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Abstract

In this research we have studied the squeezing and statistical properties of a pair of super-

posed output light beams generated by three-level lasers, with the injected atoms prepared

initially in a coherent superposition of the top and bottom levels. In particular, applying the

density operator for the superposed output laser light beams together with the Q functions,

we have calculated the global and local mean and variance of the photon number as well as

the quadrature squeezing. In addition, we have determined the mean and variance of the

photon number sum and difference and the photon numbers correlation of a pair of super-

posed two-mode output light beams.

It is found that both the mean photon number and quadrature variance of the superposed

output laser light beams is the sum of the mean photon numbers and the quadrature vari-

ances of the constituent output light beams. However, the variance of the photon number of

the superposed output laser light beams is not the sum of the variances of the photon num-

bers of the component output laser light beams. Moreover, the global and local quadrature

squeezing of a pair of superposed output laser light beams turned out to be the average of

the global and local quadrature squeezing of the constituent output light beams. We have

also noticed that the squeezing of the superposed output laser light beams is 61.5% below

the vacuum state-level. On the other hand, we have seen that the local quadrature squeezing

is greater than the global quadrature squeezing. It is found that the maximum local quadra-

ture squeezing is 92.5% and occurs in the frequency λ = ±0.01. Furthermore, our results

have shown that the local quadrature squeezing, unlike the local mean of the phonon num-

ber, quadrature variance, and photon number variance does not increase as the value of λ

increases. In addition, our analysis indicates that the quadrature squeezing of the superpo-

sition of squeezed laser light beam and a light beam in vacuum state turned out to be just

half of the quadrature squeezing of the three-level laser output light beam. Finally, we would

like to mention that the photon numbers of a pair of superposed two-mode light beams are

correlated.
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Introduction

There are several optical systems that could generate light with non classical features. One

such optical systems is a three-level laser, which produces a squeezed light under certain

conditions. Squeezing is one of the interesting features of light that has been studied by sev-

eral authors [1-14, 19-25]. This is because, in addition to exhibiting a nonclassical feature,

squeezed light has applications in the detection of weak signals and in low-noise communi-

cations. In squeezed light the fluctuations in one quadrature is below the vacuum-state level

level at the expense of enhanced fluctuations in the other quadrature, with the product of the

uncertainties in the two quadratures satisfying the uncertainty relation [1-4, 12-19, 24-25].

It has been established that a three-level laser under certain conditions generates squeezed

light [1-9, 20-21, 26-27, 32-34]. In a three-level laser, three-level atoms in a cascade configu-

ration are injected into a cavity coupled to a vacuum reservoir via a single-port mirror. The

injected atoms may initially be prepared in a coherent superposition of the top and bottom

levels or these levels may be coupled by strong coherent light after they are injected into the

cavity. The coherent superposition of the top and bottom levels or the coupling of these lev-

els by coherent light is responsible for the nonclassical features of the generated laser light.

When a three-level atom in a cascade configuration makes a transition from the top to the

bottom level via the intermediate level, two photons are generated. If the two photons have

the same frequency, the three-level atom is called degenerate otherwise it is called nonde-

generate.

Some authors have studied the squeezing [28, 32-33] and statistical properties of the light

produced by three-level lasers [1-7, 29-30] in which the crucial role is played by the super-

position of the top and bottom levels [1-7, 31-34]. Ansari [7] has predicted that a degenerate

three-level laser can generate squeezed light under certain conditions. Furthermore, Lu and
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Zhu [2] have considered a nondegenerate three-level laser with the atoms initially prepared

in a coherent superposition of the top and bottom levels. They have predicted a maximum of

50% intracavity two-mode squeezing.

A three-level laser in which the top and bottom levels of the atoms injected into the cavity

are coupled by a strong coherent light has also been studied by different authors [7-10]. Ansari

et al [10] have considered a degenerate three-level laser, with the atoms initially in the upper

level and with the top and bottom levels of the atoms coupled by coherent light. They have

shown that this system behaves like a parametric oscillator for sufficiently strong coherent

light. They have also predicted that such a system can generate squeezed light over large

range of the amplitude of the coherent light

Some authors [20-21, 27] have studied the squeezing and statistical properties of super-

posed coherent and squeezed light beams. Using the usual definition for quadrature squeez-

ing of a pair of superposed light beams, these authors have found that the coherent light

does not affect the quadrature squeezing of the superposed light beams. However, according

to Fesseha [22], applying the usual definition for quadrature squeezing of superposed light

beams leads to physically unjustifiable results. This is because one usually calculates the

quadrature squeezing of a pair of superposed light beams relative to the quadrature variance

of a single coherent light beam. In view of this, Fesseha [22] has modified the definition for

quadrature squeezing of superposed light beams. According to this modified definition, the

quadrature squeezing of a pair of superposed light beams is calculated relative to the quadra-

ture variance of a pair of superposed coherent light beams.

In this PhD dissertation, we seek to investigate the squeezing and statistical properties of

a pair of superposed output light beams generated by three-level lasers whose cavities are

coupled to vacuum reservoirs. We arrange our system in such a way that the output light

beam (LB1) from one of the lasers is incident on a side of a perfectly transmitting mirror,

while the output light beam (LB2) from the other laser is incident on a side of a perfectly

reflecting mirror as depicted in the Fig. 1.1.

In order to carry out our analysis, we first derive c-number Langevin equations for the cav-

ity light produced by one laser using the pertinent master equation. Applying the solutions of

the resulting c-number Langevin equations along with the properties of the noise forces, we

obtain the antinormally ordered characteristic function, with the aid of which the Q function

is determined. We then obtain the density operator for a pair of superposed output laser light
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Fig. 1.1: Schematic representation of a pair of superposed laser output light beams.

beams in terms of the Q functions. The resulting density operator is then used to calculate the

global and local mean and variance of the photon number as well as the quadrature squeez-

ing. In addition, we have determined the mean and variance of the photon number sum and

difference, the quadrature squeezing, and the photon number correlation for the superposed

two-mode output laser light beams.
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A Pair of Superposed Single-Mode Laser Light Beams

In this chapter we seek to investigate the squeezing and statistical properties of a pair of su-

perposed output light beams produced by degenerate three-level lasers whose cavities are

coupled to vacuum reservoirs. In order to analyze the squeezing and statistical properties of

the superposed output laser light beams, we first arrange the system in such a way the output

light beam from one of the lasers is incident on side of a perfectly transmitting mirror and the

output light beam from the other laser is incident on side of a perfectly reflecting mirror as

shown in Fig. 1.1. Then we derive c-number Langevin equations for the cavity light produced

by one of the degenerate three-level laser whose cavity coupled to vacuum reservoir using

the pertinent master equation. Employing the solutions of the resulting c-number Langevin

equations together with the antinormally ordered characteristic function defined in Hiesen-

berg picture, we derive the Q function for the cavity light. Furthermore, using this Q function

together with the input-output relation and with the input mode operators associated with

vacuum reservoir put in normal order, we obtain the output laser light beam Q function, with

the aid of which we determine the Q function for the other output laser light beam having

different cavity damping constant and linear gain coefficient. Next we obtain the density

operator for superposed output light beams in terms of the Q functions of the component

output light beams. Finally, applying the resulting density operator together with the Q func-

tions of the output laser light beams, we calculate the global and local quadrature variances

as well as the global and local mean and the variance of the photon numbers.
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2.1 c-number Langevin equations

In this section we first derive in the linear and large-time approximation schemes [3, 23, 26,

35] the equation of evolution of the density operator for the cavity mode of a degenerate

three-level laser whose cavity is coupled to a vacuum reservoir. With the aid of this equation,

we obtain c-number Langevin equations associated with the normal ordering.

The Master equation

Here we consider a degenerate three-level laser into which a three-level atoms in a cascade

configuration and initially prepared in a coherent superposition of the top and bottom levels

are injected at constant rate r1 and removed from the laser cavity after some time τ . We

denote the top, intermediate, and bottom levels of a three-level atom by | a〉, | b〉, and | c〉,

respectively. We assume the cavity mode to be at resonance with the two transitions | a〉 →| b〉

and | b〉 →| c〉, and with direct transition between levels | a〉 and | c〉 to be dipole forbidden.

The Hamiltonian describing the interaction of a three-level atom with the cavity mode in

the rotating approximation is expressible as

Ĥ = ig
[
(|a〉〈b|+|b〉〈c|)â− â†(|b〉〈a | +|c〉〈b|)

]
, (2.1)

where g is the coupling constant and â is the annihilation operator for the cavity mode. We

consider a single three-level atom to be initially in the state

|ψA(0)〉 = Ca(0)|a〉+ Cc(0)|c〉 (2.2)

and hence the density operator for the single atom has the form

ρ̂A(0) = ρ(0)
aa |a〉〈a|+ρ(0)

ac |a〉〈c|+ρ(0)
ca |c〉〈a|+ρ(0)

cc |c〉〈c|, (2.3)

where

ρ(0)
aa = Ca(0)C∗

a(0) (2.4)

ρ(0)
cc = Cc(0)C∗

c (0) (2.5)

are the probabilities for the atom to be initially in the upper and lower levels, respectively,

and

ρ(0)
ac = ρ(0)∗

ca = Ca(0)C∗
c (0) = |ρ(0)

ac |eiθ (2.6)

represents the initial atomic coherence of the atom.
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Suppose ρ̂AR(t, ti) is the density operator for a single atom plus the cavity mode at time

t, with the atom injected into the cavity at an earlier time ti, such that (t − τ) ≤ ti ≤ t. The

density operator for all atoms plus the cavity mode at time t can be written as

ρ̂AR(t) = r1
∑

i

ρ̂AR(t, ti)∆ti, (2.7)

where r1 represents the number of atoms injected into the cavity at a time ∆ti. Now convert-

ing the summation into integration in the limit ∆ti → 0, we have

ρ̂AR(t) = r1

∫ t

t−τ
ρ̂AR(t, t′)dt′ (2.8)

and on differentiating with respect to t, and applying the relation

d

dx

∫ x

x+xo

f(x, y)dy = f(x, x)− f(x, x+ xo) +
∫ x

x+xo

∂

∂x
f(x, y)dy (2.9)

we find
d

dt
ρ̂AR(t) = r1[ρ̂AR(t, t)− ρ̂AR(t, t− τ)] + r1

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.10)

We note that ρ̂AR(t, t) is the density operator for the cavity mode plus an atom injected at

time t and ρ̂AR(t, t− τ) is the density operator for the cavity mode at time t plus a single atom

injected at time t − τ and being removed at time t. At the instant the atom is injected or

removed from the cavity, the atomic and cavity mode variables are uncorrelated. Thus we

can write these density operators as

ρ̂AR(t, t) = ρ̂A(t, t)ρ̂(t) (2.11)

ρ̂AR(t, t− τ) = ρ̂A(t, t− τ)ρ̂(t), (2.12)

where ρ̂(t) is the density operator for the cavity mode and ρ̂A(t, t′)|[t′=t, or t′=(t−τ)] is the den-

sity operator at time t for the atom injected at time t′. Since ρ̂A(t, t) is the initial density for

the atom, we can designate it by

ρ̂A(t, t) = ρ̂A(0). (2.13)

In view of (2.11), (2.12), and (2.13), the time evolution of the density operator described by

Eq. (2.10) can be written as

d

dt
ρ̂AR(t) = r1[ρ̂A(0)− ρ̂A(t, t− τ)]ρ̂(t) + r1

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.14)

In the absence of damping, the density operator ρ̂AR(t, t
′
) evolves in time according to

d

dt
ρ̂AR(t, t′) = −i[Ĥ, ρ̂AR(t, t′)], (2.15)
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so that using this relation along with (2.8), one can put Eq. (2.14) in the form

d

dt
ρ̂AR(t) = r1[ρ̂A(0)− ρ̂A(t, t− τ)]ρ̂(t)− i[Ĥ, ρ̂AR(t)]. (2.16)

Furthermore, tracing over the atomic variables, we see that

d

dt
ρ̂(t) = −iT rA[Ĥ, ρ̂AR(t)], (2.17)

where we have used the fact that

TrA(ρ̂AR(t)) = ρ̂(t) (2.18)

and

TrA(ρ̂A(t)) = TrA(ρ̂A(t, t− τ)) = 1. (2.19)

With the damping of the cavity mode by vacuum reservoir included, the equation of evolution

of the density operator for the cavity mode to be

d

dt
ρ̂(t) = −iT rA[Ĥ, ρ̂AR(t)] +

κ1

2
(2âρ̂â† − â†âρ̂− ρ̂â†â), (2.20)

where κ1 is the cavity damping constant.

Employing (2.1) the master equation for the cavity mode (2.20) can be put in the form

d

dt
ρ̂(t) = g

(
ρ̂abâ

† − â†ρ̂ab + ρ̂bcâ
† − â†ρ̂bc + âρ̂ba − ρ̂baâ+ âρ̂cb − ρ̂cbâ

)
+
κ1

2
(2âρ̂â† − â†âρ̂− ρ̂â†â), (2.21)

in which the matrix element ρ̂αβ is defined by

ρ̂αβ = 〈α|ρ̂AR|β〉, (2.22)

with α, β = a, b, c.

On the other hand, we see from (2.16) that

d

dt
ρ̂αβ(t) = r1

(
〈α|ρ̂A(0)|β〉 − 〈α|ρ̂A(t, t− τ) | β〉

)
ρ̂(t)− i〈α|[Ĥ, ρ̂AR(t)]|β〉 − γρ̂αβ . (2.23)

The last term is included to account for the cavity of the atoms due to spontaneous emission,

with atomic decay rate γ considered to be the same for all the three-levels. Assuming that the

atoms are removed from the cavity after they have decayed to a level other than the middle

and the bottom level, we then see that

〈α|ρ̂A(t, t− τ)|β〉 = 0 (2.24)
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and hence Eq. (2.23) reduces to

d

dt
ρ̂αβ(t) = r1〈α|ρ̂A(0)|β〉ρ̂(t)− i〈α|Ĥρ̂AR(t)|β〉+ i〈α|ρ̂AR(t)Ĥ|β〉 − γρ̂αβ . (2.25)

Now in view of (2.1) and (2.3), Eq. (2.25) takes the form

d

dt
ρ̂αβ(t) = r1

(
ρ(0)

aa δαaδaβ + ρ(0)
ac δαaδcβ + ρ(0)

ca δαcδaβ + ρ(0)
cc δαcδcβ

)
ρ̂(t)

+g
(
âρ̂bβδαa + âρ̂cβδαb − â†ρ̂aβδαb − â†ρ̂bβδαc

−ρ̂αaâδbβ − ρ̂αbâδcβ + ρ̂αbâ
†δaβ + ρ̂αcâ†δbβ

)
− γρ̂αβ , (2.26)

from which follows

d

dt
ρ̂aa(t) = r1ρ

(0)
aa ρ̂(t) + g

(
ρ̂abâ

† + âρ̂ba

)
− γρ̂aa, (2.27)

d

dt
ρ̂bb(t) = g

(
ρ̂bcâ

† + âρ̂cb − â†ρ̂ab − ρ̂baâ
)
− γρ̂bb, (2.28)

d

dt
ρ̂cc(t) = r1ρ

(0)
cc ρ̂(t)− g

(
â†ρ̂bc + ρ̂cbâ

)
− γρ̂cc, (2.29)

d

dt
ρ̂ab(t) = g

(
ρ̂acâ

† + âρ̂bb − ρ̂aaâ
)
− γρ̂ab, (2.30)

d

dt
ρ̂ac(t) = r1ρ

(0)
ac ρ̂(t) + +g

(
âρ̂bc − ρ̂abâ

)
− γρ̂ac, (2.31)

d

dt
ρ̂bc(t) = g

(
âρ̂cc − ρ̂bbâ− â†ρ̂ac

)
− γρ̂bc, (2.32)

We confine ourselves to linear analysis and this can be achieved by dropping the g-terms

in Eqs. (2.27), (2.28), (2.29), and (2.31) and applying the large-time approximation scheme.

Thus upon dropping the g-terms and applying the large-time approximation scheme, we get

ρ̂aa =
r1ρ

(0)
aa

γ
ρ̂(t), (2.33)

ρ̂bb = 0, (2.34)

ρ̂cc =
r1ρ

(0)
cc

γ
ρ̂(t), (2.35)

ρ̂ac =
r1ρ

(0)
ac

γ
ρ̂(t). (2.36)

Now in view of these results, Eqs. (2.30) and (2.32) can be put in the form

d

dt
ρ̂ab(t) =

gr1
γ

(
ρ(0)

ac ρ̂â
† − ρ(0)

aa ρ̂â
)
− γρ̂ab, (2.37)

d

dt
ρ̂bc(t) =

gr1
γ

(
ρ(0)

cc â− ρ(0)
ac â

†)ρ̂− γρ̂bc. (2.38)
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Applying the large-time approximation scheme once more, we see from Eqs. (2.37) and (2.38)

that

ρ̂ab =
gr1
γ2

(
ρ(0)

ac ρ̂â
† − ρ(0)

aa ρ̂â
)
, (2.39)

ρ̂bc =
gr1
γ2

(
ρ(0)

cc â− ρ(0)
ac â

†)ρ̂. (2.40)

Finally, on account of Eqs. (2.39), (2.40) and their complex conjugate, the master equation

described by (2.21) turns out to be

dρ̂

dt
=

1
2
A1ρ

(0)
aa

(
2â†ρ̂â− ρ̂ââ† − ââ†ρ̂

)
+

1
2
(
A1ρ

(0)
cc + κ1

)(
2âρ̂â† − ρ̂â†â− â†âρ̂

)
+

1
2
A1ρ

(0)
ac

(
ρ̂â†2 + â†2ρ̂− 2â†ρ̂â†

)
+

1
2
A1ρ

(0)
ca

(
ρ̂â2 + â2ρ̂− 2âρ̂â

)
, (2.41)

where

A1 = 2r1g2/γ2 (2.42)

is the linear gain coefficient.

It is worth mentioning that the quantum properties of the light generated by the three-

level laser are determined by the master equation. It is easy to observe that with ρ(0)
aa = 1 and

ρ
(0)
ac = ρ

(0)
cc = 0, this equation reduces to the master equation for a two-level laser operating

below threshold.

c-number Langevin equations

We next seek to obtain, using the master equation, the c-number Langevin equations asso-

ciated with the normal ordering. The equation of evolution for the expectation value of an

operator in the Schrödinger picture is expressible as

d

dt
〈Ô〉 = Tr

(dρ̂
dt
Ô

)
. (2.43)

To this end, employing the relation (2.43) along with Eq. (2.41), we easily find

d

dt
〈â(t)〉 = −1

2
µ1〈â(t)〉, (2.44)

d

dt
〈â(t)â(t)〉 = −µ1〈â2(t)〉+A1ρ

(0)
ac , (2.45)

d

dt
〈â†(t)â(t)〉 = −µ1〈â†(t)â(t)〉+A1ρ

(0)
aa , (2.46)

in which

µ1 = A1(ρ(0)
cc − ρ(0)

aa ) + κ1. (2.47)
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We see that the c-number equation corresponding to Eqs. (2.44-2.46) in the normal order are

d

dt
〈α(t)〉 = −1

2
µ1〈α(t)〉, (2.48)

d

dt
〈α(t)α(t)〉 = −µ1〈α2(t)〉+A1ρ

(0)
ac , (2.49)

d

dt
〈α∗(t)α(t)〉 = −µ1〈α∗(t)α(t)〉+A1ρ

(0)
aa . (2.50)

On the basis of Eq. (2.48), one can write

d

dt
α(t) = −1

2
µ1α(t) + f1(t), (2.51)

where f1(t) is a noise force the properties of which remain to be determined.

