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Abstract
A radio spectrum is a particular range of frequencies used to communicate information in a

wireless communication system. It is naturally available and scarce resource. Besides to, the

dramatically increase of the wireless communication system is a critical issue and the studies

show that a certain licensed spectrum are underutilized. To solve this problem the cognitive

radio is a key technology when there is a free spectrum band of the licensed users then the

cognitive radio system permits that band for unlicensed or secondary users. In addition to that

the cognitive radio system continuously monitors at the range of primary user transmission to

minimize the interference by the secondary user’s whole opportunistically occupies on the

licensed bands. For this task the cognitive radio uses different spectrum sensing methods to

avoid the undesirable interfering and recognize the accessible radio spectrum band for secondary

users (SUs).

In this thesis, the performance of the Spherical and John’s detector spectrum sensing methods in

the presence of one and two primary users by implementing it over the typical Rayleigh fading

channel is investigated. The performance of probability of detection and Receiver Operating

Characteristics (ROC) curves within low signal-to-noise ratio (SNR) range is compared. Using

the MATLAB software with the Monte Carlo techniques are used to evaluate and analysis of the

performance of this work.

The implementation part shows a detailed comparison between the Spherical detector (SD) using

General Likelihood Ratio Test (GLRT) estimator and John’s detector (JD) using Locally Best

Invariant Test (LBIT) estimator including a single and two primary user (PU) transmitted signals

of detection. The specific, result shows the performance efficiency of detection for both schemes

with a tolerable interference level under the fading channel.

The proposed system uses GLRT estimator for SD and LBIT estimator for JD. After doing the

experiment, the result showed that JD provided the better detection performance over SD. To

illustrate this, when two PUs are detected by four SUs in cooperative scheme using SD method

at SNR range of [-2, -1] dB, the result is found to be incremented from 99.7% to 99.8%. The

same experiment is done using JD method and the result shows that the detection performance is

in the range of 99.9% and 100%.

KEYWORDS: Spectrum Sensing, Spherical Detector, John’s Detector, Rayleigh Fading

Channel, Low SNR.
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Chapter 1: Introduction

1.1 Over View

From the starting of wireless communications, the radio spectrum was one of the key

components of the wireless communication system. Besides to that spectrum is a limited and

valued natural resource. So that the use of available radio spectrum has been frequently a

matter of concern. In addition to that, a static spectrum allocation policy adopted by

governments of many countries has caused underutilization of spectrum because a huge

segment of licensed radio spectrum is not efficiently used [1]. Conventionally, a licensed

spectrum is allocated over comparatively long periods and is likely to be used first by

licensed users [2]. The allocation of spectrum band to operators is the responsibility of a

government organization. This activity in Ethiopia is handled by the Ministry of Innovation

and Technology (MInT); in the USA by the Federal Communications Commission (FCC).

This method is called the fixed spectrum allocation (FSA) arrangement and with this, the

radio spectrum is divided into bands allocated to distinct technology-based services, e.g.

mobile telephony, radio, and TV broadcast services. The FSA supervision structure

guarantees that the radio frequency spectrum is entirely licensed to primary users (PUs)

without interference [3].

Now the fast-growing of wireless communication has increased the difficulty of spectrum

utilization and made it more challenging. On the hand, the rising diversity (voice, short

message, Web, and multimedia) and demand for high quality-of-service (QoS) applications

have resulted in overcrowding of the allocated spectrum bands leading to minimized levels of

customer satisfaction.

The challenge is mainly serious in communication-intensive circumstances such as in the

case of people crowds. On the other hand, the major licensed bands which allocated for

television broadcasting are grossly underutilized which resulting in spectrum excess. For

example, studies from the Federal Communication Commission (FCC) show that the

utilization of licensed spectrum only ranges from 15% to 85% [4]. The national radio

frequency spectrum allocation table prepared by the Ethiopian Telecommunication Agency

(ETA) shows that the spectrum in the 960M–3GHz band as highly underutilized [5,6]. This

creates an opportunity for cognitive radio to open licensed bands to unlicensed users. This is

known as the dynamic spectrum access (DSA). Accordingly, the IEEE has formed a working
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group IEEE 802.22 to develop an air interface for opportunistic secondary access or dynamic

spectrum access DSA via cognitive radio technology [7].

Cognitive radio (CR) is a new idea that was 1st proposed by J. Mitola and Gerald Maguire [1]

and was offered as an additional of software-defined radio enhancing flexibility of personal

wireless services with the radio domain model and computational intelligence. Therefore,

CR is an exciting and new way of thinking about wireless communications. Finally, it is

already being considered as one of the main candidate technologies for the fifth-generation

wireless systems which aim to give a higher data rate transmission, enough capacity, cost

efficiency, and very sophisticated services.

CR aims to improve the spectrum utilization and efficiency of spectrum usage by

opportunistically accessing the licensed spectrum without interfering with the licensed users

[8]. To avoid using the spectrum at the same time with the licensed users, CR has to

determine the existence of the primary user (PU) by sensing the spectrum band. It can

communicate to its receiver if the spectrum is vacant. However, when the primary

transmitters retransmit again, the CR transmitters should be stopping their transmission

immediately to avoid creating interference to the PUs. Hence, spectrum sensing is a vital for

CR system.

Using spectrum sensing the CR system can be granted the existence of PU’s and

communicate to utilize the spectrum band for secondary users. There are many types of

spectrum sensing methods such as Energy detection, Matched filter detection,

Cyclostationary feature detection; Eigenvalue based detection, Spherical detection, John’s

detection, Interference-based detection, Centralized, Decentralized, and Relay assisted

detections. However, except Eigenvalue based, Spherical, and John’s detection, all of these

are used for single primary user transmitter detection. In the future, a single primary user

spectrum sensing scenario of CR networks may fail due to the increasing of traffic

congestion in different services. This thesis focuses on dealing with the performance

comparison between Spherical and John’s detector which are optimal detection schemes for

multiple primary user spectrum sensing over multipath Rayleigh fading channel with low

SNR range.
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1.2 Statement of the Problem

The increasing demand of wireless communication leads to the scarcity of frequency spectra

and the available radio spectrum is a limited natural resource, being overfilled day by day. To

solve the scarcity of radio spectrum, Cognitive Radio Technology is a promising technique

with spectrum sensing using non-cooperative and cooperative scheme in a wireless

communication system provides high spectral efficiency.

However, in case of non-cooperative scheme due to the hidden node problem the primary

user is not completely free from the interference affected by secondary users. To solve this

problem cooperative spectrum sensing with a single primary user (licensed) band is

considered as a solution to increase the detection performance, but the spectrum sensing

using a single primary user leads to analytically controllable problem and increases the traffic

congestion.

For this reason, this thesis explores to a way for accurate spectrum sensing of multiple

transmitters of primary user with multiple secondary users in cooperative detection to provide

better detection performance, with minimum traffic congestion for primary users.

1.3 Objectives

1.3.1 General Objective

 The main objective of this thesis is to do the analysis of a consistent radio spectrum

sensing in the presence of multiple primary user transmitter that detects by multiple

secondary users in the range of low SNR to provide the better detection performance

under the Rayleigh fading channel.

1.3.2 Specific Objectives

This thesis specifically aims to achieve the following specific objectives:

 To investigate the techniques that uses to improve the spectrum sensing for multiple

primary user transmitter detection methods such as spherical and John's detector.

 To study the behaviour of Spherical detector using GLRT and John's detector using

LBIT estimator under single and multiple primary user transmitter detectors.

 To investigate the performance efficiency of both detectors under the Rayleigh fading

channel.
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 To perform the simulation for each technique and study the results by comparing their

performance.

1.4 Literature Review

Various studies have been made on the area of spectrum sensing techniques within different

methods in the cognitive radio technology; from those the following are reviewed as a frame

scope of the thesis and existing challenges.

In the idea, of multiple primary user (PU) spectrum, sensing is to find primary transmitters

working at a specified time by spending local measurements and interpretations with

minimum traffic congestion for primary users (PUs). With the help of a Spherical and John’s

detection method, the cognitive radio transmitters observe the presence or absence of the

primary signal based on the test statistics of the population covariance matrix of the received

signal from primary transmitters.

In [9] the response of conventional energy detection (ED) by insertion of the adaptive Wiener

filter on the front end of ED has been analysed under AWGN and Rayleigh fading channels.

In this work, all the spectrum sensing performance metrics are improved. Moreover, at lower

value of signal-to-noise ratio (SNR) range the performance of the energy detector has

improved that compared to high SNR. However, this work is concerned only based on the

single primary user detection method.

In [10] the work was based on the estimated value of the received PU signal SNR to

determine the type of detection scheme. If the received signal SNR value at SU is strong

enough the system will use a non-cooperative scheme. However, the received signal SNR is

very low the SUs will detect with cooperatively each other to determine the presence or

absence of the PU signal by sending their sensing information to the fusion center (FC). This

work contributes to achieve the good detection performance without causing interference to

PU with reduced complexity, low sensing time, and less traffic overhead. Because of it uses

adaptively the combination of cooperative and non-cooperative ED detection it also improves

the bandwidth efficiency. However, this work is concerned only based on a single PUs which

detected by using more than two SUs. The proposed approaches in the consideration of more

than one PUs which detected by cooperatively scheme of secondary users and evaluating its

performance at low SNR.
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The work in [11] investigated the sensing performance of multiple primary user detection

under AWNG channel, based on the Spherical test (ST) detector. In this paper, some

performance can be obtained via the Spherical test detector with information of non-blindly

about the primary users. In addition to that the analytical formulae have been derived for the

key performance metrics of the ST detector. The performance gain over several detection

algorithms are observed in these works with noise uncertainty and a large number of primary

users under AWGN channel. The proposed method is using the Rayleigh fading channel

without requiring prior information (blindly) of the primary users.

In [12] the study shows the derivation of asymptotic threshold calculation for ST and John’s

detectors (JD) and the effect of noise correlation on the performance of the Rayleigh fading

channel. In this paper, an asymptotic analysis was presented for ST and JD detectors only

under the noise correlation hypothesis. The proposed method approaches for both detectors to

evaluate the performance under uncorrelated noise and correlated signal with non-central

complex Wishart distribution at low SNR which is not practiced in the open literature under

Rayleigh fading channel.

In this thesis work the performance comparisons between the Spherical and John’s detection

methods over a Rayleigh fading channel with the presence of one and more than one primary

user is to be investigated. In addition to that for increase the detection performance, the

investigation is using cooperative sensing scheme of secondary users. The design of the

detector satisfies the fundamental sensing requirements proposed in IEEE 802.22 WRAN

(false alarm probabilities ≤ 0.1) [6].

1.5 Thesis Contribution

Due to technological development as well as the increasing network size arising from

wireless communication service demand, the spectrum scarcity is one of the most challenging

tasks in the telecommunication industry. Therefore, a unique attention is given to the

cognitive radio network and its spectrum sensing performance.

This study contributes to giving information that is advantageous to minimize the interference

caused by multiple secondary users when it uses more than one licensed band

opportunistically and reduces the primary user traffic congestion. It also supports to achieve

the desired performance requirements before network deployment. It offers a detailed
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consideration of the Spherical and John’s detector over the Rayleigh fading channel

environment which is important for a multipath channel.

1.6 Limitation of the Study

The research:

 Limited to depending on the theoretical analysis and the simulation-based

investigation.

 Studies only with Rayleigh fading channel environments.

1.7 Organization of This Paper

The remaining parts of this thesis paper are well-organized as follows. Chapter 2 review the

contextual studies of cognitive radio: network communication, its network architecture and

fundamental cycles. Chapter 3 introduces spectrum sensing, system model & reviews

spectrum sensing methods: Transmitter detection, cooperative detection, & interference-

based detection and existing overview of single transmitter detectors: Energy detection,

matched-filter, & Cyclostationary feature detection. Moreover, it discusses about multiple

transmitter detection: Eigenvalue based, Spherical and John’s detector. Some detailed

descriptions are given about Spherical and John’s detector which are preferred in this

research. Chapter 4 describes the main part of theoretical analysis of this thesis work which is

importance to performance analysis. The analysis includes measuring performance

parameters such as SNR, conducting statistical test analysis and calculating the probability of

detection (�� ) of the designed system and finding the probability of false alarm (���) . In

addition, calculation of threshold is also done in this chapter. Furthermore, the

aforementioned calculations are done for both Spherical & John’s detector in cooperative

spectrum sensing with selection combing scheme over Rayleigh fading channel. The next

chapter, Chapter 5, deals with the detailed discussion of simulation results. This includes the

comparative analysis of Spherical and John’s detector in the presence of one and two PUs

which detects by SUs in cooperative manner over Rayleigh fading channel. The interpretation

of detection performances is analysed by using different parameters that include measuring

the performance of the system on different SNR values, the effect on performance detection

by varying the value of ��� . And providing a detailed illustration of complementary ROC

curves. In this section, performance comparison of John’s detector with eigenvalue-based

detector is also included. Finally, Chapter 6 presents the conclusion and recommendation

about the future research direction of this thesis.
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Chapter 2: Cognitive Radio

2.1 Introduction

Cognitive radio is an intelligent wireless communication system that is aware of its

surrounding environment, and understands by constructing to learn from the environment and

familiarize its internal states to statistical variations in the incoming RF stimuli by making

corresponding variations in certain operating factors in real-time, with two primary aims in

attention [13]:

• Highly reliable communications every time and everywhere required;

• Efficient use of the radio spectrum.

Furthermore, cognitive radio is a device which has ability to observing the external radio

environment in order to orient them to the current situation and act accordingly to

communicate with other devices while keeping the recommended quality standards [15].

In wireless communication the spectrum remains underutilized in the present circumstances

[14]. For improve its utilization, cognitive radio is introduced dynamically utilize the

spectrum holes (free bands). Figure 2.1 shows the concept of spectrum holes that are used

dynamically by the secondary users when it is not occupied by PUs.

Figure 2.1: Dynamic access of the spectrum holes [22].
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2.2 Cognitive Radio Network

A cognitive radio network (CRN) which contains more than one CR nodes, and similar to the

conventional wireless networks, classified as either an infrastructure-based network or an ad-

hoc network [17]. Every CR node might have a similar or dissimilar level of cognitive

capability in a CRN. The CRN can be supposed as an intelligent overlay network with several

coexisting networks, and each CR nodes might be belonging to different coexisting networks.

From this, the CR nodes are likely to have different levels of cognitive capability [18].

For effectively utilization of spectrum in opportunistically manner the cognitive radio

network is the efficient solution. Cognitive radio network (CRN) users are categorized as in

two portions.

1. Primary users (PUs) that are licensed to use a limited part of the spectrum

band.

2. Secondary or cognitive users (SUs) use the spectrum licensed to some primary

user in dynamic manner.

The secondary user would search for “white-spaces” or “spectrum holes” in its vicinity and

rapidly alter its transmission parameters according to the prevailing conditions such as:

1. When the selected channel is busy by primary users it detects the other vacant channel

opportunistically.

