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<]Xll.:J:/F fl(!E 

We have said that numerical analysis is concerned with the solution of 
mathematical problems by arithmetic processes. Clearly, then, the 
need to approximate non-arithmetic quantities by arithmetic-and to 
ascertain the errors associated with such approximation-lies at the 
heart of much of numerical Analysis. Hence most numerical methods 
are based on replacing complicated objects, equations, etc. by simpler 
ones. 

Today, the problem of approximating a function is a central problem in 
numerical analysis due to its importance in the development of 
software for digital computers. Moreover, in experimental work, the 
problem of fitting a curve to data that are subject to error is also 
encountered. It is clear that numerical method can give approximate 
solutions, in an efficient way, when ordinary analytical methods fail to 
these problems. 
In this report, I consider the problem of approximating a general 
function by class of Simpler functions. There are two uses for 
approximating functions: 

i) The first is to replace complicated functions by some Simpler 
functions so that many common operations such as 
differentiation and integration or even evaluation cab be more 
easily performed. 

ii) The second major use is for recovery of a function from 
partial information about it, eg., from a table of (possibly only 
approximate) values. 

The most commonly used classes of approximating functions are 
algebraic polynomials, trigonometric polynomials, and, lately, piece-wise 
polynomial functions. We consider best, and good, approximation by 
each of these classes. 



An algebraic polynomial is the most convenient function to be handled 
in practice. To define a polynomial, it is only necessary to specify a 
finite number of its coefficients. Algebraic polynomials are readily 
evaluated, differentiated, integrated, and so forth. Therefore they 
are widely used for approximating various functions. The whole text 
deals with the practical methods of approximating functions of one 
variable on an interval or on a set of tabulated points. 

Discussions about interpolation, curve fitting, and theory of 
approximations are made in three distinctchapters. 
The first chapter deals with methods of obtaining polynomial 
approximations by means of interpolation, which is the simplest and 
widely used technique of approximation. 
The second chapter deals with least-squares methods of fitting a 
curve to given data points, orthogonalization process and 
approximating continuous functions on a closed interval by orthogonal 
polynomials. 
The last chapter deals with Chebyshev polynomials, which have got 
important applications in the approximation of functions in digital 
computers, and in economization of power series, also approximation of 
functions with periodic behavior by trigonometric functions, as well as 
piecewise polynomial approximation by the method of B-splines. In 
each chapter, the methods discussed have been well illustrated by 
appropriate examples and detailed solutions. 

I take this opportunity to thank my advisors: Dr. GL Reddy, Dr. 
Adinew Alemayehu and Dr. Devendra Kumar for their help, 
encouragement and continuous follow up and made suggestions for the 
improvement of the report. 

----------------* -----------------

Berie Getie 
June, 2004 
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CHAPTER ONE 

INTERPOLATION AND POLYNOMIAL APPROXIMATION 

1.1. Introduction 

Polynomials are used as the basic means of approximation in nearly all areas of 

numerical analysis. They are used in the solution of equations and in the approximations 

of functions , of integrals, and derivatives, of solutions of integral and di fferential 

equations, etc. Polynomials owe this popularity to their simple structure, which makes it 

easy to construct effective approximations and then make use of them. For this reason, 

the representation and evaluation of polynomials is a basic topic in numerical analysis. 

We discuss this topic in the present chapter in the context of polynomial interpolation, the 

simplest and certainly the most widely used technique for obtaining polynomial 

approximations. More advanced methods for getting good approximations by 

polynomials and other approximating functions are given in chapter 2 and 3. 

Given the set of tabular values (xo, Yo), (x" Y, ), " . (x"' y,, ) , satisfying the relation 

y = f(x) where the explicit nature of f (x) is not known, it is required to find a simpler 

function, say ¢(x), such that f (x) and ¢(x) agree at the set of tabulated points. Such a 

process is called interpolation. If ¢(x ) is a polynomial, then the process is called 

polynomial interpolation and ¢(x) is called the interpolating polynomial. 

The existence of a polynomial function p(x) which approximates any continuous function 

f(x) on a finite interval [a, b] is guaranteed by the weierstrass approximation theorem . 

Tbeorem (Weierstrass): 

If the function f(x) is continuous on a finite interval [a, b], then given any li > 0 , there 

exists an N = N( li) and a polynomial p" (x ) of degree n such that I/(x) - p" (x)1 < li for 

all x in [a, b] and n > N( li ). 
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Proof: 

Before going to see the proof of weierstrass approximation theorem, we have to define 

the Bernstein polynomial for which the proof depends up on it. 

Definition: The Bernstein polynomial of degree n associated with the function f on [a, b] 

is defined by 

where the points x, =a +kh=a + (* )(b - a) for k = 0, 1,2, .. . , n, n = 0, 1,2, .... 

In the special case where the interval is [0, I], equation (1.1) reduces to 

" (n} " B,,(j; x)= t; k '(J -x),,-' f(*) = t;f(*)B"., (x) 

where the Bernstein basis polynomials are defined by 

(1.1) 

(1.2) 

B ",k (X)=(Z)x k (1 - x),,-k , for k =O, 1,2, ... ,nandn = O, 1,2, (1.3) 

Now in view of the binomial expansion, it is clear that we have 

I B",k(X)=I (Z)Xk( I -X)"-k = (x+(I - x))" = 1 
k~O k~O 

(1.4) 

From which it follows that the Bernstein polynomial for the function f(x) = I is itself I. 

Now, differentiating (1.4) we obtain 

0 = I ( Z)xk- I (1- x)"-k- I [k(l - x) - (11- k)xl 
k~O 

= I (l1)xk-1 (1 - x)"-k-I (k - nx) 
k~O k 

and multiplying by x(l-x) yields 

0= I (Z)xk (1- x),,-k (k - nx) 
k~O 

Hence for f(x) =x, f("/,,) = "/" , we have: 

Seminar Report on Approximation of Functions 
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That is, Bernstein po lynomial for the function f(x) = x reproduces this function exactly. 

Again differentiating (1.6) we have 

d I . I ' b x(I - x) h , an on mu tIp ymg y we ave 

x(1 -x) = t (n)( K.)Xk(1_X)Il-k / - x) 
n k=O k n n 

Now for f(x) = 2 x, 

Since maxx(1 -x) =-.\-, it follows that 
O~x:5 1 

we have by 

x(l- x) 2 
---'--'-+ x 

n 

n 

usmg this relation, 

(1.7) 

On this occasion, we can guess that these Bernstein polynomials BIl (f ;x) give us good 

approximations to f(x) over [0, I]. 

Now let us go to the proof of the theorem stated above: 

This constructive proof is for functions, which are continuous on [0, 1], the modification 

to other intervals is achieved by a straight forward transformation of the interval [a, b] in 

to [0, I] . Or by letting x = (b-a) t +a, then as x varies from a to b, t varies from 0 to I. 

Now putting f (x) = f ((b-a) t +a) = g (t), which is continuous on [0, I ], we can construct 

the required polynomial for it. 

Hence by using the Bernstein polynomial and with out loss of generality assuming [a, b] 

= [0, I] , we must show that for any 8>0, If(x)- B n (f;x)I<8, VXE [O,I] and n 

sufficiently large. 

Let x E [0, I] , then using (!.4) which implies that 

f(x) = t (~}k (1 _x)"-k f(x) , we get 
k=O 

Seminar Report on Approximation of Functions 
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Now, since f is continuous on [0, 1], it follows that it is unifonnly continuous also. 

(Continuity on a compact set <=:> unifonn continuity) 

Therefore, there exists 0> 0 such that I f(s) - f(t) I<t whenever Is - tl< O. 

(1.8) 

Denote the set {k: Ix-klnl < o} by A. Clearl y, the sum on the right side of (1 .8) can be 

separated in to two sums for those k in A and those that are not. 

For the first of these, we have 

It remains to prove that we can choose n to make the second sum less than 1 also. 

Now, f is continuous and so bounded by say, M. Therefore, 

MUltiplying (\.5) by xln, we obtain 

(\.9) 

0 = f (l1)xk (1 - x)" - k (! - x), while from the derivation of(\'7), we have 
k =0 k II 

Subtracting these two equations, we get -- = 2: x (1 - x)n - (- - x) . x(l-x) II (11 ) k k k 2 

II k = 0 k II 

Since, for k l!' A, 0 :<;; 1* - xl ' from the denotation of A, it follows that 

= x(l -x) < _1 
11 - 411 . 

Seminar Report on Approximation of Functions 
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Hence from (1.9), 

L: (Il)Xk (1 - xl//-kll(xl - I("-ll" 2M L: (n)Xk (1 - xl// - k 
hA k // h A k 

< 2M 
- 2 • 4118 

It is therefore sufficient to choose n > -.M,- to achieve the desired bound as required. 
eO' 

:. I f(x) - Bn (f; x) 1:::;1' + l' = & and so Bn(f; x) converges uniformly to f. 

i.e. given any function, defined and continuous on a closed interval, there exists a 

polynomial that is as close to the given function as desired. 

J 1.2. Errors In Polynomial Interpolation 

Let the function f(x) defined by the (n+ l) points (Xi, Yi), i = 0, 1,2, .. . ,n be continuous 

and differentiable (n+ l) times, and let f(x) be approximated by a polynomial ¢//(x) of 

degree not exceeding n such that ¢// (xi ) = Yi' i = 0, 1,2, .. . ,n. (1.10) 

If we now use ¢,,(x) to obtain approximate values off(x) at some points other than those 

defined by (I. I), what would be the accuracy of this approximation? 

Since the expression f(x) - ¢11 (x) vanishes for x = Xo, XI, ... , xn, we put 

f(X)-¢n(x)=Llrn +l(x) where 

7l'11+1 (x) = (x - xo)(x - XI )(x - x2) ... (x - Xn) 

(1.11) 

(1.12) 

and L is to be detemlined such that equation (1.1 I) holds for any intermediate value of x, 

, CI I L f(x')-rp,,(x') 
say x = x , Xo <x <xn. ear y, (') . 

7l"'HI X 
(1.13) 

We construct a function F(x) such that 

F(x) = f( x) - ¢11 (x) - L7l' n+1 (x) , where L is given by (1.1 3). (1.1 4) 

Therefore F (xo) = F (Xl) = ... = F (x ll) = F (x') = 0, i.e. F (x) vanishes (n+2) times in the 

interval Xo < x < x,,; consequently, by the repeated application of Rolle's theorem, 

F'(x) must vanish (n+ I) times, F" (x) must vanish n times, etc., in the interval Xo <x< Xn 

Seminar Report on Approximation of Functions 
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[n particular, F(n+I)(x) must vanish once in the interval. Let this point be given by x = £ 

Xo < £ < xn. On differentiating (1.14) (n+1) times with respect to x and putting x = £, we 

1<,,+1) (e) 
obtain O=j(I1+I) (£)-L(n + l)! so that L= (n+I)! . (1.15) 

/"+I)(e) 
Comparison of (1.13) and (1.15) yields the results I(x') - 9

11 
(x') (11+1)! 1l'''+1 (x'). 

Dropping the prime on x', we obtain 

"n+l (x) (n+l) 
f(x)-~ (x)=~ f (E) X < C' < X n \""}' , 0 v n· (1.16) 

which is the required expression for the error. Here f (x) is, generally, unknown and 

hence we do not have any infornlation concerning f (n+l) (x). 

Therefore formu la (1.16) is almost useless in practical computations, while it is extremely 

useful in theoretical work in different branches of numerical analysis. 

1.3. The Taylor's Polynomial Approximation 

This section is concerned with how to find an approximating polynomial that agree with 

the given function and as many of its derivatives as possible at a single point Xo. Hence 

the shape of the graph of the polynomial be as close as possible to that of the given 

function near Xo. 

Let p(x) = ao + alx + a2x2 + . .. + anxn be the required polynomial which approximates the 

given function f(x) near a point Xo. 

Then p (xo) = f(xo), p'(xo)= f'(xo), p"(xo) = f"(xo) , and so on. Then the polynomial 

gets the following fonn: 

Theorem: ( Taylor 's Theorem): 

Suppose f ECn[a,b](a space of n-times continuously differentiable functions) and ( n+l) 

exists on [a, b]. Let Xo E [a, b]. For every XE [a, b], there exists ~(x) between Xo and x 

with f(x) = Pn(x) + Rn(x), where 

11 I' (x ) k 
Pn(x) = I --IO-(X -Xo) and 

k=O k. 

Seminar Report on Approximation of Functions 
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Pn(x) is the nth degree Taylor polynomial for f about Xo and Rn(x) is called the remainder 

term or truncation error associated with Pn(x) . 

Note: 1. Truncation error refers to the error involved on using a truncated or finite 

summation to approximate the sum of an infinite series. 

2. The infinite series obtained by taking the limit Pn(x) as n ~ 00 is called the 

Taylor series for f about Xo. 

Example: 

1. a) Obtain the third-degree Taylor polynomial for f(x) = (1 + X)"2 about Xo = o. 

Solution: 

0.05 2 
b) Use this polynomial to approximate f (0.05) and f (1 + x) - dx. 

a 

Find an error bound for these approximations and compare your result to 

the exact (actual) values. 

c) Use the same polynomial to approximate f (0.5), f (I), and f (I 0) and obtain 

the error committed. 

a) Performing the necessary differentiation on f(x) yields: 

f(x) = (1 + x)"2 , f(O) = I 

f'(x)=-2(I+x) -3 ,f'(0)=-2 

f"(x)=6(1 + xr4 ,f"(0) = 6 

f"'(x)=- 24(1 + x) -s ,f"'(0) = - 24 

f'v (x) = 120(1 + x) -6, f'v (¢") = 120(1 + ¢"r6 , where 0 < ¢" < x. 

Hence from Taylor's theorem, we have 

P3(X) = 1(0) + 1 '(O)x+ fila) x 2 + f'~\0) x 3. 

= 1 - 2x + 3x2 
- 4x3 is the required polynomial. 

Semi nar Report on Approximation of Functions 
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b) i) f(0 .05) ",P3(0.05) = 1 - 2(0.05) + 3(0.05)2 - 4(0.05)3 = 0.907. And the exact value 

is f(0.05) = (1 +0.05r2 = 0.907029478. 

f (lV)(;) 4 
The error invo lved is given by R3(0.05) = 4! (O.OS). 

I R3 (O.OS) I 1 1 20(~~;r\0.OS)4:<; 'i2 (0.OS)4 max(1+ .;r6,.; E [O,O.OS] 

= 3. 125x l0-5, 

and the actual error is about I 0.907 - 0.907029478 1= 2.95xlO-5 

0.05 2 0.05 2 J 
ii) f (l+x) - dx", f (l-2x+3x - 4x )dx= 0.0476187S, with an error given by 

a a 
0.05 
fR3(x)d.x . 
a 

Hence 
0.05 
f R3 (x)dx 
a 

0.05 0.05 
= 'i2 f (1+';) -' x 4d.x :<;S f x 4d.x =3. 12SxI0-7 

a a 

0.05 2 
Since the true value of f (I + xr dx = 0.047619047, the actual error is about 

a 

2.97x I 0-7 which is inside the error bound. 

c) f(0.5) "'P3(0.5) =1 - 2(0.5) + 3(0.5)2 - 4(0.5)3 = 0.25 

f(l) '" P3(1) =1 - 2(1) + 3(1)2 - 4(1)3 =-2 

f(IO) '" PJ(IO) = 1 - 2(10) + 3(10)2 - 4(10)3 = -3719. 

And the actual values are f(0.5) = (I +0.5r2 = 0.444444. 

f(l) = (I + l r 2 = 0.25 

f(lO) = (I+IOr2 = 8.2644628IxI0-3. 

x 0.05 0.5 1 

P3(x) 0.97 0.25 -2 

f(x) 0.907029478 0.444444 0.25 

I P3(X)- f(x)1 2.95x 10-> 0.194 2.25 

10 

-3 719 

8.2644628 1 x I O-J 

3.719xl0J 

This table suggests that the Taylor polynomial of degree three for the function 

f(x) =(1 +xr2, expanded about Xo = 0 gives less accurate results as x moves away from Xo . 

Seminar Report on Approximation of Funct ions 
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Since the Taylor polynomials have the property that all the information used in the 

approximation is concentrated at one point, xo, the type of difficulty that occurs in the 

example part (c) is quite common. This limits the use of approximation by Taylor's 

polynomial to the situation where approximations are needed at points very close to Xo. 

Consequently, the Taylor polynomial is often of little use, and alternative methods of 

approximations must be sought. 

