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PREFACE
. M n
This paper attempts to present the most important methods to evaluate A for any square
matrix A ; some basic theories and applications of Time-Invariant systems. The report divided

. . . . . n .

into four sections. The first section introduces an algorithm to compute A" . The second section
deals with systems of linear homogeneous and inhomogeneous difference equations. The third
section presents the method of Jordan form. Finally, in the last section two applications of Time-

Invariant systems are discussed.
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1 INTRODUCTION

1.1 Definitions
Difference equations are the discrete version of differential equations. Any functional relation

of the form;

F[n,x(n),x(n+ 1),~-,x(n+k)]= 0, or

x(n + k) = f[n,x(n), x(n+1),....x(n+k - 1)],n € Z" is a difference equation.
This paper is concerned with systems of linear first order difference equations. Particularly, it
focuses on systems of k-linear first order difference equations with constant coefficients.
Consider the following system of equations:

x\(n+)=a,x(n)+a,x,(n)++a,x.(n)

x,(n+1)=a,x,(n)+a,x,(n)+:+a,x,(n

1)
x,(n+)=a,x,(n)+a,x,(n)+ - +a,x,(n)
Then equation (1.1) can be written in vector form as;
-G vl WIS % 7 PR T SNSCS RlEar i A3, SRR 0 (1.2)

where, A(n)=(a, ) is real nonsingular matrix and f(n) = (x, (n), x, (n), -, x, (n))" € R*

kxk

Since the values of A are constants, equation (1.2) is called Time-Invariant (autonomous). If for
somen, = 0,x(n,) = x, is specified, then equation (1.2) is called initial value problem

Now, suppose  x(n,) = x,
x(n, +1) = Ax,
x(n, +2) = Ax(n, +1) = A’x,

n=ng

Inductively, we can conclude that: x(n)=A4""x,

Hence, the unique solutions of the initial value problem is given by
nli=A" "%, » BN 20

If n, =0, then x(n)=A4"x,

But, the question is how to compute A”. In differential equation, we use Putzer Algorithm to

calculatee” . Similarly, we can develop Putzer Algorithm to compute 4"



1.2 Discrete Putzer Algorithm

Let A is areal k x k matrix. Then an eigenvalues of A is a real or complex number A such that
Au = Au,u #0
syl AN MR L i i rveesnin s v ias AR S ES Utk it e bk (1.3)
Equation (1.3) has a non-zero solution if and only if det(4 - A7) =0
or: A +a, A" +a,A"* +..+a, ,A+a, =0
Equation (1.3) is called characteristic equation of matrix A, whose roots A are called eigenvalues
of Aand p ,(A) = det(4 - Al) = 0 is called characteristic polynomial.

If 4,,4,,.... 4, be eigenvalues of A (some of them may be repeated) then p,(4) can be expressed

as in the form:
k
P,(A)= ]—[(/1 -4;)
/=1

Theorem (Cayley Hamilton’s Theorem):
Every matrix satisfies its characteristic equation.
k
Thatis p,(A)=]](4-2,1)=0 or A* +a, A"+ +aAd+a,]=0
j=1
Proof: Let Abea kxk matrix with characteristic polynomial

p(A)=2+a, A" +..-+aA+a,, forsome real numbers ay @y, ..., a,_,
Consider the adjoint B(A) of (4 - Al)
(A - Al adjoint (4 — AI)=det(4 - Al)]
= (A-AIB(A) = p,(A)]
Now the cofactors of 4 — A/ are of degree at most k-1 in A, so the same is true
of the elements of B.
Hence we may represent B as a matrix polynomial
B(A)= B, A" + B, ,A"? +..+ BA+B, B 20K oot i

, where “m isa

m
elements are the coefficients of #  in the corresponding elements of B.



S (A=2ANB(A) = (A=A B, A" +B,_,A"" +.--BA+B,)
=S ", = A B, )+ (AP 4B, A <A B, Y ¥+ (A4B, - A*B,) + AB,

= —Bk_lﬂ,k +ﬂk_|(ABk_| 7 Bk~2)+"'+/1(AB| - B,)+ 4B,

Setting the coefficients of A" in the expression equal to the coefficients of Ain Pa(DI
T Bk—l =1
AB,-B, =a,ll1<m<k-1
AB, =a,l

Hence P4(A)=4"+a, A" +a,,4"" +. . +ad+a,]
=A*1+ A" (a, 1)+ A (a,_,]) +..+ A(a,]) + a,]
= A“(-B, )+ A*"(AB,, - B, ,)+--+ A(AB, - B,) + AB,
=A*(B,,,- B, )+A"" (B, ,—B,,)+ A" *(B,, - B, ;) +...+ A(B, — B,)
=0
Now let us develop the discrete Putzer’s Algorithm for A"

Let A be ak x k real matrix . We seek for a representation of 4" in the form

A7 e o (IR L L e v B i 35w s e (1.4.)
J=]
Where, the u,(n)'s are scalar functions to be determined later and
PR TR TR SR RRIERUIT e (1.5)
Or M = (A= 2, M My = 1) 000 L (1.6)
By iteration, we may show that:
Mn =, (A 5 2’111XA _All-l[).”(A Ty ]’I[)M_/—l
AT g (T T ) R 8 1 6 (1.7)

/=

k
By Cayley Hamilton Theorem, M, = H(A - /1/1)= 0

j=

Consequently, M(n)=0,Vn2k.



