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PREFACE 

This paper attempts to present the most important methods to evaluate A" for any square 

matrix A ; some basic theories and applications of Time-Invariant systems. The report divided 

into four sections. The first section introduces an algorithm to compute A" . The second section 

deals with systems of linear homogeneous and inhomogeneous difference equations. The third 

section presents the method of Jordan form. Finally, in the last section two applications of Time­

Invariant systems are discussed. 
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I INTRODUCTION 

1.1 Definitions 

Difference equations are the discrete version of differential equations. Any functional relation 

of the form; 

F [n,x(n),x(n + I) , ,, ',x(n + k)] = 0 , or 

x{n + k) = .f[n,x(n), x(n + I), .. . , x(n + k - I)] , n E Z+ is a difference equation. 

Thi s paper is concerned with systems of linear first order difference equations. Particularly, it 

focuses on systems of k-linear first order difference equations with constant coefficients. 

Consider the following system of equations: 

XI (n + I) = ali xi (n) + al2x2 (n) + ... + alkxk (n) 

x2 (n + I) = a21xI (n) + a22 x2 (n) + ... + a2k xk (n) 
. ... (1.1) 

Then eq uation (1.1) can be written in vector form as; 

x(n+l) =Ax(n) .. .. .. . .... . . . .................... .... . (1.2) 

where, A(n) = (aij tk is real nonsingular matrix and .f(n) = {XI (n), x2 (n) ," ' , xk (n)Y E 91 k 

Since the values of A are constants, equation (1.2) is called Time-Invariant (autonomous). Iffor 

some no ~ ° ,x(no) = Xo is specified, then equation (1.2) is called initial value problem 

Now, suppose x(no) = Xo 

x(no + I) = Axo 

x(no +2) = Ax(no + I) = A2xo 

Inductively, we can conclude that: x(n) = An-II" Xo 

Hence, the unique solutions of the initial value problem is given by 

( ) _ A II-llo X n - Xo , 

If no = 0, then x(n) = All Xo 

But, the question is how to compute All . In differential equation, we use Putzer Algorithm to 

calculate e A1 
• Similarly, we can develop Putzer Algorithm to compute All. 



1.2 Discrete Putzer Algorithm 

Let A is a real k x k matrix. Then an eigenvalues of A is a real or complex number A such that 

Au = AU,U::f:. 0 

=> (A - A)U=O,U::f:.O ....................................................... (1.3) 

Equation (1.3) has a non-zero solution if and only if det(A - U) = 0 

O 1k 1k-1 1k-2 1 0 r: /l, +al/l, +a2/l, + ... +ak_I/l,+ak = 

Equation (1.3) is called characteristic equation of matrix A, whose roots J.... are called eigenvalues 

of A and PA (A) = det(A - AI) = 0 is called characteristic polynomial. 

If AI' A2 , .... , Ak be eigenvalues of A (some of them may be repeated) then PA (A) can be expressed 

as in the form: 

k 

PA(A) = Il (A - A) 
J= I 

Theorem (Cayley Hamilton's Theorem): 

Every matrix satisfies its characteristic equation. 

k 

That is PA(A)= Il(A - A/)=O or Ak +ak_IA k-1 + .. ·+aIA+ao I=O 
j =1 

Proof: Let A be a k x k matrix with characteristic polynomial 

PA(A) = Ak +ak_IAk-1 + .. ·+aIA+ao, for some real numbers aO , a l , ... , a k- l 

Consider the adjoint B(A) of (A - AI) 

(A - AI) adjoint(A - AI) =det(A - AI)I 

=> (A - AI)B(A) = PA (A)I 

Now the cofactors of A - Al are of degree at most k-l in A, so the same is true 

of the elements of B. 

Hence we may represent B as a matrix polynomial 

B(A) = Bk-JAk-J + Bk_2Ak-2 + ... + BIA + Bo, where Bm is a k x k matrix whose 

X" elements are the coefficients of in the corresponding elements of B. 
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: . (A - AI)B(A) = (A - AI)(Bk_IAk-1 + Bk_2Ak-1 + ... BIA + Bo) 

= (Ak-I ABk-! - Ak Bk_l ) + (Ak-2 ABk_2A
k-1 - Ak-I Bk-2) + ... + (MBI - A2 BI ) + ABo 

= -Bk _IAk +Ak-I(ABk_I - Bk_2)+···+A(ABI - Bo)+ABo 

Am X" (A) l Setting the coefficients of in the expression equal to the coefficients of in P A 

= A k 1 + A k-I (a k_11) + A k-2 (a k-21) + ... + A(aJ) + ao1 

= Ak(-Bk_I)+A k-I(ABk_1 - Bk_2)+·· ·+A(ABI - Bo)+ABo 

=0 

Now let us develop the discrete Putzer's Algorithm for All 

Let A be a k x k real matrix . We seek for a representation of All in the form 

I 

An = Lu,(n)M,_I .. . ..... . ............. ..... .. .... . .... ... . ... (1.4.) 
/ =1 

Where, the U j (n)' s are scalar functions to be determined later and 

M j = (A-A/)Mj _pMo = 1 ........................ . .. (1.5) 

Or: M j+1 = (A - A)+11 )M) ,Mo = 1} .. ................... .. ...... (\.6) 

By iteration, we may show that: 

M = (A - A 1 XA - A 1)· .. (A - A l)M II II II - I I ) - 1 

=> Mil = n(A - A)l) .... ............ ... .......... (1.7) 
) =1 

k 

By Cayley Hamilton Theorem, M k = T1 (A - A) 1) = 0 
) =1 

Consequently, M(n) = 0, 't:in ~ k. 
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Hence, we may rewrite (1.4) as 

k 

A" = Luj (n)M j_1 . . . .... .. . .. ... ... . . . .. . . . .. . . (1.8) 
./ =1 

If we let n=O, in (1.8), we obtain : 

k 

A
O = Lu/O)M./ _I 

./ =1 

=> / = ul (0)/ + u2 (O)MI + ... + Uk (O)M k-I 

=> ul (0) = l ,u2 (0) = u3 (0) = . . ,uk (0) = 0 ... . .. . . . ..... (1.9) 

