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INTRODUCTION: 

This chapter will introduce some of the basic themes of the paper. The 

geometry we arc interested in concerns affine varieties, which are curves and 

surfaces (and higher dimensional objects) defined by polynomial equations. To 

understand affine varieties, we will need some algebra, and in particular, we 

will need to study idea ls in the polynomial ring K[x I ' X 2 ... xn]' The basic 

geometric object orthe paper is arrine variety and the basic algebraic object is 

idea l. To link algebra and geometry, w,e will study polynom ials over a field . 

We are fami liar with polynomials in onc and two variables, but we wil l need to 

discuss polynomials in n variables XI .... . X,. wi th coefficients in an arbitrary 

field K . 

In the second chapter, we will need to solve two problems. The questions are: 

• ( Ideal description): Can every ideal I S;; K[xp' .. ,xnl be written as 

</.. '/1" "'/' > for some J; •... , /, e K[xw·. xn]? 

• (N ullstellensatz): Given J; , ... , f . e K[x p .. • , xn], what is the exact relation 

between < I,,/,, ... ,/. > and I(V(I,,/,, ... ,I,) ? 

The original German name Nu llstellensatz: a word formed , in typica l 

German fashion, from three simpler words: 

Null (~zero), Stell en (~PJaces) , Satz (~Thcorcm) . 
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Gloss~lry of symbols 

Q set of all rationa l numbers 

Z set of all integers 

9t sct of a ll real numbers 

C set of all complex numbers 

N sct of naluralnumbers 

Z~ n-tuples, each ent ry is greater or equal to zero 



3 

CHAPTER ONE 

I. PRELIMINARIES 

We begin by reca ll ing the definit ion of fi eld. A field is a commutat ive ring with 

identity I *"O in which every nonzero clement has a multiplicative inverse. The 

concept of fie ld has a central place in algebra. It has wide applications in Linear 

Algebra and in the theory of equations, which deals with the study of roo Is of 

polynomia ls. If we do not require mult iplicative inverses, then we get a 

commutat ive ring. 

Definition: A commutative ring consists of a sct R and two binary operations 

" . " and "+" defined on R for wh ich the fo llowing conditions are satisfied : 

i) (associativity): (a+b)+c =a+(b+c) and a . (b . c) = (a . b) . c for all 

a, b, ce R. 

ii ) (commutat ivity): a+b =b+a and a . b =b . a for al l a, be R. 

iii) (dist ributive): a . (b+c) =a . b+a . c for all a, b, ce R. 

iv) (identities) : There are 0, I e R such that a+O =a . I = a for all ae R. 

v) (addi ti ve inverses): Given ae R, there is b e R such that a+b =0. 
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1.1 POLYNOMIALS AND AFFINE SPACE 

Definition 1.1.1: A monomial in x ..... , x~ is a product of the fonn 

where al .a l , - .,an arc nonnegative integers. The total degree of this monomial is 

Ex~'mplc I: In the variables x, Y. z the fo llowi ng are examples of monomials: 

Notation: xt"x ~' ... x;·, where a = (uPu1, ... ,a,,) are IHuple of nonnegative 

integers. I f a = (0,0, ...• 0) • note that x (l = 1, and also lal = a l + a2 + ... + an 

denote the total degree of monom ial X U . 

Definition 1.1.2: A polynomial / in x .. .... x" wi th coefficients in K is a fin ite 

linear combination (wi th coe ffi cients in K) of monomials. We wi ll write a 

polynomial f in the form 

/ = L aax !> ,1I(l E K 
• 

where the sum is over a finite number ern-tuples a = (a l,ap''',u,,). 

The set orall polynomials in xp""x" wi th coe ffici ents in K is denoted 

Definition 1.1 .3: Let f = L O"xu be a polynomial in K[x" ... ,x,,] 

i) We call a" the coemcicnt ofmonomialxo
• 

ii) Ifa" *" 0, then we ca ll a"xo a term off· 

iii) The total degree of f, denoted dcg(j) , is the maximum lal such that the 

coeffici ent au *" o. 
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Example 3: f = 4XSyz2 +"!"x1z + 3yz -/ has four lcnns and total degree eight. 
2 

Definition 1. 1.4: Given a fi eld K and a positive integer n, we define the 

n-dimensional affine space over K to be the set 

K " = {(al, ... , o,, ): 01 •...• 0" e K}. 