Hence, we may rewrite (1.4) as

k
E T B SRR E A o - (1.8)

If we let n=0, in (1.8), we obtain:
k
A® =Y u,(0OM
J=1

= 1 =u,(0)] +u, ()M, +-+u, (0)M,_,
= 14,(0) = L,u,(0) = t;(0) = -2, (0) =0 ..o (1.9)

From (1.8), we have:
k k
Y ulnt M, =A™ = 5 0 (WAM .y oesabios (1.10)
/=1 j=1

From (1.5), we have,

AN =M A e (1.11)

Solving equations (1.10) and (1.11) simultaneously, we get

zk:“_/ (n+DM =Zk:u_, (MM, +A,M ] ... (1.12)

J=1

Comparing the coefficients of M (j),1 < j < k, in (1.12) and applying conditions (1.9),

obtain:
u,(n+1)=Au,(n),u (0)=1 (113
0 AT A (), o (P (O =0, =23 T A3}
Thus, the solutions of (1.13) are given by:
u (n)=A4"
.......................................... (1.14)

n-1
¥; (n) ¢ ZOA/"_I_,H/—I (I)'J =23,k

w¢E



Discrete Putzer Algorithm:

Let A be a kxk matrix with eigenvalues A,,4,,--+, 4, .
Then: A= Zk:u_l(n)M(j—l)
=
where M, =1,M, =(A-4,)M, ,, and
u(n)=A4,"

n-1 £l : ,j:2, Bk
Wy (n) B Zj‘/ | u,/—l(l)
i=0

Table2.2 Summation formula

Summation
1 ii _n(n+1)
i=1 2
P iiz . n(n+1)2n+1)
i=l 6
& 5 :[n(n+l):l2
i=1 2
4 Lo _ n(6n' +15n° +10n” ~1)
i=1 30
5 an ]
=T Jifa#1
Za o | i
i n-lifa=1
6 n-1 ok n+l _n+2
Zia' i (a 1Xn+l)a : a +a,ifa¢1
=l (a"l)




Example

Find the solution of the system

2 s
x(n+1):Ax(n),whereA= 0.2 1
0 .03
Solution
2-1 1 0
p,AM=| 0 2-12 1 |=—(2-2)(2-3)
0 0 3-24

p,(A)=0=>A1=21=3

A =2=4,4 =3

Hence are eigenvalues of A
0. ¥
Thisd MO)=I,M0)=A-A1=A4-21=|0 0 ]and
0 421
10 L AN |
MQ)=(A-2,DM1)=(4-20)"=[0 0 1
e
wm=4"=2"

n-| n-|
Uz(n) 1% Z/lzn_l_,ul (1) = Zzn—l—lzl = n2n—|
=0 i=0

n-1

n-|
u3 (n) - 2}.3"4_’1{2(1‘) = Z3n—-l—l ’21 = 3)1 Lk 2!1 A n2n—1
i=0 i=0



Therefore A" = (MM (0) +u, (MM (1) +u; (n)M (2)

100 gl 00 1
Sl e S VR R R ] o™ i R
00 1 00 1 00 1

2n n2n—| 311 [t 2/1 _nzn—l
= O 2'7 3'1 .Y 2"
0 0 < 4

So the solution of the given system is given by

2n n2n~l 311 gy 2n e nzn—l xl (0)
x(n)=A"x(0)=| 0 2" P x,(0)
o Ih iy P x,(0)

X, (02" +x,(0)n2"" + (3" =2" —=n2"")x,(0)
= x,(0)2" +(3" =2")x,(0)
x;(0)3"



2. THE BASIC THEORY
In this section we see different theorems, definitions, lemmas, formulas and facts.
Consider the autonomous system
X0l = AR RN e thaed tiink fale, i 1 BN dodii s s 2.1

where A is a k x k matrix, det 4 # 0 and g(n) € R*, Equation (2.1) is called inhomogeneous

liner difference Time-Invariant (autonomous) system. The corresponding homogeneous system is
given by
Dl 080 | ol SR RTINS A ¥ 1 T O R (2.2)

2.1. Homogeneous Linear Difference Time-Invariant Systems

We now establish the existence and uniqueness of solution of the homogeneous linear difference

autonomous system (2.2)
Theorem - 1 (unique- existence theorem)
For each x; € R* and i, € L7 there exists a unique solution x(») of the system
x(n+1)=Ax(n) , x(ng) = x;
Proof: x(n,)=x, (Given)
x(n, +1) = Ax(n,) = Ax,
x(ny +2) = Ax(n, +1) = 4’x,
Inductively we obtain: x(n) = 4" " x,
Hence there is a solution x(n) = 4" x,. To show the uniqueness part, let y(n) be a solution of
the system.

Then y(n+1) = Ay(n), and y(n,) =X,

n-n,

= y(n) = A" ™ y(ny) = A" " x, = x(n)

Therefore the solution is unique

Next let us develop the notation of a fundamental matrix.



Definition - 2
The solutions x,(n), x,(n), ..., X, (n), of equation (2.2) are said to be linearly independent

k
forn>n, >0 ifwheneverx(n)=Zc,x,(n):0, foralln > n,, thenc, =0, 1<i<k

=1
But it is not practical to check the linearly independent of a set of solutions using this definition.
Fortunately there is a simple method to check the linearly independent of the solutions. This

method is called Casoration of the solution C(n)

x,(n) x,(n) x,(n)
o) = AL R
x(n+k=1) x,(n+k-1) - x,(n+k-1)
Let ¢(n) be a k x k matrix whose columns are solutions of the system
x(n+1)=Ax(n)
We write ¢(n) =[x, (n), x,(n), ..., x,(n)].
Then  g(n+1)=[x,(n+1), x,(n+1),....,x,(n+1)]
=[ Ax,(n), Ax,(n),..., Ax,(n) ]
=41 x,(n) ,2,08) s %:A0)]
=4 ¢(n)
Thus ¢ satisfies the difference equation:
p(n+1)=Ap(n)
Moreover the solutions x,(n), x,(n), ..., x,(n),are linearly independent for » > n, if and only if

detg(n) # 0 for alln > n,. This leads us the following definition.