Note: The primary use of Taylor polynomials in numerical analysis is not for 

approximations purposes, but for use in the derivation of numerical technique. 

1.4. Interpolation with Equally Spaced Points 

Assume that we have a table of values (Xi, yD, i = 0, 1,2, ... , n of any function y = f(x), 

the values of x being equally spaced, i.e. Xi = Xo +ih, i = 0, 1,2, . .. , n. Suppose we are 

required to find a polynomial ofthe nth degree Pn(x) such that f(x) and P,,(x) agree at the 

tabulated points so that we can manipulate any operation on it as a substitute ofthe given 

function with tolerable error of operation. 

There are different methods of obtaining such a polynomial called interpolation formulae 

with equally spaced points 0 f t he arguments. Wed iscuss in this section the following 

such formulae: 

i) Newton's Interpolation Formulae 

a) Newton's Forward Difference Interpolation Formulae 

b) Newton's Backward Difference Interpolation Formulae 

ii) Central Difference Interpolation Formulae: 

a) Gauss's Forward and Backward Interpolation Formula 

b) Stirling's Interpolation Formula 

c) Bessel's and Everett's Interpolation Formula. 

seminar Report on Appro ximation of Functions 
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1A.l . Finite Differences 

i) Forward Differences: 

Finite differences deals with the changes that take place in the value of the function due 

to change in the independent variable. i.e. it the study of the relations that exist between 

the values assumed by the function, whenever the independent variable changes by finite 

Jumps. 

Consider y = f(x) and consecutive values ofx differing by h. lfthe fi rst such number is a, 

then the numbers are a, a + h, a + 2h, ... , a + nh , .... 

The corresponding value of f (x) is f (a), f (a+h), f (a+2h), . . . , f (a+nh), .. .. 

f(a + h) - f(a) 

f(a+2h)- f(a+h) 

f(a+3h) - f(a + 2h) 
first difference; denoted by !'J. f(a), !'J. f(a+h), 

!'J. f(a+2h), ... where !'J. is called the forward difference operator. 

The first forward difference is given by !'J.Yi = Yi+1 - Yi or 

!'J. f(a) = f(a+h) - f(a) 

The differences of these fi rst differences are called second differences, denoted by 

!'J. 2f(a) = !'J. f(a+h)- !'J. f(a) = f(a+2h)-2f(a+h)+f(a) 

!'J. 2f(a+h) = !'J. f (a+2h)- !'J. f (a+h) = f(a+ 3h) - 2f(a+2h) + f(a+h) and so on. 

The difference ofthese second di fferences are called third differences 

!'J. 3f(a) = !'J. 2f(a+h) - !'J. 2f(a) = f(a+3h) - 3f(a+2h) + 3f(a+h)-f(a) and so on. 

Hence it is clear that any higher order di fference can easily be expressed in the above 

foml. 

The following table shows how the forward differences of all orders can be formed: 
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x f(x) ~ f(x) ~ 2f(X) ~ 3f(X) ~ 4f(X) ~ sf(x) 

a f(a) 

M(a) 

a+h f(a+h) ~ 2f(a) 

~ f(a+h) ~ 3f(a) 

a+2h f(a+2h) ~ 2f(a+h) ~ 4f(a) 

~ f(a+2h) ~ 3f(a+h) ~ 5f(a) 

a+3h f(a+ 3h) ~ 2f(a+2h) ~ 4f(a+h) 

~ f(a+3h) ~ 3f(a+2h) 

a+4h f(a+4h) ~ 2f(a+3h) 

~ f(a+4h) 

a+Sh f(a+5h) 

Table 1. Forward Difference table 

ii) Backward Difference 

The differences f(a+h) - f(a) , f(a+2h) - f(a+h) , .. . , f(a+nh) - f(a+(n-l)h), . . . are called 

first backward differences if they are denoted by 'i7 f(a+h), 'i7 f(a+2h), ... , 'i7 f(a+nh), 

respectively, i. e. 'i7 Yj = Yj - Yj-l where 'i7 is called the backward difference operator. 

In a similar way as that of forward difference we can have higher order backward 

di fferen ces: 

'i7 2f(a+2h) = 'i7 f (a+2h) - 'i7 f (a+h) = f(a+2h) - 2f(a+h) + f(a) 

'i7 3f(a+3h) = 'i7 2f(a+3h) - 'i7 2f(a+2h) = f(a+3h) - 3f(a+2h) + 3f(a+h)- f(a) and so on. 

The following table shows how the backward differences of all orders can be formed: 

Se minar Report o n Approximation of Func t ions 



- 12 -

x f(x) 'i7 f(x) 'i7 2f(X) 'i7 3f(X) 'i7 4f(x) 

a f(a) 

'i7 f(a+h) 

a+h f(a+h) 'i7 2f(a+2h) 

'i7 f(a+2h) 'i7 3f(a+3h) 

a+2h f(a+2h) 'i7 2f(a+ 3h) 

'i7 f(a+ 3h) 'i7 3f(a+4h) 

a+3h f(a+3h) 'i7 2f(a+4h) 

'i7 f(a+4h) 'i7 3f(a+5h) 

a+4h f(a+4h) 'i7 2f(a+5h) 

'i7 f(a+5h) 

a+Sh f(a+5h) 

Table 2. Backward Difference table. 

iii) Central Differences 

Definitions: 

I . The central difference operator 8 is defined by the relations: 

8 f(x) = f(x + hl2)- f(x-hl2) 

Hence 8Y1/2 = Y,- Yo = 'i7 Y, = tJ. Yo 

8Y312 = Yz- Y, ='i7 Y2= tJ. Y, 

8Yn-1I2= Yn- Yn-, = 'i7Yn= tJ. Yn-, 

2. The shift operator E is defined by the relation 

Ef(x) = f(x+h) ; i.e. E Yi = Yj+,. 

ef(x) = f(x+2h) ; i.e. E2 Y j = Yi+2-

Enf(x) = f(x+11.h) ; i.e. En Yj = Yj+n. And also 

E"nf(x) = f(x-nh); i.e. E-n Yj = Yj-n. 

'i7 4f(a+4h) 

'i7 4f(a+5h) 
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3. The averaging (mean) operator J1. is defined by the relation: 

From the definitions, the following relations can easily be established. 

a) L'> f(a) = f(a+h) - f(a) = Ef(a)-f(a) = (E-I)f(a). 

=> L'> = E-1, as f(a) is arbitrary. 

b) V' f(a+h) = f(a+h) - f(a) = f(a+h) - E· I f(a+h) = (1 - E-I)f(a+h) 

=> V' = 1- £,1, as f(a+h) is arb itrary. 

1 ~l I - I 

c) 15Yi = Yi+112 - Yi-112 = £ 2Yi - £ 2 Yi = (£2 - £ 2 )Y; 

I - I 

=> 15 = (£2 -£2 ) 

1 

e) and t; = \1£ = 5£2, etc. 

1.4.2. Newton's Interpolation Formulae 

Let y = f(x) denote a function which takes the values f(a), f(a + h) , f(a + 2h), ... , f(a + nh) 

for (n+ I) equidistant values a, a + h, a + 2h, ... , a + nh of the independent variable x. 

Let Pn(x) be a polynomial of degree n such that f(x) and Pn(x) agree at the tabulated 

points. Since Pn(x) is a polynomial of the nth degree, it may be written as : 

P,,(x} = Ao + AJ(x-a} + A2(x-a)(x-a-h} + AJ(x-a)(x-a-h)(x-a-2h} + ... 

+A,,(x-a)(x-a-h)(x-a-2h} . .... (x-a-(n-l}h) (1.7) 

Where Ao, AI , A2 , ... , An are coefficients to be determined such that 

Pn(a) = f(a), Pn(a+h) = f(a+h), ... , Pn(a+nh) = [(a+nh). 

Putting, x = a, a + h, a + 2h, ... , a + nh successively in (1.7) and writing the values of 

Pn(a), Pn(a+h), . . . , Pn(a+nh), we obtain: 
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f(a) = Ao 

f(a+h) = Ao + hA l => Al J (a +"t J (a) => A - t;J ( a ) 
1 - h 

f(a+2h) = Ao + 2h Al + 2h2 A2 A _ t;' J(a ) 
2 - 2 '" .. => 

\. 

Similarly _ t;" J ( a) 
All 

11 ! II 11 

Substituting these in ( \,7), we have: 

Fn(x) = f(a) + tifh(a) (x-a) + t;' J(a) (x-a)(x-a-h) + t;3 J(a) (x-a)(x-a-h)(x-a-2h) + . .. 
2!h' 3!h3 

t;n J(a) 
+ n (x-a)(x-a-h)(x-a-2h) . . .. . (x-a-(n-1 )h) 

nth 

This is called as Newton Gregory Forward Interpolation Formula . 

Letting (x~ a) = p or x = a + ph, the above formula takes the following form : 

p(p- I)(p - 2)-- {p- lI+ l ) !!/.' f(a) 
+ n! 

Note: This formula is used to interpolate a value of f(x) near the beginning of the tabular 

values. While to interpolate near the end of the tabular values, we use Newton 

Gregory backward difference formula, which will be di scussed below. 

Assume a polynomial of nth degree, 

Fn(x) = A o + A I (x-a-nh) + A 2(x-a-nh)(x-a-nh+h) + A 3(x-a-nh)(x-a-nh+h) (x-a-nh+2h) 

+ . . . + An(x-a-nh)(x-a-nh+h) (x-a-nh+2h) . .. (x-a-h). 

We choose Ao, A \, A2, ... , An so as to make, Fn(a+nh) = f(a+nh), ... , Pn(a) = f(a). 

Futting x = a +nh, a + nh-h, .. . , a+h in (\.8), we obtain : 
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AO = f (0 + 1111 ) 

A /(a+II11) - /(a+II11 - II) '(1/(0+ 1111) 
1 h II 

'(1 2 f ( 0 + 1111 ) 

A2 = 211' 

A =!J." f (0 + 1111 ) 
n n! Iz /I 

Po(x) = f(a + nh) + '(1/(a
h
+nh) (x-a-nh) + '(1' /(a+nh) (x-a-nh)(x-a-nh+h) + ... + 

2h' 

!J." /(a+nh) (x-a-nh)(x-a-nh+h) (x-a-nh+2h) ... (x-a-h) 
n!hn 

Which is Newton's backward difference interpolation formula. 

L 
. x-(o+II11) 

ettll1g h p or x = a +nh+ ph, the above formula takes the following fonn: 

Y = P (x)=Y +p '(1Y + p(p+l)V 2y + 
pn n n 2! 11 

where Yn = f(a+nh). 

p(p+I)(P+2)· (p+n- I) 0 

+ ----no,r--- '(1 y n, 

To find the error committed in replacing the function y = f(x) by means of the polynomial 

Pn(x), we use the formula derived in section 1.2. 

TIn+I(X) (n+l) 
f(x)-$n (x)=\ifFT)T f (E) , Xo < E: < xn 

= (x-xo )(x-x)· ··(x -x,, ) f(II +1) (6) 
(n+ l )! 

But as remarked in that section, wed 0 not h ave any information c onceming f '"" ) (x) , 

however a useful estimate of the derivative can be obtained in the fo llowing way: 

Expanding f(x+h) by Taylor's serIes about the point x, we obtain 

f(x + h)= f(x) + lif'(x) + h2' rex) + ... . Neglecting the terms containing h2 and higher 

powers ofh, this gives f'(x) ""t[f(x + 11) - f(x )l=tt.f(x) . 
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Writing f'(x) as f'(x) = fx f(x) = Df(x) , the differentiation operator, the above equation 

gives the operator relation D=.LI\. and hence D"+ 1 = _ 1_ 1\."+1. 
h 11"+1 

We thus obtain f(II+ I )(x)=~f(x) '" D"+1f(x)= _ 1_ I\.II+l f (x). 
'dx"+1 1z11 +1 

Hence 
(X-XO)(X-X,)"'(X-X,,) ",,,+1 p(p-l)(p - 2),,·(p-lI) 11 +1 

I(x)-P,,(x) (n +l)! 1i"+1 f(B)= (lI+ l)! I\. f(B) 

in which it is suitable for computations. 

Similarly the error committed in Newton's backward formul a is written as: 

I(x) - P" (x) = P(P+l)Y+~J,"' (P+II) hn+1 f(lI+ l) (B), where Xo < [; < Xn and x = Xn + ph . 
11+ . 

= p(p+I)(p+2)"'(p+lI) h" +1 "1"+1 f(B) 
(lI+ l )! Ii ,,+1 

= p(p+ I)(p+2),,·(p+lI) v"+1f(B) . 
(11+1)1 

This relation is true because, expanding f(x-h) by Taylor's series about x, we have 

f(x-h)=f(x)-hf'(x)+h
2

2 
f"(x)_ .. · . Neglecting the terms containing h2 and higher 

powers ofh, gives f'(x) "'* [f(x) - f(x - h)l=* Vf(x ). 

Writing f'(x) as f'(x) = fx f(x)=Df(x), the differentiation operator, we have a relation 

D=.LV and hence D" +l = _1_1\."+ 1. 
h ' h"+1 

So that I(x) - P" (x) 
p(p+I)(p+2),,·(p+lI) V"+ ' f( ) . b . d 

( )1 
B IS 0 tame . 

11 + 1 . 

Example:2. The population of a town in decennial census was as under. 

Estimate the population for the year 

a) 1925 

Year 

Population 

(in thousands) 

b) 1955 

1921 1931 

46 66 

-

c) 1905 

1941 

81 

-

d) 1965 

1951 

93 

Seminar Report on Approximation of Functions 
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Solution : 

a) Here interpolation is desired at the beginning of the table and so we use 

forward interpolation formu la. 

h = spacing bin arguments = 10, Xo = first term = 1921 , x = 1925 and using 

. (x-xo) (1 925 - 1921) 
the relatIon h p, we have 10 0.4 

The difference table is as follows: 

x f(x) L'> f(x) 

1921 46 

20 

1931 66 -5 

15 2 

1941 81 -3 -3 

12 -1 

1951 93 -4 

8 

1961 101 

Hence substituting all the information above in the formula derived we have 

0.4(0.4- 1 )(0.4-2)(0.4- 3) 
Pn(1925) = 46+(0.4)20+ 04(~~- 1) (-5) + 04(04-~)(04-2) (2) + 24 (-3) 

= 54.85 thousands. 

b) Interpolation is desired at the end of the table and so we use backward 

interpolation formula. 

Given that: h = 10, x" = last term = 1961, x = 1955 and using the relation (X~,X,,) p, 

I 
(1955-1961) 

we lave 10 - 0.6. 
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Hence USIng the formula Pn(x) = Yn + p VYn + p(p+l) V2y + 
2! 11 

+ 

p(p+l)(p+2}·(p+n- l) n 
hi 'i7 Y . n, 

Pn(1955) = 101 + (-0.6)(8) + (- 0.6)(; 06+ 1) (- 4) + (- 0.6)(- 0.6+1)( - 0.6+2) (- I) + 
6 

(- 0.6)(- 0.6 + 1)(- 0.6 + 2)( - 0.6+3) (-3) 
24 

= 96.84 thousands. 

c) Proceeding as in the case (b) above, we obtain: 

Pn(1915) = 101 + (-4 .6)(8) + (-46)~4.6+ 1) (-4) + (-4.6)(- 4.6+ 1)(-4.6+2) (- 1) + 
6 

(-4.6)( -4.6+ 1)( - 4.6 +2)( - 4.6+3) (3) I _ (1915 - 1961) 
24 - ,Wlere p - 10 - 4.6. 

= 29.64 thousands. 

d) And proceeding as in the case (a) above, we obtain: 

Pn(1965) = 46 + (4.4)20 + 4.4(4.4 - 1) (- 5) + 
2! 

4.4(4.4 - 1)(4.4-2) (2) + 
6 

4.4(4.4- 1)(4.4-2)(4.4- 3) (- 3) _ (1965 - 1921) 
24 , where p - 10 4.4. 

= 102.28 thousands. 

Note: The process of finding the values of y for some x outside the given range is called 

extrapolation and if the tabulated function is a polynomial , then interpolation and 

extrapolation would give exact values, whi le if a tabulated function is other than a 

polynomial, then in case of extrapolation the error would be quite considerable, i.e. the 

values obtained are far from the table limits. 
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1.4.3. Central Difference Interpolation Formula. 

In the preceding section, we derived and discussed Newton 's forward and backward 

interpolation formulae that are applicable near the beginning and end of the tabulated 

values, respectively. 

We shall , in this section discuss the central difference formulae which are most suited for 

interpo lation near the middle of a tabulated set. 

i) Gauss's Central Difference Formulae. 

aJ Gauss 's Forward Formula. 