2. Extract the information with regarding the presence of active PUs in a fixed frequency

band and geographical location which is support and used to reduce the interference

to the PUs [16].

Figure 2.2: Shown CRN which includes the following system components and tasks of each

layers.

PHY Layer: A vital section in spectrum sensing that allows CR users to know the free

spectrum bands, whereas environmental knowledge requirements to achieve the best level of

radio environment awareness, such as the channel-state information or channel gain from the

CR Tx to the primary Rx.

MAC Layer: Used to the CR to perform with spectrum sensing scheduling, spectrum-aware

and sensing-access coordinator [18]. Each part preforms its function as follows:

 Spectrum Sensing Scheduler: Controls the sensing operations.
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 Spectrum Aware MAC: Used as regulator for spectrum access to the recognized

spectrum holes.

 Sensing-Access Coordinator: Controls the operations of the above two functions in a

time basis by taking care of the interchange between the sensing requirement and the

spectrum access opportunity that the CR user might be attain [18].

Network-Layer: Used to perform routing and statistical control. In this layer there are three

significant tasks are:

 Network Tomography: It is a type of statistically measuring, processing, and

inferring methods that provide the parameters and traffic/interference patterns for

CRN operations at both the link and network levels [19].

Figure 2.2: The key tasks of the PHY, MAC and network layers in a CRN [18].

 Quality of Service (QoS) and Error Control: It controls the level of standardized

tolerable QoS performance values based on IEEE and used to govern the error in

CRN communication system.

 Spectrum Aware Routing: A direction-finding protocol which exploits the local

spectrum heterogeneity and allocates dissimilar channels to links on the similar

stream to minimize the interference.

Spectrum Manager: It provisions the access of vacant spectrum in a dynamic and effective

manner by interconnected each three layers.
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2.3 Cognitive Radio Network Communication

Cognitive radio network communication is the way of information exchange between the

primary transceiver and the cognitive radio transceiver. Therefore, it is the basic principles of

spectrum sensing that could safeguard the PUs from the interference [18]. As indicated in

Figure 2.3 primary transceiver (Tx and Rx) with cognitive radio transceiver (CR Tx and Rx).

In this process a primary Tx sends data to its intended Rx in a certain licensed frequency

band. On the other hand, a pair of CR users (Tx and Rx) intends to access the free bands for

secondary communication. The CR Tx requires executing spectrum sensing to find spectrum

holes and guarantee the protection of PUs. Mainly CR Tx needed to detect to check the

existence of an active primary receiver inside its coverage. If not, the CR Tx can safely

transmit to the CR Rx using the identified spectrum hole. Otherwise, the CR users are not

allowed to use the band. Thus, detecting the nearby primary Rx’s can directly identify the

spectrum hole, which is called direct spectrum sensing [20].

Figure 2.3: “Principles of spectrum sensing” [18].

Most of the existing spectrum sensing schemes are identifies the spectrum holes by detecting

the primary Tx’s [21] [22]. Depending on the transmission distance ranges the spectrum

sensing categorized as indirect and direct sensing.

1. Indirect sensing is requiring a very week licensed signal. This method increases the

spectrum sensing has been more challenging. Compared to the direct spectrum

sensing, indirect spectrum sensing requires a greater detection range as shown in
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Figure 2.3 from R to R+D and the signal-to-noise ratio (SNR) of the primary signal is

low enough below the SNR wall [23]. It is impossible for the CR Tx to detect the

primary Tx, even if the infinity number of samples of the primary signals are used.

For example, in Figure 2.3, the transmission range between the primary transceiver is

the interfering range of the CR transmitter. In this range, the CR Tx needs to detect

the presence of an active primary Tx within a distance range of D +R. If the distance

between the primary and the CR Tx’s is greater than D+R, there will be no active

primary Rx inside the interfering range of the CR Tx, and then, the CR Tx can safely

access the spectrum bands [20].

2. Direct sensing is the most effective way of spectrum sensing to detect directly the

primary Rx. Because, it is the receiver of a primary user system that should be

protected.

2.4 Cognitive Radio (xG) Network Architecture

Cognitive radio is the vital supporting technology of xG network which delivers the

capability to use or share the spectrum in an opportunistic way [22]. For the development of

communication protocols, a perfect explanation of the xG network architecture is a

fundamental issue [22]. The main parts of the xG network architecture are as shown in Figure

2.4 can be classified in two groups as the primary network and the xG network (secondary

networks) [23].

 Primary Network: It has the prevailing network infrastructure with an exclusive

right to access an assured spectrum band. For example, the common cellular and TV

broadcast networks. The primary networks have the following sub parts:

 Primary User (PU): It has a permission to work in a definite spectrum band. It is

well-ordered by the primary base station and it should not be affected by any

operations of secondary users.

 Primary Base-Station: Also, know as licensed or primary base-station which has a

permanent infrastructure network with the spectrum licenses such as a base-station

transceiver (BTS) in a cellular system [35].

 NeXt-Generation (xG) Network: It is a DSA or SUs network which does not have a

permission to operate in the desired licensed band. Therefore, the spectrum access is
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permitted only an opportunistic way. NeXt-Generation networks can be deployed

both as an infrastructure network and an ad-hoc network as shown in Figure 2.3.

 NeXt-Generation Users: Those are unlicensed users (CR users or SUs) which are no

spectrum licensed to use it. Hence it should be performed additional functionalities to

share the licensed spectrum bands.

 NeXt-Generation Base-Station: Also known as unlicensed or secondary base-station

with a fixed infrastructure component and cognitive radio capabilities. It provides the

single-hop connection to xG users without licensed spectrum access

Figure 2.4: Cognitive radio (xG) network architecture [23].

 Spectrum Broker: It is a central network unit that plays a role in sharing the

spectrum resources among various xG networks. It also can be linked to each network

and assist as a spectrum information director to allow the coexistence of several xG

networks.
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2.5 Cognitive Radio Cycle

The sequence of operations in cognitive radio that are necessary to perform adaptive

operation is called cognitive cycle [13]. The Figure 2.5 shows the basic cycle of cognitive

radio and its component with descriptions [24] [25]-[28] as follows:

 Spectrum Sensing: It is one of the main duties of cognitive radio that used to detect the

available portions of the spectrum. A cognitive radio monitors the free spectrum bands

in the accessible frequency ranges, captures their information, estimates the interference

temperature of the radio environment, and detect probable free channel by using the

compatible detection techniques.

 Spectrum Analysis: It is the procedure that takes input about accessible free spectrum

band from spectrum sensing block and achieves channel identification where in a

number of parameters are evaluated and involves for each free band sensed by the

spectrum sensing process.

Figure 2.5: Fundamental cognitive cycle [24].
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 Spectrum Decision/Management: The stage of the cognitive cycle while an actual

decision regarding with the best accessible spectrum hole is taken on the origins of

analysis done by the earlier two stages. Parameters like transmission mode, data rate,

transmit power control and transmission bandwidths are taken into consideration here.
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Chapter 3: Radio Spectrum Sensing

3.1 Introduction

Spectrum sensing is the duty of finding free spectrum bands by sensing the radio spectrum in

the local neighbouring of the cognitive radio receiver in an informal way and a very task of

the perfect cognitive radio procedure breakdowns [29]. Particularly it performs in cognitive

radio such activities as detection of free bands, identification of the spatial directions of

incoming interferes, the spectral determination of each spectrum situations, and signal

classifications.

In this scenario, cognitive radio uses spectrum sensing mainly to avoid unsafe interfering

with primary users (licensed users) and detect the vacant spectrum to refine the spectrum

exploitation. Underutilization of the radio frequency band had resulted in the spectrum holes

or white spaces which will provide an opportunity for the users without a license to use it

[30]. Based on the occupancy and interference level, the radio frequency spectrum can be

divided as a black space that is fully occupied; grey space that is partially occupied; white

space that is not occupied and have low interference level with the only interference being

noise.

Spectrum holes are separate as the spectrum bands that can be used by the unlicensed users

(SUs) dynamically without creating interference to the licensed users (PUs) [10]. This

method of finding or detection of the spectrum hole is known as spectrum sensing [22].

3.2 SystemModel

The system model in Figure 3.1 shows how to interpret the spectrum hole by cognitive radio

users (SUs). Initially, the received PU signal is estimated using General Likelihood Ratio

Test (GLRT) or Maximum likelihood Ratio Test (MLR) for Spherical detector and Locally

Best Invariant Test (LBIT) for John’s detector. Then apply Spherical and John’s detector

equally with a cooperative detection scheme. Then with the help of soft-fusion center (FC) of

selection combining (SC) scheme made the decision depending on the selected frequency

bands either the presence of primary signal which is hypothesis (�1) or absence of primary

signal with hypothesis (�0).
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Finally, SUs can be accessing the free band (channel) if it is free otherwise continuous the

sensing process until it gets the free band.

Figure 3.1: System model of both detectors.

All the time spectrum sensing aims to accomplish the accurate detection of received signals.

But, due to the statistical nature of the problem, it is impossible in practice. From this, the

signal detector intended to work within the minimum error level.

For spectrum sensing the performance indicators are the probability of detection (��) and

probability of false alarm (���) are the key parameters. Probability of detection is the correct

declaration of the presence of the PUs (hypothesis �1). In spectrum sensing methods most of

the time the performance was affected by ��� (hypothesis �0). So, that ��� is an interesting

issue. For the better improvement of performance, the �� must be maximized, and the ���

rate to be kept as low as possible to allows system achievement transmissions with minimum

interference level.
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To identifies the required signal from noise in a single and multiple primary user with

cooperatively sensing can be written as mathematically [31] in eq. (3.1) & (3.2).

�[�] = �[�] �0 (3.1)

� � = ℎ� � + �[�] �1 (3.2)

Where � = 1,2, …, � number of discrete samples at receiver, �[�] received signal with n

samples, �[�] is the AWGN with zero main and variance of ��
2 , ℎ is the channel gain

quantity and �[�] is the signals which comes from primary transmitter. The hypothesis �0 is

only noise sample and �1 is transmitted signal pulse noise sample. In vector form the above

(3.1) & (3.2) can be expressed as [31] in eq. (3.3);

� =
� �0
Hs + � �1 (3.3)

Where, � ∈ ���×� is a dimensional complex vector, which represents the receiving data

vector to sense � PUs, the � × 1 vector � is the additive complex Gaussian noise vector with

having zero mean and covariance matrix of ��
2�� , � is the � × � dimensional matrix

coefficients of the channel gain and s is the � × 1 matrix of the primary transmitter signal

vector.

3.3 Methods of Radio Spectrum Sensing

Depending on the requirement of cognitive radio; there are so many classification approaches

in spectrum sensing methods [32]. Among these, some are listed below based on the signal

estimation and need to detect.

1. Frequency domain approach (direct method): The estimation takes place directly from

the signal.

2. Time-domain approach: The estimation is performed using the autocorrelation of the

signal.

On the other hand, based on the necessity of spectrum sensing there are different

classifications of spectrum detection methods have been described to identify the

presence or absence of signal transmissions in the surrounding environment [15] as

shown in Figure 3.2 generally categorized as:

 Cooperative Detection;

 Non-Cooperative Detection (Transmitter Detection);
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 Interference Based Detection.

Figure 3.2: Spectrum sensing methods [32].

3.4 Single Primary Transmitter Detection

It is the detection of a frequency band of primary user which comes from a single primary

transmitter. In this scenario the detector is perform the sensing tasks based on the received

SNR comes from primary transmitter. And the detector can be decide whether the present or

absence of PU [33]. This transmitter detector includes the blind spectrum sensing these are

energy and eigenvalue-based detection, and the non-blind spectrum sensing are matched filter

and Cyclostationary feature detection. Both of blind and non-blind spectrum sensing methods

are can be detecting a free spectrum band by using local sensing method (non-cooperatively)

which is a simple and requires low processing times, each SU seeks for its aims and does not

take into account the decisions of other SUs [22]. So, it performs their sensing task without

information exchange between SUs.

3.4.1 Energy Detection

This is mostly used spectrum sensing techniques which works without the need for prior

information of primary user signal. It also performs fine with unidentified dispersive channels.

Energy detection has less computational, implementation complexity, and less delay relative
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to the other methods [29]. Because of unknown prior knowledge of primary user transmitted

signal properties depend on the information of accurate noise power. Hence it is vulnerable

to noise uncertainty. In high SNR situations, it is an optimal detector for detecting

independent and identical distribution signals. In this method, the decision is based on the

received signal energy with a specified frequency band compared to the threshold value. If

the received signal energy is larger than the threshold value then the spectrum band is

working by PU. On the other hand, the received signal energy is less than the threshold value

then it is important there is a spectrum hole.

Threshold Comparison

� (n)

Figure 3.3: Block diagram of energy detection [20].

As indicated in Figure 3.3 the received signal is passed through the bandpass filter which

selects the specific band of frequency to sense and then through a square-law device to

calculate its energy. The average energy of the signal is calculated by integrating it over an

observation time interval through an integrator [20]. The output energy from the integrator

block is then compared to a pre-defined threshold that used to determine the presence or

absence of the primary user. The mathematical model of energy detection is as follow with a

primary signal received at cognitive radio plus noise [34]:

�[�] = � � + [ ]n (3.4)

Where � = 1, 2, 3, …, � sample intervals, �[�] received sample signal, �[�] is the transmitted

sample signal by the primary transmitter and [ ]n is the additive white Gaussian noise.

The performance of energy detection evaluated by the detection probability(��) and ���. The

“probability of primary user detection” and the “probability of false detection” methods can

be calculated within the specified threshold value ʎ [10]:

3.4.2 Matched Filter Detection

This is a coherent sensing technique and requires accurate knowledge of the transmitted

signal from the PU to optimally detect the signal at the cognitive user [35]. That means it

Square
law

device

Integrator
>ʎ

<ʎ

H1

Or

H0

BPF
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involves with the perfect knowledge of the primary signalling features such as bandwidth,

operating frequency, modulation type, pulse shaping, and frame format [32]. That

awareness’s are used to it to demodulate the received primary signal at CR receiver. Because

of it has been prior knowledge of transmitted signal information at the receiver it needs the

lowest detection time.

(Test statistics)

� �

Figure 3.4: Block diagram of matched filter detection [20] [35].

At the beginning, “the input signal passes through a band-pass filter; this will measure the

energy around the related band, then the output signal of BPF is convolved with the matched

filter whose impulse response is similar to the reference signal” [32][36]. Finally, the

matched filter output value is compared to a threshold value for detecting the existence or

absence of the primary user. The operation of matched filter detection is expressed as in

mathematical [32] [35] in eq. (3.5).

�[�] = �=−∞
∞ ℎ � − � �[�]� (3.5)

Where, �[�] is the output of the signal from BPF filter for the received signal and hence

response ℎ � = �[� − 1 − �] for � = 0, …, � − 1, �[�] is the unknown signal (vector) and

it is convolved with the (h), the impulse response of a matched filter is matched to the

reference signal for maximizing the SNR [32]. The decision of the presence or absence of

licensed user is based the comparison of the test statistics ����� with threshold value .

