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Abstract

In this research we have studied the squeezing and statistical properties of a pair of super-
posed output light beams generated by three-level lasers, with the injected atoms prepared
initially in a coherent superposition of the top and bottom levels. In particular, applying the
density operator for the superposed output laser light beams together with the Q functions,
we have calculated the global and local mean and variance of the photon number as well as
the quadrature squeezing. In addition, we have determined the mean and variance of the
photon number sum and difference and the photon numbers correlation of a pair of super-

posed two-mode output light beams.

It is found that both the mean photon number and quadrature variance of the superposed
output laser light beams is the sum of the mean photon numbers and the quadrature vari-
ances of the constituent output light beams. However, the variance of the photon number of
the superposed output laser light beams is not the sum of the variances of the photon num-
bers of the component output laser light beams. Moreover, the global and local quadrature
squeezing of a pair of superposed output laser light beams turned out to be the average of
the global and local quadrature squeezing of the constituent output light beams. We have
also noticed that the squeezing of the superposed output laser light beams is 61.5% below
the vacuum state-level. On the other hand, we have seen that the local quadrature squeezing
is greater than the global quadrature squeezing. It is found that the maximum local quadra-
ture squeezing is 92.5% and occurs in the frequency A = £0.01. Furthermore, our results
have shown that the local quadrature squeezing, unlike the local mean of the phonon num-
ber, quadrature variance, and photon number variance does not increase as the value of A
increases. In addition, our analysis indicates that the quadrature squeezing of the superpo-
sition of squeezed laser light beam and a light beam in vacuum state turned out to be just
half of the quadrature squeezing of the three-level laser output light beam. Finally, we would
like to mention that the photon numbers of a pair of superposed two-mode light beams are

correlated.
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Introduction

There are several optical systems that could generate light with non classical features. One
such optical systems is a three-level laser, which produces a squeezed light under certain
conditions. Squeezing is one of the interesting features of light that has been studied by sev-
eral authors [1-14, 19-25]. This is because, in addition to exhibiting a nonclassical feature,
squeezed light has applications in the detection of weak signals and in low-noise communi-
cations. In squeezed light the fluctuations in one quadrature is below the vacuum-state level
level at the expense of enhanced fluctuations in the other quadrature, with the product of the

uncertainties in the two quadratures satisfying the uncertainty relation [1-4, 12-19, 24-25].

Ithas been established that a three-level laser under certain conditions generates squeezed
light [1-9, 20-21, 26-27, 32-34]. In a three-level laser, three-level atoms in a cascade configu-
ration are injected into a cavity coupled to a vacuum reservoir via a single-port mirror. The
injected atoms may initially be prepared in a coherent superposition of the top and bottom
levels or these levels may be coupled by strong coherent light after they are injected into the
cavity. The coherent superposition of the top and bottom levels or the coupling of these lev-
els by coherent light is responsible for the nonclassical features of the generated laser light.
When a three-level atom in a cascade configuration makes a transition from the top to the
bottom level via the intermediate level, two photons are generated. If the two photons have
the same frequency, the three-level atom is called degenerate otherwise it is called nonde-

generate.

Some authors have studied the squeezing [28, 32-33] and statistical properties of the light
produced by three-level lasers [1-7, 29-30] in which the crucial role is played by the super-
position of the top and bottom levels [1-7, 31-34]. Ansari [7] has predicted that a degenerate

three-level laser can generate squeezed light under certain conditions. Furthermore, Lu and



Zhu [2] have considered a nondegenerate three-level laser with the atoms initially prepared
in a coherent superposition of the top and bottom levels. They have predicted a maximum of

50% intracavity two-mode squeezing.

A three-level laser in which the top and bottom levels of the atoms injected into the cavity
are coupled by a strong coherent light has also been studied by different authors [7-10]. Ansari
et al [10] have considered a degenerate three-level laser, with the atoms initially in the upper
level and with the top and bottom levels of the atoms coupled by coherent light. They have
shown that this system behaves like a parametric oscillator for sufficiently strong coherent
light. They have also predicted that such a system can generate squeezed light over large

range of the amplitude of the coherent light

Some authors [20-21, 27] have studied the squeezing and statistical properties of super-
posed coherent and squeezed light beams. Using the usual definition for quadrature squeez-
ing of a pair of superposed light beams, these authors have found that the coherent light
does not affect the quadrature squeezing of the superposed light beams. However, according
to Fesseha [22], applying the usual definition for quadrature squeezing of superposed light
beams leads to physically unjustifiable results. This is because one usually calculates the
quadrature squeezing of a pair of superposed light beams relative to the quadrature variance
of a single coherent light beam. In view of this, Fesseha [22] has modified the definition for
quadrature squeezing of superposed light beams. According to this modified definition, the
quadrature squeezing of a pair of superposed light beams is calculated relative to the quadra-

ture variance of a pair of superposed coherent light beams.

In this PhD dissertation, we seek to investigate the squeezing and statistical properties of
a pair of superposed output light beams generated by three-level lasers whose cavities are
coupled to vacuum reservoirs. We arrange our system in such a way that the output light
beam (LB1) from one of the lasers is incident on a side of a perfectly transmitting mirror,
while the output light beam (LB2) from the other laser is incident on a side of a perfectly

reflecting mirror as depicted in the Fig.

In order to carry out our analysis, we first derive c-number Langevin equations for the cav-
ity light produced by one laser using the pertinent master equation. Applying the solutions of
the resulting c-number Langevin equations along with the properties of the noise forces, we
obtain the antinormally ordered characteristic function, with the aid of which the Q function

is determined. We then obtain the density operator for a pair of superposed output laser light



Laser 1

Laser 2

Fig. 1.1: Schematic representation of a pair of superposed laser output light beams.

beams in terms of the Q functions. The resulting density operator is then used to calculate the
global and local mean and variance of the photon number as well as the quadrature squeez-
ing. In addition, we have determined the mean and variance of the photon number sum and
difference, the quadrature squeezing, and the photon number correlation for the superposed

two-mode output laser light beams.



A Pair of Superposed Single-Mode Laser Light Beams

In this chapter we seek to investigate the squeezing and statistical properties of a pair of su-
perposed output light beams produced by degenerate three-level lasers whose cavities are
coupled to vacuum reservoirs. In order to analyze the squeezing and statistical properties of
the superposed output laser light beams, we first arrange the system in such a way the output
light beam from one of the lasers is incident on side of a perfectly transmitting mirror and the
output light beam from the other laser is incident on side of a perfectly reflecting mirror as
shown in Fig. Then we derive c-number Langevin equations for the cavity light produced
by one of the degenerate three-level laser whose cavity coupled to vacuum reservoir using
the pertinent master equation. Employing the solutions of the resulting c-number Langevin
equations together with the antinormally ordered characteristic function defined in Hiesen-
berg picture, we derive the Q function for the cavity light. Furthermore, using this Q function
together with the input-output relation and with the input mode operators associated with
vacuum reservoir put in normal order, we obtain the output laser light beam Q function, with
the aid of which we determine the Q function for the other output laser light beam having
different cavity damping constant and linear gain coefficient. Next we obtain the density
operator for superposed output light beams in terms of the Q functions of the component
output light beams. Finally, applying the resulting density operator together with the Q func-
tions of the output laser light beams, we calculate the global and local quadrature variances

as well as the global and local mean and the variance of the photon numbers.
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2.1 c-number Langevin equations

In this section we first derive in the linear and large-time approximation schemes [3, 23, 26,
35] the equation of evolution of the density operator for the cavity mode of a degenerate
three-level laser whose cavity is coupled to a vacuum reservoir. With the aid of this equation,

we obtain c-number Langevin equations associated with the normal ordering.
The Master equation

Here we consider a degenerate three-level laser into which a three-level atoms in a cascade
configuration and initially prepared in a coherent superposition of the top and bottom levels
are injected at constant rate r; and removed from the laser cavity after some time 7. We
denote the top, intermediate, and bottom levels of a three-level atom by | a), | b), and | ¢),
respectively. We assume the cavity mode to be at resonance with the two transitions | a) —| b)

and | b) —| ¢), and with direct transition between levels | a) and | ¢) to be dipole forbidden.

The Hamiltonian describing the interaction of a three-level atom with the cavity mode in

the rotating approximation is expressible as
H = ig[(|a) (bl +Ib)(c)a — a'([b){a | +le) (B])]. 2.0

where g is the coupling constant and a is the annihilation operator for the cavity mode. We

consider a single three-level atom to be initially in the state
¥4(0)) = Ca(0)|a) + Cc(0)]c) (2.2)

and hence the density operator for the single atom has the form

pa(0) = pl9a)(al+pD|a) (c|+p |c) (al+p2 |c) (], (2.3)

where
pl) = C,(0)Cx(0) (2.4)
P9 = C.(0)Cx(0) (2.5)

are the probabilities for the atom to be initially in the upper and lower levels, respectively,
and

pl = plO* = C.(0)C2(0) = |pQ e (2.6)

ca

represents the initial atomic coherence of the atom.
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Suppose par(t, t;) is the density operator for a single atom plus the cavity mode at time
t, with the atom injected into the cavity at an earlier time ¢;, such that (¢ — 7) < t; < t. The
density operator for all atoms plus the cavity mode at time t can be written as

par(t) =m Z par(t, t;)At;, 2.7)

7
where r; represents the number of atoms injected into the cavity at a time At;. Now convert-

ing the summation into integration in the limit At, — 0, we have

t
par(t) :rl/ par(t,t)dt’ (2.8)
t

-7

and on differentiating with respect to ¢, and applying the relation

d [* o0
G | S@dy= s~ S v+ [ S 2.9
we find
d . A o Ny
£pAR(t) =r1[par(t,t) — par(t,t — 1) + 17 &pAR(t,t)dt. (2.10)
t—1

We note that par(t,t) is the density operator for the cavity mode plus an atom injected at
time ¢t and par(t,t — 7) is the density operator for the cavity mode at time ¢ plus a single atom
injected at time ¢ — 7 and being removed at time ¢. At the instant the atom is injected or
removed from the cavity, the atomic and cavity mode variables are uncorrelated. Thus we

can write these density operators as

par(t,t) = pa(t, t)p(t) (21D

par(t,t — 1) = pa(t,t —7)p(t), (2.12)
where p(t) is the density operator for the cavity mode and p4 (¢, ¢ M=t or ¢=(t—r is the den-
sity operator at time ¢ for the atom injected at time ¢'. Since p4(¢,t) is the initial density for
the atom, we can designate it by

pat,t) = pal0). (2.13)
In view of (2.11), (2.12), and (2.13), the time evolution of the density operator described by
Eq. can be written as

t

d 0
g PAR() = 110pa(0) = pa(t,t = 7)]p(t) + 11 5PAR(, t)dt'. (2.14)
t—7

In the absence of damping, the density operator jp4z(,t ) evolves in time according to

d . S
%pAR(t’t/) = —i[H, par(t,t)], (2.15)
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so that using this relation along with (2.8), one can put Eq. (2.14) in the form

d

g7PAR(t) = 11[pa(0) = pa(t,t = 7)]p(t) — i[H, par(t)]. (2.16)

Furthermore, tracing over the atomic variables, we see that

d

Z0(t) = —~TralH, par(?)] (2.17)
where we have used the fact that
Tra(par(t)) = p(t) (2.18)
and
Tra(pa(t)) =Tra(pa(t,t —71)) = 1. 2.19)

With the damping of the cavity mode by vacuum reservoir included, the equation of evolution

of the density operator for the cavity mode to be
d T H. 5 asat — atas — pata
%p(t) = —iTra[H, par(t)] + = (2apa' —a'ap — pa'a), (2.20)

where « is the cavity damping constant.

Employing (2.1) the master equation for the cavity mode (2.20) can be put in the form

d St _ats b _ata s s s o
aﬂ(t) = Q(Paba — a'Pab + Poc' — a' Poc + APbq — Poa® + APcH — PchL)
+%(2am* —atap — pata), 2.21)

in which the matrix element j,z is defined by

Pap = (@parl|f), (2.22)

with o, 3 = a, b, c.
On the other hand, we see from (2.16) that

d

pas(t) = 11({alpa(0)18) — (alpalt,t = 7) | 8))o(t) = il par()|F) = vpas.  (2.23)

The last term is included to account for the cavity of the atoms due to spontaneous emission,
with atomic decay rate v considered to be the same for all the three-levels. Assuming that the
atoms are removed from the cavity after they have decayed to a level other than the middle

and the bottom level, we then see that

(alpa(t,t =7)|B) =0 (2.24)
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and hence Eq. (2.23) reduces to
d . R . ) o A - R
e hes(t) = 11(@lpa(0))A(8) — il A par(t)|8) + ilelpar() A1) = Ypas. (2.25)
Now in view of (2.1) and (2.3), Eq. (2.25) takes the form
d . R
%paﬂ (t) = n (P((I%) 5aa5aﬁ + p((z?;)éaafscﬁ + ,Ogg)éac(saﬁ + pgg)5a050ﬂ> p(t)
+g (éﬁbﬁéaa + dﬁcﬁéab - dTﬁaﬂéab - dTﬁbﬁéac
_ﬁaadébﬂ - ﬁabd(scﬂ + ﬁadedaﬁ + ﬁacaT5b6> - ’Yﬁaﬁy (2.26)
from which follows
d . (0) 5 PSP BT 4
gpPaa(t) = T1peq P() + g(paba + apba) — YPaas (2.27)
d 5 ot 4 abo — aT o — b 5
%Pbb(t) = g(pbca + apey — @' pap — Pbaa> — YPub, (2.28)
d . At n A .
peclt) = 1plp(t) = 9(a'pre + pesa) = v (2.29)
d A At an A . .
@pab(t) = g(/)acaT + apey — paaa) — YPab> (2.30)
d . . n . .
gpPact) = ripl p(t) + +9g (apbc - paba> — YPac; (2.31)
d . n N A ata .
&Pbc(t) = g(apcc — Prpl — anac) — Y Pbe; (2.32)

We confine ourselves to linear analysis and this can be achieved by dropping the g-terms

in Egs. (2.27), (2.28), (2.29), and (2.31) and applying the large-time approximation scheme.

Thus upon dropping the g-terms and applying the large-time approximation scheme, we get

ripha .

Paa = p(t),
aa ’}/
pry = 0,
, (0)
ﬁcc - 1Pec ﬁ(t) )
Y
~ TIP((L%) ~
Pac = pt).
Y

Now in view of these results, Egs. (2.30) and (2.32) can be put in the form

d gri i . R

Sha(t) = T (plpat — pl3)pa) — b,
v

d gri . AN A .

g = =5 (pDa — pDal) p — v pye.

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)
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Applying the large-time approximation scheme once more, we see from Eqgs. (2.37) and (2.38)

that
~ ari ~n An
Par = "o (P2 pat — p9) par), (2.39)
. gr1 . N A
e = T3 (PDa — pDat)p. (2.40)

Finally, on account of Egs. (2.39), (2.40) and their complex conjugate, the master equation
described by (2.21) turns out to be

dp 1 it oan et 1 o et a ata
dii = iAlpg%) (2ana — paaT — aan) + i(Alpgg) + m) (2apaT - paTa — aTap)
1 o 49 . toan 1 o "9 a o
+§A1pg%) (paT2 +a2p— QanaT) + §A1p£g) (paQ +a%p— 2apa), (2.41)
where
Ay =2r1g%/~? (2.42)

is the linear gain coefficient.

It is worth mentioning that the quantum properties of the light generated by the three-

level laser are determined by the master equation. It is easy to observe that with pESB = land

P = p¥

below threshold.

= 0, this equation reduces to the master equation for a two-level laser operating

c-number Langevin equations

We next seek to obtain, using the master equation, the c-number Langevin equations asso-
ciated with the normal ordering. The equation of evolution for the expectation value of an

operator in the Schrédinger picture is expressible as

d ~ . rdp
—(0) = TT(EO). (2.43)
To this end, employing the relation along with Eq. (2.41), we easily find
() = g (a(t) 2.44)
g W= et ‘
4 o) 22 (0)
gpla®)a(t)) = —p (a°(t)) + Arpac, (2.45)
d
£<dT(t)&(t)> = —m(a'(t)a(t)) + Aipl), (2.46)

in which

p = A () — p)) + k1. (2.47)
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We see that the c-number equation corresponding to Egs. (2.4412.46) in the normal order are

& a(t)) = —gmalt), 2.48)
4 ta(t)o(t)) = —m{a®(0) + A1), (2.49)
30 (o(1) = i a*(aln) + Ao (2.50)

On the basis of Eq. (2.48), one can write

d

L a(t) = —gmalt) + (1), @51

where f(¢) is a noise force the properties of which remain to be determined.

