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Abstract

We make use of Volkov states of electron and positron for trident pair production. The
periodic plane wave case shows an infinite sum over photon number in the calculations
and leads to unphysical cross section. We calculate the trident pair production rate and
cross section in strong laser pulses, treating nonperturbatively in strong-field QED. We
then arrive at a finite and physical results through shaping of those fields into laser pulses.
With the help of the optical theorem, we make the S-matrix not to diverge and precisely

identify the one-step and two-step processes.
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Chapter 1

Introduction

The modification of the perturbative QED in strong electromagnetic fields was initiated
soon after the invention of the laser, leading to the theory of strong-field QED, also
known as laser dressed-QED. The creation of electron-positron pairs in very strong laser
fields was investigated by theoretician already in the 1960s and 1970s. The interest in
laser induced pair creation processes has been strongly revived in recent years due to the
ongoing increase in the available laser intensities and, particularly due to the experiment
E-144, which for the first time provided the laboratory proof of the multiphoton particle
antiparticle pair production [1].

The program of SLAC experiment E-144 had three aspects [2];

1. Measurement of the longitudinal polarization of the electron beam via observation

of an asymmetry in Compton scattering,

2. Observation of nonlinear Compton scattering,

e+ Nw — € + w, (1.0.1)

up to fourth order (N = 4).

3. Observation of positrons created in the collision of Compton backscattered photons

with a laser beam in the multiphoton Breit-Wheeler reaction,

wo+ Nw — et +e, (1.0.2)
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Figure 1.1: Schematic layout of the SLAC E-144 experiment [2].

where high energy photons, radiated by the electrons combined with photons in the laser
to produce pairs [3,4]. In that experiment, a process called 'trident’ can also have produced

pairs through the Bethe-Heitler reaction
e + Nw — ¢ + efe” (1.0.3)

However, its contribution could only be evaluated approximately, since no exact expression
for the trident amplitude was not available [4].

Experiment E-144 was performed in the Final Focus Test Beam (FFTB) at SLAC
with teraWatt pulses from a frequency-doubled Nd:glass laser with a repetition rate of
0.5 Hz achieved by a final laser amplifier with slab geometry. A schematic diagram of the
experiment is shown in Fig.(1.1). The apparatus was designed to detect electrons that
undergo nonlinear Compton scattering, reaction (1.0.1), as well as positrons produced in
electron-laser interactions by the two-step process of reaction (1.0.1) followed by reaction
(1.0.2). A laser beam of 10'® W/em? optical laser pulse was focused onto electron beam of
energy 46.6 GeV by an off-axis parabolic mirror of 30 em focal length with a 17° crossing
angle at the interaction point.

In this thesis we have done all calculations using the light cone coordinates and light cone

Dirac matrices defined as follows:



1
ay = 5(@0 + (Zg)

1
a_ = 5((10 — CL3>

a) = (a17a2)

With this, we have put the dot product of two four-vectors as

a.b=2a,b_+2a_by —a,b;

Y =1"+7
7-=7"=7
7= (1,72)

The Feynman slash matrix is therefore has been used as

¢=7.a4="740- —Y-Qy — 7101

Light cone Dirac matrices satisfy the following properties

Y+Y+ =0
YEVF = 2707
YoVt = V¥
TYEVL = YLV

(1.0.4)
(1.0.5)

(1.0.6)

(1.0.7)

(1.0.8)
(1.0.9)

(1.0.10)

(1.0.11)

(1.0.12)

(1.0.13)
(1.0.14)

(1.0.15)

The gradient operators in terms of the light cone coordinates have been expressed as

9, = By + O

0_ =0y —0s

8J_ = (817 82)

(1.0.16)

(1.0.17)

(1.0.18)



Through out the thesis natural units are used, setting h = ¢ = 1 with h being the
reduced Planck constant and ¢ the speed of light in vacuum. The metric tensor g, has
been used with (1,-1,-1,-1) diagonal entries and u, v takes values (0,1,2,3). This thesis is
organized as follows: Chapter 2 deals about strong-field QED and Volkov states of electron
and positron. Multiphoton trident pair production in periodic plane waves is presented
in chapter 3. Chapter 4 reveals the trident pair production in strong laser pulses, where
we present finite laser pulses and the optical theorem. Finally, the conclusion of what we

have done in this thesis is given in chapter 5.



Chapter 2

Strong Field QED and Volkov States

2.1 Strong Field QED

In QED an electric field, E, should be treated as strong if it exceeds the Schwinger limit:
E > Es =m.c®/(eAc) = 1.3 x 10'6 V/em. Such field is potentially capable of separating
a virtual electron-positron pair providing an energy, which exceeds the electron rest mass
energy, m.c? , to a charge, e = |e|, over an acceleration length as small as the Compton
wavelength, \o = # ~ 3.9 x 10" ¢m. The most typical effects in QED strong fields are
electron-positron pair creation from high-energy photons and high-energy photon emis-
sion from electrons or positrons [3]. Strong-field QED also known as Laser-dressed QED
uses Volkov functions instead of plane wave functions to represent the particles in initial

and final states, as well as to construct the particle propagator [1,5]. In an external plane

wave field A(k.x), the free electron propagator is given by [1,4].

1
Gree(T1,70) = 2n) /dﬁ;}% exp (ip(xy1, o)) (2.1.1)

The QED Lagrangian reads
. 1
L=vp—m)p — ZFWFW’ (2.1.2)
where the electromagnetic field strength tensor F),, is

F,, =0,A, —0,A, (2.1.3)



with A, the photon field and the covariant derivative D, = 0, — ieA,,.

An external laser field A, can be incorporated inside the covariant derivative D,, [6] as
D, = 0, —ieA, —ieA, (2.1.4)

where A, is the electromagnetic photon field.
The added term modifies the electron propagator (2.1.1), which becomes dressed by the

laser field, to the so-called Dirac-Volkov propagator as [1]

G(a1, o) = L/d{% (1 _ %) cap (if () - P

(2m)* 2k.p p? —m? + i€
e Al .
(1 — %) exp (—if(zo)) (2.1.5)
with the phase term
Y / 1 ! 2 12¢(,/
fi=*4px —/ dy BT (2ep. A(y') £ 2 A*(Y)) (2.1.6)
and
y=k.ux

The Dirac-Volkov propagator satisfies
(Yu(p" — eA") —m) G(z1,z0) = 0(21, 20) (2.1.7)

and can be expanded in terms of Bessel functions as

1 " a4 y+m
G(z1,70) = W/d P; (Bn(oéaﬁ) - Zz.pcn(o"ﬁ)) D m? o ig
(Bn/(a,ﬁ) - %C’n/(a, ﬁ)) exp (—iq(x1, x0) + ik.(nxy — n'xg)) (2.1.8)

In principle the free photon propagator, which is used as a very good approximation,
should also be replaced by the full photon propagator, which contains the effects of laser-

photon interactions [1]. In the next section we will introduce Volkov states.



2.2 Volkov States

In this section we want to solve the Dirac equation

<i’yuﬁu — e A, — m)z/} =0 (2.2.1)

in an external electromagnetic field with potential .4,,, moving with the velocity of light in
%
a fixed direction, specified by the wave vector k. The potential A, is assumed to depend

on the space-time coordinates x through the scalar product ¢ = k.z as
A, = A, (p) (2.2.2)

Moreover, we will extend the general Volkov solution to the special case of linearly polar-
ized laser field solution.