Example 4: Consider K = 91, we ca ll Kl = K the affi ne line and K 2 the affin e 

plane. 

Let us next see how polynomials relate to affine space. A polynomial 

/ = :L CI"xu E K[x, , ... ,x,, ) gives a functi on f: X" ~ K by 

where (01) 0 2, ... ,{I,, )e K n . The ability 10 regard a polynomial as a function is what 

makes it possible to link algebra and geometry . This dual nature ofpolynomiaJs 

has some unexpected consequences. 

Example 5: f = 0 has two potentia l meanings, 

i) f is the zero polynomial, i.e. all of its coefficients au are zero. 

ii ) / is the zero function, i.e./(a" ... ,".) = 0 fora ll ( a"a" ... ,".)EK·. 

These two statements arc not equivalent in general, for example; 

Consider F ,= {O, I}, x ' -x = x(x-I )E F, Ixl. 

Since this polynomial vanishes at 0 and I. Then we have found a nonzero 

polynomial which gives the zero function on the affine space F ~ . However, as 

long as K is infin ite, there is no problem. 

Proposition 1.1 .5: Let K be an infinite fie ld and let / E Klx"x" ... ,x. j .Then 

/ = 0 in Klx, , ... ,x.] if and only if /: K" --+ K is the zero function. 

Proof: Suppose / E Klx" x" ... ,x. j is the zero polynomial. Which implies all the 

coe ffi cients of J au = O. Thus, / is the zero function. 
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To prove the converse, we will use induction on the number of variables n. 

Ifn = 1, since a nonzero polynomial in K[x] ofdcgrcc III has at most III distinct 

roots. In part icular, assume for J E K (xJ, [« I) = 0 for all (I E K . Since K is 

in fin ite, and then f has infin itely many roots, and hence must be the zero 

polynomia l. 

Now assume thallhe converse is true for n-1 , and let / E K[XIIX1, ... ,x,,] 

N 

f = L g,(x p x2,···,X,,_I)X: , where g, E K[X1,X 1" ",x"_I]' ..... ( I ) ,., 
We need to show that , each g , is the zero polynomial in n-I variables. 

By our hypothesis on f, 

l(a.)=O for everya. E K. 

It fo llows from the first case, i.c. n = I that f(a,.(l2, ... ,a~_"xJ is the zero 

po lynomial in K[ x" ]. Us ing ( I), the coeffic ients of I(a" a" .. , a._"x.) arc 

g, «(II ,°2, ...• (1 ,,_1 ). Thus g, (0"°2",,, (1"_1) = 0 for all i . 

Since «(I. ,°2, ... ,0,,_1) is arbitrary in K n- I , it follows that each 

g, E K[ XI' x2 ' "" "' Xn_1 ] gives the zero function on K n- L • 

Therefore, f is the zero polynomial in Klxl'x2 ,""" , xn] " 

Corollary 1. 1.6: Let K be an infinite fi eld and let I,g E K[x, ,x" ... ,x. ]. Then 

1= g in K[x, ,x" ... ,x. ] if and only if I: K' -> K and g : K" -> K are the same 

function. 

Proof: Suppose 1= g in K[x"x" ... ,x. ]. 

:=) a ll the coefficients of f - g are zero. 

Then, 1- g vanishes at all points of K' . 
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Therefore, j,g E Krx"x!, ... , x ~ ] gives the same functi on on K ~ . 

Conversely; assume j ,g E K[XI .X2, ... ,x~ ·1 gives the same fUllction on K". 

Then f-g vanishes at all points of K" , that is, / - g is the zero function. 

By the above proposition, f-g is the zero polynomial. 

Therefore, f = g in K[x, ,x2 , ... ,x .. ] . 

1.2 AFFINE VARIETIES 

Definition 1.2.1: Let K be a fi eld and /,,j, •...• /, be polynom ials in K[x, .x, ..... x" J. 

Then we set 

V(f, .... ,j,) = {(o, .a, ..... 0" ) E K " : !. (a ,. a, ..... a" ) = O/orall l S ; s s} . 

We eall V{!,,j, .... ,j,) the affine vlIriety defined by !,,j, .... ,j, .Thus. an affine 

va rieties V(~ .f2, ... tis ) ~ Kit is the set of al l solutions orthe system of equations: 

~(XI ' .\'2'··"X,, ) = ... = [.(x i ,x2,,,,, x,, ) = 0 

We wi ll usc the Ictter V , W, etc to denote arline variet ies. 