From (1.8), we have: 

k k 

Lu,(n+I)M./ _I = A"+I = Lu,(n)AM
J

_I . ... . .. .. .. . (1.10) 
./=1 j =1 

From (1.5), we have, 

AM . I = M . + AM . I ./ - ./ ././-
......... .. ... .. (1.11) 

Solving equations (1.10) and (1.11) simultaneously, we get 

k k 

Luj (n+l)Mj_1 = Luj (n)[M j + Aj M j _I ] .... .. (1.12) 
.1=1 .1=1 

Comparing the coefficients of M (j), I :s; j :s; k, in (1.12) and applying conditions (1.9), we 

obtain: 

U I (n + I) = AIU I (n) , ul (0) = 1 
. . ... . . ... ... ..... . . .. . .. . (1.13) 

U j (n + 1) = Aj U, (n) + U,_I (n), u./ (0) = 0, ) = 2,3" " , k 

Thus, the solutions of(1.13) are given by: 

u l (n) = AI " 

,, - 1 I .. . ... . . . .. ... . ... . .. . ... . . . ... . ..... .. . . . (1.14) 
u(n) =" An--'U,_I(i)'j = 2,3,. ·· ,k 

./ ~ j . 

;=0 
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Discrete Putzer Algorithm: 

Let A be a kxk matrix with eigenvalues AI ' ,1.2" ' " Ak . 

k 

Then: A" = I u/ n)M(j - I) 
/ =1 

Table2.2 Summation formula 

Summation 

1 " n(n + I) 
2> = 2 ;=1 

2 " n(n + 1)(2n + I) I ·2 I = 
;=1 6 

3 I i3 =[ n(n + I)T 
1=1 2 

4 " n(6n 4 + 15n 3 + 1 On 2 - I) I ·4 I = 
1=1 30 

5 r- 1 
II- I 1 --,ija:;:. 1 
I a = a- I 
;=1 I ifi 1 n - , I a= 

6 II - I . ; _ (a" - I Xn + I )a /H I - a"+ 2 + a . 
~la - (a- IY , ija:;:. 1 
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Example 

Find the solution of the system 

x(n+ I)=Ax(n) h A = [~ 2
0

3
1J , were 

o 0 

Solution 

2-A 1 0 

PACA) = 0 2-A 1 = -(A - 2Y (A - 3) 
0 0 3-A 

H A = 2 = A A = 3 ° I fA ence I 2' 3 are etgenva ues 0 

Thus M(O)= 1 ' M(l)=A-A' 1 = A - 2 1 =[~ ~ ;Jand 

M(2) = (A - A, I)M(l) = (A - 21)' = [~ ~ :J 

11 - 1 11 - 1 

u
2
(n) = L A/ -I-iUIU) = L 2"-I-i2' = n2 ,,-1 

/;0 1; 0 

11- 1 11- 1 

( ) 
_ " 1 11- I- i CO) - " 3"-1-1 °2( - 3" _ 2" - 2 ,,-1 

U 3 n - L.. /\.3 U 2 I - L.. I - n 
i; O i;O 
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Therefore A/I = U I (n)M(O) + u2 (n)M(1) + u) (n)M(2) 

[

2/1 

= 0 
o 

2/1-1 n 

2" 

o 

3/1 _2/1 -n2/1-I] 
3/1 _ 2/1 

3/1 

So the solution of the given system is given by 

[

2/1 n2/1-1 3/1 - 2/1 - n2/1-1 ][XI (O)J 
x(n)=A/lx(O)= 0 2/1 3/1_ 2/1 x2 (0) 

o 0 3/1 x ) (0) 

[

XI (0)2" + x2 (0)n2,,-1 + (3/1 - 2/1 - n2/1-1 )x) (0)] 

= x2 (0)2" +(3/1 -2 /1 )x)(0) 

x)(0)3" 
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2. THE BASIC THEORY 

In this section we see different theorems, definitions, lemmas, formul as and facts. 

Consider the autonomous system 

x(n+ 1)=Ax(n)+g(n) .. .. .. . . ...... .. . . . . .. .. . ..... ... ............. (2.1) 

where A is a k x k matrix, det A*-O and Be-n) E ]R.I.- . Equation (2.1) is called inhomogeneous 

liner difference Time-Invariant (autonomous) system. The corresponding homogeneous system is 

given by 

x(n+ 1)=Ax(n) .. ... . .. .. ... .. ..... ...... .. . ... . . . ..... . .. .... ..... . .. .. ... (2.2) 

2. 1. Homogeneous Linear Difference Time-Invariant Systems 

We now establish the existence and uniqueness of solution of the homogeneous linear di ffe rence 

autonomous system (2.2) 

Theorem - 1 (unique- existence theorem) 

For each Xo E ]Rk and no E g: - there exists a unique solution x(n) of the system 

Proof: 

x(n + \) = Ax(n) , .:..-(no) = ::(0 

x(no) = Xo (Given) 

x(no + 1) = Ax(no) = Axo 

x(no +2) = Ax(no + \) = A 2xO 

Inductively we obtain: x(n) = An-noxo 

Hence there is a solution x(n) = An-no XO' To show the uniqueness part, let yen) be a solution of 

the system. 

Then y en + \) = Ay (n) , and y(no) = Xo 

=> y en) = A"-no y (no) = A 11 - 110 Xo = x(n ) 

Therefore the solution is unique 

Next let us develop the notation of a fundamental matrix. 
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Definition - 2 

The solutions XI (n), X 2 (n), ... , Xk (n), of equation (2.2) are said to be linearly independent 

k 

for n;:::: no ;:::: 0 if whenever x(n) = "cx(n) = 0 for all n;:::: n thenc = 0 1< ,' < k ~ I I' 0' I ,- -

i=1 

But it is not practical to check the linearly independent of a set of solutions using this definition. 

Fortunately there is a simple method to check the linearly independent of the solutions. Thi 

method is called Casoration of the solution C(n) 

c(n) = 

Let ¢(n) be a k x k matrix whose columns are solutions of the system 

x(n+ 1 )=Ax(n) 

We write ¢(n)= [xl(n), x2 (n), oo.,xk(n)]. 

