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Preface 

Human beings have been confronted with multiple criteria deci sion making problems. 

Our food should test good, smell good, look good and be nutritious . We want to have a 

good life, which may mean more wealth, more power, more respect and more time for 

our selves, together with a good health and a good second generation, e.t.c. Indeed, in the 

records of human culture, all important political, economical and cultural events have 

involved multiple criteria in their evolution. 

Unlike single objective optimization problems In solving multi-objective optimization 

problem, we have solution set that is called efficient set. It is from this set decision is 

made by taking elements of efficient set as alternatives, which is given by analysts. 

This graduate seminar report contains seminar I and II together for qualification of M.Sc. 

programs in mathematics. Fundamental notions in multi-objective decision making and 

its historical back ground are briefly explained in chapter one. Furthermore the 

mathematical theories in multi-objective optimization of existence necessary and 

sufficient condition of efficient solutions and duality are explained in three chapters. 

I want to express my deepest gratitude to Dr. Semu Mitiku, my advisor for his very 

useful advice, suggestion and material support. Finally I am grateful to my friends and 

colleagues for their indispensable help in preparing this graduate seminar report. 

Particularly I would like to express my thanks to my famil y for their financial support; 

to Nega Dubre and Dereje Bekele for their friendship and active cooperation. 
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CHAPTER ONE 

1. Introduction and Problem Formulation. 

Every day we encounter various kinds of decision making problems as managers, 

designers, administrati ve officers, mere individuals, and so on, In these problems, the 

final decision is usually made through several steps; the structure model, the impact 

model, and the evaluation model even though they sometimes might not be perceived 

explicitly, 

By structure modeling, we mean constructing a model in order to know the structure of 

the problem, what the problem is, which factors compri se the problem, how they 

interrelate, and so on, Through the process, the objective of the problem and alternatives 

to perform it are specified, Hereafter, we shall use the notation 0 for the objective and X 

for the set of alternatives, which is supposed to be a subset of an n-dimensional vector 

space, 

In order to so lve our decision making problem by systems - analytical methods, we 

usually require that degrees of objectives be represented in numerical terms, which may 

be of multiple kinds even for one objective, We restrict numeri cal terms to phys ical 

measures (for example money, we ight, length, time" , ,),As a performance index, for the 

objecti ve 0 , an objecti ve function 1. : X ~ R' is introduced, The values of 1. (x) indicate 

how much impact is given on the objective 0 , ' by performing an alternative x, In thi s 

report we assume that a smaller value for each objective function is preferred to a larger 

one, 

Now we formulate our decision making problems as a multi-objective (vector) 

optimization problem: 

(P) Minimize/(x) = (J,(x), J, (x), ,, ,,/p (x» over XEX, 

In some cases, some of the constraint functions are required to minimize other objective 

functions, We denote these objective functions g j (x) ~ 0, forj = I,,,, m, We will consider 

the problem (P) itselfo r (P) accompanied by the constrai nt g , (x)~O, j = I,,,, m, 



Of coarse, an equality constraint h, (x) = ° can be embedded within two inequalities 

h, (x) $; ° and - h, (x) $; O,and, hence it doesn't appear in thi s report. 

Unlike the traditional mathematical programming with a single objective function, an 

optimal so lution in the sense of one that minimizes all the objective functions 

simultaneously does not necessarily exist in multi-objective optimization problems, and, 

hence, we are in trouble of conflicts among objectives in decision making problems with 

multiple objectives, The final decision should be made by taking the total balance of 

objectives in to account. Here we assume a deci sion maker who is responsible for the 

final decision. The decision maker's value is usually represented by saying whether or 

not an alternative x is preferred to another alternative x·, or equivalently whether or not 

f(x) is preferred to f( x"). In other words, the deci sion maker's value is represented by 

some binary relation over X or f(X). Since such a binary relation representing the 

decision maker' s preference usually becomes an order, it is called a preference order and 

it is supposed to be defined on the so called criteria space Y, which include the set f(X). 

Several kind of preference orders will be possible, sometimes, the decision maker cannot 

judge whether or not f(x) is preferred to f (x"). Such an order that admits incomparabil ity 

for a pair uf ubjects is called partial order, where as the order requiring the comparability 

for every pair of objects is called a weak order (or total order). In practice, we often 

observe a partial order for the decision maker' s preference. Unfortunately, however, an 

optimal solution in the sense of one that is more preferred with respect to the order, hence 

the notion of optimality does not necessarily exist for partial orders. Instead of strict 

optimality, we introduce in multi-objective optimization the notion of efficiency. A 

vector f (x·) is said to be efficient if there is no f(x) , x E X preferred to f (x·) with respect 

to the preference order. The final deci sion is made among the set of efficient solutions. 

This report is mainly concerned with some of the theoretical aspects in vector 

optimization problems; in particular we will focus on existence, necessary and sufficient 

conditions of efficient solutions. 

Chapter two is devoted to mathematical notions and preliminaries. The first section gives 

a review of convex sets, cones, convex func tions and other properties related to 

convex ity, which have important role in multi-objective optimization .The second 
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section, introduce point- to- set map that playa very important role, since efficient 

so lutions usually constitutes a set. The third section is concerned with a brief explanation 

of preference order. These concepts are fundamental for existence and 

necessary/sufficient condition for efficient so lutions. 

Chapter three begins with the introduction of several poss ible concepts for so lutions in 

multi-objective optimization. Above all , efficient so lutions wi ll be the subject of primary 

consideration in subsequent theories . Next, some properties of efficient solutions, such as 

existence and external stability wi ll be di scussed. 

Chapter four wi ll be devoted to the duality theory in multi-objective optimization. 

Duality is a fruitful result in traditional mathematical programming and is very useful 

both theoreticall y and practically. Consequently , it is quit interesting to extend the duality 

theory to the case of multi-objective optimization. In first section the duality theory in 

nonlinear cases will be discussed in parallel with the case of ordinary convex 

programming. Given a convex multi-objective programming problem, some new 

concepts such as the primal map, the dual map, and the vector valued Lagrangian wi ll be 

defined. The Lagrange multiplier theorem, the saddle point theorem, and the duality 

theorem will be obtained. The second section wi ll be devoted in deriving first order 

necessary and sufficient conditions for unconstrained cone d.c. programming problems. 

These conditions are given in terms of directional derivative and subdifferentials of 

component functions. Moreover, conjugate duality for cone d.c . optimization is discussed 

and weak duality theorem is proved in a more general partially ordered linear topological 

vector space. 
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CHAPTER TWO 

2. Mathematical Preliminaries 

This chapter is devoted to mathematical preliminaries. First, some fundamental results in 

convex analysis, second, the concepts of continuity and convexity of vector valued point 

- to -set maps are introduced. Finally the concepts of preference order, domination 

structure, and none dominated solutions are introduced to provide a way of specifying 

so lutions for multi-objective optimization. 

2.1. Elements of Convex Analysis 

As it is well known that, convexity plays a fundamental role in the theory of optimization 

with single objective. Since they are also fundamental in theory multi-objective 

optimization problems, some elementary results are summarized below. All spaces 

considered are finite-dimensional Euclidean spaces. 

2.1.1 Convex Sets 

In this subsection, we will first look at convex set, which are fundamental in convex 

analysis. 

A set D c R" is said to be convex ifaxi + (1- a) X2 E D for any XI, X2 E D and for any 

a E [0, 1] . The intersection of all convex sets containing a given subset D of Rn is 

called the convex hull ofD and is denoted by co D. D is also called a cone ifax E D, for 

xED and a>O. Further more, D is a convex cone when it is also convex. 

Proposition: a set Din R" is a convex cone iff 

(i). Xl E D and a > 0 imply a Xl ED, 

(ii). xl , x2 ED imply Xl + x2 ED 
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Proof: (=> ) suppose 0 in R" be convex cone then (i) fo llows from definition of a cone. 

S ince 0 is a convex cone for any x I, x2 E 0 , .!. x ' +.!. x' E 0 and also 
2 2 

I I 1 , I , 
2(- x +-x ) =x +x E D. 

2 2 

( <=) suppose (i) and (ii) holds true. Then for arbi trary x ' , x2 E D and a E [0,1] from (i) 

we have that a x' E 0 and(1 -a)x' E D . Using (ii) also we get a x' +(I-a)x' ED. 

Hence 0 is convex cone. 

A cone 0 c R" is said to be pointed if - x Ii! 0 when x * 0 and xE D. That is, 

o n (-D) = {OJ. More over 0 is said to be acute if there is an open half space 

" 
H + = {XE R" :< x, x*> > O} x** 0 such that clO c H + n{O}. The positive polar and 

strict positive polar of 0, denoted by D° and OSO are defined by 

D° = {x* E R" :< x, x*> ~ 0 fo r any x E D}; 

OSO ={x* E R" :< x, x*> > 0 for any non zero xE D} respectively. 

A set 0 in R" is said to be a po lyhedral convex set if it can be expressed as intersection 

of finite co ll ection of closed half spaces i. e if 

O={x :< bi, x> ~ ~ i (i = I ,,,., m)} , Where b; E R" and ~ i E R ( i= I ,,, .,m ). 

Further more, i f~i =0 for all i= I ,,, . , m in the above expression, 0 is said to be a 

polyhedral convex cone. 