EX:'lmplcs 1..1) Consider the plane 9t ! wi th the variety Vex ! + y2 - 1) which is the 

circle of radi us I centered at the origin. 

( '\ 

j 
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b) Graphs of polynomial functions arc affine variet ies. (the graph ofy ~f(x) 

is V( y-f(x))) . 

c) Graphs of rational functions arc affine va riet ies. For example, the graph 

f x' - I . h fC ' , o y = -- IS t ea IInC va riety V(xy-x + I) . 
x 

d) Consider K= 91 , then V(Xl + yl + I) = ¢. Since x2 + / = - 1 has no 

real solution. (A lthough there arc solutions when K= C). 

LCIIlTml 1.2.2: If Y, W~ K N arc arnnc var ieties, then so are V v W andV n W. 

Proof: Suppose that V~V(f, ,f2'''',f, ) and W~V(g" g 2, .. . ,g, ). Then we claim 

that: 

i) V n W ~V( J,,f2, .. . ,f.,g,, g2, .. ·,g, ) 

ii ) VvW ~ V( /, g , : 1 ~i~,., I ~j~ ') 

To prove (i), ]ct (al .o2 ' .... o,,) E V il W. By the property of intersection, we have 

(°1.°2, ...• 0,, ) E V and ( 0 .. 02, ... ,0,, ) e W . 

::::::> r,(0,,02""' 0,, ) == 0 and g J(a l .1l2 .... ,a .. ) = 0 for all l :5 i :5s, l :S:j:5 t 

respectively. 

Thus, (Cl I' Cl z" ",o ,, ) E V( J;'/2.···./, ,gpgl,· .. ,g, )· 
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Going the other way, choose (bp b2, ... ,b,,)e V (J. .f1 ..... /$'g •. g 2' ...• g , ). Then 

I. (b" b" .. . ,b,,) ~ 0 ~ g, (b, ,b" ... ,b,, ) for all 1 5 i 5 s , I S j S I respeclive ly. 

Thus, (b, ,b, , ... ,b,,) E V (I. ,f, ,. .. ,f, ) and (b, ,b" ... ,b,,) E V (g, ,g, , ... ,g, ). 

Hence V n W ~ V (I. ,f" ... ,f" g"g, ,. .. ,g, ). 

ii) Lct (ap a1, ... • an)e V. 

=>J. (a" ... ,a,,)= O for alii s i s s 

=>J. g, (a" ... ,a,,) = O for aIiI S i S.,,15jS / . 

Thus V ~ V (J.g j ) and W ~ V (1;g) follows similarly. 

Hence, Vv W~ V ( 1;g, ). 

To see the reverse inclusion, let (apoz, ... ,a,, ) E V (J,g J)' 

I f (ol,a 1, ... , a ll ) E V , nothing to prove. Suppose nOI, then there exist i" such that 

1;. (a, ,a, , ... ,a,, ) ,, 0. Since ( 1;. g) ( a, ,a, , ... ,a,, ) ~ 0 for all j , Ihen 

g,( a" a" ... ,a,, ) = O fora ll j. 

This shows thai V ( 1;g, ) ~ VvW. 

Therefore, V v W =V(1;8 , : l S i 55,15 j S /). 

EX;lmple 2.a) Consider the union of the (x, y) -p lane and the z-axis in affi ne 

3· space. We have V (z) v V(x, y) ~ V(zx, zy). 

b) The twisted cubic V(y.x ', z·x ' ) in 91 ' 

V(y - x ' )n V(z - x' ) = V(y - x', z - x' ). 
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1.3 IDEA LS 

Definition 1.3.1: A subsctl ~ K[XI,X1,. .. ,x,, ] is an ideal irit satisfies the following 

conditions: 

i) 0 e I 

ii) If /,gel , then /+ge l 

iii) If J E I and h E Klxpx1, .. . ,x,, ], then hi E J. 

The first natural example of an ideal is the ideal generated by a finite number of 

polynomials. 

Definition 1.3.2: Let /t'/2 .. .. . /, E K[XI ,X1, ... ,x,, ]. Then we set 

, 
< J; '/2 ,. .. . /. >= {L h,/. : "I ."2 ..... h, E KlxpX J> ... ,xJ} . ,., 

The crucial fact is th at < 1; ./2 •.•. ,/, > is an ideal. 