Consider the following difference table 111 which the central ordinate IS taken for 

convenience as Yo corresponding to x =Xo. 

f(x) I'l f(x) 

x.J y.J 

I'l y.J 

X·2 y.z I'l zY.J 

I'l y.z 1'l3 y.3 

X.I Y.I 1'l2Y.2 1'l4y.J 

_______ I'ly.~ _______ 1'l3~ ~~ 
Xo Yo 1'l2 Y.I 1'l 4Y.2 1'l6Y·3 

.................. .. l'lyfY " - ~ ... " .. " I'l Jy.I_ ,, _ " ""·"" ..... .. 1'l5
Y

.2- " _ " 

XI YI 1'l2 Yo 

I'l J Yo 

X2 Yz 

Table 3 
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The differences used in this formula lie on the broken line arrow shown above and the 

formula is YP = yo + GI ~ Yo + G2 ~ 2Y_I + G3 ~ 3Y_I + G4~ 4Y_2 + . '" 

where GI, G2, G3, .. . have to be detemlined. 

Now YP = EPyo, where E- shi ft operator, defined as EYi = Yi+1 

= (I + ~ )PYo, using the relation E = 1+ ~ . 

= y + pAy + p(p - I) A 2y + p(p - l )(p -2) A 3y + p(p - l)(p - 2)(p -3) A 4y + 
o Ll 0 2 Ll 0 3' Ll 0 4! Ll 0 ... , 

using binomial expansion theorem. 

And to express the right hand side of the fomlUla in terms of ~ Yo and higher order 

differences: 

~ 2Y_I = ~ 2E·l yO 

= ~ 2(I+~rlyo 

~ 2( 1_~ +~ 2_~ 3+ ~ 4_ ... )yo, by using Taylor's series expansion of (l+~rJ 

about ~ = O. 

= ~ 2yo _ ~ 3yo + ~ 4yo _ ~ 5yo + .. .. 

Similarly 

~ 3Y_I = ~ 3E-Jyo= ~ 3(1 + ~rlyo 

= ~ 3yO -~\O+ ~5YO _~ 6yO+ .... 

~ 4Y_2 = ~ 4E"2yo 

= ~ 4(1+~r2yo 

= ~\1_2~ +3~2_4~ 3+5~ 4_ . .. )yo, using Taylor's series expansion of (l+~rl 

about ~= O. 

= ~ 4yO -2~ 5yO + 3~ 6Yo -4~ 7yO + . . .. 

Substituting all these in the right side of the fomlU la and equating with YP' we have 

Y 
+ pA y + p(p-I) A 2y + p(p - l)( p - 2) A 3y + p(p - l)(p-2)(p-3) A 4y + = 

o L> 0 2 Ll 0 3! L> 0 4! Ll 0 ... 

Yo + GJ ~Yo+ G2(~ 2yO -~ 3yO + ~ \o-~ 5yO + ... ) + G3(~ 3yO -~ 4yO+ ~ 5yO_~ 6yO + ... ) 

+ G4(~ 4yO -2~ 5yO + 3~ 6Yo-4~ 7yO + ... ) + ... 

Equating the coefficients of ~ Yo, ~ 2yO, ~ 3yO, ~ 4yO, etc. on both sides, we obtain 

GI = p, 

G - p(p - I) 
2 - 2 
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-G + G = p(p-J)(p-2) => G = (p+J)p(p-J) 
2 J 3' J 3! 

G 
- (p+J)p(p - J)(p - 2) t 

4 - 4! ,e c. 

Gausses forward formula is given by: 

YP = Yo + pLlyo+ p(~- J) Ll 2Y_l + (P + J)~(P- J) Ll JY_
1 

+ (p + J)P(~~ J)(P-2) Ll \-2 + ... 

b) Gauss's Backward Formula 

This formula is derived using the differences, which lie on the solid line shown above: 

Hence the fonnula is then assumed to be of the form 

YP = Yo + G1' LlY_l + G2' Ll2Y_l + G)' Ll JY'2 + G4' Ll4Y_2 + .... 

Where G1' , G2', GJ' , ... have to be determined and following the same procedure as in 

case (a), we obtain: G1 '= p 

G ' - p(p+J) 
2 -

2 

G ' - (p+ J)p(p- J) 
J - 3! 

G 
' - (p+2)(p + J)p(p-J) 

4 - 4! ,etc. 

Hence Gauss's backward formula is expressed as: 

yp = Yo + P Ll Y_I + P(~+ J) Ll 2Y_1 + (P+J)~(P- l ) Ll JY_2 + (P+2)(P:!I)P(P- l) Ll4Y_2 + .. .. 

ii) Stirling's Formula: 

Taking the mean of Gauss's forward and backward formula, we obtain: 

Y
= (Yo+Yo) + p (6Yo +6Y-')+1(p(p - J)+p(P+J»Ll 2y + (p+ J)p(p - J) l(Ll Jy + LlJy ) 

p 2 2 2 2 2 -I 3! 2 -I -2 

+ 1- (p+ l)p(~~I)(P-2) + (P + 2)(P:!I )P(P- l) )Ll4Y_2 + ... . 

= y + p (6Yo+6Y_')+L A2y + p(p '- J) l( AJy+ AJy ) p'(p'- J) 4 
o 2 2 L> -I 3! 2 L> -I L> -2 + 4! ) Ll y-2 + ... 

which is cal led Stirling's Fonnula. 
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iii) Bessel's Formula: 

This formula uses the differences as shown in the following table. 

X_2 Y-2 

X_I Y- I 

Xo Yo 
t;.2

Y
_1 t;. 4Y_2 

t;. Yo t;. 3
Y
_1 t;. 5

Y
_2 

XI YI t;. 2 Yo t;. 4Y_1 

X2 Y2 

Hence, Bessel ' s formula can be assumed in the form 

Y 
= (Yo+Y , ) + B t;.y + B (~2YO+~2Y_')+B t;. 3y +B 

p 2 I 0 2 2 3 - I 4 

t;. 6Y_3 

t;. 6
Y

_2 

= + (B+.L)Ay+B (~2 YO+~2Y_' )+B A3y +B (~4y_,+~4Y_2) 
Yo I 2 ti 0 2 2 3 ti -I 4 2 + ... 

Following the same procedure as in case (i) above, we obtain: 

B I+ t = P. B2 = 
p(p - I) 

2! 

B3= 
p(p - I)(p-t) 

B4= 
(p+ I) p(p - I)(p - 2) 

, etc. 
3! 4! 

Hence Bessel's interpolation formula is written as: 

_ + t;. + p(p - I) (~2 y o + ~2y_,) + p(p - I)(p-t) t;. 3 
YP - yo P Yo 2! 2 3! y-I 
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iv) Everett's Formula 

This formula uses only even order differences as shown in the following table: 

Xo yo /':;. 2 Y. l 

XI Yl /':;. 2 Yo 

Hence the formula has the fonn 

YP = Eo Yo + E2 /':;. 2Y.l + E4 /':;. 4Y.2 + ... + Fo Yl + F2 /':;. 2yO + E4 /':;. 4Y·l + .... 

The coefficients Eo, Fo, E2, F2, E4, E4, . . . can be detennined by the same method as in the 

preceding cases, and we obtain: 

Eo = I-p = q; 

q(q' _ 12) 
E2 = 3! ; 

q( q 2 _ 12 )( q 2 _ 2 2 ) 

E4 = 5! ; 

Hence Everett's fOl11lUla is given by: 

Fo = p 

F _ p(p2_12) 
2 - 3! 

p(p2_1 2)(p 2_22) 
E4 = -"-"-'----'--:::C"---=--'- , ... 

5! 

q(q 2_ 12) 2 q(q 2_ 12)(q 2_2 2) 4 p(p 2 _1 2) 2 
YP = q Yo + 3! /':;. y.1 + 5! /':;. y·2 + ... + P Yl + 3! /':;. Yo 

p(p2_1 2)(p2_22) 4 
+ 5! /':;. Y·l+ ... ,where q = l -p. 

Remark: i) If the interpolation is desired near the beginning or end of a table, there is no 

altel11ative to Newton 's forward and backward difference fonnulae , simply 

because higher order central di fferences do not exist at the beginning or end of 

the table of values. 

ii)For interpolation near the middle of a table, Stirling' s fonnula gives the most 

accurate result for - 114 ~ P ~ 114, and Bessel's fonnula is most efficient near 

p =~, say 1/4 ~ p ~3/4. 
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Example: 3. The population of a certain town was as under. 

a) Estimate the population for the year 1936. 

Year 1901 1911 1921 1931 

Population 

(In thOUSallds) 12 15 20 27 

Solution: 

1941 

33 

X(year) Y(population) t:,y t:, 2y t:, 3y 

X-3 = 190 I y-3 =12 
3 

X_2 = 1911 y-2 =15 2 
5 0 

X_I = 1921 y_1 =20 2 

1951 

52 

t:, 4y t:, Sy 

-3 

Xo = 1931_ <7~ <-~ __ 20 
Yo=27 ~ -1 1~ 17 _______ ? 

XI = 1941 YI = 33 13 
19 

X2 = 1951 Y2 = 52 

Here as we observe from the table above (going along the line drawn), Gauss's forward 

al1d Stirlings formula Cal1not be applied, hence 

i) using Gauss 's backward formula, we have the following: 

Xo = 1931 is taken as the origin, and h = 10 as the unit value (spacing). 

The value of y required will be for p = x-hxo 1936-1931 = 0.5. 
10 

YP = 27 + 0.5(7) + O.5(O~5+1) (-1)+ (O.5+ I )O;~(O.5- 1 ) (-3)+ (0.5+2)(O.5:!I)0 .5(O.5- 1) (17)+ 

(05+2)(O.5+I)O;~(O.5-1)(O.5-2) (20) . 

= 29.883. 

ii) Higher order differences does not exist for ego t:, 4Y_I' t:, SY_2, hence it is not possible 

to use Bessel's or Everett' s formula. 
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1.5. Interpolation with Unequally Spaced Points 

The goal of this section is to derive a general interpolation fonnulae which fit the given 

data points on which the arguments are not necessari ly equall y spaced. We discuss, in 

this section, four such fonnu lae: 

i) Lagrange's Interpolation fonnula which uses only the function values; 

ii) Hennite's Interpolation fonnula; 

iii) Newton 's General Interpolation fonnula which uses what are called divided 

differences; 

iv) Aitken's method of interpolation by iteration. 

1.5.1. Lagrange's Interpolation formula 

Let f(xo), f(XI)' f(x2), ... , f(x n) be the values of the function y = f(x) corresponding to the 

arguments Xo, XI , X2, ... , Xn not necessarily equall y spaced. 

Consider the construction of a polynomial Pn(x) of degree at most n that passes through 

the (n+1) points, such that f(X k) = Pn(Xk), for all k = 0,1,2, ... , n. 

To start with the simplest one, let a polynomial of degree one, which passes through 

(xo, f(xo» and (Xi> f(xl» is given by: 

X - X l x - xO 
Here the quotients and are involved. 

Xo - x l x l - Xo 

X - X l 
Denoting Lo(x) = and LI(x) 

Xo -xl 

When X =Xo, Lo(xo) = 1 and LI(xo) = O. 

When X =XI, Lo(XI) = 0 and LI(xl) = 1. 

X-Xo 
---"--, we have: 

In a similar way, the Lagrange polynomial of degree two passing through three points 

(xo, f(xo» , (XI, f(xl» and (X2, f(X2» is written as : 
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P2 (x ) = I LkCx )f (xkl, where the Lk(X) satisfy the conditions Lk (xi)= ' .. . 
2 {I ifi =k 

k=O O,ifl;tk 

For the general case we need to construct, for each k = 0, 1,2, ... , n, a quotient Lk(X) with 

the property that Lk(Xi) = 0, when i;t k and Lk(Xk) = I . 

In order to satisfy Lk(Xi) = 0, for each i;t k requires that the numerator of Lk contains the 

product (x - xo) (x - XI ) (x - X2) ... (x - Xk_l) (x - Xk+l) ... (x - xn) .. . ................... (*) 

To satisfy Lk(Xk) = 1, the denominator of Lk must be equal to (*), when x = Xk. 

Th ( 
(x-xO)(x-xl)(x-x2)",(x - xk_l)(x-xk+I)",(x-xn) 

usLk x) 
(xk - xO)(xk -xl)(xk -x2)",(xk -xk_l)(Xk -xk+l)",(Xk -XII) 

1/ (x-x.) 
= IT I, such that Lk(Xi) = 0, when i;t k and Lk(Xk) = 1, k = 0, 1, ... , n. 

i=O(xk -xi) 
i" k 

Hence the polynomial IS given 

1/ 

Pn(x) = aoLo(x)+aJLJ(x)+ ... + al/L I/( x)= Ia kLk(x ). 
k=O 

/I 

PI/ (x;) = I ak Lk (xi) = ai , i = 0,1,2, ... , n. 
k=O 

by 

i.e. the coefficients in the Lagrange form ao, a\, a2, ... , an are simply the values of the 

polynomial Pn(x) at the points Xo, x\, X2, ... , Xn. 

1/ 

Consequently PI/ (x ) = I L kCx) f (x k) is the required polynomial. 
k=O 

Ifwenow set I1 n+l (x)= (x-xO)(x-xl)" ,(x-xk_I)(x-xk)(x-xk+I)"'(x - xn) , then 

I1~+ J (xk) = ~. [ITn+J (X)JX=Xk 

= (xk -xO)(xk -xl)(xk -x2)",(xk -xk_l)(xk -xk +l)",(xk -xn) so that 

Lk(x)= I1 n+l (x) 
(X - xk) I1~ + 1 (xk) 
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Therefore the polynomial P (x) = £ I1 n + tC
x
) f (x d is now called 

II k = 0 (x - X k ) I1 ~ + 1 (x k ) 

Lagrange's Interpolation formula. The coefficients Lk (x), defined above are called 

Lagrange's Interpolation Coefficients. Interchanging x and y in this formula, we obtain 

P
II 

(y) = £ I1 n + I, (y) x k which is useful for inverse interpolation. 
k=O (y - Yk) I1 n +tCYk) 

Example: 4. a) Find the Lagrange interpolating polynomial of degree two approximating 

the function y = Inx defined by the fo llowing table of values. 

a) Hence detennine the value ofln2.7 and eO.72 

b) Estimate the error in the values of y obtained in b) 

x 

y= Inx 

Solution: 

a) 

2 

0.69315 

we 

2.5 

0.91629 

3.0 

1.09861 

have: 

Pz(x) (X-xl )(x-xZ) f(xo)+ (x-xO)(x-xZ) f(xl)+ (x-xO)(x-xl) f(xz) 
(xO -xl)(xO - XZ) (Xl -Xo)(X\ -xZ) (xZ - XO)(xZ -Xl) 

= (2X2 - 11x + 15)(0.693 15) - (4x2 - 20x +24)(0.9 1629) + (2X2 - 9x + 1 0)(1.09861) 

= - 0.08164x2 + 0.81366x - 0.60761, which is the required quadratic polynomial. 

b) Putting x = 2.7 in the above polynomial P2(x), we obtain: 

In2.7'" P2(2.7) = - 0.08164(2.7)2 + 0.81366(2.7) - 0.60761 = 0.9941164. 

Actual value ofln2.7 = 0.9932518, so that lerrorl = 0.0008646. 

To find eO.7: y = lnx ~ x = eY so that assuming y = 0.7, we have: 

P () 
(y - YI)(Y - Y2) ( ) + (y - Yo )(y - )'2) (. ) + (y - Yo )(y - YI) (. ) 

x= 2 Y = Xo x I x2 
(YO - YI)(YO - Y2) (YI - YO)(YI - Y2) (Y2 - YO)(Y2 - YI) 

:. x = P2(2.7) = 2.013515906. 

Actual value of eO.7 = 2.013752707. 

c) Before going to do this particular prob lem, consider error in Lagrange 's Interpolation 

Formula. 
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From section 1.2, we have a fonnu la to estimate the error of the Lagrange interpolation 

fonnula for the class of functions which have continuous derivatives of order up to (n+ I ) 

on [a,b). 

We have therefore f (x) - Pn(x) =Rn(x) = ~;;~ 0~) /"+ ') (G), a < G < b. 

n (x) (3) 
In our case: f(x) - P2(x) =R2(x) = ~ f (G), 2 < G < 3. 

Since y = Inx, we obtain y' = 1, y "(x)= -; ,and ym(G)=~ . 
x X 8 

For example the continuity conditions on f(x) and its derivatives are satisfied in [2, 3). 