Definition-3:

If @(n) is a non-singular matrix for all » > n, and@(n +1) = A@(n), then it is said to be

fundamental matrix for the system x(n+1)=Ax(n)

Note that: if @(n) is a fundamental matrix and C is any matrix with detC # 0, then ¢(n) C is also

a fundamental matrix.Thus there are infinitely many fundamental matrices for a given system.

To compute a fundamental system for autonomous system we use Putzer algorithm,



Lemma-4: (Abel’s Formula)

Foranyn=>n, 20 and Aa kxk constant real matrix, if @(n) = A" ¢(n,) isasolution of

¢(n+1) = Ap(n) then detd(n) = (det4)"™ detd(n,)

Proof: For any two £ xk real matrix A and B,

det(AB)=detA.detB
Hence detg@(n) = det(4" ™ ¢(n,)) = (det A)"™ detd(n,)
=det(Ax Ax---x A)detg(n,))
=detAxdetAx:--xdetAx detg(n,))
= (det4)"™ detg(n,)
Corollary-5:

i). Let ¢(n) be a fundamental matrix. Then det@(n) # 0 for n>n, < detd(n,) # 0
i1). The solutions x,(n),x,(n),--,x,(n) of ¢(n+1) = A¢(n)are linearly
independent for n > n, if and only if det¢(n,) # 0.
Proof: (i). = Suppose det¢@(n) # 0.Vn 2 n,
d(n) = A"™¢(n,) . By Abel’s lemmadet@(n) = (det 4)"™ detp(n,) # 0
=d(n,) #0
< Suppose det@(n,) # 0.
Since det@(n) = (detA)"™ detd(n,) ,,qdet4 #0 :
det@(n) = (det 4)"™ detg(n,) # 0
(ii). = Suppose x,(n),x,(n),--,x,(n) are linearly independent.
Let ¢(n) = [x,(n),x,(n), -, x,(n)] andp(n+1) = A¢(n)
= detg(n) # 0.Vn 2 n,

Since detg(n) = (det 4)"™ detg(n,) detg(n,)# 0.



< Suppose detg(n,) # 0.
Since det@(n) = (det 4)"™ det¢(n0), and detd# 0’
detd(n) = (det4)"™ detg(n,) # 0
~Ax,(n),x,(n),-++,x,(n)} aisafundamental set of solution of @(n+1) = A¢(n)
Hence the solutions x, (n),x, (n),:+,x, (n) are linearly independent Vn > n,
Theorem-6: There are k-linearly independent solutions of system
X(n+1)=Ax(n), n2n,
Proof: e, =(0,---,0,1,0,---,0)" be the standard unit vectors for 1 <i < k in R*
By unique-existence theorem, for each i = 1,2, ..., k there is a solution
x(n,ny,e,) with initial condition (n,n,,e,) =e¢,
Since ¢(n,)=1,detd(n,) =10
= {x(n,n,,e,)/1<i <k} is linearly independent
= there are & — linearly independent solutions of system (3.1.2) for n>n,

Linearity principle (Superposition):
An important feature of the solution of system (2.2) is that, they are closed under addition and

scalar multiplication. That is, ifx,(n) and x, () are solutions of (2.2) and ¢ € K ,then
i)  x,(n) +x,(n) is a solution of (2.2)
ii) cx,(n) isasolution of (2.2)
Proof: i) Let x(n) = x,(n) +x,(n)
Then x(n) = x,(n+1)+x,(n+1) = Ax,(n) + Ax,(n) = Ax,[(n) + x,(n)] = Ax(n)
i) Let x(n)=cx(n)
Then x(n+1)=cx,(n+1) =cdx,(n) = A[cx,(n)] = Ax(n)

An immediate consequence of the linearity principle is that if x,(n),x, (n),---,x, (n) are
k
solutions of system (2.2), then x(n) = Zc,x, (n) is also a solution of (2.2),

where, ¢; € R, 1 =1 = k.This leads the following definition



Definition-7:

Assuming that {x(n)/1<i < k}is any linearly independent set of solution of system (2.2). Then

the general solution of (2.2) is defined to be:

k
x(n) = ZC,x, (n), where ¢, € R and atleast one c; = 0

The above equation may be written as x(n) = ¢(n)C , where ¢(n) =[x, (n),x,(n),---,x,(n)]is a
fundamental matrix of

d(n +1) = Ap(n) and C = (c,,¢c,, ...,c;) ERF
2.2. Inhomogeneous Autonomous Systems

Consider the inhomogeneous autonomous system (2.1). We define a particular solution y ,(n) of

(2.1) as any k-vector function that satisfy the inhomogeneous difference system

Theorem-8:

Any solution y(n) of (2.1) can be written as:
VY= @(R)C + Y, (1) 1oeervansnirrssanssmnssnsrvanpersusnossosons (2.3)

for any appropriate choice of the constant vector €, and a particular solution y , (n)
Proof:
Let y(n) be a solution of (2.1) and y,(n) be a particular solution of (2.1)
Let x(n)=y(n)-y,(n)
Then x(n+1)=y(n+1)—y, (n+1)

= Ay(n)- Ay, (n)

= Aly(n) -y, (n)]

= Ax(n)

Hence x(n) is a solution of the homogeneous equation (2.2)

Thus x(n) = ¢(n)C , for some constant C
= y(n)-y,(n) =¢nC
= y(n)=¢(mC+y,(n)

Next, let’s derive a formula to evaluate y ,(n) .