We can rewrite Eq(2.2.1), by separating the space and time parts as
Y000 + 70 — (0. Ao — YiAi) —m |1 =0 (2.2.3)

We now use the technique of light cone variables, which is useful in problems involving
motion at the speed of light [7].

Thus, in light cone coordinates Eq(2.2.3) becomes

1

{z’ [§m PR 00 4 H 900504 — ) mal}

e Em FAD(Ae AL 30— 1) Ay — A) wu] - m}w —0 (224)

Simplifying terms we get
1 1 _
[@%& Higy-0- 7100 —e(rp A - As — AL - m] Y =0 (2.2.5)

We can now assume with out loss of generality that the wave moves in the x3 direction.
Thus,
k,=w(1,0,0,1), (2.2.6)



which implies that
ky =w#0 (2.2.7)

and

ko=k, =0 (2.2.8)
The Lorentz gauge condition is given by

ko A=2k, A +2k A, —ki AL =0 (2.2.9)

which immediately implies that

A =0 (2.2.10)

The Dirac equation then reads
1 1 .
z§7+8+ + 25’7—8— +i7.01 —ev- Ay +evi AL —m| ¢ =0 (2.2.11)

The potential is assumed to move with the velocity of light in the z3 direction and will

only depend on the variable x_ [7]. Thus,
A=A (z2) and A_=A_(z_) (2.2.12)
The motion of the electron in the x, and x, directions can be described by a plane wave
Y(x) =Y(xy,z_,x,) = Nop(x_)exp(—ip.x), (2.2.13)

where N is the normalization constant.

Upon substituting Eq(2.2.13) into Eq(2.2.11), there follows
1 1 :
z§fy+8+ + 257,3, +iv,0, —ey- A +ey AL —m

exp i(2pix_ +2p_xy —pix)) ¢(r-) =0, (2.2.14)



which leads to
1
= 57+ (2-) =7-(2p4) +er-As e AL —m
exp i(2pyx_ +2p_xy —pray) ¢(x-)

1
+ {i§78¢(1‘) exp i(2pix_ 4+ 2p_axy — pﬂﬁ)} =0 (2.2.15)

Simplifying terms we finally obtain

1
[2570 —Y4p- — Y-P+ —Y1pL —ey-Ar +eyi Al — M] ¢(z-) =0 (2.2.16)

Splitting the wave function into its light cone projections we have

6= 5(60 +62) with 61 =710, (2.2.17)

satisfying
1205 =0 and Yid+ = 2%P+ (2.2.18)

The Dirac equation (2.2.16) upon substitution of Eq(2.2.17) and Eq(2.2.18) becomes
{%p- —y1(pL —eAL) - m} o

+ {@'%7—3— +7-(p+ —eAy) —y(pr —eAL) — m} o- =0 (2.2.19)

Multiplying Eq(2.2.19) from left by v_ and applying the relations in Eq(1.0.12), Eq(1.0.13),
Eq(1.0.14), and Eq(1.0.15) we obtain

[2707#3—] ¢y + {2%%@% —eAy) — 2707”] ¢ =0 (2.2.20)

This can in turn be expressed as

{Q’YO’HP} ¢+ =27 {’M (pL —eAL) + m} o (2.2.21)
We can write ¢ in terms of ¢_ as

by = 2%0 {n(m —eAy)+ m} b (2.2.22)



Now we multiply Eq(2.2.19) from left by 7, as

10

{i8+2(p+—6«4+)} ¢+{M(m—6AL)%—m%] 10 {n(m—eAL)er} ¢- =0 (2.2.23)

2p_

This is reduced to

{ia— - ( —Apyp_ +4eAip_+ (pL —eAL)? + WQ)} ¢ =0,

where we used the relations

Yivo=—vvL and (yi.AL)?=-A%

Now the square of the field is given by

A2 AA A — A2 = A

1
[Z’a_ - ( —Apip_ +4eAp_+pt + AT —2ep AL+ mQ)} ¢-=0

Now we write
p?=dpip —pi
and Eq(2.2.27) becomes

1
10_ — 5(46./44_}?_ —2ep 1 A; —2A?) | ¢ =0,

where we have used the condition

Substituting

2A.p = 4A+p7 - QAJ_pJ_

into Eq(2.2.29), we arrive at the most simplified Dirac equation

9 - _ A 6 =
20_—2p7(26¢4.p e“A%) o =0

(2.2.24)

(2.2.25)

(2.2.26)

(2.2.27)

(2.2.28)

(2.2.29)

(2.2.30)

(2.2.31)

(2.2.32)
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Solution of Eq(2.2.32) is
(2.2.33)

6 () = by exp (—i®(x_))

O_(r_) = /O - (e;"p - 6;;42> (2.2.34)

and ¢ is a constant spinor satisfying

with the phase

Yo =0 (2.2.35)
We can choose it to be
o = Yoy-u(p), (2.2.36)
u(p) being a unit spinor satisfying the free Dirac equation
(vp—m)u(p) =0 (2.2.37)
We substitute Eq(2.2.22) and Eq(2.2.33) into Eq(2.2.17) and obtain
1 1 .
¢ = 3 [1 + %'VO/VL(]?L —eAy) + m] Yoy-u(p)exp(—i®)
0

1 1 .

=35 [0+ 5,70 (71707-(pL — eAL) + y07-m) | u(p)exp(—i®)
1 1 .

=5 |+ 5 (s — eAL) +m) | ulp)eap(—i®)

1 1 :
=3 {'m— o (=7 (pL —eAL) + 'V—m)} u(p)exp(—i®) (2.2.38)

Commuting vyy_ to the left and using the Dirac equation in the form
(yipr +mulp) = (v-p+ + v4p-)u(p), (2.2.39)
we find
1 1 .
¢=35 |-+ 3 - (vap— +7-ps — ey AL) | u(p)exp(—i®) (2.2.40)
which in turn be expressed as
(2.2.41)

1 1 :
¢ = 5 [707— + 707+ — 567—3&«44 u(p)exp(—i®)
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Thus,
1 1 .
= 5 1- ge’y:ﬂfh u(p)exp(—id) (2.2.42)
where v9 = v_ + 74.
Now it is possible to show that
V-l Al = - As = - A = AL = vl A (2.2.43)

Therefore, we finally arrive at the solution

¢ = [1 — ievum] u(p)exp(—i®) (2.2.44)

Finally, the solution for the Dirac equation in an external laser field becomes

P(xr) =N (1 — 4}%6’}/_.}4) u(p)exp (—ip.x — iP) (2.2.45)

The solution found can be immediately generalized to an arbitrary direction of the vector

k by replacing p_ and y_ as,

Y S 6A.p_62A2)
(D(x_)_/o dx_(p 2p_

(7] 2 42
:/ dy (GA'p cA ) , (2.2.46)
0

k.p B 2k.p

where

2wr_ =k.x (2.2.47)

Similarly, we make a substitution on

(1 - ﬁev_./g — (1 - ﬁewpﬂ) = (1 - ipewq , (2.2.48)

where

2wp_ =k.p

wy. =~vk=¥ (2.2.49)
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With the help of Eq(2.2.45), Eq(2.2.46) and Eq(2.2.48) we arrive at the Volkov solution

Y(xr) =N <1 - %) u(p) exp(—ip.x —iP) (2.2.50)

The electron bispinor has to be normalized by demanding that
Up,s, Up,sy = 2M0s,5, (2.2.51)

This leads to the conclusion that the normalizer above is

m
N =,/== 2.2.52

where V' is the normalization volume.
Therefore, the complete solution of the Dirac equation for an electron in an electro-

magnetic field is given by:

o= m (1 el A

A 2k.p> u(p) exp(if-) (2.2.53)

with f_ the phase term

e [ )

and ¢ = k.x and F denotes the energy of the particle in the field.

