u(y)do - u(x
0506, D) Jyp " 170) 2 1)
Therefore, we have

or
lim u(y) 7 (x —y)do(y) = u(x)
€20 JoB(x€) v

Proof of claim 2

Now we know

f e — ) 2 (o)
90, ov

ou ou
= | Ta-nF01e0) - [ Ta-p3oew)

0B(x,€)

We just need to show that

Ju
Jope T = ¥) 5, (do(¥) > 0 Ase - 0
Substituting in the explicit formula far forn > 3
We see that
ou 1 1 Jdu
I(x—y)= yda(y)‘s—f — s y|d0(y)
Ju 1
= ov ) L (B(x,€)) N2-M)wn €2 faB(x,e) do(y)

1
S ce |0B(x,€)| faB(x,e) do(y)
= Ce€

Therefore, ag —» 0
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Jopee TG = ¥) 3 (do(y) = 0

After taking limit ase - 0 (2.9) becomes

Jo TG = YA u@)dy = [, T(x = y) = 3)do) — [, ud) 2 (x — Y)do () + ux)

Hence

0 or
u@ == | [rec=y»30do6) ~ue) 3 - )] do)

+ f I'(x — y)Au(y)dy [
Q

Lemma 2.2.2:If u € C?(Q)is harmonic in Q, then

0 0
u(x) = — fm (F(x -) % ) —u() 6—5 (x — y)) do(y)

Proof

The proof follows from the above theorem

u@) = [, T —yAu@)dy — [, Cx -0 =) —u@) TE2)do(y) |, since

=0

u IS harmonic.

Therefore

u@) = = o (FE-NEG) - v L =)o) =

We would like to use the Green’s representation formula (2.8) to solve

{ﬁifpj;;nag . If we knewAu on Q andu on dQ and% on 0Q, then we could solve
for u. But we don’t know all this information .We knowu onQ andu ondQ. We want
to eliminate one unknown term by adjusting

We proceed as follows. For eacle Q, we introduce acorrector function

¢*(y) which satisfies the following boundary value problem.

Ap*(y) =0 in Q
{¢"(y) =-Tx-y) on 0Q (2.10)
We use Green'’s second identity@rwith u(y) and¢*(y) we get
[y $*MAau@dy = oo ("D E) - v () doy)  (211)
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Subtracting (2.11) to (2.8) we have
u(@) = [, (TG = ) + $* M)A uldy - [og (T =) + ¢*0)) 2 0) -

a X
u(y) (I (x— ya)v+¢ (y))) do(y)

p) _ x
u@) = [ (M=) + 9*0)aut)ay + L uon LLEZD LN
Q Q

)
- f (Tx =) +¢* () _a:j (»)do(y) (2.12)
0Q

Definition 2.2.1 G(x,y) =T(x —y) + ¢*(y).Vx,y € Q,x # v is called the Green’s
function for the laplacian of2.
Theorem 2.2.3(Representation formula)

If u € c2(Q) solves the Dirichlet problem

{Au =finQ
u =@ ondQ
Then
u(x) = [, GOy + [, <P(Y) (x y)do(y)
Proof

From equation (2.12) we have

u() = [, (T =) + %)) A u@)dy + [, u(y) LE2E0D g5y

Joo M =) + ¢"(y)) ~()da(y)

u(x) = f, GeAudy + [, ud) 2 (x,y)do ) — f,, G&Y) 2 (¥)do()

SinceG (x,y) = 0 Vy € dQ and Vx € Q now becomes
u@) = [, GEy)Au@dy + [, U(y) (x y)do(y)

u(x) = f, GOy + f,n 00) o2 (x,y)do(y)

Green’s functios: fundamental solution with zero boundary data

{AyG(x, y) = 6,(x) yEQ
G(x,y)=0 y € 0Q
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Corollary 2.2.4

If uwis a harmonic i€, i.e f =0inQ, then
u(x) = [, 00) 5= (x,y)do(y) (x € Q)
Theorem 2.2.5:(symmetry of Green’s Functions)
Green'’s functiorG (x, y) is symmetric i X Q, i.e,G(x,y) = G(y,x) forx =y € Q.
Proof