12



Lemma-9:

A particular solution of (2.1) may be given by:

n-1

Y,(n) = A" g(r), withy  (n)) =0

Proof: y, (n+1)= ZA"“rg(r)
n-1

=Y A""g(r)+g(n)

r=ng,

n-1
=Y A4 g(r) + g(n)

n-1

=AY A" g(r)+g(n)

= Ay, (n)+ g(n)
Theorem-10: (Variation of Constant Formula)
The unique solution of the initial value problem
y(n+1) = Ay(n)+ g(n),y(ny) = y,,VYn2n, 20 is given by:

n-1
Y(nng, o) =A""y, + D A" g(r)

Proof: By theorem8 and lemma9, we have

y(n)=¢(n)y, +y,(n)

=A%y, + 3 A" g

r=ng,

y,(n+1)=2y|(n)+3y2(n)+1
yz(n"‘l) =y|(n)+y2(n)

. nn+l)) (23 :(1) h 2(0)
Solution: Let y(n+1)=[y2(n+1)],/1—(1 4j g(n) O,}’() 1

Then the given system may be written as:

Example: Solve{ » ,(0)=0,,(0) =-1

y(n+1)=Ay(n)+g(n)

13



PERP IR
Y = %
pa(2) ( 1 4_1’—(4-1)01—5)
Thua A0 Sranenli Lis
M(O)=1,M(l)=A—/1,I:[11 j)

wn)=4"=1" =1
n-1 A n-| n-1 n
(1) = YA (= ¥ 5 =5 B 1
=0 ] ; ; 4

A" =u, (M) +u,(n)M,

fai 5"+3  3(5"-1)
0 1 TR e R P
4 4
5"+3 35" =1 =3(" -1
0
Ay0)=| _* . e
YO=l o 1 35041 || L
4 4 4

Y= 3 4 g(r)

r=n,

go-r-l 3 3(5n—r—l ) 1)

" n-1| 4 4 1
Sl 353100

4 4
S ) (350 <133
% n-l 4 5 16
e 5" —4n-1
4 i TR



~3(5" -1)) (35" -12n-63

5 4 16
e y(n)= +
Hence ym) =t gien iy 5" _4n-1
4 16
-9.5" -12n+9
> 16
—(11.5" +4n+5)
16
-9.5" -12 —(11.5" ;
Thus, y,(n) = > e n+9,y2(n)= (”51;4’”5) is the solution of the system.

Next, let’s see how to transform the k-order linear autonomous difference equation in to a k-

dimensional system of first order equations.

Consider the equation y(n+k)+ p,y(n+k—-1)+...+ p,y(n) = g(n)to represent equation as a

system of first order equations of dimension-k.

We let

x,(n) = y(n)
x,(n)=y(n+1)=x(n+l)

X, (m)=y(n+k-1)=x_,(n+l)

x,(n+1)=x,(n)
Hence
X, (n+1)=x, (n)
X, (n) ==p,x,(n) — Py %, (n)—- = p,x; (n) + g(n)

15



In vector notation, we write this system as:

x(n+1)=Ax(n)+f(n)

where,x(n) = [x,(n),x,(n),--,x, )],

0 1 0 0

0 0 1 0

0 0 0 0
A=| . : . :

0 0 0 1

-p(n) —p(n) = p,y(n) - p,(n)
0

f(n)=

g(n)

16




3. THE JORDAN FORM

The Jordan form of a matrix is vital for both theoretical and computational purpose in
autonomous systems. In this section, we will describe the Jordan form and derive a method for

computing fundamental matrices.
2.1 Diagonalizable Matrices

The matrix 4 = la” Jk is called diagonal if @, = 0 wheneveri # j. Conventionally, we denote

xk
such a matrix as D = a’iag[a”,a22 ,...,akk]. The diagonal matrix is nonsingular if and only if all its
diagonal entries are non-zero.

Definition3.1:

Let A and B be two & x k matrices. A is said to be similar to B if there exists a nonsingular

matrix p such that P"'4P =B
Theorem 3.2:

Similar matrices have the same eigenvalues.
Proof:

Let A is similar to B. Then B = P™' AP, for some nonsingular matrix P. Thus,
det(B—Al) =det(P' AP - Al)

=det(P'AP-AP'P)
=det(P'AP-P'AP)
=det[P' (4A-Al)P]
=det(P")det(4 - Al)det P]
= det(A4 — AI)det(P™")det P]
=det(4-Al)

Thus, A and B have the same characteristic polynomial. Since eigenvalues are roots of the

characteristic polynomial A and B have the same eigenvalues

Therefore from theorem 3.2 we may conclude that similar transformation preserves eigenvalues.

17



Definition 3.3:
The k X k matrix A said to be diagonalizable if it is similar to a diagonal matrix.

Not every square matrix is diagonalizable. A necessary and sufficient condition for A to be

diagonalizable is that its eigenvectors form linearly independent set.

Let A have eigenvalues 4,,4,,...,4, with associated eigenvectors&,,&,,....5; .

Then, for i=1, 2... k, we have 4¢, = 1.¢, .

Consider AP = A[f,,fz,...,‘fk] it [A§|,A§2a--"A§k] = [Algls}“zéz*"'»/lkék l
=[5 &y 50006, JAIARIA A 1on0s Ay JZRPD
= A= PDP™', where P =[&,,&,,....,¢, ],and D =diag[A,4,,....4;]
D is unique up to ordering of the eigenvalues.
Let A be diagonalizable. Then there exists a nonsingular matrix P such that
P AP = D = diag[A,, Ayo- 2 |
= AT R
g 0
= A"=PD"P"' =P P
0 A
We are interested in finding another (but simpler) fundamental matrix of the equation
x(n+1)=Ax(n))
Then we let
A 0
p(n)=A"P="P '

0 it
From formula (3.5) we have ¢(0) =P and consequently,
e ) e iy (3.6)
Let P =[&.&,, & | whered,is the i" column of P