Note that given a set 0 and convex cone K in RP, 0 is said to be K- convex if X + K is a 

convex set. Note also that a set 0 is convex ifand onl y if 0 is {OJ-convex. Moreover, if 

o is a convex set, it is K-convex for an arbitrary, nonempty convex cone K. 

2.1.2 Convex Functions 

In the fo llowing, we consider an extended real valued function ffrom R" to [-00,+00] Let 

f be a function fro m X c Rn to [-00, +00 ]. The set { (x, a)E X x R: f(x) ~ a} is ca lled 

the epigraph of f and is denoted by epi f. A function f is said to be a convex function on X 

if epi f is convex as a subset o f R"+I. A concave function on X is a function whose 
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negati ve is convex. An affine function on X is a function which is finite, convex, and 

concave. 

The effective domain of a convex function f on X, denoted by dom f 

is given by {x E X: there exist a E R such that (x, a) E epi f} ={x E X: f(x) < +oo} 

A convex function fon X is said to be proper iff(x) < (+00) for at least one x E X, and if 

f(x) > (-00) every where. Let X be convex set in R", f be function from X in to R" and D 

be a convex cone in RP . Then f is said to be D-convex if for x I , x2 E X and a E [0, I] 

a f(x l)+(I-a)f(x2) - f(a Xl +(1 - a) x2) ED 

Proposition: let X be a convex set in R" , fbe a function from R" in to RP and D be a 

convex cone in Rn 
• If the function f is D-convex, then the set f(X) is D-convex. 

Proposition: let X be a convex set in R", and f= (fl, ... Jp) be a function from R" in to 

R" . The function f is R: -convex if and only if each f; is convex, and in thi s case f(X) is 

RPvconvex. 

Proof: (~) Let f be R: -convex function. 

If x, y E RIl , then af(x) +(I-a)f(y)-f{ax+(I-a)y] E R;' , for a E[O, I] ,which implies 

a(fl(x), f2(X), ... , fp(x» +(l- a)( fl(Y)' f2(Y), .. , fp(Y)-( fl[ax+(l-a)y], f2 [ax+(l-

a)y] , ........ , fp [ax+(I-a)y]) E R;' 
~(a fl(x) + (1- a)fl(Y)' ... ' afp(x)+ (1- a) fp(Y»-( qax+(I-a)y], f2 [ax+(l-a)y], . .. , 

fp [ax+(I-a)y]) E R: 
~af;(x)+ (1- a)f;(y) -f;[ax+(I-a)y] E R:. 
Hence f; is convex for each i. 

(<=) Suppose f; is convex for each i. 

af(x) +(l-a)f(y)-f1ax+(I-a)y]= (a fl(x)+ (1- a)fl(Y)' ... ' afp(x)+ (1- a) fp(Y»-( fl[ax+( I­

a)y] , f2 [ax+(I-a)y], ... , fp [ax+(I-a)y]) .And since f; is convex for each i 

af;(x) +( I-a)f(y)-f;[ax+(I -a)y] E R: for each i. 

Therefore af(x) + (I-a)f(y)-f{ax+(I-a)y] E R:. 
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2.1.3 Conjugate Functions 

Let f be a convex functi on from R" to [-00, +00]' The function f' on R" defined by 

f' (x') = sup (<x, x'> -f(x): x E R"} , x' E R" 

is called the conjugate function of f. The conjugate of j' , i.e the function f" on R" 

defined by 

f"(x)= sup (<x, x'> - f'(x'): x' E R" }, X E R" 

is called the biconjugate function off. 

Proposition2. 1.3 (Fenchel's inequality) 

Let f be a proper convex function. Then f(x) + j' (x') ::0: <x, x'> for any x and x'. 

Proof: directly fo llows from the definition. 

2.1.4 Subgradients of Convex Functions 

Let f be a function from R" to [-00, +00], and let x be a point at which f is fin ite. The one­

side directional derivative of f at x with respect to a vector d is defined to be the limi t 

/ (x, d) = lim f(x + /d) - f (x) if it ex ist. 
I -tO ' I 

If f is actuall y differentiable at x, then / (x, d) =<Vf(x), d> for any d. Vf(x) is the 

gradient of f at x. 

Let fbe a convex function from R" to [-00, +oo].A vector x' E R" is said to be a 

subgrad ient off at x if 

f(x ')::o: f(x) + <x',x' -x> for any x' E R" 

The set of all subgradients of f at x is called the subdifferential of f at x and is denoted by 

o f(x). If o f(x) is not empty, fis said to be subdifferentiable at x. 

Proposition: Let fbe a convex func tion from R" to [-00, +oo].Then 

f(x ' ) = Min{ f(x): x E R" } iff 0 Eo f(x'), 

Proposition: Let f be a convex function and suppose that f(x) is finite .Then x* is a 

subgradient of f at x iff 
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l' (x, d) ;:, <x* ,d> for any d. 

2.2. Point -to -set Maps 

A point-to-set map F from a set X into a set Y is a map that associates a subset of Y with 

each point of X. Equivalently, F can be viewed as a function from the set X into the 

power set of Y (2 v). 

In multi-objective optimization problem, it is difficult to obtain a unique optimal solution. 

Solving the problem often leads to a so lution set. Thus, if the problem has a parameter, 

the solution set defines a point-to-set map from parameter space into the objective space. 

Deffinition2.2.!: If F is a point-to-set map from a set X into a set Y, then F is said to 

be 

(i) Lower semicontinuous (I.s.c) at a point XEX if {Xk} eX, Xk ~x, and YEF(x) 

all implies the existence of an integer m and a sequence {y'} e Y such that 

y' EF(x') fork ::O: m and y' ~y. 

(ii) Upper semicontinuous (u.s.c) at a point x E X if{ x'} e X, x' ~ x, 

y' E F(xk),and y' ~y implythat y EF(x) . 

(iii). Continuous at a point x E X if it is both I.s.c and u.s.c at x; and 

(iv). L.s.c. (resp.u.s.c, continuous) on X e X if it is I. s.c. (resp.u.s.c, continuous) at 

every x E X ' . 

Deffinition2.2.2 Let F be a point-lo-set map from Rn into RP and D be a convex cone 

in RP .The set {(x,y):x ERn ,y E RP, y EF(x)+D}is called the D-epigraph of F and is 

denoted by D-epi F. Note that for a convex cone D in RP, F is said to be D-convex if D­

epi F is convex. 
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2.3 Preference Order and Domination Structure 

In ordinary single- objective optimization problems, the meaning of optimality is clear. I 

usually mean maximization or minimization of a celtain objective function under given 

constraints. In multi objective optimization problems, on the other hand, it is not clear. 

Let us consider the case in which there is finite number of objective functions each of 

which is to be minimized. If there exist a feasible solution, action or alternative that 

minimizes all of the objective functions simultaneously, we will have an objection to 

adopting it as the optimal so lution. However, we can rarely expect the ex istence of such 

an optimal so lution, since the objectives usually conflict with one another. Thus in multi­

objecting optimization problems, the preference attitudes of the decision maker play an 

essential role that specifies the meaning of optimality or desirability. They are very often 

represented as binary relations on the objective space and are called preference orders. 

2.3.1 Preference Order 

A preference order represents preference attitude of the decision maker in the objective 

space. It is a binary relation on a set Y=f(X) c RP where f is the vector- valued objective 

function , and X is feasible decision set. 

The basic binary relation >- means strict preference, i.e. y>- z for y, z E Y means 

objective value y is preferred to z. We define two binary relation - and '= in relation with 

strict preference (>- ), as 

y - z iff not y >- z and not z >- y, 

y '= z iffy >- z orz - y 

The relation - is called indifference(y - z as y is indifference to z), and >- is called 

preference - indifference(y '= z as z is not preferred to y) . 

The binary relation used as preference or indifference orders have interesting properties. 

Some of these propelties of binary relations are listed below. 

A binary relation R on a set Y is : 

(1). Reflexive if y R Y for every y EY 

(2). Irrefilexive if not y R Y for every y E Y 

(3). Symmetric if y R z=>z R y, for every y, z E Y 

(4). Asymmetric ify R z=> not z R y, for every y, z EY 
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(5). AntiSymmetric if (y R z, z R y) =>y = Z, for every y, Z E Y 

(6). Transitive if (y R z, Z R w) =>y R w, for every y, z, w E Y 

(7). Negatively transitive if (not y R z, not Z R w) => not y R w, for every y, z, w E Y 

(8). Connected or complete if y R Z or z R y (possibly both) for every y, ZE Y 

(9). Weakly connected ify -t Z => (y R z or Z R y) throughout Y 

The preference order is usuall y ass umed to be at least a strict partial order, i.e. 

irreflexiveity of preference (y is not preferred to itse lf) and transitivity of preference. 

Lemma 2 .3 . 1 Let R be a binary relation on Y. 

(i) If R is transitive and irreflexive, it is asymmetric . 

(ii) [f R is negatively transitive and asymmetric, it is transitive 

(iii) If R is transitive, irrefilexive, and weakly connected, it is negative ly transitive 

Definition 2.3. J a binary relation R on a set Y is said to be 

(i). a strict partial order ifR is irrefil exive and transitive 

(ii) . A weak order ifR is asymmetric and negatively transitive, and 

(iii). A total order if R is irrefilexive, transitive and weakly connected 

From Lemma 2.3. 1 and Definition 2.3. 1 one can see that a binary relation R is: 

(i) . a strict partial order if it is asymmetric 

(ii). A weak order if it is transitive 

(ii i). A total order if it is negatively transitive 

Definition2.3.2 : Let Y be feasible set in the objective space RP and let >- be a 

preference order on Y then the element y . E Y is said to be an efficient element of Y 

wi th respect to the order >- if there is no y E Y such that y >- y . 