Lemma 1.3.3: If J,./, , ... ./, e K[x, ,x, , ... ,x. J, then < J, ./" ... ./, > is an ideal of 

K[x, .x, •... ,x. J. We will call < J,./, , ... ./, > the ideal generated by J,./, .... ./, . 

• 
Proof: Fi rst, 0 e</,./, .... ./.>. since 0 ~L 0l.. ,., 

" 
Next. let f. ge < /,./, , ... ./, >. that is./ = L p,l.. g~ L q,1. and 

,. 1 ,. 1 

" .' 
Then./ +g = L p,1. + L q,l. · 

,-I ,· 1 

, 
~ L<p,1. + '1 ,1. ) ,., 

,., 

Thus,/+ge< /" ... ,f, > . 
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And also, hJ ~ hI p,/. ~ I h(p,/.) ~ I (h", )/. . ,-, ,-, ,-, 

=> hJ e< /''/" ... ,/, >. 

Therefore, </''/" ... ,/. > is an ideal of Klx" x" ... ,x. j . 

Proposilion 1.3.4: If /,,/, , ... ,/, and g"g" ... ,g, arc bases of lhe same ideal in 

V(/" ... ,/, ) ~ V(g" ... ,g,) 

Proof: Assume that < -" ,/2' .... / .> = < gl'g 2, ... , g, >. We need to show that, 

V( /, ,/" ... ,/,) ~ V( g"g , , ... ,g,). 

Let (0 , ,0, , ... ,0. ) E V(/,,/, , ... ,/, ) 

Since g, E</,,/, , ... ,/.> for all i~ l , 2, ... , t. 

Then, g,(ap a2' ...• a~ ) = 0 for all j= I, 2, ... , t. 

Hence (0" 0,, ... ,0. ) e V(g, ,g" ... ,g,). Which implies Ihal, 

V(J,'/" ... '/') ~ V( g"g" ... ,g, ). 

Si milarly we have V(g"g" ... ,g ,) ~ V( /,,/,, ... ,/, ). 

Therefore, V( /,,/, , .. . ,J, ) ~ V( g" g , , ... , g, ). 

Exa mple I: Consider Ihe variety V(x+y, x-y). To show, V(x+y, x-y) ~ V(x, y) 

First, we have to show that, <x+y, x-y> = <x. y>. Since x, ye<x, y>. 

::::) x+y, x-y E <x, y> by the definition of ideal. 

Thus, <x+y, X-Y> c:;;;;: <x, y>. 

Next, s ince x+y, x-y e<x+y, x-y>. 

Then, (x+y) +(x-y) ~ 2x e<x+y, x-y>. 

:=) x e<x+y, x-y> 

And also (x+y)-(x-y) ~ 2y e <x+y, x-y>, 

:::::) y e<x+y. x-y>. 
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Thus, <x, y>~<x+y, x-y>. 

I-Ienee <x, y> ~ <x+y, x-y>, so Ihal V(x+y. x-y) ~ V(x. y) ~ «0.0» . 

Definition 1.3.5: Let V ~ K ~ be an affine variety. Then we set 

I (V) ~ {f E K[x" x" .. .• x"l : J (a" a, •...• a. ) ~ 0 ror a ll (a , .a, •...• a.j E V). 

The crucial observation is that f(V ) is an ideal. 

Lem ma 1.3.6: If V ~ K ~ is an affi ne va riety, then I (V)~ K [XI ' X2 •. .. ,x,, ) is an idea l. 

We will ca ll I(V) the idea l or V. 

Proof: Now since the zero polynomial vanishes on all of K ~ . In particular it 

vanishes on V. Then OE I(V). 

Next, suppose that J. g E I(V) and hE K[x,. x , •... , x . l . 

Let «(11, ° 2, ... ,(1" ) be an arbitrary point of V. 

Then, (/ + g)(OI. (l2 •.. .• (I ,, ) = [ (°1, ... ,0,, ) + g(OI •... ' (I ,, ) 

~ O+O ~ O 

Then, J + g E I(V). 

And al so, (hf)( 0 1' (11' , •• ,(1" ) = h( (I I , (1 2 " .. , a" )ft lip (l l , ... . a" ) 

~ O 

Thus, hr E I(V). I-lence I(V) is an ideal. 