Then ¢(n + I) =[ XI (n + I), x2 (n + I), 00. , xk (n + 1)] 

=[Axl(n), Ax2 (n) , oo.,Axk(n)] 

= A [XI (n), x2 (n),oo., xk (n)] 

= A ¢(n) 

Thus ¢ satisfies the difference equation: 

¢(n + I) = A¢(n) 

Moreover the solutions xJn), X 2 (n) , 00. , xk (n) , are linearly independent for n ;:::: no if and only if 

det¢(n) 1= 0 for all n;:::: no. This leads us the following definition. 

Definition-3: 

If ¢(n) is a non-singular matrix for all n;:::: no and¢(n + 1) = A¢(n) , then it is said to be 

fundamental matrix for the system x(n+ 1 )=Ax(n) 

Note that: if ¢(n) is a fundamental matrix and C is any matrix with det C 1= 0 , then ¢(n) C is also 

a fundamental matrix. Thus there are infinitely many fundamental matrices for a given system. 

To compute a fundamental system for autonomous system we use Putzer algorithm. 
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Lemma-4: (Abel's Formula) 

For any n ~ no ~ 0 and A a k x k constant real matrix, if ¢(n) = A"-nO¢(no) is a solution of 

¢(n + 1) = A¢(n) then det¢(n) = (detAr-n" det¢(no) 

Proof: For any two k x k real matrix A and B, 

det(AB)=detA.detB 

Hence det¢(n) = det(An-n"¢(no» = (detAr-II" det¢(no) 

= det(A x A x ... x A) det¢(no» 

= detA x detA x···x detA x det¢(no» 

= (det A) n-n" det ¢( no) 

Corollary-5: 

i). Let ¢(n) be a fundamental matrix. Then det¢(n) -:;: 0 for n ~ no ~ det¢(no) -:;: 0 

ii). The solutions XI (n), x2 (n),"' , xk (n) of ¢(n + I) = A ¢(n) are linearly 

independent for n ~ no ifand only if det¢(no) -:;: O. 

Proof: (i). => Suppose det¢(n) -:;: O.Vn ~ no 

¢(n) = An-no¢(no) ' By Abel's lemmadet¢(n) = (detAr-n" det¢(no) -:;: 0 

=> ¢(no) -:;: 0 

<= Suppose det ¢(no) -:;: O. 

Since det¢(n) = (detAr-no det¢(no) and det A -:;: 0 , 

det¢(n) = (detAr-no det¢(no) -:;: 0 

(ii). => Suppose XI (n),x2 (n) , " ' ,xk (n) are linearly independent. 

Let ¢( n) = [x I (n) , X 2 (n), .. " X k (n)] and ¢( n + 1) = A ¢( n) 

=> det¢(n) -:;: O.Vn ~ no 

Sincedet¢(n) = (detAr-n
" det¢(no) det¢(no) -:;: O. , 
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<= Suppose det¢(no) *- 0. 

Since det¢(n) = (detAr-n0 det¢(no) d detA *- ° , an 

det¢(n) = (detA)"-n0 det¢(no) *- ° 
:. {XI (n),x2(n),"',x k (n)} a is a fundamental set of solution of ¢(n + I) = A¢(n) 

Hence the solutions xl (n),x2(n)," ' ,xk(n) are linearly independent 'r;/n ~ no 

Theorem-6: There are k-linearly independent solutions of system 

x(n+ 1 )=Ax(n) , n ~ no 

Proof: e, = (0,,,, ,0,1,0,,,, ,0) T be the standard unit vectors for 1 ~ i ~ k in 91 k 

By unique-existence theorem, for each i = 1, 2, ... , k there is a solution 

x(n,no,e;) with initial condition (n,no, eJ = e; 

=> {x(n,no,e;)11 ~ i ~ k} is linearly independent 

=> there are k - linearly independent solutions of system (3 .1.2) for n ~ no 

Linearity principle (Superposition): 

An important feature of the solution of system (2.2) is that, they are closed under addition and 

scalar multiplication. That is, ifxl(n) andx2(n) are solutions of(2.2) and 0( E 11\ ,then 

i) XI (n) + x 2 (n) is a solution of (2.2) 

ii) eXI (n) is a solution of(2.2) 

Proof: i) Let x(n) = XI (n) + x2 (n) 

Then x(n) = XI (n + J) + x2 (n + J) = AXI (n) + AX2 (n) = AXI [en) + X2 (n)] = Ax(n) 

ii) Let x(n) = eXI (n) 

Then x(n + J) = eXI (n + 1) = eAxl (n) = A[cxl (n)] = Ax(n) 

An immediate consequence of the linearity principle is that if XI (n) ,x2 (n) , " ' ,Xk (n) are 

k 

solutions of system (2.2), then x(n) = Le;x;(n) is also a solution of(2.2), 

where, C
i 
E lR, I s i s k . This leads the following definition 

11 



Definition-7: 

Assuming that {x(n)/ 1 ~ i ~ k} is any linearly independent set of solution of system (2 .2). Then 

the general solution of (2.2) is defined to be: 

k 

x(n) = Lc;x;(n), where c i E lR and at/east one c i "* 0 

The above equation may be written as x(n) = ¢(n)C , where ¢(n) = [XI (n), x2 (n) ,.··, xk (n)] is a 

fundamental matrix of 

¢ (n -1) = A¢(n) and C = ( C 1 , C2 ' ... , ck ) E lItk 

2.2. Inhomogeneous Autonomous Systems 

Consider the inhomogeneous autonomous system (2.1 ).We define a particular solution y" (n) of 

(2. 1) as any k-vector function that satisfy the inhomogeneous difference system 

Theorem-8: 

Any solution yen) of (2.1) can be written as: 

yen) = ¢(n)C + y " (n) .... ...... ... .. ..... .... .. . . . . ... .. ..... .. .. (2.3) 

for any appropriate choice of the constant vector C , and a particular so lution y " (n) 

Proof: 

Let yen) be a solution of(2.1) and y,,(n) beaparticularsolutionof (2. 1) 

Let x(n) = yen) - y" (n) 

Then x(n+l)=y(n+l)-y,,(n+l) 

= Ay(n)-Ay,,(n) 

= A[y(n) - y" (n)] 

= Ax(n) 

Hence x(n) is a solution of the homogeneous equation (2.2) 

Thus x(n) = ¢(n)C , for some constant C 

=> yen) - y " (n) = ¢(n)C 

=> yen) = ¢(n)C + y" (n) 

Next, let's derive a formula to evaluate y" (n) . 