The corresponding equation for positron in an electromagnetic field can be written us-
ing the Feynman-Stuckelberg interpretation; the negative-energy particle solutions going

backward in time describe positive-energy antiparticle solutions going forward in time as

b= EEV (1 + %) exp(ifs) (2.2.55)
with the phase f, given by
B v e(pA)  e2A?
== oo (Gt 55) (2250

Here we note that the exact solutions of the Dirac equation for an electron Eq(2.2.53)
and positron Eq(2.2.55) in the absence of an electromagnetic field A* = 0 reduces to the

free-field solutions,
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_ ip.x
(@ ) e
and
m .
= E—Vv(p) e (2.2.57)

for an electron and positron respectively. The the effective mass m*, which the particles ac-
quired additional mass due to the external laser field also reduces to the electron(positron)
mass m.

For a linearly polarized plane wave laser field we write the potential in the form
A(x) = ea cos(yp), (2.2.58)

where a indicates the amplitude of the vector potential and the polarization is chosen as
e=(0,1,0,0).

Substituting the A(x) into the phase term we obtain

e ¥ eeap cos(p)  €*c¢*a® cos*(yp)
fr==p /0 de ( (ep) + 20kp) ) (2.2.59)

Rearranging terms and putting €2 = 1 we have

1 [
fe=*+pr— Dy dy <266ap cos(ip) £ e*a® 0052(<p)) (2.2.60)
P Jo
+ L1y '()i221'(2)+1 (2.2.61)
= +pr — — |2eeap sin e“a” | —sin = 2.
D 2hp P 12 1 ¥ 290 )
where we have used the integrals
©
/ di cos(p) = sin(e)
0
e ) 1 1
dp cos”(p) = Zsm(&p) + 5 (2.2.62)
0

Rearranging terms we obtain

eeap sin(yp) N e2a? sin(2yp)
2(kp) (8kp)

fr=*+qx — (2.2.63)
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where

e2a?

qg=p+ 2kp >k (2.2.64)

is the effective four-momentum.

Now the full Volkov solution for a linearly polarized plane wave laser field is written as

el A eeap sin(p) . e*a* sin(2p)
U(p) = \/EV (1i (kp)> exp [ﬂ:qx— i) + &) . (2.2.65)

where the + and — signs indicate that they are for positron and electron state respectively.

The oscillating part of the phase term in Eq(2.2.65),

2 2
eaep . e‘a .
fosci = ——= sin(p) £ sin(2 2.2.66
) () ) (2¢) (2.2.66)
can be put in Fourier series form
f E In <eaep + ¢’ > exp(ing) (2.2.67)
osci (8kp) L.

n=—oo

Thus, Eq(2.2.65) becomes

P(p) = ”Eﬂ\/ (1 + 26(]7{:?)> exp (£qx) Z Jn(a, B) exp(ing), (2.2.68)

n=—oo

which in turn can be expressed as

Y(p) = \/ EW‘L/ Ut exp(iqe.v) Z (Bn(a,ﬁ) + ;ziicn(a,ﬁ)) exp(ing), (2.2.69)

with o = e‘“p, B = :l:%k“p B, (o, B) = Jn(a, ) and
Crle, B) = 5(Jn-1(a. B) + Jus1(a, B)),
where J,(«, ) are the generalized Bessel functions.
Due to the use of the Volkov states, the theory of laser-dressed QED takes into account
to all orders the particle-laser interaction in a scattering process, and still adopts a similar
formalism like that of the ordinary QED. The remaining interaction between their laser-

dressed particle and the QED vacuum is weak, and the perturbative expansion in the fine

structure constant « is resorted to as in the ordinary QED. Feynman techniques can be
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used to picturise the theory, and laser-dressed Furry-Feynman diagrams follow almost the
rules of the conventional Feynman diagrams, except that the appearing particles are in
Volkov states and the particle propagators are Dirac-Volov propagators [1]. In chapter 3
and chapter 4 we make use of the exact, Volkov wave functions derived in this chapter to
study electron-positron pair production in periodic(infinite) plane waves and finite laser

pulses respectively.



Chapter 3

Multiphoton Trident Pair
Production in Periodic Plane Waves

In laser-electron collisions, two pair creation processes are usually distinguished. The first
is of Bethe-Heitler type (one-step process); the pair is produced by the absorption of N

laser photons in the Coulomb field of the incoming electron [1].
e + Nw — ¢ + e'e, (3.0.1)

where one electron scatters by colliding photon and emits a virtual photon, which subse-
quently transforms into an e™e™ pair. When the photon source is a laser field, the electron
may couple nonlinearly to the field, giving rise to multi-photon processes [1].

The second is of Breit-Wheeler type (two-step process), where first a high-energy -
photon is generated by Compton backscattering off the electron beam, which afterwards

creates the pair in a photon-multiphoton collision.
v + Nw — efe” (3.0.2)
The reaction in Eq (3.0.2) represents the strong-field generalization of the process
2y — ete” (3.0.3)

and exhibits a nonperturbative nature at very high fields. The laser-dressed Furry-

Feynman diagrams of the multiphoton pair production are given in Fig (3.1). The lepton

17
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lines in the Furry-Feynman diagrams are described by Dirac-Volkov states, which fully

account for their interaction with the external plane wave laser field (Furry picture) [1].

Figure 3.1: Furry-Feynman diagrams of multi-photon trident pair production in electron-
laser collisions.

The zigzag-lines represent the exact lepton wave functions in the laser field (Dirac-
Volkov states) and are labeled by the laser-dressed particle momenta. In the left diagram,
the incoming electron scatters from a state of dressed momentum ¢ to ¢’ by absorbing n
laser photons and emitting an intermediate photon, which afterwards decays into an e*e™
pair upon absorption of n’ laser photons [1,5]. The corresponding exchange diagram is
given on the right.

The amplitude for the process reads

sz :M<Q7q/7Q+7q—) _M(Q7Q—7Q+7q,)7 (304)

where for the direct process

Mg, ¢ q4,q-) =€ / d*z / d*y Vo (2)7u1hg(2)G* (@ — y)e_ (y)1ibe, (y)  (3.0.5)

and for the exchange process

Mgy qor ) = € / d's / 0y By () 300(2)G (2 — )b W) Wte, (v)  (3.0.6)
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Here vq, g, Vg, 1, denote the laser-dressed lepton states and

&K —drg
G (x —1y) = / 2y e 7—?2{ exp(ik’.(x —y)) (3.0.7)

is the usual free photon propagator.
Substituting the Fourier-expanded form of the Dirac-Volkov states for linearly polarized

plane waves,

= ET.T‘L/ U+ exp(ZQi l’) Z (Bn<&75) + ;;ii

n=—oo

Ch(a, ﬁ)) exp(iny) (3.0.8)

The space-time integrations can be performed and the amplitude adopts the form

[e.e]

/ 54Q+Nk—q_q _Q)
M(q;‘]7Q+7q7): EE'E+E Z Z 3

N>Ngn=—o0 q + ’I’Lk)

M*"(q,q'In) M, (q4q- IN - n) (3.0.9)

where o = %, is the fine-structure constant. NV is the total number photons absorbed, n is
the number of photons absorbed at the first vertex with a negative n meaning |n| photons
emitted, and M*(q,¢'|n) and M, (¢+q-|N — n) are complex functions of the particle

momenta and laser parameters, containing spinor-matrix products and the coefficients of

terms being the generalized Bessel functions [1,5],

_ eadit  eay i e2a’kr
m(q, q'In) =ty < byy* — n+ ———d, 3.0.10
_ eadhly,  eay"l e*a’k, i