Example 2: Consider the variety {CO, 0)) consisting or the origin in K ' . 

Our claim is I({(O. O)}) ~ <x. y>. 

Si nce for any polynomial or the form 

A(x, y)x + B(x. y)y vanishes at the orig in. 

Then <x. y> >:; I( {(O, O)}). 
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To see the other way, suppose that f = L a"x'y J vanishes at the origin . 
'.' 

Then, aoo~f(O, 0) ~O. 

Thus , I({(O, O)))~<x, y>. 

< (,,f,, ... ,f, >c I(V(f,,f, , ... ,f,». 

, 
Proof: Let JE<J,,f,, ... ,J, >, i.e.,f = '[. ".1, for some ,., 

V(J,,f,, ... ,f, ), we have 

'[. ".I, must vanish on V( J,,f, , ... ,f, ). 

Thus, J vanishes on V( J, ,f" ... ,f, ). Hence, J E I(V(J" ... ,f,». 

For the second part of the Lemma, we need an example where 

I(V( J,,f, , ... ,f, )) is strictl y larger than < J,,f, , ... ,f, >. We will show that the 

inclusion < x2 ,y l >c I(V(x ! ,/» is not equali ty. 

First compute I(V( x' ,y ' )). 

The equations x 2 = Y 2 = 0 

=> V( x' ,y' ) ~ ((O,O)). 

From the previous example, since I({(O,O))) ~ <x, y>. So that 

I(V( x' ,y' )) ~ <x, y> . 

To see that <x, y>c I(V(x ! ,y2», note thatx e:< Xl , y ! >. Since for 

polynomials orthe form h.(x ,y)x2 + h2(x.y)y l , every monomial has total 

degree al least two. 
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Proposition 1.3.8: Let V and W be amne varieties in K" . Then: 

i) V!;;Wifandonlyif l (V) ~ I(W). 

ii) V~ W if and only if I(V) ~ I(W). 

Proof: i) Suppose V k W. Then any polynomial vanishing on W must vanish on V. 

I-lenee I(V);2 I(W). 

To show the converse, assume that I(V) ;;? I(W). 

Since W is the variety defined by some polynomials 

=:> g"g" ... ,g, E I(W) !;; I(V) 

I-(cnce the g, 's vanish on V. Since W consists orall common zero of 

thcg, '5. Thus, V ~ W. 

i i) is an immediate consequence of ( i). 
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CHAPTER TWO 

2. THE IDEAL-VARIETY CORRESPONDENCE 

In this chapter, we wi ll explore the correspondence between ideals and va rieties. 

Also we will prove the Nullstellensatz, a celebrated theorem which identifies 

exactly which ideals correspondence to va riet ies. This wi ll allow liS to construc t a 

dictionary between geometry and algebra , where any statement about varieties can 

be translated into a statement abo lit ideals (and conversely). 

2.1 ORDERING ON THE MONOMIALS IN KI XI ,x, , ... ,x" I 

Irwe examine in detail the division algorithm in K[x] , we sec that a notion of 

ordering of terms in polynomials is a key ingredient. For example, in dividing 

f(x) = x ~ - 3x 2 + 1 by g(x) = x 2 
- 4x + 7 by the standard method, we would : 

• Write the terms in the polynomials in decreasing order by degree in x. 

• At the fi rst step, the leading term in f is x' = x, . x 2 = x, . (leading term in g). 

Thus, we would subtract X l . g(x) from fto cancel the leading te rm, leaving 

4X 4 _ 7x l _ 3x 2 + 1 . 

• Then, we would repeat the same process on f (x) _ Xl g(x) ,elc. , until we obtain a 

polynomial of degree less than 2. 

For the division algori thm on polynomials in one var iable, then, we are dea ling 

wi th the degree ordering on the one-variable: 
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The success o f the algorithm depends on working systematica ll y with the lead ing 

terms in f and g. and not removing terms :'a1 random" from f using arbitrary terms 

from g. With these considerations in mind, we make the fo llowing definition. 

Definition 2.1 .1: A monomial ordering on K[xi "." x~ ] is an ordering > on Z;o 

such that: 

• > is a total (or linear) orderi ng on Z;o . 

• Givenxo ,xP, x' , lhal x" > xP => xUx' > x px' . 