Pickx,, x, € Q with x; # x,.chooser > 0 small such thaB(x,,r) N B(x,,r) = @ .Set
G,(y) = G(x1, y) andG,(y) = G(x,,y) .We apply Green’s formula iQ\B(x,,7) U
B(x,,r) and get

Figure 1

f (G]_A Gz - GzA Gl) dy
Q\B(x1,7)UB(x3,1)

f @ G, G ac;l)d J @ G, G ac;l)d
= —— — G,——)do — —— — G,——)do
20 L ov Z Qv 9B (x7) L v Z dv
f @ G, c aal)d
- — — G,——)do
0B (x3,1) ! dv ? dv
Sinceg; is harmonic foty # x;,i = 1,2,and vanishes o#Q we have

Gan GaGld_O
(1av Zav)o-_

f (G %2 _ ¢ aGl)d + J
— o
9B (xyr) L ov 2 v

0B(x3,1)
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Note that the left side has the same limit as the left side in the following-a8

f (T %2 _ ¢ ar)d + J (G o T aGl)d 0
—_— —_— o _— — o =
oB(x,r) OV 2 ov B (xa,7) tov v

While we have

G, G,
f F—da—>0,f I'—do—->0asr—0
0B(x4,1) 0B (x3,1)

v v
And
or or
f G,—do - G,(xy), G,—do - G(xy)asr >0
6B(x1,r) av aB(xz'T) av
This implies

— Gy(x1) + G1(x3) = 0,07 G(x3,x1) = G(x1,x3) u

Theorem 2.2.0 (Uniqueness Theorem)

The solution of the Dirichlet problem is unique.

Proof

Supposet; andu, are solutions, take; = u, onadQ
maxg(u; — Up) = maxgg(u; —uy) =0
S>u —u,=0inQ
=> U =uU, INQ

Hence there exist at most one solution
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2.3 Integral Representation of Harmonic Function in Upper Half-space
2.3.1 Green’s Function for Upper Half —Space

In this subsection we will build Green’s functions for the half-sfdce
Everything depends up on our explicitly solving the corrector problem (2.10) in these

regions and this in turn depends up on geometric reflection tricks.
R} = {x = (xq,...,x) € R"/x, > 0}.

Definition 2.3.1.11f x = (x4, ..., x,—1, X,) € R%, its reflection in the plané R? is the

pointsx™ = (xq, ..., Xp—1, —Xn)
We will solve problem (2.10) for the half-space by setting
¢*(y) =-T(x"—y) = —T(Xy = y1,X2 = Y2, »Xn-1 — Yn-1, —Xn — ¥n) (x,¥ € R})

The idea is that the correctgr* is built from-I" by “reflecting the singularity” from

x € R,"tox* ¢ R?, we note
¢*(y) = —-I'(x —y) If y € d R? and thus

Ap* =0 in R? .
{ ¢ TR are required.

¢* =-T(x—y) on IR}
Definition 2.3.1.2Green’s function for the half spade? is

G, y) =Tx—y) -Tx"—y),(x,y € REx #y)

2.3.2 Using Green’s function to solve Laplace’s equation in Upper Half-space

Suppose nowt solves the boundary value problem

{Au=0 in R}

u=¢q on JR%Y (2.13)

Now
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Fom = 3:
Then
( ) = x—y) orlx" -y
OYn Oy
Xn—Yn Xn + Yn

naplx =yt naglxr -y

1 [xn_yn xn+yn

S nwy x—yr T xr =yl

]

2%,
Bl nwylx —y|*

Consequently ify € d R}, y, =0,|x —y| = |x* —y|
2x,

aG( )_GG( )=
ov Y Oy, XY=

nwy|x —y"

Then from representation formula we have
an 4’(3’)
u(x) - fa]R_,_ |x yln O—(y) (x € R ) (214)

which is called @oisson’s integral formula (integral representation of harmonic

2Xn

functions in upper half space) And the functiork (x, y) = (xe R}, y€

nwnlx—y|"

d R} ) is aPoisson’s kernel.
Forn = 2. let R? be the upper half-plane R? that is
R? = {(x1,x;) € R%:x, > 0}