PlAP=D
Then = AP = PD
= Ag/ a5 ﬂ‘l‘fl’i: 172""’k



Thus,§;, 1 £ ¢ £ ks the eigenvector of A corresponding to 4,, and hence the i** column of p is
the eigenvector of A corresponding to the i** eigenvalue of A. Since det P # 0 , the eigenvectors
&y.&a, .8 of A are linearly independent.
Now let A;,4,,...,4y be eigenvalues of A and let $1.&,, ..., &, be the corresponding linearly
independent eigenvectors of A.
Then from formula (3.3) we have

MY

o(n) =[£,,&, &, = [ﬂ,,"g,,,lz"gz,---,ak"gk] .............. (3.7)
0 R

Hence the general solution of (2.2) may be given by;

k
XY= e s e ikt (3.8)
i=l
Example; Find the general solution of
Tl
x(n+l)y=Ax(n) , A=|1 3 1
g 2
Solution:
2521
p,(A)=detl1 3 1|=—(A-1)*(A1-5)
Vg 2

p(A)=0=>A=1,4=5
Hence A, =5,1, =1= A,are eigenvalues of A.
To find the corresponding eigenvectors of A, we solve the equation (A-A¢ =0,
=3 wu2ni ol ey 0

Hence for4, =5, | 1 -2 1 |a,|=|0
| G S 0

1

Solving the system gives us the first eigenvector &, =|1
1
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"2
For A, =1=4; ,wehave|l 2
192

1\ d
14y 'tz
1)\ d,

Consequently, d, +2d, +d; =0 is the only equation obtained from this algebraic system.
Let d, =s,d, =1t then s+2t+d, =0

=>d;, =—s-2

d, s 8 0
Then | d, |= t =0 [+]| ¢
d, —s-2t =& k=2

Obviously, there are infinitely many choices for &, and¢;.

0
Thus let s=1,t=0,then & =|0 | and let s=0, t=1 then &; =| 1
o | -2

Therefore using formula (3.8) we see that the general solution is

1 1 0
x(n)=¢,5"|1|+¢,| 0 |+¢4]
1 -1 -2
o'+,
=1 gt Fe
€,5" ~e; —20,
Next we will examine the case where the matrix A has a complex eigenvalues

Let A be a real k X k matrix with eigenvalue A =a + i, a p arereal.

Then A =q —if isalso an eigenvalue of A. Moreover, if § is the eigenvector of Acorresponding

to the eigenvalue A = a +if3 , then § is the eigenvector of A corresponding to the
cigenvalue A = a —if3 .

Suppose thaté = &, +i&,. A solution of (2.2) may be given by

x(n)=(a+ i)' (& + i&,)
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. 2 2 e =] :
Letr=4a” +p°, 0 =tan (% ). Thus the solution may be written as

x(n) = [r(cos@ +isin@)]' (&, +i¢,)
= r"[(cos nO)&, — (sinn)é, |+ ir"[(cosnB)E, + (sinno),
= u(n) + iv(n) , where u(n) = r"[(cosn0)é, - (sinnO), ], and
v(n) =r"[(cosnB )&, + (sinnf)¢,] are linearly independent solutions of (2.2)
Hence we do not need to consider the solution generated by 4 and ¢

Example:

Find a general solution of the system

x(n+1) = Ax(n), A=G —TJ

Il B

=2 +4
1 -1-2

Solution: p,(4) = |

p,(A)=0 A==2i

Thus A, = 2i, A, = —2i are eigenvalues of A and the corresponding eigenvectors are

1-2i 1+ 2i
§1= 5 P G = 5
1 1

1-2i
Hence  y(n)= (2,-)"(-5_} is a solution.
1

Since ,=2,0= % 5o (28)" = 2"[cos _n_zzr_+ i(sin 221)]

1-2i
Hence x(n) = 2"[cos n_zzr_+ i(sin 1271)] [ 5 ]
1
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1 vemmat @ i v,
Phacsrgiue b —zcosn—”+lsinn—”

Thus u(n)=2"] > and v(n)=2"| 5 2 | are linearly
nrw nr
cos— sin—
independent solutions of the given system.

Hence a general solution of the system may be given as

1 ; -
—cosn—ﬂ+zsmﬂ lcosﬂ+lsinﬂ
x(n)=¢,2"| > + o2 S 5 02
nrw . N7
COs— sin —
2
1 2
(=¢ ——cz)cosﬂ+(zcI +lc2)sinﬂ
_onl 5 5 e 5 2

nr . N7
€, COS~——+ ¢, Sif—
2 2

So far we have discuss about the solution of system x(n+1)=Ax(n), where A is diagonalizable.

We now turn our attention to the general case where the matrix A is not diagonalizable. This

happens when A has repeated eigenvalues and one is not able to generate £ linearly independent

. 2k : :
eigenvectors. For example i o is not diagonalizable

2.2Jordan Canonical Form

The Jordan canonical form is a set of “almost diagonal matrices”, called Jordan matrices, which
includes the diagonal matrices. A Jordan matrix that is similar to a given matrix is called the
Jordan canonical form (or sometimes the Jordan normal form) of the matrix. Although every

square matrix is not diagonalizable, it is possible to show that every matrix is similar to a Jordan
form matrix J, i.e 4= P~'JP, where ] is a block diagonal matrix
3y 0
sziag[JlﬂJza"'er]: ,1_ S
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with each block J, being of size s, x 5, with Zs: = kand of form

where 4, belongs to the spectrum of A. The matrix J, is called a Jordan block.

The Jordan form of A is unique up to ordering of the blocks. If A is diagonalizable, then its
Jordan form coincides with its diagonalzed form.

The number of Jordan blocks corresponding to one eigenvalue A is called the geometric
multiplicity of A, and this number in turn, equals the number of linearly independent
eigenvectors corresponding to A. The algebraic multiplicity of an eigenvalue A is the number of

times it is repeated.