We note that Eq. (2.48) and the expectation value of Eq.(2.51) will have identical forms if

〈f1(t)〉 = 0. (2.52)

Moreover, it can be readily verified using (2.51) that

d

dt
〈α(t)α(t)〉 = −µ1〈α2(t)〉+ 2〈α(t)f1(t)〉. (2.53)

Comparison of Eqs. (2.49) and (2.53) shows that

〈α(t)f1(t)〉 =
1
2
A1ρ

(0)
ac . (2.54)

A formal solution of Eq. (2.51) can be written as

α(t) = α(0)e−µ1t/2 +
∫ t

0
e−µ1(t−t′)/2f1(t′)dt′. (2.55)

We then note that

〈α(t)f1(t)〉 = 〈α(0)f1(t)〉e−µ1t/2 +
∫ t

0
e−µ1(t−t′)/2〈f1(t)f1(t′)〉dt′. (2.56)

On account of the assertion that a noise force at time t should not affect the system variables

at earlier times, we have

〈α(t)f1(t)〉 =
∫ t

0
e−µ1(t−t′)/2〈f1(t)f1(t′)〉dt′, (2.57)

so that in view of (2.54), there follows∫ t

0
e−µ1(t−t′)/2〈f1(t)f1(t′)〉dt′ =

1
2
A1ρ

(0)
ac . (2.58)
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Now in view of the property of Dirac-delta function∫ t

0
g(t′)δ(t− t′)dt′ =

∫ t1

t
g(t′)δ(t− t′)dt′ =

1
2
g(t), (2.59)

one can put Eq. (2.58) in the form∫ t

0
e−µ1(t−t′)/2〈f1(t)f1(t′)〉dt′ = A1ρ

(0)
ac

∫ t

0
e−µ1(t−t′)/2δ(t− t′)dt′. (2.60)

It then follows that

〈f1(t)f1(t′)〉 = A1ρ
(0)
ac δ(t− t′). (2.61)

Furthermore, it can be established applying (2.51) and its complex conjugate that

d

dt
〈α∗(t)α(t)〉 = −µ1〈α∗(t)α(t)〉+ 〈α∗(t)f1(t)〉+ 〈α(t)f∗1 (t)〉. (2.62)

On comparing this with (2.50), we have

〈α∗(t)f1(t)〉+ 〈α(t)f∗1 (t)〉 = A1ρ
(0)
aa , (2.63)

In addition, using (2.55) and its complex conjugate, we easily get

〈α(t)f∗1 (t)〉 =
∫ t

0
e−µ1(t−t′)/2〈f∗1 (t)f(t′)〉dt′ (2.64a)

〈α∗(t)f1(t)〉 =
∫ t

0
e−µ1(t−t′)/2〈f1(t)f∗1 (t′)〉dt′. (2.64b)

Now taking into account (2.63), (2.64a), and (2.64b), and assuming that

〈f∗1 (t)f1(t′)〉 = 〈f1(t)f∗1 (t′)〉, (2.65)

we arrive at∫ t

0
e−µ1(t−t′)/2〈f∗1 (t)f1(t′)〉dt′ =

∫ t

0
e−µ1(t−t′)/2〈f1(t)f∗1 (t′)〉dt′ = 1

2
A1ρ

(0)
aa . (2.66)

Therefore, in view of (2.59), we see that

〈f∗1 (t)f1(t′)〉 = 〈f1(t)f∗1 (t′)〉 = A1ρ
(0)
aa δ(t− t′). (2.67)

It is worth mentioning that (2.52), (2.61), and (2.67) describe the correlation properties of the

noise force f1(t) associated with normal ordering.
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2.2 The Q functions for the output laser light beams

Various quantum distribution functions are widely used in quantum optics, because they

provide convenient means of describing the quantum properties of light modes. Here we

confine our discussion to the Q function which is best suited to the evaluation of the expec-

tation value of antinormally ordered operators [3, 15-18]. To this end, the Q function for a

single-mode light can be expressed as

Q(α∗, α, t) =
1
π2

∫
d2zφa(z∗, z, t) exp (z∗α− zα∗), (2.68)

where

φa(z∗, z, t) = Tr
(
ρ̂(0)e−z∗â(t)ezâ†(t)

)
(2.69)

is the antinormally ordered characteristic function defined in Heisenberg picture. Applying

the identity

eÂeB̂ = eB̂eÂe[Â,B̂], (2.70)

one can write Eq. (2.69) as

φa(z∗, z, t) = e−z∗zTr
(
ρ̂(0)ezâ†(t)e−z∗â(t)

)
. (2.71)

Although we are interested in the case for which the cavity mode is initially in a vacuum state,

we also need the Q function in which the cavity mode is initially in arbitrary state. Thus the

density operator, ρ̂(0) that appears in Eq. (2.71) can be expressible in terms of the P function

as [3, 8, 15-17]

ρ̂(0) =
∫
d2λoPj(λ∗o, λo)|λo〉〈λo|. (2.72)

In view of this fact, one can put Eq. (2.71) in the form

φa(z∗, z, t) = e−z∗z

∫
d2λoPj(λ∗o, λo)Tr

(
|λo〉〈λo|ezâ†(t)e−z∗â(t)

)
. (2.73)

We note that the dynamics of a cavity mode coupled to a vacuum reservoir can also be de-

scribed using quantum Langevin equation [3]. Therefore, on the basis of Eq. (2.44), one can

write
d

dt
â(t) = −1

2
µj â(t) + Fj(t), j = 1, 2, (2.74)

where F̂j(t) is a noise operator with vanishing mean. Hence a formal solution of this equation

is expressible as

â(t) = â(0)e−µjt/2 + â′(t), (2.75)
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where

â′(t) =
∫ t

0
e−µj(t−t′)/2F̂j(t′)dt′. (2.76)

Furthermore, taking into account of Eq. (2.75) along with the fact that

[â(0), â′(t)] = [â†(0), â′†(t)] = 0, (2.77)

we readily establish that

φa(z∗, z, t) =
∫
d2λoPj(λ∗o, λo) exp

[
− z∗z + (λ∗oz − λoz

∗)e−µjt/2
]

×
〈

exp
(
zâ′†(t)− z∗â′(t)

)〉
. (2.78)

We note that Eq. (2.78) can be expressed in terms of c number variables associated with the

normal ordering as

φa(z∗, z, t) =
∫
d2λoPj(λ∗o, λo) exp

[
− z∗z + (λ∗oz − λoz

∗)e−µjt/2
]

×
〈

exp
(
zα′∗(t)− z∗α′(t)

)〉
, (2.79)

where

α′(t) =
∫ t

0
e−µj(t−t′)/2fj(t′)dt′ (2.80)

is the c number equation corresponding to Eq. (2.76) in normal order. With the aid of Eq.

(2.80), the equation of evolution of α′ can be written as

d

dt
α′(t) = −1

2
µjα

′(t) + fj(t), j = 1, 2. (2.81)

We observe that Eq. (2.81) is a linear differential equation. In addition, using (2.52), we see

that

〈α′(t)〉 = 0. (2.82)

Hence from Eqs. (2.81) and (2.82), one can observe that α′ is Gaussian variable with a vanish-

ing mean. Thus in view of this Eq. (2.79) can be put in the form

φa(z∗, z, t) =
∫
d2λoPj(λ∗o, λo) exp

[
− z∗z + (λ∗oz − λoz

∗)e−µjt/2
]

× exp
(1

2

〈[
zα′∗(t)− z∗α′(t)

]2
〉)
. (2.83)

It then follows that

φa(z∗, z, t) =
∫
d2λoPj(λ∗o, λo) exp

[
− z∗z

(
1 + 〈α′∗(t)α′(t)〉

)
+ (λ∗oz − λoz

∗)e−µjt/2

+
1
2

(
z2〈α′∗2(t)〉+ z∗2〈α′2(t)〉

)]
. (2.84)
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Next we proceed to determine the various expectation values involved in Eq. (2.84). To

this end, taking Eq. (2.80) into account, one can write

〈α′∗(t)α′(t)〉 =
∫ t

0
e−µj(t−t′)/2〈α′∗(t)fj(t′)〉dt′. (2.85)

Moreover, taking the complex conjugate of Eq. (2.80), it is also possible to see that

〈α′∗(t)fj(t′)〉 =
∫ t

0
e−µj(t−t′′)/2〈f∗j (t′′)fj(t′)〉dt′′. (2.86)

Applying (2.67), one can write Eq. (2.86) as

〈α′∗(t)fj(t′)〉 = Ajρ
(0)
aa

∫ t

0
e−µj(t−t′′)/2δ(t′ − t′′)dt′′, (2.87)

from which we obtain

〈α′∗(t)fj(t′)〉 = Ajρ
(0)
aa e

−µj(t−t′)/2. (2.88)

Substituting (2.88) to Eq. (2.85), one can readily gets

〈α′∗(t)α′(t)〉 =
Ajρ

(0)
aa

µj
(1− e−µjt). (2.89)

Following a similar calculations, it is not difficult to show that

〈α′2(t)〉 =
Aj | ρ(0)

ac | eiθ

µj
(1− e−µjt), (2.90a)

〈α′∗2(t)〉 =
Aj | ρ(0)

ac | e−iθ

µj
(1− e−µjt). (2.90b)

It proves to be more convenient to introduce a new parameter defined by

η = ρ(0)
cc − ρ(0)

aa . (2.91)

Thus in view of Eqs. (2.3) and (2.19), we see that

ρ(0)
cc + ρ(0)

aa = 1. (2.92)

Using this relation along with Eq. (2.91), we get

ρ(0)
aa =

1− η

2
, (2.93a)

ρ(0)
cc =

1 + η

2
, (2.93b)

ρ(0)
ac =

√
1− η2

2
eiθ. (2.93c)

Since the value ρ(0)
aa is between 0 and 1, it is not difficult to see that the value of η lies in the

interval−1 ≤ η ≤ 1.
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On account of (2.89) and (2.90) along with the relation (2.93) together with the assumption

that ρ(0)
ac is real, the characteristic function described by Eq. (2.84) takes the form

φa(z∗, z, t) =
∫
d2λoPj(λ∗o, λo) exp

[
− ajz

∗z + (λ∗oz − λoz
∗)e−µjt/2 + bj(z2 + z∗2)/2

]
, (2.94)

in which

aj = 1 +
Aj(1− η)

2(Ajη + κj)
(1− e−(Ajη+κj)t), (2.95a)

bj =
Aj

√
1− η2

2(Ajη + κj)
(1− e−(Ajη+κj)t), j = 1, 2. (2.95b)

With the aid of Eq. (2.94), the Q function for the cavity light described by the Eq. (2.68) is

expressible as

Q(α∗, α, t) =
1
π

∫
d2λoPj(λ∗o, λo)

∫
d2z

π
exp

[
− ajz

∗z + (λ∗oe
−µjt/2 − α∗)z

−(λoe
−µjt/2 − α)z∗ + bj(z2 + z∗2)/2

]
. (2.96)

Employing the relation ∫
d2z

π
exp

[
− az∗z + bz + cz∗ +Az2 +Bz∗2

]
=

[ 1
a2 − 4AB

]1/2
exp

[abc+Ac2 +Bb2

a2 − 4AB

]
, a > 0 (2.97)

the integration over z can be evaluated to give

Qj(α∗, α, t) =
[u2

j − v2
j ]

1/2

π

∫
d2λoPj(λ∗o, λo)Rj(λ∗o, λo, t) exp

[
− ujα

∗α+
[
(ujλ

∗
o − vjλo)α

+(ujλo − vjλ
∗
o)α

∗]e−µjt/2 + vj(α2 + α∗2)/2
]
, (2.98)

where

uj =
aj

a2
j − b2j

, (2.99a)

vj =
bj

a2
j − b2j

, (2.99b)

with

Rj(λ∗o, λo, t) = exp
[[
− ujλ

∗
oλo + vj(λ2

o + λ∗2o )/2
]
e−µjt

]
. (2.100)

The expression described by Eq. (2.98) represents the normalized Q function for the cavity

light in terms of arbitrary P function.

We next wish to obtain the normalized Q function for the output laser light beam. Thus

according to the input-output relation, the output mode operator âout(t) can be written in

terms of the cavity mode operator â(t) and input mode operator âin(t) as

âout(t) =
√
κj â(t)− âin(t), (2.101)
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where κj is the cavity damping constant, with j = 1, 2. However, for a cavity mode coupled to

a vacuum reservoir and with the input mode operator associated with vacuum reservoir put

in normal order, one can write the output operator as

âout(t) =
√
κj â(t). (2.102)

The c-number equation corresponding to Eq. (2.102) associated with the normal ordering is

αout(t) =
√
κjα(t). (2.103)

Hence upon replacing α(t) by α(t)/√κj in the Eq. (2.98), the Q function for the jth output

laser light beam found to be

Qj(α∗, α, t) =
[u2

j − v2
j ]

1/2

κjπ

∫
d2λoPj(λ∗o, λo)Rj(λ∗o, λo, t) exp

[
− ujα

∗α/κj

+
[
(ujλ

∗
o − vjλo)α/

√
κj + (ujλo − vjλ

∗
o)α

∗/
√
κj

]
e−µjt/2

+vj(α2 + α∗2)/2κj

]
, j = 1, 2. (2.104)

We note that ∫
d2αQj(α∗, α, t) =

∫
d2λoPj(λ∗o, λo) = 1. (2.105)

Thus we see that Q the function described by Eq. (2.104) is normalized .

Suppose the cavity mode is initially in a vacuum state |0〉. Then using the fact that

Pj(λ∗o, λo) = δ
(2)
j (λo), (2.106)

we easily arrive at

Qj(α∗, α, t) =
[u2

j − v2
j ]

1/2

κjπ
exp

[
− ujα

∗α/κj + vj(α2 + α∗2)/2κj

]
. (2.107)
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2.3 Quadrature squeezing

In this section we wish to study the squeezing properties of the superposed output laser light

beams using the density operator. To this end, we first derive the density operator for the

superposed laser light beams.

Suppose ρ̂′(t) is the density operator for a certain light beam, say for the first laser light

beam. Then upon expanding this density operator in the normal order and introducing the

completeness relation for coherent state , we have

ρ̂′ =
∫
d2β

π

∑
l,m

Clm(t)β∗l|β〉〈β|âm. (2.108)

Now applying the identity

|β〉〈β|ân =
(
β +

∂

∂β∗
)n|β〉〈β|, (2.109)

we see that

ρ̂′ =
∫
d2β

π

∑
l,m

Clm(t)β∗l
(
β +

∂

∂β∗
)m|β〉〈β| (2.110)

=
∫
d2βQ1

(
β∗, β +

∂

∂β∗
, t

)
|β〉〈β|. (2.111)

This expression can be rewritten as

ρ̂′ =
∫
d2βQ1

(
β∗, β +

∂

∂β∗
, t

)
D̂(β)ρ̂(0)D̂(−β), (2.112)

where D̂(β) is the displacement operator and

ρ̂(0) = |0〉〈0| (2.113)

represents the density operator for the light initially in the cavity.

We now realize that the density operator for the superposition of the first light beam and

another one is expressible as

ρ̂(t) =
∫
d2γQ2

(
γ∗, γ +

∂

∂γ∗
, t

)
D̂(γ)ρ̂′D̂(−γ), (2.114)

so that in view of (2.111), we have

ρ̂(t) =
∫
d2βd2γQ1

(
β∗, β +

∂

∂β∗
, t

)
Q2

(
γ∗, γ +

∂

∂γ∗
, t

)
D̂(γ)|β〉〈β|D̂(−γ). (2.115)

On account of the fact that

D̂(γ)|β〉 = exp
[1
2
(
γβ∗ − γ∗β

)]
|γ + β〉, (2.116)

the density operator (2.115) takes the form

ρ̂(t) =
∫
d2βd2γQ1

(
β∗, β +

∂

∂β∗
, t

)
Q2

(
γ∗, γ +

∂

∂γ∗
, t

)
|γ + β〉〈β + γ|. (2.117)
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2.3.1 Global quadrature squeezing

Here we calculate the global (in the entire frequency interval) quadrature squeezing of the

superposed output light beams. To this end, the quadrature operators for the superposed

output light beams is defined by

â± =
√
±1(â† ± â). (2.118)

The global variance of the quadratures represented by (2.118) is expressible as

(∆a2
±)

s
= ±〈â† ± â, â† ± â〉

= ±[〈(â† ± â)2〉 − 〈â† ± â〉2], (2.119)

where the subscript ”s” stands for superposed.

Now the expectation value of the operator â(t) can be written as

〈â(t)〉 = Tr[ρ̂(t)â(0)]. (2.120)

Applying (2.117) in Eq. (2.120), we have

〈â(t)〉 =
∫
d2βd2γQ1

(
β∗, β +

∂

∂β∗
, t

)
Q2

(
γ∗, γ +

∂

∂γ∗
, t

)(
β + γ

)
. (2.121)

In view of the fact that

〈â1(t)〉 =
∫
d2βQ1

(
β∗, β +

∂

∂β∗
, t

)
β (2.122)

〈â2(t)〉 =
∫
d2γQ2

(
γ∗, γ +

∂

∂γ∗
, t

)
γ, (2.123)

one can write

〈â(t)〉 = 〈â1(t)〉+ 〈â2(t)〉. (2.124)

Making use of the Q function described by (2.104), with (α, α∗) replaced once by (β, β∗) and

more (γ, γ∗), one can readily establish that

〈âj(t)〉 =
√
κj

∫
d2λoPj(λ∗o, λo)λoe

−µjt/2, j = 1, 2. (2.125)

Moreover, on account of (2.125), the equation of evolution for the expectation value of the

output operators of the component light beams can be written as

d

dt
〈âj(t)〉 = −1

2
µj〈âj(t)〉, j = 1, 2. (2.126)
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On the basis of this relations, one can write

d

dt
âj(t) = −1

2
µj âj(t) + F̂j(t), j = 1, 2, (2.127)

with F̂j(t) being a noise operator with a vanishing mean. The solution of this equation can be

written as

âj(t) = âj(to)e−µj(t−to)/2 +
∫ t

to

e−µj(t−t′)/2F̂j(t′)dt′, j = 1, 2 (2.128)

In view of this result, one can write

â(t) = â1(t) + â2(t). (2.129)

This represents the operator for the superposed output laser light beams.

The expression represented by Eq. (2.124) can also be written in explicit form

〈â(t)〉 = 〈â1(to)〉e−µ1(t−to)/2 + 〈â2(to)〉e−µ2(t−to)/2. (2.130)

In view of (2.129), one can show that

[â(t), â†(t)] = κ1 + κ2, (2.131)

with

[âi(t), â
†
j(t)] = κiδij . (2.132)

Using the commutation relation (2.131), the global quadrature variance of a pair of super-

posed output light beams can then be rewritten in the form

(∆a2
±)

s
= κ1 + κ2 + (: ∆a2

± :)
s
, (2.133)

where

(: ∆a2
± :)

s
= 〈: â±, â± :〉

= ±[〈â, â〉+ 〈â†, â†〉 ± 2〈â†, â〉] (2.134)

is the normally-ordered global quadrature variance.

Moreover, suppose the cavity mode is initially in a vacuum state. Thus applying (2.106) in

Eq. (2.125), we obtain

〈âj(t)〉 = 〈â†j(t)〉 = 0, j = 1, 2. (2.135)

Therefore, one can write

〈â(t)〉 = 0. (2.136)
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In view of (2.136), we see that

(∆a2
±)

s
= κ1 + κ2 ± [〈â2〉+ 〈â†2〉 ± 2〈â†â〉]. (2.137)

Now the expectation value of the operator â†(t)â(t) is expressible as

〈â†(t)â(t)〉 = Tr[ρ̂(t)â†(0)â(0)]. (2.138)

Applying (2.117) in Eq. (2.138), we have

〈â†(t)â(t)〉 =
∫
d2βd2γQ1

(
β∗, β +

∂

∂β∗
, t

)
Q2

(
γ∗, γ +

∂

∂γ∗
, t

)
×

(
β∗β + β∗γ + γ∗γ + γ∗β

)
. (2.139)

This can be put in the form

〈â†(t)â(t)〉 = 〈â†1(t)â1(t)〉+ 〈â†1(t)〉〈â2(t)〉+ 〈â†2(t)â2(t)〉+ 〈â†2(t)〉〈â1(t)〉. (2.140)

in which

〈â†1(t)â1(t)〉 =
∫
d2βQ1

(
β∗, β +

∂

∂β∗
, t

)
β∗β (2.141a)

〈â†2(t)â2(t)〉 =
∫
d2γQ2

(
γ∗, γ +

∂

∂γ∗
, t

)
γ∗γ. (2.141b)

Furthermore, on account of (2.135), Eq. (2.140) reduces to

〈â†(t)â(t)〉 = 〈â†1(t)â1(t)〉+ 〈â†2(t)â2(t)〉. (2.142)

Next we seek to evaluate the expectation values involved in this expression. To this end, we

note that the Q function described by (2.107) can be rewritten as

Q1(β∗, β +
∂

∂β∗
, t) = Q1(β∗, β, t) exp

[(
v1β − u1β

∗
) ∂

∂β∗
+
v1κ1

2
∂2

∂β∗2

]
, (2.143)

where

Q1(β∗, β, t) =

(
u2

1 − v2
1

)1/2

κ1π
exp

[
− u1β

∗β/κ1 + v1(β2 + β∗2)/2κ1

]
(2.144)

is the Q function for the first output laser light beam, with u1 and v1 defined by (2.99a) and

(2.99b). Now making use of the Q function described by Eq. (2.143), one can rewrite Eq.

(2.141a) as

〈â†1(t)â1(t)〉 =

(
u2

1 − v2
1

)1/2

κ1

∫
d2β

π
exp

[
− u1β

∗β/κ1 + v1(β2 + β∗2)/2κ1

+
(
v1β − u1β

∗
) ∂

∂β∗
+
v1κ1

2
∂2

∂β∗2

]
β∗β. (2.145)

=
∫
d2βQ1(β∗, β, t) exp

[(
v1β − u1β

∗
) ∂

∂β∗
+
v1κ1

2
∂2

∂β∗2

]
β∗β. (2.146)
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This can be put in the form

〈â†1(t)â1(t)〉 =
∫
d2β

∂

∂λ

[
Q1(β∗, β, t)d1(λ, β∗, β)

]∣∣∣∣
λ=0

, (2.147)

where

d1(λ, β∗, β) = exp
[(
v1β − u1β

∗
) ∂

∂β∗
+
v1κ1

2
∂2

∂β∗2

]
exp (λβ∗β). (2.148)

Now considering a differential operator Â satisfying an eigenvalue equation

Âf(x) = af(x) (2.149)

and using power series one can easily see that

eÂf(x) = eaf(x). (2.150)

Using this result, we see that

d1(λ, β∗, β) = exp
[
λ
(
v1β − u1β

∗
)
β + λβ∗β +

v1κ1β
2λ2

2

]
. (2.151)

Now employing (2.151) in Eq. (2.147) along with differentiating and applying the condition

λ = 0, yields

〈â†1(t)â1(t)〉 = (1− u1)
∫
d2βQ1(β∗, β, t)β∗β + v1

∫
d2βQ1(β∗, β, t)β2. (2.152)

We can also put Eq. (2.152) in the form

〈â†1(t)â1(t)〉 =
(
u2

1 − v2
1

)1/2
[
(u1 − 1)

∂

∂u1
+ 2

∂

∂λ1

]
×

∫
d2β

π
exp

[
− u1β

∗β/κ1 + v1(λ1β
2 + β∗2)/2κ1

]∣∣∣∣
λ1=1

, (2.153)

from which follows

〈â†1(t)â1(t)〉 = κ1

(
u2

1 − v2
1

)1/2
[
(u1 − 1)

∂

∂u1
+ 2

∂

∂λ1

]
×

(
u2

1 − v2
1λ1

)−1/2
∣∣∣∣
λ1=1

. (2.154)

Upon performing differentiation and applying the condition λ1 = 1, one gets

〈â†1(t)â1(t)〉 = κ1

[ u1

u2
1 − v2

1

− 1
]

= κ1(a1 − 1). (2.155)

Making use of similar calculations, it is not difficult to show that

〈â†2(t)â2(t)〉 = κ2

[ u2

u2
2 − v2

2

− 1
]

= κ2(a2 − 1). (2.156)
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With the aid of Eqs. (2.155) and (2.156), one can write

〈â†(t)â(t)〉 = κ1(a1 − 1) + κ2(a2 − 1). (2.157)

Following the same procedure, we find

〈â2〉 = 〈â†2〉 =
κ1v1
u2

1 − v2
1

+
κ2v2
u2

2 − v2
2

= κ1b1 + κ2b2. (2.158)

Employing (2.157) and (2.158) in Eq. (2.137), we readily obtain

(∆a2
±)

s
= κ1 + κ2 + 2κ1(a1 − 1) + 2κ2(a2 − 1)± 2(κ1b1 + κ2b2). (2.159)

Hence in view of (2.95a) and (2.95b), along with Eq. (2.159), the quadrature variance is found

to be

(∆a2
±)

s
= κ1 +

[
κ1A1(1− η)± κ1A1

√
1− η2

A1η + κ1

][
1− e−(A1η+κ1)t

]
+κ2 +

[
κ2A2(1− η)± κ2A2

√
1− η2

A2η + κ2

][
1− e−(A2η+κ2)t

]
. (2.160)

We notice that for t = 0, the quadrature variance (2.160) reduces to

(∆a2
±)

v
= κ1 + κ2, (2.161)

which is the output quadrature variances of a pair of superposed vacuum states. On account

of this, it may not be difficult to observe that until the lasing system able to generate strong

light, the effect of the vacuum fluctuations dominates and later, undoubtedly, the effect of

the lasing system begins to overtake it.