We note that Eq. and the expectation value of Eq.(2.5I) will have identical forms if
(f1(¥)) = 0. (2.52)

Moreover, it can be readily verified using (2.51) that

& (a(t)alt) =~ (1) + 20 (1), (2.53)

Comparison of Egs. (2.49) and (2.53) shows that
1
(a(t) f1(1)) = 51410((1%)- (2.54)
A formal solution of Eq. (2.51) can be written as

a(t) = a(0)e M2 4 /U gm0/ A)dt. (2.55)
We then note that
(a(t) f1(1)) = (@(0) fi(t))e 1" + /0 e 2@ Nt (2.56)
On account of the assertion that a noise force at time ¢ should not affect the system variables
at earlier times, we have
(a(t)f1(t) = /0 O () () (2.57)

so that in view of (2.54), there follows

t
/ e~ P =20 (1) F (¢))dt = %Alp&%)- (2.58)
0
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Now in view of the property of Dirac-delta function
! h 1
/0 gt —t)dt' = /t g(t)o(t —tdt' = §g(t), (2.59)
one can put Eq. in the form
/0 L2 ) Fy ()t = Agpl) /0 L -O/25 _ ap (2.60)
It then follows that
(A1) = ApQo(t —1t'). (2.61)
Furthermore, it can be established applying and its complex conjugate that
%(a*(t)a(t» = —pa (e (H)a(t)) + (™ (8) f1(t)) + (e(t) fi (1)) (2.62)
On comparing this with , we have
(@ () f1(8)) + (a() [ (8) = Aipl), (2.63)
In addition, using and its complex conjugate, we easily get
@R 0) = [ e ORG ar 2:642)
(" () /() = /0 OO () Fr (et (2.64b)
Now taking into account (2.63), (2.64a), and (2.64b), and assuming that
(fi(ONE) = (AB L)), (2.65)
we arrive at
[emeomgnenat = [ emO @y = a2
Therefore, in view of (2.59), we see that
(FFOAE) = (A@OFE) = Apls(t —1). (2.67)

It is worth mentioning that (2.52), (2.61), and (2.67) describe the correlation properties of the

noise force fi(t) associated with normal ordering.
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2.2 The Q functions for the output laser light beams

Various quantum distribution functions are widely used in quantum optics, because they
provide convenient means of describing the quantum properties of light modes. Here we
confine our discussion to the Q function which is best suited to the evaluation of the expec-
tation value of antinormally ordered operators [3, 15-18]. To this end, the Q function for a

single-mode light can be expressed as
Qo™ a,t) = 12/d2z¢a(z*, z,t)exp (2¥a — za™), (2.68)
7T

where

Ga(z",2,t) =Tr (ﬁ(O)e_z*d(t)ez‘iT(t)) (2.69)

is the antinormally ordered characteristic function defined in Heisenberg picture. Applying
the identity

6A€B = eBe e[AB] (2.70)

one can write Eq. (2.69) as
ba(2*,2,t) = e *Tr ([)(O)ezaT(t)e*Z*&(t)) (2.71)

Although we are interested in the case for which the cavity mode is initially in a vacuum state,
we also need the Q function in which the cavity mode is initially in arbitrary state. Thus the
density operator, 5(0) that appears in Eq. can be expressible in terms of the P function
as [3, 8, 15-17]

p(0) :t/f%aggam%x%L (2.72)
In view of this fact, one can put Eq. (2.71) in the form
bal(2*, 2,1) ]/<12A Py 0)7v~(|Ao><Ao|e2@*“>e—Z*@“>). 2.73)

We note that the dynamics of a cavity mode coupled to a vacuum reservoir can also be de-
scribed using quantum Langevin equation [3]. Therefore, on the basis of Eq. (2.44), one can
write

d 1

where F(t) is a noise operator with vanishing mean. Hence a formal solution of this equation
is expressible as

a(t) = a(0)e M2 £ @' (t), (2.75)
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where

a(t) = /O t e M =2 f (i) dt. (2.76)
Furthermore, taking into account of Eq. along with the fact that

[a(0),a'(t)] = [a'(0), a"(#)] =0, 2.77)
we readily establish that

Pa(2”,2,1) = BAPj (N5 M) exp [ — 272 + (Niz — Noz¥)eHit/?
JI\"%o o

X < exp (zd'T(t) — 2*d/(t)) > (2.78)

We note that Eq. (2.78) can be expressed in terms of ¢ number variables associated with the

normal ordering as

Pal2",2,1) = PAPj (N A exp [ — 22 + (Aiz — Noz*)e Hat/?
JI\"%o o

X < exp (za*(t) — 2*d/ (1)) >, (2.79)

where

t
o (t) = /0 et =2 £ (1) ar' (2.80)

is the ¢ number equation corresponding to Eq. (2.76) in normal order. With the aid of Eq.
(2.80), the equation of evolution of o/ can be written as

d , 1 , )
prie (t) = —5HiQ (t) + f;(t), 7=1,2. (2.81)

We observe that Eq. (2.81) is a linear differential equation. In addition, using (2.52), we see
that
(o/()) = 0. (2.82)

Hence from Egs. (2.81) and (2.82), one can observe that o’ is Gaussian variable with a vanish-

ing mean. Thus in view of this Eq. (2.79) can be put in the form

Pa(z%, 2,1) = /d2>\on(>\27 Ao)exp [ — 2"z 4+ (A2 — Aoz*)e—ujt/ﬂ
X exp (%< [zo/*(t) - z*o/(t)]2>>. (2.83)

It then follows that

ba(2*,2,1) = / 2N Pi(N%, Ao) exp [— z*z(1 + <a’*(t)o/(t)>) F (N — Apzt)eHat/2

3 (2 20) + 20”0 284)
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Next we proceed to determine the various expectation values involved in Eq. (2.84). To

this end, taking Eq. (2.80) into account, one can write

@ Oa'(0) = [ O 0 (1) 1)t

Moreover, taking the complex conjugate of Eq. (2.80), it is also possible to see that

(@) f;(t)) = / eI (1 £ (1))t

0

Applying (2.67), one can write Eq. (2.86) as
t
@O E) = 4 [ 05— et
0
from which we obtain
(@ (Of;(¢)) = Agplfle 012

Substituting (2.88) to Eq. (2.85), one can readily gets

/% ! _ Ajp‘(l(‘)l) _ oyt
(@™ (t)a (t)>—7uj (1—e7).

Following a similar calculations, it is not difficult to show that

0 i
A; | P | et

a(t 1 — e Haty,
(@™(1) s ( )
. A ((l%) e~ .
<Oé/ 2(t)> _ J | p’u‘ ‘ (1 —e ;th)‘
J

It proves to be more convenient to introduce a new parameter defined by

n=pl — ).
Thus in view of Egs. (2.3) and (2.19), we see that
A0 4D~ 1

Using this relation along with Eq. (2.91), we get

1—n

Pg?l) = 5
1+7n

ng) = o
1—n2 .

P((z%) = Tnew-

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

(2.90a)

(2.90b)

(2.91)

(2.92)

(2.93a)

(2.93b)

(2.93¢)

Since the value p,(loa) is between 0 and 1, it is not difficult to see that the value of 7 lies in the

interval -1 < n < 1.
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On account of (2.89) and (2.90) along with the relation (2.93) together with the assumption
that pg%) is real, the characteristic function described by Eq. ib takes the form

ba(2*, 2, 1) = /dz)\on(/\j;, Ao) exp | — a2z + (N2 — A\o2*)e M2 £ bi(22 4+ 22) /2|, (2.94)

in which
Ai(1—n) (Asrtres
R e A S VA 1— (Ajn+r;)t 2.
“ LT . -
AVIZTP e
. — 2 ¥ (1 - ( .777+K’.7)t =1.2. 2.
b 2(A;n + Kj) A-e b , (2:950)

With the aid of Eq. (2.94), the Q function for the cavity light described by the Eq. (2.68) is
expressible as
2
Q(a*,a,t) = 1 /dz)\on()\;,)\o) / ﬁexp [— a;z*z + (Ne T2 — o)z
™

™

—(Noe M2 — )2 4 b(22 + 2*2)/2]. (2.96)
Employing the relation

dQZ * * 2 *2
—exp[—azz—i—bz—i—cz + Az° 4+ Bz }
T

[ 1 ]1/2 [abc—l—Acz—l-Bb2
a? —4AB a? —4AB

the integration over z can be evaluated to give

}, a>0 (2.97)

(2 — v2]1/?
Q0" ant) — ‘7]/dQ)\OPj(/\Z,)\O)Rj()\j;,)\o,t) exp [~ ujaa + [(uX] — vio)a
n
+(ujr, — vj)\z)a*]e*“jtﬂ +vj(a® + 04*2)/2} , (2.98)
where
aj
uj = 50, (2.99a)
aj — bj
b
with
R;i(X%, Aoy t) = exp [[ —u Ao + v, (A2 + A22)/2] e_“jt} . (2.100)

The expression described by Eq. (2.98) represents the normalized Q function for the cavity

light in terms of arbitrary P function.

We next wish to obtain the normalized Q function for the output laser light beam. Thus
according to the input-output relation, the output mode operator a°“(t) can be written in

terms of the cavity mode operator a(¢) and input mode operator a;,(t) as

a®"(t) = /Kja(t) — amn(t), (2.101)
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where £; is the cavity damping constant, with j = 1, 2. However, for a cavity mode coupled to
a vacuum reservoir and with the input mode operator associated with vacuum reservoir put

in normal order, one can write the output operator as
a®"(t) = \/rja(t). (2.102)
The c-number equation corresponding to Eq. associated with the normal ordering is
a®(t) = \/Rja(t). (2.103)

Hence upon replacing «a(t) by a(t)/,/#; in the Eq. , the Q function for the j** output

laser light beam found to be

[u? — v2]1/2
Qj(a*, a,t) = # /dQAOPj()\Z, Xo)Rj(N5, Ao, t) exp [— ujoa/k;
F (A — vido) ) JRG + (ujho — v ALY/ Jj | e Mt/
+oj(a? + a*2)/2f<;j}, j=1,2. (2.104)
We note that
/dQQQj(a*,a,t) = /dQAOPj(Az,AO) =1. (2.105)

Thus we see that Q the function described by Eq. (2.104) is normalized .

Suppose the cavity mode is initially in a vacuum state |0). Then using the fact that
Pi(A5, A0) = 0 (M), (2.106)

we easily arrive at

(2 — 02]1/2

Qj(Oé*,Ct,t) = 2 I

exp | —ujata/kj +vi(a® + a*z)/Qm]} . (2.107)
Ry
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2.3 Quadrature squeezing

In this section we wish to study the squeezing properties of the superposed output laser light
beams using the density operator. To this end, we first derive the density operator for the

superposed laser light beams.

Suppose p'(t) is the density operator for a certain light beam, say for the first laser light
beam. Then upon expanding this density operator in the normal order and introducing the

completeness relation for coherent state , we have

R d*s . ~m
- [ X amos s (2.108)
Now applying the identity
18)(Bla" = (8 aﬂ*) 18)(8l, (2.109)
we see that
N _ *l 8 m
Po= / ZZ g (B + 552)"18)(8] (2.110)
- /d%@(ﬁ B+ 51N @11
This expression can be rewritten as
§ = [ @655+ 57 ) DO D) 2112)
where D() is the displacement operator and
p(0) = 10){0] (2.113)

represents the density operator for the light initially in the cavity.

We now realize that the density operator for the superposition of the first light beam and

another one is expressible as

/d YQ2(Y", v + 88*7 t)D(y)p'D(—v), (2.114)
so that in view of (2.111), we have
o) = /&quamﬁwq@mw+fwmmmwmﬂ» 2.115)
On account of the fact that
D(7)|B) = exp E(W* —v*ﬂ)}\v+ﬁ>, (2.116)
the density operator (2.115) takes the form
) = [ @BEIQ( B+ 5 0Qa(r" 7+ g O+ BB+ @117)
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2.3.1 Global quadrature squeezing

Here we calculate the global (in the entire frequency interval) quadrature squeezing of the
superposed output light beams. To this end, the quadrature operators for the superposed

output light beams is defined by
ar = VEL(a" +a). (2.118)
The global variance of the quadratures represented by (2.118) is expressible as

(Add), = =(a'+a,a +a)

= £[(at+a)?) — @t +a)?), (2.119)

” n

where the subscript ”s” stands for superposed.

Now the expectation value of the operator a(¢) can be written as
(a(t)) = Trip(t)a(0)]. (2.120)

Applying (2.117) in Eq. (2.120), we have

d d
(a(t)) = /d2ﬁd2’7Ql(ﬁ B+ o5 £)Q2(v* vy + e ) (8+1). (2.121)
In view of the fact that
(a(t)) = /d26Q1 B, 8+ Z*, t)3 (2.122)
9
@®) = [+ 500 @2.123)

one can write
(a)) = (a1(t)) + (az(1))- (2.124)

Making use of the Q function described by (2.104), with («, o*) replaced once by (5, 3*) and

more (,~*), one can readily establish that
aj(t)) = R [ @PXoPj(N5 Ao) e M2 =12, (2.125)
J J I\

Moreover, on account of (2.125), the equation of evolution for the expectation value of the

output operators of the component light beams can be written as

d . 1 . )
24851 = =5, (1), 7 =12 (2.126)
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On the basis of this relations, one can write

d 1 .

with F(t) being a noise operator with a vanishing mean. The solution of this equation can be

written as
aj(t) = a;(ty)eHltto)/2 4 /t t e 2P hdt, j=1,2 (2.128)
In view of this result, one can write
a(t) = ai(t) + aqz(t). (2.129)
This represents the operator for the superposed output laser light beams.
The expression represented by Eq. can also be written in explicit form
@) = (ai(te))e MEt)/2 4 (ay(t,))eH2lt=to)/2, (2.130)
In view of (2.129), one can show that
[a(t),a"(1)] = w1 + R, (2.131)

with
(@i(t), al(t)] = ridi;. (2.132)
Using the commutation relation (2.131), the global quadrature variance of a pair of super-

posed output light beams can then be rewritten in the form

(Aal), = K1+ k2 + (: Aad 1), (2.133)
where
(: AdZ D, = (ax,a4 )
= +[(a,a) + (a',al) +2(a', a)] (2.134)

is the normally-ordered global quadrature variance.

Moreover, suppose the cavity mode is initially in a vacuum state. Thus applying (2.106) in

Eq. (2.125), we obtain
(a; (1)) = (@l() =0, j=1,2. (2.135)

Therefore, one can write

(a(t)) = 0. (2.136)
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In view of (2.136), we see that
(Add), = k1+ro£[(@%) + (@) +2(a'a)). (2.137)
Now the expectation value of the operator af(t)a(t) is expressible as
(' (t)a(t)) = Tr[p(t)a’(0)a(0)]. (2.138)
Applying in Eq. (2.138), we have

@Oa0) = [ @505+ 55 0@+ 5

ﬂ*’
X(B*B+ B+ +7*6). (2.139)
This can be put in the form
@a) = (@l®a) + @) a ) + (@ht)as(t) + (@) a(t).  (2.140)
in which
@lwn) = [E6i(3 6+ 55080 (2.1412)
1 8,8*’
(@y(tas(t)) = /dQ’YQ2 (v v+ 88*, )y . (2.141b)
Furthermore, on account of (2.135), Eq. reduces to
(@' (®a(t)) = (al@®ai) + (@h@)as (). (2.142)

Next we seek to evaluate the expectation values involved in this expression. To this end, we

note that the Q function described by (2.107) can be rewritten as

* V1Rk1 02
Q5+ ) = QB Btep [ (ws—mg) 5+ ] @)
where
(u2 . v2)1/2
Q1(8*,8,t) = #GXP[_Ulﬁ*ﬁ//ﬂ+U1(ﬁ2+ﬁ*2)/2,‘i1} (2.144)

is the Q function for the first output laser light beam, with u; and v; defined by (2.99a) and
(2.99b). Now making use of the Q function described by Eq. (2.143), one can rewrite Eq.
as

2 . 9\1/2 2
(@j(tai(t)) = W / % exp {— mﬂ*ﬁ//ﬂ +v1(8% + B2) /2K

Ul R1

8ﬁ* 2 65*2

+(v18 = w B ) ]ﬂ 3. (2.145)

’01 K1 62

55 * 3 557 3*3. (2.146)

_ /d25Q1(ﬁ*,ﬁ,t) exp Kmﬁ*ulﬁ >
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This can be put in the form

A ~ 8 * *
@wae) = [EsglaEsnans.o) 2147
A=0
where
* . * 8 V1Rk1 82 *
b BB = exp [(mﬁ —wB) 55t 5*2] op (VB (2.148)
Now considering a differential operator A satisfying an eigenvalue equation
Af(z) = af(z) (2.149)
and using power series one can easily see that
eAf(:r) = e f(x). (2.150)
Using this result, we see that
2)\2
di(\,B%,8) = exp {)\ (1)15 - Ulﬂ*>ﬁ + A3 6 + 7}1/{125} . (2.151)

Now employing (2.151) in Eq. (2.147) along with differentiating and applying the condition
A =0, yields

@mat) = (1—ul)/dzﬂQl(ﬁ*,ﬁ,t)ﬂ*ﬁ—i—vl/dQﬂQl(ﬁ*,ﬁ,t)Bz. (2.152)

We can also put Eq. (2.152) in the form

At oy A 1/2 0 0
@ @a0) = (f —od)"*|m ~1)7- +25C]
d2
x/fexp [—ulﬁ*ﬁ/m +v1(/\1ﬁ2+,6*2)/2m] ) (2.153)
A=1
from which follows
At 1/2 0 0
@ Oam) = wi(ef —23)" [ 1) 5 +257]
s (u? —v2n) T (2.154)
A1=1
Upon performing differentiation and applying the condition A\; = 1, one gets
A A Uy
@on®) = w2 1]
= Kl(al - 1) (2155)

Making use of similar calculations, it is not difficult to show that

(@(ax(t)) = |y 1]
2 2

= Hz(az — 1). (2.156)



2.3 Quadrature squeezing 22

With the aid of Egs. (2.155) and (2.156), one can write

(@' (t)a(t)) = k1(ag — 1) + Kalag —1). (2.157)

Following the same procedure, we find

A2V af2y K11 R2U2
N e A AT
= K1b1 + Kobs. (2.158)

Employing (2.157) and (2.158) in Eq. (2.137), we readily obtain

(Aai)s = K1+ Ko+ 261(a1 — 1) + 2k2(az — 1) £ 2(k1b1 + Kaba). (2.159)

Hence in view of (2.95a) and (2.95b), along with Eq. (2.159), the quadrature variance is found

to be

(Aai)s N |:/~€1A1(1 —n) £ r1A1/1 - 772] - 6—(A1n+n1)t]

A+ k1
_ 2
ot [@Ag(l n) & £y Asy/T— 1P } -Gt (2.160)
Aom + Ko

We notice that for ¢ = 0, the quadrature variance (2.160) reduces to
(Adi), = K1+ ko, (2.161)

which is the output quadrature variances of a pair of superposed vacuum states. On account
of this, it may not be difficult to observe that until the lasing system able to generate strong
light, the effect of the vacuum fluctuations dominates and later, undoubtedly, the effect of

the lasing system begins to overtake it.