3.4.3 Cyclostationary Feature Detection

Cyclostationary feature detection method studies with the inherent Cyclostationary properties

of the signals [37] that can’t be found in any interference signal or stationary noise. These are

the periodic statistics and spectral correlation. This periodicity exploits in the received

primary signal to identify the presence of PUs.

Cyclostationary feature detection has ability to keeps the higher noise protection compared to

any other spectrum sensing methods [37]. Because of its noise rejection capabilities, it can be

BPF Matched

Filter

�����≥ʎ

�����<ʎ

H1 or H0
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alleviate the influence of noise, and can be provide the better detection performance with low

SNR.

For investigation of Cyclostationary feature detection the study of autocorrelation function is

a vital issue. By considering the received signal � � is a sine wave which satisfies all

condition of Cyclostationary properties and periodic in time � [37][39]. Then the

autocorrelation function ��(t, �) can be calculated as with time offset � [38] in eq. (3.6).

��(�, �) = ��(t+ �0, �) (3.6)

From (3.6) can be find the cyclic autocorrelation function (CAF) by using Fourier transform

of autocorrelation function which is important to derive the cyclic spectral density function

(CSF) which used to detect the PU signals [38] in eq. (3.7) & (3.8).

��
� � = 1

�0 �0
��� (�, �)�−�2����� (3.7)

��
�(�) = −∞

+∞ ��
�(�)� �−�2����� (3.8)

Where � is cyclic frequency, so in this way, the SUs can be distinguishing Cyclostationary

signal from noise by calculating CAF and CSF on different cyclic frequencies. Where ��
� �

is the CAF of continuous signal and α cyclic frequency and ��
�(�) is the power spectrum of

the signal for α = 0. The detection schemes search for peak cyclic spectrum magnitude of the

signal at any of the cyclic spectrum magnitude of the signal at any of the cyclic frequencies

[35]. If the peak is found then the signal is existing otherwise signal does not exist.

x(t)

Figure 3.5 Block diagram of Cyclostationary feature detection [20] [34] [35].

The performances of the Cyclostationary feature detector also depend on signal energy.

Because of it uses different modulation methods used to suffer to change the energy on the

signal. Moreover, the technique will require coherence of signal information like carrier

frequency and sensitive to sampling offset [35]. This will increase the detection time as

compared to energy detection.

N point
FFFT

Correlation
Feature
Detection

H1

H0

Average
over T

If there is a peak
magnitude

If no peak
magnitude



22

3.5 Multiple Primary User Transmitter Detection

This method of spectrum sensing is the process of detection spectrum holes in the presence of

two or more than primary (licensed) transmitters which detected by the cognitive radio

transmitter. In this process first, the cognitive radio transmitter perform detection to check

whether or not the licensed band occupied by the primary users. This activity is an

importance for guarantees the licensed users from interference and to find the spectrum holes.

In this method the cognitive radio perform their tasks as the following ways: If the licensed

user is occupied on the specified band or the spectral resolution then the cognitive radio

transmitter does not transmit their information to the allocated secondary users. On the other

hand if there is any free band then it can be access that band and transmits its required

information to secondary users. Because of it uses more than one primary transmitter

detection; the opportunity of secondary users to access the free band is better than compared

to single primary transmitter detection. These methods also have a significance role to

minimize the PU traffic congestion affected by SUs.

3.5.1 Eigenvalue Based Detection

Eigenvalue-based detection is a novel method which is based on the Eigenvalues of the

sample covariance matrix of the received signal at the secondary users (SUs) [39]. It is a

solution to noise uncertainty problem. Eigenvalue-based detector outperforms conventional

detector especially in multiple primary user scenarios, where multiple antennas (or multiple

cognitive users) are cooperatively employed to detect the free spectrum bands.

This method achieves both high �� and low ��� without requiring information of the

primary transmitted signals, channel, and noise power as a priori [40]. Since the covariance

matrix joins the correlations among the signal samples. That is the presence or absence of

licensed or primary signal is decided depending on the sample covariance matrix of the

received signals.

The secondary receiver has the ability to understand the presence or the absence of a

primary signal based on the largest and the smallest eigenvalue of the received signal of

covariance matrix [41]. Assume that the received signal is confirmed with multiple licensed

users [42]. Then in mathematical form can be written as;

�(n) = �=1
�

�=0
�� ℎ(�)���(� − �) + �(�)�� (3.9)
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Where � and � = 0, 1, 2, … , � are the number of licensed users and samples.

The sample covariance matrix can be written as in mathematical [42] form;

�� �� = 1
� �=�−1

�−2+�� (�
∧
(�)�

∧
�(�))� (3.10)

Then the statistical covariance matrix of the signal and the noise can be calculated as [42];

�� = �(�
∧
(�)�

∧
�(�)) (3.11)

�� = �(�
∧
(�)�

∧�(�)) (3.12)

�� = �(�
∧
(�)�

∧�(�)) (3.13)

It can be related that ��
∧
meets in probability in [42];

�� = ����� + ��
2��� (3.14)

Where ��
2 is the noise power, and I is �� order of the identity matrix.

Let from (3.14) the eigenvalues of the �� and ����� can be expressed as: �1(m��) ≥ �2 ≥

. . . ≥ ���(min) & �1 ≥ �2 ≥ . . . ≥ ��� respectively [42]. By using the ratio of maximum to

minimum eigenvalues; obviously the eq. becomes when there is a signal:

�� = �� + ��
2 (3.15)

When no signal �
∧
(�)=0, then �� = 0 , from that �1(max) = �2 = . . . = ���(min) = ��

2 . Then

the ratio of the maximum to minimum eigenvalue becomes for two hypotheses as follows

respectively (3.16) & (3.17).

�1(max)
���(min)

= 1 No primary signal is present (�0) (3.16)

�1(max)
���(min)

≻ 1 Primary signal is present (�1) (3.17)

3.5.2 Spherical Detector

The Spherical detector (SD) is a blind detection scheme, which performs the spectrum

sensing without any prior information with respect to the noise power, channel gains, signal

power and the number of primary user signals [43]. It is a very efficient method of multiple

primary user spectrum sensing. Moreover, the Spherical detector is an optimal detector in the
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Generalized Likelihood Ratio Test (GLRT) sense when the covariance matrix of the received

primary signals is positive definite [11]. The SD performs spectrum sensing by evaluating

whether the population covariance matrix differs from a matrix proportional to the identity

matrix [43].

Calculating the sample covariance matrix � and the population covariance matrix � of

received signal gives the Sphericity test statistic which used to compare the predetermined

threshold. This process is an importance to made the decision whether the presence or

absence of primary users. The threshold value is calculated from the false alarm probability

and its correctness is an important to determine the performance. By consider the following

received signal vector to calculating the test statistics [31] in eq. (3.18);

� = Hs + � (3.18)

Where, � = [ℎ1 , ℎ2 , . . .,ℎ�] is the � × � dimensional matrix denotes as coefficients of the

channel gain, ℎ1 denotes all channel vectors between the first primary user and all � sensors

(SUs). From these for all ℎ� can be expressed as � matrix;

� =
ℎ1,1 ℎ1,2…. ℎ1,�

⋮ ⋱ ⋮
ℎ�,1 ℎ�,2… ℎ�,�

(3.19)

A � × 1 vector � = [�1, �2, . . . , ��]� denotes the � primary user signals. Where the primary

user signal samples are independent and identical distribution with complex Gaussian

distribution of zero mean, and ��
2 variance �∼ � (0, ��

2) and uncorrelated with noise. The �

matrix is assumed as constant during the sensing time. According to (3.18) & (3.19) the

received observation is expressed as � × � data matrix �;

� = [�1, �2, . . ., ��] (3.20)

In reality every vector of �� in (3.20) represents one sample of all detected primary signals

received by cognitive sensors as follow;

��,1 =
ℎ1,1 ℎ1,2…. ℎ1,�

⋮ ⋱ ⋮
ℎ�,1 ℎ�,2… ℎ�,�

× [�1, �2, . . . , ��]� × [�1, �2, . . . , ��]� (3.21)
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In this case with in � sensors, so the first received sample (� = 1) of the observation vector

equals the sum of all primary user signals which are filter by the channel plus the complex

Gaussian additive noise as;

��,1 =
ℎ1,1�1 + ℎ1,2�2 + … + ℎ1,��� + �1

⋮ ⋱ ⋮
ℎ�,1�1 + ℎ�,2�2 + … + ℎ�,��� + �1

(3.22)

Hence, the received observation data of � matrix with � × � dimension;

X =
�1,1 �1,2…. �1,�

⋮ ⋱ ⋮
��,1 ��,2… ��,�

(3.23)

From eq. (3.23) � denotes the K×K test statistics of the sample covariance matrix;

R = ��� (3.24)

Here, ( . )� denotes the Hermitian complex conjugate [44]. Without channel model

assumption in the absence and presence of PUs; the sample covariance matrix

R= ��� follows uncorrelated and correlated non-central complex Wishart distribution R ∼

��(N, ��) and �∼ �� (N, Σ) of the population covariance matrix Σ respectively as follows

[44] in eq. (3.25);

Σ =
� �

N
= ��

2�� �0 (3.25)

��
2�� + �=1

� ��ℎ�ℎ�
�� �1

Where �=1
� ��ℎ�ℎ�

�� is a positive definite matrix.

Then test statistics of Spherical detector ( ����) calculated by using General Likelihood Ratio

Test (GLRT) criterion [43] and separate from a constant, with the help of the likelihood

function of the data matrix X which written as;

L (X/ Σ)= ( Σ )−����(−�
Σ ) (3.26)

Where Σ denotes as determinant of population covariance matrix. Then the likelihood ratio

statistic represented by � written as [11];

� =
�����2 >0L(X/��

2��)

���Σ>0L(X/ Σ)
(3.27)
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Using the maximum likelihood ratio test (MLRT) to estimates the ��
2 for �0 and Σ for �1 as

follows [45] respectively;

��
2� = ��(�)

��
(3.28)

Σ� = �
�

(3.29)

By substitute eq. (3.28) & (3.29) in to eq. (3.27) [32] can be obtain;

�1 � = R

(1
�tr(R))� = �=1

� ���

(1
� �=1

� ��)�
� = ����. (3.30)

Where �� represents the eigenvalues of R and ��(�) represent the trace of observed sample

covariance matrix of R [45]. Finally, to make a decision whether the presence or absence of

PU signal based on the resulted value of Sphericity test statistic in eq. (3.30) which

compared with a specific threshold value of ʎ. From that if the test statistic is less than ʎ

then the hypothesis �1 is declared. Hence primary user is present. On the other hand, the

null hypothesis �0 is declared when the Sphericity test statistic is greater than threshold ʎ. In

this scenario in reality there is a free licensed band. Then the test statistics of both

hypotheses written as [11] eq. (3.31).

���� < ʎ for �1

���� > ʎ for �0
(3.31)

3.5.3 John’s Detector

John’s detector is an optimal for spectrum sensing with small standard deviations of the

covariance matrix proportional to the identity matrix. It also a noise-uncertainty free detector

with low signal- to- noise ratio. The criterion used to John's detector derived by the Locally

Best Invariant Test (LBIT) [44]. Unlike the GLRT criterion, the LBIT criterion often leads to

provide a better performance in the low SNR value. The performance of this detector is very

good in the presence of multiple primary user detection. Therefore, using the Locally Best

Invariant Test (LBIT) can be calculate the test statistics of John's detector which is an

importance parameter to decide whether the presence or absence of primary user signal with

compared to the specified threshold value ʎ. The test statistics of John’s detector ( ����) for

multiple primary users can be calculated as [46 eq. (1.2–1.7)];
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���� = tr(�2)
(tr(R))2 = �=1

� ��
2�

( �=1
� ��)�

2 (3.32)

The test statistics from eq. (3.32) compared with the threshold value ʎ written as [44].

���� > ʎ �1

���� < ʎ �0
(3.33)

3.6 Interference Based Detection

Interference based detection emphasis to minimize the interference to the primary (licensed)

receiver regardless of the licensed transmitter’s operation [39]. The signal power received at

the licensed receiver reduces exponentially with the distance until it reaches at the level of

noise floor. Even if at noise flower point operates the licensed transmitter, but the licensed

receiver treats this communication as simply noise and not transmission; hence the unlicensed

user can utilize the channel without interfering to the licensed users. That means the cognitive

radio users can be transmit its signal with lower transmission power than licensed users to

restrict by interference temperature level [32]. Theoretically, there is no licensed user affected

by the interference. But, in reality the interference becomes at the receiver. To mitigate this

problem the interference temperature classic model is used to measuring the interference

temperature as shown in Figure 3.6 announced by the Federal Communication Commission

(FCC) [22]. This model indicates the “signal of a radio station designed to operate in the

range of received power with the level of the noise floor” [39].

Figure 3.6: “Interference based detection on temperature classic model” [22].

When the noise flower increases at different points within the service area, as indicated by the

peaks above the original noise floor then the interfering signals are appeared. The decision of
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either or not the presence of a licensed user in the range of frequency band is based on the

level of the interference temperature. If the detected licensed signal level is below the

interference temperature, the unlicensed user may utilize that channel. Further, if the

transmission power of a CR remains below the interference cap, it may utilize any frequency

parameters of its choice.

Interference temperature also used to the interpretations of the radio frequency (RF) energy

comes from the multiple broadcasts and arrangements with a maximum cap on their

collective level. Therefore, for using this spectrum band the SUs couldn’t be exceeding the

limitation of their transmissions.

3.7 Cooperative Detection

In cooperative spectrum sensing, multiple CR users are collaborated and organized with each

other for the exchange of the sensing information and make the final decision to improve the

sensing accuracy. Firstly, each CR users are independently performing their sensing by

locally (non-cooperatively) scheme and share their sensing information. In this situation each

of the cooperating nodes are employs locally using by any sensing methods and sharing the

refined sensing information with other nodes based on the selected cooperation strategy [47].

The real method of cooperative spectrum sensing is used to fighting against multipath fading,

shadowing and alleviate the tricky of receiver uncertainty as shown in Figure 3.7 [48].

Figure 3.7: Receiver uncertainty and multipath/shadow fading [48].

As shown in the above Figure, “CR1 & CR2 are located inside the transmission range of

primary transmitter (PU Tx) while CR3 is outside the range” [48]. CR2 affected by multipath

and shadow fading because of the multiple attenuated copies of the PU signal and blocking

houses. Therefore, PU’s signal may not be correctly detected. In addition to that the broadcast

from CR3 may interfere with the reception at PU Rx. This activity happens when the CR3
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suffers from the receiver uncertainty problem because of an unawareness of CR3 about PU’s

broadcast and the presence of the primary receiver (PU Rx).