We will look for the Green’s function foR,2.In particular we need to find a

corrector function ¢* for eachx € R3%, such that
{ Ap* =0 in R2
¢*=-T(x—y) on 0R%
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Fix x € R%.we knowA,I'(x —y) = 0 for x # y .therefore, if we choose¢ Q, then
A,T(z—y) =0 forally € Q .Now, if we choose = z(x) appropriatelyz ¢ Q, such
thatl'(z —y) =T'(x —y) fory € Q, then lettingp*(y) = —I'(x — y) we will have found

Therefore, I'(z — y) is a function ofz — y|, forx = (x;,x,) € R%, we see that for all
y €0 R2

lx =yl = 1(x1,x2) — (71, 0)| = [(x1, —x2) — (1, 0)| = [x* — y|

Whext = (x1, —x,) is the reflection ok in the plane

-x*

Figure 2

Therefore, a Green’s function for the upper half-plane is given by
Glo,y) =-Tx"—y)+T'x—-y)

- _1 * _ L _
== In|lx* —y|+ — In|x — y|

Then
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oG or(x*—y) ol'(x—y)
_(x' )’) = - +

0y 0y, 0y
1 x=y, 1 x4y,

= s Je T T2
2m|x —y|?  2m|x* —y|?
zi[xz_h Xy + Y2
2m[x =y |x* —yl|?

X2

]

~mlx — y|?

Consequently ify € 9 Rz ,y, = 0,|x —y| = [x* — y|

G GG Xy

%(x,y) -y = 7T|X—y|2

Suppose nowt solves the boundary value problem
{ A =0 in R%
u=¢ on d R%

Then from representation formula we have

u@ =2[ . . 22%do(y) & €R3) which is called a Poisson’s

integral formula.  And the function

k(x,y) = (xe R3,ye dR2) is a Poisson's kernel.

Theorem 2.3.2.1(Poisson’s formula for a half-space)

7T|x yl2

Assumep € c(R™™) nI*(R™*) ,and u(x) = an f —_ |;p(;|)n do(y) .Then

i) uec”( RYHNI"( R
(i) Au=0in R,"
(i) lim,_,0 u(x) = ¢(x°) for each poink® € IR,", x € R
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Proof

i) For each fixedx,the mappingy ~ G(x,y) is harmonic except foy = x.As

G(x,y) = G(y,x) according to theorem 2.26,~ G(x,y) is harmonic except
for x = y.Thusx » ;TG (x,y) = k(x,y) is harmonic fox € R,",y € IR, "

i) A direct calculation, the detail of which we omit

1=/ ox,n k(6. y) do(y) (2.15)

For each e R,", as¢ is boundedu defined by (2.14) is likewise bounded.

Sincex — k(x,y) is symmetric forx # y, we easily verify as welt € ¢*(R,™) with

G = [ 8k )0@)dor) = 0
OR,"
>Au=0
iii) Now fix x° € R " ,for e > 0,choose’s > 0 so small that

lo(y) —p(x®|<e If |y—x° <8, y€oR,“Then iflx—x° < g,x e R,"

[uG) = 9GO < [ 40 kG DPG) = @] do () (2.16)

() = o) < [ jp mapaos KENIOG) = 9| do(y)
+/ AR, ™M\B(x0,8) kG, o) — e dy) (2.17)

i+ ]
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N>

Rll'l

Figure 3
Now (2.15) and (2.16) implies
I<ef or,n Ky dy =€
Furthermore ifx — x°| < g and |y — x°| = 6, we have
ly —x°| < |y — x| +§S ly — x| +§Iy—x°l:and80
|y = x| = 71y = x°| Thus
J =200l [ pp,mpos) K Y)do ()

< gn+2 ol

Xn _
nwn f 6]R+"\B(x015)|y —x°| "do(y) > 0asx, =0

Combining this calculate with estimate (2.17), we dedu€e) — ¢ (x°| < 2¢ provided

|x — x°| is sufficiently small. m
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2.4 Integral Representation of Harmonic Function in a Ball
2.4.1 Green’s Function for the Ball

To construct the Green’s function for the bl B(0, R).we use the method of

reflection for any € R", we define its reflection™ with respect to the sphedd (0, R)

as follows
R'x ifx#0
* —_— L X
xT = |X|2 f
0 ifx=0

Now, for eachx € B(0, R), define

¢*(y) =T (% (x* — y)) vy € B(O,R) if x # 0

1
¢x(3’) = - |X|
n(2 = mw, (RHn-2|x* - y|n-2
And
¢°(y) = -T(R)