At steady state, Eq. (2.160) takes the form
(Aai)s = K+-—-— rids [l—n:i:\/l— ]
1n
+Kryg + — iz Aa [1—ni\/1— ] (2.162)

We observe that the global quadrature variance given by (2.160) or (2.162) is the sum of the

quadrature variances of the constituent output laser light beams. We can also get the same

result as of (2.161) upon setting A; = A, = 0 in the expression described by Eq. (2.162).

It is interesting to examine some special cases. First we consider the case in which either

K1 OT Ko is equal to zero. In this case, the quadrature variance (2.162) turns out to be

(Ad), = ity s [m;wf}

= (Aai)j, ]_1,2, (2.163)
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which is exactly the same as the quadrature variance of one output light beam.

It is easy to observe that for p(o) = 1and pﬁ? = pf}? =0 (orn = —1), Eq. (2.162) goes over

into
(Adk), = Ki(1+2N1) + ka(1+ 2Ns), (2.164)

where

N, = 8 j=12 (2.165)
1—acj

is the steady-state mean photon number of the component light beams. We see from Eq.
(2.164) that the output component of a light beam generated by two-level lasers operating

below threshold (4;/x; = x; < 1) separately exhibits chaotic nature.

Furthermore, it is worth considering the case in which when one of the component output
light beam is either vacuum fluctuation or thermal (chaotic) light. For the case in which one
of the output beam is in a vacuum state. This corresponds to no atoms are injected into the
cavity coupled to vacuum reservoir. Hence upon setting A, = 0 in Eq. (2.162), we see that

oy + AL [1—771\/1— H (2.166)

Add), = Ko+
( ai)s 2 A+ K1

We notice that the first term in Eq. (2.166) is due to the output light beam in the absence of
injected atoms into the second cavity and the second one represents the contribution from

the first cavity output light beam.

On the other hand, when one of the component output light beam is chaotic light gen-
erated by two-level laser operating below threshold (A2/k2 = 22 < 1) while the other one

squeezed laser, Eq. (2.162) turns out to be

(Ad), = m+ -2 {1—77i\/1—7]

A+ K1
—i—/ﬁ}g( +2N2), (2.167)

which represents the global quadrature variance of the superposed squeezed laser and chaotic
output light beam. It is worth mentioning that the global quadrature variance of a pair of su-
perposed identical output laser light beams is twice that of the global quadrature variance of

one output laser light beam.

We calculate the global quadrature squeezing of the superposed output light beams rela-
tive to the global quadrature variance of the output light beams in a pair of superposed vac-

uum states. We then define the global quadrature squeezing of the superposed output laser
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light beams by [22]
6 (Aa?), — (Ad?), (2.168)
N (Aa%)v '
In view of (2.161) and (2.162), the global quadrature squeezing is found to be
1 K1 A1 koA
S = V1i-n?—-(1- . 2.169
K1+ Ko (A177+F61 +A277+f<;2>|: " ( 77):| ( )
This can be put in the form
g = 5L+ R25e (2.170)
K1+ K2
where
A; .
S5 = —A—[Vi-@-(-n)] j=12 (217D)

Ajn =+ K

is the global quadrature squeezing of the j** output laser light beam relative to the global

quadrature variance of a light beam in a vacuum state, which is exactly the same as the intra-

cavity light.

]

Global quadrature squeezing S and S,

Fig. 2.1: Plots of the global quadrature squeezing (S) and (S;) of the output laser light beams [Eq.

(2.172) and Eq. (2.171)] versus n for k; = k3 = 0.8, A; =5, and As = 10.

It is easy to observe that for k; = k2 = K, Eq. (2.169) reduces to

_5'1+52

S 5

(2.172)
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0.8 :

—A,;=5, A=10,
0.7 b
0.6

0.5+

0.4r

0.3r

Quadrature squeezing (S)

o
N}

0.1

Fig. 2.2: Plot of the global quadrature squeezing (S) of the superposed output laser light beams [Eq.
(2.172)] versus n for k1 = k3 = 0.8, A; = 5, and A, = 10.

in which
S; = % [m— 1- 77)], j=1,2. (2.173)
N+ K
It is not difficult to see from Eq. and Fig. [2.1]that the quadrature squeezing of the su-
perposed laser light beams is the mean of the quadrature squeezing of the constituent output
laser light beams. It is worth mentioning that the global quadrature squeezing of the output

light beam is the same as the global quadrature squeezing of the intracavity light beam.

Moreover, on the basis of the definition of the parameter n Eq. , it can be realized for
n = 0 that ,0((1?1) = pgg) = p((l%) = 1/2, which corresponds to a maximum possible initial atomic
coherence. But a case for which n = 1, that pg%) = pgl) = 0, and p£2) = 1, is related to the
absence of injected atomic coherence at the beginning. One can readily see from Eq.
that there is no global squeezing when the atoms are initially prepared with a maximum or
minimum atomic coherence. However, as shown in Fig. the maximum global squeezing
occurs when the atoms are prepared with initial coherence close to the maximum possible
value. As it can be seen from Fig. 2.2 that the superposed output light beams is in a squeezed

state for all values of » between zero and one. In particular, the maximum value of quadrature
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squeezing for A; =5, As = 10, and k; = k2 = 0.8 is found to be 61.5% below the vacuum-level

and occurs atn = 0.35.

Furthermore, for the case in which either x; or k2 = 0, the global quadrature squeezing of

the superposed output laser light beams turns out to be
S=5;, (2.174)

which is the same as the global quadrature squeezing of one output laser light beam. In ad-
dition, it is worth mentioning that the global quadrature squeezing of a pair of superposed
identical output laser light beams is the same as the global quadrature squeezing of one out-
put laser light beam. This can be achieved when both the linear gain coefficients and cavity

damping constants of the component light beams are equal.

On the other hand, for the case in which either A; or Ay = 0, the global quadrature squeez-

ing of the superposed output laser light beams (2.169) takes the form

S
§ = 1222 4y (2.175a)
K1+ Ko
_ M8, (2.175b)
K1 + K2

This result corresponds to one of the component output light beams is in vacuum state.

However, for the case in which k; = kg, the global quadrature squeezing described by Eq.

(2.175) goes over into

1
S= 385 j=12, (2.176)

which is just half of the global quadrature squeezing of the laser output light beam. This
result is consistent with the quadrature squeezing of the superposed coherent (vacuum) and
squeezed light obtained in [22]. Thus we observe that the effect of the vacuum is to reduce

the quadrature squeezing by a factor of one-half.
Moreover, for the case in which one of the constituent output light beam is chaotic light,
we see that

/ﬂSl — 2/432]\72
K1+ ke

S = (2.177)

This can be achieved when x5 < 1. It is not difficult to notice from Eq. (2.177) for x; = 0 that
the squeezing does not exist, which indicates that the squeezing in the superposed output
laser light beams is directly attributed to the squeezed laser light beam, since the quadrature

squeezing of the squeezed laser light beam is found to be maximum for initial coherence close
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to the maximum possible value. In addition, as clearly shown in Fig. that the degree of
squeezing of the output light beam produced by squeezed laser light beam increases with the
linear gain coefficient. On the other hand, as we have seen in Eq. (2.167), the spontaneously
emitted radiation from an ensemble of two-level lasers exhibits chaotic nature. As a result,
unfortunately, the superposition of the two-level and squeezed laser light beams destroys the

existing squeezing.
2.3.2 Local quadrature squeezing

We next seek to calculate the local (in a given frequency interval) quadrature squeezing of the
superposed output light beams. To this end, the spectrum of quadrature fluctuations for a

given output light beam with central frequency w, is defined by

Si(w) = 1 Re / (a+(t), a4 (t + 7)), @794, (2.178)
0

™

where the subscript ”ss” stands for steady state. Upon integrating both sides of (2.178) over
w, we easily get

/Oo St (w)dw = (Aad),, (2.179)

in which
(Add), = (as(t),ax(t)),, (2.180)

is the global quadrature variance of the output light beam at steady-state. On the basis of the
result given by Eq. (2.179), we assert that Sy (w)dw is the steady-state quadrature variance of
the output light in the interval between w and w + dw. In view of of Eq. along with the
definition for quadrature operators described by Eq. (2.118), we see that

(ax(t),ax(t+7)) = (ax(t)aL(t+7))
= x{(a()alt+ 7))+ (@ @)al(t + 7))
+(a)al(t+ 7)) + (@' (t)at +7))|. (2.181)
We note that the two-time correlation functions for the superposed output light beams that
appears in the expression described by can be calculated using the quantum regres-

sion theorem (3, 26, 31, 36, 38-42]. To this end, the expression for (a(t + 7)) can be obtained
from (2.130) upon replacing ¢, by t and ¢ by ¢t + 7. We thus see that

(at+71)) = (a1(t+7))+ (az(t + 1)), (2.182)
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where
(aj(t+7)) = (a;(t)e ™72 j=1,2. (2.183)
Now applying the quantum regression theorem to (2.182), one finds
@at+71)) = (@' @®)at+7)) + @ (t)as(t +7)). (2.184)
Substituting the adjoint of Eq. in the right hand side of Eq. (2.184), we see that

(@ (®at+m) = @iOat+ 7)) + (@ht)at +7)
+al (Oaz(t + 7)) + (@b (t)az(t + 7). (2.185)
Moreover, the operator a; (¢) and ax(t) are not correlated since they are independent variables,

so that

(@l (®)ai(t + 7)) = @) @it + 7)), i # 4, 6,5 =1,2. (2.186)

On account of Eq. (2.135), one can readily find

(@l(t)ai(t +7)) = @l (E) @it + 7)) =0, i #j, i,j = 1,2, (2.187)

In view of this result, one can write Eq. as
@at+7)) = (al(®at+ 7)) + (@ab®)as(t + 7). (2.188)

Next we seek to obtain the two-time correlation functions for the component output light
beams that appears in the right hand side of the expression (2.188). Again applying the quan-

tum regression theorem to Eq. (2.183), we see that
@ha;t+7) = (al@)a;t)e /2 j=1,2. (2.189)

J J

On account of (2.189), one can easily find
alalt+7) = (@l (®)ar(t))e ™M7/% + (@l (t)ag(t))e 27/2. (2.190)
1 2
In a similar manner, it is also possible to verify that

@att+7)) = (ar)al@))e ™2 + (ag(t)al(t))eH27/?, (2.191)
(a®alt+7)) = (a(®)ai(t))e ™M™ + (ag(t)ag(t))e *27/2, (2.192)

(@(mate+7) = (almal®)e 72 + (@bwabe)e =", (2.193)
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Taking into account of (2.190)-(2.193), Eq. (2.181) can be written as

(@r(t),act+7)), = (@1e(t)ans(t))e ™2 4 (agy (t)aoy (t))e 127/

= (Add),e 7% + (Add),e 2772, (2.194)

where (Aai)j is the global quadrature variance of the j* output laser light beam at steady-
state given by Eq. (2.163).
Now on introducing (2.194) into Eq. (2.178), we find the spectrum of the minus quadrature

fluctuations for the superposed output light beams to be

S_(w) = 1Re/ [(Aa%)le_(“l/z_i”/)7+(Aa2_)26_(M/2_iw/)T]dT. (2.195)
0

™

Upon integrating over 7, we obtain

Ny = (Aa?), LT 2)  h2/2m
S_((AJ) = (Aa_)lm"‘(ACL_)2['LL2/2]2+WI2 . (2196)

We observe that the spectrum of quadrature fluctuations of the superposed output laser light
beams given by Eq. (2.196) is the sum of the spectra of quadrature fluctuations of the con-

stituent output laser light beams.

Following Ref. [26], the variance of the minus quadrature in the frequency interval be-

tween w’ = —) and w’ = X can be expressed as
A
(Aa?), = / S_(w)dw', (2.197)
-\

in which v’ = w — w,,.

Hence taking Eq. (2.196) and using the fact that

A dw 2. /A
we obtain
(Ad?) ., = 21(M)(Ad?), + 2(\)(Ad?),, (2.199)
in which
2 2X .
; = —t _ =1,2. 2.200
500 = 2t () =L 2:200)

Moreover, we can also rewrite Eq. (2.199) in terms of the local quadrature variance of the

component output light beams as

(Aa?) ., = (Ad®), , +(Ad®),,,, (2.201)
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Fig. 2.3: Plots of the global and local quadrature variance of the superposed output laser light beams
[Eq. (2.162) and Eq. (2.199)] versus n for k1, = k2 = 0.8, A1 = 5, and A, = 10.

in which

(Aa2), . = z(M(Ad),, j=1,2 (2.202)

is the local quadrature variance of the component output light beams. We see that the local
quadrature variance of a pair of superposed output laser light beams is the sum of the local
quadrature variances of the constituent output laser light beams. Itis not difficult to see from
Fig. [2.3]and[2.4]that the quadrature variance in a relatively small frequency interval is less than
the global quadrature variance. A closer inspection of these plots clearly indicates that the
local quadrature variance of the output laser light beams increases with A and approaches to
the global quadrature variance for sufficiently large values of A. In addition, we observe that a

large part of the total quadrature variance is confined in a relatively small frequency interval.

It is important to note that for the case in which identical component output light beams.
In this case the local quadrature variance of the superposed output laser light beams is twice

that of the local quadrature variance of one output laser light beam.

However, when ether x; or x5 goes to zero, the local quadrature variance given by Eq.
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Fig. 2.4: Plot of the local quadrature variance of the superposed output laser light beams [Eq. (2.199)]

versus A for k; = ko = 0.8, 7 = 0.5, A; = 5, and A, = 10.

(2.199) reduces to

(Ba2),py = %(N)(Aa2),
= (Ad?), ., j=12

(2.203)

which is exactly the same as the local quadrature variance of one output laser light beam.

It is worth considering the case that when A; = As = 0, which corresponds the con-

stituent output light beams is a vacuum state. Hence upon setting A; = A, = 0 in Egs.

(2.200) and (2.163), the local quadrature variance described by Eq. (2.199) takes the form

(Ad?), ., = r1210(A) + Kazau (M),
where
2 2
2jp(A) = —tan™! <>, ji=1,2,
J T I{j
with

(Aa%)j = Ky

is the global quadrature variance of a light beam in a vacuum state.

(2.204)

(2.205)

(2.206)
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We then seek to calculate the quadrature squeezing of the superposed output laser light
beams relative to the quadrature variance of the output light beam in a pair of superposed
vacuum states in the interval between ' = —) and w' = A. Thus we define the quadra-
ture squeezing of the superposed output laser light beams in the aforementioned frequency
interval by

5. = (Aag_)vi)\; (Aa%)si)\‘ (2.207)
(AdZ),

Hence with the aid of Egs. (2.199) and (2.204), we see that

1
Sen = K1210(X) + Kazay(A) [ﬁl(zlv()\) —21(N) + k2 (220 (A) — 22(N))
R s

This can be put in the form

K1 (zlv(A) - zl()\)) + Ko (zgv()\) - 22()\)) + 21(AN)K1ST + 22(N\)K2S2
S, = PP Gy S—py . (2.209)

This represents the local quadrature squeezing of the superposed output laser light beams.

It is worth considering some special cases. First we consider the case in which equal

damping constants. Hence upon setting k; = k2 = « in Egs. (2.200), (2.205), and (2.208)
the local quadrature squeezing described by Eq. (2.208) turns out to be

(20(0) = 210) + (20() = 22(0) + 21(N)S1 + 2 (NS

Six 0N (2.210)
where
2y 2)
zj(A) = %tan (Ajn n /{)’ (2.211)
2 2
z(A) = Ztan™! <A> (2.212)
™ K
One can also rewrite Eq. (2.210) in the form
S, +S
Sy = 2, (2.213)
with
w(A) — 2z (A i(A)S;
s, = BWZuW)+505 (2.214)

E Y] 2y (}\)
is the local quadrature squeezing of the j'* squeezed laser output light beam relative to the

local quadrature variance of a light beam in a vacuum state. We see from Eq. (2.213) that the
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Fig. 2.5: Plots of the global (S) and local (S, ,) quadrature squeezing of the superposed output laser
light beams [Eq. and Eq. (2.213)] versus 7 for k; = ko = 0.8, A; = 5 and 4, = 10.

local quadrature squeezing of the superposed output laser light beams is equal to the mean

of the local quadrature squeezing of the constituent output laser light beams.

Moreover, we notice that from the plots that the local quadrature squeezing is
greater than the global quadrature squeezing. A closer inspection of the plots Figs.
shows that as the value of A increases, the local quadrature squeezing decreases and ap-
proaches to the global quadrature squeezing for sufficiently large value of A. In other words,
the degree of quadrature squeezing increases as the frequency interval decreases. The maxi-
mum squeezing of the superposed output laser light beams is found to be 92.5% and occurs
at A = +0.01 for k1 = ko = 0.8, = 0.5, A1 = 5, and A, = 10. It appears that almost perfect

squeezing can be achieved for sufficiently small values of \.