However, with the help of spatial diversity, the total detection performance can be improved

significantly. In a CR network if all spatially distributed CR users can’t be simultaneously

affected by the fading or receiver uncertainty tricky as shown in the Figure. The greatest

observation of a strong primary user signal is by CR1. Hence, using spatial diversity can be

minimize the overcome lack of individual interpretations at each CR user by cooperate and

share the sensing results with other CR users [48]. Then the decision result is depending on

the spatially collected observation of all CR users with combination of their individual

decision.

In general context of cooperative spectrum sensing requires some essential components to

improve their sensing performance such as PU’s, collaborating of CR users with fusion center

(FC), the licensed and control channels [48]. Usually, cooperative spectrum sensing involves

with control and reporting channels to attain a decision for local sensing. The local sensing is

used to create a connection between the CRs and licensed transmitter. The CRs or SUs can

report the local sensing data to the FC or share the sensing results with neighbouring nodes

by the help of the reporting or common control channel [22]. This process is used to made a

decision whether or not the presence of PU in the channel. Based on the collaborating and

sensed data sharing the CR user networks categorized as: Centralized, Distributed, and Relay

assisted.

3.7.1 Centralized Detection

In a centralized cooperative spectrum sensing scheme, all activities are controlled by the

fusion center (FC) or obviously known as the base station (BTS). This type of cooperative

sensing performs its detection activities with different levels. Initially, the FC works on the

choice of the required frequency band to sensing and prepares all SUs independently perform

its local sensing and collaborates. Then all sensing results by cooperating of SUs are reported

through the control channel. Finally, the presence or absence of primary user is precise by a

FC depending on the received sensing information from cooperative sensing results. On the

other, in the case of xG ad-hoc network deployment any SUs work as a FC. Based on the

level of its collaboration centralized scheme can be studies as network nodes. Simply the

network nodes are cooperating for the purpose of sensing channels. This process knows as a
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partially collaborative scheme. In addition to cooperatively sensing of the channel, the nodes

can be collaborating to communicate each other known as a collaborative scheme.

3.7.2 Distribution Detection

In this cooperative scheme for making the collaborative decision without requires of the FC

rely assisted. Thus, the SUs exchanges the information of local sensing results each other

within its transmission range and make a decision individually whether or not the presence of

free band (white space) by repetitions. In the distribution spectrum sensing the final decision

and the detection results are controlled by the SUs. Therefore, it doesn’t involve with any

common infrastructure. The decision of the presence or absence of the PUs is made by using

the local criterion algorithm. In this algorithm the decision of its presence is based on the

satisfaction of the criterion. I.e. if satisfied the criterion then the PU is present if not then SUs

send their combined results to other users again and repeat this process until the algorithm is

encountered and a decision is gotten. Because of it needs several iterations to reach the

decided cooperative decision it takes more time to compare with a centralized detection

scheme.

3.7.3 Relay Assisted Detection

Relay-assisted cooperative sensing is a significant for performance improvement gaps of

sensing in the control and reporting channel of imperfectness problem. This method is

important when some parts of SUs observing weak sensing and strong report channel and the

other SUs observing with strong sensing and weak report channel in cooperative spectrum

sensing. So, to improve the performance of cooperative spectrum sensing in this scheme both

results can be a compliment and collaborate with all results. Relay-assisted cooperative

spectrum sensing uses the multi-hop cooperative sensing scheme to forward the sensing result

for the intended receiver node [48]. In this scheme, all the intermediate hops are used as

relays. Besides this the CR relays are used for forwarding the primary user’s traffic.
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Chapter 4: Performance Analysis, Test Statistic, Probability of Detection

and Threshold

4.1 Introduction

The perfectness of spectrum sensing is decided based on the sensing results such as the

quality of factors. In this work concerns on the feature of the performance of the Spherical

and John’s detector are specified by using the following sensing performance factors are

probability of detection (��), Probability of false alarm (���) and the SNR values.

The probability of detection (��) in dynamic spectrum sensing used to the detector makes an

accurate decision that channel is employed (the hypothesis �1 ). The level of interference

security delivered to the licensed or PUs is indicated by the value of ��. That means the large

value of �� indicates the correct sensing with the small effect of interference. In this work,

can be observe the detection probability versus SNR, detection probability at the different

false alarm probability, and interpretations of the receiver operating characteristics curves.

The false alarm existence happens when the detector interprets �1(primary signal is present),

but �0 is the correct decision (primary signal is absent). This occurrence of probability is

considered as the false alarm probability. When there is a false alarm then the unlicensed

users or secondary users couldn’t exploit the spectrum hole. In this condition, there is a loss

of free channel usage opportunity. In order to get the more efficient performance in spectrum

sensing parameters should be kept ��� is low and ��is high [10].

Some significant matters are measured in this study such as exploiting the dynamic spectrum

sensing correctness, minimizing the interference to the PUs by maximizing the probability of

detection and to increases the SUs throughputs by minimizing the false alarm probability ���.

4.2 Performance Measurement

The receiver performance is quantified by showing curves of the probability of detection

against SNR values ( ��versus SNR) and the receiver operating characteristics (ROC) curves.

These curves serve as a tool to select and study the performance of a sensing scheme. The

detection probability versus signal-to-noise ratio graph illustrations are shows the

relationships between detection probability and signal-to-noise ratio that used to determine

the best scheme. The complementary receiver operating characteristics (ROC) curves show

the probability of detection ( ��) versus probability of false alarm ( ���). These curves enable
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exploration of the relationship between sensitivity (probability of detection) and specificity

(false alarm rate) [49]. To study the different situations of interest by plot the ROC curves

with varying one parameter and the other parameters are fixed.

4.3 Probability of Detection and Test Statistic for Spherical Detector

By considered the vector form of the received signal expressed as [31] in eq. (4.1);

� = Hs + � (4.1)

Where, � ∈ ���×� is a dimensional complex vector, which represents the receiving data

vector to sense P primary users.

The K×1 vector � denotes the additive complex Gaussian noise vector with independent and

identical distributed (i.i.d) N ∼ (0, ��
2��) having zero mean and covariance matrix ��

2��. The

K×P dimensional matrix H = [ℎ1, ℎ2, . . .,ℎ�] denotes coefficients of the channel gain.

Without assumption of channel model H specification in the absence of PUs sample

covariance matrix R=��� follows an uncorrelated non-central complex Wishart distribution

R ∼ �� (N, Σ) with population covariance matrix Σ. Then the corresponding Σ calculated

for hypothesis �0 as follows [44] eq. (4.2);

Σ = E [�]/N = ��
2�� (4.2)

Where ��
2 is the noise power, �� is � × � identity matrix and � is calculated from in eq.

(3.23). Hence the received signals are containing only noise vectors. On the other hand, under

the presence of PU signal sample (hypothesise �1) R follows a correlated non-central

complex Wishart distribution R ∼ �� (N, Σ) of the population covariance matrix Σ can be

calculated as [44] in eq. (4.3);

Σ = ��
2�� + �=1

� ��ℎ�ℎ�
�� (4.3)

Where �� = �[����
�] is the transmitted power of the Pth primary user signal and ��

� is the

Hermitian complex conjugate sample values of primary transmitted signals. In this scenario

the analysis included in the presence of primary user signal and noise signal vectors. Then

the received signal to noise ratio (SNR�) of primary user P can be calculated as [11];

� = �� ℎ�
2

��
2 (4.4)
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4.3 Test Statistics and Probability of Detection for Spherical Detector

The test statistics of Spherical detector (���� ) is an important term and the 1st essential

consideration from SUs perspective in order to get the awareness of the presence or absence

of active PUs. From eq. (4.3) perspective the fact that �=1
� ��ℎ�ℎ�

�� is a positive definite

matrix. By repeating eq. (4.2) and taking the difference between eq. (4.3) and (4.2) for

hypothesis test in the multiple PUs scenario [11] written as in eq. (4.5) & (4.6) respectively;

�=��
2�� �0 (4.5)

� > ��
2�� �1 (4.6)

In this case except positive definite matrix which is defined as with the assumption of Z>Y

represents Z−Y all are assumed to be blind (not required prior knowledge of the primary

transmitted signal), i.e. ��
2 , � and number of PUs are blind [11].

The test statistics of Spherical based ( ���� ) detector was written under the general

likelihood ratio test (GLRT) criterion [43] and it can be separate from a constant, by using

the likelihood function of the data matrix � written as;

�(�/ �) = ( � )−����(−�
� ) (4.7)

Where, Σ the determinant of population covariance matrix and X is calculated from in eq.

(3.23). Then the likelihood ratio statistics represented by � written as [11];

� =
�����2 >0L(X/��

2��)

���Σ>0L(X/ Σ)
(4.8)

The maximum likelihood (ML) estimates of ��
2 for �0 and � for �1 are expressed [45]

respectively;

��
2� = ��(�)

��
(4.9)

Σ� = �
�

(4.10)

By substituting eq. (4.9) and (4.10) to eq. (4.8) [11];

�1 � = R

(1
�tr(R))� = ���� (4.11)

Where ��(�) is the trace of observed sample covariance matrix �.
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From eq. 4.11 the hypothesis �0 is rejected when �1 � is small . Hence from the test

statistics ���� can be made the decision �0 ��� �1 at specified threshold ʎ written as [11]

eq. (4.12) and (4.13) respectively;

���� > ʎ �0 (4.12)
���� < ʎ �1 (4.13)

The sample covariance matrix R follows uncorrelated complex Wishart distribution to offers

for approximation depart the hypothesis �0. While a correlated complex Wishart distribution

for �1. Then the random variable distribution of ���� deals as approximative moments

which sample covariance matrix R follows uncorrelated complex Wishart distribution ��

(N, ��) for �0 and correlated complex Wishart distribution ��(N, Σ) for �1 [11] with

probability density function in eq.(4.14);

�~

1
ℾ� �

( R )�−���� −� �0

1
ℾ�(�)( Σ )� ( R )�−���� −Σ−1R �1

(4.14)

Where Γ (·) is the gamma function. From the ���� identify �1 correctly or �0

incorrectly defines as the detection probability ��, and false alarm probability ��� [32] in eq.

(4.15) & (4.16) respectively;

�� = �(���� < ʎ/ �1) (4.15)

��� = �(���� > ʎ/ �0) (4.16)

The ��� and �� can be calculated in terms of cumulative density function (CDF) with

decision threshold ʎ [11]; therefore, by using eq. (4.12) and (4.13) for any threshold ʎ of the

��� and �� can be calculated by using the following Proposition 1 & 2.

Proposition 1: The CDF is represented by ���� with any sensor size K and sample size N

can be analysis using the two-first-moment Beta approximation to the CDF of ���� for �0

[11] as follows;

����(� ) ≈ �y (�0 , �0)
�(�0 , �0)

, � ∈ [0,1] (4.17)

Where �y (�0 , �0) = �y (�0 , �0) = (1 − �)�0
�=�0

∞ �0+�−1
�

� �� represent the incomplete

beta function and �(�0 , �0) = ℾ((�0 )ℾ(�0)
ℾ(�0 +�0)

~ 2� �0
�0−1/2�0

�0−1/2

(�0+�0)�0 +�0−1/2 is the beta function. The
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completed proof is in Appendix A. The factors �0 and �0 are simple functions of the sensor

size K and sample size N which are given by [11];

�0 = �1(�1−�2)
�2−(�1)2 , �0 = (1−�1)(�1−�2)

�2−(�1)2 (4.18)

By using the asymptotic ���� distributions of the complex Wishart matrices and using

���� in eq. (4.12), for any threshold ʎ of the false alarm probability is calculated as ���(ʎ)

[50];

���(ʎ ) = ����(ʎ ) =
�ʎ (�0 , �0)

�(�0, �0)
(4.19)

Equivalently for any ��� a threshold can be written by numerically inverting the ����(ʎ );

ʎ = ����
−1 ( ���) (4.20)

From the threshold ʎ (4.20) can be obtain the probability of false alarm ��� in eq. (4.21).

��� = ����(ʎ ) (4.21)

Typically, ��� is between [10−1, 10−2] which is the IEEE 802.22 standard recommends

��� <0.1 for spectrum sensing [51].

Proposition 2: On the other hand, to calculate the �� for any sensor size K and sample size

N, by analysis the two-first-moment Beta-approximation to the CDF of ���� for �1 is [11];

���� ��(� ) ≈ �y (�1 , �1)
�(�1, �1)

, y ∈ [0,∞) (4.22)

Where �1 ��� �1 are calculated as;

�1 = �1(�1−�2)
�2−(�1)2 , �1 = (1−�1)(�1−�2)

�2−(�1)2 (4.23)

�� ≈ (�)Kn(
ℾ �1 −Kn ℾK(N+n)( Σ )n

ℾK N ℾ(�1 )
(4.24)

Where �� are the nth moments of beta and N is the number of samples. The completed proof

is in Appendix B. By using ���� eq. (4.13), for any threshold ʎ the detection probability is

calculated as ��(ʎ );
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��(ʎ ) = ���� ��(ʎ ) =
�ʎ (�1 , �1)

�(�1 , �1)
, (4.25)

For quite affordable of computational complexity of threshold calculation is needed

additional approximate of the parameters (�0 , �0 ) and (�1 , �1 ) to their particular nearest

of non-negative integer. Therefore, both eq. (4.19) & (4.25) reduce to simple polynomial

equations of ʎ. For a target of the ��� to calculate the resulting threshold ʎ from eq. (4.20)

and this threshold is equivalent to the �� can be found from eq. (4.25). From this the relation

between ��� & �� is known as complementary receiver operating characteristics curve

(ROC) can be obtained as:

�� = ���� ��(����
−1 ( ���) (4.26)

The above is the �� on AWGN channel but with Rayleigh multipath fading channel, which

is more commonly experienced in realistic wireless networks [31]. In Rayleigh fading

channels, the instantaneous SNR has the following probability distribution function (PDF)

[52] eq. (4.27);

���(�) = 1
�
�

�
� , � ≥ 0 (4.27)

Where “γ and � represent the instantaneous and the average SNR respectively” [52]. To

considered only �� , the detection probability in averaging, since it is a function of SNR as

shown in eq. (4.25). Thus, the average �� of the Rayleigh fading channel [31] calculated as;

����� = 0
∞ (ʎ ,� �) ��� � ���� (4.28)

By substituting eq. (4.25) and (4.27) in to (4.28);

����� = 0
∞ �ʎ (�1 , �1)

�(�1 , �1)
� 1

�
�

�
� ���� (4.29)

By substitute the value of the in complete beta function

�ʎ (�1, �1) = (1 − ʎ)�1
�=�1

∞ �1+�−1
�

� ʎ� and beta function �(�1, �1) = ℾ(�)ℾ(�)
ℾ(�+�)

~

2� �1
�1−1/2�1

�1−1/2

(�1+�1)�1 +�1−1/2 ;



37

����� ≈ 0
∞ (1−ʎ)�1 �=�1

∞ �1+�−1
�� ʎ�

2��1
�1−1/2�1

�1−1/2

(�1+�1)�1 +�1−1/2

� 1
�
�

�
� ���� (4.30)

Similarly, for John’s detector the average probability of detection �� under Rayleigh fading

channel calculated as;

����� = 0
∞ �ʎ (� 1−ʎ

�−1 ; �1, �1)

�(�1, �1)
1
�
�

�
� ������� (4.31)

Where �ʎ (
� 1−ʎ

�−1
; �1, �1) = 0

� 1−ʎ
�−1 � 1−ʎ

�−1

�1−1
� (1 − � 1−ʎ

�−1
)�1−1�ʎ is the incomplete beta

function and �(�1, �1) = ℾ(�)ℾ(�)
ℾ(�+�)

~ 2� �1
�1−1/2�1

�1−1/2

(�1+�1)�1 +�1−1/2 is the beta function. So, by

substitution this functions in to eq. (4.30).