The set of all efficient element is denoted by c,(Y, >-) and 

c,(Y, >- ) = {y' E Y: there is no y E Y such that y>- y' }. 

Our aim in multi-objective optimization problem is to find the set of efficient elements 

(usuall y not singleton) 

2.3.2 Denomination Structure 

Preference orders (and more generall y, binary relationships) on a set Y can be 

represented by a point -to -set map form Y in to Y. [n fact, a binary relationship may be 
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considered to be a subset of the product set Y x Y, and so it can be regarded as a graph 

of a point -to -set map form Y in to Y.That means we identify the preference order >­

with the graph of the set valued map P: 

P(y) = {y' EY: y >- y' } 

[P(y) is the set of the elements in Y less preferred to y 1 
Another way of representing a preference order by point- to -set maps is the concept of 

domination structure (ordering cone) 

For each yE Y c RP we define the set of domination factor by 

D(y) = {d E R" : y >- y + d } U {O} 

i.e. deviation d from y is less preferred to original y . 

Then the point - to -set map 0: Y ~ RP represents preference order and we can call 0 

domination structure (ordering cone). 

Given a set Y in RP and a domination structure 0 (.) . The set of all efficient elements is 

defined by ~(y, D) = {y' E Y: there is no y* y' E Y such that y ' E Y + D(y)}. 

The set ~(y, D) is called the efficient set. 

Remark 2.3.1 

We can introduce a domination structure D' on a given domination structure 0 on Y as 

follows: 

D (x)= { d' E R" : f(x+ d' ) E f(x)+D(f(x» \{O}} n{O} 

If we denote D' = r' (D) and the set of efficient so lution in the decision space is 

{x: f(x) E~(Y, D) } = ~(x, r ' (D» 

The most important and interesting special case of domination structures is when 0(.) is a 

constant point - to- set map, particularly when D(y) is a constant cone for all y. When 

D(y) = a cone D. 

o as preference order is : 

(i). Asymmetry iff d E 0, d t 0 =>-d Ii" 0 iff 0 is pointed 

(ii) . Transitive iff d, d ' E D => d + d ' E 0 iff 0 is convex . 

Pointed convex cones are often used to define domination structure and write 

ySDY' iff Y- YE Dfor y,y'E R"and 
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y <D y' => y ' - YE O but Y - y ' li! 0 for a convex cone 0 in RP . 

If 0 is pointed Y <D y' iff y' - Y E D\{ O}. 

If 0 =Rp+ the subscript 0 is omitted and 

Y $ y ' iff Yi $ y'i for all i = l , ... ,p 

Y < y ' iff Y $ y' and y '" y' 

l. e y, $ Y i for all i =1, ... ,p 

Yi < Y i fo r some i =1, ... ,p 

Moreover we write 

y< y iff Yi < y ' i for all i = l , .. ,p. 

Lemma2.3.!: Let Y be a set and 0 be a pointed convex cone in RP. Then 

, ' d ' J' l ' J Y $f) Y an Y <f) Y Imp Y y <D Y , 

y' <f) y ' and y' $/) y' imply y' <f) y' , 

Or in the form of contraposition, 

, J d ' , . 1 ' \.- J Y '><:.,) Y an Y $f) Y Imp Y Y ' D Y 

y' '><:." y 3 and y ' $f) y' imply y ' "'-0 y ' 

Proof: The result is immediate from the fact that 

0 + D\{O}= D\{O} for a pointed convex cone O. 

12 
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CHAPTER THREE 

3. Solution Concepts and Some Properties of Solutions. 

In this section we discuss so lution concepts for multi-objective optimization problems 

and investigate some properties of solution. Efficiency and proper efficiency are 

introduced as solution concepts in the first section. In the second section, existence and 

external stability of efficient solution are discussed. 

3.1 Solution concepts 

The concepts of optimal solutions to multi-objective optimization problems are closely 

related to the preference attitudes of the decision makers. The most fundamental so lution 

concept is that of efficient solutions with respect to the domination structure of the 

decision maker. 

3.l.1 Efficient Solutions 

We consider the multi-objective optimization problem 

(P) Minimize J(x)=(J,(x),j,(x), ... ,fp(x)) subjectedtox E X c R" and 

Y = J (X) ={y :y= J(X),XE X} 

A domination structure representing a preference attitude of the decision maker is 

supposed to be given as point -to- set map D from Y to R". 

Definition 3.1.1 A decision vector x' E X is said to be an efficient solution to the 

multi-objective optimization problem (P) with respect to the domination structure D if 

J(x') E 4(Y , D). This means if there is no x E X such thatf(x ') E J(x) + D and 

J(x');<J (x)(i.e. such thatJ(x')EJ(x) +DI{O}. 

A decision vector x' E X is pareto optimal (D= R: ) if there does not exist another 

decision vector x E X such that J, (x) :<; .J; (x ') for all i= 1,2, ... P andJ; (x) < J, (x ') for at 
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least one objective func tion. In this case, (f(x ') - Rf) n (Y) = (f(x ')} or equivalently 

(Y - f (x'» n (- R: ) = {O}. x ' E X is also said to be weak pareto optimal so lution to the 

problem (P) if there does not exist another deci sion vector x E X such that 

f (x) <f(x'). 

This means, (Y - f(x'»n(- intD)=(Y-f(x'»n(- DI{O} = (Y - f(x' )n( -i: J=0 

(or if there is no another x E X such that /, (x) <;; (x ') for all i= I, ... ,p). 

Proposition3 .1.1: Let D I and D2 be domination structures. Then DI is said to be 

included by D2 if D1(y) C D2(y) for all y E Y in this case ~ (Y, D2) C ~ (Y, D I). 

When D is a constant set valued map (whose value is a convex cone), we identify the 

map (domination structure) with the cone D. Then x· E X is an efficient solution to the 

problem (P) iff there is no XEX such that f(x') - f(x) EOI{O}. 

Proposition3 .1 .2 Let Y and Z be two sets in RI' , and let D be a constant ordering cone 

on R" then ~ (Y+Z,D) C ~ (Y,D) +~ (Z,D). 

Proof: Let y* E ~ (Y+Z,D),then y*=y + Z for some y E Y, ZE Z. We have to show 

yE ~(Y, D) and ZE ~ (Z ,D). 

Suppose not, there is y ' E Y and a nonzero d E D such that y = y' + d. 

Then y* = y' + Z + d and y' + ZE Y+Z which contradicts the supposition y* E ~ (Y+Z, D). 

Similar for Z. 

Note that the converse inclusion of Proposition 3.1.2. is not always true . 

Example: 

Let Y=Z= {(yl, i): yl+/ S I} C R2 and D=R2.,then y=(-I ,0) E ~ (Y,D) and z=(O,-I ) 
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Proposition3, 1,3 Let Y be a set in RP, 0 be a cone in RP and a be a positive number , 

then ,; (a Y,O) = a ,; (Y,O), 

Proof: If a = 1 the statement holds true tri vially, 

If a '" I , then y E ,; (a Y,O) implies there is y' E Y such that y= a y' it follows that 

a y' E a ,; (Y,O) implies y E ,; (Y,O) 

3.1.2 PROPERLY EFFICIENT SOLUTIONS 

Recall that S(y, 0) is a set that means, the deci sion maker has to choose an alternative 

among infinitely many optimal so lutions, So we need to have a relati ve ly smaller size 

optimal so lution set. Although pareto optimal so lutions are important for theoretical 

considerations, they are not always useful in practice because of its big size, therefore it 

needs a more restri cted concept than efficient (pareto optimal) solutions, which are 

properly efficient so lutions, 

The concept of properl y efficient solutions is studied and developed by different scholars 

such as Borwein, Benson, Hen ig, Geofrion, Kuhn - Tucker and others 

DEFINITION3 ,1.4 (Kuhn - Tucker propel' effic iency) 

Cons ider multi-objective programming problem 

(P) Minf(x) = (f](x) .......... fp(x» 

S, t x E X = {x: g(x) = (g ](x) .... , gm(x) ~o} 

Assume that all f; and gi are continuously differentiab le, x' is properly efficient so lution 

of (P) if it is efficient and there is no hER" such that 

< V' fi(x ' ) ,h > ~ 0 for any i = I , .. .. ,p 

< V' fi(x' ),h > < 0 for some i 

<V'gi(x ' ),h>~ OforanyjE J(x' )= { j: gj{x' ) = O} 
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3.2 Existence and External Stability of Efficient Solution 

Recall that in ordinary optimization problem, 

Minimize f(x) Subject to x E X c R" 

The ex istence of optimal solution x' is guaranteed if X is compact and the objective 

function f is lower semicontinuous. 

This idea can be ex tended to vector optimization problem (P). 

3.2.1 Existence of Efficient Solution 

Existence of efficient solution requires the property of acylicity of the domination 

structure. 

Definition 3.2.1 A domination structure D is said to be acyclic if it has no cycle. That 

means for n= 1,2, ... . it never occurs that 

yl E l+O(l)l{ o}' l E yJ+O(i)I{O}, ..... ,y" E yl+O(yl)I{O} 

In other words,( y l --< l --< .... --< y" --< yl should not hold.) 