Furthermore, we see that for the case in which A; = A, as well as k; = k9, the local
quadrature squeezing (2.208) goes over into

(2ju(N) = 2(N)) + 2;(N)S;
Zju(N)
Sy J=12, (2.215)

S:I:A =

which is the local quadrature squeezing of a pair of superposed identical output laser light

beams and is the same as the local quadrature squeezing of the j"* component of squeezed



2.3 Quadrature squeezing 34

Local quadrature squeezing (Sﬂ)
o
] o
[$)) @

e
3
:

0.651

Fig. 2.6: Plot of the local quadrature squeezing (S_,) of the superposed output laser light beams [Eq.
(2.213)] versus A for k; = ko = 0.8, 7 = 0.5 A; = 5, and A, = 10.
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Fig. 2.7: Plot of the local quadrature squeezing (S, ,) of the superposed output laser light beams [Eq.
(2.213)] for k1 = k9 = 0.8, A; =5, and 4, = 10.
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Fig. 2.8: Plots of the global (S;) and local (S Aj) quadrature squeezing of the j th output laser light beam

[Eq. (2.171) and Eq. (2.215)] versus 5 for x; = 0.8 and A4; = 5.

laser output light beam.

On the other hand, for the case in which either A; or A, = 0, the local quadrature squeez-

ing (2.208) reduces to

K92 (ZQU(A) — 22()\)) + ZQ()\)HQSQ
_ A = 2.21
S k1210 (A) + Kaz20(A) y A1=0 (2.2162)

K1 (Zlv()\) — Zl()\)) + zl()\)mlSl
= Ay =0. 2.216b
K1210(A) + k2224 () n e ( )

It is quite interesting to note that the result given by Eq. (2.216) corresponds to the case no

atoms are injected into either one of the cavity.

Moreover, for the case in which x; = k9, the local quadrature squeezing of the superposed

output laser light beams described by Eq. (2.216) turns out to be

(270 () = () + 2;(N)S;
QZjv()\)

=1,2, (2.217)

S:I:A

1

§Si>\ja ]

which is just half of the local quadrature squeezing of the squeezed laser output light beam.

However, when either «; or k3 goes to zero [or A; = Ay and k1 = k2], the local quadrature
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Fig. 2.9: Plot of the local quadrature squeezing (S, Aj) of the j** output laser light beam [Eq. (2.215)]
versus A for x; = 0.8, =0.5,and 4; = 5.

squeezing given by Eq. (2.208) goes over into

g - \E ] ] / (2.218)
+A Zjl}()\)
i=1,2 (2.219)

which is the same as the local quadrature squeezing of one output laser beam.

Finally, we consider the case that either one of the component output light beam is a
chaotic light generated by a two-level laser operating below threshold (A2/k2 = z2 < 1). In

such a case, one can readily establish that

So = g [ ) = A 00) 2 () 5 00)
+21(A\)K1S1 — 2zC(A)m2NQ] , (2.220)
where
ze(\) = %tan_l (m Q_A AQ). (2.221)

We note that the expression described by Eq. (2.220) represents the local quadrature squeez-

ing of the superposed squeezed laser and chaotic output light beams.
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2.4 Photon statistics

In this section we study the statistical properties of the output light beams produced by the
system under consideration. We determine the global mean and variance of the photon num-
ber as well as the local mean and variance of the photon number for the superposed output
laser light beams. In order to determine the local mean and variance of the photon number,

we first calculate the power spectrum and the spectrum of intensity fluctuations respectively.
2.4.1 The global mean and variance of the photon number

Here we seek to determine the global mean and variance of the photon number for the super-
posed output laser light beams. To this end, we define the operator representing the photon

number for the superposed output laser light beams by

hs = al(t)a(t). (2.222)

Mean of the photon number
S
L

Fig. 2.10: Plot of the global mean photon number of the superposed output light beams [Eq. (2.224)]

versus 7 for k1 = ko = 0.8, A; = 5, and A = 10.

expressible as

ns = (af(H)a(t)). (2.223)



2.4 Photon statistics 38

In view of (2.157) along with (2.95a), the steady-state global mean of the photon number of

the superposed output laser light beams is found to be

Nng = n1+ N9, (2.224)
where
A1 —
A = M s=m (2.225)
2(Ajm + kj)

is the steady-state global mean photon number of the j* squeezed laser output light beam.
We observe that the global mean photon number of the superposed output laser light beams
given by Eq. is the sum of the global mean photon numbers of the constituent output
laser light beams. A closer inspection of the plot Fig. and Eq. shows that the
global mean of the photon number of the superposed output laser light beams is equal to the
average of the constituent linear gain coefficients for » = 0 and for any values of k; = ko,
Aj, and A,. Moreover, it worth considering the case that when the component output light
beams are identical. Hence upon setting n; = np in Eq. (2.224), the global mean photon

number of the superposed output laser light beams reduces to
e = 27y (2.226)

which is twice that of the global mean photon number of one output laser light beam.

Next we proceed to calculate the global variance of the photon number of the output laser
light beams. The global variance of the photon number for the superposed output laser light
beams is defined by

An? = ((a'a)?) — n2. (2.227)

Applying the commutation relation described by (2.131), one can write Eq. (2.227) as
An? =: An?: +(k1 + K2)7s, (2.228)

where

: An? = (a%a?) — a2 (2.229)

s

is the normally ordered global variance of the photon number for the superposed output laser

light beams. To this end, the expectation value of the operator a!?(t)a?(t) is expressible as

(@"(t)a*(t)) = Trlp(t)a(0)a*(0)]. (2.230)
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With the aid of Eq. (2.117), one can readily obtain

@RORO) = [P35+ 55 0@+ 5 O[89 + ()
+A(B"B) (7" ) + (8")* + (B8y")* + 2(8°8) (v B) + 2(5"B) (")

27 (v B) + 27N (B)]- (2.231)

This can be rewritten in the form

(@(na’() = (a*(ai(e) + @5 (1)as(0) + 4 (t)a (1)) (@5(H)az(t)) + (al*(1)(a3(t))
+(ad (0)(ak’ (1) + 2(al(Naa (1) (@2 (1)) + 2(a5 (1)az (1)) (1))

{
+2(a] (£)a3 (8)(@ah(1)) + 2(ab(t)a3 (1)) (a (1)) (2.232)
In view of (2.135), one can also write Eq. as
@Pma*(t) = (@’ (Maim) + @’ (0a3e) + @’ () as) + @i )@’ (o)
+4(al (t)ay (8))(ad (t)as(t)). (2.233)

On the other hand, using (2.111), we readily establish that

@2 (6)a2( / 2801 (8" B+ 2 1) (5 B)2. (2.234)

6ﬁ*

This can be put in the form

: (2.235)
A=0

aPwae) = [esd[ersnn0e o)

Furthermore, upon combining Eqgs. (2.151) and (2.235) along with differentiating and apply-

ing the condition A = 0, we arrive at

@PWadt)) = L+IL+Is+14, (2.236)
in which
L = (up—1) / d*BQ1 (6%, B, 1) 3262, (2.237a)
Iy = kv / d*BQ1 (3%, B3, 1) 3%, (2.237b)
Is = 2v1(1—w) / d*BQ. (5%, 8,1)5* 3, (2.237¢)
I, = v} / d*BQ1 (6%, 8, 1) (2.237d)

Applying (2.144)), one can write Eq. (2.237a) in the form

2 2
o= =) =170 [ en [~ ase g+ )], @2
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so that on carrying out the integration, we obtain

0? 1
I = &2 =) (u — 1) = {] 2.239
1 K1(uy —v7) " (w ) o (u2 —v2)1/2 ]’ ( )

there follows

276, 2 2 2
L= m@ure)in =17 (2.240)
(uf —v7)?

Following the same procedure, one can also show that

2,2
L = (2.241a)
uy — vy
6r3uvd(1 — uy)
I; = L1 2.241b
3 (’UJ%—U%)Q 5 ( )
3k
I, = —tL 2.241c
R o7 ) (2.241¢)

Therefore, taking into account of Egs. (2.240) and (2.241), one gets

K1(2u3 +v3)  4ArTuy

~T200\~2 _ 2
@rOa) = 26+ e~ (2.242)
= 2r2(a; — 1) + K301 (2.243)

Furthermore, in view of (2.95) along with (2.99} Eq. (2.243) reduces to

(@l*(at () = 2nt + wib}. (2.244)
Making use of similar calculations, it is not difficult to show that

@Pmait)) = 2m2+ £22, (2.245a)

@) = (@2) = rsby, (2.245b)

Now with the aid of Egs. (2.155), (2.156), and(2.245), Eq. (2.233) can be put in the form

@2)a(t)) = 202+ [w1by + Kb, (2.246)

where 7, is the mean of the photon number of the superposed output laser light beams given

by Eq. (2.224). Employing (2.246) in Eq. (2.229), we obtain
: An? = ﬁg + [Fdlbl + K]QbQ]Q. (2.247)

Furthermore, in view of this, the global variance of the photon number of the superposed

output laser light beams found to be

An? = 72+ (k1 + ko)l + [R1b1 + rabo) . (2.248)

s
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This can be put in the form

An? = An% + An% + Q(ﬁlﬁg + Iﬁlligblbg) + Kon1 + K1N9, (2.249)

s

where
Ani = 0+ ki + Kb (2.250)
is the global variance of the photon number for the j** squeezed laser output light beam.

Suppose the constituent light beams are chaotic ( thermal) output light generated by a

two-level laser operating below threshold (z; < 1). Then using the the fact that pg%) =1land
(0) (0) _

pec. = pac = 0 (orn = —1), we easily arrive at
An? = A?’L% + An% + 2n1no + Kol + K112, (2.251)
where
n; = I{ij, (2.252)
An? = 05 +kng, j=1,2 (2.253)

is the global mean and variance of the photon number of the component output light beams,
with N is the mean photon number for the chaotic light given by Eq. (2.165).
The expression described by Eq. can also be rewritten in the form
An? = KIAN? + K3ANZ + k1k2[2N1 Ny 4+ Ny + No, (2.254)
in which

AN? = NZ?+Nj, j=1,2 (2.255)

is the variance of the photon number for the j'* component of the chaotic light generated

by two-level laser operating below threshold (z; < 1). We note that Eq. (2.251) or (2.254)

represents the global variance of the photon number of a pair of superposed chaotic output

light beams. In addition, we see from Eqs. (2.249) and (2.251) that the global variance of

the photon number of the superposed output laser light beams is not the sum of the global

variances of the photon numbers of the constituent output laser light beams.

We next consider the case in which the atoms are not injected into one of the cavity cou-
pled to vacuum reservoir. Hence upon setting A, = 0 in the expression given by Eq. (2.249),

we find

An? = An?+ kong. (2.256)
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This indicates the global variance of the photon number of the squeezed laser light and a light

beam in vacuum state.

On the other hand, for the case in which no output light beams from one of the cavity, the

variance of the photon number of the superposed output laser light beams is reduces to

An? = Anj, j=1,2, (2.257)

S

which is the global variance of the photon number for the j** output laser light beam. This

can be achieved upon setting either x; or ko = 0.

An? > n; and An? > 7, so that the photon statistics of the single light beam as well as

that of the superposed light beams is super-Poissonian.

It is worth mentioning that the global variance of the photon number of a pair of super-
posed identical output laser light beams is four times that of the global variances of the pho-

ton number of one output laser light beam.
2.4.2 The local mean and variance of the photon number

We know proceed to obtain the local (in a given frequency interval) mean and variance of the
photon number of the superposed output laser light beams. To this end, we define the power

spectrum of the output light with central frequency w, by

P(w) = %Re /0 - (@' (ta(t + 7)), @) dr, (2.258)

Upon integrating both sides of (2.258) over w, we easily get

/ h P(w)dw = (@' (t)a(t)),., (2.259)

where (af(t)a(t))
posed output laser light beams. On the basis of the relation (2.259), the mean photon number

= n, is the steady state global mean photon number of a pair of super-

can then be written in the interval between o’ = —X and w’ = A as
A
g = (a1 (H)a(t)) oy = / P(w)dw'. (2.260)
-
Now in view of (2.190), the power spectrum described by Eq. (2.258) can be put in the form

PW) = %Re /0 [Ae~ (1/2=)7 o g e=(H2/2=i)T) g (2.261)

where 7; is the steady state global mean photon number of the ;' laser output laser light

beam given by (2.225).
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Now carrying out the integration over 7, the power spectrum of the superposed output

laser light beams turns out to be

nip1/2m nype /2T
(/2] + w2 [u2/2]? + w2

PW) = (2.262)

We observe that the power spectrum of the superposed output laser light beams given by Eq.

(2.262) is the sum of the power spectra of the constituent output laser light beams.

Furthermore, upon substituting (2.262) into Eq. (2.260) and carrying out the integration,
applying (2.198), we arrive at

Nsi, = MNig, + N2y, (2.263)
in which
nj, = z(Mng, j=1,2 (2.264)

is the local mean photon number of the j** squeezed output laser light beam. We see from
Eq. (2.263) that the local mean photon number of the superposed output laser light beams
is the sum of the local mean photon numbers of the component output laser light beams.

Moreover, we see from Figs. and that the local mean photon number is less than the

=1
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T

Global/ Local mean of the photon number
N

0 0.2 0.4 0.6 0.8 1

Fig. 2.11: Plots of the global and local mean of the photon number of the superposed output laser light
beams [Eq. and Eq. (2.263)] versus 7 for k; = ko = 0.8, A; = 5, and A, = 10.

global mean photon number. A closer inspection of the plots|2.11 clearly indicates that



2.4 Photon statistics 44

— Global
- - ~Local

Global/ Local mean of the photon number
S
L

Fig. 2.12: Plots of the global and local (A = 50) mean of the photon number of the superposed output
laser light beams [Eq. (2.224) and Eq. (2.263)] versus n for k; = k3 = 0.8, A; = 5, and Az = 10.

the local mean photon number increases with A and approaches to the global mean photon
number for sufficiently large values of \. In addition, we see form the plots Figs. [2.11]and[2.14]
that a large part of the total mean photon number is confined in a relatively small frequency
interval. It is quite interesting to note that the local mean photon number, unlike the local
quadrature squeezing does not increase as the value of A decreases. Furthermore, for the case
in which equal linear gain coefficients as well as damping constants, the local mean photon

number (2.263) turns out to be
Mlor, = 20, (2.265)

This represents the local mean photon number of a pair of superposed identical output laser

light beams and is twice that of the local mean photon number of one output laser light beam.
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Fig. 2.13: Plot of the local mean of the photon number of the superposed output laser light beams [Eq.
(2.263)] versus A for k1 = k3 = 0.8, 7 = 0.5, A; = 5, and A, = 10.
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Fig. 2.14: Plots of the global and local mean of the photon number of the ;" output laser light beams
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Fig. 2.15: Plot of the local mean of the photon number of the j** output laser light beams [Eq. (2.264)]
versus A forx; =0.8,n=0.5,and A; =5

We finally wish to obtain the local variance of the photon number of the superposed out-
put laser light beams. Thus the spectrum of intensity fluctuations for the output light with

central frequency w, defined by

1) = ~Re /0 Tt + 1), 6t @alt + 7))@ 0T gy,
(2.266)
in which
@'t +7),a'Wat+ 7)., = (@ ®at+1)%),, - @O+ ).
(2.267)
It is not hard to establish that
/ h I(w)dw = An?, (2.268)
where
An? = (a'(t)a(t),a’(t)a(t)),, (2.269)

is the steady-state global variance of the photon number of a pair of superposed output laser

light beams.
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Now applying the quantum regression theorem to (2.182), one gets

(a(t+m)al(t) = e a(t)al(t) + (ai(t)ag(t))]

e T2y (1)a} (1)) + (as(t)al ()], (2.270)

(2.271)

We note that the expression for a(¢ 4+ 7) can be obtained from (2.129) upon replacing ¢, by ¢
and ¢ by ¢ + 7. We thus see that

at+7) = a(t+71)+ax(t+7), (2.272)
in which
aj(t+7) = a;(t)e T2 4 / e M TTVRE (¢4 7)dr!, §=1,2. (2.273)
0

Substituting (2.272) and the adjoint of Eq. (2.129) in the right hand side of (2.271), one can

write
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(a'(t)a(t +7)a' (t)

(2.274)

Since the operators a;(¢) and as(t) are uncorrelated. Therefore, these operators can be de-
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coupled, so that

@l®ait)altya;t+r) = (al(t)a(t)al(t))a;t+7)) =0 (2.275a)
(@l®aial(at+7) = (@) a@alat+7) =0 (2.275b)
(al®ait)ala;(t+7)) = nial@)a;t+7)) (2.275c)
(al®a;(mal®ait+7)) = (a(alE)al Bat+r) (2.275d)
(@l (W)a; (Val(a(t+7)) = (al*(®)agO)ast+7), i #j, (2.275¢)

where 71; = <dj(t)&i(t)> with 7, j = 1, 2. In view of this result, Eq. (2.274) reduces to

(@ at+rnat®at+r) = e 2{@l(t)a(t)al (ar(t + 7))

Had(az(t + 7)) (a1 (£)al (t)) + aa)

+(a1" (1)) (aa(t)az(t + 7)) }. (2.276)

We now proceed to determine the two-time correlation functions that appears in the expres-
sion described by Eq. (2.276). To this end, applying the quantum regression theorem to Eq.
(2.183), we see that

(@ha;malmat+7) = e (@ m)a;1))?) (2.277)
(@j(ta;t+7)) = em2ad(1), j=1,2. (2.278)

Now with the aid of Egs. (2.189), (2.277), and (2.278), Eq. (2.276) can be put in the form

(@f(a(t+n)al(Hat+7) = e 7{(@](B)a(t)?) + e 7 ((@5(H)az(t))?)

e (@ (1)) @3(1)) + e (A 1)) (@3 1)
T
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+€*(u1+uz)f/2<&

e mtH)T/215 (2.279)

Applying the commutation relation (2.132) on the last two expressions of Eq. (2.279), one can
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rewrite Eq. (2.279) in the form

(@ alt +mal(at+7)) = e M7((@](t)ar(t)?) + e 27 ((ah(t)as(t))?)
e T2 oy (@] (#)an (1) + e (@ (£)as (1))
+emMT @l (1)) (@3 (t) + e (al () (@3 (1))
e T2 G ()an (1)) (b (£ az(1)). (2.280)
Now in view of (2.190), one can write
@(alt+7)° = e @l (a1)? + e (a (Has (1)
+2e” W2 Gl (H)aa (1)) (b (Dax (1)). (2:281)

Moreover, taking Egs. (2.280) and (2.281) into account, we readily establish that

@ at+r),at@at+1) = e [((al(®)at)?) - @] t)ai(t)? + @b t)) @l ()]

(
+emhem [((ah(£)an(t)?) — (ab(B)az(t))? + (@l (B)(@3(t)]

(
)]. (2.282)
This can also be rewritten as

@' (t)a(t+7),a"(Halt+7)) = e MT[An? + Kikabiba] + e 27 [An3 + K1kobibo]

+e_(ﬂl+#2)T/2 [/‘iQﬁl + k1o + QﬁlﬁQ]a (2283)

where 7; and An? is the global mean and variance of the photon number for the j** compo-
nent of output laser light beams and (&?(t)) = <d}2(t)> = k;b;. Employing (2.283) in Eq.(2.266),
we obtain

I(W) = 1Re/ [[An% + m/igblbg]e*(m*w% + [An% + mlﬁgblbg]e*(“ri“%
0

™

+ [F&Qﬁl + K1ng + QﬁlﬁQ] 6*((#1+#2)/27iw’)7} dr.