• > is well-ordering on Z;o ' This means that every noncmpty subset of Z;o 

has a smallest element under >. 

A simple example of a monomial order is the usual numerical order 

... > m+ 1 > m> ... > 2> 1> 0 

on the clement of Z;z,o' since it satisfy the three condit ion of monomial ordering, 

hence the degree ordering ( I) on the monom ials in K[x] is a monomial ordering. 

OUf example oran ordering on n-tuplcs will bc lexicographic order (or lcx order). 

Definition 2.1.2: (Lexicographic order). Let 

a = (a l' a 2 , ... , a .. ) and ,0 = (PI' ,02 , ... ,,0 .. ) E Z;o ' Wc say a >'u ,0 if, in the vector 

diITcrcncc a - ,0 E Z", thc left-most nonzero entry is positive. We will write 

• P 'f P x >'r:J x 1 a >'r:f . 

Example I: a)(2 , 3, I » /u ( I, 4,2) sincea - P = (I,- t,- I). 

b) (6, 4, 8) >/u (6, 4,2) s ince a - P = (0,0,6). 

c) The variables Xl'X2""'X" are ordered in the usual way by the lex 

ordering 
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(I , 0, 0, ... , 0) > 'u (0, I, 0, ... , 0) > ,,, ... > ,,, (0, 0, 0, ... , I). 

We will end this section with a discussion afhow a monom ial ordering can be 

applied to polynomials. 

If f = L O"x'" is a polynomial in K[xlt't2, ... ,xn 1 and we have selected a 
" 

monomial ordering >, then we can order the monom ial of f in an unambiguous 

way with respect to >. 

For example, f = 4xy2Z+4z1 _ 5x3 + 7X2Z2 e K[x,y,z] . Then, wi th respect to the 

lex order, we would reorder the terms of r in decreasing order 

as! = _5x 3 + 7X 2Z2 + 4xy 2z + 4Z2 . 

Proposition 2.1.3: The lex order on Z;o is a monomial ordering. 

Proof: i) The relation> Itx is a total ordering. Since from the defini tion and the fact 

that the usual numerical order on Z~O is a lotal ordering. 

ii ) Let a >/'" fJ .The left-most nonzero entry in a - fJ, say a. - fl. is posit ive. 

But x" x6 = xa
+

d and xfJ xd = xP.d, thcn in (a + 8) - (fl+8) = a-fJ· 

::::> The left-most nonzero cntry is aga in a. - fl. > O. 

iii ) Suppose that > lox werc not a wc ll -ordcring. 

::::> There is ¢ ¢. Ss; Z;o has no least elcment. 

Now pick a(l) E S. Since a (I ) is not the least element, thcn we can fi nd 

a(l) >,,, a(2) in S. Thus, a (2) is also not the least clement, so that there is 

a(2) >kx a(3) in S. Conti nuing this way, we obtain an infinitc strictly 

decreasing sequence a(1) >'u a(2) >'u ... of clemcnts of Z;o ' 

We claim that this leads to a contradiction. 
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Consider the first entries oflhe vcctors a (i)e Z;o . and then by the definition of 

lex order, these fi rst entries fonn a non increas ing sequence of nonnegative 

integers. Since Z~ is well-ordering, the fi rst entries or lhe a (i ) must stabilize 

eventually. That is, there exist k, such that all the fi rst components of 

the aU) with i;:: k are equal. 

Beginning al a(k) , the second entries of a (k) ,a(k + I) •... form a non increasing 

sequence. By the same reasoning as before, the second entries stabilize 

eventually as well. 

Continuing in the same way, the a(l),a(l + I), ... all arc equal for some'. This 

contradict with the fact that a(l) > /u a(l + I) . 

Definition 2.1.4: Let f = I a"x" be a nonzero polynomial in K lxp-\"2'···. X .. J 

• The leading monollli,, 1 of f, written LM(f) is LM (f) = x'· 

• The multidcgrcc of f is the degree of the leading monomial. Wri tten 

mU/li dcg(f) = a lii ' 

• The leading coefficient is Le(f) = a. 

• The leading term is LT(f) = a. x"- LC(f).LM(f) . 