Mgy, q-|n’ zu{Bm —( — Cp—— 't p.bu.,

(@, a-Ir') =, : 2k.p_ 2k.py 2(k.py)(k.p-) b
(3.0.11)

where n' = N —n and
by = Ju(01,02) (3.0.12)
1

Cp = 5 [Jnl(el, 62) + Jn+1(91, 92):| (3013)

1
d, = 5 |:Jn_2(91, 0s) + 2J,(01,05) + Jyi2(01, 92)] (3.0.14)
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with the arguments
ea(e.p) ea(e.p)

0, = - 0.1
! k.p k.p (3.0.15)
e2a’[ 1 1
0y — — | — — 3.0.16
278 [kﬁ.p k.p’} ( )
Similarly,
B, = J(01,05) (3.0.17)
1
Cy = 5 {Jn/_l(e)l, O2) + Jp11(01, @2)} (3.0.18)
1
Dy = 3 |:Jn’—2(@17 O2) + 2J(O1,02) + Jur42(O1, @2)} (3.0.19)
with the arguments
ea(e.p_) ea(epy)
0, = — 0.2
! k.p_ k.py (3.020)
e2a? 1 1
= — 0.21
o2 8 [k-p— k‘.pJ a.0.21)
The Dirac delta function
§'(q+ Nk—q —qr —q-) (3.0.22)

guarantees the four-momentum conservation of the process in which |N| laser photons
are absorbed (N > 0), or emitted (N < 0). This leads to the threshold condition for the

participating photon number

Nw' > 4m* (3.0.23)

with the intensity dependent effective mass

m* =my/1+ ad, (3.0.24)

Thus,

*

m* > m, (3.0.25)

where additional mass is acquired by the particles, dressed by the background field. The

dimensionless intensity parameter ag is introduced as,

apg = 644, (3026)
m
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where A is the root-mean-square value of the vector potential of the laser field. For a
relativistically strong pulsed field ag > 1 [3] and measures the strength of the electron-
laser interaction.

The total rate of production is obtained by

1 [Vdq, [Vdq. [Vdq1 5
= — .0.2
R T/ (2m)3 / (2m)3 / 2m)3 4 Z 1S (3.027)

spins

with the interaction time 7', and a statistical factor i due to initial spin averaging and
the two final-state electrons [2].

It is possible to show that

2
/ VT /
{54(q + Nk—q —qp — q)] = (%)454(9 +Nk—q —q—q) (3.0.28)

Upon substitution of Eq(3.0.4), Eq(3.0.27) becomes
B / Vdq, / Vd3q_ / Vil ( 202n)m’ ?
23 ) @2r)p \"V2/EPE,E-

1 VT 4 ,
12(27)3%25 (q+Nk—q —qy —q-)

spins

>0, (Mﬁfm + MY, — 2M5‘f22) (3.0.29)

ny  ng

dg/ d3(]+ 4(
27T3E 25 (q+Nk—q —qp —q)
ZZZ@%ﬁw@mmJ (3.0.30)

n1 N2 Spins

where " M99 and > epins M1, are trace products:

spins ning ning

Thus,

> M= = :
(g = ¢+ mk)? (g — ¢+ nak)?

spins

Tr {p/—_ tm
2m

Yomo o pm,
T e —1IY 3.0.31
P ) T )| (3.0.31)

Pr—m

F,Lm1 <Q— ) Q+) Wrung(qq+):|
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with
meeay i e2a’krl
D (q,q) = bu v — (00 "4, 3.0.32
ecaghty,  eay' _ efdPkK

Dy_pn, (3.0.33)

N—ny

qu(q—aQ-F) - BN—nlfY/i - <

2kp_ 2kp, 2(kp+)(k.p-)

and

[ =TT (3.0.34)

D epins M9, can be obtained from 3

nin2

M9 by the exchanges of ¢ < ¢_ as well

spins ning

as p' S po in Eq(3.0.31). > .. Mo accounts for the interference of diagrams with

exchanged electrons in the final states.

1 1
M7, = 3.0.35
Sp;s " (g = ¢+ mak)? (¢ — g+ nok)? ( )
y-tm de—m. ., f+m Ftm
T F n s Fun , I‘M , _an g
r[ 5y Lan (4 44) =5 ——Tuna (¢ 44) = = T7,(¢, )= =T (¢,4-)

The S-matrix in Eq(3.0.4) shows divergence due to the pole in the photon propagator
(3.0.7), when enough energy is taken from the background to put the photon on shell and
k" = 0. It was suggested in [1,5] that the divergence could be dealt with by modifying

the photon propagator as
% R %ﬂg (3.0.36)
In the next chapter we will briefly see how the divergence is dealt with the help of
optical theorem and how it helps us to identify precisely the two contributions, from the
one-step and two-step processes. We will also do the detailed calculation of the S-matrix
by taking the two Feynman diagrams, for direct- and exchange-processes, into account.
The 9-dimensional integral for the rate (3.0.30) [1,5] is first reduced to a 5-dimensional
one by the d-function. Still, the remaining multi-dimensional integration is time consum-

ing [4], and they apply an appropriate Monte Carlo method to speed up the computation.

However, performing the remaining integrals, summing over spins, dividing over the pulse
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volume V| duration 7', incoming flux I, and jumping over the details, arrive at a cross
section of the form

o= Z ZMn g+ Nk—q¢ —q, —q.) (3.0.37)

N>Ny n

for some unspecified elements M,. This is then an infinite sum, each term describing
momentum conservation, and is unphysical. We expect a physical result not to take the
appearance of delta functions. These delta functions are an artifact from considering the
back ground laser as an infinite plane wave [6]. We know that cross section is a finite and
measurable physical quantity. Therefore, to arrive at a finite cross section, then we need
to shape our laser background into finite pulses. This will be shown in the next chapter

where we study trident pair production in strong laser pulses.



Chapter 4

Trident Pair Production in Strong
Laser Pulses

4.1 Finite Laser Pulses

As seen in the previous chapter a laser background modeled by an infinite plane wave
is problematic. A more realistic approach which as it turns out solves these problems
is taking pulse shapes into account. The presented theory in [6] for laser pulses is built
around intense laser fields with neglected transverse size effects, again approximated as
plane waves only dependent on the phase ¢ = k.x. We direct the laser beam along the

x3 axis as usual, with photon momenta &, as
k, =w(1,0,0,1), (4.1.1)

of which only £, is non zero.

In general, the background field takes the form
A(k.x) = af f;(k.x), (4.1.2)

where afl are the polarization vectors and f;(k.z) are functions shaping our laser pulses.

The laser field tensor is then given by
Fo = fi(#) (kual, — kuaj,) (4.1.3)

with the prime denoting derivation with respect to ¢.

24
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We use the background field as circularly polarized, given by the four-potential A(k.x)

as,
A(k.x) = aifl(k.x) + aifg(k.x), (4.1.4)
where
al = @(o, 1,0,0) (4.1.5)
@t = 72(0,0,1,0), (4.16)

are polarization vectors and ag is a dimensionless laser parameter. The laser pulses are

shaped by setting [6]

filk.z) = cos(@)sm‘l(%) (4.1.7)
folk.x) = sin(s@)sin“(%), (4.1.8)

for p € {0,2N}, 0 otherwise, with N then defining the number of oscillations of the field

in a pulse. For convenience we also define

fs(0) = fi(e) + f3(p) (4.1.9)

since it will appear in our calculations, in section 4.3. In the next section we will discuss

the optical theorem.