12 



Lemma-9: 

A particular solution of(2.1) may be given by: 

II - I 

yp(n) = L A"-r
-

I g(r), with yp (no) = 0 
r=lIo 

II 

Proof: yp (n + 1) = L A"-'g(r) 

II - I 

= L A"-'g(r) + g(n) 

II - I 

= LAA"-r
-

I g(r) + g(n) 

II - I 

= A L A"-r
-

I g(r) + g(n) 

Theorem-lO: (Variation of Constant Formula) 

The unique solution of the initial value problem 

yen + 1) = Ay(n) + g(n),y(no) = Yo' \In ~ no ~ 0 is given by: 

II - I 

( ) A 11 - 110 "'"' A II - r - I ( ) y n, no ' Yo = Yo + ~ g r 

Proof: By theorem8 and lemma9, we have 

yen) = ¢(n)yo + y p (n) 

II 

= A II- II" Yo + LA"-r g(r) 

Then the given system may be written as: 

yen + 1) = Ay(n) + g(n) 

13 



3 
4-,,1, =(,,1,-1)(,,1,-5) 

3J - 4 4 
[
511 

+ 3 3(5" -1)J 
3 5" - I 3,5" + 1 

[

511 +3 

A"y(O) ~ 5";1 
11-1 

y p(n) = IA"-r
-

Ig(r) 

[

511 _1'_1 - 3 3(5/-1'-1 -1)) 

~ % 5"-': -I 3<-' +1 (~J 
- [5

11

- ,.-1 - 3J [3,5
11 

-12n -3J 
_ 11 I 4 _ 16 
-I 5/-1'-1 - 1 - 5" - 4n - 1 

,. ~ O __ _ 

4 16 

14 

4 4 

- 3(5" - I) 

4 
- 3,5" - I 
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Next, let's see how to transform the k-order linear autonomous difference equation in to a k­

dimensional system of first order equations. 

Consider the equation yen + k) + Ply(n + k -1) + ... + Pky(n) = g(n) to represent equation as a 

system of first order equations of dimension-k. 

We let 

Hence 

XI (n) = yen) 

x2(n)=y(n+1)=xl (n+1) 

Xk (n) = y(n+ k -1) = Xk_1 (n+ 1) 

X k _ 1 (n + 1) = x k (n) 

xk (n) = -PkXI (n) - Pk _IX2 (n) - .. , - PIXk (n) + g(n) 

15 



In vector notation, we write this system as: 

x(n+ 1 )=Ax(n)+f(n) 

- where , x(n) = [x\(n),x 2 (n), ... ,xk (n)Y, 

o 1 0 0 

o 0 0 

o 

16 



3. THE JORDAN FORM 

The Jordan form of a matrix is vital for both theoretical and computational purpose in 

autonomous systems. In this section, we will describe the Jordan fo rm and deri ve a method fo r 

computing fundamental matrices. 

2. 1 Diagonalizable Matrices 

The matrix A = laij Lk is called diagonal if au = 0 whenever i ~ j . Conventionall y, we denot 

such a matrix as D = diag[a l i' a22 , ••• , akk ]. The diagonal matrix is nonsingular if and onl y if all its 

diagonal entries are non-zero. 

Definition3.1 : 

Let A and B be two k x k matrices. A is said to be similar to B if there ex ists a nonsingular 

matrix p such that p - I AP = B 

Theorem 3.2: 

Similar matrices have the same eigenvalues. 

Proof: 

Let A is similar to B. Then B = p - I AP , for some nonsingular matrix P. Thus, 

det( B - AI) = det(p - I AP - AI) 

= det(p - I AP - Ap- I P) 

= det(p -1AP-P-1AP) 

= det[p - I (A - AI)P] 

= det(p - I )det(A - AI)det P] 

= det(A - AI) det(p - I
) det P] 

= det(A - AI) 

Thus, A and B have the same characteristic polynomial. Since eigenvalues are roots of the 

characteri stic polynomial A and B have the same eigenvalues 

Th .c . f h 3 2 may conclude that similar transformation preserves eigenvalues. erelore rom t eorem . we 
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Definition 3.3: 

The k X k matrix A said to be diagonalizable if it is similar to a diagonal matrix. 

Not every square matrix is diagonalizable. A necessary and sufficient condition for A to be 

diagonalizable is that its eigenvectors form linearly independent set. 

Let A have eigenvalues ApA2,··· ,Ak with associated eigenvectors~"~2'· ·· ' ~k · 

Then, for i= 1, 2 ... k, we have A ~i = Ai ~' . 

Consider AP = A[~p~2' ·· ·'~k ] = [A~I> A~2'···' A~k] = [A,~" A2 ~2 '···' Ak ~k ] 

= [~p ~2 '.··' ~k ]diag[ AI' ,1,2 '···' Ak] =PD 

~ A = PDP-I, where P = [~1>~2' ... '~k],and D = diag[AI>A2 ,··· ,Ak] 

D is unique up to ordering of the eigenvalues. 

Let A be diagonalizable. Then there exists a nonsingular matrix P such that 

p -I AP = D = diag[AI>A2,· · .,Ak] 

~ A = PDP-I 

... 0 ]p_1 

A /1 
k 

We are interested in finding another (but simpler) fundamental matrix of the equation 

x(n+ 1 )=Ax(n)) 

Then we let 

(

A /1 

¢(n)~A"P=P ~ o ] ........... .. ..... .... .... .. ....... .. (3.5) 
A n 

k 

From formula (3.5) we have ¢(O) = P and consequently, 

An = ¢(n).¢-I (0) ..... .............. ...... ... ... . ..... ... ... . .. (3.6) 

Let P _ [j: j: • •• j: 1 where j: is the i/" column of P 
- ':>1'':> 2' ,':>k ':>1 

P-'AP = D 

Then ~ AP = PD 

~ A~, = Ai~i,i = 1,2,· ·· ,k 
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Thus ' ~i ' 1 sis k is the eigenvector of A corresponding to Ai , and hence the ith column of p is 

the eigenvector of A corresponding to the ith eigenvalue of A- Since det P =F- 0 , the eigenvector 

(1 ' (Z ' "" ~k of A are linearly independent. 