H R ( ) 
- (x -xo)(x-x,)(x-x,) 2 2 3 

ence 2 x - 6 8 3 ' < G < . 

When x = 2.7, IR2(2.7)1 = 1(27 - 2)(2.7~2.5)(27-3t231, but 1823 I!> 2'3 =t· 

< 0.7 xO.2xO.3 = 0.001 75, which agrees with the actual error 0.0008646. 
3.8 
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1.5.2. Hermite's Interpolation Formula 

The interpolation formu lae so far considered make use of only a certain number of 

function values, We now derive an interpolation formu la in which both the function and 

its first derivative values are to be assigned at each point of interpolation, 

Before we go to this specific formula, consider the following general case: 

The set of osculating polynomials is a generalization of the Taylor polynomials, the 

Lagrange polynomials and others at the (n+ I) points, These polynomials have the 

property that, given (n+ I) distinct points Xo, XI" , " Xn and non-negative integers mo, ml, 

"" mn, the osculating polynomial approximating a function IE CII![a, b], where m = 

max{mo, mJ, "" mnl and xi E [a ,b] for each i = 0, 1,2, " " n, is the polynomial of least 

degree with the property that it agrees with the function f and all of its derivatives of 

order less than or equal to mi at Xi for each i = 0, 1,2, "" n, 

II 

The degree of this osculating polynomial will be at most M = I In i + 1/, This is because 
;=0 

II 

the number of conditions to be sati sfied is M = Lilli + (n + I), and a polynomial of 
i=O 

degree M has M+ I coefficients that can be used to sati sfy these conditions, 

Definition: 

Let Xo, X I, " " Xn be (n+ l) di stinct points in [ a, b] and mi be a non-negative integer 

associated with Xi for i = 0, 1,2, "" n, Let m= max mi, and IE CIIl [a ,b] , The 
O!>i!>11 

osculating polynomial approximating f is the polynomial P of least degree such that 

d kp(Xi) 

dxk 

Note that: 

d k I(x,) , 
--"---o-k--'-'- for each 1= 0, 1,2, " " nand k = 0, 1,2, "" mi, 

dx 

.:. When n = 0, the osculating polynomial approximating f is simply the Taylor 

polynomial of degree mo for fat xo, 

.:. When mi = 0 for i = 0, I , 2, " " n, the osculating polynomial is the polynomial 

interpolating f on Xo, XI, "" Xn, that is , the Lagrange polynomial. 
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The situation which occurs when mi = 1 for i = 0, 1,2, .. . , n gives a class of polynomials 

called Hermite polynomials. 

For a given function f, these polynomials not only agree with fat XQ, XI, ... , Xn, but since 

their first derivatives agree with those of f, they have the same 'shape' as the function at 

(x" f(Xi» in the sense that the tangent lines to the polynomial and the function agree. 

The procedure is as follows: 

The problem is to find a polynomial of least degree, say H2n+ l (x), such that: 

f(xj) = H 2o +!(xj) 

f'(xj) = H2o+! (x j) , j = 0, 1,2, .. . , n. ( 1.9) 

By counting the data ( i.e. 2n+2 conditions), we find that a polynomial of degree 2n+ 1 

has the required number of undetermined coefficients. Thus in analogy with the Lagrange 

interpolation formula, we seek a representation in the fonn: 

n 0 

H 2n +!(x)= L f(xj)u j(x) + L f'(xj)v j (x) . 
j=O j=O 

(1.10) 

Here the polynomials ulx) and vlx) are required to be of degree at most 2n+ 1 and to 

satisfy: {
I, if j = i 

Uj(x ;)= 0 if' .; 
,I J"-I 

uj(X)=O for allj 

Vj(X)=O forallj. 

, {1'if j = i v· X· = )( ,) 0 if ' . ,I J"-I 
(1.11) 

Since ulx) and vlx) are polynomials in X of degree (2n+ 1), and Llx) is the jth Lagrange 

coefficient polynomial of degree n defined before, we write: 

Uj(x) = Alx)[Llx)]2 

Vj(X) = Blx)[Llx)]2, 

it is easy to see that Alx) and Blx) are both linear functions in x. 

Therefore Uj(x) = (ajx + bj )[Llx)f 

vlx) = (CjX + dj ) [Llx)]2 

Now using conditions (1.11) in (1.13), we obtain 

c· = I J 
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which follows that 

a· = -2L'·(x·) 
j } } ' 

Cj = 1 dj = - Xj . 

Hence equation (1.13) become: 

ulX) = [-2xLj(x)) + 1 + 2xj Lj(x))] [Lj(X)]2 

= [1 - 2(x - xj )Lj(x) ] [Lj{x)]2 

Vj(x) = (x - Xj ) [Lj(X)]2 (1.15) 

Using these expressions for uj{x) and Vj(x) in (1.1 0), we obtain the required Hermite' s 

Interpolation Fonn ula: 

II 

+ I f'(x·)(x - X · ) IL J' (x)1 2 (1.16) 
. 0 J J 
J= 

Example: 5. 

Determine the Henllite polynomial of degree 5, which fits the following data, and hence 

find an appropriate value ofln2.7. 

x 2 2.5 3.0 

y= Inx 0.69315 0.91629 1.09861 

, 1 
0.5 0.4000 0.33333 y = -

X 

Solution: 

To apply the above fonllula, equation (1.16), we must first determine Lj(x) and Lj (x), j 

= 0, 1,2. 

LO(x) 
(x - 2.5)(x - 3.0) 2 

2x -llx +15 
(2 - 2.5)(2 - 3.0) 

(x-2)(x-3 .0) 

(2.5-2)(2.5-3.0) 
(4x 2 - 20x+ 24) 

L2 (x) (x - 2)(x - 2.5) 2x2 _ 9x+ I O. 
(3.0 - 2)(3.0 - 2.5) 

Hence La (x) = 4x- 11 , L; (x) = -8x +20, and L2 (x) = 4x-9. 

:. La (xo)=La (2)= - 3 , L; C~I)=L; (2.5)=0 and L2 (X2 )=L2 (3 .0)=3. 
/ 
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So that H ,"" (x) = H, = !f(x;l[I- 2(x - x ;lL:(x;l ][L,(x)]' + !f'(x ;l(x - x j )[Lj(x)]' 
~ ~ 

H , .. , (x) = H , = f(x , )[ 1- 2(x - x , )L; (x , ) ][L, (x)]' 

+ f(x,)[1-2(x-x ,)L;(x ,)][L, (x)1 ' 

+ f(x , )[I- 2(x - x , )L;(x , ) ][L, (x)], 

+ f'(x , )(x - x , )[L, (x)], 

+ f'(x 1 )(x - xl )[L 1 (x)] 
2 

+ f'(x,)(x - x , )[L, (x)],. 

= (0.693IS)(6x-II)( 2x2 -llx + IS)2 + (0.91629) (4x 2 - 20x+ 24)2 

+ (1.09861)(19-6x)( 2x2 - 9x +10/ + (x-2) (2x 2 -llx+IS)\O.S) 

+ (0.4)(x-2.S) (4x 2 - 20x+ 24)2 + (0.33333)(x-3) ( 2x2 - 9x+ 10 f 
Putting x = 2.7 and simpli fying, we obtain In(2.7) '" Hs(2. 7) = 0.9932S2, this is a more 

accurate result than that obtained by using the Lagrange interpolation formula. 

1.5.3. Divided Differences and Newton's General Interpolation Formula 

The Lagrange interpolation fomlUla has the disadvantage that the work done in 

calculating the approximation by the second- degree polynomial does not lessen the work 

needed to calculate the third-degree approximation; nor is the fourth-degree 

approximation easier to obtain once the third-degree approximation is known. It is the 

purpose of this subsection to derive the approximating polynomials in a manner that 

utilizes the previous calculations to greatest advantage. Newton's General Interpolation 

Formula is one such formula and it employs what are called divided differences. 

Let f(xo), f(X l), ... , f(xn) be the entries corresponding to the (n+ I) arguments Xo, Xl, .. . xn, 

where the intervals, Xl - Xo, X2 - Xl, . .. , xn- Xn-l may not be equally spaced. Then the first 

order divided difference is defined as: 

f[ 1 
f[xtl-f[xol f(xJ)-f(xo) f [ 1 

XO'X l , as Xo f (xo), the zero order. 
Xl - Xo x l -xO 

Higher order differences can be computed in a similar way as: 
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Property: The nth divided difference ofa polynomial of the nth degree is constant. 

Proof: 

Consider f (x) = xn. 

The first divided di fference IS gIven 

11 11 x ,.+1 -x ,. 1/-1 n- 2 11-2 1/-1 
X + x,.x + .. . +x,. X + x,. 

X,.+I- X,. r+l r+1 r+l 

which is a polynomial of degree (n-1) in Xr and Xr+l . 

The second divided difference IS 

11 - 1 11-2 11-2 11-1 ("-1 11-2 1l-2 n- 1) 
x +x"+ lx + ... +x"+1 x +x"+1 - x +x,.x + ... +x,. X + x,. 

1' +2 1"+2 r +2 r + l r + 1 r+ 1 
=~~----~~--------~~------~~--~~--------~~----

x"+2 -x,. 

after some simplification, 

( 
11 - 2 11 -3 11 - 3 11-2) ( 11 - 3 x + x,.x + ... + x,. x + x,. + x x 
,.+2 1' +2 ,. + 2 ,.+1 ,.+2 

11 - 4 + x,.x + 
,. + 2 

11 - 4 n -3 ) 11 - 2 ... +x,. x + x,. + ... +x 
,. + 2 ,. +1 

which is a polynomial of degree (n-2) . 

by 

by 

By induction it can be shown that ![X,.,X,.+I, ,,, ,x,.+lI/l is a polynomial of degree (n-01). 

Hence the nth divided di fference, ! [X,. ,X,.+I>""x"+lI l is a polynomial of degree 

(n-n) = 0, i. e. a constant. Hence the result follows. 
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Newton's General Interpolation Formula 

Let f(xo), f(XI), . .. , f(xn) be the values of [(x) corresponding to the (n+ 1) arguments Xo, x\, 

.. . Xn, not necessarily equally spaced. Then from the definition of divided difference, 

f[ ]
= f[x]-f[x , ] 

x,x l) 
x - x I) 

=:> f(x) = f(xo) + (x-xo)f{x,xo] 

A . f[ ] _ f[x,x , ] -f[x"X ,] 
gaIn, x, XI) ' Xl -

X -Xl 

=:> f{x,Xo] = f{xo,xd + (x-xl)f{x,xo,xd· 

Substituting this value of f{x ,xo] in (1.17), we obtain: 

f(x) = f(xo) + (x-xo) f{xo,xd + (x-xo) (X-X I) f{x ,xo,x d 

Again, f[ ] _ f[x ,x"x ,]-f[x " x " x , ] x,x
O
,X 1 ,X

2 
- , 

X - Xl 

and so f{x ,xo,x d = f{XO,XI,X2] + (X-X2)f{X,XO,XI,X2]. 

Substituting this result of fI x,xo,x d in (1.18), gives: 

f(x) = f(xo) + (x-xo) f{XO,XI] + (x-xo) (X-XI) f[XO,XI,X2] 

+ (x-xo) (X-XI) (X-X2)f{X,xO,X\,X2] 

Proceeding in this way we obtain: 

f(x) = f(xo) + (x-xo) f{XO,XI] + (x-xo) (X-XI) f{XO ,X\,X2] 

+ (x-xo) (X-XI) (X-X2)f{XO,X\,X2,X3] 

+ ... + (x-xO)(X-XI) ... (X-Xn)f{x,XO,X\, ... ,xn] 

The last term is the remainder after (n+ 1) terms. Hence 

Pn(x) = f(xo) + (x-xo) f{xo,xd + (x-xO)(X-XI) f{XO,X\,X2] 

+ (x-xO)(X-XI)(X-X2)f{XO,X \,X2,X3] 

+ ... + (x-xO)(X-XI) ... (X-Xn.I )f{xO,XI , ... ,xn]. 

( 1.1 7) 

(1.18) 

(1.19) 

(1 .20) 

(1.21 ) 

Which agrees with f(x) at Xo, x\, . . . , Xn. This formula is called Newton's General 

Interpolation Formula with divided differences. From which it follows that the error is 

given by: 

f(x) - Pn(X) = (X-XO)(X-XI) . . . (X-Xn) f{X,XO,X I, .. . ,Xn] = rr ... (x)f{x,xo,X\, ... ,Xn] 
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From section 1.2, we have an error expression 

f(x) - Pn(x) = IT .. ,(X)f'""' (E) X <E<X. 
(n + l)! " 

These two must agree, hence 
f '""' (E) 

f[x, Xo, Xl, ... , Xn] = . 
(n+l)! 

Example: 6 

Find the Newton's divided difference-interpolating polynomial of degree 3 

approximating the function y = Inx defined by the following table values and hence 

determine the value ofln2.7. 

x 

y = Inx 

Solution: 

2 

0.69315 

2.5 

0.91629 

3.0 

1.09861 

3.5 

1.25276 

To apply the Newton's General Interpolation Formula, we first compute the divided 

differences as shown below. 

x y = Inx f [ , 1 f [ , , 1 f[ , , , 1 

2.0 0.69315 

0.44628 

2.5 0.91629 - 0.08164 

0.36464 0.01687 

3.0 1.0986 1 - 0.05634 

0.3083 

3.5 1.25276 

Hence equation (5) gives 

PJ(x) = (0.69315)+ (x-2)( 0.44628) +(x-2)(x-2.5)( - 0.08164)+(x-2)(x-2.5)(x-3)( 0.01687) 

and so f(2.7) = In2.7 '" PJ(2.7) = 0.993408 . 

Actual value: 1112. 7 = 0.99325 18, so that I error I = 1.56xI0-4
, which shows that Newton's 

General Interpolation Formula is easier to compute and more accurate than that of 

Lagrange 's Interpolation Formula. 
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Note: If Xo, XI , ... , Xn are equally spaced, then (XI-XO) = (X2-XI) = ... = (Xn-Xn_l) = h, so 

that f[x " x,] = f(x,)-f(x , ) M(x , ) 
X l - Xo h 

f[ ] = f[x"x , ]-f[x"x, ] =_1 [M(X ,) x
O
,X

1
,X

2 
x ,- x , 2h h 

M(X)] i\' f(x) . --'--'-''- = ' and m general 
h 2!h' , 

i\"f(x , ) 
f[x " x ,,"', xJ = Ih " ' 

n. 

Hence Newton's General divided difference formula coincides with the Newton' s 

Forward Interpolation Formula. 

1.5.4. Interpolation by Iteration 

Given the (n+l) points (xo, Yo), (XI, YI), .. . , (xn, Yn), where the values of X need not 

necessarily be equally spaced, then to find the values ofy corresponding to any given 

value of x, we proceed iteratively as follows: 

Obtain a first approximation to y by considering the first two points only; then obtain its 

second approximation by considering the first three points, and so on. We denote the 

different interpolation polynomials by i\(x)(with suitable subscripts) 

for ego i\OI(X), first degree interpolating polynomial, 

i\ odx), second degree interpolating polynomial and so on, so that at the first 

stage of approximation, we have 

1 Y X o - x 
i\OI(X) = yo+ (x-xo)qxo, XI] = ' 

(x, -x , ) y, x, - x 

Similarly, we can form i\02(X), i\03(X), ... 

Next we form i\ OI2(x) by considering the first three points, 
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Similarly, we obtain L'lOlJ(X), L'I 014(X), etc. At the nth stage of approximation we obtain: 

L'I (x) = 1 L'l OI2 ... ;:;::I(x) XII _ I - X 
012 .. . 0 

( X II -XII - I ) L'lO I2 ... n_il, (X) X II -X 

The computations may conveniently be arranged as in the fo llowing form: 

x y 

Xo Yo 

L'I 01 (x) 

XI YI L'l0 12(X) 

L'l 02(X) L'l OI2J(X) 

X2 Y2 L'louCX) L'l012l4(X) 

L'l 03(X) L'l0124(X) 

Xl Yl L'l014(X) 

L'l04(X) 

X4 Y4 

Table 4. A itkell 's Scheme 

Note: An obvious advantage of Aitken's method IS that it gIves good idea of the 

accuracy of the result at any stage. 

Example: 7. 

Certain corresponding values ofx and logfo are (300, 2.4771), (304, 2.4829), 

(305,2.4843) and (307, 2.487 1). 