����� ≈
0

∞ 0

� 1−ʎ
�−1 � 1 − ʎ

� − 1

�1−1

� (1 −
� 1 − ʎ

� − 1 )�1−1�ʎ

2� �1�1−1/2�1
�1−1/2

(�1+�1)�1 +�1−1/2

�
1
�

�
�
� �� (4.32)�� (4.32)

Where, ��(ʎ ) ≈
�ʎ (� 1−ʎ

�−1 ; �1 , �1)

�(�1 , �1)
is calculated in the next section with detailed description

and present in eq. (4.55).

4.4 Test Statistics and Probability of Detection for John’s Detector

In the assumption of spectrum sensing situation, for P ≥ 1 PUs transmitting within the

frequency band of interest has the central frequency �� and the bandwidth W with

transmission sample duration of T ≤ 1/W. Also, assumed with the minimum bandwidth

transmissions of primaries within W, matching to the sample duration ����� .

There is a detector with K sensors trying to detect the presence of PUs. Again, assumed there

are multipath channels between the PU and the detector. The number of PUs, and the

multipath structure of these users, is blind to the detector. But all possible sample durations

between T and ����� of PUs are known to the detector. Then the received signal �(t) after

filtering in complex baseband signal at K sensors in the bandwidth of interest is [44];

�(t) = � �=1
� ��,�ℎ��� � − ��� + �� + �(t) (4.33)
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Where �� = �� � is the sample duration for transmitter � , ℎ� (t) is the convolution of the

reception filter with transmission filter of � , and the vector of channel impulse responses

between � and K sensors. The sum over � is the train of transmission samples, and the

variable �� is the differences in symbol timing and transmitter propagation delay. Let the K-

sensor detector chooses �� to be the least common possible values of ��, and takes samples

every ��T second gives [44];

� = � �=1
� ��, �ℎ��� ��� − ���)� + �� + � (4.34)

Representing ℎ�,� = ℎ� (���)� + �� then eq. (4.34) becomes;

� = �=1
�

�=1
� ��,���−��� ℎ�,� + � (4.35)

Where ��= ��/�� is the independent transmission samples transmitted by primary per received

sample taken. By assumed causality the earliest time of a sample affects the received signal,

as well as a maximum delay spread M [44]. Note that the number of multipath components

depends importantly on the pulse shapes used by the transmitters, the receiver filter, and

whether the detector is synchronized to one or more of the transmitters [44].

For the received signal detection by considering the two hypotheses: Null hypothesis (�0) or

the received signal contains only noise vector at the cognitive radio network (CRN) and

hypothesis �1or the received signal vector have with signal plus noise vector. Then the two

hypotheses can be written as an assembling, the MP transmitted samples �� , ��� -m in to

vector form [44] written as in eq. (4.36 & 4.37).

� = � (4.36)

� = Hs + � (4.37)

Where, � ∈ �� is the received data vector and K×PM dimension matrix, H=

[ℎ1,1 , ℎ1,2, …, ℎ1,� , ℎ2,1, …, ℎ�,�] denotes the M-tap channels between P primary users and K

sensors. By assumption of proper filtering K×1 vector � denotes the additive complex

Gaussian noise vector with zero mean and covariance matrix ��
2��. By collect N observations

from eq. (4.37) to a K× � received data matrix X= [�1, �2, …��] = ��. Where the signal

vectors � = [�1, �2, …��]. Based on the data matrix X can be decide the presence or absence

of PUs by calculated as the sample covariance matrix R=��� which follows uncorrelated

and correlated non-central complex Wishart distribution R ∼ �� (N, Σ) with population
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covariance matrix Σ. Then the corresponding Σ calculated under hypothesis �0 and �1written

as [44] in eq. (4.38) & (4.39) respectively;

Σ = E [�]/N = ��
2�� (4.38)

Σ = ��
2�� + �=1

� ��ℎ�ℎ�
�� (4.39)

Using the sample covariance matrix R can be calculate the test statistics of John’s detector

(����) [53, (1.2-1.7)] in eq. (4.40);

���� ≅ ��(�2)
(��(�))2 = �=1

� ��
2�

( �=1
� ��)2�

, [1/K, 1] (4.40)

Where, �� is the order eigenvalues of sample covariance matrix R [53]. The ���� is a

significant parameter to make the decision whether or not the presence of PUs made the

comparison with a specified threshold ʎ [44] in eq. (4.41).

���� < ʎ �0

���� > ʎ �1
(4.41)

With natural support [1/K, 1] of ����. Then with starting of the ��ℎ moments analyse to ����

for �0 [44];

� ����
� = �[( �=1

� ���
2
)�]

� �=1
� ���

2� (4.42)

The derivation of ��ℎ moments of non-negative integer for complex Wishart matrix

distribution expressed in proposition 3 [44]:

Proposition 3: The m-th non-negative integer moment of random variable to ���� for �0 is

[45];

�� = �ℾ ��
ℾ 2�+�� �1+…+��=�

�!
�1!…��!

� × 1≤�<�≤� (2�� − 2��� + � − �) �=1
� ℾ(2�� + � − � +�

�) (4.43)

Here �1 + …+�� = � is the sum of overall non-negative integer and,

C = ( �=1
� ℾ(� − � + 1)ℾ(� − � + 1)� )−1 is a constant.
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For exact distribution of ���� easily construct an approximative ���� distribution by

matching its moments to some known distribution with the same support [44]. It is often the

case that for the same statistics, the functional form of its distributions in both real and

complex Wishart cases remains the same [54]. For the real Wishart under �0, the exact ����

distributions for K=2, 3 hold the same polynomial form as the Beta distribution [55].

Furthermore, the Beta distribution was shown to correctly model the distribution of ���� for

random K [56]. From these evidences, by selection of Beta distribution approximate to ����

for complex Wishart distribution expressed in proposition 4:

Proposition 4: For any sensor size K and sample size N, the Beta approximation of the CDF

to ���� for �0 and using eq. (4.43) the exact two first moments [44] written in eq. (4.44);

����(y) ≈ 1 −
�y (� 1−�

�−1 ; �0 , �0)

�(�0 , �0)
, y ∈ [ 1

�
, 1] (4.44)

Where �y (
� 1−y

�−1
; �0, �0) = 0

� 1−y
�−1 � 1−y

�−1

�0−1
(� 1 − � 1−y

�−1
)�0−1�y is describes as

incomplete lower beta function and, �0 and �0 are calculated as;

�0 = (��1−1)(��1−��2+�1−1)
�−1 �(�2−�1

2)
, �0 = (�1−1)(��1−��2+�1−1)

(�−1)(�1
2−�2)

(4.45)

Where �1 and �2 are the 1st and the 2nd moments of ����.

From the ���� (4.41) and Proposition 4, the resulting approximation to the probability of

false alarm for a given threshold ʎ [44] is given as in eq. (4.46);

��� (ʎ ) = 1 − ���� ʎ ≈
�ʎ (� 1−ʎ

�−1 ; �0, �0)

�(�0, �0)
(4.46)

Where, ʎ ∈ [1/�, 1] . From this for any ��� requirement a threshold can be derived

numerically by inverting ���(ʎ ) [44] (4.47);

ʎ = ����
−1(1 − ���) (4.47)

4.5 Probability of Detection

For suitability by considering and define the random variables x, y & z to studies the

moments of ���� for �1 [44] in eq. (4.48).
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� = 1
�2 ��(�2), � = 1

�
��(�), � = �

�2 . (4.48)

Obviously, z is the random variable which gives attention to ����. Unlike the case of �0, the

equality 4.42 no longer holds under �1[45]. In order to estimate the moments of � it is not

enough to estimate the moments of random variables � and � separately, estimating their

correlation is needed [44]. Simple and accurate estimates of the mean and variance of � for

�1, which involve the first two exact moments and the covariance of random variables � and

� [44].

�� = �� Σ 2 + 1
�

(tr(Σ))2 4.49

��� = 2
�

�� Σ 3 + 2
�2 tr Σ tr(Σ2) 4.50

�� ≈ ��
��2 − 2���

��3 + 3����

��4 4.51

�� = ��
��4 − 4�����

��5 + 4��2��

��6 (4.52)

Hence ��� is the covariance of � and �.

�� = 4
�

�� Σ 4 + 2
�2 4tr Σ tr(Σ3 + (tr(Σ2))2) + 2

�3 2(tr Σ )2tr(Σ2 + ��(Σ4)) (4.53)

�� = �� Σ 4.54

�� = 1
�

�� Σ 2 4.55

With the estimates of the mean (4.51) and variance (4.52), closed-form distributions of ����

for �1 can be constructed [44]. Also select the Beta distribution in Appendix C eq. (4.89),

thus it has the same support as ���� . Accordingly, I have distribution under �1 holds the

same form as the Proposition 5:

Proposition 5: For any sensor size K and sample size N, the Beta approximation to the CDF

of ���� for �1 derived on the estimated value of the two first moments in eq. (4.51) and

(4.52), is equals [51];

������(y ) ≈ 1 −
�ʎ (� 1−�

�−1 ; �1 , �1)

�(�1, �1)
, y ∈ [ 1

�
, 1] (4.56)

Where �1 and �1 are calculated as:
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�1 = 1−��� ��−1 ���−1 +���
(�−1)���

, �1 = (��−1)(��−1)(���−1)+���
(�−1)��

(4.57)

From the ���� for �1 (4.41) and Proposition 5, the probability of detection approximation is.

��(ʎ ) = 1 − ������(ʎ ) ≈
�ʎ (� 1−ʎ

�−1 ; �1 , �1)

�(�1 , �1)
(4.58)

The closed-form of approximative false alarm probability using eq. (4.56) and the detection

probability from eq. (4.58), the analytical ROC expression for John’s detector is obtained as:

�� = 1 − ������(����
−1(1 − ���) 4.59

The parameters �0, β0 in eq. (4.55) and �1, β1 in eq. (4.57) are only the elementary functions

of the sensor size K, the sample size N and the population covariance matrix Σ. Therefore,

�� is depending on these parameters.

4.6 Cooperative Spectrum Sensing Over Rayleigh Fading Channel

The signal detection performance of cognitive users would be depreciated due to wireless

communication system environments such as shadowing, deep fading, and hidden node

terminal problems. To solve this problem the spectrum sensing is achieved by many cognitive

radios cooperatively. Whereas cooperative gain such as improved detection performance and

relaxed sensitivity requirement can be achieved [48]. Cooperative sensing can suffer to any

additional sensing time, delay, energy, and operations devoted to its sensing and any

performance degradation affected by it [48]. Recently works show that cooperative spectrum

sensing to provide a better detection capability and at the same time reduce the false alarm

probability over Rayleigh fading channel [57]. Consider N CR users share the sensing data

cooperatively to improve the detection performance. It is assumed that every CR user has the

same fading and noise statistics in the S-channel. More exactly, an independent and

identically distributed statistics are assumed in the S-channels of the CR users present in the

network. By consider that the channels between CRs and FC are ideal. Using soft-data fusion

operations which decision is based “on the energy values obtained from the different

cognitive radio (CR) users are achieved at fusion center (FC) and the final decision on the

status of a primary user (PU) is made” [59]. Therefore, the signals from multiple CR users are

combined to achieve the improved average SNR. There are different types of soft-data fusion

schemes. But in this thesis work, consider only the selection combining (SC) scheme which
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is a best significant to increases the spectral efficiency in cooperative spectrum sensing. The

selection combiner output of the signal-to-noise ratio expressed as [58];

��� = max  (�1, �2, …. . , ��) (4.60)

The probability of detection in soft data fusion scheme is expressed in terms of SNR γ of the

S-channel SNR under any fading scenario, by averaging �� of any fusion scheme, the

average overall detection probability �� given as [59];

�� = 0
∞ ��� ���(�) ���� (4.61)

Selection Combining fusion in Rayleigh fading: For Rayleigh fading channel by assuming

S-channels with average SNR of � per-channel inserting the PDF and CDF [60] of the

expression for combiner output SNR PDF is written as [58];

����� ��� = �
�

[1 − exp ( − ���
���

)]�−1 × exp ( − ���
���

) , ��� ≥ 0 (4.62)

Using the relation [61 (4.13)];

[1 − exp ( − �)]� = �=0
� �

�
� −1 ���� −�� (4.63)

In appropriate form of the ����� ��� in (4.62) re-written as;

����� ��� = � �=0
�−1 (−1)�

�+1
�−1

�
� 1

�
(�+1)

× ���( ���
�

(�+1)
) , ��� ≥ 0 (4.64)

From eq.(4.64) can be calculate the probability of detection for the Spherical & John’s
detector under selection combining scheme with Rayleigh fading channel written as in
eq.(4.65) & (4.66) respectively: By replacing the value of ����� ��� from eq. (4.64) instead

of 1
�
�

�
� to (4.61) can gives eq. (4.65).

��, ��,��� ≈ � �=0
�−1 (−1)�

�+1
�−1

�
�+1

�
� × 0

∞ (1−ʎ)�1 �=�1
∞ �1+�−1

�� ʎ�

2��1
�1−1/2�1

�1−1/2

(�1+�1)�1 +�1−1/2

exp ( (�+1)���
�

)� ��������

(4.65)

��, ��,��� ≈ � �=0
�−1 (−1)�

�+1
�−1

�
�+1

�
� × 0

∞ 0

� 1−ʎ
�−1 � 1−ʎ

�−1

�1−1
� (1−� 1−ʎ

�−1 )�1−1�ʎ

2��1
�1−1/2�1

�1−1/2

(�1+�1)�1 +�1−1/2

exp ( (�+1)���
�

)� ��������

(4.66)



44

Chapter 5: Simulation Results and Discussions

In the previous Chapters describe about the ideas and theoretical background of Spherical and

John’s detection methods is presented. In this chapter, the simulation results by using

Matlab2013a based on the methods and interpretation of the results is included. The

performance comparison limitations are analysed based on detection probability versus SNR,

false alarm probability, and by balancing receiver operating characteristics curve (ROC) over

Rayleigh fading channel scenario for P≥ 1 primary users and more than two secondary users

which detect the primary signal cooperatively to check presence or absence of primary users.