At steady state, Eq. (2.160) takes the form

(∆a2
±)

s
= κ1 +

κ1A1

A1η + κ1

[
1− η ±

√
1− η2

]
+κ2 +

κ2A2

A2η + κ2

[
1− η ±

√
1− η2

]
. (2.162)

We observe that the global quadrature variance given by (2.160) or (2.162) is the sum of the

quadrature variances of the constituent output laser light beams. We can also get the same

result as of (2.161) upon setting A1 = A2 = 0 in the expression described by Eq. (2.162).

It is interesting to examine some special cases. First we consider the case in which either

κ1 or κ2 is equal to zero. In this case, the quadrature variance (2.162) turns out to be

(∆a2
±)

s
= κj +

κjAj

Ajη + κj

[
1− η ±

√
1− η2

]
= (∆a2

±)
j
, j = 1, 2, (2.163)
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which is exactly the same as the quadrature variance of one output light beam.

It is easy to observe that for ρ(0)
aa = 1 and ρ(0)

cc = ρ
(0)
ac = 0 (or η = −1 ), Eq. (2.162) goes over

into

(∆a2
±)

s
= κ1(1 + 2N̄1) + κ2(1 + 2N̄2), (2.164)

where

N̄j =
xj

1− xj
, j = 1, 2 (2.165)

is the steady-state mean photon number of the component light beams. We see from Eq.

(2.164) that the output component of a light beam generated by two-level lasers operating

below threshold (Aj/κj = xj < 1) separately exhibits chaotic nature.

Furthermore, it is worth considering the case in which when one of the component output

light beam is either vacuum fluctuation or thermal (chaotic) light. For the case in which one

of the output beam is in a vacuum state. This corresponds to no atoms are injected into the

cavity coupled to vacuum reservoir. Hence upon setting A2 = 0 in Eq. (2.162), we see that

(∆a2
±)

s
= κ2 +

[
κ1 +

κ1A1

A1η + κ1

[
1− η ±

√
1− η2

]]
. (2.166)

We notice that the first term in Eq. (2.166) is due to the output light beam in the absence of

injected atoms into the second cavity and the second one represents the contribution from

the first cavity output light beam.

On the other hand, when one of the component output light beam is chaotic light gen-

erated by two-level laser operating below threshold (A2/κ2 = x2 < 1) while the other one

squeezed laser, Eq. (2.162) turns out to be

(∆a2
±)

s
= κ1 +

κ1A1

A1η + κ1

[
1− η ±

√
1− η2

]
+κ2(1 + 2N̄2), (2.167)

which represents the global quadrature variance of the superposed squeezed laser and chaotic

output light beam. It is worth mentioning that the global quadrature variance of a pair of su-

perposed identical output laser light beams is twice that of the global quadrature variance of

one output laser light beam.

We calculate the global quadrature squeezing of the superposed output light beams rela-

tive to the global quadrature variance of the output light beams in a pair of superposed vac-

uum states. We then define the global quadrature squeezing of the superposed output laser
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light beams by [22]

S =
(∆a2

−)
v
− (∆a2

−)
s

(∆a2
−)

v

. (2.168)

In view of (2.161) and (2.162), the global quadrature squeezing is found to be

S =
1

κ1 + κ2

( κ1A1

A1η + κ1
+

κ2A2

A2η + κ2

)[√
1− η2 − (1− η)

]
. (2.169)

This can be put in the form

S =
κ1S1 + κ2S2

κ1 + κ2
, (2.170)

where

Sj =
Aj

Ajη + κj

[√
1− η2 − (1− η)

]
, j = 1, 2 (2.171)

is the global quadrature squeezing of the jth output laser light beam relative to the global

quadrature variance of a light beam in a vacuum state, which is exactly the same as the intra-

cavity light.
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Fig. 2.1: Plots of the global quadrature squeezing (S) and (Sj) of the output laser light beams [Eq.

(2.172) and Eq. (2.171)] versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

It is easy to observe that for κ1 = κ2 = κ, Eq. (2.169) reduces to

S =
S1 + S2

2
, (2.172)
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Fig. 2.2: Plot of the global quadrature squeezing (S) of the superposed output laser light beams [Eq.

(2.172)] versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

in which

Sj =
Aj

Ajη + κ

[√
1− η2 − (1− η)

]
, j = 1, 2. (2.173)

It is not difficult to see from Eq. (2.172) and Fig. 2.1 that the quadrature squeezing of the su-

perposed laser light beams is the mean of the quadrature squeezing of the constituent output

laser light beams. It is worth mentioning that the global quadrature squeezing of the output

light beam is the same as the global quadrature squeezing of the intracavity light beam.

Moreover, on the basis of the definition of the parameter η Eq. (2.91), it can be realized for

η = 0 that ρ(0)
aa = ρ

(0)
cc = ρ

(0)
ac = 1/2, which corresponds to a maximum possible initial atomic

coherence. But a case for which η = 1, that ρ(0)
aa = ρ

(0)
ac = 0, and ρ

(0)
cc = 1, is related to the

absence of injected atomic coherence at the beginning. One can readily see from Eq. (2.172)

that there is no global squeezing when the atoms are initially prepared with a maximum or

minimum atomic coherence. However, as shown in Fig. 2.2, the maximum global squeezing

occurs when the atoms are prepared with initial coherence close to the maximum possible

value. As it can be seen from Fig. 2.2 that the superposed output light beams is in a squeezed

state for all values of η between zero and one. In particular, the maximum value of quadrature
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squeezing forA1 = 5,A2 = 10, and κ1 = κ2 = 0.8 is found to be 61.5% below the vacuum-level

and occurs at η = 0.35.

Furthermore, for the case in which either κ1 or κ2 = 0, the global quadrature squeezing of

the superposed output laser light beams turns out to be

S = Sj , (2.174)

which is the same as the global quadrature squeezing of one output laser light beam. In ad-

dition, it is worth mentioning that the global quadrature squeezing of a pair of superposed

identical output laser light beams is the same as the global quadrature squeezing of one out-

put laser light beam. This can be achieved when both the linear gain coefficients and cavity

damping constants of the component light beams are equal.

On the other hand, for the case in which eitherA1 orA2 = 0, the global quadrature squeez-

ing of the superposed output laser light beams (2.169) takes the form

S =
κ2S2

κ1 + κ2
, A1 = 0 (2.175a)

=
κ1S1

κ1 + κ2
, A2 = 0. (2.175b)

This result corresponds to one of the component output light beams is in vacuum state.

However, for the case in which κ1 = κ2, the global quadrature squeezing described by Eq.

(2.175) goes over into

S =
1
2
Sj , j = 1, 2, (2.176)

which is just half of the global quadrature squeezing of the laser output light beam. This

result is consistent with the quadrature squeezing of the superposed coherent (vacuum) and

squeezed light obtained in [22]. Thus we observe that the effect of the vacuum is to reduce

the quadrature squeezing by a factor of one-half.

Moreover, for the case in which one of the constituent output light beam is chaotic light,

we see that

S =
κ1S1 − 2κ2N̄2

κ1 + κ2
. (2.177)

This can be achieved when x2 < 1. It is not difficult to notice from Eq. (2.177) for κ1 = 0 that

the squeezing does not exist, which indicates that the squeezing in the superposed output

laser light beams is directly attributed to the squeezed laser light beam, since the quadrature

squeezing of the squeezed laser light beam is found to be maximum for initial coherence close
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to the maximum possible value. In addition, as clearly shown in Fig. 2.1 that the degree of

squeezing of the output light beam produced by squeezed laser light beam increases with the

linear gain coefficient. On the other hand, as we have seen in Eq. (2.167), the spontaneously

emitted radiation from an ensemble of two-level lasers exhibits chaotic nature. As a result,

unfortunately, the superposition of the two-level and squeezed laser light beams destroys the

existing squeezing.

2.3.2 Local quadrature squeezing

We next seek to calculate the local (in a given frequency interval) quadrature squeezing of the

superposed output light beams. To this end, the spectrum of quadrature fluctuations for a

given output light beam with central frequency ωo is defined by

S±(ω) =
1
π
Re

∫ ∞

0
〈â±(t), â±(t+ τ)〉sse

i(ω−ωo)τdτ, (2.178)

where the subscript ”ss” stands for steady state. Upon integrating both sides of (2.178) over

ω, we easily get ∫ ∞

−∞
S±(ω)dω = (∆a2

±)
s
, (2.179)

in which

(∆a2
±)

s
= 〈â±(t), â±(t)〉ss (2.180)

is the global quadrature variance of the output light beam at steady-state. On the basis of the

result given by Eq. (2.179), we assert that S±(ω)dω is the steady-state quadrature variance of

the output light in the interval between ω and ω + dω. In view of of Eq. (2.136) along with the

definition for quadrature operators described by Eq. (2.118), we see that

〈â±(t), â±(t+ τ)〉 = 〈â±(t)â±(t+ τ)〉

= ±
[
〈â(t)â(t+ τ)〉+ 〈â†(t)â†(t+ τ)〉

±〈â(t)â†(t+ τ)〉 ± 〈â†(t)â(t+ τ)〉
]
. (2.181)

We note that the two-time correlation functions for the superposed output light beams that

appears in the expression described by (2.181) can be calculated using the quantum regres-

sion theorem [3, 26, 31, 36, 38-42]. To this end, the expression for 〈â(t + τ)〉 can be obtained

from (2.130) upon replacing to by t and t by t+ τ . We thus see that

〈â(t+ τ)〉 = 〈â1(t+ τ)〉+ 〈â2(t+ τ)〉, (2.182)
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where

〈âj(t+ τ)〉 = 〈âj(t)〉e−µjτ/2, j = 1, 2. (2.183)

Now applying the quantum regression theorem to (2.182), one finds

〈â†(t)â(t+ τ)〉 = 〈â†(t)â1(t+ τ)〉+ 〈â†(t)â2(t+ τ)〉. (2.184)

Substituting the adjoint of Eq. (2.129) in the right hand side of Eq. (2.184), we see that

〈â†(t)â(t+ τ)〉 = 〈â†1(t)â1(t+ τ)〉+ 〈â†2(t)â1(t+ τ)〉

+〈â†1(t)â2(t+ τ)〉+ 〈â†2(t)â2(t+ τ)〉. (2.185)

Moreover, the operator â1(t) and â2(t) are not correlated since they are independent variables,

so that

〈â†j(t)âi(t+ τ)〉 = 〈â†j(t)〉〈âi(t+ τ)〉, i 6= j, i, j = 1, 2. (2.186)

On account of Eq. (2.135), one can readily find

〈â†j(t)âi(t+ τ)〉 = 〈â†j(t)〉〈âi(t+ τ)〉 = 0, i 6= j, i, j = 1, 2. (2.187)

In view of this result, one can write Eq. (2.185) as

〈â†(t)â(t+ τ)〉 = 〈â†1(t)â1(t+ τ)〉+ 〈â†2(t)â2(t+ τ)〉. (2.188)

Next we seek to obtain the two-time correlation functions for the component output light

beams that appears in the right hand side of the expression (2.188). Again applying the quan-

tum regression theorem to Eq. (2.183), we see that

〈â†j(t)âj(t+ τ)〉 = 〈â†j(t)âj(t)〉e−µjτ/2, j = 1, 2. (2.189)

On account of (2.189), one can easily find

〈â†(t)â(t+ τ)〉 = 〈â†1(t)â1(t)〉e−µ1τ/2 + 〈â†2(t)â2(t)〉e−µ2τ/2. (2.190)

In a similar manner, it is also possible to verify that

〈â(t)â†(t+ τ)〉 = 〈â1(t)â
†
1(t)〉e

−µ1τ/2 + 〈â2(t)â
†
2(t)〉e

−µ2τ/2, (2.191)

〈â(t)â(t+ τ)〉 = 〈â1(t)â1(t)〉e−µ1τ/2 + 〈â2(t)â2(t)〉e−µ2τ/2, (2.192)

〈â†(t)â†(t+ τ)〉 = 〈â†1(t)â
†
1(t)〉e

−µ1τ/2 + 〈â†2(t)â
†
2(t)〉e

−µ2τ/2. (2.193)
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Taking into account of (2.190)-(2.193), Eq. (2.181) can be written as

〈â±(t), â±(t+ τ)〉ss = 〈â1±(t)â1±(t)〉e−µ1τ/2 + 〈â2±(t)â2±(t)〉e−µ2τ/2

= (∆a2
±)

1
e−µ1τ/2 + (∆a2

±)
2
e−µ2τ/2, (2.194)

where (∆a2
±)

j
is the global quadrature variance of the jth output laser light beam at steady-

state given by Eq. (2.163).

Now on introducing (2.194) into Eq. (2.178), we find the spectrum of the minus quadrature

fluctuations for the superposed output light beams to be

S−(ω′) =
1
π
Re

∫ ∞

0

[
(∆a2

−)
1
e−(µ1/2−iω′)τ + (∆a2

−)
2
e−(µ2/2−iω′)τ

]
dτ. (2.195)

Upon integrating over τ , we obtain

S−(ω′) = (∆a2
−)

1

µ1/2π
[µ1/2]2 + ω′2

+ (∆a2
−)

2

µ2/2π
[µ2/2]2 + ω′2

]
. (2.196)

We observe that the spectrum of quadrature fluctuations of the superposed output laser light

beams given by Eq. (2.196) is the sum of the spectra of quadrature fluctuations of the con-

stituent output laser light beams.

Following Ref. [26], the variance of the minus quadrature in the frequency interval be-

tween ω′ = −λ and ω′ = λ can be expressed as

(∆a2
−)

s±λ
=

∫ λ

−λ
S−(ω′)dω′, (2.197)

in which ω′ = ω − ωo.

Hence taking Eq. (2.196) and using the fact that∫ λ

−λ

dω′

a2 + ω′2
=

2
a
tan−1

(λ
a

)
, (2.198)

we obtain

(∆a2
−)

s±λ
= z1(λ)(∆a2

−)
1
+ z2(λ)(∆a2

−)
2
, (2.199)

in which

zj(λ) =
2
π

tan−1

(
2λ

Ajη + κj

)
, j = 1, 2. (2.200)

Moreover, we can also rewrite Eq. (2.199) in terms of the local quadrature variance of the

component output light beams as

(∆a2
−)

s±λ
= (∆a2

−)
1±λ

+ (∆a2
−)

2±λ
, (2.201)
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Fig. 2.3: Plots of the global and local quadrature variance of the superposed output laser light beams

[Eq. (2.162) and Eq. (2.199)] versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

in which

(∆a2
−)

j±λ
= zj(λ)(∆a2

−)
j
, j = 1, 2 (2.202)

is the local quadrature variance of the component output light beams. We see that the local

quadrature variance of a pair of superposed output laser light beams is the sum of the local

quadrature variances of the constituent output laser light beams. It is not difficult to see from

Fig. 2.3 and 2.4 that the quadrature variance in a relatively small frequency interval is less than

the global quadrature variance. A closer inspection of these plots clearly indicates that the

local quadrature variance of the output laser light beams increases with λ and approaches to

the global quadrature variance for sufficiently large values of λ. In addition, we observe that a

large part of the total quadrature variance is confined in a relatively small frequency interval.

It is important to note that for the case in which identical component output light beams.

In this case the local quadrature variance of the superposed output laser light beams is twice

that of the local quadrature variance of one output laser light beam.

However, when ether κ1 or κ2 goes to zero, the local quadrature variance given by Eq.
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Fig. 2.4: Plot of the local quadrature variance of the superposed output laser light beams [Eq. (2.199)]

versus λ for κ1 = κ2 = 0.8, η = 0.5, A1 = 5, and A2 = 10.

(2.199) reduces to

(∆a2
−)

s±λ
= zj(λ)(∆a2

−)
j

= (∆a2
−)

j±λ
, j = 1, 2, (2.203)

which is exactly the same as the local quadrature variance of one output laser light beam.

It is worth considering the case that when A1 = A2 = 0, which corresponds the con-

stituent output light beams is a vacuum state. Hence upon setting A1 = A2 = 0 in Eqs.

(2.200) and (2.163), the local quadrature variance described by Eq. (2.199) takes the form

(∆a2
−)

v±λ
= κ1z1v(λ) + κ2z2v(λ), (2.204)

where

zjv(λ) =
2
π

tan−1

(
2λ
κj

)
, j = 1, 2, (2.205)

with

(∆a2
−)

j
= κj (2.206)

is the global quadrature variance of a light beam in a vacuum state.
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We then seek to calculate the quadrature squeezing of the superposed output laser light

beams relative to the quadrature variance of the output light beam in a pair of superposed

vacuum states in the interval between ω′ = −λ and ω′ = λ. Thus we define the quadra-

ture squeezing of the superposed output laser light beams in the aforementioned frequency

interval by

S±λ
=

(∆a2
−)

v±λ
− (∆a2

−)
s±λ

(∆a2
−)

v±λ

. (2.207)

Hence with the aid of Eqs. (2.199) and (2.204), we see that

S±λ
=

1
κ1z1v(λ) + κ2z2v(λ)

[
κ1

(
z1v(λ)− z1(λ)

)
+ κ2

(
z2v(λ)− z2(λ)

)
+

(
z1(λ)κ1A1

A1η + κ1
+
z2(λ)κ2A2

A2η + κ2

)[√
1− η2 − (1− η)

]]
. (2.208)

This can be put in the form

S±λ
=

κ1

(
z1v(λ)− z1(λ)

)
+ κ2

(
z2v(λ)− z2(λ)

)
+ z1(λ)κ1S1 + z2(λ)κ2S2

κ1z1v(λ) + κ2z2v(λ)
. (2.209)

This represents the local quadrature squeezing of the superposed output laser light beams.

It is worth considering some special cases. First we consider the case in which equal

damping constants. Hence upon setting κ1 = κ2 = κ in Eqs. (2.200), (2.205), and (2.208)

the local quadrature squeezing described by Eq. (2.208) turns out to be

S±λ
=

(
zv(λ)− z1(λ)

)
+

(
zv(λ)− z2(λ)

)
+ z1(λ)S1 + z2(λ)S2

2zv(λ)
. (2.210)

where

zj(λ) =
2
π

tan−1

(
2λ

Ajη + κ

)
, (2.211)

zv(λ) =
2
π

tan−1

(
2λ
κ

)
, (2.212)

One can also rewrite Eq. (2.210) in the form

S±λ
=

S±λ1
+ S±λ2

2
, (2.213)

with

S±λj
=

(
zv(λ)− zj(λ)

)
+ zj(λ)Sj

zv(λ)
(2.214)

is the local quadrature squeezing of the jth squeezed laser output light beam relative to the

local quadrature variance of a light beam in a vacuum state. We see from Eq. (2.213) that the
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Fig. 2.5: Plots of the global (S) and local (S±λ
) quadrature squeezing of the superposed output laser

light beams [Eq. (2.172) and Eq. (2.213)] versus η for κ1 = κ2 = 0.8, A1 = 5 and A2 = 10.

local quadrature squeezing of the superposed output laser light beams is equal to the mean

of the local quadrature squeezing of the constituent output laser light beams.

Moreover, we notice that from the plots 2.5- 2.9 that the local quadrature squeezing is

greater than the global quadrature squeezing. A closer inspection of the plots Figs. 2.5-2.9

shows that as the value of λ increases, the local quadrature squeezing decreases and ap-

proaches to the global quadrature squeezing for sufficiently large value of λ. In other words,

the degree of quadrature squeezing increases as the frequency interval decreases. The maxi-

mum squeezing of the superposed output laser light beams is found to be 92.5% and occurs

at λ = ±0.01 for κ1 = κ2 = 0.8, η = 0.5, A1 = 5, and A2 = 10. It appears that almost perfect

squeezing can be achieved for sufficiently small values of λ.

Furthermore, we see that for the case in which A1 = A2 as well as κ1 = κ2, the local

quadrature squeezing (2.208) goes over into

S±λ
=

(
zjv(λ)− zj(λ)

)
+ zj(λ)Sj

zjv(λ)
= S±λj

, j = 1, 2, (2.215)

which is the local quadrature squeezing of a pair of superposed identical output laser light

beams and is the same as the local quadrature squeezing of the jth component of squeezed
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Fig. 2.6: Plot of the local quadrature squeezing (S±λ
) of the superposed output laser light beams [Eq.

(2.213)] versus λ for κ1 = κ2 = 0.8, η = 0.5A1 = 5, and A2 = 10.
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Fig. 2.7: Plot of the local quadrature squeezing (S±λ
) of the superposed output laser light beams [Eq.

(2.213)] for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.
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Fig. 2.8: Plots of the global (Sj) and local (S±λ j
) quadrature squeezing of the jth output laser light beam

[Eq. (2.171) and Eq. (2.215)] versus η for κj = 0.8 and Aj = 5.

laser output light beam.

On the other hand, for the case in which eitherA1 orA2 = 0, the local quadrature squeez-

ing (2.208) reduces to

S±λ
=

κ2

(
z2v(λ)− z2(λ)

)
+ z2(λ)κ2S2

κ1z1v(λ) + κ2z2v(λ)
, A1 = 0 (2.216a)

=
κ1

(
z1v(λ)− z1(λ)

)
+ z1(λ)κ1S1

κ1z1v(λ) + κ2z2v(λ)
, A2 = 0. (2.216b)

It is quite interesting to note that the result given by Eq. (2.216) corresponds to the case no

atoms are injected into either one of the cavity.

Moreover, for the case in which κ1 = κ2, the local quadrature squeezing of the superposed

output laser light beams described by Eq. (2.216) turns out to be

S±λ
=

(
zjv(λ)− zj(λ)

)
+ zj(λ)Sj

2zjv(λ)

=
1
2
S±λj

, j = 1, 2, (2.217)

which is just half of the local quadrature squeezing of the squeezed laser output light beam.

However, when either κ1 or κ2 goes to zero [or A1 = A2 and κ1 = κ2], the local quadrature
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Fig. 2.9: Plot of the local quadrature squeezing (S±λ j
) of the jth output laser light beam [Eq. (2.215)]

versus λ for κj = 0.8, η = 0.5, and Aj = 5.

squeezing given by Eq. (2.208) goes over into

S±λ
=

(
zjv(λ)− zj(λ)

)
+ zj(λ)Sj

zjv(λ)
(2.218)

= S±λj
, j = 1, 2 (2.219)

which is the same as the local quadrature squeezing of one output laser beam.