Find logig l by applying Aitken's method of iteration. 
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Solution: Aitken's Scheme is: 

x logfo 

300 2.4771 

2.47855 

304 2.4829 2.47858 

2.47854 2.47860 

305 2.4843 2.47857 

2.47853 

307 2.4871 

Hence the successive interpolation polynomials evaluated at x = 301 are given above and 

so logig1 = 2.47860, which is the latest approximation. 

1.6. Inverse Interpolation 

The problem of direct interpolation is to find the value of y = f(x) for an x lying between 

two tabulated values of the arguments, say Xo, XI . 

The problem in inverse interpolation is to find the value of x corresponding to a y lying 

between two tabulated values of y, say Yo, YI . Since x = f 'I(y), inverse interpolation is 

ordinary interpolation of the inverse function f .I(y); therefore of necessity, a direct 

interpolation of the inverse function demands the use of Lagrange's interpolation formula 

for unequal intervals of the arguments. The use of Lagrange ' s formula was illustrated in 

the previous example. 

When the values of x are equally spaced, the method of successive approximations 

described below, should be used . 

We start with Newton's forward difference fommla written as: 

p(p -I) 2 p(p - I)(p - 2) 3 X - X o 
Yp = YO + p/::.yo + /::. YO + /::. Yo + ... , where p =--'!... 

2 6 h 
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From this we obtain: 

P = _ I_[yp _ Yo _ pep - I) 1'.2 YO _ pep - I)(p - 2) 1'.3 YO _ ... ] . 
t.yo 2 6 

Neglecting the second and higher differences, we obtain the first approximation to p and 

this we write as follows: 

Next, we obtain the second approximation to p by including the term containing the 

second differences. Thus 

1 PI (PI -1) 2 
P2 = --[Yp - YO - I'. YO ] , where we have used the value of PI for 

t.yo 2 

p in the coefficient of 1'.2 Yo , similarly, we obtain: 

1 [ P2 (P2 -I) ,2 P2 (P2 -1)(P2 - 2) ,3 ] a d so 
P3 = -- Y p - YO - L.> YO - L.> YO non. 

t.yo 2 6 

This process should be continued till two successive approximations to p agree with each 

other to the required accuracy. 

x-xo 
Hence as P = , the required result is therefore x = pI! + X(J. 

h 

Conclusion of the chapter: 

Polynomial interpolation is a method of approximating the value of a function at a point 

by means of a polynomial passing through known functional values. A major virtue of 

the method of approximation is its ease of implementation. Another virtue is that it leads 

to an expression for the truncation enol' in the approx imation, which can often be 

estimated or bounded. 

Implicit in our definition of polynomial interpolation was the assumption that truncation 

and not round off en'or is the major source of error. 

In the next chapter, we will consider the problem of approx imating a function whose 

values at a sequence of points are generally known only empirically and thus are subj ect 

to inherent enors, which may be large. 

Thus round off will be a serious source of enor and often the controlling source. 
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CHAPTER TWO 

APPROXIMATION THEORY 

The study of approximation theory involves two general types of problems. One problem 

arises when a function is given explicitly but it is desirable to find a "simpler" type of 

functions , such as a polynomial, that can be used to determine approximate values of the 

given function. The other problem in approximation theory is concerned with fitting 

functions to given data and finding the "best" function in a certain class that can be used 

to represent the data. 

Both problems have been touched up on in the previous chapter. The Taylor polynomial 

of degree n about the point Xo was discussed as an excellent approximation to an (n+ 1)­

times differentiable function f in a small neighborhood of a point Xo. The Lagrange 

interpolating polynomials were discussed both as approximating polynomials and as 

polynomials to fit certain data. Other interpolating polynomials were also discussed in 

that chapter. 

In this chapter, limitations to these techniques will be pointed out and other avenues of 

approach will be discussed. 

2.1. Curve Fitting to Data 

We have so far discussed the approximation of a function by means of interpolation at 

certain points. Such a procedure presupposes that the values of f (x) at these points are 

known free of errors. Hence interpolation is of little use in the following common 

situation: 

The function f (x) describes the relation-ship between two physical quantities x and y = 

f(x), and, through measurement or other experiment, one has obtained numbers yi, which 

merely approximate the values of f(x) at x;, i.e. which are subject to error. The problem of 

data fitting is to recover f(x) from the given (approximate) data y;, i = 1,2, .. . , n. 
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The task is to approximate or fit the data by some function F(x) in such away that F(x) 

contains or represents most (if not all) the information about f(x) contained in the data 

and little (if any) of the error. 

This IS accomplished In practice by picking a function 

where { ¢i} are selected set of functions and {a;} are parameters which must be 

determined, so that the deviations y; - F(x;), i = 0, 1, 2, ... , n are simultaneously made as 

small as possible. 

2.1.1. Least Squares Curve Fitting Procedures 

The method of least squares is probably the most systematic procedure to fit a unique 

curve through given data points and is widely used in practical computations. It can also 

be easily implemented on digital computers. 

Let the set of data points be (x;, y;), i = 1, 2, .. , n, and let the curve given be Y = [(x) be 

fitted to this data. At x = x;, the experimental (or observed) value of the ordinate is y; and 

the corresponding value on the fitting curve is f(x;). If e; is the error of approximation at 

x = x;, then we have e; = y; - f(x;), i = 1,2, ... , n. 

Ifwe write E = [Yl - f(Xl)]2 + [Y2 - f(x2)f + ... + [Yn - f(x n)f 

_ 2+2+ +2 - e, e2 ... ell 

II 2 
= L ei ' 

i = , 

then the method of least squares consists in minimizing this sum. 

(2.1) 

In the following subsections, we shall study the linear and non-linear least square fitting 

to given data , (x; , y;), i = 1, 2, .. , n. 
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a) Fitting a straight Line 

Let Y = 110 + alx be the straight line to be fitted to the given data. Letting 110 + alXi denote 

the ith value on the approximating line and Yi the ith given value, then corresponding to 

equation (2.1), the constants 110 and a l be found that minimize 

As E is a function of two variab les 110 and a], for a minimum to occur at (110, al), it is 

necessary for 

and 

o /I 2 
0= - I[Yi -(ao +alxi)] 

oal i= l 

These equations simpli fy to: 

Or 

11 

0=-2I[Yi -(aO +alxi)] and 
i= l 

/I 

0= -2I[Yi -(ao +alxi)}xi' 
i=l 

11 11 

I Yi = nao + al IXi and 
i= l i=l 

(2 .2) 

Since the Xi and Yi are known quantities, equation (2.2) called the normal equations, can 

be solved for the two unknowns 110 and a l. 

Example:]. 

Certain experimental values of x and yare given below 

x 

y 

2 

2 

4 

11 

6 

28 

8 

40. 

Find the least-squares line approximating this data? 
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Solution: 

Extend the tab le and sum the columns, as shown below: 

x · I 

2 

4 

6 

8 

20 

Yi 

2 

11 

28 

40 

81 

Now equation (2.2) imp lies that 

which simplifies to 

4 4 

16 44 

36 168 

64 320 

120 536 

4ao + 20a] = 81 

20ao + 120a] =536 

4ao + 20a] = 81 

5ao + 30a] = 134. 

The solution to this system of equations is ao = -12.5 and a] = 6.55 . 

Hence the best linear equation in the list-squares sense is y = 6.55x - 12.5 . 

b) Non-linear Curve Fitting 

In this part, we consider a polynomial of the nth degree, a power function and an 

exponential function to fit the given data points, (Xi, Yi), i = 1, 2, 3, .. . , n. 
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i) Polynomial of the nth degree: 

Let the polynomial of the nth degree Y = ao + ajX + a2x2 + ... + anxn, be fitted to the data 

points (Xi, yD, i = 1, 2,3, ... , n. We then have: 

Equating, as before, the first partial derivatives to zero (i.e. 
BE - = 0, Vi=O , l, .. . , n) and 
Ba; 

simplifying, we get the following normal equations: 

1/ 11 112 lln 
L Yi = naO + a l L Xi +a2 LX; + .. . + a" LX; 

i = 1 i = 1 i=1 i = 1 

11 II Jl 11 11 Jl + 1 11 2n 
LXiYi=aoLxi +aILx; + ... +a"Lxi 

; =1 i = 1 ;= 1 ; = 1 

(2.3) 

These are (n+ 1) equations with (n+ 1) unknowns and hence can be solved for 

ao, aI, a2 , ... , a" . Hence Y = ao + aJx + a2x2 + . .. + anx ll is the required polynomial of 

nth degree. 

Example: 2. 

Fit a polynomial of the second degree to the data points given in the fo llowing table. 

x 

y 

Solution : 

o 
1.0 

1.0 

6.0 

2.0 

17.0 

In equation (2.3), we require the quantities 

II 112113 
L Xi' LXi, L X;, 

;= 1 i= 1 ; = 1 

the following table. 

" 4 LX; , 
;=1 

n " 
LXiY; , LYi ,and 

;=1 ;=1 

" LX; Y; . These are computed in 
;= 1 
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Xi Yi 

o 1 o 

1 6 1 

2 17 4 

3 24 5 

3 
xi 

o 

8 

9 
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4 
x i 

o 

1 

16 

17 

XiYi 

o 

6 

34 

40 

We now obtain the nonnal equations: (using equation (2.3) ) 

3ao + 3al + 5a2 = 24 

3ao + Sal + 9a2 = 40 

Sao + 9a l + 17a2 = 74 

2 
x i Yi 

o 

6 

68 

74 

To solve this system, we can use Gauss-elimination method, and the solution of which is 

ao = 1, al = 2, a2 = 3. The required polynomial is then given by Y = 1 + 2x +3x2 

ii) Power jUnctioll and exponential f Ullction: 

Although least squares using polynomials is the most extensively used procedure, 

occasionally it is appropriate to assume that the data is exponentially related. This 

requires the approximating function to be of the fom1: 

Y = be"X or Y = bx" for some constants a and b. 

The method that is usually followed when the data is suspected to be exponentiall y 

related is to consider the logarithm of the approximating equation: 

I.e. Iny = Inb + ax 

or Iny = Inb + Inx. 

In either case a linear problem now appears and so lutions for Inb and a can be 

detennined. 
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Example .3: 

Consider the collection of data in the following table: 

x 

y 

1.00 

5.10 

1.25 

5.79 

1.50 

6.53 

1.75 

7.45 

Detennine the constants a and b such that y = bea
", fits the data. 

Solution: 

2.00 

8.46 

Taking logarithms of both sides of y = beax
, we obtain lny = Ina + bx. 

Setting lny = Y, x = X, Ina =ao and b = ai, the above relation takes the form Y = ao + alX, 

which is a straight line. 

Extending the table and summing each column gives the following. 

X =x y Y = lny 

1.00 5. 10 1.629 1.0000 

1.25 5.79 1.756 1.5625 

1.50 6.53 1.876 2.2500 

1.75 7.45 2.008 3.0625 

2.00 8.46 2.135 4.0000 

7.50 9.404 11.875 

Fonnula (2.2) give 5ao + 7.50al = 9.404 

7.5ao + 11.875al = 14.422. 

which yield the solution; ao =1.122, and al = 0.5056. 

XY 

1.629 

2. 195 

2.814 

3.5 14 

4.270 

14.422 
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Hence the approximation assumes the form y = 3.07 leo556x 

2.2. Approximation of fnnctions 

The commonly used classes of approximating functions include polynomials, exponential 

function , trigonometric functions , and rational functions. However, from the application 

viewpoint, the polynomial functions are mostly used, although in special cases the other 

functions are also used. 

The existence of a polynomial function p (x) that approximates any continuous function 

f(x) on a finite interval [a, b] is guaranteed by the Weierstrass approximation theorem 

stated before. 

2.2.1. Least Squares Approximation Procedure 

In the previous section, we have minimized t he sum 0 f squares 0 f the errors. A more 

general approach is to minimize the weighted sum of squares of the errors taken over all 

data points. 

Definition: An integrable function W is called a weight function on [a, b] if 

w(x) ~ 0 forVx E [a ,b], but w(x) "* 0 on any subinterval of[a, b]. The purpose of 

a weight function is to assign varying degrees of importance to approximation on certain 

portions of the interval. 

For functions whose values are gIven at (n+ 1) points, Xo, XI, X2, ... , xll , we have 

_ mmlmum (2.4) 

where w(x;) are the weight functions , 

f(x;) are values of the function corresponding to the points x;, i= 0, 1,2, .. . , n. 

¢ ;(x;) are coordinate functions and a;, i = 0, 1, 2, ... , n are parameters to be 

detemlined so that (2.4) is as small as possible. 
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For functions that are continuous on [a, b] and are given explicitly, we have 

b • . . 
E(aO,al, ... ,a n )= Jw(x)(f(x)- Iaj¢j(x»)2 dx = mll1lmUm (2.5) 

a j=O 

Note: For polynomial approxill1ation, the coordinate functions ¢ i(X) are usually chosen 

as ¢ ;(x) = xi, i = 0, I , ... , n. and w(x)=l. 

The necessary condition for (2.4) and (2.5) above to have a minimum value is that 

~E = 0, Vi = 0,1,2, ... , n 
ua l 

This gives a system of (n+ I) linear equations in (n+ I) unknowns ao, ai ' ... , an . These 

equations are called nOllnal equations and are given [or (2.4) and (2.5) respectively as 

follows: 

n II 

I W(Xi)(f(Xi) - I a j¢j(Xi)]¢ j(Xi) = O, and 
i=O j=O 

b • 

f w(x)[ I(x) - I a j¢) (x)]¢) (Xi )dx = 0, j = 0,1,2, ... , n. (2.6) 
a )-0 

Example: 4. 

Obtain the least-square polynomial approximation of degree one and two for 

f(x) = ..Jx., on [0, I], take w(x)=I. 

Solution : 

i) For n =1, we have 

, 
E(a " a ,) = J[f(x) - (a , + a,x»)'dx = minimum. 

, 

I I 

8E = ° = f(x2 - aO - alx)dx 
8aO 

° 
I I 

g~ = 0= f(x2 - aO - aJx)xdx 

° I _ 2 
Hence aO +"2 al -"3 and 
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Now solving these equations, we obtain aO = I~ and a l = ! . 
Therefore the first degree least square approximation to f(x) = ..[;., on [0, I] is 

PI (x) = tx + I~ = l~ (3x + 1) 

For example: P I (i) = 0.86 , and , I (i) = 0.866025 

ii) For n =2, we have the normal equations: 

I I - 2 
J( x2-ao-alx-a2X )dx=O 
o 

I I 

f( x2 - aO - alx - a2x2)xdx = 0 
o 

which gives: 1 1 2 
aO + 2' al + '3 a2 = '3 

1 1 I _ 2 
2' aO + '3 al + '4 a2 - '5 

1 1 1 2 '3 aO + '4 a l + '5 a2 = "7 . 

Solving the system of linear equations, we obtain 

= - 20 
35 

Hence the required quadratic least squares approximation to f(x) = ..[;., on [0, 1] 

. () - 20 2 48 6 
is: p 2 X = 35 x + 35 X + 35 

Again to compare the result P2 (0.5)=0.714286 and f(0.5) = 0.70711. 

2.2.2. Orthogonal Functions and Least Squares Approximation 

In the previous section, we have seen that the method of detemlining a least-squares 

approximation to a continuous function gives sati sfactory results. However, thi s method 
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possesses the disadvantage of solving a large linear system of equations. Besides a small 

change in any of the parameters of the system may introduce large errors in the solution. 

The degree of these ill-conditioning increases with order of the system. This difficulty 

can be avoided if the functions f;(x) are so chosen that they are orthogonal with respect 

to the weight function w(x) on the interval [a, bl. 

Definition: 1. 

A set of functions ( f;(x) } is said to be orthogonal over a set of points {Xi} with respect 

to the weight function w(x) if: 

II 

L: w(x;)fj (x;)fk(X;) 
i= 1 

_ {O,if,j#k 
- ;: IV (x i) J J (Xi)' if , j ~ k 

,,,,I 

Definition: 2. 