(2.284)

Furthermore, carrying out the integration over 7, the spectrum of intensity fluctuations for

the superposed output laser light beams turns out to be

Aniun/m  Andpg/m  (keia 4 King) (1 + p2) /27
piw? g+ (1 + p12)/2]? + W
ning(p1 + pe2)/m K1kabibopy /T Kikabibapo /T
(1 + p2) /2P + w2 g+ W s +

I(W) =

(2.285)
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Fig. 2.16: Plots of the global and local variance of the photon number of the superposed output laser

light beams [Eq. (2.249) and Eq. (2.287)] versus 7 for x; = ko = 0.8, 4; = 5, and A5 = 10.

We observe that the spectrum of intensity fluctuations for the superposed output laser light
beams is not the sum of the spectra of intensity fluctuations of the constituent output laser

light beams. Now upon performing the integration, applying (2.198), we arrive at

A
/ . I(W)do' = An?,,, (2.286)
where
Angﬂ = le(A)An% + ZQQ()\)ATL% + 212()\)[%2%1 + /117_1,2]
+2212()\)7L17L2 + K1Kk2b1by [2’11()\) + ZQQ()\)], (2.287)
with
2 2
(A = “tan™! 4, =1,2. 2.288
%(3) T <(A¢+Aj)77+m+/<;j> "I ( )

We note that the local variance of the photon number of a pair of superposed output laser
light beams described by is not the sum of the local variances of the photon num-
bers of the component output laser light beams. We see from the plots Figs. -[2.19| that
the local variance of the photon number, as of the local mean photon number and quadra-

ture variance is less than the global variance of the photon number. Moreover, we observe
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Fig. 2.17: Plots of the global and local (A = 50) variance of the photon number of the superposed

output laser light beams [Eq. (2.249) and Eq. (2.287)] versus 7 for k; = k3 = 0.8, A; = 5, and
Ay = 10.

that a large part of the total variance of the photon number is confined in a relatively small
frequency interval. In addition, for sufficiently large values of ), the local variance of the pho-
ton number turns out to be the global variance of the photon number. Furthermore, we see
that for the case in which A; = A and k1 = k9, the variance of the photon number of the

superposed output laser light beams in a certain frequency interval is found to be

An? = = 4An? (2.289)

EEDN J+N?

where

Anf = z(A)An3, j=1,2 (2.290)
is the local variance of the photon number of one output laser light beam. We note that Eq.
(2.289) represents the local variances of the photon number of a pair of superposed identical
output laser light beams and is fourfold of the local variance of the photon number of one

output laser light beam.

On the other hand, for the case in which either x; or k9 = 0, the local variance of the

photon number of the superposed output laser light beams (2.287) goes over into

An? = z;(\)An?

S+ 77

(2.291)



2.4 Photon statistics 52

1.61 A

1.4r B

1.2r B

0.8f B

0.6f B

Local variance of the photon number
=
L

0.4r 1

0.2r 4

Fig. 2.18: Plots of the local variance of the photon number of the superposed output laser light beams

[Eq. (2.287)] versus A for k; = k3 = 0.8, 7 = 0.5, A; = 5,and A, = 10
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Fig. 2.19: Plots of the global and local variance of the photon number of the j** output laser light

beams [Eq. (2.250) and Eq. (2.290)] versus n for k; = 0.8, A; = 5.



2.4 Photon statistics 53

which is exactly the same as the local variance of the photon number of one output laser light

beam.

Local variance of the photon number

Fig. 2.20: Plot of the local variance of the photon number of the j* output laser light beams [Eq.
(2.290)] versus A for x; = 0.8, = 0.5, and A; = 5.



A Pair of Superposed Two-Mode Laser Light Beams

Here we wish to explore the squeezing and statistical properties of the output light beams
produced by a pair of superposed two-mode three-level cascade lasers whose cavities are
coupled to a vacuum reservoirs. We arrange our system in such a way that the output light
beam (LB1) from one of the two-mode lasers is incident on a side of a perfectly transmitting
mirror, while the output light beam (LB2) from the other laser is incident on a side of a per-
fectly reflecting mirror as shown in Fig. In order to analyze the squeezing and statistical
properties of the output light for the superposed two-mode laser light beams, we first de-
rive c-number Langevin equations for the cavity light produced by one of the two-mode laser
whose cavity coupled to vacuum reservoir using the pertinent master equation. Employing
the solutions of the resulting c-number Langevin equations together with the antinormally
ordered characteristic function defined in Hiesenberg picture, we derive the Q function for
the two-mode cavity light. By inspection, we also write the Q function for the other two-
mode light with different cavity damping constant and linear gain coefficient. Following sim-
ilar procedures as in the previous chapter, we obtain the Q functions for two-mode output
laser light beams. We next derive the density operator for the superposed two-mode output

light in terms of the Q functions of the component output light beams.

Using the density operator for the superposed two-mode output light beams together
with the Q functions of the two-mode output laser light beams, we determine the quadra-
ture squeezing, the mean and the variances of the photon number sum and difference, and

the normalized photon number correlation.
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3.1 c-number Langevin equations

In this section we wish to obtain the equation of evolution of the cavity operator for a nonde-
generate three-level laser whose cavity is coupled to a two-mode vacuum reservoir. In order
to obtain the equation of evolution of the cavity operator, we first drive the time evolution of

the reduced density operator for the system under consideration.
The Master equation

A coherently prepared three-level laser may be defined as a quantum optical system in which
three level atoms in a cascade configuration and initially in a coherent superposition of the
top and bottom levels are injected at constant rate into a cavity coupled to a vacuum reservoir
via single port mirror. The three-level atoms in a cascade configuration with its top, interme-
diate, and bottom levels denoted by |a), |b), and |c) are injected into the cavity at a constant
rate r, and removed after time 7. When the atom decays from the level |a) to |c) via |b), two
photons of different frequencies are generated. Direct transition from |a) to |c) is dipole for-
bidden. We first carry out our analysis for the case in which the transitions |a) to |b) and |b) to
|c) are at resonance with the cavity modes. The Hamiltonian describing the interaction of a

three-level atom with the cavity modes is expressible as [3, 28]
11 = ig (@t ) o] — ala) (8] + b7[c) (b] — Ble) el (3.1

where @ and b are the annihilation operators for the two cavity modes and g is the coupling
constant, assumed to be the same for the two modes. We consider a single three-level atom
initially in the state

¥4(0)) = Ca(0)[a) + Cc(0)[c), 3.2)

and hence the density operator for a single atom before it is injected into the cavity has the

form
pa(0) = pQla)(a| + pQla)(c| + pQlc) (a] + pPle)(c], (3.3)
where
i) = C4(0)C3(0), (3.4)
pl = C.(0)C(0), (3.5)

are the probabilities for the the atom to be initially in the upper and lower levels respectively,
and

Pl = prl» = C(0)C2(0) = |pQ e (3.6)

ca
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represents the initial coherence of the atom.
With the aid of Egs. (2.17) and (3.1), the equation of evolution of the density operator for the

cavity modes can be put in the form

d . a . ay . o o oA s
&p(t) = g(anab — QPpq + prbc - chb - paba]L + PbaG — pbch + pcbb>a (37)

where
pap = (a|par(t)|B), (3.8

with «, 8 = a, b, c. Taking the damping of the cavity modes by a two-mode vacuum reservoir

into account, the equation of evolution of the density operator for the cavity modes to be

d . e L ay A~ o o o oA
@P(t) = g(anab — Gppa + b pre — bpeb — Pav’ + Prad — prcb’ + Pcbb>
+g(2&;’)&T —atap — pata) + 5(26;36* — bThp — pbth), (3.9)

where « is the cavity damping constant and is assumed to be the same for both modes.

We next proceed to determine the density matrix element j,3 involved in Eq. (3.9). Thus

Taking into account of Egs. (2.23), (2.24), (3.1), and (3.3), one can write
d .
&Paﬂ(t) = Ta (p((z%) daadap + Pg():) daades + P((:(C)L) daclap + P((:(c)) 5ac§cﬁ) p(t)
+g <dT5abﬁa,@ — G0aappg + D1 0achbs — bOabPes — Pabl' 0ap

+haaBas = Pach g + Parhdes ) = Voo, (3.10)

where ~ is the spontaneous decay rate assumed to be the same for all the three levels. Using

(3.10), we readily find

%ﬁaa(t) = rapQp(t) — g(dﬁba + ﬁab&f) ~ Yhaas (3.11)
%ﬁbb(t) = 9(&Tﬁab — bpep + Papt — ﬁbci)T) — YPubs (3.12)
%ﬁcc@) = rapl0p(t) + g(?ﬁﬁbc + ﬁcbi}) — Vhecs (3.13)
Do) = o s+ ot — pch') ~ o (3.14)
%p@(t) = raplQp(t) + g(aﬁbc + ﬁabé) ~ YPac, (3.15)
%ﬁbc(t) = g(&TPAac — bpec + ﬁbbl;) — Y Pbe- (3.16)

We see that Egs. (3.11H3.16) are nonlinear differential equations and hence it is not possible to

obtain exact time-dependent solutions of these equations. Thus upon dropping the g-terms

and applying the large-time approximation scheme, we get from Eqs. (3.11), (3.12), (3.13),
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and (3.15) the approximately valid relation
(0)

b = N0) (3.17)

p = 0, (3.18)
Tapgg)

ec = 5(t), (3.19)
v
Tapg?:)

e = ). (3.20)

Substituting the above results into Egs. (3.14) and (3.16) leads to

d _ 9Ta{( (0) A~ (0) A7t A
giPa(t) = 7(/)&@ P — Py pb) VPab (3.21)
d . _ It 0 505 s
%pr(t) - 7(@ Pac bpcc )p Y Pbc- (3.22)

Applying the large-time approximation once more, we obtain from Egs. (3.21) and (3.22)

N Ta ~n A7

pab = ‘6772 (pﬁfﬁpa — ¥ pb*)7 (3.23)
A~ Ta [~ 7 ~

pre = 972 (a'plQ — 5o 5. (3.24)

On account of Egs.(3.23), (3.24) and their complex conjugate, the master equation described
by (3.7) turns out to be

d Kopnn o it aa At 1 it oan b ana
%p(t) = 5(2&,0(1T —atap — pata) + iApg%)@ana —aalp— paat)
1 FUDUR e
+§(Ap§2) + k)(20pbt — bTbp — pblh)

1 . ) . 1 . .
+§Apg3> (pa’dt —2atpbt + aTbl p) + §Ap£g) (pab — 2bpa + abp),  (3.25)

where

A = 2r,g% /7 (3.26)

is the linear gain coefficient.
The existence of the terms ab and afb' in the master equation (3.25) is a signature that the

nondegenerate three-level laser can be a source of squeezed light.

In order to understand the existing situation in depth, one needs to revisit the master
equation (3.25). From the general form of the master equation, it is not difficult to infer that
the second term stands for the gain of mode a, the third term for the lose of mode b and
the first term for the lose of mode a. It is also noteworthy that the first term and the part
involving « in the third term comes from the contribution of the coupling of the cavity with

external vacuum modes (reservoir).
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c-number Langevin equations

Now we derive the c-number Langevin equations associated with the normal ordering, using
the aforementioned master equation. Here we first derive the equation of evolution for the
expectation values of the cavity mode operators in the normal order and with the aid of the
resulting equations we get the c-number Langevin equations. To this end, employing the

relation (2.43) along with the (3.25), we readily find

Sy = —gmala() + v (50, 3.27)
D) = —gmlb0) + g @l 0), (3.28)
S@0) = —pala(0) +v- (G 0a(), (3.29)
@) = —m0) + v lal (00, (3.30)
L a) = —padalOa0) + gv (@l OB (1) + S0 @Ob) + AL, 33D
SHW) = —mBOB0) + g (@ OB (D) + L0 @), (3.32)
DGy = 5+ m)a(b(e) + L @ (a(1)
%L (B (6)b(1)) + %y+, (3.33)
CHOMD) =~ i@ OB + Jva(@2(0) + 3 (1), (3.34)
in which
pra = 1 — Ap'®), (3.35)
=k + Apld), (3.36)

vy =+Ap0). (3.37)

ac
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We see that Egs. (3.27)- (3.34) are in the normal order. Replacing & and af by o and o* and b

and b' by 3 and 3*. Thus, the corresponding c-number equation are

Slalt) = —Spala(®) + (50, 3:38)
SO0) = —3mdB) + yrala®(0), 3.39
L) = —alo®(1) + v (B (Do), 3.40
L) = —mlB0) + v (0" (080), @.41)
Ll () = —pado” (Da(t)) + v (0" (OF () + 52 (a0 + A, (3.42)
L B0) = —m{B OB + gvala’ OF 1) + 307 aB(), (3.43)
LBy = 4 (ta+ m)a(BW) + Lra* (Ba(n)
+%u_ (B (1)(2)) + %% (3.44)
Ll MBO) = — (-t m)a* (OBD) + goi (@(0) + 502 (520, (3.45)

On the basis of Egs. (3.38) and (3.39), one can write

Galt) = —guealt) + 5v-5'(0)+ 1alt) (3.46)
d 1 1
£ﬁ(t) = —§ubﬁ(t) + §V+a* () + fa(1). (3.47)

where f,,(t) and fz(t) are the noise forces whose properties remain to be determined. If we
compare Egs. (3.38) and (3.39) with the expectation value of Egs. (3.46) and (3.47), we can see
that

(fa(t)) = (f5(t)) = 0. (3.48)

Furthermore, upon using (3.46) and (3.47) one readily finds

C2W) = —malo®(D) + {5 (Da(0) + 2alt)fulh) (3.49)

%W%)) = —up(B(1) + v @™ ()B()) + 2(8(1) f5(1)), (3.50)
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Lot (Wa(t) = —mala’ Dl + gv-{a" (1) + 0" (a()50)
Hal®)f2(0) +{a” (1) falt), .51
LU OB0) = —m{FOB0) + guela’ OF O) + 57 alB)
HBOF0) + (5 (0f5(0), 352
L la®BO) = 5o+ m)a@BO) + Lri (e Ba(t)
g B OB + () F(0) + (B0 falt), 353
Ll 0B =~ + i) OBD) + i (1) + 52 52(0)
Hat (1) f5(1)) + (B0 f2(0). .50

We observe that Eq. (3.40) and (3.49), (3.41) and (3.50), (3.42) and (3.51), (3.43) and (3.52),
(3.44) and (3.53) as well as (3.45) and (3.54) will have the same forms if

{a(t) fa(t)) = 0, (3.55)
(B(0)13(0) =0, (356

(@) 13(0) + (0" () 1a0)) = 40l2, 357
B S50) + (5 (1) fo(0) =0, 559

(@ () f3(0) + (B0 falt)) = o (359
(" (0)f3(0)) + (B0 13(6)) = 0. (5.60

The formal solution of Egs.(3.46) and (3.47) can be written as

t
alt) = a2y [ n R Ly g @) 4 fo)] (3.61)
0

t / 1
Bt) = ﬁ(o)e_ﬂbt/2+/ e H(t=t)/2 [§y+a*(t’)+f/g(t’)}dt'. (3.62)
0

With aid of (3.61), we can write

1

(a(t) falt)) = ((0)falt))e Hat/? 4 /0 ew(tft’)/z[,

5V- (8" () fa (1)) + (falt) fa(t)) |dt'.

(3.63)

On account of (3.55) and the fact that the noise force at time ¢ does not affect the the cavity

mode variable at earlier time ¢, we see that

(fat') fa(t)) = 0. (3.64)
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Following the same line of reasoning, one can also show that
(fa(t") f3(t)) = 0. (3.65)
Moreover, taking into account of and its complex conjugate along with (3.57), we get
!At€”““#V2KﬂAﬂUZ@»4—U§@Uﬁxﬂﬂdﬂ——Adﬁ, (3.66)
so that assuming (f, (') fx(t)) = (f(t') fa(t)), we have
[l = 54, @67
On the basis of this result, one can obtain
(Falt) I3 (0) = (f2() fa(t)) = ApLDS(t —1'). (3.68)

Following the same procedure, one can also show that

(s F50) = 3 fal0) =0, (5.69
(fa()15(0) = (f5(t) fal(t)) =0, (3.70)
(Falt)Fol0) = o) falt)) = o6t — 1), .7

It is worth mentioning that Egs.(3.48), (3.64), (3.65), (3.68), (3.69), (3.70), and (3.71) describe

the correlation properties of the noise forces f,(t) and f3(t) associated with normal ordering.