Note thatgp*is harmonic inB(0, R) for anyx € B(0, R)
Lemma 2.4.1.1Forx,y € B(0,R).Then
x y
R~ Jxly| = R = Iyl
| ETR e B A TR

Proof
This follows by squaring each side and showing that these reduce to the same quantity

X

2 X
:@m_mﬂmm—mw

[R = Ixd
——|x
ETR
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||
= R? *E — Rxy — Rxy + |x|?|y|?

= R? = 2Rxy + |x?|y[?

g <|R|;I—| - Iylx|) (|R% - |y|x|)

—— |ylx

[r
lyl

— Rxy — Rxy + |x|?|y|?

= R? = 2Rxy + |x|2|y|?

Thus,|R%—|x|y| |R|y| |y|x|2
=>|R| ley| |Rm—lylx|
Hence
x LY
|Rm— ley| = |Rm— Iylx| m

To show thatp*(y) = —TI'(x — y) for (x,y) € B X 0B

Now

T
R y

RZ
Ix2 |

|| II(—)
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| | by the lemma 2.4.1

m|:g|\<

=|x—yl ify€dB(0O,R)

¢*@) =T (2@ —y)) =-I(x-y),ifx € B(O,R) andy € dB(0,R)

Therefore, the Green’s function of the ball B(0,R) is
GO,y) =¢ () +I'x—y) (2.18)

G(x,y) =

—F<u(x )>+F(x—y) ifx#0
—-I'(R) +T'(y) ifx=0

Fig 3. The imagex™ of x in the construction of the Green’s function for the sphere
2.4.2 Using Green’s function to solve Laplace’s equation in a Ball

Assume novu solves the boundary value problem

{Auzo in B(0,R)
u=¢ 0ndJB(O,R)

Then using the representation formula in theorem 2.2.3 we see

34



Solutions to Dirichlet Problem and Neumann Problem | 2011

() = f02 PO 50 G = Y)do(y) (2.19)

According to formula (2.18)

I'(Jx* = yDDy(Ix* — yI)

D,G(x,y) =T'(Ix — yDDy(Ix — y|) —

X
dxhyn-2
B 1 ( xX—y ) 1 1 ( x*—y )
nw,|x —y* 1\ |x -yl |%|)n—z nw,|x* —y[" 1 |x* =yl
=y AZh2(x*—y)

nonlx=yI" " oy (Exr-yn

Now if v = ﬁ is the outer unit normal vector field @® (0, R), then fory € dB(0,R)

we see that
G y
—(x,v) =D,G(x,y).—

X *
Cxy—bl | By

T nwlyllx—yI* ' nwglyllx —yln

, Reca‘l'—;ﬂ(art* - y)| = |x -yl

RZ _ |X|2

" nwgRx -y

Hence formula (2.19) yield the representation formula

R?—|x|? 716%) . , e
- faB(o,R)|x_y|ndJ(y) This is called a Poisson’s integral

u(x) =
formula(integral representation of harmonic functions in a ball)

R2_|x|2

nwuR|x—y|?

Where the functionk(x,y) = , (x € B(0O,R),y €dB(0,R)) is a

Poisson’s kernel for the ball B(OR).
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Theorem 2.4.1.1 Poisson representation formula; solution of the Dirichlet problem

on Ball)
o o gdo() <R
Letp € c(dB), letu(x) = nwyR “0B(OR) [x—y|"
@ (x) x| =R

— . Au=0 inB
2
Thenu € c“(B) n c(B) and solves the dirichlet proble@ — ¢ ondB
Proof

1) It is clear thau is infinitely differentiable .To compute the laplaciaxu we will use

the following simple formula .lfv, v € ¢2(Q),thenA(vw) = vAw + 2Dw.Dv + wAv

First note

R? — |x|? 1 —2x
D( il >= D(|x[*) =
nwyR nw

nw,R

, and

A(Rz - |x|2> _ 1 ACx?) _ 2

nwyR nwyR wn R

o)