4.2 The Optical Theorem

The two-point correlation of quantum fields, viewed as analytic function of the momentum
p?, has branch cut singularities associated with multi-particle intermediate states [8]. This
conclusion is similar to non-relativistic scattering theory, since it is already true there that
the scattering amplitude, as a function of energy, has a branch cut on the positive real
axis. The imaginary part of the scattering amplitude appears as a discontinuity across
this branch cut. It arises from a sum of contributions from all possible intermediate

state particles. By the optical theorem, the imaginary part of the forward amplitude is
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Figure 4.1: The optical theorem: Contributions to the imaginary part of a forward scat-
tering amplitude

proportional to the cross section [8,9]. We will now prove the field-theoretic version of
the optical theorem and illustrate how it arises in Feynman diagram calculations.

The optical theorem is a direct consequence of the unitarity of the S-matrix.
S*tS =1 (4.2.1)

The T-matrix is defined by
S=1+1T, (4.2.2)

which is the interaction term of the S-matrix.

Substituting Eq(4.2.2) into Eq(4.2.1) gives
—i(T —T%)=T"T, (4.2.3)

Let us take the matrix element of this equation between two-particle states |pips)
and |k1k2). We evaluate the right-hand side of Eq(4.2.3), by inserting a complete set of
intermediate states as

el k) = 5 (11 [ e ) el Hahh (adiTiks) (120

n

Now we express the T-matrix elements as invariant matrix elements M times 4-momentum-

conserving delta functions.
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The identity in Eq(4.2.3) becomes
—i[M(k1ky — pip2) — M*(p1p2 — k1ks)]

(1

54(]{?1 + k‘g — Z qz)(54(k'1 + kQ —P1— pg) (425)

éffw%)/”*(plp? = {a})Mkks = {g}) ()’

We abbreviate this identity as
Ci[M(a > B) — M (b — a)] = Z/dﬂf./\/l*(b S HMa > f), (4.2.6)
f

where the sum runs over all possible sets f of final-state particles. Although we have so
far assumed that a and b are two-particle states, they could equally well be one-particle
or multi-particle asymptotic states.

For the important special case of forward scattering, we can put p; = k; to obtain a
simpler identity, shown in fig(4.1). Supplying the kinematic factors required by (4.2.6) to

build a cross section, we obtain the standard form [8,9] of the optical theorem,
Im M(kiky — ki, k2) = 2EnDem0tor(k1ka — anything), (4.2.7)

where F.,, is the total center-of-mass energy and p.,, is the momentum of either particle in
center-of-mass frame. This equation relates the forward amplitude to the cross section for
production of all final states. Since the imaginary part of the forward scattering amplitude
gives the attenuation of the forward-going wave as the beam passes through the target,
it is natural that quantity should be proportional to the probability of scattering. The
optical theorem clearly shows that in general the amplitude can not be purely real and

that it has a positive imaginary part near the forward direction [9].

4.2.1 The Optical Theorem for Feynman Diagrams

The Feynman diagram yields an imaginary part i for M only when the virtual particles

in the diagram go on-shell [9,10]. We will now show how to isolate and compute this
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imaginary part. For our present purposes, let us define M by the Feynman rules for per-
turbation theory. This allows us to consider M(s) as an analytic function of the complex

variable s = E? | even though S-matrix elements are defined only for external particles

with real momenta.
We first demonstrate that the appearance of the imaginary part of M(s) always re-
quires a branch cut singularity. Let sq be the threshold energy for production of the

lightest multi-particle state. For real s below sj the intermediate state cannot go on-shell,

so M(s) is real. Thus, for real s < sy, we have the identity

M(s) = [M(s")]* (4.2.8)

Each side of this equation is an analytic function of s. So it can be analytically
continued to the entire complex s plane. In particular, near the real axis for s > s,
Eq(4.2.8) implies

Re M(s + i) = Re M(s — i&) (4.2.9)
Im M(s+i€&) = —Im M(s —i€) (4.2.10)

There is a branch cut across the real axis, starting at threshold energy sy; the discontinuity
across the cut is

Disc M(s) = 2i Im M(s + i§) (4.2.11)

Usually it is easier to compute the discontinuity of the diagram than to compute the
imaginary part directly. The £ prescription in the Feynman propagator indicates that
physical scattering amplitudes should be evaluated above the cut, at s + . We then
study more general one-loop diagrams, and show that their discontinuities give precisely
the imaginary parts required by Eq(4.2.6). The generalization of this result to multi-loop
diagrams has been proven by Cutkosky, who showed in the process that the discontinuity
of a Feynman diagram across its branch cut is always given by a simple set of cutting

rules.
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We begin by checking Eq(4.2.6) in ¢* theory. Since the right-hand side of Eq(4.2.6)
begins in order A%, we expect that Im M should also receive its first contribution from

higher-order diagrams. Consider, then, the order-\? diagram

7-qh KT k=hky+k

with a loop in the s-channel. (It is easy to check that the corresponding ¢- and u- channel
diagrams have no branch cut singularities for s above threshold.) The total momentum
is k = ky + ko, and for simplicity we have chosen the symmetrical routing of momenta
shown above. The amplitude of this Feynman diagram is

A2 dq 1 1
oM = — 4.2.12
M= |G E e e G2

We would like to verify that the integral in Eq(4.2.12) has a discontinuity across the
real axis in the physical region k° > 2m. It is easiest to identify this discontinuity by
computing the integral for k° < 2m, then increasing k° by analytic continuation. It is
not difficult to compute the integral directly using Feynman parameters [8]. However, it
is illuminating to use a less direct approach, as follows.

Let us work in the center-of-mass frame, where & = (k°,0). Then the integrand of

Eq(4.2.12) has four poles in the integration variable ¢°, at the locations
o_ Lo ‘
q = 5]{; + (E, — i)

¢’ = —%ko + (E, —if) (4.2.13)

Two of these poles lie above the real ¢° axis and two lie below, as shown below:
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L

1.0 1.0
—5k +Eq gk +Eq

Y
|

We will close the integration contour downward and pick up the residues of the poles
in the lower half plane. Of these, only the pole at —%ko + E, will contribute to the

discontinuity. Note that picking up the residue of this pole is equivalent to replacing

1
(5 + ) —m? +1i¢

- - zma((g +q)? —m?) (4.2.14)

under the dq” integral.

The contribution of this pole yields the integral

A2 d3q 1 1
oM = —2mi
M = —amis / (27) 2, (K0 — E,)? — E?

A dn o 1 1
— o> T 4EE 421
o on / 4, Mqu KO(kO — 2E,) (42.15)

The integrand in the second line has a pole at E, = ’“2—0 When £° < 2m, this pole does
not lie on the integration contour, so M is manifestly real. When k° > 2m, however,

the poles lies just above or below the contour of integration, depending upon whether k°

is given a small positive or negative imaginary part

: 2

— or -—
m M .