Finally, we consider the case that either one of the component output light beam is a

chaotic light generated by a two-level laser operating below threshold (A2/κ2 = x2 < 1). In

such a case, one can readily establish that

S±λ
=

1
κ1z1v(λ) + κ2z2v(λ)

[
κ1

(
z1v(λ)− z1(λ)

)
+ κ2

(
z2v(λ)− zc(λ)

)
+z1(λ)κ1S1 − 2zc(λ)κ2N̄2

]
, (2.220)

where

zc(λ) =
2
π

tan−1

(
2λ

κ2 −A2

)
. (2.221)

We note that the expression described by Eq. (2.220) represents the local quadrature squeez-

ing of the superposed squeezed laser and chaotic output light beams.
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2.4 Photon statistics

In this section we study the statistical properties of the output light beams produced by the

system under consideration. We determine the global mean and variance of the photon num-

ber as well as the local mean and variance of the photon number for the superposed output

laser light beams. In order to determine the local mean and variance of the photon number,

we first calculate the power spectrum and the spectrum of intensity fluctuations respectively.

2.4.1 The global mean and variance of the photon number

Here we seek to determine the global mean and variance of the photon number for the super-

posed output laser light beams. To this end, we define the operator representing the photon

number for the superposed output laser light beams by

n̂s = â†(t)â(t). (2.222)

Thus the global mean photon number for the superposed output laser light beams can be
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Fig. 2.10: Plot of the global mean photon number of the superposed output light beams [Eq. (2.224)]

versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

expressible as

n̄s = 〈â†(t)â(t)〉. (2.223)
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In view of (2.157) along with (2.95a), the steady-state global mean of the photon number of

the superposed output laser light beams is found to be

n̄s = n̄1 + n̄2, (2.224)

where

n̄j =
κjAj(1− η)
2(Ajη + κj)

, j = 1, 2 (2.225)

is the steady-state global mean photon number of the jth squeezed laser output light beam.

We observe that the global mean photon number of the superposed output laser light beams

given by Eq. (2.224) is the sum of the global mean photon numbers of the constituent output

laser light beams. A closer inspection of the plot Fig. 2.10 and Eq. (2.224) shows that the

global mean of the photon number of the superposed output laser light beams is equal to the

average of the constituent linear gain coefficients for η = 0 and for any values of κ1 = κ2,

A1, and A2. Moreover, it worth considering the case that when the component output light

beams are identical. Hence upon setting n̄1 = n̄2 in Eq. (2.224), the global mean photon

number of the superposed output laser light beams reduces to

n̄s = 2n̄j , (2.226)

which is twice that of the global mean photon number of one output laser light beam.

Next we proceed to calculate the global variance of the photon number of the output laser

light beams. The global variance of the photon number for the superposed output laser light

beams is defined by

∆n2
s = 〈(â†â)2〉 − n̄2

s. (2.227)

Applying the commutation relation described by (2.131), one can write Eq. (2.227) as

∆n2
s =: ∆n2

s : +(κ1 + κ2)n̄s, (2.228)

where

: ∆n2
s := 〈â†2â2〉 − n̄2

s (2.229)

is the normally ordered global variance of the photon number for the superposed output laser

light beams. To this end, the expectation value of the operator â†2(t)â2(t) is expressible as

〈â†2(t)â2(t)〉 = Tr
[
ρ̂(t)â†2(0)â2(0)

]
. (2.230)
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With the aid of Eq. (2.117), one can readily obtain

〈â†2(t)â2(t)〉 =
∫
d2βd2γQ1

(
β∗, β +

∂

∂β∗
, t

)
Q2

(
γ∗, γ +

∂

∂γ∗
, t

)[
(β∗β)2 + (γ∗γ)2

+4(β∗β)(γ∗γ) + (β∗γ)2 + (βγ∗)2 + 2(β∗β)(γ∗β) + 2(β∗β)(β∗γ)

+2(γ∗γ)(γ∗β) + 2(γ∗γ)(β∗γ)
]
. (2.231)

This can be rewritten in the form

〈â†2(t)â2(t)〉 = 〈â†21 (t)â2
1(t)〉+ 〈â†22 (t)â2

2(t)〉+ 4〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉+ 〈â†21 (t)〉〈â2
2(t)〉

+〈â2
1(t)〉〈â

†2
2 (t)〉+ 2〈â†21 (t)â1(t)〉〈â2(t)〉+ 2〈â†22 (t)â2(t)〉〈â1(t)〉

+2〈â†1(t)â
2
1(t)〉〈â

†
2(t)〉+ 2〈â†2(t)â

2
2(t)〉〈â

†
1(t)〉. (2.232)

In view of (2.135), one can also write Eq. (2.232) as

〈â†2(t)â2(t)〉 = 〈â†21 (t)â2
1(t)〉+ 〈â†22 (t)â2

2(t)〉+ 〈â†21 (t)〉〈â2
2(t)〉+ 〈â2

1(t)〉〈â
†2
2 (t)〉

+4〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉. (2.233)

On the other hand, using (2.111), we readily establish that

〈â†21 (t)â2
1(t)〉 =

∫
d2βQ1

(
β∗, β +

∂

∂β∗
, t

)
(β∗β)2. (2.234)

This can be put in the form

〈â†21 (t)â2
1(t)〉 =

∫
d2β

∂2

∂λ2

[
Q1(β∗, β, t)d1(λ, β∗, β)

]∣∣∣∣
λ=0

, (2.235)

Furthermore, upon combining Eqs. (2.151) and (2.235) along with differentiating and apply-

ing the condition λ = 0, we arrive at

〈â†21 (t)â2
1(t)〉 = I1 + I2 + I3 + I4, (2.236)

in which

I1 = (u1 − 1)2
∫
d2βQ1(β∗, β, t)β∗2β2, (2.237a)

I2 = κ1v1

∫
d2βQ1(β∗, β, t)β2, (2.237b)

I3 = 2v1(1− u1)
∫
d2βQ1(β∗, β, t)β∗β3, (2.237c)

I4 = v2
1

∫
d2βQ1(β∗, β, t)β4. (2.237d)

Applying (2.144), one can write Eq. (2.237a) in the form

I1 = κ1(u2
1 − v2

1)
1/2(u1 − 1)2

∂2

∂u2
1

∫
d2β

π
exp

[
− u1

κ1
β∗β +

v1
2κ1

(β2 + β∗2)
]
, (2.238)
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so that on carrying out the integration, we obtain

I1 = κ2
1(u

2
1 − v2

1)
1/2(u1 − 1)2

∂2

∂u2
1

[
1

(u2
1 − v2

1)1/2

]
, (2.239)

there follows

I1 =
κ2

1(2u
2
1 + v2

1)(u1 − 1)2

(u2
1 − v2

1)2
. (2.240)

Following the same procedure, one can also show that

I2 =
κ2

1v
2
1

u2
1 − v2

1

, (2.241a)

I3 =
6κ2

1u1v
2
1(1− u1)

(u2
1 − v2

1)2
, (2.241b)

I4 =
3κ2

1v
4
1

(u2
1 − v2

1)2
. (2.241c)

Therefore, taking into account of Eqs. (2.240) and (2.241), one gets

〈â†21 (t)â2
1(t)〉 = 2κ2

1 +
κ2

1(2u
2
1 + v2

1)
(u2

1 − v2
1)2

− 4κ2
1u1

u2
1 − v2

1

(2.242)

= 2κ2
1(a1 − 1)2 + κ2

1b
2
1. (2.243)

Furthermore, in view of (2.95) along with (2.99, Eq. (2.243) reduces to

〈â†21 (t)â2
1(t)〉 = 2n̄2

1 + κ2
1b

2
1. (2.244)

Making use of similar calculations, it is not difficult to show that

〈â†2j (t)â2
j (t)〉 = 2n̄2

j + κ2
jb

2
j , (2.245a)

〈â†2j (t)〉 = 〈â2
j (t)〉 = κjbj , (2.245b)

Now with the aid of Eqs. (2.155), (2.156), and(2.245), Eq. (2.233) can be put in the form

〈â†2(t)â2(t)〉 = 2n̄2
s +

[
κ1b1 + κ2b2

]2
, (2.246)

where n̄s is the mean of the photon number of the superposed output laser light beams given

by Eq. (2.224). Employing (2.246) in Eq. (2.229), we obtain

: ∆n2
s := n̄2

s +
[
κ1b1 + κ2b2

]2
. (2.247)

Furthermore, in view of this, the global variance of the photon number of the superposed

output laser light beams found to be

∆n2
s = n̄2

s + (κ1 + κ2)n̄s +
[
κ1b1 + κ2b2

]2
. (2.248)
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This can be put in the form

∆n2
s = ∆n2

1 + ∆n2
2 + 2(n̄1n̄2 + κ1κ2b1b2) + κ2n̄1 + κ1n̄2, (2.249)

where

∆n2
j = n̄2

j + κjn̄j + κ2
jb

2
j . (2.250)

is the global variance of the photon number for the jth squeezed laser output light beam.

Suppose the constituent light beams are chaotic ( thermal) output light generated by a

two-level laser operating below threshold (xj < 1). Then using the the fact that ρ(0)
aa = 1 and

ρ
(0)
cc = ρ

(0)
ac = 0 (or η = −1 ), we easily arrive at

∆n2
s = ∆n2

1 + ∆n2
2 + 2n̄1n̄2 + κ2n̄1 + κ1n̄2, (2.251)

where

n̄j = κjN̄j , (2.252)

∆n2
j = n̄2

j + κjn̄j , j = 1, 2 (2.253)

is the global mean and variance of the photon number of the component output light beams,

with N̄j is the mean photon number for the chaotic light given by Eq. (2.165).

The expression described by Eq. (2.251) can also be rewritten in the form

∆n2
s = κ2

1∆N
2
1 + κ2

2∆N
2
2 + κ1κ2[2N̄1N̄2 + N̄1 + N̄2], (2.254)

in which

∆N2
j = N̄2

j + N̄j , j = 1, 2 (2.255)

is the variance of the photon number for the jth component of the chaotic light generated

by two-level laser operating below threshold (xj < 1). We note that Eq. (2.251) or (2.254)

represents the global variance of the photon number of a pair of superposed chaotic output

light beams. In addition, we see from Eqs. (2.249) and (2.251) that the global variance of

the photon number of the superposed output laser light beams is not the sum of the global

variances of the photon numbers of the constituent output laser light beams.

We next consider the case in which the atoms are not injected into one of the cavity cou-

pled to vacuum reservoir. Hence upon setting A2 = 0 in the expression given by Eq. (2.249),

we find

∆n2
s = ∆n2

1 + κ2n̄1. (2.256)
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This indicates the global variance of the photon number of the squeezed laser light and a light

beam in vacuum state.

On the other hand, for the case in which no output light beams from one of the cavity, the

variance of the photon number of the superposed output laser light beams is reduces to

∆n2
s = ∆n2

j , j = 1, 2, (2.257)

which is the global variance of the photon number for the jth output laser light beam. This

can be achieved upon setting either κ1 or κ2 = 0.

∆n2
j > n̄j and ∆n2

s > n̄s, so that the photon statistics of the single light beam as well as

that of the superposed light beams is super-Poissonian.

It is worth mentioning that the global variance of the photon number of a pair of super-

posed identical output laser light beams is four times that of the global variances of the pho-

ton number of one output laser light beam.

2.4.2 The local mean and variance of the photon number

We know proceed to obtain the local (in a given frequency interval) mean and variance of the

photon number of the superposed output laser light beams. To this end, we define the power

spectrum of the output light with central frequency ωo by

P (ω) =
1
π
Re

∫ ∞

0
〈â†(t)â(t+ τ)〉sse

i(ω−ωo)τdτ. (2.258)

Upon integrating both sides of (2.258) over ω, we easily get∫ ∞

−∞
P (ω)dω = 〈â†(t)â(t)〉ss, (2.259)

where 〈â†(t)â(t)〉ss = n̄s is the steady state global mean photon number of a pair of super-

posed output laser light beams. On the basis of the relation (2.259), the mean photon number

can then be written in the interval between ω′ = −λ and ω′ = λ as

n̄s±λ = 〈â†(t)â(t)〉±λ =
∫ λ

−λ
P (ω′)dω′. (2.260)

Now in view of (2.190), the power spectrum described by Eq. (2.258) can be put in the form

P (ω′) =
1
π
Re

∫ ∞

0
[n̄1e

−(µ1/2−iω′)τ + n̄2e
−(µ2/2−iω′)τ ]dτ, (2.261)

where n̄j is the steady state global mean photon number of the jth laser output laser light

beam given by (2.225).
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Now carrying out the integration over τ , the power spectrum of the superposed output

laser light beams turns out to be

P (ω′) =
n̄1µ1/2π

[µ1/2]2 + ω′2
+

n̄1µ2/2π
[µ2/2]2 + ω′2

. (2.262)

We observe that the power spectrum of the superposed output laser light beams given by Eq.

(2.262) is the sum of the power spectra of the constituent output laser light beams.

Furthermore, upon substituting (2.262) into Eq. (2.260) and carrying out the integration,

applying (2.198), we arrive at

n̄s±λ
= n̄1±λ

+ n̄2±λ
, (2.263)

in which

n̄j±λ
= zj(λ)n̄j , j = 1, 2 (2.264)

is the local mean photon number of the jth squeezed output laser light beam. We see from

Eq. (2.263) that the local mean photon number of the superposed output laser light beams

is the sum of the local mean photon numbers of the component output laser light beams.

Moreover, we see from Figs. 2.11 and 2.14 that the local mean photon number is less than the
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Fig. 2.11: Plots of the global and local mean of the photon number of the superposed output laser light

beams [Eq. (2.224) and Eq. (2.263)] versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

global mean photon number. A closer inspection of the plots 2.11-2.15 clearly indicates that
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Fig. 2.12: Plots of the global and local (λ = 50) mean of the photon number of the superposed output

laser light beams [Eq. (2.224) and Eq. (2.263)] versus η for κ1 = κ2 = 0.8,A1 = 5, andA2 = 10.

the local mean photon number increases with λ and approaches to the global mean photon

number for sufficiently large values of λ. In addition, we see form the plots Figs. 2.11 and 2.14

that a large part of the total mean photon number is confined in a relatively small frequency

interval. It is quite interesting to note that the local mean photon number, unlike the local

quadrature squeezing does not increase as the value of λ decreases. Furthermore, for the case

in which equal linear gain coefficients as well as damping constants, the local mean photon

number (2.263) turns out to be

n̄s±λ
= 2n̄j±λ

. (2.265)

This represents the local mean photon number of a pair of superposed identical output laser

light beams and is twice that of the local mean photon number of one output laser light beam.
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Fig. 2.13: Plot of the local mean of the photon number of the superposed output laser light beams [Eq.

(2.263)] versus λ for κ1 = κ2 = 0.8, η = 0.5, A1 = 5, and A2 = 10.
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Fig. 2.14: Plots of the global and local mean of the photon number of the jth output laser light beams

[Eq. (2.225) and Eq. (2.264)] versus η for κj = 0.8, and Aj = 5
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Fig. 2.15: Plot of the local mean of the photon number of the jth output laser light beams [Eq. (2.264)]

versus λ for κj = 0.8, η = 0.5, and Aj = 5

We finally wish to obtain the local variance of the photon number of the superposed out-

put laser light beams. Thus the spectrum of intensity fluctuations for the output light with

central frequency ωo defined by

I(ω) =
1
π
Re

∫ ∞

0
〈â†(t)â(t+ τ), â†(t)â(t+ τ)〉sse

i(ω−ω0)τdτ,

(2.266)

in which

〈â†(t)â(t+ τ), â†(t)â(t+ τ)〉ss =
〈(
â†(t)â(t+ τ)

)2〉
ss
− 〈â†(t)â(t+ τ)〉2ss.

(2.267)

It is not hard to establish that ∫ ∞

−∞
I(ω)dω = ∆n2

s, (2.268)

where

∆n2
s = 〈â†(t)â(t), â†(t)â(t)〉ss (2.269)

is the steady-state global variance of the photon number of a pair of superposed output laser

light beams.
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Now applying the quantum regression theorem to (2.182), one gets

〈â(t+ τ)â†(t)〉 = e−µ1τ/2[〈â1(t)â
†
1(t)〉+ 〈â1(t)â

†
2(t)〉]

+e−µ2τ/2[〈â2(t)â
†
2(t)〉+ 〈â2(t)â

†
1(t)〉]. (2.270)

Furthermore, applying the quantum regression theorem to (2.270) leads to

〈â†(t)â(t+ τ)â†(t)â(t+ τ)〉 = e−µ1τ/2[〈â†(t)â1(t)â
†
1(t)â(t+ τ)〉+ 〈â†(t)â1(t)â

†
2(t)â(t+ τ)〉]

+e−µ2τ/2[〈â†(t)â2(t)â
†
2(t)â(t+ τ)〉+ 〈â†(t)â2(t)â

†
1(t)â(t+ τ)〉].

(2.271)

We note that the expression for â(t + τ) can be obtained from (2.129) upon replacing to by t

and t by t+ τ . We thus see that

â(t+ τ) = â1(t+ τ) + â2(t+ τ), (2.272)

in which

âj(t+ τ) = âj(t)e−µjτ/2 +
∫ τ

0
e−µj(τ−τ ′)/2F̂j(t+ τ ′)dτ ′, j = 1, 2. (2.273)

Substituting (2.272) and the adjoint of Eq. (2.129) in the right hand side of (2.271), one can

write

〈â†(t)â(t+ τ)â†(t)â(t+ τ)〉 = e−µ1τ/2[〈â†1(t)â1(t)â
†
1(t)â1(t+ τ)〉+ 〈â†1(t)â1(t)â

†
1(t)â2(t+ τ)〉

+〈â†2(t)â1(t)â
†
1(t)â1(t+ τ)〉+ 〈â†2(t)â1(t)â

†
1(t)â2(t+ τ)〉

+〈â†1(t)â1(t)â
†
2(t)â1(t+ τ)〉+ 〈â†1(t)â1(t)â

†
2(t)â2(t+ τ)〉

+〈â†2(t)â1(t)â
†
2(t)â1(t+ τ)〉+ 〈â†2(t)â1(t)â

†
2(t)â2(t+ τ)〉]

+e−µ2τ/2[〈â†1(t)â2(t)â
†
2(t)â1(t+ τ)〉+ 〈â†1(t)â2(t)â

†
2(t)â2(t+ τ)〉

+〈â†2(t)â2(t)â
†
2(t)â1(t+ τ)〉+ 〈â†2(t)â2(t)â

†
2(t)â2(t+ τ)〉

+〈â†1(t)â2(t)â
†
1(t)â1(t+ τ)〉+ 〈â†1(t)â2(t)â

†
1(t)â2(t+ τ)〉

+〈â†2(t)â2(t)â
†
1(t)â1(t+ τ)〉+ 〈â†2(t)â2(t)â

†
1(t)â2(t+ τ)〉].

(2.274)

Since the operators â1(t) and â2(t) are uncorrelated. Therefore, these operators can be de-
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coupled, so that

〈â†i (t)âi(t)â
†
i (t)âj(t+ τ)〉 = 〈â†i (t)âi(t)â

†
i (t)〉〈âj(t+ τ)〉 = 0 (2.275a)

〈â†j(t)âi(t)â
†
i (t)âi(t+ τ)〉 = 〈â†j(t)〉〈âi(t)â

†
i (t)âi(t+ τ)〉 = 0 (2.275b)

〈â†i (t)âi(t)â
†
j(t)âj(t+ τ)〉 = n̄i〈â†j(t)âj(t+ τ)〉 (2.275c)

〈â†i (t)âj(t)â
†
j(t)âi(t+ τ)〉 = 〈âj(t)â

†
j(t)〉〈â

†
i (t)âi(t+ τ)〉 (2.275d)

〈â†i (t)âj(t)â
†
i (t)âj(t+ τ)〉 = 〈â†2i (t)〉âj(t)âj(t+ τ)〉, i 6= j, (2.275e)

where n̄i = 〈â†i (t)âi(t)〉with i, j = 1, 2. In view of this result, Eq. (2.274) reduces to

〈â†(t)â(t+ τ)â†(t)â(t+ τ)〉 = e−µ1τ/2
{
〈â†1(t)â1(t)â

†
1(t)â1(t+ τ)〉

+〈â†2(t)â2(t+ τ)〉[〈â1(t)â
†
1(t)〉+ n̄1]

+〈â†22 (t)〉〈â1(t)â1(t+ τ)〉
}

+e−µ2τ/2
{
〈â†2(t)â2(t)â

†
2(t)â2(t+ τ)〉

+〈â†1(t)â1(t+ τ)〉[〈â2(t)â
†
2(t)〉+ n̄2]

+〈â†21 (t)〉〈â2(t)â2(t+ τ)〉
}
. (2.276)

We now proceed to determine the two-time correlation functions that appears in the expres-

sion described by Eq. (2.276). To this end, applying the quantum regression theorem to Eq.

(2.183), we see that

〈â†j(t)âj(t)â
†
j(t)âj(t+ τ)〉 = e−µjτ/2〈(â†j(t)âj(t))2〉 (2.277)

〈âj(t)âj(t+ τ)〉 = e−µjτ/2〈â2
j (t)〉, j = 1, 2. (2.278)

Now with the aid of Eqs. (2.189), (2.277), and (2.278), Eq. (2.276) can be put in the form

〈â†(t)â(t+ τ)â†(t)â(t+ τ)〉 = e−µ1τ 〈(â†1(t)â1(t))2〉+ e−µ2τ 〈(â†2(t)â2(t))2〉

+e−µ2τ 〈â†21 (t)〉〈â2
2(t)〉+ e−µ1τ 〈â†22 (t)〉〈â2

1(t)〉

+2e−(µ1+µ2)τ/2〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉

+e−(µ1+µ2)τ/2〈â†2(t)â2(t)〉〈â1(t)â
†
1(t)〉

+e−(µ1+µ2)τ/2〈â†1(t)â1(t)〉〈â2(t)â
†
2(t)〉. (2.279)

Applying the commutation relation (2.132) on the last two expressions of Eq. (2.279), one can
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rewrite Eq. (2.279) in the form

〈â†(t)â(t+ τ)â†(t)â(t+ τ)〉 = e−µ1τ 〈(â†1(t)â1(t))2〉+ e−µ2τ 〈(â†2(t)â2(t))2〉.