We now proceed to obtain the time dependent solutions of the coupled differential equa-
tions described by Egs. (3.46) and (3.47). To solve such a coupled differential equations, we

rewrite these equation in a matrix equation form as

Su(t) = MU() +N(1) 6.72)
where

o (e
(t) = , (3.73)

B(t)
Mi(’“ w), (3.74)

Vi

N(t) = ( fal®) ) . 3.75)

fa(t)

In order to obtain the solution Eq. (3.72), we need to find the eigenvalues of M such that

MV = \V, (3.76)
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where V defined by

viy v
Ve 1nove2 | 3.77)

V21 V22

Eq.(3.76) has a nontrivial solution provide that
IM — AT = 0. (3.78)

This implies that
AN? 4 2(ptg + )N + (papiy, — vov™) = 0. (3.79)

Solving this quadratic equation, the eigenvalues of the Matrix M found to be

1

N = = { (o 1) F /10— p)? + vy . (3.80)

Taking into account Egs. (3.35), (3.36), (3.37), and the relation

PP = Pl pl?, (3.81)
Eq. can be rewritten as
Ay = —% 2k + An(1 F 1)), (3.82)
where
n=pl — ). (3.83)

We consider the case in which the atoms are initially in a coherent superposition of the top

and bottom levels. Thus, in view of Egs.(3.3) and (2.19), the following condition hold
PO 4 p0) = 1. (3.84)

Using this relation along with Eq. (3.83), we get

1—
0 — 277, (3.85)
1
PO — 42”7, (3.86)
V-2,
ol = Y. (3.87)

Since the value ,o,(l?l) is between 0 and 1, then it is not difficult to see that the value of 7 lies

in the interval —1 < n < 1. We note that the formal solution of the expression described by
(3.72), can be written as

t
U(t) = MU(0) + / MEIN(H)dt'. (3.88)
0
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We also note that A\ # A_. Employing the relation [24]
< A-— )1
fay =3 o0 l15—= . (3.89)
i=1 1#]
we readily establish that
1
Mt — . [(M DM - (M — Ag)&ﬂ, (3.90)
from which follows
t t
Mt _ ﬁ mu(t) mia(?) 7 3.91)
+ 7 A= mo1 (t) mgg(t)
and
/ /
M—t) 1 ma(t —t) mia(t —t') 7 (3.92)
A=A g (t— 1) maga(t —t)
where
min(t) = =5 [(a + 22 )M = (ua + 20001, (3.93)
1
mas(t) = —3 [(ub F oA )eM (4 2)\+)e’\*t}, (3.94)
_ i At At
mia(t) = 5 <e e ) (3.95)
VRt At
mai(t) = 5 (e e ), (3.96)
Furthermore, using Eqgs. (3.35), (3.36), (3.37), and (3.82) together with the relations (3.85),
(3.86), and (3.87), one can put Egs. (3.93),(3.94), (3.95), and (3.96)in the form
A
mu(t) = 5 [(n e AnRt/2 4 4 1)6—“/2} : (3.97)
M (t) = % [(n 1)eAntRZ 4 1)6*“/2] , (3.98)
Vi—n? _
m12(t) _ 7 n 6—19 |:e—(A77+/€)t/2 _ e—lﬁt/2:|’ (399)
N
may (t) - _ URT

—(An+r)t/2 _ —kt/2
e [e e } , (3.100)
With the aid of Eqgs.(3.73),(3.75),(3.91),(3.92), and(3.82) we readily obtain

€MtU(0) _ jn ( mi1(t)a*(0) + mia(t)5(0) )

(3.101)
ma1 ()™ (0) + maa(t)5(0)
and
| eMeONear = Jo @ = fa8) +muat =)0t ) g 0
0 AN\ [ o (¢ — ) f2(t) + maa(t — ¢') fo(t)]dt’
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Hence upon combining Egs. (3.88),(3.101), and (3.102), we get

a*(t) = jn [mu(t)a*(O) + mia(£)B(0)
+ /Ot [mar(t =) fA() + maa(t —t') fa(t)] dt’] (3.103)
and
2
B0 - = [m21<t>a*<o> T mn(t)5(0)
+ /0 t [mar(t — ) f2(t)) + mag(t — ') fa(t')] dt’] ) (3.104)

Moreover, taking into account of Egs. (3.97), (3.98), (3.99), and (3.100), and setting § = 0, one
can put Egs. (3.103) and (3.104) in the form

a(t) = A4 (t)a(0) + B1(t)B7(0) + C () + D4(1) (3.105)
B(t) = A_(t)5(0) + B_(t)a*(0) + C_(t) + D_(t), (3.106)
where
Ar(t) = 2177 [(n T 1)e”AMERI2 4 () 4 1)e—*€t/2}, (3.107)
1—n2
Bi(t) = iT” [HAMW? - e*”t/ﬂ, (3.108)
t
Ci(t) = 22 [(n —1)e~AntRE=t)/2 4 (4 1)e—n(t—t')/2] fa(t)dt',  (3.109)
0
t
C,(t) _ 2177 [(77 + 1)6—(A77+H)(t—t’)/2 + (n _ 1)6—5(15_15')/2} fﬁ(t/)dt,, (3.110)
0
_ 2 [t
Di(t) = \/ 127] n / [e—(An—&-n)(t—t')/? _ e—n(t—ﬂ)/?] fg(t/)dt/, 3.111)
0

2t , .
D) = — \/1277 n /0 [e—(An—i-n)(t—t )2 e—m(t—t)/Q} Pt (3.112)
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3.2 The Q functions for the output laser light beams

Here we wish to obtain the Q function for the cavity modes produced by the system under

consideration. The Q function for a two-mode light can be expressed as

1
Qi) = = [@aliouentep (o -z B -nd). G

where

dalz,mt) =Tr <,§(0)efz*&(t)ez‘?r () g=n"b(t) b (t)> (3.114)

is the antinormally ordered characteristic function defined in Heisenberg picture [3, 15-18].
To this end, using the identity described by (2.70), the characteristic function can be written

in the normal order as
ba(z,m,t) = e = =TTy (,E)(O)@Z&T () g=="a(t) b’ (t)e_”*i)(t)> , (3.115)
so that the corresponding c-number equation is
bal(z,m,t) = e_z*z_"*"< exp (za*(t) — z*a(t) + nB*(t) — n*ﬁ(t))> (3.116)

If we assume the cavity modes are initially in a vacuum state, then we see from Eqgs. (3.105),

(3.106), along with that
{a(t)) = (B(1)) = 0. (3.117)

On the other hand, we note that Egs. (3.38) and (3.39) are linear differential equations for a(t)

and g(t). Hence from Egs. (3.38), (3.39), and (3.117), one can observe that « and § are the
Gaussian variables with a vanishing mean. Thus in view of this Eq. (3.116) can be put in the

form

ba(z,m,t) = e * T Mexp [;<<zd*(t) — Za(t) +np*(t) — n*ﬂ(t)>2>] . (3.118)

It then follows that

Gl t) = exp [ (H0™(0) + 22 (2(W) + P (520) + 75 0)]

2
xexp |(zn -+ 207) (a()8(1) — =*nla()F" (1) — 2" (a* (B(L))]
xexp | = 22(1+ (o (Dal)) — n(1L+ (5 (050)] (3.119)

The various expectation values in Eqgs. (3.119) can be evaluated applying Eqgs. (3.105) and
(3.106). Furthermore, employing (3.105), one can also write

(@(t)) = As(t){a(t)a(0)) + By (t){a(t)5(0))
+a()Cy (1)) + (a(t) D(1))- (3.120)
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Making use of (3.105) once more, we see that

Ha(0)C (1)) + (a(0) D4 (1)), (3.121)

Based on the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

(a(t)e(0)) = 0. (3.122)
A similar calculations show that
(a(t)p7(0)) =0, (3.123)
(a()C+ (1)) = (C()C1 (1)) + (D+ (1) C (1)), (3.124)
(a(t) D () = (C()Dy (1)) + (D () D4 (£))- (3.125)

Hence upon substituting Egs. (3.122), (3.123), (3.124), and (3.125) into (3.120), one obtains

(@®(t)) = (C+(t)C+(t)) + (D+(H)C (1)
(O () D1 (1)) + (D4 (1) D+ (1)) (3.126)

Taking into account of (3.109) along with (3.64), one can readily find
(CL()C4 () = 0. (3.127)
It can also verified in a similar manner that

(D+(t)D4(t)) =0, (3.128)

(C+ () D+ (1)) = (D+(t)C4 (1)) = 0. (3.129)

In view of these result, the expression described by Eq. (3.126) turns out to be
(a2(t)) = 0. (3.130)
Making use of similar calculations, it is not difficult to show that

(B2(1)) = (87(1)) = (a™(t)) = 0. (3.131)
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Now with the aid of the complex conjugate of Eq. (3.106), one can write

(a@)B(t)) = A-(O)(a(t)B7(0)) + B-(t)(c(t)x(0))
Ha(t)C* (1)) + (a(t)D* (). (3.132)

Again employing (3.105), we have

(a(t)5*(0)) = Aw(t)(a(0)5°(0)) + B+ (t)(5%(0))
+H(F(0)C+ (1) + (57(0) D1 (2))- (3.133)

In view of the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get
(a(t)B7(0)) = 0. (3.134)

It is also possible to verify that in a similar manner that

(a(t)a(0)) =0, (3.135)
(a(t)CL(t)) = (C+(H)CL(t)) + (D+(t)CZ(1)), (3.136)
(a(t)DZ(t)) = (C(t)DZ(t)) + (D4 (t) DZ(1)). (3.137)

Upon substituting Egs. (3.134), (3.135), (3.136), and (3.137) into (3.132), we have

(a®)F*(t)) = (CLOCZ@) + (D+(H)CZ(?))
+(C(H)DZ()) + (D4 (1) D(1))- (3.138)

Now we proceed to evaluate the correlation functions in Eq.(3.138). To this end, it is possible
to write using Eq. (3.109) and the complex conjugate of (3.110) that

. 1 [t (A (! it
(CLt)C(t)) = 4772/0 /0 {(77_1)6 (An+)(E=t)/2 | (5 4 1) t)/Z}
(4 1) AR CE/2 = 1) SR (£ f (e de' e

«

(3.139)

In view of (3.70), there follows

(CL()C* (1)) = 0. (3.140)
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It is not hard to verify in a similar that

(D ()D* (1)) = 0, (3.141)

(D4 (H)CE (1)) = (Co (1) D% (1)) = 0. (3.142)

Therefore, taking into account of Egs.(3.140), (3.141), and (3.142), one can get

(a(t)B*(t)) = 0. (3.143)
Making use of similar calculations, it is not difficult to show that

(a*(t)B(t)) = 0. (3.144)

On account of (3.130), (3.131), (3.143), and (3.144), characteristic function described by Eq.
(3.119) reduces to

ba(z,m,t) = exp { —a1z*z —bin'n+c1(zn+ 2'n%) |, (3.145)
where
ap =1+ (™ (t)a(t)), (3.146)
by =1+ (5*(t)B(t)), (3.147)
c1 = (a(t)B(t)). (3.148)

Moreover, upon taking Eq. (3.105) into account, one can write

(@ (t)a(t)) = Ap(t)(a®(t)a(0)) + By (t)(a”(1)5(0))
+Ha () C4 (1)) + (2" () D+ (1)) (3.149)

In addition, taking the complex conjugate of Eq. (3.105), it is also possible to see that

(@*(Da(0)) = Ac(H){a"(0)a(0)) + B4 (t){a(0)3(0))
Ha0)C (1)) + (a(0) D (1)). (3.150)

Based on the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

(a*(t)a(0)) = 0. (3.151)
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It is also possible to verify that in a similar manner that

(a*(t)3%(0)) =0, (3.152)
(@™ (1) (t)) = (CL)C1 (1)) + (DL()C (1)), (3.153)
(a*(t)D4(t)) = (CL(t) D4 (1)) + (DL(t) D (1)) (3.154)

Hence upon substituting Egs.(3.151), (3.152), (3.153), and (3.154) into (3.149), one obtains

(@' () = (CLOCLH) + (DFODL (1)
HOLODL (D) + (DL (1), (3.155)

Next the remaining expectation values in Eq. (3.155) would be evaluated. To this end, it is
possible to write having Eq. (3.109) that

(CE (O (1) = / / e ATE=2 (5 4 1)1/
X[< = D)o AU/ (g 4 D) 2 (8) [l ) dt

(3.156)

From which follows using Eq. (3.68) together with Eq. (3.85), we have

_ 2 _1)2
<Ci<t)C+(t)> _ A(lnz 77) [(77 —85:) (1 _ e—nt) + 8((7;177 —il_)/i) (1 - e—(An-i—n)t)

(> = 1) —(An+2r)t/2
+2(1477 + 2K) (L =™ )] (5.157)

It is not difficult to demonstrate in a similar manner that

(DL(t)D4(t)) =0, (3.158)

(CLOD) = (DL OC.(0) = -2 D@D _ o

(n—1) —(An+r)t 1 —(An+2k)t/2
S T L) e — g CL A DUENTE 1
16(An + k) (1= ) 4(An + 2k) (1—e )} (3.159)

Therefore, in view of Egs. (3.157), (3.158), and (3.159), one can readily establish

Al — 77)2 —(An+r)t
Bl Sl VS T n+r

An(An + fi)( © )
Al —7n?)

2n(An + 2k)

(o (H)(t))
(1 — ¢~ (Ant2r)t/2) (3.160)
Furthermore, upon taking Eq. (3.106) into account

(B ®B() = A-@)(B"(1)5(0)) + B-(t)(5"(1)"(0))
+H(BOC- (1) + (5 (1) D-(1))- (3.161)
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In connection, using the complex conjugate of Eq. (3.106), we have

(B*0)B(0)) = A-(){6°(0)5(0)) + B-(£)((0)5(0))
+H(BO)C- (1)) + (B(0) D (1)) (3.162)

In view of the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get
(67(£)5(0)) = 0. (3.163)

Following the same procedure, one can see that

(B*(t)a*(0)) =0, (3.164)
(B (H)C-(t)) = (CZ(t)C_(1)) + (DZ(t)C_(t)), (3.165)
(B*(t)D—(t)) = (CL(t)D_(t)) + (DZ(t)D_(t)). (3.166)

Upon substituting Eqgs. (3.163), (3.164), (3.165), and (3.166), into Eq. (3.161), one obtains

(B()B(t)) = (CLE)C-_(1)) + (DL()C-(t))
(O (H)D_(1)) + (D* () D_(#)). (3.167)

Next we proceed to evaluate the remaining correlation functions in Eq. (3.167). To this end, it

is possible to write having Eq. (3.112) that

<D>!i (t)D_ (t)> —(An+r)(t—t")/2 _ e n(tft’)/2:|

><|: (AnJr/i)(t t" /2 e~ t t” /2] <foz( )f;(t//»dt/dt”, (3168)

from which follows using Eq. (3.68), we obtain

* _ Al —772)(1 -n)r1 —kt 1 - k)t
(DX(t)D_(t)) = - [@(1 —e )t s (An+r)ty
_2(A771+ it e (AmE2R2) | (3.169)

It is not difficult to demonstrate in a similar manner that

(C*(H)O_(t)) = 0, (3.170)

_ 2 _
(cOD-(1) = (D oty = 2SIV _ oy

n? 16k

(n+1) —(a 1 -
S SV n+k)t - - (1= (An+2k)t/2 ) 171
T6(An+m) ¢ )T it e )} 8.171)
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Therefore, in view of Egs. (3.169), (3.170), and (3.171), one can readily establish

2
</8*(t>5(t)> —M(l _ e*(A?rHi)t)
m(l — e i), (3.172)

Making use of a similar calculations, we have

A —1)y/1—n?

_ o~ (An+r)t
(@l0p(n) = ST ey
A1 —n? —(An+2r)t/2
2n(An + 2k) (1= ) (5-173)

In view of (3.160), (3.172), and (3.173) along with replacing A and x by A; and x; in these
equations, one can put Egs. (3.146), (3.147), and (3.148) in the form

Al(l - 772) (1 - e—(A117+2n1)t/2>

@ 2n(A1n + 261)
Ay (1 —n)? —(Aimtr)t
At —np)® Rty (3.174)
An(Ain + k1) )
A(1— 772) —(A
; _ e G/ 1n+2k1)t/2
1 + (A + 261) )
A(1—7?%) (4
_ AR T (g L (st (3.175)
An(Aim + K1) :
o Ai(n - 1)ﬂ(1 — e~ (Amtri)ty
dn(A1n + K1)
N ) @170
2n(A1n + 2k1)

With the aid of Eq. (3.145), the Q function for the two-mode light described by the Eq.

can be expressible as

Qi(aa, B 1) = 72 76XP[*G12 Z+z Oél*zal]

d2 * * * *
x/:exp(—bm n+ (crz — B+ (e12" + Bi)n’). (3.177)

Upon employing (2.97), the integration over 7 can be evaluated to give
~B*B/b1 [ g2
€ z
Qi(en, f1,t) = ———— / —— exp [— (a1 — & /b1)z*z + (c11 /b1 — o)z

bym2 T

+(o1 — clﬁf/bl)z*] (3.178)

and performing the integration over z, we obtain

2
UV — T N «
Qilar,fr,t) = ———1 ;2 Lexp [—vi0fon — w1 BiB1 + ri(onf + aiB})],  (3.179)
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where
aj
= - 3.180
U1 albl _ 0%7 ( )
b1
= —— 3.181
U1 albl _ 0%7 ( )
Cc1
= — . 3.182
r1 P — ( )

Next we proceed to obtain the two-mode output laser light Q function satisfying the input-
output relations. To this end, according to the input-output relations for a two-mode light

beam, we have

a®(t) = ra(t) — ain(t) (3.183)
bUE) = /rb(E) — bin(t). (3.184)

For a cavity mode coupled to a two-mode vacuum reservoir and with the input mode opera-

tors corresponding to vacuum reservoirs put in normal ordering, one can then write

agut(t) = /riay(t) (3.185)
D) = \ribi(t). (3.186)

The c-number equations corresponding to Egs. (3.185) and (3.186) associated with the nor-

mal ordering is

U (t) = riai(t) (3.187)
() = VEipi(t). (3.188)

On account of this, replacing a4 (¢) and 3 (t) by a1 (t)/\/k1 and Bi(t)//k1, the normalized Q

function for output light beam is expressible as

2
UV — T v U T "
Qular,frt) = =5 5texp[——ajar - BB+ ~(a1fi + aify)]
KiT K1 K1 K1
(3.189)
This can be put in the form
2
UiV — T3 Vi Ui T; . ok .
Qi(, Bit) = #GXP [—;10@ a; — ;Zﬂi i + é(aiﬁi +a;f)], i=1,2.