Thus, the integral acquires a discontinuity between k% 4 i€ and k2 4 i€. To compute this

discontinuity, we apply

1

= im§(k° — 2F, 4.2.1
W—om, 1 mi—a2m, T ); (4.2.16)
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where P denotes the principal value, the discontinuity is given by replacing the pole with
a delta function. This in turn is equivalent to replacing the original propagator by a delta

function
1

(5 —q)* —m? +1¢

k

1
D L A S
— 27rz5<(2 q) o m ) (4.2.17)

Let us now retrace our steps and see what we have proved. We go back to the original

integral Eq(4.2.12), relabel the momenta on the two propagators as p;, ps and substitute

/(;ZTQ)4 - / (2:)14 / (2:)24(270454(291 +p2 — k) (4.2.18)

We have shown that the discontinuity of the integral is computed by replacing each of the

two propagators by a delta function

m — = 27id(p? — m?) (4.2.19)

The discontinuity of M comes only from the region of the d*q integral in which the two
delta functions are simultaneously satisfied. By integrating over the delta functions, we
put the momenta p; on-shell and convert the integrals d*p into integrals over relativistic
phase space. What is left over in expression Eq(4.2.12) is just the factor A\?, the square
of the leading-order scattering amplitude, and the symmetry factor (%), which can be
reinterpreted as the symmetry factor for identical bosons in the final state. Thus, we

have shown that, to order A\? on each side of the equation,

Disc M(k) = 2ilm M(k)

i [ dPpy 1 d3py 1
- 5/ (27T)13 2F, / (27r)23 2F, [M(E)*(27)"0 (1 + p2 — k) (4.2.20)

This explicitly verifies Eq(4.2.6) to order A% in ¢* theory.

The preceding argument made no essential use of the fact that the two propagators
in the diagram had equal masses, or of the fact that these propagators connected to a
simple point vertex. Indeed, the analysis can be applied to an arbitrary one-loop diagram.

Whenever, in the region of momentum integration of the diagram, two propagators can
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simultaneously go on-shell, we can follow the argument above to compute a nonzero dis-
continuity is given by making the substitution Eq(4.2.19) for each of the two propagators.
The poles of the additional propagators in the diagrams do not contribute to the discon-
tinuities. By integrating over the delta functions as in the previous paragraph, we derive
the indicated relations between the imaginary parts of these diagrams and contributions
to the total cross section. Cutkosky proved that this method of computing discontinuities
is completely general. The physical discontinuity of any Feynman diagram is given by the
following algorithm [8].

1. Cut through the diagram in all possible ways such that the cut propagator, can simul-
taneously be put on-shell.

2. For each cut, replace — = 2mid(p* — m?) in each cut propagator, then

N S
(PP —m2+i€)
perform the loop integrals.

3. Sum the contributions of all possible cuts.

In the next section we will reveal the theoretical approach to trident pair production.

4.3 The Theoretical Approach to Trident Pair Pro-
duction

We consider an electron, incident upon a laser field, emitting a v photon. This photon
then combines with photons in the laser to produce an electron-positron pair [4]. In the
SLAC experiment two processes are distinguished: The first is ’one-step’, traditionally
referred to as trident, in which the intermediate photon is virtual. The second process is
‘two-step’, in which a real photon is scattered from the incoming electron and then creates
a pair via stimulated pair production [4]. Since the Feynman diagram in Fig(4.2) makes
no distinction between these processes, we will refer the full diagram as ’trident’, and
use the notions of one-step and two-step processes to distinguish the two contributions as

usual.



33

Figure 4.2: Furry-Feynman diagram for the trident process: The second term accounts
for the exchange of indistinguishable fermions.

The trident S-matrix element is given by

Sfi = 62/d4$/d4y &2<$)"}/Mw1(l’)Gw/(l‘ - y)&s(y)’yl’w‘(y) - (p2 A pS)v (431)

where (py <> p3) accounts for the exchange process in the Feynman diagram in Fig(4.2)

and G, (z — y) is the photon propagator given by

d4k’/ — Qg
Gl =) = [ Gy arase caplik e =) (43.2)

The Volkov states for electron and positron, as derived in chapter(2), in Eq(2.2.53) and

Eq(2.2.55) given respectively as

o-0) =\ (1= LY w0 ) o)

m (1+6$/A

orle) = [ (14 58 ) 090) exn(if (o) (433)

with the phase term

7 <6p-ligso) - 62;‘:‘;@)

f=(p) = Fp.x — /

—00

The = and y integrals in Eq(4.3.1) simply reduced to
/d4x / d*y exp(py — p1 + k). exp(ps +ps — k').y

= (27m)%0%(po — p1 + k' — 7k)6* (p3 + ps — K — sk) (4.3.4)
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and integration over k&’ combines the two delta functions as

d*k —4
(2#)8/ 5 (py —p1 + K —rk)6* (ps + ps — K — sk) {—W}

(2m)4 k2 4+ i€
= (2m)*0* (Pouws — p1 — Tk — sk) —An (4.3.5)
ou k2 + i€ K =6prk
with the laser four-momentum balance
kK =dp+rk (for nonlinear Compton scattering) (4.3.6)
or
K = p3 + ps — sk (for stimulated pair production) (4.3.7)
We have also put, for simplicity
op =p2 — 1 (4.3.8)
Dout = P2 + D3 + D4 (439)

The S-matrix now takes the form

1 mA
S = —477'62(27T)4W m/d4r/d4s M (7, 8)6*(pous — p1 — rk — sk)

— (p2 ¢ p3), (4.3.10)
k'=0p+rk

k2 i€
where Fourier transformation has been made to trade the ¢ dependence on the Volkov
states, introducing the variables r and s, which are the analogues of photon number for
pulsed plane waves [4].

The delta function in Eq(4.3.10) guarantees the momentum and energy conservation of

the process and can be expanded in light cone coordinates as.

54<pout —P1— rk — Sk) -

1
§5L<pout - Pl)(si (pout - p1)5+(pout —P1— Tk - Sk) (4311)



35

The pole prescription in the photon propagator can be treated as

1

i —imd(K?) + pL (for € = 0) (4.3.12)

k/2

which corresponds to a split into real and imaginary parts. From the optical theorem for
scattering amplitudes, one expects the appearance of imaginary, or absorptive, parts to
correspond to the excitation of real rather than virtual intermediate states. Indeed, we
have seen that the imaginary part of Eq(4.3.12) correspond to the intermediate photon
becoming real. The existence of this imaginary part is entirely due to the dressing of the
fermions by the background, which allows one to obtain a physical, nonzero amplitudes,
those for nonlinear Compton scattering and stimulated pair production [4].

Direct substitution of Eq(4.3.11) and Eq(4.3.12) into Eq(4.3.10) we obtain

1 mA

S 9 _m
= 2n) E\E,EsE,

(SL(pout - pl)d_ (pout - pl)

[/dr / dsM(r,s,) (iﬂé*(pout —p1 — 1k — sk)ot (2rk.op + 5p2))

/ dr / dsM (7, 8)5" (ot — pr — Tk — Sk)P——— E —(p2 pg)] (4.3.13)

(0p + rk:
Since s appears only in the ¢, component of the delta function, it eliminates the s integral

by fixing

_ Pout — P1
ki

In the first term of Eq(4.3.13), the delta function is

—r=s, (4.3.14)

§(k?) = 6(2rk.6p + op*) (4.3.15)

and is therefore eliminated by performing the r integral by fixing

ot
r=srap =" (4.3.16)
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Thus, Eq(4.3.13) now becomes

1 m4 , i
o 2 2 5 & A Y7 4 - M / ,
sz € ( 7T) V2 E1E2E3E45 (pout pl) 2/€(5p (7",87«)
—/drM(rs)P;—( & ps) (4.3.17)
»<r (5p—|—7’k)2 p2 p3 Y e
where we have introduced in Eq (4.3.17) that
if 1 1 _
5 (pout _pl) - k_é (pout _p1>5 (pout _pl) (4318)
+
and the integrals
1
dr 67 (2rk.6p + 0p?) = ——
/ r 6" (2rk.6p + p°) op
1
/ds 0 (Pout — p1 — 7k — sk) = o (4.3.19)
+

From Eq(4.3.17) we see that the off- and on-shell parts of Eq(4.3.12) correspond pre-
cisely to the one- and two- step processes [4]. It can be shown by using the momentum
conservation given by the explicit delta function in Eq(4.3.10) for the one-step process
and the two momentum conservation relations given in Eq(4.3.6) and Eq(4.3.7) for the
two-step process. Squaring the argument of the delta function in the one-step process,
one finds that

2

dm
r+s>-—, 4.3.20
o ( )

which states that the incoming energy (that of the initial electron and that taken from
the laser), must be sufficient to produce three particles of rest mass m. This is the only
constraint in Sy; if the photon is off-shell, k* # 0, and we pick up the principal value
term. This is the 'trident’ contribution in the old nomenclature [4].