Now let A1 , A·z, ". ,A" be eigenvalues of A and let .( l ' ~ Z' .. . , (k be the corresponding linearl y 

independent eigenvectors of A. 

Then from formula (3.3) we have 

o J = [AI n ~I , ,.12 11 ~ 2 , • • • , Ak 11 ~ k ] ..... .... ..... (3 .7) 
,.111 

k 

Hence the general solution of (2.2) may be given by; 

k 

x(n) = l>iA/'~i ........... .. ............... (3 .8) 
i=1 

Example; Find the general solution of 

x(n + 1) = Ax(n) , A = [: 

2 

lJ 
3 

2 

Solution: 

PA (A)=det[~ ~ :J=-(A-I)2(A-5) 

122 

PA (A)=O~A=I,A=5 

Hence l = 5 A = 1 = A, are eigenvalues of A-
"1 '2 .' 

To find the corresponding eigenvectors of A, we solve the equation (A - AJ)( = O. 

Solving the system gives us the first eigenvector ~,= [:J 
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Consequently, d1 + 2d2 + d) = 0 is the only equation obtained from this algebraic system. 

Let d1 =s,d2 =t then s+2t+d) =0 

=> d ) = -s - 2t 

Then [:: ] = [ ; ] = [ ~ ] + [ ~ ] 
d 3 - S - 2t - s - 2t 

Obviously, there are infinitely many choices for ~2 and ~3 ' 

Thus let s=l, t=O , then ~2 ~ [~J and let s=O, t= I then ~, ~ [2] 

Therefore using formula (3.8) we see that the general solution is 

Next we will examine the case where the matrix A has a complex eigenvalues 

Let A be a real k x k matrix with eigenvalue A = a + ifJ , ct , fJ are real. 

Then ~ = a _ ifJ is also an eigenvalue of A Moreover, if ( is the eigenvector of Acorresponding 

to the eigenvalue A = a + ifJ , then ~ is the eigenvector of A corresponding to the 

eigenvalue A = a - ifJ . 

Suppose that~ = ~l + i~2' A solution of (2.2) may be given by 
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Let r = ~ a 2 + fJ 2 , () = tan -I (~) . Thus the solution may be written as 

x(n) = [r(cos() + isin())Y(;1 +i;2) 

= rn [(cos n());1 - (sin n());2 J+ irn[(cos n());2 + (sin n())kl 

= u(n) + iv(n), where u(n) = rn[(cosn())~1 -(sinn());2], and 

v (n) = r " [ ( cosne ) ~2 + (sin ne)~d are linearly independent solutions of (2.2) 

Hence we do not need to consider the solution generated by X and ~ 

Example: 

Find a general solution ofthe system 

x(n+ I) = Ax(n), A = (1 -5] 
1 -1 

I-A 
Solution : PA(A) = 

-5 

-I-A 
= A2 +4 

PA (A) = 0 A = ±2i 

Thus ~ = 2i, A2 = -2i are eigenvalues of A and the corresponding eigenvectors are 

[~] c;l = 5 
1 

[~] c; 2 = 5 
1 

Hence 
[

1-2i: 
x (n) = (2i)n -i- is a solution. 

Since 
rr / nrr. nrr 

r = 2,B = ':12' (2i)// = 2 // [cos 2+ i(sm 2)] 

Hence x(n ) = 2//[cos ~+ i(sin ~)] [1-5 2i ] 
221 

[

1 mc 2. mc] [-2cosmC+~Sinnrr] -cos-+-sm - 5 2 5 2 
= 2n 5 2 5 2 + i2 n 

nrr 
nrr sin -

cos- 2 
2 
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[

1 mr 2. mrJ -COs-+-sm-
Thus u(n) = 2n 

5 2 n~ 2 and 
cos-

2 
[

-2 mr 1 . mr] - COS - + - sm-
v(n) = 2n 5 2 5 2 are linearl y . n7r 

sm-
2 

independent solutions of the given system. 

Hence a general solution of the system may be given as 

[

1 mr 2 . n7rJ [- 2 n7r 1 . n7rJ - cos-+-sm- -cos- + - sm-
x(n) = c) 2

n 
5 2 n~ 2 + c2 2n 5 ~ n; 2 

cos- sm -
2 2 

[ 

1 2 mr 2 I n7rJ (- c) --c2 )cos-+(-c) +- c2)sin-
= 2n 5 5 2 5 5 2 

n7r . mr 
c) cos-+c2 sm-

2 2 

So far we have discuss about the solution of system x(n+ 1 )=Ax(n), where A is di agonal izable. 

We now turn our attention to the general case where the matrix A is not diagonalizable. Thi s 

happens when A has repeated eigenvalues and one is not able to generate k linearly independent 

. (2 1) eIgenvectors. For example 0 2 is not diagonalizable 

2.2Jordan Canonical Form 

The Jordan canonical form is a set of "almost diagonal matrices", called Jordan matrices, which 

includes the diagonal matrices. A Jordan matrix that is similar to a given matri x is call ed the 

Jordan canonical form (or sometimes the Jordan normal form) of the matri x. Although every 

square matrix is not diagonalizable, it is possible to show that every matrix is similar to a Jordan 

form matrix J, i.e A = p - ) JP , where J is a block diagonal matri x 
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with each block J, being of size s, x s, with Is, = k and of form 

J= I ............. .... . ... ... . ... .. ...... .. ..... .. . (3. 10) 

where A, belongs to the spectrum of A. The matrix J , is called a Jordan block. 

The Jordan form of A is unique up to ordering of the blocks. If A is di agonali zable then it 

Jordan form coincides with its diagonalzed form. 

The number of Jordan blocks corresponding to one eigenvalue A is called the geometric 

mUltiplicity of A, and this number in turn, equals the number of linenrly independent 

eigenvectors corresponding to A. The algebraic multiplicity of an eigenvalue A i the number of 

times it is repeated. 