Note that a domination structure 0 is asymmetric if it is acycl ic. Converse ly, every 

transitive and asymmetric domi nation structure is acyclic. 

Theorem 3 .2. 1: If a domination structure 0 on Y is acyclic, the set O(y)\{O} are open 

and Y is nonempty and compact, then I;(Y,D) ",~. 

Proof: Suppose the contrary, that is I;(Y, 0) = ~, then for any yE Y there exist y' E Y 

sllch that yE y '+ O(y')\{O}. Thus Y c U (y + O(y)\{O }) 
yEY 

Thus, the family of the sets{ y + O(y)\{O}} forms an open cover ofY. Since Y is 

compact, there is a fin ite sub cover { O(/)\{ O} (i= I , ... ,n).Then, for any i E {I , ... ,n} 

/ E yi +O( yi)\{O) for some j E {I , ... ,n} 

However, thi s contradicts the assumption that 0 is acyclic . Hence, I;(Y, D) f ~. 

In ordinary scalar optimization problem (0= R!), the existence of minimal element is 

guaranteed under the condition that Y is bounded from below and Y + R! is closed. That 

means, under a kind of semicompactness condition . We extend this condition to 

multiobj ecti ve optimization problems. 
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Definition 3.2.2: Let D be a cone and Y be a set in I?" .Y is said to be D-semicompact 

if every open cover of Y of the form {( y r - clD), : y r E Y, r E r} has a finite subcover. 

Where r is some index set and the superscript c denotes the complement of a set. 

Theorem 3.2.2: If D is an acute convex cone and Y is nonempty D-semicompact set in 

RP, then sty, D) f. ~. 

Proof: D eclO implies ~ (Y, clO) e ~ (Y, D). (by Proposition3.l.1 ). 

It is enough to show the case in which D is a pointed closed convex cone. In th is case, D 

defines a pa11icular order ~D on Y as yl ~D i iff i -/ E D 

An element in ~ (Y, D) is a minimal element with respect to ~ D. Therefore we can show 

that Y is inductively ordered and applying Zorn ' s lemma to establish the ex istence of 

minimal element. 

Now, suppose the contrary that Y is not inductively ordered. Then there exist a totall y 

ordered set Y = {yr : r E r} in Y which has no lower bound in Y. Thus 

Otherwise any element of thi s intersection is lower bound of Y in Y. Now it follows that 

for any yE Y there exist yr E Y such that y 11' yr -D. Since yr -D is closed, the famil y of 

{( y r _D)c: r E r ) forms an open cover of Y. Moreover, y r -D e / - D iff y r ~ D y r· , 

and so they are totall y ordered by inclusion. 

Since Y is D-semicompact, the cover has finite subcover, and hence there exist a single 

y Y E Y such that Y e (yY _D)'. 

However this contradicts the fact that yY E Y .Therefore, Y is inductive ly ordered by ~ D 

and sty, D) f. ~ by Zorn 's lemma. 

It is difficult to check whether Y is D-semicompact or not, we shall introduce a more 

stronger concept that is called cone compactness. 

Definition 3.2.3 Let D be a cone and Y be a set in R" Y is said to be D-compact if the 

set (y- c1D) n Y is compact for any y E Y. 
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Remark3.2. ! 

! ) If Y is D-compact, then Y is D-semicompact. 

2) A compact set is D-compact and so D-semicompact. However D-compact set is 

not necessari ly compact. 

3) Example; let D= R; and Y={ y;R2;y' + y2 2: 1 } 

y 

(y-c1 R;)n Y 

y' 

Here Y is not bounde'd, which implies not compact. But Y is D-compact because of the 

compactness of the set (y-c1 R; ) n Y for any y E Y. 

Theorem 3.2 .3 Let D be an acute convex cone in R" . IfY c R" is nonempty and D­

compact then ~(y , D) '" ~. 

Proof: Fo llows immediately from Theorem 3.2.2 and Remark 3.2. 1. 
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3.2.2 External Stability of Efficient Solution 

In thi s subsection we introduce a new concept, external stability of the efficient set. 

In section 3. 1 we have defined the efficient set, which is the set of all nondominated 

points in the obj ective space. Each point outside the efficient set is, therefore, dominated 

by some other points in the feasible set. 

However, is it also dominated by a point in the efficient set? If this is the case, the 

effic ient set is said to be externall y stable. 

D efinit ion 3.2.4 Let Y be a set of feasib le points in RP, S be a subset ofY, and D be a 

domination structure on Y. S is said to be externall y stable if ,for each y E Y\S there ex ist 

some y' E S such that y E y' + D( y} 

Remark3 .2.2.Since each D(y) is assumed to contain the zero vector, the external 

stability condition can be rewritten as follows: For each y E Y, there ex ist y ' E S such 

that y E y' + D (y'). Hence, ifD(y) =D (constant) for all y, this can al so be rewritten as 

Y c S + D. 

DEFINITION 3 .2.5 A set S cY is said to be internally stable if y E y' + D (y')\ {O} 

(i.e. y"<. y') whenever y, y ' E S. 

It is clear that the efficient set of Y is internally stable. 

Definition 3 .2 .5 Let Y be a set in R" and D be a domination structure on Y. A subset 

of Y is called a kernel of Y with respect to D, denoted by K(Y, D) if it is both externally 

stable and internally stable. 

Propos ition3 .2.4: If D is transitive, asymmetric, and a kernel ex ists, then it is unique. 

Proof: assume to the contrary that there are two different kernels K(Y, D) and K '(y , D), 

then we have y E K(Y , D) but y'f. K' (Y, D ) for some y E Y. From y'f. K ' (Y , D) , there exist 

y' E K '(Y,D) such that yE y '+ D(y')\{O}. Since K (Y,D) is internally stable and 

y E K(Y, D) , then y' 'f. K(Y, D) and so there ex ist y" E K(Y, D) such that y' E y" + 

D( y" )\{O}. Since D is transitive and asymmetric, y E y" +D(y")\{O}, which leads to 

contradiction to the internal stability of K(Y, D). 
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Proposition3.2 .5: Suppose that D is transitive and asymmetric. If K(Y, D) exist, 

then K(Y,D) = 4(Y,D). 

Proof: Let )' E K(Y , D) \ 4(Y , D). Then there exist y E Y such that y E y+ D(y)\{O}. 

From the external stability ofK(Y, D), there exist y' E K(Y ,D) such that y E y '+D(y') . 

Since D is transitive and asymmetric, Y E y' +D(y')\{O},which contradicts the internal 

stability of K(Y,D) , there exist y E K(Y,D) c Y such that Y Ey+D(y)\{O}. 

However, thi s is a contradiction. 

Proposition3 .2.6Let Y be a nonempty set and D be a transitive asymmetric 

domination structure on Y. Then K(Y,D) exists iff 4(Y, D) is externally stable. 

Proof: In view of Proposition 3 .. 2.5, K(Y,D) = 4(Y,D) if K(Y ,D) exist. Hence 

4(Y, D) is externally stable. Conversely if 4( Y, D) is externally stable, then it becomes a 

kernel because it is internal ly stable. 

Theorem 3 .2 .4 Let Y be a nonempty compact set. Suppose that a domination 

structure D is transitive and upper semicontinuous (as a point-to-set map) on Y. 

Moreover, for each compact subset y ' of Y, .;(y', D) is assumed to be nonempty. Then 

4(Y,D) is externally stable and so is the kernel ofY. 

Proof: Let y be an arbitrary point in Y, and define a set 

y ' = {y' E Y:y E y'+ D(y ')} . 

This implies, the set Y' consists ofy and all points in Y that dominate y. We must show 

that y' n 4(Y, D) ,. 0 .It suffices for this to prove that 

(i) ';(Y , D) ,. 0 and that (ii) 4(Y ,D) c 4(Y, D) . 

(i). We prove the compactness of y ' , Since it implies that 4(Y', D) ,. 0 from the 

assumption. Since y' c Y and Y is bounded, y' is also bounded. To prove the closed ness 

of Y' , let { l } c y' and l ~ y. Then y E l + D( l ), 
k k k . i.e. y-y E D( y) and y - y ~y- y. 

Since D is upper semicontnuous, y- y' E D (y'), hence y' E y' . 
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(i i). A vector Y E R" is supposed not to be contained in q(Y, D). We suppose y E y ', 

since otherwise it is clear that y If. q(Y' , D) . Then y E Y, and there exist i E Y stich that 

y E i + D( i )\{O}. Since 0 is transitive and y E Y' , Y E i +D( i), which implies that 

i E Y' .Hence , y If. q(Y', D), as was to be proved. This completes the proof. 

Theorem 3.2.5 Let D(y) =0 be a pointed closed convex cone and Y be a nonempty 

D-compact set .Then q(Y,D) is externall y stable ; that is Y c q(Y,D)+D. 