A set of functions ( f;(x) } is said to be orthogonal on an interval [a, bl , with respect to 

the weight function w(x) if: 

b 

f W (x) f j ( x ) fk (x) dx _ {O,if,jd . 
- b 

! IV(X)J ] (x)d',if ,j~ k 
II 

This method of using orthogonal polynomials possesses the great advantage that it does 

not require a linear system to be solved and is described below. Choosing the 

approximation in the fonn Y(x) = aofo(x) + a1fl(x) + ... anfn(x) where fj (x) is a polynomial 

in x of degree j. Then, we write: 

" n 
E(a o, ai ' a 2 , ... , all) = L: w(x; )[y(x;) - L: a jfj (X;)]2 

; ~ O j~O 

and for continuous fu nctions on [a, bl , 

b II 

E(a O, a l ,a 2,··· , a ll )= fw(x)[y(x)- L aJj(x) ]2dx · 
(/ j=O 

Now if the functions fj (x), j = 0, 1, 2, ... , n are, orthogonal, then from the nonnal 

'I n 
equations: Iw(xJ[y(xJ- I a;!j (xi) ]f/Xi) = 0 and 

i ~O j~O 
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b n 

f w(x)[y(x) - I ajfj (x)]fj (x)dx = 0, we obtain 
a j=O 

n n 2 
Iw(x;)y(x;)f/x;) = I ajw(xJ]fj (x;) and 
i=O j=o 

b b 

fw(x)y(x)f/x)dx = aj fw(x)fj2 (x)dx , j = 0,1,2, .. "n, 
a a 

From the above, we obtain 
, 
I w(x)y(x)lj (x)dx 

a j = 0 , , j = 0,1,2, ... , n. 
I w(x)l} (x) 
o 

(2.7) 

(2 .8) 

Now substitution of aO,al ,a2, ... ,a// in Y(x) = 3()fo(x) + a1f1(x) + ... anfn(x), yields the 

required least-squares approximation, but the functions Ij (x) are yet to be determined. 

These are obtained by using the Gram-Schmidt Orthogonalization Process, which has 

important applications in numerical analysis. 

Some examples of orthogonal polynomials, which have been extensively studied, are: 

a) the Legendre polynomial, 

(_ 1) 11 d ll 2 II . 

p//(x) = -,-, '-" [(I-x) J,n;::: 1, wlth,po(x) = l ,p//(I) = 1, 'lin. 
2 II . dx 

1 

f P III (x) P // (x )dx = fo,lIl;"n w(x) = 1. 
l- '- m=n' 2 n+l ' - I 

b) the Laguerre polynomial, 

I d " n -X } Ln(x)= - _ .- {x e ,n:::::O, 
n!e x dx" 

00 

f e - x L III (x) L // (x )dx 
o 

c) the Chebysheve polynomial, 

= {O ,IIl ;" // w(x) = e - x. 
- '- m=n ' 211+1 ' 

T,,(x) = cos(ncos- I x),n;:o: 0, with,To(x) = 1, T" (1) = 1, 'lin. 
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1 

f T m ( x )T" ( x )dx 
~ 

- 1 
{

o,m " n () 
~, m : n=O ,. W X 
2 ,m - n> O. 

d) the Hermite polynomial, 

1/ x 2 dl! _x 2 

H ,, (x) = (- 1) e '-, {e },n ~ 0, 
dx' 

00 

J -, 2 H ( ) H ( )d - {o, m - " ( ) - _ , 2 d e m X "X X - 2"" ! ../n, m =" ,W x - e an so on. 
-00 

2.2.3. Gram-Schmidt Orthogonalization Process 

Suppose that the orthogonal polynomial f; (x), valid on the interval [a, b] , has the leading 

teml x i. Then, starting with fo (x)= 1, we find that the linear polynomial fl (x), with 

leading term x can be written as: 

(2.9) 

Where kl ,o is a constant to be determined. Since fo (x) and fl(x) are orthogonal, we have 

b b b 

Jw(x)fo (X)fI (x) dx = 0 = JXW(x)/o(x)dx + kI,o' J YV(X)/02 (x)dx. (using (2.9)) 
a a 

b 

Jxw(x)/o(x)dx 
From thi s we obtain ki 0 = - arb 

' Ja w(x)/02(x)dx 

b 

Jxw(x)/o(x)dx 

a 

And hence (2.9) gives ft (x) = x - arb ,as fo (x)= I. 
.la w(x)/02(x)dx 

(2.10) 

Again, the polynomial f2(x), of degree two in x and leading term x2
, may be written as : 

12 (x) = x
2 + k2 010 (x) + k2 1ft (x) , , (2.11 ) 

where the constants k2,0 and k2,1 are to be determined by USIng the orthogonality 

condition. Since f2(x) is orthogonal to fo(x), we have: 
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b 

f w(x)fo (x) [ X2 + k2,ofo (X) + k2"J; (x)]dx = 0 
a 

b b 

=> f w(x)fo(x) x2dx + k2,0 fw(x)fo(x)dx = O,since 

a a 

b 

fw(x)fo (x)f,(x)dx=O. 

" 
b b 

fX2w(x)fo(x)dx fx 2w(x)dx 
H k - a - a 

ence 2,0 - - .cW(x)f02(x)dx - - -.c:-"w'-(-x)-J;-
0
2-(x- )-d-x 

Again, since f2(x) is orthogonal to [I (x), we have 

b 

f w(x)J; (x)[ x 2 + k2,ofo(x) + k2" J; (x)]dx = 0 
a 

b b 

=> fw(x)Ji(x)x2dx+k2" fw(x)J;2 (x)dx=O, 
a a 

b 

SInce fw(x)fo (x)f, (x) dx = O. 
a 

b 

fx 2w(x)J; (x)dx 

Hence we have k2 , = - arb' 
, J" W(X)J;2(x)dx 

(2.12) 

I 

(2.13) 

Now since k2.o and k2.1 are known, f2(x) becomes detennined. Proceeding in this way, the 

method can be generalized and we write 

(2.14) 

where the constants k . 
l , j 

are so chosen that f ; (x) is orthogonal to 

fo (X) , J; (X), ... , f - , (x). These conditions yield: 
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b 

Jxiw(x)f/x)dx 
k . = _,,-a~ ____ _ 

1,) 1W(x)f}(x)dx ' 
(2. 15) 

Since the aj and f;(x) in the equation Y(x) = aofo(x) + a1f1(x) + ... anf,,(x) are known, the 

approximation can now be determined. 

Example: 5. 

Obtain the first four orthogonal polynomials fn(x) on [0, 1] which are orthogonal with 

respect to the weight function w(x) = 1. 

Using the polynomials obtained, determine the least square approximation of the third 

1 

degree for the function g(x) = x' on [0, 1]. 

Solutioll: 

i) Let fo(x) = 1, then by (2 .1 0), k1,0 

we then obtain from (2.9), II (x) = X - ±. 

1 
J xdx 
o ---

1 
Jdx 
o 

, 2 
Ix dx 

Now from (2.12) and (2.13), we have k20 = - _0 ,- = - -31 

, Idx 
o 

and 

'2 , I x (x-- )dx 
k21 = - 0 2 =-1 

, j(x_l)2dx 
o 2 

1 
2 , 

Hence from (2.11), we get f2(X) = x 2 -(x -±) -t = x 2 -x+i. 

, 3 
Ix dx 

I "1 b . k 0 1 n a sImI ar manner, we 0 tam 3,0 = - -,- = - 4" 
Idx 
o 

'3 , I x (x-- )dx k __ 0 2 9 
3,1 - , l ' 10 

I(x- - )-dx 
o 2 
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Therefore f (x) = x3 _1 (x 2 - x + 1) _l... (x _1) _1 
3 2 6 10 2 4 . 

= x3 _lx 2 +lx _ _ 1 
2 5 20 ' 

And hence the required first four orthogonal polynomials are: 

fo(x)=l, ;;(x) =x-t , 

, 
ii) Now to determine the least-square approximation of the function g(x) = x' 

on [0, 1] with these polynomials, it remains to find the constants ai, i = 0, 1,2, 

Such that the required polynomial will be Y(x) = aofo(x) + a,f,(x) + a,f,(x)+a]f](x). 

For this we use equation (2.8) and orthogonality conditions: 

, ] 

i.e. E(ao,al'a"a]) = f w(x)[g(x)- L a/j(x)]'dx = minimum. 
o j=O 

For a minimum to occur, :: = 0, j = 0, 1, 2,3. Hence we have 
J 

, 1 
f w(x)x' Ij (x)dx 

a j - 0, , j = 0,1,2,3. Since w(x) = 1, we have 
f w(x)l] (x)dx 

ao 

o 

, , 1 
f w(x)g(x)/o (x)dx f(x' )dx 

-1 _ 0 , 
fio' (x )dx 
0 

, 
f g(x)I, (x)dx 

_ 0 , 3 fdx 
0 

, 1 
f(x ' )(x-1)dx 
o ' 4 

I J 2 5 f(x- - ) dx 
o ' 

_0 a2 - "--:-, ---
fi,' (x) 
o 
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I 

Therefore, the required least-square approximation for g(X) = X' on [0, 1] is: 

Or P(X) =~ X3 - ~~ X2 + ~~ X + : 3 is the required polynomial. 
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CHAPTER-3 

CHEBYSHEV POLYNOMIALS AND OTHER APPROXIMATING FUNCTIONS 

3.1. Chebyshev Polynomials 

This section wi ll be concerned with the theory of a class of orthogonal polynomials that 

are the basis for fitting non-algebraic functions with polynomials of maximum efficiency. 

i.e. a means of reducing the degree of an approximating polynomial with minimal loss of 

accuracy. 

3.1.1. Chebyshev Polvnomials and Approximations 

We turn now to the problem of representing a function with a minimum error. This is a 

central problem in the software development of digital computers because it is more 

economical to compute the values of the common functions using an efficient 

approx imation than to store a table of values and employ interpolation techniques. 

One way to approximate a function by a polynomial is to use a truncated Taylor seri es. 

This is not the best way in most cases. To study better ways, we first need to introduce 

the Chebyshev polynomials. 

The chebyshev polynomial of degree n over the interval [-I , I] is defined by the relation: 

T,,(x)=cos[ncos"x} ,forxE[-I,I]andn = 0,1,2,... (3.1) 

From which follows immediately the relation T,,(x) = T.,,(x). Let cos·lx = 8 so that 

x = cos 8 and (3. 1) gives: 

TIl(x) =cos (n8). for x E[-I , I] and n = O, 1, 2, ... . 

Hence To(x) = 1 and TI(x) = x. 

Using the trigonometric identity, cos(n- I) 8 + cos(n+ I) 8 = 2cosn8 .cos 8, we obtain: 

Tn.I(X) + TIl+I(x) = 2xTn(x), which is the same as: 

Tn+I (X) = 2xTn(x) - Tn.l(x) , for x E [-I , I] and n = 0, 1, 2, ... (3 .2) 

This is the recurrence relation which can be used to compute successively all Tn(x), since 

we know To(x) and TI(x). 
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The first six-chebyshev polynomials are: 

To(x) = I , 

T1(x) = x, 

T2(x) = 2x2 _ 1, 

T](x) = 4x] - 3x, 

T4(X) = 8x4 - 8X2 + I , 

T5(X) = 16x5 - 20x] +5x, 

- 58 -

T6(X) = 32x6 -48x4 + 18x2-1, and soon 

Figure 3.]. Chebyshev polynomials, T,,(x), n = ],2,3,4. 

Note that the coefficient ofxn in Tn(x) is always 2n-l
. 

Some properties of chebyshev polVl/omials 

• Ifwe set y = Tn(x) = cosn B, then we get 

dy 

dx 
IIsinnB d ,an 

sin B 

d 2 y -n 2 cosne+nsinnecotB 
= 

dx 2 . 2 Ll sm l7 

2 d
2
y dy 2 

So that (1- x ) - - x - + n y = 0 
dx 2 dx 

Which is the differential equation satisfied by Tn(x). 

2 dy -n y+x~ 
dx 

2 1- x 
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• An important property of Tn(x) is given by: 

IT", (x)T" (x)dx 

_ I )1 - x 2 

0, m 1' n 

71 
- , m = 11 l' 0 
2 

71, m = 11 = 0 

i.e. the polynomials form an orthogonal set W.r.t. the weight function h. 
I - x' 

(3.4) 

This property is easily proved since by putting x =costJ , the above integral becomes, 

ff ff 

fTm (cos e)Tn (cose)de = f(COS me)(cos ne)de 

o 0 

» 1fn1'm: 

ff ff 

± f(cos«n + m)l1)de + ± f(cos«n - m)l1)de = 

o 0 

[
Sin(m + n)B + sin(m - n )8 ]" = 0 

2(m+n) 2(m - n) 0 

» 1fn= m1'O: 

1 

fT2(X)dX 7r 'C---:, = - , for each n 2: 0 
-vI-x2 2 

- 1 

» 1fn= m=O: 

ff ff I} If 7r7r - (cos(O)de + - (cos(O)de = -+-= 7r. 
2 2 2 2 

o 0 

• The Chebyshev polynomial Tn of degree n 2: 1 has n simple roots in 

[-1 , 1] at: 

2k - 1 x, = cos(--7r) for each k = 1,2, . . . , n. 
2n 

Moreover, Tn assumes its absolute extrema at the points 

, k7r I k . h x, = cos(-) for eaCl = 1, 2, .. . , n, WIt 
n 
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T,/x~) = (_ I)k for each k = 1,2, ... , n. 

To prove the first part: 

2k - I 
If x, = cos(--n) for k = 1, 2, . . . , n, then 

2 11 

So x, is a zero of T" for each k = I , 2, . .. , n. Since T" is a polynomial of degree n, all 

zeros of T" must be of thi s form . 

TO show the second, note that r,:(x) = ~[COS(I1COS-1 (x»] 
dx 

when 1:0; k :0; n - I , 

n Sin(ncos-1(cos(k7r))) . (k ) 
T '( -' ) - n _ n sm n - 0 

n x, - - kn:-
1- Cos 2 (kn ) sin(- ) 

n n 

n sin(n COS - I x) 
r:--:> ' and that, 

vi -x' 

Moreover, since T" is a polynomial of degree n, r,: is a polynomial of degree (n-l ) and 

all zeros of r,: occur at these points. The only other possibilities for extrema of the 

function T" occur at the end points of the interval [-1, I] ; i.e., at x~ = 1 and x;, = -\. 

Since T"( x~ ) = cos (n cos' l (cos(kn ))) = cos (kn) = (-1)\ a maximum occurs at each 
11 

even value ofk and a minimum at each odd value. 

• Because of the relation T"(x) = cosn B , it is apparent that the Chebyshev polynomial 

have a succession of maximums and minimums of alternating signs, each of 

magnitude one. Further, because leos nBI =1 for nB = 0, 7r,2 7r , . . . , and because 

B varies from 0 to 7r, as x varies from 1 to -1 , Tn(x) assumes its maximum 

magnitude of unity n+ I times on the interval [-1, I] . 
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We have seen above that Tn(x) is a polynomial of degree n in x and that the coefficient of 

". T ( ). 2,,-1 x In n X IS . 

Of all polynomials of degree n where the coefficient of xn is unity, the polynomial 

T" (x) = 2' -n_ Tn(x), (n2': 1) has a smaller upper bound to its magnitude in the interval 

[-1 , 1] than any other. 

Theorem 

The polynomials of the form f;" when n 2': 1, have the property that 

~ = max If;, (x)1 ::; max IF" (x)1 for all monic polynomials Pn . 2n xe[-I ,IJ XE[~I ,ll 

Equality occurs only ifP" =f;,. 

Proof: 

Suppose not, i.e. ~ = max IT" (x)l;:: max IF" (x)1 for all monic polynomials Pn. 2" xe[ - J,l] .re[ - l ,l] 

Let Q = f;, - Pn. Since Pn and f;, are both monic polynomials of degree n, Q IS a 

polynomial of degree at most (n-l). Moreover, at the extreme points of f;" 

_, _ _ , _, (_ 1) ' _, 
Q(x, ) = T,,(x , )-Pn(x, ) = ~- Pn( x, ), 

The fact that 2 '~_ I ;:: IF:, (x)1 imp lies that, for k = 1, 2, .. " n, Q( x; )::; 0, when k is odd, 

and Q( x;);:: O. when k is even, 

Since Q is continuous, the Intermediate Value Theorem can be used to show that the 

(n-l)st-degree polynomial Q must have at least n zeros in the interval [-1 , 1], which is 

clearly impossible unless Q = 0, This implies f;, = Pn, which establishes the result. II 

Thus, in chebyshev approximation, the maximum error is kept down to a minimum, 

This is often refen'ed to as minimax principle, By this process, we can obtain the best 

lower order (degree) approximation, called the minimax approximation, to a given 

polynomial. 