(3.190)

We note that the normalized Q function for the output mode a is expressible as

Qiag, a4,t) = /dzﬁiQi(ai,ﬁi,t)- (3.191)
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Taking into account of (3.190), this can be put in the form

2 2
UV; — T V; d= B U; T
Qi(af,o,t) = —5—"exp [——Zafai] / pi exp [— —Zﬁfﬁi—i-i(aiﬁi%-a;‘ﬂf)}
Ry T Kj ™ K Kj
(3.192)
so that on carrying out the integration over 3;, we obtain
U;V; — 7"-2 U;V; — 7’2 ¥
Qi(a],ayt) = —exp| — | —— Jaja; . (3.193)
RiUW; T RiU;
It can also verified in a similar manner that
% U;V; — r? U;V; — 7“1'2 %
Qi(B7,0i,t) = ———texp|—(——|B 6| (3.194)
KU T R4iU;

This represents the output Q function for mode b.
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3.3 Quadrature squeezing

In this section, the squeezing properties of the two-mode output light produced by the su-

perposition of two-mode three-level cascade laser is analyzed.

In order to obtain the quadrature squeezing of the output light beams produced by the
superposition of two-mode light beams produced by the non degenerate three-level lasers,

we first derive the density operator for the superposed two-mode laser light beams.

Consider p/(t) = p/(af,bf,a,b) is the density operator for the first two-mode light beam.
Then upon expanding this density operator in the normal order and applying the complete-

ness relation for two-mode coherent states,

A d%n, d?z
i= / Mo &2 | 25) (2, Tl (3.195)
s v
we have
. d?n, d?z T
pt) = / :7” > Chetmn|as 2) (26, nala*bTa™b", (3.196)
klmn
From which follows
. d?n, d?z “k A
P = / ZW”MZ ChtmnTly 2 1a> 2) (2, 7a|a™ D", (3.197)
mn

in view of the fact that

1M, 2b) {2 ﬁa\flmi)n = (Ua + (9877;) (Zb + 8(2,’;) N> 2b) (25 Nal+ (3.198)
one can put Eq. (3.197) in the form
0 0
N . 2 2 * ok _ _
Y (t) - /d 77ad szl (navzbana+ anéazb+ azg7t)‘naazb><zb777a|' (3199)
Again taking into account of the relation
170s 26) (21 el = D12 D(28) 100, 0405, 0a D~ 2) D(=1a), (3.200)

the density operator described by Eq.(3.199) can be rewritten as

0 0
N _ 2 2 * %
p(t) = /d 77ad Zle(na7zb7na+ anzyzb+82;7t)
x D(10a) D(2) p0,,0, D(—2) D(—1a), (3.201)
where

04,0, = |04, 0p)(0p, O . (3.202)
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Following the same procedure the density operator for another two-mode light can be written

as

0 0
g - 2 a 2 . ; a a al- 2
p(t) /d Aad XbQ2<)‘a7va)\ + 8)\27Xb+ aX;7t>‘)\ 7Xb><Xb>)‘ ’ (3 03)

We now realize that the density operator for the superposition of the the first two-mode light

beams and another is expressible as

) )
o) = [ dned’zd®Agd? ( = - t)
p( ) / . Zh Xle Nayr 2y M + aT/Z’Zb + 82’;7

) )
N XEs A+ oy Xb + )
x!na+Aa,zb+xb><zb+xb,na+Aa!. (3.204)

We now proceed to obtain the density operators for a pair of superposed output light mode
a and b in terms of arbitrary Q functions. We note that the density operators for the output

light mode a and b is expressible as

pm(t) = Try(p(t)), m #1, (3.205)

with m,l = a,b. Thus on account of Eq. (3.204), we find the density operator for a pair of

superposed output light mode a and b to be
pall) = /dQn P dNad®0Q1 (75, 25 T t)
a a b a b a’ *bs la 87]27 by

0
><Q2< s Xb> Aa +8>\*7Xb7 )\na+Aa><Aa+na\. (3.206)

>
S
—
~
S—

0
2 2 2 2 k% v
/d 77ad Zbd )‘ad Xle (nav’zbanaazb + azgvt)
* % 9
XQ2<)\aaXb7)\aaXb+ o >|Zb+Xb><Xb+Zb|- (3.207)

We note that the Q function described by Eq. (3.190) can be rewritten with (aq, o, 51, ;) and

(a2, a3, (B2, B5) replaced by (14, 0}, 2, 2 ) and (Aq, A, Xs, X;;) T€Spectively, as

2
uivy —r V1 Uy
Q1(Mas 20,t) = ——5—5—exp[——nina — —z 2 + (naZb + i) (3.208)
KIT K1 K1
2
UV — T V9 U2 r2 *
Q2(Nas xp,t) = —SF52exp[——AAa — —xpxs + —Aaxo + Aix3)]. (3.209)
RS K2 K2 K2

Moreover, applying (3.208) and (3.209) in Egs. (3.206) and carrying out the integration over z;,

and x;, we readily establish that

A _ 2 2 * 0 « 0
Pa(t) = /d Tad Aan(nmnaﬂL%J)Qza(A Aot oxe )
X |10 + Aa)(Ma + Aal, (3.210)
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where
0 ” uvy — 12 0
Qualima+ 5,201) = Quali ) exp [— (71” 1 )772 877;} 3.211)
. 0 . Uy — T3\, O
Q20N Ao + aT;;’t) Q20( X%, Aas t) exp [— ( - 2)AQ8AZ}, (3.212)
with
% U1V — 7’% u1v1 — T’% %
Q1a(n5,Mast) = Wexp [— (W)nana] (3.213)
_ 2 2
QoMo Aoy t) = 22772 [— (MM’;AG} (3.214)
KoUTT RaU2
are the Q functions for the output laser light beams of mode a.
It can also verified in a similar manner that
p 2. 12 * 0 . 0
pp(t) = d*zpd”xpQ1p (Zb,Zb + @J)Q% (Xb, X + 87)("0
b b
X}Zb+xb><zb+xb|. (3.215)
where
. 0 . uvy —riN , 0
Quv(z, 2 + a—zi;,t) = Qulz, 2, t) exp {— <71)1 l)zb 822‘} (3.216)
0 U9V — r% 0
*) 7at = *) 7t [_ ( ) b i|, 3.217
Qav(Xas Xa + o ) Q2 (X5 Xp, t) €xp " X gy ( )
with
% U1V — T‘% U1V — T’% *
le(Zb s Zby t) = m exp |: — (W)Zb Zb] (3.218)
. UgUy — T3 UV — TEN\
Qulgomt) = =2 e |~ (F2 ) (3.219)

are the Q functions for the output laser light beams of mode b.

It is worth mentioning that Egs. (3.210) and (3.215) represents the density operator for a

pair of superposed laser output light mode a and b. To this end, the quadrature operators for

a pair of superposed two-mode output light beams are defined by

ér = VEL(E £ 0), (3.220)
where
e=a+b, (3.221)
with
a = ay+ ao (3.222a)

b = by + by (3.222b)
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Using (3.221) and (3.222), one easily gets

&, &1 = 2k + 2k, (3.223)

with

[a,a] = [b,b] = K1 + k. (3.224)

Applying Eq. (3.221) along with the commutation relation (3.223), the variance of quadrature

of a pair of superposed two-mode laser light beams is expressible as
A% = 2k1 + 2kt : Ack -, (3.225)
where
CAG = 2(E8) + ((6,6) + (&, eh) (3.226)

is the normally-ordered quadrature variance. Taking into account of (3.221), we see that

A = 20al (1), a(0) + 2061(1), b)) + 2(al (1), bv)) + 2061 (1), a(0))
= ((a(t). a(t)) + (b(1), b)) +2(a(),b(1) + (a'(1), a' ()
(b1 (0),1(0)) + 2(at (1), B (1))). (3.227)

Making use of (3.210), one can write the expectation value of the operator a(¢) as

@O) = [ Pl Qua (i + gz t) Qua (Mo da+ ) ()

(3.228)
This can be put in the form
(a(t)) = (a1(t)) + (az(t)). (3.229)
where
(a1(t)) = / d*naQ1a (77* Na + 2 t)n (3.230a)
“T oy
(as(t)) = / RSN ()\* Nt 2 ))\ (3.230D)
aw2a a)\* )
Applying in Eq. (3.230a), we have
~ 2 * * a
(ar(t)) = [ d1aQ1a(ng;Na,t) exp [— mmaafn*]na, (3.231)
in which
.2
my = AT (3.232)

u1
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Since 7, and 7 are independent variables, we see that

(a1 (1)) = 0. (3.233)

On account of the fact that the Q functions expressed by Egs. (3.211) and (3.212) have exactly

the same form, we also observe that
(ai(t)) =0, i=1,2. (3.234)

In view of this result, we readily get

(a(t)) = 0. (3.235)

Following the same procedure, one can also show that

(b(t)) = 0 (3.236)
(@) = (p*(t)) = 0 (3.237)
@ @®bt)) = o. (3.238)

Furthermore, on account of Eqgs. (3.23513.238), and their complex conjugate, one can write
Eq. B2Z7) as

A = 2(al (Ha(t) + 2007 (0)b(1)) £ 2((a()d(1)) + (@ ()b (1)) (3.239)

Next we seek to obtain the expectation values involved in this expression. To this end, the

expectation value of the operator af(¢)a(t) can be expressible in terms of the Q functions as

0 0
’\T N — 2 2 * *
<a (t)a(t» /d Nad“Aa@Q1a (ﬁaa Na + 877; s t) Q24 ()‘a’ Aa + 4(9)\2 ) t)
(Mana + M + AgAa + A37a)- (3.240)

In view of Egs. (3.230) and (3.234), this can also be rewritten in the form

(@'(t)a() = (al(ai(t) + (ah(t)as (1), (3.241)
where
~ * a *
(@l (han (1)) = / d2naQ1a(na,na+a—%,t)nana (3.242a)
~ ~ * 8 *
@0a®) = [ E0Qu(Xd+ 5z t) N (3.2420)

Now applying (3.211) in Eq. (3.242a), we readily establish that

8 *
8,72) exp (Anam)} ’A ;- 8243

@On) = [ e [Qum e (~m;
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This can also be rewritten as

(@ (Hay(t)) = /d%ai[Qm(n:i,na,t)exp[—(ml—l)An;na]”A . (3.244)

Furthermore, upon performing differentiation and applying the condition A = 0, leads to
@lOa®) = 1-m) [ ErQul . 3245

On the other hand, employing the Q function (3.213) in Eq. (3.245), we have

2
(a1 (t)ar (1)) p —exp | p MaTla)MaMa- (3.246)
There follows
~ ~ 8 d277a m]. *
<a§(t)a1(t)> = —(1- ml)mlaml/ - exp [ — K—lnana], (3.247)
so that on carrying out the integration, yields
@B l) = —r(l—my)m—2— (= (3.248)
1(t)ay = 1 mig ) .
From which, we obtain
@) = mL=m) (3.249)
mi
= " <“12 = 1). (3.250)
uivy —ry

With the aid of (3.180), (3.181), and (3.182), one can readily find
(@(®a(t)) = wi(ar —1) 3.251)

Moreover, in view of the fact that the Q functions for the laser light beam have the same form,

we observe that
(@b (Dag(t)) = ralag —1). (3.252)
Making use of Egs.(3.251) and (3.252), one can find
(@' ®a(t)) = rilar — 1)+ kalag — 1). (3.253)
Following similar procedure, it is not difficult to verify that

~

OF b)) = ri(by — 1)+ ka(by — 1). (3.254)
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Again we proceed to evaluate the remaining correlation functions in Eq.(3.239). To this end,
it is possible to write having Eq.(3.204) that

R 0 0
~t T — 2 2 2 2 * %
(a'(t)b'(t)) /d Nad* 2pd" Aqd”xp Q1 (na,zb,na + —an;,zb + 3,2;;’t>

0 0
ANoxE Aa + ——, —t
XQZ( a> Xb> + a)\z Xb+8X?; )

X[mazy +maxs + Aaxp + Aazp)- (3.255)
This can also be expressible as

@ i) = (@ mble) + @ )o@ + (@b b)) + @) el (1)  (3.256)

On account of (3.234) and (3.236), one can write

@b (6) = (@bl () + (@ (t)bh(1)). (3.257)

Furthermore, the expectation value of the operator represented by &1{ (15)(311r (t) can be expressed

as
aloilo) = To(¢0alil). 3.250
Applying (3.199), one can get

~ 7 * ok 9 9 * ¥
@bl = / 10t 2,Q1 (12 74 ma + e %,Onazb. (3.259)

b

We note that the Q function given by Eq. (3.208) is expressible as

v s 0 0 B . 0
Q1 (77(1,7 ZysNa + 3777;" 2p + azl,;vt) = Q1(Na, 2, t) exp [_ (vma - leb)@Tﬁ
. 0 0?
— (w125 — rma)azgwm(mazz} (3.260)
where the Q function Q1 (74, 25, t) is given by Eq. (3.208).
Now Employing (3.260) in Eq. (3.259), we have
AT _ 2 1 . 9
(a1 (t)by(t)) = d“nad*zpQ1(Na, 2, ) €Xp [— (vma — rlzb) o
. 9 ? 1 ..
_(Ulzb — rlna)azl’;‘+T1H1W:| Tlazb. (3.261)

This can be put in the form

A 7 32 * a
@ @bi)) = / dznadzzba)\au[Ql(ﬂmzbvt)eXp[_(Ulna_rlzb)%

0 0?

- (UIZZ - 7“1?7a) S Tk

.262
0z om0z (3.262)

| exp O + ez
A=p=0
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Moreover, this can also be rewritten as
2

GO0 = [ EndaQin. g

exp |(1 = v)An + (1 - )z

+71(ung + Azp + fﬂ)\u)} (3.263)

A=p=0

Now differentiating and applying the condition A = y = 0, one can readily establish that

@ ®b (1) = wri+ 1 —w)(d — 1)1 + 1y + (1= vi) o +71(1 — wr) s,
(3.264)
in which
o= [ Enda@n. a0z (3.265)
Iy = /d%ana(nZi, Nas t)a"a (3.266)
Iz = / P 2Qup(25, 2, )27 2. (3.267)

Applying (3.208) in Eq. (3.265), one can write

2 2, 12
UV — T d g d*zp V1 Ul 1, 4 o« . %
I K% ! / Wa - exp [— ;177@% - azbzb + ;1(77@21) + Nazb) | M2z -
(3.268)
This can be put in the form
= U1111—7°%/d277a { v, ] .
1 = €XP | — —MNgMa|g
" R1 s K1
8 d2Zb (75} T1 *
X e exp { - K—lzszb + R—l(naz{f + nazb)], (3.269)
so that on carrying out the integration over z;, yields
m d? ) 0 r2
I, = 1/ fla exp [— —177:;77(1} Na 75 XD { L 77;77@}. (3.270)
1 T K1 on ULK1
Furthermore differentiating, leads to the expression
I, = 2122 (3.271)
(51
On the other hand, with the aid of (3.213), one can put Eq. (3.266) in the form
m d? mi N
Iy = 1/ 1l exp [— —lnana} NaNa- (3.272)
K1 ™ K1

This can also be rewritten as

o [ d
Iy = —mj—r / 'la exp[—%néna}. (3.273)
1

omq T
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Furthermore, carrying out the integration, we obtain

1
Iy = —KimMy1— 0 ( ), (3.274)
8m1 mq
from which, we find
Iy = —X (3.275)
uivy —rq
Employing (3.275) in Eq. (3.271), we readily get
n = —f (3.276)
uivy —ry

Making use of similar calculations, it is not difficult to show that

R1U1

Ly = — (3.277)
ulv] — 1y
Substituting (3.275H3.277) in Eq. (3.264), we find
R A K1T
@)y = — (3.278)
uivy — g
= KiCy. (3.279)

Moreover, in view of the fact that the Q functions (3.208) and (3.209) have the same form, we

see that

@l (®bl(t)) = (@ (O)bi(t)) = rici, i=1,2. (3.280)

@h@)pt@)) = (a@®)b(t)) = kicr + raco. (3.281)

Now taking into account of Egs. (3.253), (3.254), and (3.281) together with (3.239), one can
readily establish that

Ack = 2k1+2k2+ (1 AL ), + (1 Ack 1), (3.282)
where
(AL ) = 2wif(ai— 1)+ (b — 1) £2¢;], i=1,2. (3.283)

Furthermore, employing (3.17443.176) in Eq. (3.283), the variance of the quadratures found
to be

Aq(
AR = 2y 4 ALWTT )Ty St
. (A1n+ﬂ1)[ ] |
21 A1/1 P sz
+ 1+ )-
(A1?7 + 2/‘01
ko Aa(n —(Agn+r2)t
2 1+ 2
+2k9 + (A277+/<&2)[ \/7} )
S 2AeV ISy ) e (3.284)
77(A277 + 2/€2
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At steady state, Eq. (3.284) takes the form

lﬂAl(l —n)(A1 +2A1n+2k1) £ k1A1V/]1 — 772(141 + A1n + 2K1)
(A1n + K1) (A1n + 2k1)
ko Ao(1 —1)(Ag + 2491 + 2k2) £ KoAgr/1 — n2(Ag + Agn + 2r9)
(A2n + K2)(A2n + 2k2)

Aci = 2Kr1+

+2K9 +

(3.285)

We observe that the quadrature variance given by (3.284) or (3.285) is the sum of the quadra-

ture variance of the constituent output laser light beams.