VIR
; A : :
Note that a matrix of the form N has only one eigenvector, namely, the unit
l/
vector e, = (1 0 - O)T . This shows us that the linearly independent eigenvectors of the

Jordan form J given by formula (3.9) are: €,,€, ,;,€ 5 415" 55 is,0eas, 41+

Now, since P'AP =J,then AP =PJ .....cc..covvivviiaeninnns (3.11)

LetP = (5, gy ) Equating the first s, columns of both sides in formula 3.11), we obtain:
AE = Ay AE = A& + &1 2230008 0 einneiinnne (3.12)

Clearly, &, is the only eigenvector of 4 in the Jordan chain&,,&,,....&, . The other vectors

&,.&,,....& are called generalized eigenvectors of 4, and they may be obtained by using the

equation
(A=A =&y, i =238 e
Repeating this process for the remainder of the Jordan blocks, one may find the generalized

t Jordan block using the equation:

(3.14)

eigenvectors corresponding to the m

(ASADE, =, 111 =23 S srassissonsmnssassases
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Definition

A non-zero vector u € R is said to be a generalized eigenvector of order m of matrix A4 € R***
corresponding to the eigenvalue 4 € R if (4-A7)"u = 0, but(4= A" u 0, for j=1, 2... m.
In this case the set of vectors M= (A ‘11)'"_" for j=1,2... m s said to be form a Jordan chain of

length m; they satisfy the following chin of equalities:

(A_’U)Ml =0,
(4= A0, =
(A_/U)”.z G
(A=A, =u,_,

If A= PJP" is the Jordan canonical form of A, then

VA s DR
A" = PJ"P \where,J" = O ‘{2 O
ARG IR
- e ¢ R
g A 8
Notice that for any J,,i=1,2,-,r we have J, = 4,1+ N, ,where N, = gl is a
0 0 0

s, x s, nilpotent matrix. i.e. N," =0,Ym2s,

n n- n n- n n-s,+1 5, <1
Hence J," =(A1+N,)" :/1,"14{1 Jx, 'N, +[2]/1, N} +---+[S _J,l, N,

2,", [njl’”_] 5k [n ji’nm\'IH
o s, -1
E iRl BRI (3.15)
[njﬂ,n—l
1
].,"
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We know that x(n)=A4"C = PJ"P'C
= x(n) = PJ"C here CEREI SRS o i (3.16)

Hence, a fundamental matrix of system x(n + 1) = Ax(n) may be given by ¢(n) = PJ" . Also, the
state transition matrix may be given by ¢(n,n,) = PJ"" P~ and thus ¢(n,n,,x,) = PJ" " P 'x,
Theorem:

For any kx k matrix A, lim, ,, A" =0 if and only if |/1' <1 for all eigenvalues 4 of 4

Proof:

Since J is the direct sum of the Jordan blocks, it is suffices to consider the powers of the Jordan

blocks,J;, i=1, 2,....r

FA =W+N,]"=Z('f]z,w,"--/ -y (HJAN forall n>s,
J J=n=5+1 /)

Since the diagonal elements are all 4,"if J" — 0, it is necessarily that 4, — 0, which means
that|4,| <1.

Conversely if || <1 we would like to prove that

[n A" =0, as n—> o foreachj=0, 1,2, ..., 5, -1
=1
e hi . li n
Y L PP i T VG A3V B ,/
M= 14’ JI4,

So that it will suffice to show that n’ /1,"’ — 0 asn —> . An easy way to see this is take

logarithms and observes that jlogn + nlog|4,| > —w .Therefore n’ ’/1,"} -0

In general, the generalized eigenvectors corresponding to an eigenvalue A of algebraic
multiplicity of m are solutions of the equation.
(A=AD"E=0 ... covvreiiiiiiiinnnnns (3.17)

The first eigenvector & corresponding to A is obtained by solving the equation

(A-Al) £=0

25



The second eigenvector or generalized eigenvector &, is obtained by the equation

(A=AD*E =0 and so on.
Now, if J is the Jordan form of A; thatis, P"'4P =J or A= PJP then, Aisan eigenvalue of A
if and only if it is an eigenvalue of J. More over, if £is an eigenvector of A then, 5—:1’ '¢ is an

eigenvector of J.
We need like to know the structure of the eigenvectors Z of J. for this we appeal to the following
simple lemma from Linear Algebra.

Lemma:

A 0
Let C= [0 B] be a k x k block-diagonal matrix such that A is an »xr and B is an

s x s matrix, withr + s = k. Then the following statements hold true:

i). If Ais an eigenvalue of A, then it is an eigenvalue of C. Moreover, the eigenvector and the
generalized eigenvectors corresponding to A are of the form ¢ = (a,,a,,...,a, ,0,0,...,0)’

for some a, € R

i1). If Ais an eigenvalue of B, then it is an eigenvalue of C. Moreover, the eigenvector and the
. . . I
generalized eigenvectors corresponding to A are of the form & =(0,0,....0,q,,,.4,,, vma, ) for

some a, € R

Proof:

i). suppose that A is an eigenvalue of A, and v = (,,4,,....a,)" is the corresponding eigenvector
Define ¢ =(a,,a,,...,a,,0,0,..,0) a, € R

Then clearly C& = A& and thus A is an eigenvalue of C.

0
I ] where /, and /_ are,

s

Let the & x £ identity matrix I be written in the form / = (0'

respectively, the »xr and sx s identity matrices.



Let 4 is an eigenvalue of A with algebraic multiplicity m.