In addition to that the simulations are achieved by Monte Carlo method which uses for

random signals in stochastic methods. The simulation parameters which uses for this work

are listed below in Table 5.1.

Table 5.1: Simulation parameters

Simulation of Parameters Values or Types

Number of transmitter and receiver ≥2

Number of PUs ≥1

Number of SUs [4, 6]

Transmission bandwidth 7Mhz

Center frequency 5MHz and 6MHz

Modulation BPSK

Noise White Gaussian

Channel Rayleigh Fading channel

Number of samples 10,000

Number of Monte Carlo 100,000

SNR interval [-20,0] dB

Cooperative network Soft fusion-center with SC scheme

Detection Probability 1

False alarm Probability ≤0.1

Detector Spherical and Johnson’s

5.1 Comparison of Detection Performance on Different SNR Values
Figure 5.1 shows the relationship between the detection probability and the SNR for the case

of a single licensed user (PU) detected by four cognitive radio users (SUs) in cooperative
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scheme. The results show that for a low SNR values between range of [-20, 0] dB and 0.1

probability of false alarm. As illustrated in Figure 5.1 the results of Spherical detector using

GLRT or MLRT estimator gives the good detection performance which compared to John’s

using LBIT estimator. On the other hand, both of the Spherical and John’s detection

probability shows the increments with SNR. Also, in observing the final result of both

detectors gives unity probability of detection performance at SNR values of 0dB. That means

at the value of less than 0dB SNR both of Spherical and John’s detection methods are

affected by interference for the PU transmission caused by secondary users during occupy in

opportunistically manner. Especially for this case John’s detector is greatly affected by

interference as shown in Figure 5.1 due to its low detection performance.
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Figure 5.1: Detection probability Vs SNR in dB with PU=1, SU=4 & 0.1 probability of false

alarm under Rayleigh fading channel.

The simulation result in Figure 5.2 again with similar parameters as indicated in Table 5.1

with the detection probability versus SNR for two primary users and four secondary users. In

this scenario the detection probability under John’s detector started with the high

improvements compared to single primary user that performance values of around 0.915. On

the other hand, in the Spherical detector perform around 0.968 with the same SNR value. In

addition to that both detectors are achieved the same improvement which is around 0.989.

When compared the detector performance in the presence of two primary users the Spherical

detector achieves better performance at the initially but finally it couldn’t meet the standard

performance values at 0dB SNR value. However, in John’s detector with low performance at

starting which compared to a Spherical detector and it performs the required values at less

than 0dB SNR. Generally, spectrum sensing by using these algorithms with two primary
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users has good performance improvements at the initially as compared to the single primary

user.
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Figure 5.2: Detection probability Vs SNR in dB with PU=2, SU=4 & 0.1 probability of false

alarm under Rayleigh fading channel.

The simulation result shows how to perform the better detection by comparison of John’s and

Spherical detector.

Table 5.2: The comparison different detection performance and SNR ranges with fixed

probability of false alarm.

SNR dB Approximately Detection

probability of Spherical

detector (SD) in %

Approximately detection

probability of John’s detector

(JD)

in %

[-16, -10] 0.978-0.990 0.968-0.991

[-10, -6] 0.990-0.995 0.991-0.998

[-6, -2] 0.995-0.997 0.998-0.999

[-2, -1] 0.997-0.998 0.999-100

5.2 Performance Change with Different Probability of False Alarm

The output curves presented in Figure 5.3 indicate the relationship between signal and noise

in the receiver for Spherical and John’s detector with two primary and six secondary users.

The detection probabilities are analysed based on 100,000 Monte Carlo sample values. The

simulation results show the trade-off between the probability of detection and false alarm

which is proportionality. In a Spherical detector when the probability of false alarm increases
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from 0.05 to 0.1 obtain around 0.032 detection performance improvements. Generally, in

case of John’s detector shows the better performance improvement with increment of

probability of false alarm from 0.05 to 0.1.
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Figure 5.3: Detection probability with different false alarm probability using 2 PUs & 6 SUs

under Rayleigh fading channel.

Table 5.3: The comparison of detection performance at different probability of false alarm

and SNR.

SNR dB Approximately detection probability

of SD at different probability of false

alarm (���) in %

Approximately detection

probability of JD at different

probability of false alarm (���)

in %

��� = 0.05 ���= 0.1 ���= 0.05 ���= 0.1

[-20, -14] 0.92-0.965 0.95-0.988 0.985-0.998 0.989-0.999

[-14, -8] 0.965-0.987 0.988-0.998 0.998-0.999 0.999-100

[-8, -2] 0.987-0.998 0.998-0.999 0.999-100 100

5.3 Complementary ROC Curves of Spherical and John’s Detector

The Figure 5.4 below shows the ROC of John’s detector with LBIT and Spherical detector

with GLRT/MLRT estimator under constant values of PUs, SUs and SNR. The John’s

detector gives the better detection performance increment with probability of false alarm. It

also achieved the required probability of detection at value of around 0.098 probability of

false alarm. However, in case of Spherical detector even if at 0.1 probability of false alarm

not achieved the required probability of detection. Hence the estimation of the received
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primary user signal with help of LBIT is better than GLRT/MLRT estimator in low SNR

scenario for multiple primary user detection.
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Figure 5.4: Detection Probability Vs false alarm probability ROC with PU=2, SU=5 and at

-2dB SNR for John’s & Spherical detector under Rayleigh fading channel.

5.4 Performance Comparison of John’s Detector with Other Detector

As shown in the results of the above Figures generally John’s detector (JD) provides the

better detection performance in the presence of two primary users. In addition to this its

performance is good when compared to the other detection method. For example, the

comparison result shows in Figure 5.5 with Eigenvalue based detector at value of -20dB SNR

and 0.1 probability of false alarm. At these values of parameters JD and Eigenvalue based

detector gives 96% and 88% probability of detection respectively. From this observation JD

achieved by 8% detection improvement.

Figure 5.5 Performance Comparison of John’s with Eigenvalue based detector �� Vs SNR in

the presence of PU=2, SUs=5 & ���= 0.1 under Rayleigh fading channel.
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Chapter 6: Conclusions and Recommendation for Future Works

6.1 Conclusions

In the contemporary era, due to static allocation policy of spectrum makes many allocated

spectrum to be underutilized. This poses a problem of making resources not to be utilized

efficiently. The most effective mechanism to ameliorate this problem is to apply dynamic

allocation of resources that minimizes the aforementioned resource wastage.

For minimizing this problem, the effective mechanism is to apply the cognitive radio

technology that has dynamic access to the free spectrum band. This technology is utilized to

contribute the dynamic access of the free spectrum band.

This research work investigates the comparative analysis of Spherical detector (SD) and

John’s detector (JD) schemes in the presence of a single and two PUs detected by four, five &

six SUs in cooperative manner with SC scheme under Rayleigh fading channel. The

investigation is done under consideration of low SNR range. The detection of weak primary

user signal by secondary users individually is a challenging task however this challenge can

be mitigated by using cooperative mechanism. It is possible to reduce the detection challenge

of weak primary users signal through the cooperative scheme of secondary users under

Rayleigh fading channel.

The results of the experiment depicts that the performance of detecting a single PU by four

SUs in a cooperative manner shows poor performance as compared to the detection of two

PUs by four SUs using cooperative scheme by exploiting both SD and JD methods. For the

case of two PUs detected by four SUs in cooperative scheme using SD method at SNR range

of [-2, -1] dB, the result is found to be incremented from 99.7% to 99.8%. The same

experiment is done using JD method and the result shows that the detection performance is in

the range of 99.9% and 100%.

The next experiment investigates the effect of probability of false alarms (���) in fixed SNR

ranges [-20, -2] for both JD and SD methods. The result of SD methods at ���value of 0.05

the detection ranges is between 92% and 99.8% and for the value of ��� 0.1 the result ranges

from 95% to 99.9%. In the case of JD method, the corresponding experiment of ���value of

0.05 gives performance of detection between 98.5% and 100%. The later experiment which

involves ���value of 0.1 results the detection range of 98.9% and 100%.
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Aside from the above results, examining the ROC curves reveals that the JD method shows a

better detection performance as it is compared with the SD method.

In general, as it is shown from all results of the experiments, spectrum sensing using both of

SD and JD detection schemes are preferable in the presence of more than one primary user in

low SNR range under Rayleigh fading channel. Hence, detection of spectrum in the presence

of two primary users shows a better detection performance compared to the single primary

user. Besides, the overall detection performance of JD also shows more improvement

compared to the Spherical and Eigenvalue based detector in the presence of two primary

users.

6.2 Future Works

This research paper identifies the following direction as future works.

1. This research work analyses the radio spectrum sensing detection performance

comparisons in the presence of single and two primary users which are detected by

cooperative scheme of secondary users using the Spherical and John’s detection

methods. This research work is solely done using theoretical analysis and simulation

based experiments. In the future, it planned to conduct the practical implementation

of the system using the appropriate hardware and software systems.

2. In this phase of the research work, the entire experiment is done using Rayleigh

fading channel however, in the future, it planned to conduct the same research work

using other channels like Nakagami-m and Rician fading channels.

3. In this research work, the experiment only involves a range of four to six secondary

users however future research works can be done using more than six secondary

users, it would be more advantages towards analysing the benefits of increasing the

throughput of secondary users.
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APPENDIX

Appendix A
By derive the exact moments of TSTD, with valid for any K sensors and N samples by define

the random variable TSTD by X for hypothesis H0;

X = R

(1
Ktr(R))K (4.67)

Where it can be verified that x ∈ [0,1] the sample covariance matrix R follows uncorrelated

complex Wishart distribution WK (N, IK) for H0 with density function [11];

R~ 1
ℾK N

( R )N−Ketr −R (4.68)

Where ℾK N = π
1
2K K−1 ℾ N ℾ N−1 …ℾ(N−K+1)

Since X is a scalar function of matrix argument R, its nth moment can be calculated as;

E[xn]= KKn

ℾK N 0
∞ ( R )N−K+netr −R (tr R )−Kn dRdR� (4.69)

= KKnℾK(N+n)
ℾK N 0

∞ ( R )N−K+netr −R

ℾK(N+n)
(tr R )−Kn dRdR� (4.70)

= KKnℾK(N+n)
ℾK N

E[(tr R' )−Kn] (4.71)

Where the last expectation is with respect to the Wishart matrix ( R') distributed as WK (N +

n, In). The random variable 2tr(R') follows a Chi-square distribution with 2K(N + n) degrees

of freedom, by using the moment expression for Chi-square distribution[62] the (-Kn)th

moment of tr( R') is obtained as;

E[(tr( R'))−Kn] = ℾ(KN)
ℾ(K N+n )

(4.72)

Since TSTDis independent of ∂η
2, without loss of generality we set ∂η

2=1.

Then the nth moment of � is now [62];

E[xn]= ℾ(KN)
ℾK N

KKnℾ(KN)ℾK N+n
ℾ(K N+n )

(4.73)

E[xn]= Mn (4.74)
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Note that the expression for the exact moments can be also obtained by exploiting the

independence between random variables X and tr(R) for H0 [63].

The first two moments of TSTD can be obtained by using eq. (4.73). For a Beta distribution

with density function as;

1
B(α0, β0)

xα0, −1(1 − x)β0−1, x ∈ [0,1] (4.75)

To equalling the 1st two moments of TSTD respectively as.

M1 = α0
α0 +β0

, M2 = α0 (α0 +1)
(α0 +β0)(α0 +β0+1)

(4.76)

Appendix B
We first derive an approximative moments expression of the random variable TSTD. For H1 ,

the sample covariance matrix R follows a correlated complex Wishart distribution WK (N, Σ)

with density function;

1
ℾK(N)( Σ )N ( R )N−Ketr −Σ−1R (4.77)

The nth moment of random variable TSTD can be calculated as;

E[xn] = KKn

ℾK(N)( Σ )N 0
∞ ( R )N−K+netr −Σ−1R (tr R )−Kn dRdR� (4.78)

= KKnℾK(N+n)
ℾK(N)( Σ )−n 0

∞ ( R )N−K+netr −Σ−1R

ℾK(N+n)( Σ )N+n (tr R )−Kn dRdR� (4.79)

= KKnℾK(N+n)
ℾK N ( Σ )−n E[(tr R' )−Kn], (4.80)

Here the last expectation with respect to R' distributed as WK (N + n, Σ) and the trace of R'

can be expressed as [64];

Q = i=0
K ∂i� qi (4.81)

Here, the random variables 2qi are independent and identical Chi-square distributed with

2(N + n ) the degrees of freedom. The exact density function for Q is available when no

multiplicity of ∂i exists, i.e. ∂i ≠ ∂j, ∀i ≠ j [65]. This effectively requires that Σ is full rank

or, equivalently, the number of active primary users P is greater or equal to the sensor size K.
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Due to this limitation, can obtain for the Gamma approximation discussed in [66], which is

still valid when multiplicities of ∂i exist. Specifically, for a Gamma distribution with density
1

ℾ(a)ba xa−1e
−x
b .

Let the mean and variance are ab and ab2 respectively. For the random variable Q, mean and

variance equals in eq. (4.82) & (4.83) respectively;

E q = i=1
K ∂iE qi� = (N + n) i=1

K ∂i� . (4.82)

V q = i=1
K ∂i

2V qi� = (N + n) i=1
K ∂i

2� . (4.83)

To appropriate the mean and variance of a Gamma random variable to Q , and find the

parameters a and b as:

α = (N + n) ( i=1
K ∂i)�

2

i=1
K ∂i

2�
, b = i=1

K ∂i
2�

i=1
K ∂i)�

. (4.84)

With this Gamma approximation, the (-Kn)th moment for the trace of R' is;

E[(tr R' )−Kn] ≈ b−Knℾ(a−Kn)
ℾ a

(4.85)

Know the approximate moments of TTSD are;

E[xn] ≈ (�)Kn ℾ a−Kn ℾK(N+n)( Σ )n

ℾK N ℾ(a)
(4.86)

E[xn] ≅ Nn (4.87)

Similarly to the case under H0 , for a Beta distribution with parameters α1 and β1 , by

matching its first two moments to N1and N2 can be obtain (4.23).

Appendix C
Proof: The transform x = K−1 z+1

K
on a standard Beta density zα−1(1−z)β−1

B(α, β)
, z ∈[0,1] leads to

generalized Beta density:

fGB(x) = Kα+β−1

B α, β K−1 α+β−1 1 − 1
K

α−1
(1 − x)β−1; (4.88)
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With the same support x ∈ [ 1
K , 1] as that TSJD . By definition the CDF of this generalized

Beta is:

FGB y = 1
K

y fGB x� dxdxdx = 1 −
B(K 1−y

K−1 ; β, α)

B α, β
(4.89)

Then from (4.89) can be got the parameter α and β as function of moments of TSJD (4.43) by

moment matching. Specifically, since the mth moment of a standard Beta random variable

equals E[zm] = (α)m
(α+β)m

where (α)m = ℾ(α+m)
ℾ(α)

is the Pochhammer symbol, the mth moment of

the generalized Beta random variable is obtained by binomial expression as:

E[zm] = 1
Km i=0

m m
i

� (K−1)i(α)i
(α+β)i

(4.80)

Where the m
i

represented the binomial coefficient. In particular, by matching the 1st two

moments in (4.80) to the moments of TSJD to obtain:

m1 = αK+β
(α+β)K

, m2 = (αK+β)2+αK2+β
(α+β)(α+β+1)K2 (4.91)

From the above equations the parameters α and β represented by α0, β0 can be solved as in

(4.45).