+e−(µ1+µ2)τ/2
[
κ2〈â†1(t)â1(t)〉+ κ1〈â†2(t)â2(t)〉

]
+e−µ1τ 〈â†22 (t)〉〈â2

1(t)〉+ e−µ2τ 〈â†21 (t)〉〈â2
2(t)〉

+4e−(µ1+µ2)τ/2〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉. (2.280)

Now in view of (2.190), one can write

〈â†(t)â(t+ τ)〉2 = e−µ1τ 〈â†1(t)â1(t)〉2 + e−µ2τ 〈â†2(t)â2(t)〉
2

+2e−(µ1+µ2)τ/2〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉. (2.281)

Moreover, taking Eqs. (2.280) and (2.281) into account, we readily establish that

〈â†(t)â(t+ τ), â†(t)â(t+ τ)〉 = e−µ1τ
[
〈(â†1(t)â1(t))2〉 − 〈â†1(t)â1(t)〉2 + 〈â†22 (t)〉〈â2

1(t)〉
]

+e−µ2τ
[
〈(â†2(t)â2(t))2〉 − 〈â†2(t)â2(t)〉2 + 〈â†21 (t)〉〈â2

2(t)〉
]

+e−(µ1+µ2)τ/2
[
κ2〈â†1(t)â1(t)〉+ κ1〈â†2(t)â2(t)〉

+2〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉
]
. (2.282)

This can also be rewritten as

〈â†(t)â(t+ τ), â†(t)â(t+ τ)〉 = e−µ1τ
[
∆n2

1 + κ1κ2b1b2
]
+ e−µ2τ

[
∆n2

2 + κ1κ2b1b2
]

+e−(µ1+µ2)τ/2
[
κ2n̄1 + κ1n̄2 + 2n̄1n̄2

]
, (2.283)

where n̄j and ∆n2
j is the global mean and variance of the photon number for the jth compo-

nent of output laser light beams and 〈â2
j (t)〉 = 〈â†2j (t)〉 = κjbj . Employing (2.283) in Eq.(2.266),

we obtain

I(ω′) =
1
π
Re

∫ ∞

0

[[
∆n2

1 + κ1κ2b1b2
]
e−(µ1−iω′)τ +

[
∆n2

2 + κ1κ2b1b2
]
e−(µ2−iω′)τ

+
[
κ2n̄1 + κ1n̄2 + 2n̄1n̄2

]
e−((µ1+µ2)/2−iω′)τ

]
dτ.

(2.284)

Furthermore, carrying out the integration over τ , the spectrum of intensity fluctuations for

the superposed output laser light beams turns out to be

I(ω′) =
∆n2

1µ1/π

µ2
1 + ω′2

+
∆n2

2µ2/π

µ2
2 + ω′2

+
(κ2n̄1 + κ1n̄2)(µ1 + µ2)/2π

[(µ1 + µ2)/2]2 + ω′2

+
n̄1n̄2(µ1 + µ2)/π

[(µ1 + µ2)/2]2 + ω′2
+
κ1κ2b1b2µ1/π

µ2
1 + ω′2

+
κ1κ2b1b2µ2/π

µ2
2 + ω′2

. (2.285)
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Fig. 2.16: Plots of the global and local variance of the photon number of the superposed output laser

light beams [Eq. (2.249) and Eq. (2.287)] versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

We observe that the spectrum of intensity fluctuations for the superposed output laser light

beams is not the sum of the spectra of intensity fluctuations of the constituent output laser

light beams. Now upon performing the integration, applying (2.198), we arrive at∫ λ

−λ
I(ω′)dω′ = ∆n2

s±λ
, (2.286)

where

∆n2
s±λ

= z11(λ)∆n2
1 + z22(λ)∆n2

2 + z12(λ)[κ2n̄1 + κ1n̄2]

+2z12(λ)n̄1n̄2 + κ1κ2b1b2[z11(λ) + z22(λ)], (2.287)

with

zij(λ) =
2
π

tan−1

(
2λ

(Ai +Aj)η + κi + κj

)
, i, j = 1, 2. (2.288)

We note that the local variance of the photon number of a pair of superposed output laser

light beams described by (2.287) is not the sum of the local variances of the photon num-

bers of the component output laser light beams. We see from the plots Figs. 2.16 - 2.19 that

the local variance of the photon number, as of the local mean photon number and quadra-

ture variance is less than the global variance of the photon number. Moreover, we observe
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Fig. 2.17: Plots of the global and local (λ = 50) variance of the photon number of the superposed

output laser light beams [Eq. (2.249) and Eq. (2.287)] versus η for κ1 = κ2 = 0.8, A1 = 5, and

A2 = 10.

that a large part of the total variance of the photon number is confined in a relatively small

frequency interval. In addition, for sufficiently large values of λ, the local variance of the pho-

ton number turns out to be the global variance of the photon number. Furthermore, we see

that for the case in which A1 = A2 and κ1 = κ2, the variance of the photon number of the

superposed output laser light beams in a certain frequency interval is found to be

∆n2
s±λ

= 4∆n2
j±λ

, (2.289)

where

∆n2
j±λ

= zjj(λ)∆n2
j , j = 1, 2 (2.290)

is the local variance of the photon number of one output laser light beam. We note that Eq.

(2.289) represents the local variances of the photon number of a pair of superposed identical

output laser light beams and is fourfold of the local variance of the photon number of one

output laser light beam.

On the other hand, for the case in which either κ1 or κ2 = 0, the local variance of the

photon number of the superposed output laser light beams (2.287) goes over into

∆n2
s±λ

= zjj(λ)∆n2
j , (2.291)
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Fig. 2.18: Plots of the local variance of the photon number of the superposed output laser light beams

[Eq. (2.287)] versus λ for κ1 = κ2 = 0.8, η = 0.5, A1 = 5, and A2 = 10
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Fig. 2.19: Plots of the global and local variance of the photon number of the jth output laser light

beams [Eq. (2.250) and Eq. (2.290)] versus η for κj = 0.8, Aj = 5.
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which is exactly the same as the local variance of the photon number of one output laser light

beam.
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Fig. 2.20: Plot of the local variance of the photon number of the jth output laser light beams [Eq.

(2.290)] versus λ for κj = 0.8, η = 0.5, and Aj = 5.



3

A Pair of Superposed Two-Mode Laser Light Beams

Here we wish to explore the squeezing and statistical properties of the output light beams

produced by a pair of superposed two-mode three-level cascade lasers whose cavities are

coupled to a vacuum reservoirs. We arrange our system in such a way that the output light

beam (LB1) from one of the two-mode lasers is incident on a side of a perfectly transmitting

mirror, while the output light beam (LB2) from the other laser is incident on a side of a per-

fectly reflecting mirror as shown in Fig. 1.1. In order to analyze the squeezing and statistical

properties of the output light for the superposed two-mode laser light beams, we first de-

rive c-number Langevin equations for the cavity light produced by one of the two-mode laser

whose cavity coupled to vacuum reservoir using the pertinent master equation. Employing

the solutions of the resulting c-number Langevin equations together with the antinormally

ordered characteristic function defined in Hiesenberg picture, we derive the Q function for

the two-mode cavity light. By inspection, we also write the Q function for the other two-

mode light with different cavity damping constant and linear gain coefficient. Following sim-

ilar procedures as in the previous chapter, we obtain the Q functions for two-mode output

laser light beams. We next derive the density operator for the superposed two-mode output

light in terms of the Q functions of the component output light beams.

Using the density operator for the superposed two-mode output light beams together

with the Q functions of the two-mode output laser light beams, we determine the quadra-

ture squeezing, the mean and the variances of the photon number sum and difference, and

the normalized photon number correlation.
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3.1 c-number Langevin equations

In this section we wish to obtain the equation of evolution of the cavity operator for a nonde-

generate three-level laser whose cavity is coupled to a two-mode vacuum reservoir. In order

to obtain the equation of evolution of the cavity operator, we first drive the time evolution of

the reduced density operator for the system under consideration.

The Master equation

A coherently prepared three-level laser may be defined as a quantum optical system in which

three level atoms in a cascade configuration and initially in a coherent superposition of the

top and bottom levels are injected at constant rate into a cavity coupled to a vacuum reservoir

via single port mirror. The three-level atoms in a cascade configuration with its top, interme-

diate, and bottom levels denoted by |a〉, |b〉, and |c〉 are injected into the cavity at a constant

rate ra and removed after time τ . When the atom decays from the level |a〉 to |c〉 via |b〉, two

photons of different frequencies are generated. Direct transition from |a〉 to |c〉 is dipole for-

bidden. We first carry out our analysis for the case in which the transitions |a〉 to |b〉 and |b〉 to

|c〉 are at resonance with the cavity modes. The Hamiltonian describing the interaction of a

three-level atom with the cavity modes is expressible as [3, 28]

Ĥ = ig
(
â†|b〉〈a| − â|a〉〈b|+ b̂†|c〉〈b| − b̂|b〉〈c|

)
, (3.1)

where â and b̂ are the annihilation operators for the two cavity modes and g is the coupling

constant, assumed to be the same for the two modes. We consider a single three-level atom

initially in the state

|ψA(0)〉 = Ca(0)|a〉+ Cc(0)|c〉, (3.2)

and hence the density operator for a single atom before it is injected into the cavity has the

form

ρ̂A(0) = ρ(0)
aa |a〉〈a|+ ρ(0)

ac |a〉〈c|+ ρ(0)
ca |c〉〈a|+ ρ(0)

cc |c〉〈c|, (3.3)

where

ρ(0)
aa = Ca(0)C∗

a(0), (3.4)

ρ(0)
cc = Cc(0)C∗

c (0), (3.5)

are the probabilities for the the atom to be initially in the upper and lower levels respectively,

and

ρ(0)
ac = ρ∗(0)ca = Ca(0)C∗

c (0) = |ρ(0)
ac |eiθ (3.6)
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represents the initial coherence of the atom.

With the aid of Eqs. (2.17) and (3.1), the equation of evolution of the density operator for the

cavity modes can be put in the form

d

dt
ρ̂(t) = g

(
â†ρ̂ab − âρ̂ba + b̂†ρ̂bc − b̂ρ̂cb − ρ̂abâ

† + ρ̂baâ− ρ̂bcb̂
† + ρ̂cbb̂

)
, (3.7)

where

ρ̂αβ = 〈α|ρ̂AR(t)|β〉, (3.8)

with α, β = a, b, c. Taking the damping of the cavity modes by a two-mode vacuum reservoir

into account, the equation of evolution of the density operator for the cavity modes to be

d

dt
ρ̂(t) = g

(
â†ρ̂ab − âρ̂ba + b̂†ρ̂bc − b̂ρ̂cb − ρ̂abâ

† + ρ̂baâ− ρ̂bcb̂
† + ρ̂cbb̂

)
+
κ

2
(2âρ̂â† − â†âρ̂− ρ̂â†â) +

κ

2
(2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂), (3.9)

where κ is the cavity damping constant and is assumed to be the same for both modes.

We next proceed to determine the density matrix element ρ̂αβ involved in Eq. (3.9). Thus

Taking into account of Eqs. (2.23), (2.24), (3.1), and (3.3), one can write

d

dt
ρ̂αβ(t) = ra

(
ρ(0)

aa δαaδaβ + ρ(0)
ac δαaδcβ + ρ(0)

ca δαcδaβ + ρ(0)
cc δαcδcβ

)
ρ̂(t)

+g
(
â†δαbρ̂aβ − âδαaρ̂bβ + b̂†δαcρ̂bβ − b̂δαbρ̂cβ − ρ̂αbâ

†δaβ

+ρ̂αaâδaβ − ρ̂αcb̂
†δbβ + ρ̂αbb̂δcβ

)
− γρ̂αβ , (3.10)

where γ is the spontaneous decay rate assumed to be the same for all the three levels. Using

(3.10), we readily find

d

dt
ρ̂aa(t) = raρ

(0)
aa ρ̂(t)− g

(
âρ̂ba + ρ̂abâ

†
)
− γρ̂aa, (3.11)

d

dt
ρ̂bb(t) = g

(
â†ρ̂ab − b̂ρ̂cb + ρ̂abâ− ρ̂bcb̂

†
)
− γρ̂bb, (3.12)

d

dt
ρ̂cc(t) = raρ

(0)
cc ρ̂(t) + g

(
b̂†ρ̂bc + ρ̂cbb̂

)
− γρ̂cc, (3.13)

d

dt
ρ̂ab(t) = g

(
− âρ̂bb + ρ̂aaâ− ρ̂acb̂

†
)
− γρ̂ab, (3.14)

d

dt
ρ̂ac(t) = raρ

(0)
ac ρ̂(t) + g

(
âρ̂bc + ρ̂abb̂

)
− γρ̂ac, (3.15)

d

dt
ρ̂bc(t) = g

(
â†ρ̂ac − b̂ρ̂cc + ρ̂bbb̂

)
− γρ̂bc. (3.16)

We see that Eqs. (3.11-3.16) are nonlinear differential equations and hence it is not possible to

obtain exact time-dependent solutions of these equations. Thus upon dropping the g-terms

and applying the large-time approximation scheme, we get from Eqs. (3.11), (3.12), (3.13),
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and (3.15) the approximately valid relation

ρ̂aa =
raρ

(0)
aa

γ
ρ̂(t), (3.17)

ρ̂bb = 0, (3.18)

ρ̂cc =
raρ

(0)
cc

γ
ρ̂(t), (3.19)

ρ̂ac =
raρ

(0)
ac

γ
ρ̂(t). (3.20)

Substituting the above results into Eqs. (3.14) and (3.16) leads to

d

dt
ρ̂ab(t) =

gra
γ

(
ρ(0)

aa ρ̂â− ρ(0)
ac ρ̂b̂

†
)
− γρ̂ab, (3.21)

d

dt
ρ̂bc(t) =

gra
γ

(
â†ρ(0)

ac − b̂ρ(0)
cc

)
ρ̂− γρ̂bc. (3.22)

Applying the large-time approximation once more, we obtain from Eqs. (3.21) and (3.22)

ρ̂ab =
gra
γ2

(
ρ(0)

aa ρ̂â− ρ(0)
ac ρ̂b̂

†
)
, (3.23)

ρ̂bc =
gra
γ2

(
â†ρ(0)

ac − b̂ρ(0)
cc

)
ρ̂. (3.24)

On account of Eqs.(3.23), (3.24) and their complex conjugate, the master equation described

by (3.7) turns out to be

d

dt
ρ̂(t) =

κ

2
(2âρ̂â† − â†âρ̂− ρ̂â†â) +

1
2
Aρ(0)

aa (2â†ρ̂â− ââ†ρ̂− ρ̂ââ†)

+
1
2
(Aρ(0)

cc + κ)(2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂)

+
1
2
Aρ(0)

ac (ρ̂â†b̂† − 2â†ρ̂b̂† + â†b̂†ρ̂) +
1
2
Aρ(0)

ca (ρ̂âb̂− 2b̂ρ̂â+ âb̂ρ̂), (3.25)

where

A = 2rag2/γ2 (3.26)

is the linear gain coefficient.

The existence of the terms âb̂ and â†b̂† in the master equation (3.25) is a signature that the

nondegenerate three-level laser can be a source of squeezed light.

In order to understand the existing situation in depth, one needs to revisit the master

equation (3.25). From the general form of the master equation, it is not difficult to infer that

the second term stands for the gain of mode a, the third term for the lose of mode b and

the first term for the lose of mode a. It is also noteworthy that the first term and the part

involving κ in the third term comes from the contribution of the coupling of the cavity with

external vacuum modes (reservoir).
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c-number Langevin equations

Now we derive the c-number Langevin equations associated with the normal ordering, using

the aforementioned master equation. Here we first derive the equation of evolution for the

expectation values of the cavity mode operators in the normal order and with the aid of the

resulting equations we get the c-number Langevin equations. To this end, employing the

relation (2.43) along with the (3.25), we readily find

d

dt
〈â(t)〉 = −1

2
µa〈â(t)〉+

1
2
ν−〈b̂†(t)〉, (3.27)

d

dt
〈b̂(t)〉 = −1

2
µb〈b̂(t)〉+

1
2
ν+〈â†(t)〉, (3.28)

d

dt
〈â2(t)〉 = −µa〈â2(t)〉+ ν−〈b̂†(t)â(t)〉, (3.29)

d

dt
〈b̂2(t)〉 = −µb〈b̂2(t)〉+ ν+〈â†(t)b̂(t)〉, (3.30)

d

dt
〈â†(t)â(t)〉 = −µa〈â†(t)â(t)〉+

1
2
ν−〈â†(t)b̂†(t)〉+

1
2
ν∗−〈â(t)b̂(t)〉+Aρ(0)

aa , (3.31)

d

dt
〈b̂†(t)b̂(t)〉 = −µb〈b̂†(t)b̂(t)〉+

1
2
ν+〈â†(t)b̂†(t)〉+

1
2
ν∗+〈â(t)b̂(t)〉, (3.32)

d

dt
〈â(t)b̂(t)〉 = −1

2
(µa + µb)〈â(t)b̂(t)〉+

1
2
ν+〈â†(t)â(t)〉

+
1
2
ν−〈b̂†(t)b̂(t)〉+

1
2
ν+, (3.33)

d

dt
〈â†(t)b̂(t)〉 = −1

2
(µa + µb)〈â†(t)b̂(t)〉+

1
2
ν+〈â†2(t)〉+

1
2
ν∗−〈b̂2(t)〉. (3.34)

in which

µa = κ−Aρ(0)
aa , (3.35)

µb = κ+Aρ(0)
cc , (3.36)

ν± = ±Aρ(0)
ac . (3.37)
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We see that Eqs. (3.27)- (3.34) are in the normal order. Replacing â and â† by α and α∗ and b̂

and b̂† by β and β∗. Thus, the corresponding c-number equation are

d

dt
〈α(t)〉 = −1

2
µa〈α(t)〉+

1
2
ν−〈β∗(t)〉, (3.38)

d

dt
〈β(t)〉 = −1

2
µb〈β(t)〉+

1
2
ν+〈α∗(t)〉, (3.39)

d

dt
〈α2(t)〉 = −µa〈α2(t)〉+ ν−〈β∗(t)α(t)〉, (3.40)

d

dt
〈β2(t)〉 = −µb〈β2(t)〉+ ν+〈α∗(t)β(t)〉, (3.41)

d

dt
〈α∗(t)α(t)〉 = −µa〈α∗(t)α(t)〉+

1
2
ν−〈α∗(t)β∗(t)〉+

1
2
ν∗−〈α(t)β(t)〉+Aρ(0)

aa , (3.42)

d

dt
〈β∗(t)β(t)〉 = −µb〈β∗(t)β(t)〉+

1
2
ν+〈α∗(t)β∗(t)〉+

1
2
ν∗+〈α(t)β(t)〉, (3.43)

d

dt
〈α(t)β(t)〉 = −1

2
(µa + µb)〈α(t)β(t)〉+

1
2
ν+〈α∗(t)α(t)〉

+
1
2
ν−〈β∗(t)β(t)〉+

1
2
ν+, (3.44)

d

dt
〈α∗(t)β(t)〉 = −1

2
(µa + µb)〈α∗(t)β(t)〉+

1
2
ν+〈α∗2(t)〉+

1
2
ν∗−〈β2(t)〉. (3.45)

On the basis of Eqs. (3.38) and (3.39), one can write

d

dt
α(t) = −1

2
µaα(t) +

1
2
ν−β

∗(t) + fα(t) (3.46)

d

dt
β(t) = −1

2
µbβ(t) +

1
2
ν+α

∗(t) + fβ(t). (3.47)

where fα(t) and fβ(t) are the noise forces whose properties remain to be determined. If we

compare Eqs. (3.38) and (3.39) with the expectation value of Eqs. (3.46) and (3.47), we can see

that

〈fα(t)〉 = 〈fβ(t)〉 = 0. (3.48)

Furthermore, upon using (3.46) and (3.47) one readily finds

d

dt
〈α2(t)〉 = −µa〈α2(t)〉+ ν−〈β∗(t)α(t)〉+ 2〈α(t)fα(t)〉, (3.49)

d

dt
〈β2(t)〉 = −µb〈β2(t)〉+ ν+〈α∗(t)β(t)〉+ 2〈β(t)fβ(t)〉, (3.50)
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d

dt
〈α∗(t)α(t)〉 = −µa〈α∗(t)α(t)〉+

1
2
ν−〈α∗(t)β∗(t)〉+

1
2
ν∗−〈α(t)β(t)〉

+〈α(t)f∗α(t)〉+ 〈α∗(t)fα(t)〉, (3.51)

d

dt
〈β∗(t)β(t)〉 = −µb〈β∗(t)β(t)〉+

1
2
ν+〈α∗(t)β∗(t)〉+

1
2
ν∗+〈α(t)β(t)〉

+〈β(t)f∗β(t)〉+ 〈β∗(t)fβ(t)〉, (3.52)

d

dt
〈α(t)β(t)〉 = −1

2
(µa + µb)〈α(t)β(t)〉+

1
2
ν+〈α∗(t)α(t)〉

+
1
2
ν−〈β∗(t)β(t)〉+ 〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉, (3.53)

d

dt
〈α∗(t)β(t)〉 = −1

2
(µa + µb)〈α∗(t)β(t)〉+

1
2
ν+〈α∗2(t)〉+

1
2
ν∗−〈β2(t)〉

+〈α∗(t)fβ(t)〉+ 〈β(t)f∗α(t)〉. (3.54)

We observe that Eq. (3.40) and (3.49), (3.41) and (3.50), (3.42) and (3.51), (3.43) and (3.52),

(3.44) and (3.53) as well as (3.45) and (3.54) will have the same forms if

〈α(t)fα(t)〉 = 0, (3.55)

〈β(t)fβ(t)〉 = 0, (3.56)

〈α(t)f∗α(t)〉+ 〈α∗(t)fα(t)〉 = Aρ(0)
aa , (3.57)

〈β(t)f∗β(t)〉+ 〈β∗(t)fβ(t)〉 = 0, (3.58)

〈α(t)fβ(t)〉+ 〈β(t)fα(t)〉 =
1
2
ν+, (3.59)

〈α∗(t)fβ(t)〉+ 〈β(t)f∗α(t)〉 = 0. (3.60)

The formal solution of Eqs.(3.46) and (3.47) can be written as

α(t) = α(0)e−µat/2 +
∫ t

0
e−µa(t−t′)/2

[1
2
ν−β

∗(t′) + fα(t′)
]
dt′ (3.61)

β(t) = β(0)e−µbt/2 +
∫ t

0
e−µb(t−t′)/2

[1
2
ν+α

∗(t′) + fβ(t′)
]
dt′. (3.62)

With aid of (3.61), we can write

〈α(t)fα(t)〉 = 〈α(0)fα(t)〉e−µat/2 +
∫ t

0
e−µa(t−t′)/2

[1
2
ν−〈β∗(t′)fα(t)〉+ 〈fα(t′)fα(t)〉

]
dt′.