Next we note the boundary mtegrgIB(o'R) ey

do(y)is infinitely differentiable and

that one can differentiate under the integral .Let us note that
D(x—yl™) = —nlx—y|™ ?(x —y),and A(|x — y|™) = 2n|x — y| ™72

Therefore,

M) = A<ﬂ> [ 20 )
0

nwnR B(0,R) |X - Y|n

R2 _ 2
+ 2D <A>D (f (p(y)nda(y)>
nwpR aB(oR) X =l

R? — IXIZA f o)
nwyR B(0,R) |x —y|n

do(y))
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—2 f 16 x o)
= do(y) + 2 (— )f -n(x —y)—————do(y)
R? — |x]|? n
+ a f (p(i?rz do(y)
nw,R Jopor) X =Vl

—2 f e |x—yl? 1 o)
- ——do(y) + ( )f 4(|x)? = x.y) ——————do(y)
wnR dB(0,R) |x — y[n+2 wyR 9B(O.R) |x — y|n+2

R?% — |x|? 2
N llj o)
d

do(y)
wnR B(0,R) |X - Y|n+2

1 o)
T Rf |x — y|n*2 2lx —yI?> = 4(|x|* — x.y) — 2R* + 2|x|*)da (y)
nR Jap(or)

=0

A much simpler argument would be to notice that, siG¢e, y)is harmonic inx €
B(0, R)for eachy € dB(0,R)

z—j(x, y) = D,G(x,y).v(y) is also harmonic in for eachy € dB(0, R)
Thereforeu is harmonic.

2) Let us now show that is continuous ondB(0,R) with u = ¢ on dB(0,R).Let
x° € 0B(0,R)

u(x) —u(x®) = ux) — p(x°)

_ j k()0 () do(y) — f kG, Yo (x°)do ()
dB(0,R)

dB(0,R)

Let e > 0 be given, since is continuous at° there is§ > 0 such that
lp(») —p(x*)| <> Vy € dB with |y —x°| <&
Now forx € B, butK(x,y) =0

l9() = () < [3p000 kW10 — 0(x*)Ido(y)
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- f k(o) — p(O)do(y)
ly-x°|<é
+ f k(e ) |eG) — o(x®)|do(y)
|ly—x0|=6

,Y €E0B
But () — (x| <l + lo(x®)] < 2 max,z| @]

90) = (O < 2 [ o5 k(e o () +

RZ—|x|? 1
2 maXaB |(p| na)an fly_x0|25 |x_y|n do—(y)
2 0B nwy,R ly—x0|>8 lx — y[™

. . s
Now considerx € B with |x — x°| < and Ix—y|=|y—x° —|x°—x| =6 —
s
2-1s
2 2

1 1 . 5
Thereforefly_xobsmda(y) < fly—x°|>6@da(y) , provided thatx — x°| <2
2

R2—|x|2

Thus [uo) —u@®)] < £+ 2maxgplol === (" f,; do(¥)

(3)"nwn R
2 —
< ~+ 2maxgp|@| ("R (R? — |x[?)

Choose & 6 < § so thatx|? is very close t&k? such that

2maxlol CY"R™2(R? — [x]?) < &
OB o 2

Therefore

[u() —uG] = ) — 9G] < e for kx| <T m
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2.4.3 Harnack’s Inequality and Liouville’s theorem

From the mean value and Poisson’s formulas we deduce the inequality, known as
harnack’s inequality:

Theorem 2.4.1.2AHarnack’s Inequality)

Let u be harmonic and nonnegative in the bBl= B(0,R) € R™.Then for any

x € B(O,R)

(R"(R — Ix]) (R)"2(R + Ix])
e (i P T

Proof

Let R > 0 be arbitrary and let € B(0, R) .Then by the Poisson integral formula

R*—|x|* u(y)
o faB(o By 490 forx € B(0,R) andy € dB(0,R)

ulx) =
lx =yl < |x] + |yl = [x| + R ,alsolx —y| = |y| — |x| = R — |x|

Therefore R —|x| <|x—y| <R+ |x|

11 1
R+|xD™ ™ (Ix-yD™ = (R=[xD™

Multiply through byu(y) and integrating oaB (0, R) we get

1 uly) 1
(R+|x|)" faB(O.R) u(y) do—(y) S faB(O.R) (lx_yDn do—(y) S (R_lan faB(O.R) u(y) do—(y)

|x|?