Appendix D

Source code
%% probability of detection Vs SNR for spherical detector

%% generate two primary transmitted signals

N=10000; % no of samples

Km=6; % no of sensors (cognitive radio users)

no_of_transmitters=2;% no of transmitter

no_of_frames=15;no of frames to transmitted

frmlen=1500;% frame length

b1km=log2(N);lenm=frmlen*no_of_frames;

% randomly generated complex valued Gaussian signal value

sig_val=rand(1,lenm,0:1);

% apply BPSK modulation

bpsk_mod=modem_creat(N);
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mod_sigvall=modulation_process(bpsk_mod,sig_val);

tx_signal1=final_mod_signal(:);

plen=mod(sym_lem,frmlen);

lemb=sym_len_plen;

tx_signal1=reshape(tx_signal1,(lemb length(tx_signa11)/lemb));

tx_signa12_pro=zeros(sym_len,length_signal1,(lemb length(tx_signal1)/lemb));

loc=1:lemb;

tx_signal1_proc(loc,:)=tx_signal1;

trn_sym=complex(rand(plen,length(tx_sinal1)/lemb;

pilot_loc(end)+1:sym_len;

tx_signal2_pro(pilot_ioc,:)=trn_sym;

% apply tr(tracywidom) distribution

final_tx_pro_sinal1=trcywidom(tx_signal2_pro,sym_len);

(rr:cc)=siz(final_tx_pro_signal1;(length(tx_signal1)/lemb(sym_len));

% create Rayleigh fading channel

chan=rayleigh(1e-2,0); % channel gain

snr_range=-20:1:0;

PFA=0.1;

index=1;

for snr_ind=snr_range;

rxed_signal1_in=reshap(final_txed_signals,(sym_len length)*(tx_signal1)/lamb;

% channel gain with adding noise

for km=1:length(tx_signal1)/lamb;

rx_signal1_in2=rxed_signal1_in(:, km);

rx_signal1_in2=filter(chan,rx_signal1_in2);

rx_signal1_in2=awgn(rx_signal1_in2,snr_ind);

% Applying for John's detector

Joh_det=Joh_detec(rx_signal1_in2,20);

Jon_final=Joh_detec*sy;

muval=Jon_final(:);

PFA _false= PFA;

thershould_value= F_SJD^(-1)*(1- PFA _false);

dsignal1=((tr(R^2))/(tr(R))^2*(muval)>thershould_value;

vval=length(find(dsignal1));

pdval(km)=vval/length(dsignal);

end

final_pdval(index)=1-mean(pdval);

index=index+1;

end

figure, plot(finalsnrval,finalpdval,'r:s');
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xlabel('SNR');

ylabel('probability of detection');

legend('Johns Detector,PFA=0.1','Sphrical Detector, PFA =0.1');

%% Probability of detection for Spherical and John's detector with different PFA.

snr_dB=-20:1:0;

L=8; % length of covariance matrix at receiver

snr=10^(snr_dB/10);

for i=1:length(snr_dB);

Detedct=0;

PFA =0.05;

for kk=1:100000 % Number of Monte_carlo Simulations

%-----AWGN noise with mean 0 and variance 1-----%

Noise=randn(0,L);

%-----Complex valued Gaussian Primary User signal-----%

Signal=sqrt(snr(i))*randn(1,L);

Recv_Sig=Signal+Noise;

% Received signal at SU

% Test_stastices of received signal over N samples

%-----Computation of Test statistic for John's detection-----%

Test_Statistics =(tr(R^2))/(tr(R))^2;

%-----Theoretical value of Threshold-----%

Threshold =FSJD^(-1)*(1- PFA);

if (Test_Statistic > Threshold) % Check whether the received test_stastics is greater than threshold ,if

so,(probability of detection) counter by 1

Detect=Detect+1;

end

end

pd(i)=Detect/kk;

pd_the(i)=1-FSJDP(FSJD^(-1)*(1-P_FA));

end

plot(snr_dB,pd,'-.r*');

grid on;

titl('probability of detection Vs SNR for different PFA at PUs=2')

xlabel(‘SNR');

ylabel(‘Probability of detection');

legend('Johns Detector, PFA =0.1','Johns Detector, PFA =0.05','Sphrical Detector, PFA =0.1','Sphrical Detector,

PFA =0.05')
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Appendix E

Manuscript

Radio Spectrum Sensing Comparative Analysis for Multiple Primary User
Transmtter Detection

*Ngist Fentie Bayuh **Prof. Mohammed Abdo(Advisor)

*AAiT School of Electrical & Computer Engineering **Communication Engineering

Abstract. A radio spectrum is a particular range of frequencies used to communicate

information in a wireless communication system, naturally available &scarce resource. From

this, the dramatically increase of the wireless communication is a critical issue & the studies

show that a certain licensed spectrum are underutilized. To solve this problem the cognitive

radio is a key technology if there is a free spectrum band of the primary users(PUs) to permits

for secondary users(SUs) & minimize the interference of SUs by continuously monitoring the

range of PUs transmission band. For this task the cognitive radio uses different spectrum

sensing methods to avoid the undesirable interfering & recognize the accessible (free) radio

spectrum band for (SUs).

In this thesis, the performance of the Spherical Detector (SD) & John’s detector (JD) methods

in the presence of one & two PUs by implementing over the typical Rayleigh fading channel

at low SNR investigated.

The implementation part shows a detailed comparison between the S) using General

Likelihood Ratio Test (GLRT) estimator & JD using Locally Best Invariant Test (LBIT)

estimator including a single & two primary PU transmitted signals of detection. The specific,

result shows the performance efficiency of detection for both schemes with a tolerable

interference. After doing the experiment, the result showed that JD provided the better

detection performance over SD.

KEYWORDS: Spectrum Sensing, SD, JD, Rayleigh Fading Channel, Low SNR.

1. Introduction
The increasing demand of wireless communication leads to the scarcity of frequency spectra

& the available radio spectrum is a limited natural resource, being overfilled day by day. This
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challenge mainly serious in communication-intensive circumstances. So that the use of

available radio spectrum has been frequently the matter of concern. On the other hand, the

major licensed bands which allocated for TV broadcasting are grossly underutilized.

To solve the scarcity of radio spectrum,Cognitive Radio (CR) Technology is the best way by

spectrum sensing methods to provides high spectral efficiency.

To avoid interfering of licensed users, CR has ability to determine the existence of the PU by

sensing the spectrum band. And can communicate to its receiver if the spectrum is vacant.

However, when the primary transmitters retransmit again, the CR transmitters should be

stopping their transmission immediately for avoid interference to the PUs. There are many

types of spectrum sensing methods such as Energy detection, Matched filter detection,

Cyclostationary feature detection; Eigenvalue based detection, SD, JD, Interference-based

detection, Centralized, Decentralized, & Relay assisted detections. However, except

Eigenvalue based, SD, & JD, all of these are used for single PU transmitter detection. In the

future, a single PU spectrum sensing scenario of CR networks may fail due to the increasing

of traffic congestion in different services. So this work studies for the performance

comparison between SD & JD methods which are optimal detection schemes for multiple PU

spectrum sensing with low SNR range.

2. Proposed System Model

The proposed system explores to a way of accurate spectrum sensing of multiple transmitters

of PUs with multiple SUs in cooperative detection to provide high spectral efficiency, with

minimum traffic congestion for PUs using SD & JD methods. SD is a blind detection scheme

using GLRT estimator, which performs the spectrum sensing without any prior information

with respect to the noise power, channel gains, signal power & the number of PU signals [1].

Also JD is an optimal & noise-uncertainty free detector using LBIT with low SNR.

The system model in Figure 1 shows how to interpret the spectrum hole by cognitive radio

users (SUs). Initially, the received PU signal is estimated using GLRT for SD & LBIT for JD.

Then apply Spherical and John’s detector equally with a cooperative detection scheme. Then

with the help of soft-fusion center (FC) of selection combining (SC) scheme made the

decision depending on the selected frequency bands either the presence of primary signal

which is hypothesis (�1) or absence of primary signal with hypothesis (�0). Finally, SUs can
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be accessing the free band (channel) if it is free otherwise the sensing activities continuous

until it gets the free band.

Figure 1: System model of both detectors.

2.1 Signal Model

The main task this proposed system is to exploler the available multiple free PU bands with

consistent radio spectrum sensing in cooperative scheme by multiple SUs in the range of low

SNR to provide the better detection performance, with minimum traffic congestion under the

Rayleigh fading channel. The signal model is the multiple PUs with multiple SUs existing

with K number of CRUs that detectes the multiple SUs in cooprative manner of the mutiple

PU channels. In this work the PU bands are UHF850-UHF900 TV bands & the SUs (mobile

communication users) bands are from 800-900MHz. From the digitalization concpet of TV

transmission method their is a lot of PU free spectrom bands are exist. So these bands would

be used by SUs in dynamic manner by help of spectrum sensing. From this the received PU

signals of vector with K number of CRUs calculating using test statistics [2] in eq. (3.18);

� = �� + � (3.18)

Check for
incoming
PU signals

Sense again
until it gets
free band

Check for
incoming PU

signals

SUs received
PU signals

Estimate PU signals SNR using
GLRT or MLRT & LBIT

Soft-fusion center
with SC scheme

JDSD

Soft-fusion
center with SC

Use the band

There
is idle

Yes

No
There
is idle

No

Use the band

Yes

Sense again
until it gets
free band
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Where, � = [��, ��, . . .,��] is the � × � dimensional matrix denotes as coefficients of the

channel gain, ℎ1 denotes all channel vectors between the first PUs & all � sensors (SUs).

From these for all ℎ� can be expressed as � matrix;

� =
��,� ��,�…. ��,�

⋮ ⋱ ⋮
��,� ��,�… ��,�

(3.19)

A � × 1 vector � = [�1, �2, . . . , ��]� denotes the � primary user signals. Where the primary

user signal samples are independent and identical distribution with complex Gaussian

distribution of zero mean, and ��
2 variance �∼ �(0, ��

2 ) & uncorrelated with noise. The �

matrix is assumed as constant during the sensing time. According to (3.18) & (3.19) the

received observation is expressed as � × � data matrix �;

� = [��, ��, . . ., ��] (3.20)

In reality every vector of �� in (3.20) represents one sample of all detected primary signals

received by cognitive sensors as follow;

��,� =
��,� ��,�…. ��,�

⋮ ⋱ ⋮
��,� ��,�… ��,�

× [��, ��, . . . , ��]� × [��, ��, . . . , ��]� (3.21)

In this case with in � sensors, so the first received sample (� = 1) of the observation vector

equals the sum of all primary user signals which are filter by the channel plus the complex

Gaussian additive noise as;

��,� =
��,��� + ��,��� + … + ��,��� + ��

⋮ ⋱ ⋮
��,��� + ��,��� + … + ��,��� + ��

(3.22)

Hence, the received observation data of � matrix with � × � dimension;

� =
��,� ��,�…. ��,�

⋮ ⋱ ⋮
��,� ��,�… ��,�

(3.23)

From eq. (3.23) � denotes the K×K test statistics of the sample covariance matrix;

R = ��� (3.24)
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Here, (. )� denotes the Hermitian complex conjugate [3]. Without channel model assumption
in the absence and presence of PUs; the sample covariance matrix R= ��� follows
uncorrelated and correlated non-central complex Wishart distribution R ∼ �� (N, ��) and
�∼ �� (N, Σ) of the population covariance matrix Σ respectively as follows [3] in eq. (3.25);

Σ =

� �
N

= ��
2�� �0 (3.25)

��
2�� +

�=1

�

��ℎ�ℎ�
�� �1

Where �=1
� ��ℎ�ℎ�

�� is a positive definite matrix.

Then test statistics of SD ( ����) calculated by using GLRT criterion [4] and separate from a

constant, with the help of the likelihood function of the data matrix X which written as;

L (X/ Σ)= ( � )−����(−�
� ) (3.26)

Where Σ denotes as determinant of population covariance matrix. Then the likelihood ratio

statistic represented by � written as [5];

� =
������ >��(�/��

���)

����>��(�/ �)
(3.27)

Using the MLRT to estimates the ��
2 for �0 & Σ for �1 as follows [6] respectively;

��
�� = ��(�)

��
(3.28)

�� = �
�

(3.29)

By substitute eq. (3.28) & (3.29) in to eq. (3.27) [7] can be obtain;

�� � = �

(�
���(�))� = �=�

� ���

(�
� �=�

� ��)�
� = ����. (3.30)

Where �� represents the eigenvalues of R and ��(�) represent the trace of observed sample

covariance matrix of R [6]. Finally, to make a decision whether the presence or absence of

PU signal based on the resulted value of Sphericity test statistic in eq. (3.30) which

compared with a specific threshold value of ʎ . From that if the test statistic is less than ʎ

then the hypothesis �1 is declared. Hence primary user is present. On the other hand, the

null hypothesis �0 is declared when the Sphericity test statistic is greater than threshold ʎ. In
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this scenario in reality there is a free licensed band. Then the test statistics of both

hypotheses written as [5] eq. (3.31).

���� < ʎ ��� ��

���� > ʎ ��� ��
(3.31)

Simlilarly for JD, the criterion used to JD derived by LBIT [3]. The performance of this

detector is very good in the presence of multiple PU detection. Therefore, using the LBIT can

be calculate the test statistics of JD which is uses decide the presence or absence of PUs

signal with compared to the specified threshold value ʎ . The test statistics of JD( ����) for

multiple PUs can be calculated as [8 eq. (1.2–1.7)];

���� = ��(��)
(��(�))� = �=�

� ��
��

( �=�
� ��)�

� (3.32)

The test statistics from eq. (3.32) compared with the threshold value ʎ given as [3].

���� > ʎ ��

���� < ʎ ��
(3.33)

��� & �� for SD. The sample covariance matrix R follows uncorrelated complex Wishart

distribution to offers for approximation depart the hypothesis �0 . While a correlated

complex Wishart distribution for �1.Then the random variable distribution of ����deals as

approximative moments which sample covariance matrix R follows uncorrelated complex

Wishart distribution �� (N, �� ) for �0 & correlated complex Wishart

distribution��(N, Σ)for �1[5] with CDF in eq.(4.14);

�~

�
ℾ� �

( � )�−���� −� ��

�
ℾ�(�)( � )� ( � )�−���� −�−�� ��

(4.14)

Where Γ (·) is the gamma function. From the ���� identify �1 correctly or �0

incorrectly defines as �� & ��� [7] in eq. (4.15) & (4.16) respectively;

�� = �(���� < ʎ/ ��) (4.15)

��� = �(���� > ʎ/ ��) (4.16)
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The ��� & �� can be calculated in terms of cumulative density function (CDF) with decision

threshold ʎ [5]. of the ��� & ��calculated by using the following Proposition 1 & 2.