Proof: The proof is similar to that of Theorem 3.2.4. In thi s case 

Y' = (y- D)ny , 

IS D-compact from the D-compactness ofY. Therefore, in view of Theorem 3.2.3 

q(Y', D) '" 0 . On the other hand, since 0 is a pointed convex cone we can immediately 

establ ish that q(Y·, D) 'cq( y , D). Thus q(Y,D) is externally stable. 
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CHAPTER FOUR 

4. Duality in Vector Optimization. 

4.1: Lagrange Duality in Nonlinear Vector Optimization 

In this section we present lagrange duality for efficient solution in multiobjective 

(vector) optimization where the domination structure is supposed to be a pointed closed 

convex cone. As was seen in the previous chapter, efficient solution corresponds to 

minimal (maximal) so lutions in ordinary mathematical programming. Therefore, for 

convenience in this chapter we define: 

O-Minimizing as finding effic ient so lutions with respect toO, 

In particular, we define minimizing for cases with the cone ordering R: , 
Similarly we use the notation Min~ for representing the set of all efficient elements 

S'(Y,O), in particular, we define MinYas S'(Y, S ,. ). D-Maximization and MaxD are 
Ii, 

used in simi lar fashion for the cone ordering <-0 ' 

Conceder nonlinear multi-objective optimization problem formu lated as follows: 

(P) O-Minimize {f(x) :x EX} 

Where X = {x EX' : g(x) <{! 0 : X ' c R" } . 

Throughout this section, we impose the following assumptions: 

(i). X' is nonempty compact convex set. 

(ii). 0 and Q are pointed closed convex cones with non-empty interiors of RP and R'" 

respectively. 

(iii). f is continuous and 0- convex. 

(iv). g is continuous and Q-convex. 

Under the assumption it can be readily shown that for every u E R'" , both sets 

X(u) = {X E X' :g(x)SQ u} and 

Y(u) = f1X(u)]={ Y E RP: y = f(x),x E x',g(x) SQ u} 
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are compact , X(u) is convex, and Y(u) is D-convex. Altho ugh these conditions might 

seem too strong, something li ke these conditions would be more or less inevitable as long 

as we consider efficient solutions. 

4.1.1 Perturbation (or Primal) Map and Lagrange Multiplier 

Theorem 

Let us consider the primal problem (P) by embedding it in a family of perturbed 

problems with Y(u) given by (4. 1.1 ): 

(Pu) D-Minimize Y(u) 

Clearl y primal problem (P) is identi cal to problem (Pu) with u = o. 
Now define the set r as 

r = {U E Rm 
: X(U) '" 0}. 

It is easy to show that the set r is convex. 

The point- to- set map W : r -> R" defined by 

W (u) =Min D y(u) 

is called perturbation (or primal) map. Observe that the perturbation map corresponds to 

the perturbation (or primal) function 

w(u) = min {f(x): XE X':g(x) $ u} 

in ord inary mathematical programming. 

Obviously the original problem (P) can be regarded as determining the set W (0) and 

r' [W(O) ]nx. 

Proposition4.!.! : For any U E r , 

W (ll) +D =Y(ll) +D. 

Proof: Note first that 

W(u) = MinD Y(u) c Y(u). 

This implies that W(u) +D c yell) + D. 

On the other hand since Y(u) is D-compact, Theorem 3.2.5 yields 

Y(u) c W(u) + D. 
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From which Y(u) +D c W (u) + D + D= W (u) + D, because D is a convex cone. 

Hence W (u) +D =Y(u) +D. 

Proposition4.1.2: For each u E r , W(u) is a D-convex set in R" . 

Proof: Immediate from Proposition 4.1.1 and the D- convexity of Y(u). 

Proposition4.1.3: The map W is D-monotone on r , namely, W (u I) C W (u ' ) +D for 

any u',u' E r such thaI u ' 5,Q u'-

Proof: obviously, Y(u' ) c Y(u ' ) where u' 5,Q u' .Hence 

W (u l
) c Y(u I) C Y(u2

) C W(u2
) + D. 

Proposition4.1.4: W is aD-convex point-Io-set map on r 

Proof: In view of Preposition 4.1.1 , it suffices to show that 

aY(u')+( I- a)Y(u')cY(au'+(I- a)u' )+D foranyu',u 'E r andaE [O, I]. 

If we suppose that 

yE a Y( u' )+(1 - a )Y(u' ), 

" . then there exist x , x E X such that 

g(x')5,Q u' , g(x' ) 5,Q u', andy = a/(x')+(l-a)/(x' ). 

since X· is a convex set a x' +( 1- a ) x' E X · . Furthermore, from the Q-convexity of g, 

g( a x' +( I-a )x') SQ a g(x' )+(1- a )g( x' ) 5,Q a u' +(I-a) u' ,which implies that 

a x' +(I-a )x' EX(a u' +( I-a )u ' ) and, thus, f(a x' +(I-a )x') E yea u' +(I-a )u ' ). 

On the other hand, from the D-convexity of f 

af(x')+(I-a)f(x ' ) E f(a x'+(I-a)x ' )+D 

Finally we have 

y E yea u' +(I-a )u ' )+D. 

This completes the proof of the Proposition. 

Remark4. 1.1 : Proposition 4.1.3 and 4.1.4 correspond to the fact that the primal function 

w in ordinary mathematical programming is monotonically non-increasing and convex. 

It is well known that in scalar convex optimization, the convexity of w ensures that by 

adding an appropriate linear funct ional < A,U > to w(u), the resulting combination 
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w(u) + < A, u > is minimized at u = O. In analogous manner, the O-convexity of point-to­

set map W ensures that if an appropriate linear vector valued functional Au is added to 

W(u) there will ex ist no point ofW(u) + Au that dominates a given point of W(O). 

Theorem4.1.1 (Lagrange Multiplier Theorem) 

If x' is Properly effic ient solution to (P) and if Slater's constraint qualifi cation holds (i.e 

there ex ist x' EX such that g(x') < Q 0) then there ex ist p x m matrix A' such that 

A'Q c O and 

f(x) E MinO{f(x) + A' g(x): xEX' }and 

A' g(x') = O 

Proof: Let X = {x E R" : g(x) $Q O} n x' . Since x' is properly efficient solution off(X) 

with respect to $0 ' there ex ist a vector f.J ' E int D" such that 

< ,.i,J(x') >$< ,.i,J(x) > for any x EX, 

Note here that < ,.i,J(x) > is a convex function onx', In fact, due to the O-convexity of 

f, sincea f( x' )+(l- a )f(x ' )-f( a x' +( l -a) X')E 0 for any x' ,x' E x' and any 

a E [0, I], we have: 

a < f.J ' ,J(x') > +(1 - a) < f.J ' ,J(x') > - < ,.i ,J(ax' + (I - a)x' ) ~ 0, 

Therefore, the well- known Lagrange multiplier theorem in scalar convex optimization 

leads to the existence of a vector i such that: 

< f.J ' ,J(x') > + < i,g(x' ) >$< ,.i ,J(x) > + < i,g(x) > 

for any x E x' and 

< i,g(x,) >= 0 

Now for such ,.i and i take A' with A'r ,.i = i in such a way that 

A' = (A;e,~e,.",{,e) 

4.1.2 

where e is a vector of 0 with < f.J ',e >= I. Then clearly A'Q c D and A'g(x') = O. 
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If we suppose that for this A' there ex ist 

x E X ' suchlhal 

f(x') - f(x ) - A'g(x) ED \ {O} 

Hence 

This contradicts the relation (4, I ,2) Therefore, 

f(x') E Min" {f(x) + A'g(x): x EX'} 

Note that in the above case where (I , .. " 1)'1' E D, by normalizing p ' such that a particu lar 

p 

way that I>; = 1 ,we can take e = (1 , 1, .. "I)T in the proof of Theorem 4,1.1. We then 
1= 1 

have Ag(x) = « A, g(x) >, ... , < A, g(x) >)". 

4.1.2 VECTOR-VALUED LAGRANGIAN FUNCTION AND ITS 

SADDLE POINT 

Hereafter, we shall denote by n a family of all p x m matrices A such that A QeD, 

Such matrices are said to be positive in some literature. 

Note: for given p E DO\ {O} and A E QO there exist A E n such that 

AT P =A 

For some vector e E D with <p , e>= 1 

A = (Il, e,A,e, ... ,A",e) is the desi red p x m matrix . 

DEFINITION4.1.1 A vector valued Lagrangian function for problem (P) is defined 

on X x n by L(x , A ) = f (x) + A g(x). 

DEFINITION4. 1.2 A pair (x' , A' ) E X ' x n is said to be saddle point for the vector 

valued lagrangian function L (x, A) if 

L(x' ,A ' ) E MiI1D{L(x, A) = xEX}n Max 0{ L(x', A) :A E n }, 
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Theorem4.1 .2 The fo llowing conditions are necessary and sufficient for a pair (x' , A' ) 

E X x n to be a sadd le po int for a vector valued lagrangian fu nction L(x, A) 

i. L (x' ,A ' ) E Min D {L (x, A"): x EX} 

ii .g(x·) ::::o O 

iii . A' g (x' ) =0 

Proof: 

(=» suppose that (x', A' ) is a saddle point of L (x , A ). Then 

(i). is the same as part of the definition of saddle point. 

(i i). L(x', A' )E Max D{ f(x' )+ Ag(x"), A E n } 

=> f(x') + A' g(x ' ) ~{) f (x') + Ag(x' )for any AE n 

From which we have 

< Ii , A g (x' ) - A ' g(x' ) > :::: 0 

some p ' E DOI{O} and for any A E n. 

Suppose that g ( x' ) ~Q O. 

Then there exists it' EQo such that <it',g (x '» > O. 