(3.63)

On account of (3.55) and the fact that the noise force at time t does not affect the the cavity

mode variable at earlier time t, we see that

〈fα(t′)fα(t)〉 = 0. (3.64)
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Following the same line of reasoning, one can also show that

〈fβ(t′)fβ(t)〉 = 0. (3.65)

Moreover, taking into account of (3.61) and its complex conjugate along with (3.57), we get∫ t

0
e−µa(t−t′)/2

[
〈fα(t′)f∗α(t)〉+ 〈f∗α(t′)fα(t)〉

]
dt′ = Aρ(0)

aa , (3.66)

so that assuming 〈fα(t′)f∗α(t)〉 = 〈f∗α(t′)fα(t)〉, we have∫ t

0
e−µa(t−t′)/2〈fα(t′)f∗α(t)〉dt′ = 1

2
Aρ(0)

aa . (3.67)

On the basis of this result, one can obtain

〈fα(t′)f∗α(t)〉 = 〈f∗α(t′)fα(t)〉 = Aρ(0)
aa δ(t− t′). (3.68)

Following the same procedure, one can also show that

〈fβ(t′)f∗β(t)〉 = 〈f∗β(t′)fβ(t)〉 = 0, (3.69)

〈fα(t′)f∗β(t)〉 = 〈f∗β(t′)fα(t)〉 = 0, (3.70)

〈fα(t′)fβ(t)〉 = 〈fβ(t′)fα(t)〉 =
1
2
ν+δ(t− t′). (3.71)

It is worth mentioning that Eqs.(3.48), (3.64), (3.65), (3.68), (3.69), (3.70), and (3.71) describe

the correlation properties of the noise forces fα(t) and fβ(t) associated with normal ordering.

We now proceed to obtain the time dependent solutions of the coupled differential equa-

tions described by Eqs. (3.46) and (3.47). To solve such a coupled differential equations, we

rewrite these equation in a matrix equation form as

d

dt
U(t) = MU(t) + N(t), (3.72)

where

U(t) =

 α∗(t)

β(t)

 , (3.73)

M = −1
2

 µa −ν∗−
−ν+ µb

 , (3.74)

N(t) =

 f∗α(t)

fβ(t)

 . (3.75)

In order to obtain the solution Eq. (3.72), we need to find the eigenvalues of M̂ such that

MV = λV, (3.76)
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where V defined by

V =

 v11 v12

v21 v22

 . (3.77)

Eq.(3.76) has a nontrivial solution provide that

|M − λI| = 0. (3.78)

This implies that

4λ2 + 2(µa + µb)λ+ (µaµb − ν+ν
∗
−) = 0. (3.79)

Solving this quadratic equation, the eigenvalues of the Matrix M found to be

λ± = −1
4

{
(µa + µb)∓

√
(µa − µb)2 + 4ν+ν∗−

}
. (3.80)

Taking into account Eqs. (3.35), (3.36), (3.37), and the relation

|ρ(0)
ac |2 = ρ(0)

aa ρ
(0)
cc , (3.81)

Eq. (3.80) can be rewritten as

λ± = −1
4
[
2κ+Aη(1∓ 1)

]
, (3.82)

where

η = ρ(0)
cc − ρ(0)

aa . (3.83)

We consider the case in which the atoms are initially in a coherent superposition of the top

and bottom levels. Thus, in view of Eqs.(3.3) and (2.19), the following condition hold

ρ(0)
aa + ρ(0)

cc = 1. (3.84)

Using this relation along with Eq. (3.83), we get

ρ(0)
aa =

1− η

2
, (3.85)

ρ(0)
cc =

1 + η

2
, (3.86)

ρ(0)
ac =

√
1− η2

2
eiθ. (3.87)

Since the value ρ(0)
aa is between 0 and 1, then it is not difficult to see that the value of η lies

in the interval −1 ≤ η ≤ 1. We note that the formal solution of the expression described by

(3.72), can be written as

U(t) = eMtU(0) +
∫ t

0
eM(t−t′)N(t′)dt′. (3.88)
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We also note that λ+ 6= λ−. Employing the relation [24]

f(A) =
n∑

i=1

f(λi)
∏
i6=j

A − λjI
λi − λj

, (3.89)

we readily establish that

eMt =
1

λ+ − λ−

[
(M − λ−I)eλ+t − (M − λ+I)eλ−t

]
, (3.90)

from which follows

eMt =
1

λ+ − λ−

 m11(t) m12(t)

m21(t) m22(t)

 , (3.91)

and

eM(t−t′) =
1

λ+ − λ−

 m11(t− t′) m12(t− t′)

m21(t− t′) m22(t− t′)

 , (3.92)

where

m11(t) = −1
2

[
(µa + 2λ−)eλ+t − (µa + 2λ+)eλ−t

]
, (3.93)

m22(t) = −1
2

[
(µb + 2λ−)eλ+t − (µb + 2λ+)eλ−t

]
, (3.94)

m12(t) =
ν∗−
2

(
eλ+t − eλ−t

)
, (3.95)

m21(t) =
ν+

2

(
eλ+t − eλ−t

)
, (3.96)

Furthermore, using Eqs. (3.35), (3.36), (3.37), and (3.82) together with the relations (3.85),

(3.86), and (3.87), one can put Eqs. (3.93),(3.94), (3.95), and (3.96)in the form

m11(t) =
A

4

[
(η − 1)e−(Aη+κ)t/2 + (η + 1)e−κt/2

]
, (3.97)

m22(t) =
A

4

[
(η + 1)e−(Aη+κ)t/2 + (η − 1)e−κt/2

]
, (3.98)

m12(t) =

√
1− η2

4
e−iθ

[
e−(Aη+κ)t/2 − e−κt/2

]
, (3.99)

m21(t) = −
√

1− η2

4
eiθ

[
e−(Aη+κ)t/2 − e−κt/2

]
, (3.100)

With the aid of Eqs.(3.73),(3.75),(3.91),(3.92), and(3.82) we readily obtain

eMtU(0) =
2
Aη

 m11(t)α∗(0) +m12(t)β(0)

m21(t)α∗(0) +m22(t)β(0)

 (3.101)

and ∫ t

0
eM(t−t′)N(t′)dt′ =

2
Aη

 ∫ t
0

[
m11(t− t′)f∗α(t′) +m12(t− t′)fβ(t′)

]
dt′∫ t

0

[
m21(t− t′)f∗α(t′) +m22(t− t′)fβ(t′)

]
dt′

 . (3.102)
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Hence upon combining Eqs. (3.88),(3.101), and (3.102), we get

α∗(t) =
2
Aη

[
m11(t)α∗(0) +m12(t)β(0)

+
∫ t

0

[
m11(t− t′)f∗α(t′) +m12(t− t′)fβ(t′)

]
dt′

]
(3.103)

and

β(t) =
2
Aη

[
m21(t)α∗(0) +m22(t)β(0)

+
∫ t

0

[
m21(t− t′)f∗α(t′) +m22(t− t′)fβ(t′)

]
dt′

]
. (3.104)

Moreover, taking into account of Eqs. (3.97), (3.98), (3.99), and (3.100), and setting θ = 0, one

can put Eqs. (3.103) and (3.104) in the form

α(t) = A+(t)α(0) +B+(t)β∗(0) + C+(t) +D+(t) (3.105)

β(t) = A−(t)β(0) +B−(t)α∗(0) + C−(t) +D−(t), (3.106)

where

A±(t) =
1
2η

[
(η ∓ 1)e−(Aη+κ)t/2 + (η ± 1)e−κt/2

]
, (3.107)

B±(t) = ±
√

1− η2

2η

[
e−(Aη+κ)t/2 − e−κt/2

]
, (3.108)

C+(t) =
1
2η

∫ t

0

[
(η − 1)e−(Aη+κ)(t−t′)/2 + (η + 1)e−κ(t−t′)/2

]
fα(t′)dt′, (3.109)

C−(t) =
1
2η

∫ t

0

[
(η + 1)e−(Aη+κ)(t−t′)/2 + (η − 1)e−κ(t−t′)/2

]
fβ(t′)dt′, (3.110)

D+(t) =

√
1− η2

2η

∫ t

0

[
e−(Aη+κ)(t−t′)/2 − e−κ(t−t′)/2

]
f∗β(t′)dt′, (3.111)

D−(t) = −
√

1− η2

2η

∫ t

0

[
e−(Aη+κ)(t−t′)/2 − e−κ(t−t′)/2

]
f∗α(t′)dt′. (3.112)
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3.2 The Q functions for the output laser light beams

Here we wish to obtain the Q function for the cavity modes produced by the system under

consideration. The Q function for a two-mode light can be expressed as

Q1(α1, β1, t) =
1
π4

∫
d2zd2ηφa(z, η, t) exp

(
z∗α− zα∗ + η∗β − ηβ∗

)
, (3.113)

where

φa(z, η, t) = Tr
(
ρ̂(0)e−z∗â(t)ezâ†(t)e−η∗b̂(t)eηb̂†(t)

)
(3.114)

is the antinormally ordered characteristic function defined in Heisenberg picture [3, 15-18].

To this end, using the identity described by (2.70), the characteristic function can be written

in the normal order as

φa(z, η, t) = e−z∗z−η∗ηTr
(
ρ̂(0)ezâ†(t)e−z∗â(t)eηb̂†(t)e−η∗b̂(t)

)
, (3.115)

so that the corresponding c-number equation is

φa(z, η, t) = e−z∗z−η∗η
〈

exp
(
zα∗(t)− z∗α(t) + ηβ∗(t)− η∗β(t)

)〉
. (3.116)

If we assume the cavity modes are initially in a vacuum state, then we see from Eqs. (3.105),

(3.106), along with (3.48) that

〈α(t)〉 = 〈β(t)〉 = 0. (3.117)

On the other hand, we note that Eqs. (3.38) and (3.39) are linear differential equations for α(t)

and β(t). Hence from Eqs. (3.38), (3.39), and (3.117), one can observe that α and β are the

Gaussian variables with a vanishing mean. Thus in view of this Eq. (3.116) can be put in the

form

φa(z, η, t) = e−z∗z−η∗η exp
[
1
2

〈(
zα̂∗(t)− z∗α(t) + ηβ∗(t)− η∗β(t)

)2
〉]
. (3.118)

It then follows that

φa(z, η, t) = exp
[1
2
(
z2〈α∗2(t)〉+ z∗2〈α2(t)〉+ η2〈β∗2(t)〉+ η∗2〈β2(t)〉

)]
× exp

[(
zη + z∗η∗

)
〈α(t)β(t)〉 − z∗η〈α(t)β∗(t)〉 − zη∗〈α∗(t)β(t)〉

]
× exp

[
− z∗z

(
1 + 〈α∗(t)α(t)〉

)
− η∗η

(
1 + 〈β∗(t)β(t)〉

)]
. (3.119)

The various expectation values in Eqs. (3.119) can be evaluated applying Eqs. (3.105) and

(3.106). Furthermore, employing (3.105), one can also write

〈α2(t)〉 = A+(t)〈α(t)α(0)〉+B+(t)〈α(t)β∗(0)〉

+〈α(t)C+(t)〉+ 〈α(t)D+(t)〉. (3.120)
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Making use of (3.105) once more, we see that

〈α(t)α(0)〉 = A+(t)〈α2(0)〉+B+(t)〈α(0)β∗(0)〉

+〈α(0)C+(t)〉+ 〈α(0)D+(t)〉. (3.121)

Based on the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

〈α(t)α(0)〉 = 0. (3.122)

A similar calculations show that

〈α(t)β∗(0)〉 = 0, (3.123)

〈α(t)C+(t)〉 = 〈C+(t)C+(t)〉+ 〈D+(t)C+(t)〉, (3.124)

〈α(t)D+(t)〉 = 〈C+(t)D+(t)〉+ 〈D+(t)D+(t)〉. (3.125)

Hence upon substituting Eqs. (3.122), (3.123), (3.124), and (3.125) into (3.120), one obtains

〈α2(t)〉 = 〈C+(t)C+(t)〉+ 〈D+(t)C+(t)〉

+〈C+(t)D+(t)〉+ 〈D+(t)D+(t)〉. (3.126)

Taking into account of (3.109) along with (3.64), one can readily find

〈C+(t)C+(t)〉 = 0. (3.127)

It can also verified in a similar manner that

〈D+(t)D+(t)〉 = 0, (3.128)

〈C+(t)D+(t)〉 = 〈D+(t)C+(t)〉 = 0. (3.129)

In view of these result, the expression described by Eq. (3.126) turns out to be

〈α2(t)〉 = 0. (3.130)

Making use of similar calculations, it is not difficult to show that

〈β2(t)〉 = 〈β∗2(t)〉 = 〈α∗2(t)〉 = 0. (3.131)
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Now with the aid of the complex conjugate of Eq. (3.106), one can write

〈α(t)β∗(t)〉 = A−(t)〈α(t)β∗(0)〉+B−(t)〈α(t)α(0)〉

+〈α(t)C∗
−(t)〉+ 〈α(t)D∗

−(t)〉. (3.132)

Again employing (3.105), we have

〈α(t)β∗(0)〉 = A+(t)〈α(0)β∗(0)〉+B+(t)〈β∗2(0)〉

+〈β∗(0)C+(t)〉+ 〈β∗(0)D+(t)〉. (3.133)

In view of the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

〈α(t)β∗(0)〉 = 0. (3.134)

It is also possible to verify that in a similar manner that

〈α(t)α(0)〉 = 0, (3.135)

〈α(t)C∗
−(t)〉 = 〈C+(t)C∗

−(t)〉+ 〈D+(t)C∗
−(t)〉, (3.136)

〈α(t)D∗
−(t)〉 = 〈C+(t)D∗

−(t)〉+ 〈D+(t)D∗
−(t)〉. (3.137)

Upon substituting Eqs. (3.134), (3.135), (3.136), and (3.137) into (3.132), we have

〈α(t)β∗(t)〉 = 〈C+(t)C∗
−(t)〉+ 〈D+(t)C∗

−(t)〉

+〈C+(t)D∗
−(t)〉+ 〈D+(t)D∗

−(t)〉. (3.138)

Now we proceed to evaluate the correlation functions in Eq.(3.138). To this end, it is possible

to write using Eq. (3.109) and the complex conjugate of (3.110) that

〈C+(t)C∗
−(t)〉 =

1
4η2

∫ t

0

∫ t

0

[
(η − 1)e−(Aη+κ)(t−t′)/2 + (η + 1)e−κ(t−t′)/2

]
×

[
(η + 1)e−(Aη+κ)(t−t′′)/2 + (η − 1)e−κ(t−t′′)/2

]
〈f∗α(t′)fβ(t′′)〉dt′dt′′.

(3.139)

In view of (3.70), there follows

〈C+(t)C∗
−(t)〉 = 0. (3.140)
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It is not hard to verify in a similar that

〈D+(t)D∗
−(t)〉 = 0, (3.141)

〈D+(t)C∗
−(t)〉 = 〈C+(t)D∗

−(t)〉 = 0. (3.142)

Therefore, taking into account of Eqs.(3.140), (3.141), and (3.142), one can get

〈α(t)β∗(t)〉 = 0. (3.143)

Making use of similar calculations, it is not difficult to show that

〈α∗(t)β(t)〉 = 0. (3.144)

On account of (3.130), (3.131), (3.143), and (3.144), characteristic function described by Eq.

(3.119) reduces to

φa(z, η, t) = exp
[
− a1z

∗z − b1η
∗η + c1(zη + z∗η∗)

]
, (3.145)

where

a1 = 1 + 〈α∗(t)α(t)〉, (3.146)

b1 = 1 + 〈β∗(t)β(t)〉, (3.147)

c1 = 〈α(t)β(t)〉. (3.148)

Moreover, upon taking Eq. (3.105) into account, one can write

〈α∗(t)α(t)〉 = A+(t)〈α∗(t)α(0)〉+B+(t)〈α∗(t)β∗(0)〉

+〈α∗(t)C+(t)〉+ 〈α∗(t)D+(t)〉. (3.149)

In addition, taking the complex conjugate of Eq. (3.105), it is also possible to see that

〈α∗(t)α(0)〉 = A+(t)〈α∗(0)α(0)〉+B+(t)〈α(0)β(0)〉

+〈α(0)C∗
+(t)〉+ 〈α(0)D∗

+(t)〉. (3.150)

Based on the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

〈α∗(t)α(0)〉 = 0. (3.151)
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It is also possible to verify that in a similar manner that

〈α∗(t)β∗(0)〉 = 0, (3.152)

〈α∗(t)C+(t)〉 = 〈C∗
+(t)C+(t)〉+ 〈D∗

+(t)C+(t)〉, (3.153)

〈α∗(t)D+(t)〉 = 〈C∗
+(t)D+(t)〉+ 〈D∗

+(t)D+(t)〉. (3.154)

Hence upon substituting Eqs.(3.151), (3.152), (3.153), and (3.154) into (3.149), one obtains

〈α∗(t)α(t)〉 = 〈C∗
+(t)C+(t)〉+ 〈D∗

+(t)D+(t)〉

+〈C∗
+(t)D+(t)〉+ 〈D∗

+(t)C+(t)〉. (3.155)

Next the remaining expectation values in Eq. (3.155) would be evaluated. To this end, it is

possible to write having Eq. (3.109) that

〈C∗
+(t)C+(t)〉 =

1
4η2

∫ t

0

∫ t

0

[
(η − 1)e−(Aη+κ)(t−t′)/2 + (η + 1)e−κ(t−t′)/2

]
×

[
(η − 1)e−(Aη+κ)(t−t′′)/2 + (η + 1)e−κ(t−t′′)/2

]
〈fα(t′′)f∗α(t′)〉dt′dt′′.

(3.156)

From which follows using Eq. (3.68) together with Eq. (3.85), we have

〈C∗
+(t)C+(t)〉 =

A(1− η)
η2

[(η + 1)2

8κ
(1− e−κt) +

(η − 1)2

8(Aη + κ)
(1− e−(Aη+κ)t)

+
(η2 − 1)

2(Aη + 2κ)
(1− e−(Aη+2κ)t/2)

]
. (3.157)

It is not difficult to demonstrate in a similar manner that

〈D∗
+(t)D+(t)〉 = 0, (3.158)

〈C∗
+(t)D+(t)〉 = 〈D∗

+(t)C+(t)〉 = −A(1− η2)
η2

[(η + 1)
16κ

(1− e−κt)

− (η − 1)
16(Aη + κ)

(1− e−(Aη+κ)t)− 1
4(Aη + 2κ)

(1− e−(Aη+2κ)t/2)
]
. (3.159)

Therefore, in view of Eqs. (3.157), (3.158), and (3.159), one can readily establish

〈α∗(t)α(t)〉 = − A(1− η)2

4η(Aη + κ)
(1− e−(Aη+κ)t)

+
A(1− η2)

2η(Aη + 2κ)
(1− e−(Aη+2κ)t/2). (3.160)

Furthermore, upon taking Eq. (3.106) into account

〈β∗(t)β(t)〉 = A−(t)〈β∗(t)β(0)〉+B−(t)〈β∗(t)α∗(0)〉

+〈β∗(t)C−(t)〉+ 〈β∗(t)D−(t)〉. (3.161)
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In connection, using the complex conjugate of Eq. (3.106), we have

〈β∗(t)β(0)〉 = A−(t)〈β∗(0)β(0)〉+B−(t)〈α(0)β(0)〉

+〈β(0)C−(t)〉+ 〈β(0)D−(t)〉. (3.162)

In view of the fact that the noise force at time t does not affect the cavity mode variables at

earlier times and taking the cavity modes to be initially in a vacuum state, one can get

〈β∗(t)β(0)〉 = 0. (3.163)

Following the same procedure, one can see that

〈β∗(t)α∗(0)〉 = 0, (3.164)

〈β∗(t)C−(t)〉 = 〈C∗
−(t)C−(t)〉+ 〈D∗

−(t)C−(t)〉, (3.165)

〈β∗(t)D−(t)〉 = 〈C∗
−(t)D−(t)〉+ 〈D∗

−(t)D−(t)〉. (3.166)

Upon substituting Eqs. (3.163), (3.164), (3.165), and (3.166), into Eq. (3.161), one obtains

〈β∗(t)β(t)〉 = 〈C∗
−(t)C−(t)〉+ 〈D∗

−(t)C−(t)〉

+〈C∗
−(t)D−(t)〉+ 〈D∗

−(t)D−(t)〉. (3.167)

Next we proceed to evaluate the remaining correlation functions in Eq. (3.167). To this end, it

is possible to write having Eq. (3.112) that

〈D∗
−(t)D−(t)〉 =

(1− η2)
4η2

∫ t

0

∫ t

0

[
e−(Aη+κ)(t−t′)/2 − e−κ(t−t′)/2

]
×

[
e−(Aη+κ)(t−t′′)/2 − e−κ(t−t′′)/2

]
〈fα(t′)f∗α(t′′)〉dt′dt′′, (3.168)

from which follows using Eq. (3.68), we obtain

〈D∗
−(t)D−(t)〉 =

A(1− η2)(1− η)
η2

[ 1
8κ

(1− e−κt) +
1

8(Aη + κ)
(1− e−(Aη+κ)t)

− 1
2(Aη + 2κ)

(1− e−(Aη+2κ)t/2)
]
. (3.169)

It is not difficult to demonstrate in a similar manner that

〈C∗
−(t)C−(t)〉 = 0, (3.170)

〈C∗
−(t)D−(t)〉 = 〈D∗

−(t)C−(t)〉 =
A(1− η2)

η2

[(η − 1)
16κ

(1− e−κt)

− (η + 1)
16(Aη + κ)

(1− e−(Aη+κ)t) +
1

4(Aη + 2κ)
(1− e−(Aη+2κ)t/2)

]
. (3.171)
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Therefore, in view of Eqs. (3.169), (3.170), and (3.171), one can readily establish

〈β∗(t)β(t)〉 = − A(1− η2)
4η(Aη + κ)

(1− e−(Aη+κ)t)

+
A(1− η2)

2η(Aη + 2κ)
(1− e−(Aη+2κ)t/2). (3.172)

Making use of a similar calculations, we have

〈α(t)β(t)〉 =
A(η − 1)

√
1− η2

4η(Aη + κ)
(1− e−(Aη+κ)t)

+
A

√
1− η2

2η(Aη + 2κ)
(1− e−(Aη+2κ)t/2). (3.173)