4
: 0
A=Al 0
Then (C - Al )¢ = £ ol
(C-ark [ 0o B )%
e 0
S,
& 0 a,
Hence (4—-A1,): |=|} | hasanon trivial solution & =/ :
o) A0 a,
§r+l 0 0
However (B—AI,): |=|: | has only the trivial solution| :
S5 0 0

Then & =(a,,a,,...,a,,0,0,...,0)" is an eigenvector of C corresponding to A . The same analysis can
be done for generalized eigenvectors by solving (C—Al)'§=0]1<i<m

i1) The proof of the second part is analogous.

Example: Solve the system x(n+1)=Ax(n), where 4 = sx(0) =1

O = | w
—N || —
NNILNI-—-

Solution: P, (A) = det

ON| =N | W
—N N | —
MN‘_‘_M|—~

1l

|

—_

(¥

|

N5

R

Hence P,(1)=0=>A4A=2
Thus the eigenvalues of Aared, =4, =4, =2.
To find the eigenvectors for 4 = 2, we solve (4-27)§ =0
Let (4-Al)¢, =0.
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it Lo
A S a, 0
I I |

Then — = — g l=i
U )
02l -0 )G 0

~a,+a, +a, =0

=39, +a,—a; =0

a, =0

a =1

=4a, =0

a, =1

1

Hence 61 =|0

1

We must now find two generalized eigenvectors &, and & using formula (4.2.6).

Thus (4-AT), =¢

Lo - o

20 2ts 1
T Y
== — —|a,|=|0
B O D

0 1 0 fa) \I

a =1
=1qa, =

a, =2

1

Hence ¢, =|1

2

Next(4 - AT, =&,



T e,
— —
e
1]
ST
S s T
= TR = R

—a;+a, +a, =2

a,+a,—-a,; =2
a, =2

!

:> [
1
Therefore, &, =| 2
1

[ =]
So,P=|0 1 2] and
[a ]

a =1
a, =2
a, =1

O -
L IR & B =

N O

P'AP—[

Thus J
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n(n—1)

SRR s N LR
2
= IR0 2" n2"!
0 0 23

Now, ¢(n,x,)=PJ"P'x,

n*-5n+16 n’+3n
i 4n 4n+16
n*—n n* +7n
n* +3n+16
=2"* 4n+16
n’ +7n+16

-n*+5n
—4n
-n’+n+16
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4. APPLICATIONS

This section of the paper deals with the application of systems of first order difference equations.
These equations can be applied in various fields of scientific inquiry such as physics, economics
and biology. However, we only focus on the application of the equations in trade model in

economics and heat equation in physics.
4.1. A Trade Model
Example 1: (a Trade Model)

Consider a model of the trade between two countries restricted by the following assumptions

National Consumpion Net
(1) ; = b +  Exports - Im ports
icome outlays investment
Domestic
; Total
2) consumpio = } - Im ports
consumpion
outlays
3) Time is divided in to periods of equal length, denoted by n=0, 1, 2, 3; ...

Let, for country j=1, 2,

y,;(n)= National income in period n

¢,(n) =Total consumption in period n

x,(n) = Exports in period n

i ,(n) = Net investment in period n

m ,(n) = Imports in period n

d,(n)= Consumption of domestic products in period n

Now from assumptions (1) and (2) we have

yj(n)=c,(n)+xl(n)—m,(n)+i,(n)
d/(n)=c_,(n)—ml(n) ..................................

= y,(n)=d,(n)+x/(n)+i/(n) .............................
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Now, we make the following reasonable assumption
The domestic consumption d,(n) and the imports m (n) of each country at a period (n+1) are
proportional to the country’s national income y,(n) one time earlier.
Thus there are positive constantsa, , i. j=1, 2 such that
d,(n+1)=a,y(n) B (Al i, SRR s o iasins i sannen (4.3)
d,(n+1)=a,y,(n) 005 (2 1) it W (78] s cvivnnbinsin xonws (4.4)
The constants a, are called marginal propensities

Since the trade is between country 1 and country 2, the exports of one must be equal to the
imports of the other. That is;

m,(n)=x,(n) , P (U XL oo cainiss ssnmasssvivs (5.1.5)
From (4.2) we get

y,(n+1)=d,(n+l)+xl(n+l)+il(n+1)
y,(n+)=d,(n+)+x,(n+1)+i,(n+1)

Using equations (4.3)-(4.6), we obtain

Binli=ad GhiepRnt I REUREE L (4.7)
yz(n+l)=az,y,(n+l)+a22y2(n)+i2(n+1)

e “'ZJ[y'J+[f'(”+l)] ................. @)
yy(n+1) a, dp )\» i,(n+1)

Let us assume the net investments i, (n) =i, and i,(n) =i, are constants

Then (4.8) becomes:

ot bion bl a”)[”]{”j .......................... (4.9)
y,(n+1) a, dp )\, I

Hence (4.9) can be written as:

yr+D)=Ay(m)+i

: b
Where A= [a,, a,_) and 1=[,']
a, dy h
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By variation constant formula, we obtain:

y(n) = A"y(0) + Z gy

n-1
Yy = A"y(0)+ X AT covrrrrinnnnn, 4.11)

r=0
The two countries have stable economy if the sum of the domestic consumption d,(n+1) and
the imports m (n+1) in period (n+1) is less than the national income y,(n) in period n. that is:
d_/ (n+1) +m, (n+l)< Y, (n),j=1.2
L TR TR T o R e L D (s (4.12)

Under condition (4.12), IAI <1 where, A is an eigenvalue of A

Hence the spectral radius of A, denoted by p (A): =max {Jl]}<]

o0
Thus Neumann seriesz A" converges uniformly and 4" — 0, asn —

r=0
. -1
This implies that Y A"i=(I-4) i
r=0
Therefore, the national incomes of the two countries approach equilibrium values independent of
the initial values of the national incomes y,(0), y, (0)
For example, let a,, =04,a, =0.5,a4,, =0.3,a,, =0.6, i, =25 billion dollars, and 7, = 20
billion dollars. If  y,(n) and y,(n) denote the national incomes of country 1 and country 2,

respectively, and y,(0) =500 billion dollars and y,(0) = 650 billion dollars, then:
(a) Find y,(3),and y,(3)