Squaring Equations (4.3.6) and (4.3.7), for nonlinear Compton scattering and stimu-
lated pair production respectively, we find in the two step process that for the individual

processes to occur,
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r>0

and

2m?

k.k'
Using the over all delta function in Eq(4.3.10), it is possible to show that the fixed

s>

(4.3.21)

parameters 7’ and s,~, which appear in our on-shell part obey

/

r >0

and

2m?

I 4.3.22
- k.Op ( )

S

Recalling that k.0p = k.k" evaluated on-shell, we recover the previous constraints. The
solution thus contains the correct kinematics of both the one-step and two-step processes,
which are described precisely by the off- and on-shell parts of Eq(4.3.12) [4].

From the corresponding Volkov states in Eq(4.3.3) we define

b
1.0 = g [ do(2eAthn - 220)

Upon substitution of Eq(4.3.23) one can write the amplitude for “nonlinear Compton

scattering” I'* as,

A

I*(k.x) = Uy, S(pa, k.x)y"S(p1, k.2)up,

e:cp(iJ(pg,k.x,oo) +1iJ(p1, —oo,k.x)) (4.3.24)

and the amplitude for “pair production“ A* as,

~

Au(ky) = ﬂp:ss(pSv k.l‘)’y”S(—p4, k'x)vp4

exp (iJ(pg, k.y,00) + iJ(—p4, 00, k:y)) (4.3.25)



The amplitude M(r, s) now becomes

M(r,s) = / dpl™ () exp(ire) / dpA, () exp(isp)

= I"(r)Auls),

where the Fourier transforms are given by

e (r) = / dp i, (14 - 6’24]52” ) - (14 + 6’;?;?) Upy

)
exp <irgo — iOéj/O d@fj(@))

A¥(s) = /d@ ap3<14+ M)w <14+ 6/1]’/) .

2k.ps3 2k.py

©
exp (isgp — iaj/O d@fj(@))

The coefficients can be read of from Eq(4.3.23) and Eq(4.3.26) as

and

m2a§( 1 1 )
gy = — —
5 2 k‘.p4 k’.pg

Manipulation leads to

. VA eAly. e ARKA
'(ry=[d — —
(T) / ¥ U, |:'7,u + 2]{?]71 2]{3]92 2]{3]?12]{?]?2 U

%)
exp (WO - i%’/ d@fj(@),
0
where we have expanded

( WA )7< 6%4) A Ay CAA

1, — = 1+ 2
4 2]6]92 4t 2]6]?1 2]{5])1 2]{3]72 2]{3]?12]{?])2
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(4.3.26)

(4.3.27)

(4.3.28)

(4.3.29)

(4.3.30)

(4.3.31)
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The amplitude for ”"nonlinear Compton scattering“ now becomes

I (r) = /dso Up, {% + (eggl’zj - eg,ﬁl“(so))fl(@ + ('m + ?Z—Zi/j

2

_e;iijf(@))ﬁ((ﬁ) 20]1 Zbl{:; Kfs(e ))1 Up, exp(irgo—z’aj /jd(p]%-((p)) (4.3.32)

with f3 given in Eq(4.1.9) and that

Ai(kx) = — = f3(¢) (4.3.33)

One can rewrite Eq(4.3.32) as

IH(r) = / dp iy, {w exp <iw — i /0 ’ dsofj(w))

"2 (524 G0 ) ) cap (o= o, [ aet(o))

26;{; Zik? ;2/7#3( ©) €Ip<i7‘90 — iozj/o d@fj(@)):| Up, (4.3.34)
Now we define
By(r) = /dgp exp (z’mp — iy, /v dgofk(<p)> (4.3.35)
0
and
B;(r) = / de fi(e) exp(iw —iay, /O ’ dgofk(go)>, (4.3.36)

where j, k=1,2,3.
We have then the amplitude for "nonlinear Compton scattering” in reduced form as,
2

> e Ped; a’m?k
(1) = 1y, {’VuBo(T) + Z ( ;;ngﬂ - ;’25?2“) Bj(r) — mwg( )] up, (4.3.37)

Similarly, we have the amplitude for ”pair production” in reduced form as,

4 2k,
AH(s) = 1y, {%BO +Z (6;2?4 eﬁ@u) B,(s) — %Wg( )} Upy (4.3.38)
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where we have already defined

Bo(s) = / dy exp (isgp - / " dy fk(go)) (4.3.39)

0

and
"
By(5) = [ do fi0) eap(ise —iou [ desiti) (13.40)

All dependence on r and s is contained in the above four functions By and B;, for
j =1,2,3 and all the functions fi(y) are defined by the sum over k£ = 1,2, 3.

All the functions given by Equations (4.3.36) and (4.3.40) are finite due to the finite
supports of fi(¢). The fourth function By, given by Equations (4.3.35) and (4.3.39), is
the Fourier transform of a pure pulse and is put with out any damping factor of fi(p)
in the integral. Therefore, it seems to diverge since there is no shaping envelope in the
integrand. However, the S-matrix in Eq(4.3.10) is gauge invariant [4,6] provided that

_ o;B;(r)

By (r) .

(4.3.41)

with a sum as usual going over j = 1,2, 3, giving a convergent expression for this and
thus all terms B.

Plugging Eq(4.3.26) into Eq(4.3.17) we obtain

S = 2m e [ (s — 1) | S TH () A (5,
fi ve\| B E,EsE, 2k.0p ’
1
- / AT (r) A (s P o = (e Hpg)} (4.3.42)

Now we introduce the bracketed term in Eq(4.3.42), containing all the dependence on the
pulse profile as

1
(0p + rk)?

T

- 2k.op

T () AR (5,0) — / drT (1) A (s, )P (e ps) (4.3.43)

We can easily write the exchange term, in the first term of Eq(4.3.43) by replacing the
four-momenta p, with ps as

1
(op + 1k)?