In view of (3.160), (3.172), and (3.173) along with replacing A and κ by A1 and κ1 in these

equations, one can put Eqs. (3.146), (3.147), and (3.148) in the form

a1 = 1 +
A1(1− η2)

2η(A1η + 2κ1)
(1− e−(A1η+2κ1)t/2)

− A1(1− η)2

4η(A1η + κ1)
(1− e−(A1η+κ1)t), (3.174)

b1 = 1 +
A1(1− η2)

2η(A1η + 2κ1)
(1− e−(A1η+2κ1)t/2)

− A1(1− η2)
4η(A1η + κ1)

(1− e−(A1η+κ1)t), (3.175)

c1 =
A1(η − 1)

√
1− η2

4η(A1η + κ1)
(1− e−(A1η+κ1)t)

+
A1

√
1− η2

2η(A1η + 2κ1)
(1− e−(A1η+2κ1)t/2). (3.176)

With the aid of Eq. (3.145), the Q function for the two-mode light described by the Eq. (3.113)

can be expressible as

Q1(α1, β1, t) =
1
π2

∫
d2z

π
exp

[
− a1z

∗z + z∗α1 − zα∗1
]

×
∫
d2η

π
exp

(
− b1η

∗η + (c1z − β∗1)η + (c1z∗ + β1)η∗
)
. (3.177)

Upon employing (2.97), the integration over η can be evaluated to give

Q1(α1, β1, t) =
e−β∗β/b1

b1π2

∫
d2z

π
exp

[
− (a1 − c21/b1)z

∗z + (c1β1/b1 − α∗1)z

+(α1 − c1β
∗
1/b1)z

∗
]

(3.178)

and performing the integration over z, we obtain

Q1(α1, β1, t) =
u1v1 − r21

π2
exp [−v1α∗1α1 − u1β

∗
1β1 + r1(α1β1 + α∗1β

∗
1)], (3.179)
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where

u1 =
a1

a1b1 − c21
, (3.180)

v1 =
b1

a1b1 − c21
, (3.181)

r1 =
c1

a1b1 − c21
. (3.182)

Next we proceed to obtain the two-mode output laser light Q function satisfying the input-

output relations. To this end, according to the input-output relations for a two-mode light

beam, we have

âout(t) =
√
κâ(t)− âin(t) (3.183)

b̂out(t) =
√
κb̂(t)− b̂in(t). (3.184)

For a cavity mode coupled to a two-mode vacuum reservoir and with the input mode opera-

tors corresponding to vacuum reservoirs put in normal ordering, one can then write

âout
1 (t) =

√
κ1â1(t) (3.185)

b̂out
1 (t) =

√
κ1b̂1(t). (3.186)

The c-number equations corresponding to Eqs. (3.185) and (3.186) associated with the nor-

mal ordering is

αout
1 (t) =

√
κ1α1(t) (3.187)

βout
1 (t) =

√
κ1β1(t). (3.188)

On account of this, replacing α1(t) and β1(t) by α1(t)/
√
κ1 and β1(t)/

√
κ1, the normalized Q

function for output light beam is expressible as

Q1(α1, β1, t) =
u1v1 − r21
κ2

1π
2

exp [− v1
κ1
α∗1α1 −

u1

κ1
β∗1β1 +

r1
κ1

(α1β1 + α∗1β
∗
1)]

(3.189)

This can be put in the form

Qi(αi, βi, t) =
uivi − r2i
κ2

iπ
2

exp [− vi

κi
α∗iαi −

ui

κi
β∗i βi +

ri
κi

(αiβi + α∗i β
∗
i )], i = 1, 2.

(3.190)

We note that the normalized Q function for the output mode a is expressible as

Qi(α∗i , αi, t) =
∫
d2βiQi(αi, βi, t). (3.191)
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Taking into account of (3.190), this can be put in the form

Qi(α∗i , αi, t) =
uivi − r2i
κ2

iπ
exp

[
− vi

κi
α∗iαi

] ∫
d2βi

π
exp

[
− ui

κi
β∗i βi +

ri
κi

(
αiβi + α∗i β

∗
i

)]
(3.192)

so that on carrying out the integration over βi, we obtain

Qi(α∗i , αi, t) =
uivi − r2i
κiuiπ

exp
[
−

(
uivi − r2i
κiui

)
α∗iαi

]
. (3.193)

It can also verified in a similar manner that

Qi(β∗i , βi, t) =
uivi − r2i
κiviπ

exp
[
−

(
uivi − r2i
κivi

)
β∗i βi

]
. (3.194)

This represents the output Q function for mode b.
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3.3 Quadrature squeezing

In this section, the squeezing properties of the two-mode output light produced by the su-

perposition of two-mode three-level cascade laser is analyzed.

In order to obtain the quadrature squeezing of the output light beams produced by the

superposition of two-mode light beams produced by the non degenerate three-level lasers,

we first derive the density operator for the superposed two-mode laser light beams.

Consider ρ̂′(t) = ρ̂′(â†, b̂†, â, b̂) is the density operator for the first two-mode light beam.

Then upon expanding this density operator in the normal order and applying the complete-

ness relation for two-mode coherent states,

Î =
∫
d2ηa

π

d2zb
π
|ηa, zb〉〈zb, ηa| (3.195)

we have

ρ̂′(t) =
∫
d2ηa

π

d2zb
π

∑
klmn

Cklmn|ηa, zb〉〈zb, ηa|â†k b̂†lâmb̂n. (3.196)

From which follows

ρ̂′(t) =
∫
d2ηa

π

d2zb
π

∑
klmn

Cklmnη
∗k
a z∗lb |ηa, zb〉〈zb, ηa|âmb̂n, (3.197)

in view of the fact that

|ηa, zb〉〈zb, ηa|âmb̂n =
(
ηa +

∂

∂η∗a

)m(
zb +

∂

∂z∗b

)n

|ηa, zb〉〈zb, ηa|, (3.198)

one can put Eq. (3.197) in the form

ρ̂′(t) =
∫
d2ηad

2zbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
|ηa, zb〉〈zb, ηa|. (3.199)

Again taking into account of the relation

|ηa, zb〉〈zb, ηa| = D̂(ηa)D̂(zb)|0a, 0b〉〈0b, 0a|D̂(−zb)D̂(−ηa), (3.200)

the density operator described by Eq.(3.199) can be rewritten as

ρ̂′(t) =
∫
d2ηad

2zbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
×D̂(ηa)D̂(zb)ρ̂0a,0b

D̂(−zb)D̂(−ηa), (3.201)

where

ρ̂0a,0b
= |0a, 0b〉〈0b, 0a|. (3.202)
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Following the same procedure the density operator for another two-mode light can be written

as

ρ̂(t) =
∫
d2λad

2χbQ2

(
λ∗a, χ

∗
b , λa +

∂

∂λ∗a
, χb +

∂

∂χ∗b
, t

)
|λa, χb〉〈χb, λa|. (3.203)

We now realize that the density operator for the superposition of the the first two-mode light

beams and another is expressible as

ρ̂(t) =
∫
d2ηad

2zbd
2λad

2χbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
×Q2

(
λ∗a, χ

∗
b , λa +

∂

∂λ∗a
, χb +

∂

∂χ∗b
, t

)
×

∣∣ηa + λa, zb + χb

〉〈
zb + χb, ηa + λa

∣∣. (3.204)

We now proceed to obtain the density operators for a pair of superposed output light mode

a and b in terms of arbitrary Q functions. We note that the density operators for the output

light mode a and b is expressible as

ρ̂m(t) = Trl(ρ̂(t)), m 6= l, (3.205)

with m, l = a, b. Thus on account of Eq. (3.204), we find the density operator for a pair of

superposed output light mode a and b to be

ρ̂a(t) =
∫
d2ηad

2zbd
2λad

2χbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb, t

)
×Q2

(
λ∗a, χ

∗
b , λa +

∂

∂λ∗a
, χb, t

)∣∣ηa + λa

〉〈
λa + ηa

∣∣. (3.206)

ρ̂b(t) =
∫
d2ηad

2zbd
2λad

2χbQ1

(
η∗a, z

∗
b , ηa, zb +

∂

∂z∗b
, t

)
×Q2

(
λ∗a, χ

∗
b , λa, χb +

∂

∂χ∗b
, t

)∣∣zb + χb

〉〈
χb + zb

∣∣. (3.207)

We note that the Q function described by Eq. (3.190) can be rewritten with (α1, α
∗
1, β1, β

∗
1) and

(α2, α
∗
2, β2, β

∗
2) replaced by (ηa, η

∗
a, zb, z

∗
b ) and (λa, λ

∗
a, χb, χ

∗
b) respectively, as

Q1(ηa, zb, t) =
u1v1 − r21
κ2

1π
2

exp [− v1
κ1
η∗aηa −

u1

κ1
z∗b zb +

r1
κ1

(ηazb + η∗az
∗
b )] (3.208)

Q2(λa, χb, t) =
u2v2 − r22
κ2

2π
2

exp [− v2
κ2
λ∗aλa −

u2

κ2
χ∗bχb +

r2
κ2

(λaχb + λ∗aχ
∗
b)]. (3.209)

Moreover, applying (3.208) and (3.209) in Eqs. (3.206) and carrying out the integration over zb

and χb, we readily establish that

ρ̂a(t) =
∫
d2ηad

2λaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
Q2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
×

∣∣ηa + λa

〉
〈ηa + λa

∣∣, (3.210)
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where

Q1a(η∗a, ηa +
∂

∂η∗a
, t) = Q1a(η∗a, ηa, t) exp

[
−

(u1v1 − r21
u1

)
η∗a

∂

∂η∗a

]
(3.211)

Q2a(λ∗a, λa +
∂

∂λ∗a
, t) = Q2a(λ∗a, λa, t) exp

[
−

(u2v2 − r22
u2

)
λ∗a

∂

∂λ∗a

]
, (3.212)

with

Q1a(η∗a, ηa, t) =
u1v1 − r21
κ1u1π

exp
[
−

(u1v1 − r21
κ1u1

)
η∗aηa

]
(3.213)

Q2a(λ∗a, λa, t) =
u2v2 − r22
κ2u2π

exp
[
−

(u2v2 − r22
κ2u2

)
λ∗aλa

]
(3.214)

are the Q functions for the output laser light beams of mode a.

It can also verified in a similar manner that

ρ̂b(t) =
∫
d2zbd

2χbQ1b

(
z∗b , zb +

∂

∂z∗b
, t

)
Q2b

(
χ∗b , χb +

∂

∂χ∗b
, t

)
×

∣∣zb + χb

〉
〈zb + χb

∣∣. (3.215)

where

Q1b(z∗b , zb +
∂

∂z∗b
, t) = Q1b(z∗b , zb, t) exp

[
−

(u1v1 − r21
v1

)
z∗b

∂

∂z∗b

]
(3.216)

Q2b(χ∗a, χa +
∂

∂χ∗b
, t) = Q2b(χ∗b , χb, t) exp

[
−

(u2v2 − r22
v2

)
χ∗b

∂

∂χ∗b

]
, (3.217)

with

Q1b(z∗b , zb, t) =
u1v1 − r21
κ1v1π

exp
[
−

(u1v1 − r21
κ1v1

)
z∗b zb

]
(3.218)

Q2b(χ∗b , χb, t) =
u2v2 − r22
κ2v2π

exp
[
−

(u2v2 − r22
κ2v2

)
χ∗bχb

]
(3.219)

are the Q functions for the output laser light beams of mode b.

It is worth mentioning that Eqs. (3.210) and (3.215) represents the density operator for a

pair of superposed laser output light mode a and b. To this end, the quadrature operators for

a pair of superposed two-mode output light beams are defined by

ĉ± =
√
±1(ĉ† ± ĉ), (3.220)

where

ĉ = â+ b̂, (3.221)

with

â = â1 + â2 (3.222a)

b̂ = b̂1 + b̂2. (3.222b)
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Using (3.221) and (3.222), one easily gets

[ĉ, ĉ†] = 2κ1 + 2κ2, (3.223)

with

[â, â†] = [b̂, b̂†] = κ1 + κ2. (3.224)

Applying Eq. (3.221) along with the commutation relation (3.223), the variance of quadrature

of a pair of superposed two-mode laser light beams is expressible as

∆c2± = 2κ1 + 2κ2+ : ∆c2± :, (3.225)

where

: ∆c2± : = 2〈ĉ†, ĉ〉 ± (〈ĉ, ĉ〉+ 〈ĉ†, ĉ†〉) (3.226)

is the normally-ordered quadrature variance. Taking into account of (3.221), we see that

: ∆c2± : = 2〈â†(t), â(t)〉+ 2〈b̂†(t), b̂(t)〉+ 2〈â†(t), b̂(t)〉+ 2〈b̂†(t), â(t)〉

±
(
〈â(t), â(t)〉+ 〈b̂(t), b̂(t)〉+ 2〈â(t), b̂(t)〉+ 〈â†(t), â†(t)〉

+〈b̂†(t), b̂†(t)〉+ 2〈â†(t), b̂†(t)〉
)
. (3.227)

Making use of (3.210), one can write the expectation value of the operator â(t) as

〈â(t)〉 =
∫
d2ηad

2λaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
Q2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
(ηa + λa).

(3.228)

This can be put in the form

〈â(t)〉 = 〈â1(t)〉+ 〈â2(t)〉. (3.229)

where

〈â1(t)〉 =
∫
d2ηaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
η (3.230a)

〈â2(t)〉 =
∫
d2λaQ2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
λ. (3.230b)

Applying (3.211) in Eq. (3.230a), we have

〈â1(t)〉 =
∫
d2ηaQ1a(η∗a, ηa, t) exp

[
−m1η

∗
a

∂

∂η∗a

]
ηa, (3.231)

in which

m1 =
u1v1 − r21

u1
. (3.232)
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Since ηa and η∗a are independent variables, we see that

〈â1(t)〉 = 0. (3.233)

On account of the fact that the Q functions expressed by Eqs. (3.211) and (3.212) have exactly

the same form, we also observe that

〈âi(t)〉 = 0, i = 1, 2. (3.234)

In view of this result, we readily get

〈â(t)〉 = 0. (3.235)

Following the same procedure, one can also show that

〈b̂(t)〉 = 0 (3.236)

〈â2(t)〉 = 〈b̂2(t)〉 = 0 (3.237)

〈â†(t)b̂(t)〉 = 0. (3.238)

Furthermore, on account of Eqs. (3.235-3.238), and their complex conjugate, one can write

Eq. (3.227) as

: ∆c2± : = 2〈â†(t)â(t)〉+ 2〈b̂†(t)b̂(t)〉 ± 2
(
〈â(t)b̂(t)〉+ 〈â†(t)b̂†(t)〉

)
. (3.239)

Next we seek to obtain the expectation values involved in this expression. To this end, the

expectation value of the operator â†(t)â(t) can be expressible in terms of the Q functions as

〈â†(t)â(t)〉 =
∫
d2ηad

2λaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
Q2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
(η∗aηa + η∗aλa + λ∗aλa + λ∗aηa). (3.240)

In view of Eqs. (3.230) and (3.234), this can also be rewritten in the form

〈â†(t)â(t)〉 = 〈â†1(t)â1(t)〉+ 〈â†2(t)â2(t)〉, (3.241)

where

〈â†1(t)â1(t)〉 =
∫
d2ηaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
η∗aηa (3.242a)

〈â†2(t)â2(t)〉 =
∫
d2λaQ2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
λ∗aλa. (3.242b)

Now applying (3.211) in Eq. (3.242a), we readily establish that

〈â†1(t)â1(t)〉 =
∫
d2ηa

∂

∂λ

[
Q1a(η∗a, ηa, t) exp

(
−m1η

∗
a

∂

∂η∗a

)
exp (λη∗aηa)

]∣∣∣
λ=0

. (3.243)
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This can also be rewritten as

〈â†1(t)â1(t)〉 =
∫
d2ηa

∂

∂λ

[
Q1a(η∗a, ηa, t) exp

[
− (m1 − 1)λη∗aηa

]]∣∣∣
λ=0

. (3.244)

Furthermore, upon performing differentiation and applying the condition λ = 0, leads to

〈â†1(t)â1(t)〉 = (1−m1)
∫
d2ηaQ1a(η∗a, ηa, t)η∗aηa. (3.245)

On the other hand, employing the Q function (3.213) in Eq. (3.245), we have

〈â†1(t)â1(t)〉 =
(1−m1)m1

κ1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
η∗aηa. (3.246)

There follows

〈â†1(t)â1(t)〉 = −(1−m1)m1
∂

∂m1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
, (3.247)

so that on carrying out the integration, yields

〈â†1(t)â1(t)〉 = −κ1(1−m1)m1
∂

∂m1

(
1
m1

)
. (3.248)

From which, we obtain

〈â†1(t)â1(t)〉 =
κ1(1−m1)

m1
(3.249)

= κ1

(
u1

u1v1 − r21
− 1

)
. (3.250)

With the aid of (3.180), (3.181), and (3.182), one can readily find

〈â†1(t)â1(t)〉 = κ1(a1 − 1) (3.251)

Moreover, in view of the fact that the Q functions for the laser light beam have the same form,

we observe that

〈â†2(t)â2(t)〉 = κ2(a2 − 1). (3.252)

Making use of Eqs.(3.251) and (3.252), one can find

〈â†(t)â(t)〉 = κ1(a1 − 1) + κ2(a2 − 1). (3.253)

Following similar procedure, it is not difficult to verify that

〈b̂†(t)b̂(t)〉 = κ1(b1 − 1) + κ2(b2 − 1). (3.254)
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Again we proceed to evaluate the remaining correlation functions in Eq.(3.239). To this end,

it is possible to write having Eq.(3.204) that

〈â†(t)b̂†(t)〉 =
∫
d2ηad

2zbd
2λad

2χbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
×Q2

(
λ∗a, χ

∗
b , λa +

∂

∂λ∗a
, χb +

∂

∂χ∗b
, t

)
×[η∗az

∗
b + η∗aχ

∗
b + λ∗aχ

∗
b + λ∗az

∗
b ]. (3.255)

This can also be expressible as

〈â†(t)b̂†(t)〉 = 〈â†1(t)b̂
†
1(t)〉+ 〈â†1(t)〉〈b̂

†
2(t)〉+ 〈â†2(t)b̂

†
2(t)〉+ 〈â†2(t)〉〈b̂

†
1(t)〉 (3.256)

On account of (3.234) and (3.236), one can write

〈â†(t)b̂†(t)〉 = 〈â†1(t)b̂
†
1(t)〉+ 〈â†2(t)b̂

†
2(t)〉. (3.257)

Furthermore, the expectation value of the operator represented by â†1(t)b̂
†
1(t) can be expressed

as

〈â†1(t)b̂
†
1(t)〉 = Tr

(
ρ̂′(t)â†1b̂

†
1

)
. (3.258)

Applying (3.199), one can get

〈â†1(t)b̂
†
1(t)〉 =

∫
d2ηad

2zbQ1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
η∗az

∗
b . (3.259)

We note that the Q function given by Eq. (3.208) is expressible as

Q1

(
η∗a, z

∗
b , ηa +

∂

∂η∗a
, zb +

∂

∂z∗b
, t

)
= Q1(ηa, zb, t) exp

[
−

(
v1η

∗
a − r1zb

) ∂

∂η∗a

−
(
u1z

∗
b − r1ηa

) ∂

∂z∗b
+r1κ1

∂2

∂η∗a∂z
∗
b

]
(3.260)

where the Q function Q1(ηa, zb, t) is given by Eq. (3.208).

Now Employing (3.260) in Eq. (3.259), we have

〈â†1(t)b̂
†
1(t)〉 =

∫
d2ηad

2zbQ1(ηa, zb, t) exp
[
−

(
v1η

∗
a − r1zb

) ∂

∂η∗a

−
(
u1z

∗
b − r1ηa

) ∂

∂z∗b
+r1κ1

∂2

∂η∗a∂z
∗
b

]
η∗az

∗
b . (3.261)

This can be put in the form

〈â†1(t)b̂
†
1(t)〉 =

∫
d2ηad

2zb
∂2

∂λ∂µ

[
Q1(ηa, zb, t) exp

[
−

(
v1η

∗
a − r1zb

) ∂

∂η∗a

−
(
u1z

∗
b − r1ηa

) ∂

∂z∗b
+r1κ1

∂2

∂η∗a∂z
∗
b

]
exp (λη∗a + µz∗b )

]∣∣∣∣
λ=µ=0

. (3.262)
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Moreover, this can also be rewritten as

〈â†1(t)b̂
†
1(t)〉 =

∫
d2ηad

2zbQ1(ηa, zb, t)
∂2

∂λ∂µ
exp

[
(1− v1)λη∗a + (1− u1)µz∗b

+r1(µηa + λzb + κ1λµ)
]∣∣∣∣

λ=µ=0

. (3.263)

Now differentiating and applying the condition λ = µ = 0, one can readily establish that

〈â†1(t)b̂
†
1(t)〉 = κ1r1 + (1− u1)(1− v1)I11 + r21I

∗
11 + r1(1− v1)I22 + r1(1− u1)I33,

(3.264)

in which

I11 =
∫
d2ηad

2zbQ1(ηa, zb, t)η∗az
∗
b (3.265)

I22 =
∫
d2ηaQ1a(η∗a, ηa, t)η∗aηa (3.266)

I33 =
∫
d2zbQ1b(z∗b , zb, t)z

∗
b zb. (3.267)

Applying (3.208) in Eq. (3.265), one can write

I11 =
u1v1 − r21

κ2
1

∫
d2ηa

π

d2zb
π

exp
[
− v1
κ1
η∗aηa −

u1

κ1
z∗b zb +

r1
κ1

(η∗az
∗
b + ηazb)

]
η∗az

∗
b .