Note that a matrix of the form has only one eigenvector, namely the unit 

A, 

vector e
l 
= (1 0 ... 0 y . This shows us that the linearly independent eigenvector of the 

Now, since p - I AP = J, then AP = P J ................... ...... (3.11) 

Let P = (~I ' ~2 " "'~k ) ' Equating the first SI columns of both sides in formula 3.11 ) 

A~I =AI~i' ... ,A~, =AI~' +~i-1,i=2,3 , .. . , SI ········ ········ (3 .12) 

we obta in : 

Clearly, ~I is the only eigenvector of A in the Jordan chain~i'~2 "" ~ 'I • The other ectors 

~2' ~3""' ~'1 are called generalized eigenvectors of A, and they may be obtained by u ing the 

equation 

(A - AJ)~, = ~'_I' i = 2,3, ... ,sl .. ... . ...... . .......... . (3. 13) 

Repeating this process for the remainder of the Jordan blocks, one ma find th genera l iz d 

eigenvectors corresponding to the m il! Jordan block using the equati on : 

(A - A I).t: =.t: ; = 2 3 .. , s ...... ..... . . . . . . . . . . . . 3 . 14) 
I '='111, '='111 , - 1' '" m 
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Definition 

A non-zero vector U E ~k is said to be a generalized eigenvector of ord r m f matri ' A E 9\ kd 

corresponding to the eigenvalue AE91 if (A-Al)"'u =O, but(A - Al )"'-Ju * 0 fI rj=1 2 ... m. 

In this case the set of vectors uj = (A -AI)m-J fo r j=l, 2 ... m is said to be fI rm a.J rdan hain f 

length m; they satisfy the following chin of equalities: 

(A - AI)u1 = 0, 

(A - AI)u2 = u1 

(A - AI)u3 = u2 

(A - AI)u1ll = u
III

_ 1 

If A = P JP - I is the Jordan canonical form of A, then 

Notice that for any J i = 1 2 ... r we have J = A I + N ,where 
i' '" I I I 

Si X S i nilpotent matrix. i.e. N/' = 0, '\1m ~ Si 

0 

0 
N = I 

° 

(nJ 1 (nJ /1 - 2 2 (n JA /1-.1, +1 Hence J i n = (AJ + Ni )" = A/, I + 1 A/,- N, + 2 A, N, + .. . + S , _ 1 I 

(
n JAi n-'<,+ I 

Si -1 

= ...... . . .. (3. 15) 

A" 
I 
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We know that x(n) = Ane = Pl" p -Ie 

1\ _ 

~ x(n) = PJn e where, C = p-I C ... ... ... ... ... ..... ... .... .. .. .. . ..... .... .1 ) 

Hence, a fundamental matrix of system x( n + 1) = Ax( n) may be gi ven by ¢(n) = P J " . ;\ I the 

state transition matrix may be given by ¢(n,no) = p),,-"o p-I and thu ¢(n no, xo) = PJ " "" P Ixo 

Theorem : 

For any k x k matrix A, limll->oo A" = ° if and only if IAI < I for all eigenva lue A fA 

Proof: 

Since J is the direct sum of the Jordan blocks, it is suffi ces to con ider the p w r f the J rdan 

blocks, J; , i= 1, 2, ... ,r 

Since the diagonal elements are all A/, if J II ~ 0, it is necessaril y that A," 0 , which mean 

that IA,I < l. 

Conversely if IA; I < 1 we would like to prove that 

(
n .JA;n-i ~ 0, as n ~ 00 for each j=O, 1,2, ... , s, - 1 
n-j 

( 1 
. J A" But n A n -j = n(n -1) ... (n- j + 1) A" ~ _n_, 

_ . , ·,7 .I ' ·,7 J n j j . /!,; j ./!,; 

So that it will suffice to show that ni I A," I ~ ° as n ~ 00 . An easy way to see thi take 

logarithms and observes that j log n + n 10glA,I ~ -00 .Therefore n
J lA," I ~ ° 

In general , the generalized eigenvectors corresponding to an eigenvalue A of algebraic 

multiplicity of m are solutions of the equation. 

(A-)'J) "' ;=O .. . .. .. .. .... .... .. .. .. . (3 .17) 

The first eigenvector ;1 corresponding to A is obtained by sol ing the equati n 

(A - AI) ; = ° 
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The second eigenvector or generalized eigenvector ~2 is obtained by the equation 

(A - )'J)2 ~ = ° and so on, 

Now, if 1 is the 10rdan form of A; that is, P-' AP = J or A = PJP-' then A is an eigenvalue of A 

if and only if it is an eigenvalue of 1. More over, if ~ is an eigenvector of A then, ~ =P-' ~ i an 

eigenvector of 1. 

We need like to know the structure of the eigenvectors (of 1. for thi s we appea l to the following 

simple lemma from Linear Algebra, 

Lemma: 

Let C ~ (: ~) be ak x k block-diagonal matrix such that A is an rx, and B is an 

s x s matrix, with r + s = k , Then the following statements hold true: 

i) , If A is an eigenvalue of A, then it is an eigenvalue of C, Moreover, the eigenvector and the 

generalized eigenvectors corresponding to A are of the form ~ = (0, ,02, .. ,,0, ,0,0, .. ,,0 Y 
fo r some ai E 91 

ii), If A is an eigenvalue ofB, then it is an eigenvalue ofC, Moreover, the eigenvector and the 

generalized eigenvectors corresponding to A are of the form ~ = (0,0, .. ,,0,0,+,,0' +2 '" '' a, Y fo r 

some ai E 91 

I>roof: 

i), suppose that A is an eigenvalue of A, and v = (0" a2 , .. " 0, ) T is the corresponding eigenvector 

Define ~ = (0, ,02' '' ''O" 0,0, .. ,,OY a, E 91 

Then clearly C~ = A~ and thus A is an eigenvalue ofC, 

(
I , 

Let the k x k identity matrix I be written in the form 1 = ° ° ) , here I and I are I , .\ 
.f 

respectively, the r x rand s x s identity matri ces. 
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Let A is an eigenvalue of A with algebraic multiplicity m. 

ql 

Then (c -Af~ =( A -oAf, B-041}' = m 
q.\. 

Hence (A -AI'{~} [:J has a non trivial solution ~ {J 
However (B -Aft:" J = [ : J has only the trivial solution m 
Then q = (a p a2 , ,, ., a r ,0,0,,,.,0 Y is an eigenvector of C corresponding to A . The same analysis can 

be done for generalized eigenvectors by solving (C - AI)' q = 0,1 ~ i ~ m 

ii) The proof of the second part is analogous. 