Proposition 1: The CDF is represented by ���� with any sensor size K & sample size N

can be analysis using the two-first-moment Beta approximation to the CDF of ���� for �0

[5] as follows;

����(� ) ≈ �� (�� , ��)
�(�� , ��)

, � ∈ [�, �] (4.17)

Where �y (�0 , �0) = �y (�0 , �0) = (1 − �)�0
�=�0

∞ �0+�−1
�

� �� represent the incomplete

beta function & �(�0 , �0) = ℾ((�0 )ℾ(�0)
ℾ(�0 +�0)

~ 2� �0
�0−1/2�0

�0−1/2

(�0+�0)�0 +�0−1/2 is the beta function. The

completed proof is in Appendix A. The factors �0 & �0 are simple functions of the sensor

size K & sample size N [5];

By using the asymptotic ���� distributions of the complex Wishart matrices & using ����

in eq. (4.12), for any threshold ʎ of the ��� is calculated as ���(ʎ) [9];

���(ʎ ) = ����(ʎ ) =
�ʎ (�� , ��)

�(��, ��)
(4.19)

Equivalently for any ��� a threshold can be written by numerically inverting the ����(ʎ );
& ��� can be obtain in eq. (4.21).

ʎ = ����
−� ( ���) (4.20)

��� = ����(ʎ ) (4.21)

Typically, ��� is between [10−1, 10−2] which is the IEEE 802.22 standard recommends

��� <0.1 for spectrum sensing [10].

Proposition 2: To calculate the �� for any sensor size K & sample size N, the 1st two-first-

moment Beta-approximation to the CDF of ���� for �1is [5];

���� ��(� ) ≈ �� (�� , ��)
�(��, ��)

, � ∈ [�,∞) (4.22)

Where �1 & �1 are calculated as;

�� = ��(��−��)
��−(��)� , �� = (�−��)(��−��)

��−(��)� (4.23)



69

�� ≈ (�)��(
ℾ �� −�� ℾ�(�+�)( � )�

ℾ� � ℾ(�� )
(4.24)

Where, �� are the nth moments of beta & N is the number of samples. The completed proof

is in Appendix B. By using ���� eq. (4.13), for any threshold ʎ the �� is calculated as

��(ʎ );

��(ʎ ) = ���� ��(ʎ ) =
�ʎ (�� , ��)

�(�� , ��)
, (4.25)

For a target of the ��� to calculate the resulting threshold ʎ from eq. (4.20) and this

threshold is equivalent to the �� can be found from eq.(4.25). So the relation

between ��� & �� ROC obtained as:

�� = ���� ��(����
−� ( ���) (4.26)

��� & �� for JD. Using the sample covariance matrix R can be calculate the test statistics

of JD (����) [11, (1.2-1.7)] in eq. (4.40);

TSJD ≅ tr(R2)
(tr(R))2 = i=1

K λi
2�

( i=1
K λi)2�

, [1/K, 1] (4.40)

Where, �� is the order eigenvalues of sample covariance matrix R [11]. The ���� is a

significant parameter to make the decision whether or not the presence of PUs made the

comparison with a specified threshold ʎ [3] in eq. (4.41).

���� < ʎ ��

���� > ʎ ��
(4.41)

With natural support [1/K, 1] of ����. Then with ��ℎ moments analyse to ���� for �0 [3];

� ����
� = �[( �=�

� ���
�
)�]

� �=�
� ���

�� (4.42)

The derivation of ��ℎ moments of non-negative integer for complex Wishart matrix

distribution expressed in proposition 3 [3]:

Proposition 3: The m-th non-negative integer moment of random variable to ���� for �0 is

[6];
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�� = �ℾ ��
ℾ ��+�� ��+…+��=�

�!
��!…��!

� × �≤�<�≤� (��� − ���� + � − �) �=�
� ℾ(��� + � −�

� + �) (4.43)

Here �1 + …+�� = � is the sum of overall non-negative integer and,

C = ( �=1
� ℾ(� − � + 1)ℾ(� − � + 1)� )−1 is a constant.

For exact distribution of ���� by approximative ���� distribution that matching its moments

to some known distribution with same support [3]. For the real Wishart under �0 , the

���� distributions for K=2, 3 hold the same polynomial form as the Beta distribution [12]. So

the Beta distribution gives the correct model of ���� for random K [13]. From these, the

selection of Beta distribution approximate to ���� for complex Wishart distribution in

proposition 4:

Proposition 4: For any sensor size K and sample size N, the Beta approximation of the CDF

to ���� for �0 and using eq. (4.43) the exact two first moments [3] written in eq. (4.44);

����(�) ≈ � −
�� (� �−�

�−� ; �� , ��)

�(�� , ��)
, � ∈ [ �

�
, �] (4.44)

Where �y ( � 1−y
�−1

; �0 , �0 ) = 0

� 1−y
�−1 � 1−y

�−1

�0−1
(� 1 − � 1−y

�−1
)�0−1�y is describes as

incomplete lower beta function �0 &�0 are calculated as;

�� = (���−�)(���−���+��−�)
�−� �(��−��

�)
, �� = (��−�)(���−���+��−�)

(�−�)(��
�−��)

(4.45)

Where �1 & �2 are the 1st & the 2nd moments of ����.

From the ���� (4.41) & Proposition 4, the approximation to the ��� for a given threshold ʎ

[3] is given as in eq. (4.46);

��� (ʎ ) = � − ���� ʎ ≈
�ʎ (� �−ʎ

�−� ; ��, ��)

�(��, ��)
(4.46)

Where, ʎ ∈ [1/�, 1] . From this for any ��� requirement a threshold can be derived
numerically by inverting ���(ʎ ) [3] (4.47);

ʎ = ����
−�(� − ���) (4.47)

Probability of Detection: For suitability considering & define the random variables x, y & z
to studies the moments of TSJD for H1 [3] in eq. (4.48).



71

� = �
�� ��(��), � = �

�
��(�), � = �

�� . (4.48)

Obviously, z is the random variable which gives attention to ����. Unlike the case of �0, the

equality 4.42 no longer holds under �1[6]. In order to estimate the moments of � it is not

enough to estimate the moments of random variables � & � separately, estimating their

correlation is needed [3]. Simple & accurate estimates of the mean & variance of � for �1 ,

which involve the first two exact moments & the covariance of random variables � & � [3].

�� = �� � � + �
�

(��(�))� (4.49)

��� = �
�

�� � � + �
�� �� � ��(��) (4.50)

�� ≈ ��
��� − ����

��� + �����

��� (4.51)

�� = ��
��� − ������

��� + ������

��� (4.52)

Where ��� is the covariance of � & �.

�� = �
�

�� � � + �
�� ��� � ��(�� + (��(��))�) + �

�� �(�� � )���(�� + ��(��))

(4.53)

�� = �� � �. ��

�� = �
�

�� � � �. ��

With the estimates of the mean (4.51) & variance (4.52), closed-form distributions of ����

for �1can be constructed [3]. Also select the Beta distribution in Appendix C eq. (4.89), thus

it has the same support as ���� . I have distribution under �1 holds the same form as the

Proposition 5:

Proposition 5: For any sensor size K & sample size N, the Beta approximation to the CDF of

���� for �1 derived on the estimated value of the two first moments in eq. (4.51) & (4.52), is

equals [10];

������(� ) ≈ � −
�ʎ (� �−�

�−� ; �� , ��)

�(��, ��)
, � ∈ [ �

�
, �] (4.56)

Where �� & �� are calculated as:
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�� = �−��� ��−� ���−� +���
(�−�)���

, �� = (��−�)(��−�)(���−�)+���
(�−�)��

(4.57)

From the ����for �1(4.41) & Proposition 5, the �� approximation is.

��(ʎ) = � − ������(ʎ ) ≈
�ʎ (� �−ʎ

�−� ; �� , ��)

�(�� , ��)
(4.58) The closed-form of

approximative ��� using eq. (4.56) & the �� from eq. (4.58),

�� = � − ������(����
−�(� − ���) (4.59)

The parameters �0 , β0 in eq. (4.55) & �1, β1 in eq. (4.57) are only the elementary functions

of the sensor size K, the sample size N & the population covariance matrix Σ. Therefore, ��

is depending on these parameters.

Selection Combining fusion in Rayleigh fading: For Rayleigh fading channel by assuming

S-channels with average SNR of � per-channel inserting the PDF & CDF [14] of the

expression for combiner output SNR PDF is written as [15];

����� ��� = �
�

[� − ��� ( − ���
���

)]�−� × ��� ( − ���
���

) , ��� ≥ � (4.62)

Using the relation [16 (4.13)];

[� − ��� ( − �)]� = �=�
� �

�
� −� ���� −�� (4.63)

In appropriate form of the ����� ��� in (4.62) re-written as;

����� ��� = � �=�
�−� (−�)�

�+�
�−�

�
� �

�
(�+�)

× ���( ���
�

(�+�)
) , ��� ≥ � (4.64)

From eq.(4.64) can be calculate the probability of detection for the Spherical & John’s

detector under selection combining scheme with Rayleigh fading channel written as in

eq.(4.65) & (4.66) respectively: By replacing the value of ����� ��� from eq. (4.64) instead

of 1
�
�

�
� to (4.61) can gives eq. (4.65).

��, ��,��� ≈ � �=�
�−� (−�)�

�+�
�−�

�
�+�

�
� × �

∞ (�−ʎ)�� �=��
∞ ��+�−�

�� ʎ�

����
��−�/���

��−�/�

(��+��)�� +��−�/�

��� ( (�+�)���
�

)� ��������

(4.65)
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��, ��,��� ≈ � �=�
�−� (−�)�

�+�
�−�

�
�+�

�
� ×

�
∞ �

� �−ʎ
�−� � �−ʎ

�−�

��−�
� (�−� �−ʎ

�−� )��−��ʎ

����
��−�/���

��−�/�

(��+��)�� +��−�/�

��� ( (�+�)���
�

)� �������� (4.66)

3. Simulation Results & Discusions
In this section, the simulation results of MATLAB2013a based methods & interpretation of

the results are included. The performance comparisons are analysed based on detection

probability versus SNR, false alarm probability, & using ROC over Rayleigh fading channel

for P≥ 1 PUs & more than two SUs which detect the primary signal cooperatively to check

presence or absence of primary users. In addition to that the simulations are achieved by

Monte Carlo method which uses for random signals in stochastic methods. The simulation

parameters which uses for this work are listed below in Table 4.1.

Table 3.1: Simulation parameters

3.1 Comparison of Detection Performance on Different SNR Values

Figure 3.1 shows the relationship between the �� & the SNR for a single licensed band

detected by four SUs (CRUs).

The results of SD using GLRT gives the good detection performance which compared to JD

using LBIT estimator. JD is greatly affected by interference as shown in Figure 3.1 due to its

low detection performance.
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Figure 3.1: �� Vs SNR in dB with PU=1, SU=4 & 0.1 ���.

The simulation result in Figure 3.2 Shown the detection of two PUs with four SUs. Then the

�� under JD started with the high improvements compared to single primary user that

performance values of around 0.915. On the other hand, in the SD perform around 0.968 with

the same SNR value. Generally, spectrum sensing by using these algorithms with two PUs

has good performance improvements at the initially as compared to the single PUs.

-20 -18 -16 -14 -12 -10 -8 -6 -4 -2 0
0.91

0.92

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1
Detection Performance Comparison of John's & Spherical detector with PU=2.  

SNR

Pr
ob

ab
ilit

y 
of

 d
et

ec
tio

n

 

 

John's Detector (PFA=0.1)
Spherical Detector (PFA=0.1)

Figure 3.2: �� Vs SNR in dB with PU=2, SU=4 & 0.1 ���.

3.2 Performance Change with Different Probability of False Alarm

The output curves presented in Figure 3.3 indicate the relationship between signal & noise in

the receiver for SD & JD with two primary & six SUs. The detection probabilities are

analysed based on 100,000 Monte Carlo sample values. In a SD when the ��� increases from

0.05 to 0.1 obtain around 0.032 detection performance improvements. Generally, in case of

JD shows the better performance improvement with increment of ��� from 0.05 to 0.1.
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Figure 3.3: �� with different ��� using 2 PUs & 6 SUs.

3.3 Complementary ROC Curves of Spherical & John’s Detector

The Figure 3.4 shows the ROC of JD with LBIT & SD with GLRT/MLRT estimator under

constant values of PUs, SUs SNR. The SD gives the better detection performance & also

achieved the required �� at value of around 0.098 ���. However, in case of SD even if at 0.1

��� not achieved. Hence the estimation of the received PU signal with help of LBIT is better

than GLRT/MLRT estimator in low SNR scenario for multiple PU detection.
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Figure 3.4: �� Vs ��� ROC with PU=2, SU=5 & at -2dB SNR.

3.4 Performance Comparison of John’s Detector with Other Detector

As shown in the results of the above Figures generally JD provides the better detection

performance in the presence of two PUs. In addition to this its performance is good when

compared to the other detection method. For example, the comparison result shows in Figure

3.5 with Eigenvalue based detector at value of -20dB SNR & 0.1 ��� . At these values of

parameters JD & Eigenvalue based detector gives 96% & 88% �� respectively. So JD

achieved by 8% improvement.
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Figure 3.5 Performance Comparison of John’s with Eigenvalue based detector �� Vs SNR in

the presence of PU=2, SUs=5 & ���= 0.1.

4. Conculusion & Future Works

The spectrum sensing using a single PU leads to analytically controllable problem &

increases the traffic congestion. This research work investigates the comparative analysis of

SD & JD schemes in the presence of a single & two PUs detected by four, five & six SUs in

cooperative manner. The investigation is done under consideration of low SNR range. The

detection of weak PU signal by SUs individually is a challenging task however this challenge

can be mitigated by using cooperative mechanism.

The results of the experiment depicts that the performance of detecting a single PU by four

SUs shows poor performance as compared to the two PUs. The next experiment investigates

the effect of ��� in fixed SNR ranges [-20, -2] for both JD & SD methods. The result of SD

methods at ���value of 0.05 the detection ranges is between 92% and 99.8% & for the value

of ��� 0.1 the result ranges from 95% to 99.9%. In the case of JD method, the corresponding

experiment of ���value of 0.05 gives performance of detection between 98.5% & 100%.

Future Works. This research done the theoretical & simulation based experimental analysis

of JD & SD methods using single and two PUs. In the future,conduct the practical

implementation of the system using the appropriate hardware and software systems.
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