(4. 1.3) 

(4 .1.4) for 

, T 'r Making II A II sufficiently large and taking A E n such that p A = A , we obtai n the 

relation < Ii , A g ( x'» -< p', A' g( x'» > O 

This contradicts relation (4.1.4). Thus g (x' ) ::::0 0 

(iii ). Using thi s result A' g (x' ) ~{) 0 for A' E n . 

On the other hand substituting A =0 in to Eq (4 .1.3 ) yields A' g (x') ~D O. 

Finall y we have A' g (x) = 0 

(<=) since A g (x' ) E-D for any A En as long as g (x ' ) ::::Q 0, it follows that 

Max D {A g ( x ) A E n } = {O}. Thus from A' g ( x ' ) =0, we have 

L(x' , A' ) E Max D{ f(x ' )+ Ag(x}A E n } 

Thi s result and condition (i) impl ies the pair (x' , A' ) is a saddle point. 
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Coro llary 4.1.1 Suppose x' is a properl y efficient solution to problem (P) and let 

Slater's constraint qualification is satisfied. Then there exist a p x m matrix A' E D s. t 

(x' , A' ) is a saddle point for the vector val ued Lagrangian function L(x , 1\.) 

Proof: Immediate from Theorems4.1.1 and 4.1.2 . 

Thus, we have verified that properly efficient solutions to the problem (P) together with a 

matrix give a sadd le point for the vector-valued Lagrangian function under the convex ity 

assumptions and the appropriate regularity conditions. Conversely, the saddle point 

provides a sufficient condition for optimality of problem (P). 

Theorem 4.1.3 If (x', A' ) E X x n is a saddle point for one vector valued Lagrangian 

funct ion L (x , I\. ) then x' is an efficient so lution to problem (P). 

Proof:- Suppose that x ' is not a solution to problem (P) this implies there exist 

x" E Xsuchthat.f(x,,)~ Df(x· ).Sinceg(x·) ~Q 0 andA ' E D yield A' g(x,,)E-D, we 

finally have 

f( x,,)+ A' g( x,,) ~D f (x"), which contradicts L (x', A' ) E Min 0 {L (x , A"): x E X} . Thus 

x' is an effic ient solution to problem (P) 

4.1.3 DUAL MAP AND DUALITY THEORY 

Recall that the dual function in ordinary optimization is defined by 

W .. ) = inf {f(x) + <A, g (x»: x E X} 

Definition 4.1.2 Define for any A E D 

n (A ) = { L (x , A): x E X }={ f (x) + I\. g (x) :x EX } and 

cD (A ) = Min 0 n (I\. ). 

A point -to -set map cD :D -+ RP is called a dual map. 

The dual problem associated with the primal problem (P) is 

(Dts) D-Maximize U cD (1\.). 
i\erJ 
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Proposition4. 1.5 For each A E n , C!l ( A ) is a D-convex set in RP. 

Proof: Since the map f and g are D-convex and Q-convex respectively, the map L (., A) 

is D-convex over X for each fi xed A E n . Hence Q (A) is a compact set in R" , for X 

is a compact convex set. Therefore, 

C!l(A) + D = Q(A) + D. 

By Theorem 3.2.5 and thus C!l (A) is also D-convex, 

Proposition4. 1.6 C!l is aD-convex point-lo-set map on r. Namely, for any A' , A' E n 

and any a E [0, I] C!l (a A' + (1- a ) A' ) c a C!l (A' ) + ( 1- a) C!l (A ' ) + D 

Proof: Note that Theorem 3.2.5 yields MinDA cA e B c MinDB + D, for any sets A 

and B such thaI A c B, and B is compact. From this and the relation 

{a (f(x) + A' g(x)) + ( I-a )(f(x) + A' g(X)):X E X' } 

c a {f(x) + A' g(x) :XE X} + (I-a){ f(x) + A' g(x):x EX}, 

We have 

<1)(a A' + (I - a)A' ) = MinD{f(x) + (a A' + (I- a)A' g(x):x EX'} 

+MinD{ a ( f(x) + A' g(x)) + (1- a )(f(x) + A' g(x)): x E X ' } 

c Mino[ a {f(x) + A' g(x) : x EX'} ] + D . 

Hence, in view of Proposition3, 1.3 

C!l ( a A' + (1- a ) A' ) c M inoa [f(x) + A' g(x) : XE X} 

+ MinD(I-a )f(x) + A' g(x) : XE X} + D 

= a Mino{ f(x) + A'g(x) :XE X} 

+( I-a)Min D{ f(x) + A' g(X):XEX}+D 

= a C!l(A') + ( I-a)<j)(A')+D. 

Note that Proposition 4.1.6 is an extension of the fact that the dual function C!l( A) is 

concave. We can now establish the fo llowing relationship between the dual map C!l (A) 

and the primal map W(u), which is an extension of the following relation between the 

dual funct ion C!l (A) and the primal function w(u): 

C!l( A)= inf{w(u) +< A,u > : UE r } . 
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Proposition4.1 .7 The fo llowing relation holds : 

(j) (A) = MinD U (W(u) + AU) 
II E r 

Proof: Let y' = f( Xl ) + A g( Xl ) for any Xl E X · . 

Then letting u l = g( Xl) 

y' = f(x l ) + A u l
, 

Note here that 

f( XI)E W(ul) + O,becausef(xl)EY(U I), 

Hence 

y' E W( ul)+ Aul + 0 , 

from which 0 (A)c U (W(u) + AU) + 0 
lIer 

O(A) + O c U(W(u) + AU) + O, 
II E r 

Converse ly suppose that 

y' E W( u l
) + A u l fo r some u l E r ,this implies that y' - 1\ u l E MinD Y( u l 

), 

Thus 

I I r I ' I I Y - A u = f( x ) for some x E X such that g( x ) ~Q u , 

Then for A E n 

y' = f( Xl) + A u l '?J) f( Xl) + A g( Xl), and hence 

y'EL(xl,A)+ O cO(A)+ O, 

Therefore, 

U (W(u) + A U) c 0 (A) + 0 , and thus 
IIE r 

U (W(u) + AU) + 0 c O (A) + 0, 
lIer 

Finally, we have 

0(1\) + 0 = U(W(u) + AU)+ o and hence 
"€r 

Mino( 0 (A) + D) = MinD( U (W(u) + AU) + D), Which establi shes the 
lIer 

proposition, because in general Min DA = Mino(A + D) whenever 0 is a pointed convex 

cone, 
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Recall that Theorem 4.1.1 implies that, given a properly efficient so lution x, then 

f(X) E rl (A' ) for some A' E Il. Hence we may see from Proposition 4.1.7 that 

f( X) E MinD U (W(u) + A' u) for some A' E Il. 
IIEr 

This is an extension of property of primal function w in ordinary convex optimization 

problem stated in subsection 4.1.1. 

The following Theorem represents some properties of efficient solutions to primal 

problem (P) in connection with the dual map <I:> and might be considered as duality 

theorem for multi-objective optimization problem. 

Theorem 4.1.4(Weak Duality) 

Foranyx E X and any y E <1:>(11.) 

y;i" f(x) 

Proof: For any y with the property 

y;if) f(x) + A g(x) for all x EX, 

the result of the theorem follows immediately from Lemma 2.2.1 because 

for any x E X and A E Il , A g(x) <0,,, o. 

Theorem 4.1.5 (a) suppose that x · E X, A E Iland f( x ' ) EO <I:> (A' ). Then y' ~ f (x' ) 

is an efficient point to the primal problem (P) and also to the dual problem (Dts) 

(b). Suppose that x' is properly efficient so lution to (P) and that Slater's constraint 

qualification is sati sfied. Then f (x') E MaxD U <1:>(11.) 
AEn 

Proof: (a) if f (x') is not an efficient point to (P), then there ex ist x E X such that 

f(x) <0, ,, f(x'). Since g (x) <o'Q 0 and A' E Il yield A' g (x) E -0, we finally have 

f (x) + A' g (x) <o'f) f (x'), which contradicts to the fact that f (x) E MinD{ f (x)+ A' g (x):x 

EX} . Hence f (x') is an efficient point to problem (P). 

Furthermore, suppose that f (x' ) <o' f) y fore some y E U <1:>(11.). 
AE rJ 

Let I\. E Il be such that y E <I:> (1\.) . Then, since I\. g (x') <0,,, 0 we have 

f(x)+A g (x') <o' D y, which contradicts y E MinD{f(x) +1\. g (x):x EX'} 

31 

, 

J 



Therefore f (x') is also a solution to (Dts) 

(b). Theorem 4. 1.1 ensures that there ex ist a pxm matrix /\ E n such that 

f (x' ) E C1) (/\ ), which leads to the conclusion via result (a) 

4.2 . Conjugate Duality in Vector Optimization. 

4.2.1 Some Definitions and Preliminary Concepts. 

Let Y be a real topological vector space which is partially ordered by a pointed, closed, 

convex cone D with nonempty interior in Y. 

Let y* denote the extended space ofY (i.e. y * = Yn{± oo}). 