(3.268)

This can be put in the form

I11 =
u1v1 − r21
r1κ1

∫
d2ηa

π
exp

[
− v1
κ1
η∗aηa

]
η∗a

× ∂

∂η∗a

∫
d2zb
π

exp
[
− u1

κ1
z∗b zb +

r1
κ1

(η∗az
∗
b + ηazb)

]
, (3.269)

so that on carrying out the integration over zb, yields

I11 =
m1

r1

∫
d2ηa

π
exp

[
− v1
κ1
η∗aηa

]
η∗a

∂

∂η∗a
exp

[ r21
u1κ1

η∗aηa

]
. (3.270)

Furthermore differentiating, leads to the expression

I11 =
r1
u1
I22 (3.271)

On the other hand, with the aid of (3.213), one can put Eq. (3.266) in the form

I22 =
m1

κ1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
η∗aηa. (3.272)

This can also be rewritten as

I22 = −m1
∂

∂m1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
. (3.273)
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Furthermore, carrying out the integration, we obtain

I22 = −κ1m1
∂

∂m1

( 1
m1

)
, (3.274)

from which, we find

I22 =
κ1u1

u1v1 − r21
(3.275)

Employing (3.275) in Eq. (3.271), we readily get

I11 =
κ1r1

u1v1 − r21
(3.276)

Making use of similar calculations, it is not difficult to show that

I33 =
κ1v1

u1v1 − r21
(3.277)

Substituting (3.275-3.277) in Eq. (3.264), we find

〈â†1(t)b̂
†
1(t)〉 =

κ1r1
u1v1 − r21

(3.278)

= κ1c1. (3.279)

Moreover, in view of the fact that the Q functions (3.208) and (3.209) have the same form, we

see that

〈â†i (t)b̂
†
i (t)〉 = 〈âi(t)b̂i(t)〉 = κici, i = 1, 2. (3.280)

In view of these result, we observe that

〈â†(t)b̂†(t)〉 = 〈â(t)b̂(t)〉 = κ1c1 + κ2c2. (3.281)

Now taking into account of Eqs. (3.253), (3.254), and (3.281) together with (3.239), one can

readily establish that

∆c2± = 2κ1 + 2κ2 + (: ∆c2± :)
1
+ (: ∆c2± :)

2
, (3.282)

where

(: ∆c2± :)i = 2κi

[
(ai − 1) + (bi − 1)± 2ci

]
, i = 1, 2. (3.283)

Furthermore, employing (3.174-3.176) in Eq. (3.283), the variance of the quadratures found

to be

∆c2± = 2κ1 +
κ1A1(η − 1)
η(A1η + κ1)

[
1±

√
1− η2

]
(1− e−(A1η+κ1)t)

±2κ1A1

√
1− η2

η(A1η + 2κ1)

[
1±

√
1− η2

]
(1− e−(A1η+2κ1)t/2).

+2κ2 +
κ2A2(η − 1)
η(A2η + κ2)

[
1±

√
1− η2

]
(1− e−(A2η+κ2)t)

±2κ2A2

√
1− η2

η(A2η + 2κ2)

[
1±

√
1− η2

]
(1− e−(A2η+2κ2)t/2). (3.284)
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At steady state, Eq. (3.284) takes the form

∆c2± = 2κ1 +
κ1A1(1− η)(A1 + 2A1η + 2κ1)± κ1A1

√
1− η2(A1 +A1η + 2κ1)

(A1η + κ1)(A1η + 2κ1)

+2κ2 +
κ2A2(1− η)(A2 + 2A2η + 2κ2)± κ2A2

√
1− η2(A2 +A2η + 2κ2)

(A2η + κ2)(A2η + 2κ2)
.

(3.285)

We observe that the quadrature variance given by (3.284) or (3.285) is the sum of the quadra-

ture variance of the constituent output laser light beams.

It is interesting to examine some special cases. First we consider the case in whichA2 = 0.

In this case, the quadrature variance (3.285) turns out to be

∆c2± = 2κ2 + 2κ1 +
κ1A1(1− η)(A1 + 2A1η + 2κ1)± κ1A1

√
1− η2(A1 +A1η + 2κ1)

(A1η + κ1)(A1η + 2κ1)
.

(3.286)

This represents the quadrature variance of the superposed output two-mode squeezed laser

light beam and a light beam in a two-mode vacuum state.

However, for the case in which κ2 is equal to zero, the the quadrature variance described

by Eq. (3.285) reduces to

∆c2± = 2κ1 +
κ1A1(1− η)(A1 + 2A1η + 2κ1)± κ1A1

√
1− η2(A1 +A1η + 2κ1)

(A1η + κ1)(A1η + 2κ1)
,

(3.287)

which is the two-mode quadrature variance of one output light beam.

It is worth mentioning that the quadrature variance of a pair of superposed identical output

laser light beams is twice that of the quadrature variance of one output laser light beam.

We define the quadrature squeezing of the two-mode superposed output light by

S =
(∆c2−)

v
− (∆c2−)

(∆c2−)
v

, (3.288)

where (∆c2±)v = 2κ1+2κ2 is the output quadrature variance of a pair of superposed two-mode

vacuum states.

On account of (3.285), the quadrature squeezing is found to be

S =
κ1S1 + κ2S2

κ1 + κ2
, (3.289)

where

Si =
Ai

[√
1− η2(Ai +Aiη + 2κi)− (1− η)(Ai + 2Aiη + 2κi)

]
2(Aiη + κi)(Aiη + 2κi)

, i = 1, 2 (3.290)
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is the two-mode quadrature squeezing of the ith laser output light beam.

We now proceed to consider some special cases. First we consider the case in which κ1 =

κ2. In this case, we see that Eq. (3.289) takes the form

S =
S1 + S2

2
. (3.291)

We see from Eq. (3.291) and Fig. (3.1) that the quadrature squeezing of the superposed laser

light beams is the average of the quadrature squeezing of the component output laser light

beams for all values of η between zero and one. And the degree of squeezing of the compo-

nent output laser light beams increases with the linear gain coefficient for small values of η

and almost perfect squeezing can be obtained for large values of the linear gain coefficient.

Furthermore, for the case in which A1 = A2 and κ1 = κ2, the quadrature squeezing of the
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Fig. 3.1: Plots of the quadrature squeezing (S and Si) [Eq. (3.291) and Eq. (3.290)] versus η for κ1 =

κ2 = 0.8, A1 = 5, and A2 = 10.

superposed output laser light beams (3.289) turns out to be

S = Si, i = 1, 2. (3.292)

We see from (3.292) that the quadrature squeezing of a pair of superposed identical two-mode

laser output light beams is exactly the same as the quadrature squeezing of one output laser

light beam. In addition, for the case in which either κ1 or κ2 = 0, the two-mode quadrature
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squeezing becomes

S = Si, (3.293)

which is the identical to the quadrature squeezing of one output laser light beam.

On the other hand, for the case in which A2 = 0, the quadrature squeezing described by

(3.289) takes the form

S =
κ1S1

κ1 + κ2
. (3.294)

However, for the case in which either κ1 = κ2, the quadrature squeezing described by (3.294)

reduces to

S =
1
2
Si. (3.295)

This represents the quadrature squeezing of the superposed two-mode squeezed laser light

beam and a light beam in a vacuum state. Thus we observe that the effect of the vacuum is to

reduce the quadrature squeezing by a factor of one-half.
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3.4 Photon statistics

In this section, we seek to analyze the statistical properties of the superposed two-mode out-

put light beams.

3.4.1 The mean of the photon number sum and difference

We now seek to determine the mean of the photon number sum and difference of a pair of

superposed two-mode output light beams. To this end, we define the operators representing

the photon number for the superposed two-mode output laser light beams by

n̂a(t) = â†(t)â(t) (3.296a)

n̂b(t) = b̂†(t)b̂(t). (3.296b)

Taking the expectation value of (3.296) and applying Eqs. (3.253), (3.254), (3.174), and (3.175),

the mean of the photon numbers of the output modes a and b at steady have the form

n̄a = n̄1a + n̄2a (3.297a)

n̄b = n̄1b + n̄2b, (3.297b)

where

n̄ia =
κiAi(1− η)(Ai + 3Aiη + 4κi)

4(Aiη + κi)(Aiη + 2κi)
(3.298a)

n̄ib =
κiA

2
i (1− η2)

4(Aiη + κi)(Aiη + 2κi)
, i = 1, 2 (3.298b)

is the mean of the photon numbers for the ith laser output light beams associated to mode a

and b respectively.

We see that the mean photon number of mode a(b) of a pair of superposed output laser

light beams given by Eqs. (3.297a) and (3.297b) is the sum of the mean photon numbers of

the constituent output laser light beam corresponding to each mode. It is worth mentioning

that the mean photon numbers of mode a(b) of a pair of superposed identical output laser

light beams is twice that of the mean photon number of mode a(b) of one output laser light

beam. Fig. (3.2) represents plots of the mean photon number of mode a [Eq. (3.297a)] and

mode b [Eq. (3.297b)] of a pair of superposed output laser light beams versus η. We see from

the Fig.(3.2) that the mean photon number of mode a is greater than that of mode b.

Next, we seek to calculate the mean of the photon number sum and difference of a pair of

superposed two-mode output laser light beams. To this end, we define the operators repre-
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Fig. 3.2: Plots of the mean of the photon number of mode a [Eq. (3.297a)] and mode b [Eq. (3.297b)] of

a pair of superposed output laser light beams versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

senting the photon number sum and difference of the two-mode output light by

n̂± = n̂a ± n̂b. (3.299)

Upon taking the expectation value of (3.299) and applying Eqs.(3.297a) and (3.297b), the

mean of the photon number sum and difference of a pair of superposed two-mode output

laser light beams found to be

n̄± = n̄1± + n̄2±, (3.300)

in which

n̄i± = n̄ia ± n̄ib, i = 1, 2 (3.301)

is the mean of the photon number sum and difference of the constituent two-mode output

laser light beams. Furthermore, applying Eqs.(3.298a) and (3.298b) in Eq.(3.301), one can

readily find

n̄i± =
2κiAi(1− η)(Aiη + 2κi) + κiA

2
i (1− η2)(1± 1)

4(Aiη + κi)(Aiη + 2κi)
(3.302)

We see from Eq. (3.300) that the mean of the photon number sum and difference of the su-

perposed two-mode output laser light beams is the sum of the mean of the photon numbers
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Fig. 3.3: Plots of the mean of the photon number sum and difference [Eq.(3.300)] of a pair of super-

posed two-mode output laser light beams versus η for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

sum and difference of the constituent two-mode output laser light beams. We also observe

from Eq. (3.300) and Figs. (3.2) and (3.3) that the mean of the photon number difference of

the output modes is positive. This also shows that the mean of the photon number of mode a

is greater than that of mode b. And the increase in the mean photon number of mode a must

be due to the decay of some atoms from the intermediate level to levels other than lower level

spontaneously.

It is important to note that for the case in which the component of the output light beams

have equal linear gain coefficients as well as damping constants. In this case the mean of

the photon number sum and difference of a pair of superposed two-mode output laser light

beams is twice that of the mean of the photon number sum and difference of one output laser

light beam.

3.4.2 The variances of the photon number sum and difference

Here we calculate the variances of the photon number sum and difference for the two-mode

superposed output laser light beams. The variances of the photon number sum and differ-

ence defined by

∆n2
± = 〈(â†â± b̂†b̂)2〉 − 〈â†â± b̂†b̂〉2 (3.303)
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can be expressed as

∆n2
± = ∆n2

a + ∆n2
b ± 2〈n̂a, n̂b〉, (3.304)

in which

∆n2
a = 〈(â†â)2〉 − n̄2

a (3.305)

and

∆n2
b = 〈(b̂†b̂)2〉 − n̄2

b (3.306)

are the variance of the superposed output light beams for mode a and mode b respectively,

and

〈n̂a, n̂b〉 = 〈n̂an̂b〉 − n̄an̄b. (3.307)

Using the commutation relation (3.224), the variance of the photon number for the super-

posed output light defined by Eqs. (3.305) can also be expressed as

∆n2
a = 〈â†2â2〉+ (κ1 + κ2)n̄a − n̄2

a, (3.308)

Now using Eq. (3.210), one can readily obtain

〈â†2(t)â2(t)〉 =
∫
d2ηad

2λaQ1a

(
η∗a, ηa +

∂

∂η∗a
, t

)
Q2a

(
λ∗a, λa +

∂

∂λ∗a
, t

)
×

{
(η∗aηa)2 + (λ∗aλa)2 + 4(η∗aηa)(λ∗aλa)

+
[
(ηaλ

∗
a)

2 + 2η∗aη
2
aλ

∗
a + 2λ∗aλ

2
aη

∗
a + c.c

]}
. (3.309)

This can be rewritten as

〈â†2(t)â2(t)〉 = 〈â†21 (t)â2
1(t)〉+ 〈â†22 (t)â2

2(t)〉+ 〈â2
1(t)〉〈â

†2
2 (t)〉

+〈â2
2(t)〉〈â

†2
1 (t)〉+ 2〈â†2(t)〉〈â

†
1(t)â

2
1(t)〉

+2〈â†1(t)〉〈â
†
2(t)â

2
2(t)〉+ 2〈â2(t)〉〈â†21 (t)â1(t)〉

+2〈â1(t)〉〈â†22 (t)â2(t)〉+ 4〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉.

(3.310)

Using the Q function (3.211), one can easily verify that

〈â2
1(t)〉 = 0. (3.311)

Moreover, since the Q functions (3.211) and (3.212) have the same form, we observe that

〈â2
i (t)〉 = 0, i = 1, 2. (3.312)
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Taking into account of Eqs. (3.234) and (3.312), the expression described by Eq. (3.310) re-

duces to

〈â†2(t)â2(t)〉 = 〈â†21 (t)â2
1(t)〉+ 〈â†22 (t)â2

2(t)〉+ 4〈â†1(t)â1(t)〉〈â†2(t)â2(t)〉. (3.313)

We note that the first term in Eq. (3.313) is expressible as

〈â†21 (t)â2
1(t)〉 =

∫
d2ηaQ1a(η∗a, ηa +

∂

∂η∗a
, t)η∗2a η

2
a. (3.314)

Applying (3.211) in Eq. (3.314), we have

〈â†21 (t)â2
1(t)〉 =

∫
d2ηa

∂2

∂λ2

[
Q1a(η∗a, ηa, t) exp

(
−m1η

∗
a

∂

∂η∗a

)
eλη∗aηa

]∣∣∣∣
λ=0

. (3.315)

There follows

〈â†21 (t)â2
1(t)〉 =

m1

κ1

∫
d2ηa

π

∂2

∂λ2
exp

[
− m1

κ1
η∗aηa − (m1 − 1)λη∗aηa

]∣∣∣
λ=0

. (3.316)

Furthermore, upon performing differentiation and applying the condition λ = 0, leads to

〈â†21 (t)â2
1(t)〉 =

(1−m1)2m1

κ1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
η∗2a η

2
a. (3.317)

This can be rewritten in the form

〈â†21 (t)â2
1(t)〉 = κ1(1−m1)2m1

∂2

∂m2
1

∫
d2ηa

π
exp

[
− m1

κ1
η∗aηa

]
(3.318)

so that on carrying out the integration, yields

〈â†21 (t)â2
1(t)〉 = κ2

1(1−m1)2m1
∂2

∂m2
1

(
1
m1

)
, (3.319)

from which, we obtain

〈â†21 (t)â2
1(t)〉 = 2κ2

1

( u1

u1v1 − r21
− 1

)2
(3.320)

= 2κ2
1(a1 − 1)2. (3.321)

Moreover, on account of the fact that the Q functions expressed by Eqs. (3.211) and (3.212)

have exactly the same form, we also see that

〈â†2i (t)â2
i (t)〉 = 2κ2

i (ai − 1)2, i = 1, 2. (3.322)

In view of (3.251) and (3.252), this can be put in the form

〈â†2i (t)â2
i (t)〉 = 2n̄2

ia, i = 1, 2. (3.323)
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where n̄ia is the mean of the photon number of mode a for the ith laser output light beam

given by Eq. (3.298a). Now taking Eqs. (3.251), (3.252), and (3.323) into account, one can put

Eq. (3.313) in the form

〈â†2(t)â2(t)〉 = 2n̄2
1a + 2n̄2

2a + 4n̄1an̄2a = 2n̄2
a, (3.324)

where n̄a is the mean of the photon number of mode a for a pair of superposed laser output

light beams given by (3.297a). With the aid of (3.324), one can readily find

∆n2
a = n̄2

a + (κ1 + κ2)n̄a. (3.325)

It is not difficult to demonstrate in a similar manner that

∆n2
b = n̄2

b + (κ1 + κ2)n̄b (3.326)

〈n̂a, n̂b〉 = (κ1c1 + κ2c2)2. (3.327)

On the other hand, we can also write Eqs. (3.325) and (3.326) in terms of the mean and vari-

ance of the photon numbers of mode a and b of the component output light beams as

∆n2
m = ∆n2

1m + ∆n2
2m + 2n̄1mn̄2m + κ2n̄1m + κ1n̄2m, m = a, b, (3.328)

where

∆n2
im = n̄2

im + κin̄im, i = 1, 2 (3.329)

is the variances of the photon number for the ith component output light modesm = a, b. We

see from Eq. (3.328) that the variance of the photon number of a pair of superposed output

light beams corresponding to mode a and b is not the sum of the variances of the photon

number of the constituent output light beams. Moreover, based on Eq. (3.329), we certainly

identify that the ith component output light mode a and b are separately in chaotic state and

hence both exhibit supper-Poissonian statistics.

Now combination of Eqs. (3.304), (3.325), (3.326), and(3.327) results in

∆n2
± = n̄2

a + (κ1 + κ2)n̄a + n̄2
b + (κ1 + κ2)n̄b ± 2

(
κ1c1 + κ2c2

)2
. (3.330)

This can be expressible in the form

∆n2
± = ∆n2

1a + ∆n2
2a + 2n̄1an̄2a + κ2n̄1a + κ1n̄2a

+∆n2
1b + ∆n2

2b + 2n̄1bn̄2b + κ2n̄1b + κ1n̄2b

±2
(
κ2

1c
2
1 + κ2

2c
2
2 + 2κ1κ2c1c2

)
, (3.331)
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Fig. 3.4: Plots of the mean of photon number difference [Eq.(3.300)] versus η (solid curve) and the vari-

ance of the photon number difference [Eq.(3.330)] versus η (dashed curve) of the superposed

output laser light beams for κ1 = κ2 = 0.8, A1 = 5, and A2 = 10.

where ∆n2
im is given by (3.329).On the other hand, this can also be rewritten as

∆n2
± = (∆n2

±)
1
+ (∆n2

±)
2
+ 2(n̄1an̄2a + n̄1bn̄2b)

+κ2(n̄1a + n̄1b) + κ1(n̄2a + n̄2b)± 4κ1κ2c1c2, (3.332)

where

(∆n2
±)

i
= n̄2

ia + κin̄ia + n̄2
ib + κin̄ib ± 2κ2

i c
2
i , i = 1, 2. (3.333)

is the variances of the photon number sum and difference of the constituent output laser light

beams. It is worth mentioning that the variances of the photon number sum and difference of

a pair of superposed two-mode output laser light beams is not the sum of the variances of the

photon numbers sum and difference of the constituent two-mode output laser light beams.

In addition, we notice from Eq. (3.332)and Fig. 3.4 that ∆n2
± > n̄± and thus photon statistics

of photon number sum and difference of a pair of superposed two-mode output laser light

beams is supper-Poissonian.

It is easy to observe that for the case in which A1 = A2 and κ1 = κ2, the variance of

the photon number sum and difference of a pair of superposed two-mode output laser light
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beams given by Eq. (3.332) leads to

∆n2
± = 4(∆n2

±)
i
, i = 1, 2. (3.334)

The normalized photon number correlation

Finally, in order to determine whether the photon numbers of mode a and mode b are corre-

lated or not, we must examine the normalized photon numbers correlation. Thus the photon

numbers correlation of the superposed two-mode output laser light beams can be defined as

[3, 28, 37]

g
(2)
a,b(t) =

〈n̂an̂b〉
〈n̂a〉〈n̂b〉

. (3.335)

Comparison of Eqs. (3.307) and (3.327) shows that

〈n̂an̂b〉 = (κ1c1 + κ2c2)2 + n̄an̄b. (3.336)

Now applying (3.336) in Eq. (3.335), we obtain

g
(2)
a,b(t) = 1 +

(
κ1c1 + κ2c2

)2

n̄an̄b
. (3.337)

This result indicates that the photon numbers correlation is different from one. Thus the

photon numbers of mode a and mode b of a pair of superposed two-mode output laser light

beams are correlated. Moreover, we can see from Eq. (3.336) that the expectation value of the

product of number operators, 〈n̂an̂b〉 is different from 〈n̂a〉〈n̂b〉. This implies that there is an

intermode correlation. Thus this intermode correlation must be due to the atomic coherence

induced by initially preparing atoms in coherent superposition of the top and bottom levels.
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Conclusion

In this PhD dissertation, we have studied the squeezing and statistical properties of a pair of

superposed output light beams generated by three-level laser whose cavities are coupled to a

vacuum reservoirs. Making use of the density operators of the superposed output laser light

beams together with Q functions, we have determined the global and local mean and vari-

ance of the photon number as well as the global and local quadrature squeezing. Moreover,

we have calculated the mean and variance of the photon number sum and difference and the

photon numbers correlation of a pair of superposed two-mode output light beams.

We have found that both the mean photon number and quadrature variance of a pair of

superposed output laser light beams is the sum of the mean photon numbers and quadrature

variances of the constituent output light beams. However, the variance of the photon num-

ber of the superposed output laser light beams is not the sum of the variances of the photon

numbers of the component output laser light beams. Moreover, we have established that the

global and local quadrature squeezing of the superposed output laser light beams is the aver-

age of the global and local quadrature squeezing of the constituent output laser light beams.

The output light produced by the pair of superposed laser light beams is in a squeezed state

for all values of η between zero and one. We have also noticed that the superposed output

laser light beams is squeezed 61.5% below the vacuum state-level. On the other hand, we

have seen that the local quadrature squeezing is greater than the global quadrature squeez-

ing. Besides, the maximum local quadrature squeezing of the superposed output laser light

beams is found to be 92.5% and occurs in the frequency λ = ±0.01. It is found that super-

posing a pair of identical squeezed laser output light beams considerably increases the mean

and variance of the photon number, without affecting the quadrature squeezing. This makes

the system under consideration to be a source of bright squeezed light. Furthermore, our re-
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sults have shown that the local quadrature squeezing, unlike the mean photon number, the

quadrature variance, and the photon number variance does not increase as the value of λ in-

crease. In addition, our analysis indicates that the quadrature squeezing of the superposition

of squeezed laser light beam and a light beam in vacuum state turned out to be just half of

the quadrature squeezing of the three-level laser output light beam. This result is consistent

with the quadrature squeezing of the superposed coherent and squeezed light obtained in

[22]. On the other hand, in the absences of the output light beam from one of the cavity, the

mean photon number, the quadrature squeezing (variance), and the photon number vari-

ance of the superposed squeezed laser light beams is identical to the mean photon number,

the quadrature squeezing (variance), and the photon number variance of one output light

beam. Finally, we would like to mention that the photon numbers of a pair of superposed

two-mode light beams are correlated.
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