Example: Solve the system x(n+I)=Ax(n), where A = 

3 

2 2 2 

Solution: PA(A) = det 
I 5 - I = - (2 - ,.1,)3 
2 2 2 

° I 2 

3 

2 2 
I 5 

2 2 

° I 

Thus the eigenvalues of A are AI = ,.1,2 = ,.1,3 = 2. 

To find the eigenvectors for ,.1,= 2 , we so lve (A - 2IX = ° 
Let (A - AI};I = 0. 

27 
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Then 

-1 

2 
1 

2 
o 

{

- al + a2 + a3 = 0 

~ al + a2 - a3 = 0 

a2 = 0 

{

a l = 1 

~ a2 =0 

a3 = 1 

Hence~' ~m 
We must now find two generalized eigenvectors ~2 and ~3 using formula (4 .2.6) . 

Thus {A -AJ)<;2 =~I 

-1 

~ i ; ~I [:J[~J 

{

- al + a2 + a~ = 2 

~ al + a2 - a3 - 0 

a
2 

= ) 

{

Ol = ) 

~ °2 = ) 

0 3 = 2 

Hence ~2 ~m 
Next{A - AJ)~3 = ~2 
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- 1 

2 
1 

2 
o 

{

- al + a 2 + a) = 2 

~ a l + a2 - a) = 2 

a2 = 2 

{

a l = 1 

~ a2 = 2 

a) = I 

Therefore, SJ = m 
[I I ~J and 

So, P = 0 1 

I 2 

3 I 
- - -
2 2 2 

p -I = - I 0 1 
I 1 I 

-
2 2 2 

[2 I ~J Thus J = p -I AP = 0 2 

o 0 
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2n n2 n
- 1 n(n - I) 2" 

2 
=> In = 0 2n n2 n- 1 

0 0 2n 

Now, ¢(n,xo) = PJn p - 1XO 

[

n2 - Sn + 16 n2 + 3n 

=2 n
-

4 4n 4n+16 

n2-n n2+7n 

_ n

2 

+Sn J[IJ 
- 4n 1 

- n 2 + n + 16 1 

[

n
2

+3n+16J 
= 2n

-
4 4n + 16 

n 2 +7n+16 

o 



4. APPLICATIONS 

This section of the paper deals with the application of systems of fir t rder di rrer n cquati n . 

These equations can be applied in various fie lds of scientific inquiry uch a phy i ec n ml 

and biology. However, we only focus on the application of the cquati n in trad m d I in 

economics and heat equation in physics. 

4.1. A Trade Model 

Example 1: (a Trade Model) 

Consider a model of the trade between two countries restricted by thc ~ II win as umpti ns 

. (1) 
National Consumpion Net 

Exporls 1111 ports + -

icome outlays investment 

Domestic 
Total 

consumpio 
consumpion 

1111 ports 

outlays 

(2) 

(3) Time is divided in to periods of equal length, denoted by n=O I , 2, 3' ... 

Let, fo r country j= 1, 2, 

y/n) = National income in period n 

c /n) = Total consumption in period n 

x j (n) = Exports in period n 

i(n) = Net investment in period n 
.I 

m/n) = Imports in period n 

d/n) = Consumption of domestic products in period n 

Now from assumptions (l) and (2) we have 

y/n) = Gj (n) + x;Cn) - mj(n) + iJ (n) 

) ( ) (n) .. .. . .. .. .... .. .. .. .... (4. I ) den = G · n - m · ." ........ 
J .I .I 

( ) = d (n) + x . (n) + i (n) ....... .......... , ........... (4.2 
::::::> y / n .I 1 1 
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Now, we make the following reasonable assumption 

The domestic consumption dj (n) and the imports mJ(n) of each co untry at a period (n I) are 

proportional to the country's national income y;Cn) one time earlier. 

Thus there are positive constants au' i. j= l , 2 such that 

d l (n + 1) = allYl (n) 

d2 (n + 1) = a22Y2 (n) 

ml (n + I) = a21YI (n) .. .. .. .. .. .. .. ...... .. (4.3) 

m2 (n + 1) = al2Y2 (n) .... . .. .. .. ........... (4.4) 

The constants a ij are called marginal propensities 

Since the trade is between country 1 and country 2, the exports of one must be eq ual to the 

imports of the other. That is; 

ml(n) = x2(n) m2 (n) = XI (n) .. .. ...... .... .. .... .. (5 .1. 5) 

From (4.2) we get 

{
YI (n + J) = dl (n + J) + XI (n + J) + I I (n + J) 

Y2 (n + J) = d2 (n + I) + X2 (n + I) + 12 (n + I) 
.. .. .. (4.6) 

Using equations (4.3)-(4 .6), we obtain 

{
YI (n + 1) = all Y l (n) + al2Y2 (n + J) + I I (n + I) .... .. ... .. .. .. .. (4. 7) 

Y2 (n + 1) = a21YI (n + 1) + a22 Y2 (n) + 12 (n + I) 

aI2)(YI ) + (~ I (n + l)) ... ......... ..... (4 .8) 
a22 Y2 12 (n + I) 

Let us assume the net investments I I (n) = i l and i2 (n) = 12 are constants 

Then (4 .8) becomes: 

(
YI(n+I ))=(all 

Y2(n + l ) a21 
....... . .... .... ... .. ..... (4 .9) 

Hence (4.9) can be written as : 

yen + I) = Ay(n) + i .. .. . . .. ... . . ..... . .... . . . . . . . .... . .. (4 .10) 

(

a ll 
Where A= 

a21 
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By variation constant formula, we obtain: 

11- 1 

yen) = A" yeO) + I An
-
r-' i 

1'=0 

/1 - 1 

yen) = Any(O)+ IAri .................. (4.11) 
1'=0 

The two countries have stable economy if the sum of the domestic consumption d, (n I) and 

the imports m;Cn+ I) in period (n+l) is less than the national income y/n) in period n. that i : 

d , (n + 1) + mi en + 1) < Yj (n),j = 1,2 

... ............... (4.12) 

Under condition (4.12), 1,1.1 <1 where, A is an eigenvalue of A 

Hence the spectral radius of A, denoted by p (A): =max ~A/} < I 

00 

Thus Neumann series I AI' converges uniformly and A" ~ 0, as n ~ 00 

1'=0 

00 - I 

This implies that I AI'i = (/ - A) i 
1'=0 

=> lim n-->oo yen) = (I - At i 
Therefore, the national incomes of the two countries approach equilibrium values independent of 

the initial values of the national incomes YI(0)'Y2(0) 

For example, let all = 0.4, a 21 = 0.5, a l 2 = 0.3, a22 = 0.6, i , = 25 billion doll ars, and i 2 = 20 

billion dollars. If YI (n) and Y2 (n) denote the national incomes of country I and country 2 

respectively, and YI (0) = 500 billion dollars and Y2 (0) = 650 billion doll ar then : 

(a) Find YI (3), and Y2 (3) 

(b) What are the equilibrium national incomes for the nati on I and 2? 