(b) What are the equilibrium national incomes for the nations 1 and 2?

it O e o[
M = = ,an ) =
i e (@) 05 06) | |20 g 650
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y(n)= A"y(0)+”ZA’i

r=0

2
y3)=Ay0)+> A'i

r=0
(31445 L[5475) _ (3692
523.9 ) (67.22) 15911

Hence y,(3) =369.2 billion dollars, y,(3) =591.1 billion dollars

40 30
AR T e e
s v g ¢l 9. -9
(b} wh=d [_0'5 " j,then (I-A) 50 60
9 9
1600
ey ¢, i Doy 177.78
:> —_ - -4
20 2450 272.22
9

Hence the equilibrium national incomes of country 1 and 2 are 177.78 billion dollars and 272.22

billion dollars respectively.

4.2. The Heat Equation

Example:
Consider the distribution of heat through a thin bar composed of a homogeneous material. Let

X,,X,,..., X, be k equidistant points on the bar. Let7 (n) be the temperature at time 7, = (Af)n at

the pointx,, 1 <i <k. Denote the temperatures at the left and the right ends of the bar at time 1,

by T7,(n), T,,,(n), respectively.

2L LS Ap-2 Xp—q Xg

xo{ ® @ ° SO I A e ® ® ox,

Figure 5.1 Heat transfer.
Assume that the sides of the bar are sufficiently well insulated that no heat energy is lost through

them. The only thing, then, that affects the temperature at the point x, is the temperature of the

points next to it, which arex,_,, x,
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Assume that the left end of the bar is kept at b degrees Celsius and the right end of the bar at ¢

degrees Celsius. These conditions imply that 7, (n) = b,and7,,,(n) = ¢, for n > 0. We assume
that the temperature at a given point x, is determined only by the temperature at the nearby

pointsx, , and x,,,. Then according to Newton’s law of cooling, the change in temperature

i+l -
T'(n+1)—=T,(n) atapoint x, from time nton+ 1 is directly proportional to the temperature
difference between the point x, and the nearby points x,_, andx, ;.
In other words, T,(n+1)=T.(n) = a([T_,(n)~T,(n)]+ [T, (n) = T,(n)))
=a(T_,(n)-2T,(n)+ T, (W)))....... (4.13)
Or:
T,(n+1)=al,_(n)+(1-2a),(n)+al,, (n),i =23,..k -1
Similarly, one may also derive the following two equations:
T,(n+1)=(1-2a)T,(n) +aT,(n) + ab
T, (n+1)=aT, ,(n)+(1-2a)T, (n)+ac
This correlation may be written in the compact form

T(n+1)=AT(n)+ g,

(1-2a) a ab
a f1-2a) " 0
Where 4 = ; . g =].
‘ a :

a (1 ~2a) ac

This is a tri-diagonal Toeplitz matrix. Its eigenvalues may be found by the formula

A, =(1- 2a)+acos( iad
k +

),n — [0kt Jis
1

Hence, /1| <1for all eigenvalues A of A. This implies that

lim, , A" =0

n—w

From the variation of constant formula, it follows that

n-|

T(n)y=A"T(0)+) 4'g,

Thus,lim . T(n)=(I-A4)"g.

n—<
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Finally, this equation points out that the temperature at the pointx, 1 <i <k, approaches the
oth -
i" component of the vector (/ - 4) ' g, regardless of the initial temperature at the point x, .

Consider the above problem with k=3, a = 0.4,7,(n) = 10°C, 7, (n) = 20°C

026 0.4 .9 4
Then, =104 02 04[g=|0
0 04 02 8
155 5
D04 0 V.8 48
(I-4)7"'=|-04 08 -04 :% % %
0 -04 08 b el
g4y
15
1243 25
2 4 By =
. 288 2
Hence lim, ,, T(n)=| = = =[0]|=|15
4 2 4
135 1588 |5
e

Remark: Let Ax=x, —x,, andAr =, ~liet If we assume that the constant of proportionality o

depends on At and At then we may write

At
& :[W}ﬁ’ ................................................ (4.14)

where 3 is a constant that depends the material of the bar. Formula (4.14) simply states that the
smaller the value of At, the smaller should be the change in the temperature at a given
point. Moreover, the smaller the separation of points, the larger should be their
influence on the temperature changes in nearby points.

Using formula (4.14) in (4.13) yields

T(n+)-T(n) [T, () =200+ T, (n)
o > 7 g O 4.15)
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If we let Al —0,Ax >0 asl’l—)OO’ X, :(Ax)i:x,and [ =(A1)i=1’

then (4.15) gives the partial differential equation
AT (x.t)

oy

Equation (4.16) is known as the Heat Equation

0> T(x.t)

ax?

£ 74



REFERENCES
Goode, S.W. (2000), Differential Equations and Linear Algebra (2"*ed), Upper Saddale
River: Prentice-Hall, Inc.
Elaydi, S. N. (2004), An Introduction to Difference Equations (3" ed), Springer
Horn, R. A. & Jonson, C. R. (1985), Matrix Analysis. Cambridge, Cambridge
University Press
Levy, H. & Lessman, F, (1961), Finite Difference Equations, New York, Diver
Publications
Hill, D. R, (1988), Experiments in Computational Matrix Algebra, New York, Radom
House
Dym, H. (1938), Linear Algebra in Action, American Mathematical society providence

Vol. 78, Rhode Island

38