And this is important because we will be able to write power series representations of 

functions whose maximum errors are given in terms of thi s upper bound. 
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• By rearranging the chebyshev polynomials, we can express powers of x in terms of 

them: 

1 = To 

x=1i 
, 1 

x =-(To +T, ) 
2 

3 1 
x = - (3T, + T3), 

4 

, 1 
x ~ g (3T, + 4T, + T,) , 

5 1 
x = - (10T, +5T3 +Ts )' 

16 

6 1 
x = - (10T" +15T, + 6T. + T6)' 

32 

, 1 
x = - (35T, +217; +7T, +T, ), 

64 

8 1 
x = - (35T" + 56T, + 2ST. + ST6 + T,), and so on. 

128 

Example : 1. 

(3.5) 

Obtain the minimax approximation to the cubic 1/3x3 + 2X2 on [-1,1] . 

Solution 

Using the relations given in (3.5), we write 

1I3x3 + 2X2 = _I (3T, + T3) +2X2 
12 

= 2X2 + 114T1(x) + 1112T3(x) 

= 2X2 +114 (x) + 1I12T3(x) , as T1(x) = x. 

Since T3(X) is a polynomial of degree 3, the required lower-order approximation to the 

given cubic is 2x2 +114 (x). This implies 1I3x3 + 2X2 _ (2x2 +114 (x)) = 1/12T3(X), and 

hence the maximum elTor of this approximation on [-I, I] is: max _I_ IT 3 (x)1 = 0.08333. 
- J:s xs I12 
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3.1.2. Economization of Power Series 

To describe this process, we consider the power series expansion of f(x) in the form: 

f(x) = Ao + A]x + A2X2 + ... + Anxn, (-I::; X ::; I) (3 .6) 

Using the relations given in (3.5), we convert the above series into an expansion 111 

Chebyshev polynomials. We obtain 

f(x) = Bo + B] T](x) + B2 T2(x) + ... + BnTn(x), (3.7) 

For a large number of functions, an expansion as in (3.7) above converges more rapidly 

than the power series given by (3.6). This is known as economization of the power series. 

We are now ready to use Chebyshev polynomials to "economize" a power series. 

Example: 2. 

Consider the Maclaurin series for eX: 

x x 2 x3 x4 x5 x 6 
e =I+x+-+-+-+ - +--+ .... 

2 6 24 120 720 
If we would like to use a truncated series to approximate eX on the interval [0, 1] with a 

precision of 0.001, we will have to retain terms through that in x6
, because the error after 

the tenn in x5 will be more than 11720. Suppose we subtract (_ 1_ )( T6) from the 
720 32 

truncated series . We note from eq. (3.3) that thi s will exactly cancel the x6 term and at the 

same time make adjustments in other coefficients of the Maclaurin series. Because the 

maximum value of T 6 on the interval [0, 1] is unity, this will change the sum of the 

truncated series by only, (_ 1_ ).(_1_ ) < 0.00005, which is small with respect to our 
720 32 

required precision of 0.001. Perfonning the calculations, we have: 

2 3 4 5 6 
x X xx x xII 642 

e =1+x+ - +-+-+ - +---.(- )(32x -48x +18x -1) 
2 6 24 120 720 720 32 

x3 x 5 
eX = 1.000043 +x+0.499219x2 +- +0.043750x4 +-

6 120 
(3.8) 
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This gives a fi fth-degree polynomial that approximates eX on [0, 1] almost as well as the 

sixth-degree one derived from Maclaurin series. (The actual max imum error of the fi fth­

degree expression is 0.000270; for the sixth-degree expression it is 0.000226.) We hence 

have "economized" the power series in that we get nearly the same precision with fewer 

terms. 

By subtracting I T 5 we can economize further, getting a fourth-degree 
(120)( 16) 

polynomial that is almost as good as the economized fifth-degree one. 

Because of the relative ease with which they can be developed, such economized power 

seri es are frequently used for approximations to functions and are much more efficient 

than power series of the same degree obtained by merely truncating a Taylor or 

Maclaurin series. 

x eX Maclaurin, Economized, Economized, Maclaurin, 

sixth-degree fifth-degree fourth-degree fourth-degree 

0 1.00000 1.00000 1.00004 1.00004 1.00000 

0.2 1.22 140 1.22140 1.22142 1.22098 1.22140 

0.4 1.49182 1.49182 1.49 179 1.49133 1.49173 

0.6 1.8221 2 1.82211 1.82208 1.82212 1.82 140 

0.8 2.22554 2.22549 2.22553 2.22605 2.22240 

1.0 2.71828 2.71806 2.7 180 1 2.71749 2.70833 

Maximum error 0.00023 0.00027 0.00078 0.00995 

Table 3. 1 Comparison of elTors of economized power series and a Maclaurin seri es for eX. 

The maximlml error in the economized fifth-degree polynomial is only slightly greater 

than in the sixth-degree Maclaurin seri es. The economized fourth-degree polynomial 

incurs a maximum error about three and one-halftimes as much, but sti ll within the 0.001 

lim its that was initially imposed. In contrast, a fo urth-degree Maclaurin seri es has an 

error nearly ten times greater than the 0.001 to lerance, and its error is over twelve ti mes 

that of the fO Ulth-degree economized foml. 
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Chebyshev Series: 

By substituting the identities given by (3.5) into an infinite Taylor series and collecting 

tenns in T;(x), we create a Chebyshev series. For example, we can get the first four tenns 

of a Chebyshev series by staliing with the Maclaurin expansion for eX. Such a series 

converges more rapidly than does a Taylor series on [-1 , I]: 

x 2 x 3 x4 
eX = 1+x+-+-+- + .. .. 

2 6 24 

Replacing tenns by eq. (3.5), but omitting polynomials beyond T3(X) because we want 

only four tenns, we have: 

x II 1 
e = To + TI + - (TO + T2) + - (3TI + T3 ) + - (3To + T2 + ... ) + 

4 24 192 

1 I 
--(lO TI + 5T3 + ... ) + (10 To + 15T2 + ... ) + ... . 
1920 23 ,040 

= 1.2661 To + 1.1 302T1 + 0.2715T2 + 0.0443T3 + .... 

To compare the Chebyshev expansion with the Maclaurin series, we convert back to 

powers of x, using eq. (3.3): 

eX = 1.2661 + 1.1302(x) + 0.2715(2x2-l) + 0.0443(4x3-3x) + ... 

= 0.9946 + 0.9973x + 0.5430x2 +0.1772x3 + .... (3.9) 

x eX Chebyshev Error Maclaurin Error 

-1.0 0.3679 0.3631 0.0048 0.3333 0.0346 

-0.8 0.4493 0.4536 -0.0042 0.4346 0.0147 

-0.6 0.5488 0.5534 -0.0046 0.5440 0.0048 

-0.4 0.6703 0.6712 -0.0009 0.6693 0.0010 

-0.2 0.8187 0.8154 0.0033 0.8187 0.0001 

0 1.0000 0.9946 0.0054 1.0000 0.0000 

0.2 1.2214 1.2172 0.0042 1.2213 0.0001 

0.4 1.4918 1.491 7 0.0001 1.4907 0.0012 

0.6 1.8221 1.8267 -0.0046 1.8160 0.0061 

0.8 2.2255 2.2307 -0.0051 2.2054 0.0202 

1.0 2.7183 2.7121 0.0062 2.6667 0.0516 

Table 3.2. Comparison of Chebyshev seri es for eX with Maclaurin series : 
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Table 3.2 compare the error of Chebyshev expansion, eq. (3.9), with the Maclaurin series, 

llsing terms through x3 in each case. The table shows how Chebyshev expansion attains a 

smaller maximum error by pemlitting the error at the origin to increase. The error 

distributes more or less uniformly through out the interval. In contrast to this, the 

Maclaurin expansion, which gives very small errors near the origin, allows the error to 

bunch up at the ends of the interval. 

Example: 3. 

Economize the series 

) S 7 

Sinhx = x + ~ + -"-- + _x_ , on the interval [-1, 1], allowing for a tolerance of 0.0006. 
6 120 5040 

Solution 

Since 115040 = 0.000198, the truncated series 

) 5 

Sinhx = x + ~+ -"-- will produce a change in the fourth decimal place only which is 
6 120 

below 0.0006. We know convert the powers of x in the above expression in to chebyshev 

polynomials by using the relations given in (3.5) . This gives 

Sinhx =T,(x)+_1 (3T,(x)+T)(x»+ 1 (10T,(x)+5T)(x)+Ts(x» 
24 120(16) 

216 l7 1 
=-T (x)+-T (x»+--T (x) 

192 ' 384 ) 1920 s 

Since-
1
- = 0.00052 which is again less than our tolerance, the required economized 

1920 

series is therefore given by sin hx = 216 T, (x) + ~ T) (x» 
192 384 

216 17 ) 
=-x+-(4x -3x) 

192 384 

381 17) 
=--x+-x 

384 96 
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3.2. Trigonometric Polynomial Approximations 

In practical interpolation and approximation problems, we encounter special properties of 

the function to be approximated. One common situation is that the function is known to 

be periodic; that is, there is some constant, r - say the period of the function - such that 

f(x + r) = f(x) for all x. 

Many physical phenomena, such as most wave theories - e lectromagnetic, sound, and 

water waves, for example - exhibit such periodic behaviour. 

Since the only periodic polynomials are the constant functions, one has to use other 

function classes for the effective approximation of periodic functions. Hence 

trigonometric functions are often be employed. 

To simplify the theory, we fix the period as being 2 lr and the interval over which we 

seek our approximation to be [-lr , lr]. Other periods or intervals can easily be handled 

with a simple linear change of the independent variab le. 

We say that Sn(x) is a trigonometric sum (polynomial) of order at most n, if 

1 " 
S,,(x) =- ao + L(a, coskx+b, sinkx) , 

2 ' =1 

(3. 10) 

the coefficients ak and bk are real numbers. It is a trigonometric polynomial obtained by 

truncating a trigonometric series (sum) of the form 

1 ~ 

S,, (x) =-ao + L(a, coskx+b, sinkx) 
2 '=1 

We consider the representation ofa function f(x) defined in the interval [-lr ,lr] in terms 

of trigonometric polynomials. 

If f(x) is defined in some other interval [a, b] , a simple linear change of variable can 

reduce the problem to the case of the interval [- lr , lr]. 

A basic result on approximation by such trigonometric sums is again due to Weierstrass 

and can be stated as : 

\ 

c· 
... iO.'i 
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Let f( e) be continuous on [-7r, 7r} a nd periodic with period 2 7r. Then for any & >0, 

there exists an n = n( &) and a trigonometric sum, S,,( e), such that If( e )-S,,( e) I < & for 

all (). 

If f(x) is periodic of period 27r and square integrable on [-7r , 7r] , we can seek a 

trigonometric sum of the form (3.10) for which 

, ] 

Ilf - Sn 112 = « J[f( x) -S" (X)] ' )2 
-, 

is a minimum with respect to all such sums. 

The trigonometric functions satisfy the orthogonality relations 

, {o 
JcoSjXCOSkxdX= 7r 

" {o J sin Jx sin kxdx = 7r 

" 
Jsinjxcoskxdx= ° 

- ff 

j",k 

j=k",O 

(3.11 ) 

By using these results in the normal system obtained by minimizing (3.10), we find 

1 " 
a,= - Jcoskxf(x)dx , (k = O, 1, 2, ... ,n) 

7r _" 

1 ff 

b, = - JSin kx f (x) dx, (k = 1,2, ... , n) 
7r 

- ff 

(3.12) 

The trigonometric sum (3.10) with coefficients given in (3.12) determines the best least 

squares approximation of order n to f(x) by such sums. 

Remark: Given a function f(x) which is integrable over the interval [-7r, 7r], we can 

1 · . 
define the Fourier Series for f(x) by F(x) =- ao + I (a, coskx+ b, S111 kx) 

2 ,.] 

Where ak and bk are given by allowing n~ co in (3.12). 

Hence the truncated Fourier series Fn(x) for f(x) is the best trigonometric polynomial of 

degree n or less in the sense of minimizing (3.11) 
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The Fourier Series converges unifonnly to f(x) if f(x) is periodic with period 2;rr and is 

continuous with a piecewise-continuous first derivative. 

Note: If the period of f(x) is some number p, then the change of variable &= 2;rr x results 
p 

in a function g( &) = f( P& ) which has period 2lr . 
2;rr 

Example4. 

Find the coefficients of the Fourier Series expansion of the saw tooth wave defined by 

f[x +2klr )=x,xe(-lr, lr ) 

Solution: 

The coefficients ak of the approximation wi ll all be zero since x.coskx is an odd function 

and the integration in (3.12) is over a symmetric interval. For the coefficients of the sine 

tenns, we get b, = ~ Jxsin kx dx = (21k)(_ I)k+l. So that the Fourier series for the 
;rr 

-ff 

00 ( 1) '+1 . kx 
function x over [-;rr, ;rr) is 2 I - sm = 2sinx - sin2x + 2/3sin3x - . ... 

k_ 1 k 

This expansion converges to f[x +2k;rr ) = x, and hence the function is approximated by 

this trigonometric series. 
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3.3 . Spline Approximation 

The previous chapters were concerned with the approximation of arbitrary functions on 

closed intervals by the use of polynomials. While the oscillatory nature of high degree 

polynomials and the property that a fluctuation over a small portion of the interval can 

induce large fluctuations over the entire range, restricts their use when approximating 

many of the functions that arise in actual physical situations. 

An alternative approach that can be used to obtain interpolatory functions is to divide the 

interval in to a collection of subintervals and construct a (generally) different 

approximating polynomial on each subinterval. Approximating by functions of this type 

is called piece-wise polynomial approximation. 

3.3.1. Cubic Spline Interpolation 

The simplest types of piece wise polynomial functions on an interval [xo, Xl ] is the 

function obtained by fitting a linear and quadratic polynomials between each successive 

pair of nodes. i. e. constructing a linear or a quadratic on each subinterval agreeing with 

the function at the end points of the subintervals. 

However there is a difficulty with these procedures because the curves has to be chosen 

in such a way that not only the curve itself, but also its slope and curvature are continuous 

functions. Linear and quadratic functions fail to satisfy these conditions. 

One of the most popular techniques presently in use is the type of piece wise polynomial 

approximation using cubic polynomials between each successive pair of nodes, which is 

called cubic spline interpolation. A general cubic polynomial involves four constants; so 

there is sufficient flexibility in the cubic spline procedure to ensure not only that the 

interpolant is continuously differentiable on the interval, but that it has a continuous 

second derivative on the interval as well. 
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Definition: 

Given a function f defined on [a, b] and a set of numbers, called, nodes or knots , 

a = Xo < X, < X2< , .. <Xn = b, a cubic sp line interpolant, S, for f is a function that satisfies 

the following conditions : 

a) Sex) is a cubic polynomial, say Si(X), in each subinterval [Xi, Xi+l] i = 0,1,2, .. " 

n-I; from this condition, we obtain: 

So(x), Xo :0: x:O: x, 

S, (x), x, :0: x :0: x , 
Sex) = 

S n - ] (x) , X II _ I $ X :$ XII 

b) S(Xi) = [(Xi) =Yi for each i = 0, 1,2, " " n; 

This interpolation condition gives: 

S(xo) = So(xo) = yo; 

S(XI) = S ,(X, ) = YI; 

S(Xn) = Sn-I (xn) = Yn, 

c) Sex), S '(x ) and S ' (x) are continuous on [a, b] 

This continuity condition yield relations of the type: 

i) Si(Xi+l) = Si+ I(X;+I) 

ii) S: (x i+,) = S:+, (x i+!) 

d) One of the following set of boundary conditions is satisfied: 

i) S" (x o) = S"(x,,) =0, (Free boundary condition) 

ii) S'(x o) = f'(x o) and S'(x,,) = f'(x,,) ,(Clamped boundary conditions) 

When the free boundary conditions occur, the spline is called a natural spline, 

To construct the cubic-spline interpolant for a given function f, the conditions in the 

definition can be applied to the cubic polynomials , 

Si(X) = ai + bi(x- Xi) + Ci(X- Xi)2 + di(x- Xi)3 for each i = 0, 1,2, .. " n-1. 

Clearl y, f(xi) =S(Xi) = Si(Xi) = ai, 
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ai+l= Si+I (Xi+l) = S;(Xi+l) 
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= ai + bi(Xi+l - Xi) + Ci(Xi+l- xi + di(Xi+l- Xi)3 for each i = 0,1, 2, ... , n-2 . 

If we denote xi+l- Xi = hi and in addition, if we define an = f(xn) , it can be seen that the 

equation 

ai+l= ai + bi hi + ci(hi + di(hi holds for each i = 0,1, 2, ... , n-1. (3.13) 

In a similar manner, define bn = S'(x,,) and observe that 

S; (x) = bi+ 2Ci(X- Xi) + 3di(x- xi it follows that: 

S;(XJ = bi for each i = 0,1, 2, ... , n-1. 