Solution: (
0.4 0.3J (a) A -
0.5 0.6 (

25J ( 500J i = and yeO) = 
20 650 
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n- I 

yen) = A"y(O)+ IA ' i 
, =0 

2 

y(3) = A 3 
yeO) + I A' i 

, =0 

=(314.45)+(54.75) =(369.2) 
523.9 67.22 591.1 

Hence YI (3) = 369.2 billion dollars, Y2 (3) = 591 .1 billion dollars 

(b) 
[

40 
0.6 -0.3 _ I -

1 - A = (_ ) , then (! - A) = {O 
0.5 0.4 

9 

390J 
60 
9 

- I 25 - 9- 177.78 

[
1600J 

=> (I-A) (20) ~ 2~O ~ (27222) 

Hence the equilibrium national incomes of country I and 2 are 177.78 billion doll ar and 272.22 

billion dollars respectively. 

4.2. The Heat Equation 

Example: 

Consider the distribution of heat through a thin bar composed of a homogeneous materi al. Let 

x1,x2 ,· .. ,xk be kequidistant points on the bar. LetJ;(n) be the temperature at time t il = ( t)n at 

the point Xi' 1 ~ i ~ k . Denote the temperatures at the left and the ri ght ends of the bar at time t il 

by To (n) , Tk+l(n) , respectively. 

Xl Xry XJ X/; _'1 X/; - l X I; 

Xo t • • • • X i ... • • • I·Xk - 1 

Figure 5.1 Heat tran fer. 

Assume that the sides of the bar are sufficientl y well insul ated that no heat en rg i 10 t through 

them. The only thing, then, that affects the temperature at th pint x, i the temperature r the 

points next to it, which are X,_I , X'+I 
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Assume that the left end of the bar is kept at b degrees Celsius and the ri ght end or the bar at c 

degrees Celsius. These conditions imply that To(n) = b, and Tk+1 (n) = c, for n ~ O. We a ume 

that the temperature at a given point Xi is determined only by the temperature at the nearby 

points X, _I and Xi+1 . Then according to Newton 's law of cooling, the change in temperature 

T, (n + 1) - T, (n) at a point x, from time n to n + 1 is directly proportional to the temperature 

difference between the point Xi and the nearby points X, _I and x,+1 . 

In other words, T, (n + 1) - Ti (n) = a([T,_1 (n) - T, (n)] + [T,+I (n) - T, (n) D 

= a ([T,-I (n) - 2T, (n) + T,-I (n)D· .. ···· (4. 13) 

Or: 

T, (n + 1) = aT,_1 (n) + (1- 2a)T, (n) + aT,+1 (n) ,i = 23, ... , k - I 

Similarly, one may also derive the following two equations: 

T1(n+ I) = (1 - 2a)T1(n)+aT2(n) +ab 

Tk (n + 1) = aTk_1 (n) + (1 - 2a )Tk (n) + ac 

This correlation may be written in the compact form 

T(n + I) = AT(n) + g, 

(1- 2a) a 

,g= Where A = 
a (I - 2a) 

a 

ab 

o 

a (I - 2a) ac 

This is a tri-diagonal Toeplitz matrix. Its eigenvalues may be found by the formula 

A =(1-2a)+acos( nrr ),n=1,2, ... ,k. 
11 k + 1 

Hence, IAI < 1 for all eigenvalues A of A. This implies that 

I· A"-O lm "-><1J -

From the variation of constant formula, it follows that 

11 - 1 

T(n) = AI1T(O) + I A' g 
, =0 

Thus lim T(n) = (I - A)- I g . , n-+aJ 
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Finally, this equation points out that the temperature at the point x, I :s; i :s; k , approaches the 

i'h component of the vector (J - At' g , regardless of the initial temperature at the point x, . 

Consider the above problem with k=3, a = O.4,To (n) = 10° C, T4 (n) = 20° C 

[02 OA OO+ = [~J Then, A = 0.4 0.2 

o 0.4 0.2 8 

15 5 5 - -

- ~Ar [ 08 
- 0.4 8 4 8 

(J -At' = -~.4 0.8 
5 5 5 

= -
4 2 4 

-0.4 0.8 13 5 15 
- -
8 4 8 

15 5 5 
25 - -

8 4 8 

[iJ = 
2 5 5 5 

Hence lim l1->oo T(n) = - 15 
4 2 4 43 
13 5 15 

2 - - -
8 4 8 

Remark: Let & = Xi - Xi_ I and /).1 = Ii - Ii-!. If we assume that the constant of proportionality a 

depends on /).t and /).t then we may write 

a = [(:)' ]p, ...... ........ ..... ........... ...... .. .. .... .... (4 .14) 

where P is a constant that depends the material of the bar. Formula (4 .14) simply states that the 

smaller the value of /).t, the smaller should be the change in the temperature at a given 

point. Moreover, the smaller the separation of points, the larger shou ld be their 

influence on the temperature changes in nearby points . 

Using formula (4.14) in (4.13) yields 

1'; (n + I) - ~ (n) = f3[~+ 1 (n) - 2~ (n) + ~_ I (n)] 
/).1 (&y .. .......... .... ... (4. 15) 
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If I t ~t ~ 0,& ~ ° n ~ 00 x, = (&)i = x, d I = (~/)i = I we e as , an I 

then (4.15) gives the partial differential equation 

dT(x .t ) a~T (x . t) ) 
--'---'-={1 ? ••••••• • •••••••• •• •••••• • ••••• • (4.16 at ax-

Equation (4.16) is known as the Heat Equation 
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