Gi ven a set ZeY* we define the set A(Z) of all points above Z, and the set B(Z) of all 

points below Z by: 

A (Z)={y E y* I y ' <D Y for some y' E Z} 

And 

B (Z) = {y EY* I )i>DY for some y E Z} 

Clearl y A (Z) <;;; Y U {+oo} and B (Z) <;;;YU {-oo} 

Definition 4.2. 1 a POINT Z E Z is said to be a D-minimal point of Z ifthere is no y E Z 

with y <,) z. The set of all D-minimal points of Z is called the D-minimum of Z and is 

denoted by D-MinZ. The D-maximum ofZ, D-Max Z, is defined similarly 

Definition 4.2 .2: Let z be a nonempty subset ofY* such that Z* {+oo}. A point p E y* 

is said to be a D-infimal point ofa set Z ,if there is no y E Z such that y</) p and if the 

relation y' >/) p implies the existence of some z E Z such that y' >"z. 

The set of all D-infimal point of Z is called a D-infimum of Z and is denoted by D-Inf Z. 

D-Sup Z is defined similarly. 

If Z = ~ and Z= (+oo},D-InfZ = {+oo} . 

As an easy consequence from the definition 

(i): - D-Max(-Z)=D-Min Z and - D-Inf (-Z)= D-Sup Z 

(ii ): D-Max ~ =~ and D-Sup ~ = {-oo }. 
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Note that in the above detinition the D-infimum and the D-minimum are defined for the 

weak pareto minimality (by using the order >/J )' The following proposition shows a set 

can be partitioned by using the above detined concepts. 

Proposition4.2.! y* = (D-Sup Z) U A (D-Sup Z) U B (D-Sup Z) and the above three 

sets in the right hand side are disjoint. 

Let X and Y be real locally convex topological vector spaces and let L(X, Y) denote the 

space of all linear continuous operators from X into Y. Then we define the conjugate 

mapping and the subdiferential of a mapping F : X --t Y* . Hereafter by domain of F, domf 

we mean the effective domain of F which is given by 

dom F={x EX: F(x) "'~' F(x)",{+oo}}, for a set-valued mapping F and by 

domf={x E X: f(x) </J +oo}, for a vector valued function f. 

Definition4.2.3: For a vector valued function f: X --t y* its conjugate map is a set 

valued mapping f* :L(X, Y) --t y* defined by 

f*(T) =D-Sup {Tx- f(x): x EX} forT EL(X,Y). 

Moreover, its biconjugate mapping is a set valued mapping f**: X --t y* defined by 

f**(x) =D-Sup U [Tx- f*(T)] for x E dom f. 
TEL(X,y) 

Definition4.2.4: For a set-valued mapping F: X --t Y*, its conjugate map is a set valued 

mapping F*: L(X, Y) --t y* defined by 

F*(T) =D-Sup U {Tx - F (x): x EX} for T EL(X, Y) . 
.rEX 

Moreover, its biconjugate mapping is a set valued mapping F**: X --t y* defined by 

F**(x) =D-Sup U [Tx- F*(T)] for x E dom F. 
T E/.( X ,l') 

Assume that dom f '" ~ 

Definition4.2.5: Let X o E X. An operator T E L(X, Y) is said to be a subgradient of a 

vector valued function fat X o if 

f(x) ?'/J f(xo) +T (x- xo ) for all x EX 

Or equivalently 

f(xo)-Txo ED-Min {f(x)- Tx: x EX} 

The set of all subgradients of f at x" is called the subdifferential of 
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fat Xo and is denoted by 0 f( xol 

More precisely 

o f( x,,)={T E L(X, Y) : [(x)- f (x,,) ?o +T (x-xol for all x E X} 

For a set-valued mapping F: X -> Y* , let x" E X and Yo E F (xo ) . An operator T 

E L(X, Y) is called a subgradient of F at (x"' y,, ) if 

T Xo - Y" E D-Max U [Tx-F (x)] 
xeX 

The subdifferential of Fat (x"' y ,, ) is denoted by 0 F (x"' Yo). 

Moreover, we let of (x,,) = U of (x"' y) 
y eF(xo ) 

If the subdifferential of f at x" is nonempty (or if 0 F (x"' Yo ) '" ~ for every Yo E F( xol 

when F set-valued mapping ),then f is said to be subdifferentiable at Xo. 

Lemma4. 2. 1: Suppose that fis a subdifferentiable function , then 

(i). TEO f (x) iffTx - f (x) E f*(T) 

(ii). f (x *) E D-Min {f(x) :x EX) iffD E of(x*) . 

Proof: (i). Suppose T EO f (x) => T( x -x) 5,,, f (x )-f(x) for all x E X 

=> T(x) - f( x)5, f) T(x)- f(x) for all x E X 

=> T(x)- f(x) E D-sup{ T( Xl - f (x) for all x E X} 

=> T(x)- [(x) Ef*(T). 

The converse follows eas ily. 

(ii ). Suppose f (x*) E D-Min {f (x) :x E X) 

The converse follows easily. 

=> f (x*) 5, f) f (x) for all x E X 

=> D5, f) f(x) - f(x *) for all x E X 

=> D E o f(x*). 
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4.2.2 Optimality Conditions. 

Let X be a real topological vector space and assume Y= RP . which is partially ordered by 

a pointed, closed, convex cone D with nonempty interior in Y. 

Now consider the following unconstrained vector minimization problem. 

(P I ) Min f (x) such that x E X 

Definition4.2.6: A function f: X~ Y is said to be locall y D-Lipschitz iffor every 

x E X there ex ist a neighborhood B (x, (5) ofx with radius 15 >0 and LED such that 

-L Ilx -YII sf) f (x) -f (y) So L II x - YII '<I x, y E B (x, (5) 

Here, L is called Lipschitz constant. 

For a vector valued function f: X ~ Y' the directional derivative of f at a point x" E X 

in the direction u E X is given by 

f '( ) I' f(x ,, +tu) - f(x ,, ) 'fhl" . x"' u = 1m , I t e Imlt eX Ist. 
1----+0 ' t 

Note that every D-convex functions are both directionally differentiable and locally 

D-Lipschitz. 

Lemma 4.2 .2: Suppose that f is a directionall y differentiable vector -valued function. 

Then T E ilf(xo) iff 1'(x" , u) ~f) Tu for any u E X. 

Proof: Let T E Of (x,, ) .Then we have t r (x"' u) + 0 (t) = f (x" + tu) -f (xol ~f) T(tu) for 

oCt) 
all t >0 and for all u EX, where o(t)/t~ 0 as t~ O,or r (x" ' u) +-t- ~f) Tu for all t > 0 , 

which in turn implies that f ' (xo' u) ~f) Tu for all u E X. 

The proof of the other side is obvious. 

Lemma4.2.3: for a D-convex function f, we have a stronger condition 

(i). l' (x" ,u)= lim f(x" + tu) - f(x,,) So f( x" + u) -f( x,, ) for all u E X. 
I ~O+ t 

(ii). 1' (x" ,u) ED-Max {Tu: T E ilf(x,, )} 

Proof: Let f be a D-convex function. Then for all x" ' u E X and t E [0, I] 

f( x" + tu)- f( xol = f( x" -tx" + t x" + tu)- f( xol 
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:::> f(( I-t)x" +t(x" +u» -f(x")::;,, ( I-t) f(x,, ) +t f(x" + u)- f(x,,) 

= t[f( x" + u)- f( x,, ») 

Dividing by t and taking a limit as t ~ 0+ we get 

. j '(x +tu)-f(x) I' ( x ,u)= lim " " ::; f(x + u) -f(x ) for allu E X 
(I 1-t0 ' t D () (/ 

Hence (i) is proved. 

D- Convexity off implies that f is directional differentiable hence using Lemma 4.2.2 we 

have Tu ::;" I' ( x" ,u) iff T E 8f( x,,) for all u E X. This implies that 

I' ( x" ,u) E D-Max (Tu: T E Of( x,,) } wh ich is (i i). 

A point x" E domfis said to be a local efficient point for (PI) if there exist a 

neighborhood of x" such that f( x) '?" f( x,, ) 'd x in the neighborhood. 

Proposition 4.2.2: Let f be directionally differentiable at x" E X. If x" is a local 

efficient point for (P I), then I' (x" ' u) '?f) 0 for all u E X 

Proof: Since f is directionally differentiable at x". we have 

f( x" + tu) = f( x,, ) + tl' (x" ,u) +o(t), 'd t ~ 0 'd u EX, where oCt) = oCt, x" ,u) and 

li m t -1[O(t, x" ,u») = 0 'du EX. 
/ --to' 

Then I' (xo ' u) = (II f(x" + tu) -f(x,, »)- o(t)/t .Since x" is a local minimum point off ,the 

assertion of the proof follows. 

Proposition4.2.2: Let f be a function which is directionall y differentiable at a pointxo 

E X. If f is locall y D- lipschitz in a neighborhood of x" and if f' (xo ' u) '?" 0 'd u E X 

and u oF 0, then x" is local efficient point of f. 

Proof: Suppose to the contrary. Then there ex ist a net of vectors {u;} with Il u; II= I, 'di in a 

neighborhood of x" and a sequence {t;} with t; ~O, t;~O and U;~U as i~ 00 such that 

f( x" + t;u;) < f) f( x,, ) . 

But f( x" + t;u;)- f( x,,) = f( x" + t;u) - f( x,,) + f( x" + t;u;) - F( XO + t;u) <" O. 

Since f is locally D-Lipsch itz, there ex ists LE D such that for suffic iently large i, 

-L t; lI u;-u ll ::;" f( Xo + t;u;) - f( x" + t;u) ::;" L t; lI u;-u ll 
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Then [f( x" + tiU)- f( x,,)]1 ti <f) L Il ui-ull for sufficiently large i. Hence 

. [(x + tu)- f(x ) . 
f'(x",u) = hm[ 0' 0 J<f) hmL Il ui-ull= O 

1-+00', 1-+00 

i. e. f' (x"' u) <" 0 contradicting the assumption. Therefore the conclusion of the 

proposition is true. 