Next multiply the inequality by—

We find

R%—|x|? IXI

nwnR (R+|x|)"

u(y)
Jopor ¥ do(y) = faB(O R Ty 20 )

R2—|x|?
< |x|
nwnpR (R— le)"

o Jonony W) do(y

i.e
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R —|x| 1 f ()d()<R2—IxI2 f u(y) o)
nwogR R+ Dt ) WO R (x—yDm 7Y
dB(0.R) 0B(0.R)
R + |x| 1
~ nw,R (R—|x]n1 u@)doly
8B(0.R)

Recall that|0B(0,R)| = nw,R™ !

Therefore using the mean value property and Poisson formula we find that
(R (R — |x]) (R (R + |x])
d < <
RE+Iars ] MO0 Ul = T
0B(0.R) 0B(0.R)

u(y)do(y)

again recall: u(0) = 7%3(0.12) u(y)do(y)

(R)"(R ~ Ix] (R)"2(R + Ix]
) e () L

u(0)

Corollary 2.4.1.4(Liouville’s Theorem)

If u > 0 is harmonic iMR™, then it is a constant iR™.

Proof

The functionu is harmonic and nonnegative

Fix x € R™ and chooseR > |x| ; Harnack’s inequality gives

(R)"2(R — |x]) (R)"2(R + |x|)
R+ D u(0) <u(x) < R= )t u(0)

Letting R — o, and observing that

o RPR D) RMAR Il
xR+ DT Rew (R— XD

Thus we find

u(0) <u(x <u(0)
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= u(x) = u(0)
Sincex is arbitrary, we conclude
u = u(0)

Henceu is constant ]

2.5 The Neumann Problem
We can find a representation formula for the solution of a Neumann problem as

well.
Theorem 2.5.1

If u be a solution of the Neumann problem

ou _ h on dQ (2.20)
av

{Au=finﬂ

where f and h have to satisfy the solvability condition(compatibility condition)
Joogh®da(y) = [, f(y)dy.Then

1

ulx) — 20
0Q

uy)do(y) = jﬂ NG G) - ja NG )0)d0)

Proof

Keeping in mind thatt is uniquely determined up to additive constant. From theorem

2.2.1 we can write

u() = [, T @ =G = oo T = RGNAo®) + foq u@) 2 (x = y)]do(y) (2.21)

and this time we get the integral, containing the unknownwatad(l. Mimicking what
we have done for the Dirichlet problem. We try to find an analog of the Green’s function,

that is a function N=N(X, y) given by
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N(x,y) =T(xy) +¢* ()
Where forx fixed, ¢* is a solution
Ayp* =0 in Q

o _ _OT . _
-0 = av(x y) on 0Q

in order to have‘;—ll\)' (x,y) = 0 ondQ.But this Neumann problem has no solution because

the compatibility condition
]
~fya 3 (Gt = y) do(y) = 0
is not satisfied. In fact lettimg = —1 in (2.8) we get
ar
~Jya7;x =¥ do() = ~1 (2.22)

Thus, taking in the account (2.22), we requifeto satisfy

Ay* =0 in Q

o™ _ _or . _ 1
0 = av(x y)+|69| on 90

(2.23)

In this way fag (—%(x —-y)+ ﬁ)da(y) = 0 and (2.23) is solvable. Note that, with

the choose op*, we have
Z—l:(x —y) = — ondQ (2.24)

100

Apply Green'’s identity tac and¢* we find

0= [, 8*Of ) — 3o #* R (y) + [, u®) a@i:‘ (»)da(y) (2.25)

Adding (2.25) to (2.21) and using (2.24) we obtain

u(x) = 5 fo WO ®) = oy, N O) = [0 NE YIRG)do )
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Thus the solution of the Neumann problem can also written as the sum of two potentials,

up to the additive constaGt= |a_1n|f6£2 u(y)do(y) , the mean value of .

Au=0in Q

Z_: —h ondq then we have

whenf = 0, i.e. {

1
)~ £ u@)da(y) = - fa RICHUOLEC

Thus the functionV(x,y) is called Neumann function (also Green’s function for the

Neumann problem) ]
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