T

(p2 <> p3) = Qk.épFM(TI)A#(ST/) — /drf“(T)A“(ST)P

(4.3.44)
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The S-matrix then becomes

1 ma

S 2 _m
i = &(2m)° v\ BB, E5E,

6 (Powr — p1) K (4.3.45)

One now take |Sy;|? to calculate the rate of production R as

1 m*

S |7 = 2 10 -
[Sl* = €' (2m) 355 E\E,EsE,

(&'f(pm - p1>5if<o>) K] (4.3.46)

The divergent delta function 6%/ (0) is removed by calculating the pulse volume and dura-

1 0o
VT = / d'z == / Pzt / da™
pulse 2 —00 pulse
1 /°° B /%N d(k.x)
2 —o0 0 kJr

B 2N
2k,

tion as in [6,7]. Thus,

(2m)357(0), (4.3.47)

where 27N is the Lorentz invariant duration and N is the number of oscillations of the
field of the pulse in k.z [6].
Thus, we find that

Z 2 VT
57 (0) = E N (4.3.48)
Substituting Eq(4.3.48) into Eq(4.3.49) we get
oI 1 mt
|5y = 2¢*(2m)° — N3 m(S (ot — p1) | K|? (4.3.49)

The rate of production is given by [4,7,11]

1 [ Vdpy [Vdps [ VdPpy1 )
== 43,
R T/ (27)3 / (27)3 / 2%34Z‘Sﬁ| (4.3.50)

spins

Plugging Eq(4.3.49) into Eq(4.3.50) reveals
1 om Pps [ Pps [ Ppy
T NEBEE | @) @) @ Y (Poue = 1)

> IKP

spins

: (4.3.51)
shell
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Here there are nine integrals corresponding to three momentum components for three
outgoing particles, and again it is natural to use light cone variables. Three of these are
eliminated by the remaining 6*/. The instruction ’shell’ indicates that each p is evaluated

on shell, i.e
2 2
. Y +m

4.3.52
T (4.3.52)

b+

and ps, which is eliminated by momentum conservation with the momentum balance
par = (P1 —Pp3 — Pa)L

pa— = (p1 —p3s — pa)— (4.3.53)

The remaining integrals are over the momenta of the produced electron-positron pair.

Thus, we write the rate of production in reduced form as

1 m?
R = 64ﬁm/d3p4L7_/d3p3L7— \77 (4354)

with
VED I (4.3.55)

spins

which contains all the pulse profile.

The spin summation in Eq(4.3.55) can be evaluated as

7=2 szipv

spins

2

TH(r") A (s0) + TH(r") A*(s,0)

TH(r)AR(s,) + TH(r)A*(s,) ] (4.3.56)

1
o 2
/ P Sy k)

We expand terms and abbreviate as

7T2 1P2 (0 2D3 (o) ext( ./
jzz[W(M”<r,srf>+M”<r,sw>+M <r,sr/>>

spins

—/dr pr__ Lt i (Mmm(r, §p) + MPP (1, 5,) + M (r, Sr))} : (4.3.57)
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where

MPP(r,s,) = A (s,)07, (r) T (r) Au(sy) (4.3.58)
MPP3(r,s,) = A" (s, ) (r) T (r) Apu(sr) (4.3.59)

and the third term accounts for the interference terms of diagrams with exchanged elec-

trons in the final state.
M€ (r,5,) = AP (5, )T (r) TH(r) Ap(sy)

+ AP (s,) L (r) T (1) Au(sy) (4.3.60)

The "nonlinear Compton scattering” and the ”pair production” amplitudes in Eq(4.3.37)

and (4.3.38) can also be put respectively as,
I (r) = ap, Ty, (4.3.61)

AF(sy) = U, T, vp,, (4.3.62)

where T}, and TZL are introduced as a collection of the individual terms in the functions

['“(r) and A*(s) and given respectively as,

Ty =7Bo(r) + (67“]7/% - edj%")Bj(r) _ T g ) (4.3.63)

2]{7]?1 2]{7]?2 2]{3]?1]{3]72

ey il eq/j/;/fy# azka#
T =7, Bo(s, E Bi(s, ——F /Bs(s, 4.3.64
=Tu 0 s _'_ < 2% D4 Qkpg ) .7(8 ) 9 p3/€ p4]% 3(5 ) ( )

Jj=1

Here we note that
T,=T,(r) and T, =T, (sr)
Upon substitution of Eq(4.3.61) and Eq(4.3.62), Eq(4.3.58) becomes

Z MPP2(r 5.) = Z (EP4T},L*UP3> (%fﬁ%a) (ﬂpgTMUpl) </L_1/p3T[L/Up4> (4.3.65)

spins spins
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Now using the spin sum formulas as given in [7,11]

>y~ L
2
. Y-m
va’l}p = W, (4366)
s=1

we write Eq(4.3.65) in trace form as

S wrrrs) = Lor {(;fﬁm) G +m)T }Tr[(p@,%—m) ,;(p’4—m)T/;*} (4.3.67)

spins

while the spin summations of Eq(4.3.59) and Eq(4.3.60) are

S M) = T ) Tk )| T ) T =) | (1369

spins

and

S M 1) = g { T = T G T, )T 4 T

spins

+ Tr [(m )T+ )T (s + m)TP (s + m)T'v] } (4.3.60)
We divide the rate of production in Eq(4.3.54) by the incident energy flux of the electron,

1
- EV

p? (4.3.70)

to arrive at the cross section [7,11].

Thus, the cross section for our considered process becomes

1 1
=el Ppay / dps; 4.3.71
o=e 5IN E1E2E3E4/ Pal, P31, J ( )

with J now becomes

™

J = (2k.0p)?

|:Zp1p2 (7"/, ST/) + 7P (Tla 37“/) + Zext(Tla 37“/):|

1
+ /dr P {Zplm (r,8:) + ZP?P3(r, s,) + Z°(r, sr)} : (4.3.72)
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where
ZPP(r s.) = Tr [(p@—l—m)Tu(r)(pﬁ—l—m)T:(r)} Tr [(p’g—i—m)T/i(sr)(m—m)T};*(sr)} (4.3.73)

ZP(r, 5,) = Tr [(]/3 )T () + m)T: <r>] Tr [(ﬂz )T (s,) (s — m)T’”*<sr>]
(4.3.74)

TW%@:T%M—mﬁﬂWMﬁWMMWm+mWWﬂ%+mWWW}

+ Tr {(m —m)T,; (s,) (W + m)T, (1) (ph +m) T (1) (ps + m)T’”(sr)] (4.3.75)

An important step in the calculation of the rate and cross section is the evaluation of the
functions Bj;, given by Eq(4.3.36), Eq(4.3.40) and By, given by Eq(4.3.35), Eq(4.3.39).
The integrals in these functions will converge due to the finite supports of fi(¢) and we
have escaped the infinite sum of the cross section in Eq(3.0.37) with an infinite plane
wave background. However, solving the integrals B; is still a difficult task and hence
approximation methods can be used to estimate them [6]. In general, these are finite and

must be calculated numerically [4].



Chapter 5

Conclusion

We have shown how we can include a background field in the theory. We have shaped
our laser field into finite laser pulse. Finite size effects has been included due to the
ultrashort duration of modern pulses. The first full calculation of trident pair production
in a laser field was given in Ref. [4], using strong-field QED. For the first time we have
calculated the rate and cross section of the considered process in chapter 4. The results
we obtained are finite and physical. The ”nonlinear Compton scattering” and ”pair
production” amplitudes are calculated. It has been shown that there is no divergence in
the trident amplitude that had been identified in earlier approaches through the optical
theorem.

Despite the length of expressions involved, the final result for the rate and cross section
is not more complicated than that of the periodic plane wave case in Ref. [1]. Three real
differences had been identified in Ref. [4] by comparing the expressions of the periodic
plane wave case, in chapter 3 and of finite laser pulses, in chapter 4. The first was that
the discrete sums over photon number are replaced by Fourier integrals over r and s.
The second was that the shifted mass in Eq. (3.0.24) plays, in general, no role in all
expressions. Finally, the S-matrix contains two distinct terms corresponding to the one-
and two-step processes. It was also suggested in Ref. [4] that the numerical methods

previously employed to calculate the amplitude are equally appropriate in Ref. [4].
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