A D-convex function f is said to be proper if f(x) >" -00 V X E X 

Definition4.2.7: A vector valued function f: X ~ y* is said to be a D-d .c. function iff 

it can be written as a difference of two proper Cone-convex functions i.e, f(x)= g(x)- hex) 

where g and hare D-convex and proper vector val ued functions. 

Note: Let g, h: X ~ y* be D-convex proper vector valued functions. Then the function 

f: X ~ y* given by f(x)= g(x)- hex) is a D-d.c. function on X and it is easy to verify 

that f is locally D-Lipschitz at each point of X and is directionally differentiable on X 

wi th f' (x" ,u) = g ' (x" ,u) - h' (x" ,u) for all u, x" E X. 

Consider the following D-d.c optimization problem. 

(P) Min f (x) s. t x EX 

Where f = g - hand g and h are as above. 

Convention + 00 - (+00) = +00 

To state the necessary condition for minimality we first define the strong subdifferential 

ofa D-convex vector valued function fat a pointx", denoted by oJ(x,,) 

0'[( x,,) ={ T EL (x , y):T(x- x,,) ~D f(x)-f( x,,) V X E X} 

Note that 0, f (x,, ) ~ 0 f ( x,,) for any x" at which f is subdifferentiable 

Lemma4.2.4 For D-convex vector valued function f, we have 

(i). T E 0'[( x,,) iffTu ~/J f' (xo ,u) for all u E X 

(ii). For D-convex f, o,f(x,, ) is nonempty as it at least contains the directional deri vati ve 

of f at the point x" ' 

Proof: (i). Suppose TEO, f( x,,) and f is D-convex implies that it is directional 

differentiable. Thus 

tf' (xo ,u) + oCt) = f( x" + tu) - f( x,, ) ?D tTu 
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=> f' (x ,u) + lim 0(/) ?'/J Tu where lim 0(1) = a . 
(J .1'-.0" , x-+o' t 

f' (x" ,u) ?'/J Tli for allll E X. 

The converse follows eas il y. 

(ii ). Since f is D-convex which implies directional differentiable from (i i) of Lemma4.2.3 

we have 

f' (xo ,u) "'/J f( x" + u) -f( x,,) for all u EX. This implies that 

f' (x",u) E o,[(x,, ) for all u E X. Hence 0,[(xo);<0 

Theorem4.2.1 : For f = g -h to attain its local D-minimal value at a point x" E X it is 

necessary that 0., h( x.,) <;;; 0 g( xo )' 

Proof: If Xo is local minimum point for f, then there exists s a neighborhood e of Xo 

such that f(x")"' f) f(x) for all XE e, which implies g(xo) - h(xo)"'JJ g(x)- hex), 

or hex) - he x,, )"' /J g(x)- g( x,,) for all x E e. 
But for T Ea, h( x.,) we have T(x- x,, ) "'JJ hex) - he x.,) for all x EX . Then one can 

conclude that g (x)-g (x,, ) "' JJ T(x- x.,) or T E og( x,, ). 

Theorem4.2.2: If a, h( x,,) <;;;og(x,,), then the criterion vector x" is a local efficient 

point for (P). 

Proof: Let f(x) = g(x) - hex) for all x E X. Then clearly f is directionally di ffe rentiable 

on X and it is locally D-Lipschitz. From the assumption of the theorem, we have a, h(x,, ) 

<;;; 0 g( x.,), and from the relation (ii ) of Lemma4.2.3) it follows immediately that 

g' (xo' u) ?'/J h'(x", u) V U E X. u 'I- O. 

Which implies / C-", ,u) = g' (xo' u) - h' (x"' u) ?'/J O. 

Hence using Proposition (4.2.3) we have the conclusion of the theorem. 
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4.2.3 Conjugate Duality in Cone d.c Optimization: 

Let X be a real topological vector space and Y be a locally convex linear topological 

vector space. Assume that Y is partially ordered by a pointed, closed, convex cone D 

which has a nonempty interior in Y. Let g and h be proper vector valued D-convex 

funct ions from X in to Y*. 

Now consider the D-d. c optimization problem 

(P) Min f(x) s. t x E X 

Solving this problem means to find the set 

D-Inf (P) =D-Inf {g (x)- h (x): x E X} 

Let U~X be another locally convex linear topological vector space. We introduce the 

special perturbation function 

't' : X x U ~ y* such that 't' (x, u) = h (x+u)-g (x) for all (x, u) E X X U 

Then clearl y 't' (x, 0) = -f (x) for all x E X. 

For 1\ EM =L (U, Y), the space of all linear continuous operators from U to Y, let the 

Lagrangian of problem (P) be given by 

-L (x , 1\) =D-Sup {I\u- 't' (x ,u) :u E U} 

=D-Sup {I\(x +u} + g (x) - h (x +u) - I\x: 1I E U} 

=h* (/\) +g (x) - I\x 

Where h*(/\) denotes the conjugate map of h. 

Now we put - J (1\ ) =D-Sup U L (x, 1\) = g*(x)- h*(x) . 
.lEX 

Then the dual optimization problem for (P) is written as 

(Dc) D-Inf U h*(I\)- g*(A) 
Aen 

We can also observe the symmetry between (P) and (Dc). But since both h*(.) and g*(.) 

are set valued maps the (Dc) is not a vector optimization problem. However it can be 

understood as determining the set D-Inf U h*(/\) - g*(/\) 
AEn 

On the other hand, 

D-Sup U [-L (x, 1\)] = D-Sup U D-Sup {I\u- 'P (x ,u) :u E U} 
.lEX .lEX 
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= D-Sup U {Au + OX- 'P (x, U): U E U} 
(X,U)EXXU 

= 'P *(0,11.) 

Therefore, 'I' *(0, A) =h*(A)- g*(A) 

Theorem 4.2.3: For any x E X and A E M, [(x) 'f.A (h*(A)-g*(A)) and thus D-lnf(P) 

u A (D- ln f(Dc)) = ~. 

Proof: Suppose the contrary. Then there ex ist y E h*(A)- g*(A) such that Y <IJ f(x) .But 

since h*(A) - g*(A)= D-Sup U {Au +Ox - 'I) (x , u)} 
(x, u )eXtU 

Y :i! IJ (Au - 'P (x, u)) for all u E U In particular, if we put u = 0 and noting that 

f(x) = - 'P (x , 0) it follows that y :i!D - 'P (x, 0) = f(x) V Y E h*(A)- g*(A) which 

contradicts our assumption. Hence the theorem is proved. 

The above theorem assures us that fo r any x, f (x) E Inf U [h*(A)-g*(A)]. 
AeM 

If we can find A" E M such that f(x,,) E h*(A,,)-g*(A,,) for some x" ' then it means that 

A" so lves (Dc), the next theorem reflects thi s fact. 

Theorem 4.2.4 : Ifx" solves (P), then there exist some A" EM which solves (Dc). 

Proof: If x" so lves (P), then since f(x) = - 'P (x,D) the same x" so lves 

(P') Min-'1) (x, 0) XEX. 

Then there ex ist some A" E M such that (0, A,,) EO 'P (x, O).But this in turn implies that 

T (0, 11. ,, ) ( x" ,0) - 'P (x, 0) E 'P *(0, 11. ,, ), which means that 

f (x,, ) = - 'P (x" ' 0) E 'P *(0, 11. ,, ) = h*(A)- g*(II.). 

Now assume that A" does not so lve (Dc) .Then there ex ist A E M such that 

h*(A)- g*(A) u B(h*( 11. ,, )- g*( 11.")) '* 0. 

Since rex,, ) E h*(A,, )- g*(Aol there exist Y E h*(A)- g*(A) such that y < D [(x,, ). 

This implies f (x,, ) E A(h*(A)- g*(A) ) but thi s contradicts the statement in Theorem 4.2.3 

Hence A" sol ves (Dc). 
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Corollary 4.2.1: If x" solves (P) and A" E a ,h(x,, ), then A"solves (Dc). 

Proof: From the assumption we have a, h( x,,) <;; a g( x,, ), and the relation TEa f (x,,) iff 

T x" - f (x,,) E f *(T) gives 

g(x" ) -h( xo) = (A ,, xo -h( xJ) -(Ao xo - g(x,, » E h*( Ao)- g*(A,, ) 

That is f(x,,) E h*(A,,) - g*(A,,) hence A" solves (Dc). 

Proposition 4.2. 2: Let x" E dom f. Iff (x,,) E h*( A,,) - g*(AJ for A" E M, then x" 

so lves (P) at least loca ll y. 

Proof: By the assumption we have 

- '+' (x 0) = f (x ) E h * (A ) - g* (A ) = 'l' * (0 A ) ~ /I , (1 {/ I! , (J 

Which is equivalent to (0, A,, )( x" ,0) - '+' (x" ' O) E '+' *(0, A,, ) and by Lemma 4.2.1 we 

have (0, A" ) E a '+' (x" ' 0) (4 .2. 1) 

Then from the relation - '+' (xo' 0) = f (x,,) and (4.2.1), we can see that ° E a f (x,, ), or x" 

is a local minimum of f(x). 
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