Applying condition c(ii), 

bi+l= bi + 2Ci hi + 3di(hi)2 for each i = 0, 1,2, .. . , n-1. (3.14) 

S"(X ,, ) 
Another relation between the coefficients of Si can be obtained by defining Cn = -"-""-

2 

and again applying condition c(iii), 

Ci+l= Ci + 3di hi , for each i = 0,1 , 2, ... , n-1. (3.15) 

Solving for di in eq.(3. 15) and substituting this value into eq.(3.13) and (3 .14) gives the 

new equations: 

ai+l= ai + bi hi + (hi1l3 (2Ci+ Ci+l) (3.16) 

and bi+l= bi + hi (Ci + Ci+l ) for each i = 0,1, 2, ... , n-1. (3.17) 

The final relationship involving the coefficients can be obtained by solving the 

appropriate equation in the form of eq. (3.16), first for bi; 

1 h 
b. = - (a . I-a. )- -' (2 e. +e . ,) 

I h. 1+ / 3 I 1+ , 
(3.18) 

and then, with a reduction of the index, for bi_" 

I h;-, 
b;-, = -;;-, (a; - a;_, ) - -3- (2e;-, + eJ . 

,-

Substituting these values in to the equation derived from eq. (3.17), when the index is 

reduced by one, gives the linear system of equations: 

seminar Report on Approximation of Functions 



- 73 -

(3.19) 

for each i = 0,1,2, ... , n-1. 

This system involves, as unknowns, only {c; to, since the values of {h; t-~ and 

{a ; to are given by the spacing of the nodes {Xi };'=o and the values of f at the nodes. 

Note that once the values of {c , to are known it is a simple matter to find the remainder 

of the constants {hi t~ from eq.(3 .18), and {d, };':~ from eq. (3.15) and to construct the 

cubic polynomials {S, t~ . 
Equation (3.19) constitute (n-1) equations in (n+1) unknowns, co, Cl , . . . , cn• 

Clearly two further relations are required in order that a unique interpolating spline may 

be found. These conditions are end conditions (boundary conditions) stated in (d). 

Example. 4. 

Fit a natural cubic spline to the following data 

x 

y 

1 

-8 

and compute i) y(1.5) 

ii) y'(I) 

Solution: 

2 

-1 

3 

18 

Here n =2 and by (d), S" (x 0) = S"(l) = S" (x 2) = S"(3) = ° ( Free boundary condition). 

S;'(x) = 2Ci + 6di(x-xi), 

:. S;'(x;l = 2Ci . 

Hence S" (x 0) = S ~ (x 0) = 2c 0 = ° , implies Co = 0. And 

S" (x 2) = S;'(x 2) = 2c 2 = 0 , implies C2 = 0. 

So it remains to find Cl. To do so, first: 

f(xi) = S(Xi) = Si(Xi) =ai, i = 0, I , 2. 

: . Hence an =f(xo) = f(l) = -8, 

al =f(Xl) = f(2) = -I , 

a2 =f(X2) = f(3) = 18. 
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Using eq.(3. 19), and using {h, };'=-~ = spacing of the nodes, we have: 

4cI = 3(19)-3(7). This implies CI = 9. 

1 h 
Nowusingeq.(3.18) h, =-;; (a'+l -a,)-t(2c, +c,+l),wehave 

, 

bo = 1 (7)-113(9) = 4 

bl = 1(18+1)-113(18) = 13 

And from eq.(3. 15), we have: d, = C'+l - C, 
3h, 

do = (cl-co)/3 =3 

d l = (C2-CI)/3 = -3 

For the interval 1 :<;; x :<;; 2, the cubic spline obtained is given by: 

So(x) = ao + bo(x-xo) + co(X-XO)2 + do(x-xO)3 

= -8 + 4(x-1) +3(x-1)l 

= 3(x-l)l + 4x-12. 

And therefore; y(1.5) ", So(1.5) = S(1.5) = (-45)/8. 

So (1) = S'(1) = bo + 2co(1-xo) + 3do(1-xo)2 

= bo = 4. 

Or So(x) = 9(x_1)2 +4 

Hence So (1) = 4. 

Note: The cubic spline has produced a better approximation when the interval is halved. 
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3.3 .2. 8- Splines 

B- splines can be of any degree, but this subsection will concentrate on the discussion of 

cubic B-splines only, because in computer graphics and other applications, the B-splines 

of degree 2 or 3 are generally found to be sufficient. 

The cubic B-spline resembles the ordinary cubic splines of the previous subsection in that 

a separate cubic is derived for each pair of points in the set (interval). However, the B­

spline need not pass through any or all of the data points that are used in its definition. 

Further, the B-spline curves are non global. 

Specifically, a cubic B-spline (or a B-spline oforder 4) , denoted byB 4i{x), is a cubic 

spline with knots ki-4, ki-3, ki.2, ki.], and ki' which is zero everywhere except in the range 

ki-4< x < ki. In such a case, the B-spline B4i{X) is said to have support [ki.4, k;J . 

The B-splines may be defined in several ways. A useful representation is that based on 

divided differences and this will be given in the next section. 

Let the set of data points be (Xi, Yi), i =0, 1,2, ... , n and a :S; x:s; b. Let S{x) be the cubic 

spline with knots k], k2, . .. , k p where a < k \< k2< . .. < kp< b. Then the cub ic sp line B4,S{X) 

with knots k], k2, k3, ~, and ks must sati sfy the follow ing properties 

i) On each interval , the B-spline must be a polynomial of degree 3 or less, 

ii) The B-spline and its first two derivatives must be continuous over the entire curves, 

iii) B4,s{x) > ° inside [k \, ks], i.e. , the B-spline is nonzero only over four successive 

intervals, 

iv) B4,S{X) is identically zero outside [k], ks], and 

v) For each knot value, the swn of all the B-splines in the given range is equal to I. 
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S xl 

--~~--------L---------~~------7X 
-2 -1 0 2 

Fig. 3.2 . The graph of a B-spline of degree 3 with knots - 2, -1,0, 1,2. 

m this figure, Sex) has the following properties 

i) S( -2) = S(2) = 0 and S(O) = 1 

ii) S' (- 2) = S' (2)=0 and 

iii) S"( - 2) = S"(2) = 0 (3 .20) 

Suppose now we have p knots, k], k2, ... , kp . To compute the cubic B-splines at kI and kp, 

we require eight additional knots. To obtain the full set of B-splines, we then introduce 

eight additional knots, k-3, k-2, k], ko, kp+I ' kp+2' kp+3 and kp+4. 

These are chosen such that: 

k_3< k_2< k-I < ko = a 

and (3 .21) 

where [a, b] is the given range such that a < kI and kp< b. We have now p+4 cubic B­

splines in the range a sxsb and then the cubic spline Sex) can be represented as a linear 

combination of the (p+4) cubic B-splines in the unique fonn . 

p+4 

Sex) = L a,B4 .;Cx) (3.22) 
j :: ] 

a) Representations of B-splines 

To define the cubic B-spline at x = ki , we first consider the five knots ki-4, ki-J, ki-2, ki-I 

and ki, where a < ki_4 and ki < b. We also define the function 

J {pJ, whenP ~ O 
P = 

+ 0, when P s O 
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Then a unique representation of the cubic B-spl ine with knots ki-4' ... , ki is given by 

, , 
S(x) = B4.i(X) = Z>JxJ + L,B", (x - k,,,)! (3.24) 

)=0 111==;- 4 

Another representation of the B-spline, a traditional one, is through divided differences. 

The divided difference of fourth order of the function (k p - x)l with respect to the knots 

ki-4, ki-3, ki-2, ki-I and ki as arguments is denoted by [ki-4, ki-3, ki -2, ki_1 , ki]. We then have: 

B4,i(X) = [ki-4' ki-3, ki -2, ki_1 , ki] 

= (k'_4 - x)! + 
(k'_4 - k,_, )(ki-4 - k,_, )(k'_4 - k'_1 )(k'_4 - k,) 

(k, - x)! 
=------------~--~------------

equation (3 .25) can be expressed in the more compact form 

B
4
,i(X) = :t (k,:, - x) ! 

m=i- 4 7r4 ,j(km ) 

More generally, a B-spline of order n (degree n- I) is defined by 

Bn,i (X) = [ki-n, ki-n+l , .. . , ki] 

' (k )"-1 
= L III, - x + 

111 =;- 11 trn i (kill) 

where 

Recalling that 

k -k 4 I /-

We obtain the relation 
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Which is a recurrence relation. Similarly, for B-splines of order n, we obtain the relation 

B .(x) = B,,_,.i (x) - B,,_,.H (x) 
11,1 k. -k. 

, I-II 

(3.32) 

for a recursive computation of the B-splines Bn,i(X). Unfortunately, computational 

algorithms based on formula (3.32) have been found to be numerically unstable even for 

simple examples. 

Example. 5. 

Using the relation (3 .24), determine the cubic B-spl ine Sex) with support [0, 4] on the 

knots 0, 1, 2, 3, 4. Show further that such a representation will be unique if SCI) is 

specified. 

Solution 

Since Sex) is a cubic B-spline over [0, 4], we have 

i) 

Also, ii) 

S(O) = S' (0)= S"(O) = S(4) = S' (4) = S"(4) = 0 

S' (2) = 0, 

iii) SCI) = S(3) by symmetry. 

On [0, 1], let Sex) be given by 

iv) 2 1 S(x) = a o+ a,x+a,x +a3 x 

Since S(O) = 0, we obtain a o = O. 

Also S' (0) = S"(O) = 0 give a, = a, = 0 

Accordingly, (iv) becomes 

v) Sex) =a3 xl which is the cubic B-spline on [0, 1] satisfying the conditions 

S' (0) = 0 =S"(O). 

For definiteness, let 

vi) S(l) = S(3) = Po. Then (v) gives 

vi i) Po = S(I ) = a3 so that a3 = Po and (v) is written as 

viii) Sex) = Po Xl 

Let the cubic B-spline on [0, 2] be written as 
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ix) Sex) = flo xl + fll (X - I)! where fll is to be detemlined. 

Using the condition S' (2) = 0, we obtain 

o = 12 flo + 3 fll so that 

x) fll = -4 flo· Hence (ix) becomes 

xi) Sex) = floxl -4flo(x - I) ! which represents the cubic B-spline valid in the 

interval [0, 2]. 

On the interval [0, 3] let the cubic B-spline be written as 

xii) Sex) = flo xl -4 flo (x - I)! + fll (x - 2)! 

Since S(3) = flo, we obtain 

flo = flo (27) - 4 flo (8) + fll so that fll = 6 flo. Then (xii) becomes 

xiii) Sex) = flo [Xl -4 (x - I)! +6(x - 2) ! ] 

Finally, on the interval [0,4], let the cubic B-spline be represented by 

xiv) Sex) = flo [xl -4(x - l) !+6(x -2)! ] + fl , (x -3)! 

Since S( 4) = 0, we obtain 

0 = S(4) = flo[64 - 108+48] + fl , so that fl ,= -4flo' 

Hence, the cubic B-spl ine with support [0, 4] may be written as 

xv) Sex) = flo [Xl -4 (x - I) ! +6(x - 2)!+ - 4(x - 3)! 

If the value flo = S(1) is specified, then the representation given by (xv) is unique. 

Further, it is easi ly verified that S' (4) = S"( 4) = O. 

b) The Cox-de Boor Recurrence Formula 

Unlike to formula (3.32), algorithms based on the Cox-de Boor Recurrence relation have 

been found to be numerically stable and efficient. 

The Cox-de Boor Recurrence fonnula for calculating B-splines of order n is given by 

(3.33) 

and holds for all values ofx. 
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Proof 

The method of proof given below is that essentially due to Cox [1972]. For the sake of 

clarity, we prove the formula for n = 4 and the general result can be deduced in an 

analogous manner. We have 

and 

i 

L 
III = i - 3 

(k m - x)~ 
" 3,i(k lll ) 

i- I (k )2 B3,i-I (X) = L ,m - x + 

m=i-4 "3';-1 (k m ) 

Substituting (3.34) and (3.35) in (3.33) with n = 4, we obtain 

(3.34) 

(3.35) 

B4 i (X)=(X-ki- 4 J £.1 (km - x)~ +( ki - x J ± (kill -x)~ (3 .36) 
, k j -ki- 4 m=i-4"3,i-l(km) k j -ki- 4 m=i-3 "3 ,i (k lll ) 

i - I (k )2 (k )2 i I (k )2 
But I --'---, -'Cm'------ _x-'--'+_ - --,---,--i __ 4'--------_x--'--'+'- + i: , III - X + 

III =i- 4 7l'3,i- l (kill) 7l'3,i - l (k i - 4 ) m =i-3 7l'3 ,i- l (k m ) 

; 
and I 

III =;- 3 

Hence (3.36) simplifies to 

i - I (k ) 2 
= L ,:/-x+ + 

III = i - 3 tr3,i (k m ) 

(k; - x)~ 
7r3,;Ck;) 

B () - ( x - k i - 4 J[ (k i - 4 - x)~ ~I (kill - x)~ ] 
4 ' X - +L." 

,I k j -ki- 4 "3 ,i - l(ki- 4 ) m=i -3"3, i- l(km ) 

From (3.29), we have 

7r3 i (x) = (x - ki_3)(X - k i_2)(X - ki- I)( x - ki) , 

and 7r3 i (x) = (x - ki_J)(x - ki-2)(X - ki_I)( x - k;) , 
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Also from (3.26), we obtain 

7l'4 i (ki-4) = (ki-4 - k i-3)( ki-4- ki_2)( k i-4 - ki_l ) ( ki -4 - k i) , 

From (3.39) and (3.40), it follows that 

( ki-4 - ki) 7l'3 H (ki-4) = 7l'4 i (ki-4) , , 

Again, from (3.38), we obtain 

7l'3 i (ki) = ( k i- ki-3)( k i - kd(ki - ki-I ) , 

and from (3 .26) 

7l'4 i (ki) = (ki - ki-4)( k i- k i-3)( ki - ki_2)(ki - k i_l ) , 

From (3.42) and (3.43), it follows that 

( ki - ki-4) 7l'3 i-I (ki) = 7l'4 i (ki) , , 

Equation (3.37) can now be simpli fied as 

B .(x)= (x-ki- 4 )(ki- 4 -x)~ + (ki -x)(ki -x)~ 
4,1 '(k ) , -!Z'4,i i-4 !Z'4,Jki ) 

= + ~ (klll-x)~ [ ~-ki-4 + ~i -x 1 
m=/- 3 k j - k i - 4 !Z'3,i- l (km) !Z'3,i(km) 

)
3 3 

= (ki - 4 - x + + (k i - x) + 

!Z'4' (k _4) !Z'4' (k) ,1 1 , l I 

+ i-I (k )2 . k k I III - X + [ ~ - i - 4 + ,I - x 1 
m=i-3 k j - ki- 4 7Z'3 ,i-1 (k m ) 7Z'3 I (km ) 

)
3 3 

= (k i - 4 - x + + (k i - x)+ 

7Z'4'(k _4 ) !Z'4'(k) ,I 1 ,1 1 

+ II (km - x); [(x - ki~4)(km - ki) + (k i - x!(km - ki- 4 )) , 

m=i -3 k j - ki- 4 7Z'4 ,i(k m ) 7Z'4,i(km ) 

on substituting equations of the type (3.41) and (3.44). 

~ (km -x)! . I' fi . L. ' on simp I [catIOn. 
m=i-4 7l'4,i (km ) 

= 

This completes the proof of (3.33) for n = 4. 

Seminar Report on Approximation of Functions 

(3.40) 

(3.41 ) 

(3.42) 

(3.43) 

(3.44) 



- 82-

c) Computation of B-Splines 

To compute the cubic B-spline, say B 4i based on the knots kiA, ki-3, ki-2, ki_l and ki we 

need to compute the elements in the following anay 

B l ,i-4 

B2,i-3 

B3,i-2 

B2,i-2 B4,i -l 

B3,i-l 

B 2,i-l B4,i 

B 3,i 

B2,i 

In computing the above anay, advantage can be taken of the fact that some of the 

elements are zero. Thus, for example, if k i-4 :s; x < ki_3, then using the relation 

1 
1 , if Xi _I :s; X < Xi 

Bl,i = Xi - Xi _ J 

0, otherwise 

The above anay takes the fonn 

o 

o 
o 

o 
o 

o 

o 

/''''". \;12 4' 
I ' ------ .... , 

• 

The numerical computation of the B-splines will now become more simpler. 
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