Itis interesting to examine some special cases. First we consider the case in which A; = 0.
In this case, the quadrature variance (3.285) turns out to be

lilAl(l — 77)(A1 + 2A1’I7 + 2%1) + I€1A1\/ 1-— 772(141 + AlT] + 2/61)

Ac? = 2Kk9 4+ 2k +
* 2T (A1 + k1) (A1n + 261)

(3.286)

This represents the quadrature variance of the superposed output two-mode squeezed laser

light beam and a light beam in a two-mode vacuum state.

However, for the case in which k4 is equal to zero, the the quadrature variance described

by Eq. (3.285) reduces to

IilAl(l — 7])(./41 +2A1m+ 2%1) +r1A14/1 — 7]2(141 + Ain+ 2/%1)
(Aln + /€1)(A177 + 2/@1)

AC?I: = 2Kr1+

9

(3.287)
which is the two-mode quadrature variance of one output light beam.

It is worth mentioning that the quadrature variance of a pair of superposed identical output

laser light beams is twice that of the quadrature variance of one output laser light beam.

We define the quadrature squeezing of the two-mode superposed output light by
(Ac?), — (Ac?)

5= ad),

(3.288)

where (Ac?), = 2k1+2k9 is the output quadrature variance of a pair of superposed two-mode

vacuum states.

On account of (3.285), the quadrature squeezing is found to be

S S
g K101 + K2 27 (3.289)
K1+ Ko

where

A; |:\/ 1-— 772(Az + Aﬂ] + 2/@') — (1 — 77)(141 + 2Aﬂ7 + 2/{1')
S, — Ci=1,2  (3.290
2(Am + i) (A + 257) ' (3:290)
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is the two-mode quadrature squeezing of the i’ laser output light beam.

We now proceed to consider some special cases. First we consider the case in which x; =
k9. In this case, we see that Eq. (3.289) takes the form

S = @ (3.291)

We see from Eq. and Fig. that the quadrature squeezing of the superposed laser
light beams is the average of the quadrature squeezing of the component output laser light
beams for all values of  between zero and one. And the degree of squeezing of the compo-
nent output laser light beams increases with the linear gain coefficient for small values of n
and almost perfect squeezing can be obtained for large values of the linear gain coefficient.

Furthermore, for the case in which 4; = A, and k; = k9, the quadrature squeezing of the

0.5

0.45¢ e T -S;

0.4) ‘
0.35] - O\
03t «/ / NN
025F ‘[ 7 0
AR\

1
0.2 [ \

quadrature squeezing

0.15F
1
1
0.1py!
i

0.05

0 0.2 0.4 0.6 0.8 1

Fig. 3.1: Plots of the quadrature squeezing (S and S;) [Eq. (3.291) and Eq. (3.290)] versus 7 for x; =
Ro = 0.8, A1 =35, and A2 = 10.

superposed output laser light beams (3.289) turns out to be
S=S5;, i=12. (3.292)
We see from (3.292) that the quadrature squeezing of a pair of superposed identical two-mode

laser output light beams is exactly the same as the quadrature squeezing of one output laser

light beam. In addition, for the case in which either x; or k2 = 0, the two-mode quadrature
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squeezing becomes

S =S5; (3.293)
which is the identical to the quadrature squeezing of one output laser light beam.

On the other hand, for the case in which A, = 0, the quadrature squeezing described by
(3.289) takes the form

g— 5 (3.294)
K1+ K2

However, for the case in which either x; = k9, the quadrature squeezing described by (3.294)

reduces to

S = %Si. (3.295)

This represents the quadrature squeezing of the superposed two-mode squeezed laser light
beam and a light beam in a vacuum state. Thus we observe that the effect of the vacuum is to

reduce the quadrature squeezing by a factor of one-half.



3.4 Photon statistics 86

3.4 Photon statistics

In this section, we seek to analyze the statistical properties of the superposed two-mode out-

put light beams.
3.4.1 The mean of the photon number sum and difference

We now seek to determine the mean of the photon number sum and difference of a pair of
superposed two-mode output light beams. To this end, we define the operators representing

the photon number for the superposed two-mode output laser light beams by

Ra(t) = a'(t)a(t) (3.296a)

iy (t) = bt (£)b(t). (3.296b)

Taking the expectation value of (3.296) and applying Eqs. (3.253), (3.254), (3.174), and (3.175),

the mean of the photon numbers of the output modes a and b at steady have the form

ﬁa == ﬁla + ﬁQa (32978.)
ny = MnNip+ Noyp, (3.297b)
where
Pia ridi(l = n)(Ai + 34 + 4ri) (3.298a)
JAZ(1 —n?
Ry = R (L= n) i=1,2 (3.298b)

4(AZ"I7 + Iii)(Aﬂ] + 2/@') ’
is the mean of the photon numbers for the i** laser output light beams associated to mode a

and b respectively.

We see that the mean photon number of mode a(b) of a pair of superposed output laser
light beams given by Egs. and is the sum of the mean photon numbers of
the constituent output laser light beam corresponding to each mode. It is worth mentioning
that the mean photon numbers of mode a(b) of a pair of superposed identical output laser
light beams is twice that of the mean photon number of mode a(b) of one output laser light
beam. Fig. represents plots of the mean photon number of mode a [Eq. (3.297a)] and
mode b [Eq. (3.297b)] of a pair of superposed output laser light beams versus 1. We see from
the Fig.(3.2) that the mean photon number of mode a is greater than that of mode b.

Next, we seek to calculate the mean of the photon number sum and difference of a pair of

superposed two-mode output laser light beams. To this end, we define the operators repre-
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Fig. 3.2: Plots of the mean of the photon number of mode a [Eq. (3.297a)] and mode b [Eq. (3.297b)] of

a pair of superposed output laser light beams versus 7 for k; = k2 = 0.8, A1 = 5, and 4, = 10.

senting the photon number sum and difference of the two-mode output light by
Nt = Ng £ Ny. (3.299)

Upon taking the expectation value of (3.299) and applying Egs.(3.297a) and (3.297b), the

mean of the photon number sum and difference of a pair of superposed two-mode output

laser light beams found to be

Nty = N1t + No4, (3.300)
in which
N = Niq N4, t=1,2 (3.301)

is the mean of the photon number sum and difference of the constituent two-mode output

laser light beams. Furthermore, applying Egs.(3.298a) and (3.298b) in Eq.(3.301), one can
readily find

2k — ) (A + 2k0) + AT ) (1 1)
e 4(Ai77 + Iii)(AiT] + 2/@) (3.302)

We see from Eq. (3.300) that the mean of the photon number sum and difference of the su-

perposed two-mode output laser light beams is the sum of the mean of the photon numbers
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Fig. 3.3: Plots of the mean of the photon number sum and difference [Eq.(3.300)] of a pair of super-

posed two-mode output laser light beams versus 7 for k; = k3 = 0.8, A; =5, and A; = 10.

sum and difference of the constituent two-mode output laser light beams. We also observe
from Eq. and Figs. and that the mean of the photon number difference of
the output modes is positive. This also shows that the mean of the photon number of mode a
is greater than that of mode b. And the increase in the mean photon number of mode a must
be due to the decay of some atoms from the intermediate level to levels other than lower level

spontaneously.

It is important to note that for the case in which the component of the output light beams
have equal linear gain coefficients as well as damping constants. In this case the mean of
the photon number sum and difference of a pair of superposed two-mode output laser light
beams is twice that of the mean of the photon number sum and difference of one output laser

light beam.
3.4.2 The variances of the photon number sum and difference

Here we calculate the variances of the photon number sum and difference for the two-mode
superposed output laser light beams. The variances of the photon number sum and differ-
ence defined by

An2 = ((ata +b'5)?) — (ata + bT)° (3.303)
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can be expressed as

An3 = An? + An} + 2(hq, ), (3.304)
in which
An? = ((aTa)?) — 2 (3.305)
and
An? = ((b'D)?) — n} (3.306)

are the variance of the superposed output light beams for mode a and mode b respectively,
and

<ﬁa, ﬁb> = <ﬁaﬁb> — NgNp. (3.307)

Using the commutation relation (3.224), the variance of the photon number for the super-
posed output light defined by Egs. (3.305) can also be expressed as

An = (a16%) + (k1 + 2)ita — i, (3.308)
Now using Eq. (3.210), one can readily obtain

0 0
~12 A2 _ 2 2 * *
@RO0) = [ EndNQu (et 5 t) @ (A + 551)

<{ im)? + (ViAa)? + 40mma) Vi)

+[(1aAD)? + 272N + 2NAZn! + e.c] } (3.309)
This can be rewritten as

@2mat)) = (@ ®a3e) + @ ©)a3) + @) ah’ )

(3.310)
Using the Q function (3.211), one can easily verify that
(@) = o (3.311)
Moreover, since the Q functions and have the same form, we observe that

(@2(t)) = 0, i=1,2. (3.312)
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Taking into account of Egs. (3.234) and (3.312), the expression described by Eq. (3.310) re-

duces to
@20a)) = (@Paie) + @lmade) + 4altat))al®a(1).  (3.313)

We note that the first term in Eq. (3.313) is expressible as

~ ~ * a *
@pPwaie)) = / *1aQ1a(0}, Ma + o EmEn2. (3.314)

*
a

Applying (3.211) in Eq. (3.314), we have

2
al?(t)a2 = 2, 07 * _ + 9\ xnzna
(a"(t)ai(t)) = /d namg[Qla(nama,t)exp( mlnaanz>€ ])\:0 (3.315)
There follows
2oy M [ dPne 0 M
@Roam) = [T e | = M- - Ohin| |- 6316

Furthermore, upon performing differentiation and applying the condition A = 0, leads to

120 - 1—m)*my [ d? mi o, 1 .
@iy = G [Eh o [ My e ea)
K1 7T K1

This can be rewritten in the form

2 2
42/ 1 A2 B B 9 0 d*ng omy
(@1"(t)ai(t)) = ki(1—mq) m18m%/ - exp[ . nana} (3.318)

so that on carrying out the integration, yields

0% [ 1
"T2 ~2 — 2 1 _ 2 - - 1
(a"(t)ay(t)) k(1 —m1)°my o2 <m1) (3.319)
from which, we obtain
2
@ma) = 2wty 1) (3.320)
1
= 2k3(a; —1)2 (3.321)

Moreover, on account of the fact that the Q functions expressed by Egs. (3.211) and (3.212)

have exactly the same form, we also see that

@Pnat)) = 2r2(a;—1)% i=1,2. (3.322)

7

i=1,2. (3.323)

1ar

@Pmaz) = 2n
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where 7, is the mean of the photon number of mode a for the ! laser output light beam

given by Eq. (3.298a). Now taking Egs. (3.251), (3.252), and (3.323) into account, one can put
Eq. (3.313) in the form

(@ t)a2(t)) = 2a3, + 203, + Af1afo, = 272, (3.324)

where 7, is the mean of the photon number of mode a for a pair of superposed laser output

light beams given by (3.297a). With the aid of (3.324), one can readily find
An? =72 + (k1 + K2)7lg. (3.325)
It is not difficult to demonstrate in a similar manner that

An = i+ (k1 + K2)M (3.326)

(g, ) = (K1c1 + Kaco)?. (3.327)

On the other hand, we can also write Egs. (3.325) and (3.326)) in terms of the mean and vari-

ance of the photon numbers of mode a and b of the component output light beams as

An2, = Al + An . + 201miiom + Kofiim + K1fom, ™ = a,b, (3.328)

where

An?

m

= 02,4 K, i=1,2 (3.329)

is the variances of the photon number for the i component output light modes m = a, b. We
see from Eq. that the variance of the photon number of a pair of superposed output
light beams corresponding to mode a and b is not the sum of the variances of the photon
number of the constituent output light beams. Moreover, based on Eq. , we certainly
identify that the i"* component output light mode a and b are separately in chaotic state and

hence both exhibit supper-Poissonian statistics.

Now combination of Egs. (3.304), (3.325), (3.326), and(3.327) results in

Ani = ’ﬁz + (/431 + :‘ig)ﬁa + ﬁ% + (/ﬂ + Iig)ﬁb + 2(:%161 + K/QCQ)Q. (3.330)
This can be expressible in the form

Ani = An%a + An%a 4 2N14M2q + KoN1g + K1N2g
+An, + An3y + 201pRop + KoR1p + K1igp

:|:2(/€%C% + k32 + 2%1%26162), (3.331)
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Fig. 3.4: Plots of the mean of photon number difference [Eq.(3.300)] versus 7 (solid curve) and the vari-

ance of the photon number difference [Eq.(3.330)] versus n (dashed curve) of the superposed
output laser light beams for k; = k2 = 0.8, A; = 5, and 4, = 10.

where An?  is given by (3.329).0On the other hand, this can also be rewritten as

Ani = (And), + (And), + 2(R1aR2q + R1pA2p)
+/€2(T_L1a + ﬁlb) + K1 (ﬁza + ’I_Zzb) + 4k1kociCa, (3.332)
where
(And), = ng, + Kiftiq + 3 + kil &= 267¢7, 4= 1,2. (3.333)

is the variances of the photon number sum and difference of the constituent output laser light
beams. Itis worth mentioning that the variances of the photon number sum and difference of
a pair of superposed two-mode output laser light beams is not the sum of the variances of the
photon numbers sum and difference of the constituent two-mode output laser light beams.

In addition, we notice from Eq. (3.332)and Fig. 3.4/ that An3 > n4 and thus photon statistics

of photon number sum and difference of a pair of superposed two-mode output laser light

beams is supper-Poissonian.

It is easy to observe that for the case in which 4; = A, and k1 = k9, the variance of

the photon number sum and difference of a pair of superposed two-mode output laser light
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beams given by Eq. (3.332) leads to

Ani = 4(An2)., i=1,2. (3.334)

The normalized photon number correlation

Finally, in order to determine whether the photon numbers of mode a and mode b are corre-
lated or not, we must examine the normalized photon numbers correlation. Thus the photon
numbers correlation of the superposed two-mode output laser light beams can be defined as
(3, 28, 37]

2y = {faln) 3.335
9000 = Gy G (6:359

Comparison of Egs. (3.307) and (3.327) shows that

<ﬁaﬁb> = (/1161 -+ HQCQ)Q + NgNp- (3.336)

Now applying (3.336) in Eq. (3.335), we obtain

(Rrer + Kaco)” y (3.337)
g NaMp

This result indicates that the photon numbers correlation is different from one. Thus the

photon numbers of mode a and mode b of a pair of superposed two-mode output laser light

beams are correlated. Moreover, we can see from Eq. that the expectation value of the

product of number operators, (n,n;) is different from (7,)(n;). This implies that there is an

intermode correlation. Thus this intermode correlation must be due to the atomic coherence

induced by initially preparing atoms in coherent superposition of the top and bottom levels.



Conclusion

In this PhD dissertation, we have studied the squeezing and statistical properties of a pair of
superposed output light beams generated by three-level laser whose cavities are coupled to a
vacuum reservoirs. Making use of the density operators of the superposed output laser light
beams together with Q functions, we have determined the global and local mean and vari-
ance of the photon number as well as the global and local quadrature squeezing. Moreover,
we have calculated the mean and variance of the photon number sum and difference and the

photon numbers correlation of a pair of superposed two-mode output light beams.

We have found that both the mean photon number and quadrature variance of a pair of
superposed output laser light beams is the sum of the mean photon numbers and quadrature
variances of the constituent output light beams. However, the variance of the photon num-
ber of the superposed output laser light beams is not the sum of the variances of the photon
numbers of the component output laser light beams. Moreover, we have established that the
global and local quadrature squeezing of the superposed output laser light beams is the aver-
age of the global and local quadrature squeezing of the constituent output laser light beams.
The output light produced by the pair of superposed laser light beams is in a squeezed state
for all values of n between zero and one. We have also noticed that the superposed output
laser light beams is squeezed 61.5% below the vacuum state-level. On the other hand, we
have seen that the local quadrature squeezing is greater than the global quadrature squeez-
ing. Besides, the maximum local quadrature squeezing of the superposed output laser light
beams is found to be 92.5% and occurs in the frequency A = +0.01. It is found that super-
posing a pair of identical squeezed laser output light beams considerably increases the mean
and variance of the photon number, without affecting the quadrature squeezing. This makes

the system under consideration to be a source of bright squeezed light. Furthermore, our re-
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sults have shown that the local quadrature squeezing, unlike the mean photon number, the
quadrature variance, and the photon number variance does not increase as the value of A in-
crease. In addition, our analysis indicates that the quadrature squeezing of the superposition
of squeezed laser light beam and a light beam in vacuum state turned out to be just half of
the quadrature squeezing of the three-level laser output light beam. This result is consistent
with the quadrature squeezing of the superposed coherent and squeezed light obtained in
[22]. On the other hand, in the absences of the output light beam from one of the cavity, the
mean photon number, the quadrature squeezing (variance), and the photon number vari-
ance of the superposed squeezed laser light beams is identical to the mean photon number,
the quadrature squeezing (variance), and the photon number variance of one output light
beam. Finally, we would like to mention that the photon numbers of a pair of superposed

two-mode light beams are correlated.
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