Exa mple 2: Let f = 4xi z + 4Z1 - 5xJ + 7 x2 Z2 and let > denote the lex order. Then, 

mll .ti deg(f) = (3,0,0) 

LC(f ) ~ - 5 

LM(f) ~ x ' 

LT(f) ~ -5x ' . 
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2.2 MONOM IAL IDEALS AND DICKSON'S LEMMA 

In this section, we will consider the ideal description problem for the special case 

of monomial ideals. To start, we de fine monom ial ideals in K[XI ,x1' ...• x,, ]. 

Definition 2.2.1: A monomial ideal is an ideal I ~ K[xl'x2 ,. •• , xJ such that there 

is a subset A t;;;; Z;o (possib ly infinite) such that each f e I can be written 

as Lhoxu , whereha E K[XI ,X1, ... ,x"J, and every func tion of this form is in I. we 

"" 
write this as 

I =< x l' : a E A > . 

Example I : 1 =< ;r 4y 2 ,X l y4 , x l y } ~ K[x,y] is a monomia l ideal. 

Lem ma 2.2.2: Let I =< X U : a E A > be a monomial ideal. Then a monom ial 

x P lies in I if and only if x P is divis ible by XU for somca E A. 

Proof: ( <= ) Let x P is divisible by X U for somca E A. 

=:) xP is a multiple of x" • x Pe I by the defin ition of ideal. 

( => ) If x PEl , then by definit ion 

• 
x P = L h,x"(') ,where h, E K[X ,' Xl ' ... . X~ I and a(i) E A ,-, 

If we expand each h I as a linear combination of monomials, then every term 

on the right side of the equation is divisible by some x a(,) . Hence, x P is 

divisible by x(l for somc a e A. 

Let us next show that whether a given polynomial f li es in a monomial ideal can 

be determined by looking at the monomials of f. 

Lemma 2.2.3: Let I be a monomial idea l and letfE K[x" x, •.. . ,x. l · Then the 

fo llowing are equiva lent : 

(i) f E I 

(ii) Every term of f li es in I. 
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(iii) / is a K-Jinear combination of the monomials in I. 

Proof: (ii i) =>(ii). Suppose f is a K-lincar combination of the monomials in I. 

Since I is an ideal then every term of f lies in I. 

Nex[, [0 show (ii) =0 (i), assume every term of flies in I, [hen J lies in I, 

because J is an ideal. 

Finally, [he proofof(i) =o (iii) is simi lar [0 what lVe did in Lemma 2.2.2 . 

Corollary 2.2.4: Two monomial idea ls arc the same ifand only i f they contain the 

same monomials. 

The main result of this section is that all monom ial ideals of K[ xp x
2 

• . • ,x .. ] arc 

finitely generated. 

T heorem 2.2.5: (Dickson's Lcmmn). A monom ial ideal 

1 =< X O :a E II >~ Klx" ... ,x,, 1 

can be written down in the form 1 =< x"(I) ,. .. ,xo ! , ) > . whcrc a(I), ... ,a(s) E A . 

in part icular, I has a finite basis. 

Proof: By induction on n. 

Ifn = 1, then I is generated by the monomia ls x~ whcrca e A ~ 2 2:0' 

Le[ fJ be [he smalles[ elemen[ of A >; Z ... Then fJ ~ a for alia E A , so [hal 

xr divides all other generators x~ . 

=> I =< x(>. 

Now ass lime that n > 1 and that the theorem is true for n- J. We wi ll write the 

variables asx1 " "'X,,_1>Y' so that monomials in K[x, ,,,,, x". I>Y ] can be written 

as .t
Q y", where a = (ap, .. ,a,,_,) E Z~I and m E Z~ . 

Suppose that I c;;;; K[x ..... ,x,,_I'y ] is a monomial idea l. We need to fi nd the 

generators for I. Let J be the ideal in K! xl""'x,,_.J generated by lhe 

monomials x" for which XU y " e I for some III ~ O. Since J is a monomial 

ideal in K{ x1, ... ,X".1]' By our inductive hypothesis, 
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::::) fin itely many of the xu 's generate J, sayJ =< ,\'"0 (1) , ••• ,xQ (~) >. 

The ideal J can be understood as the projection of I into K[x, , .... x. _,] . 

The de fini tion of J tells us for cach J .s i :S !i. x"C'1 y '" E I for some 111, 2: 0 . 

Let m be the largest of the m" Then, for cach k between 0 and m- I, consider the 

ideal J t ~ K[xi , .. " xn_1] generated by monomials x P such that xP yt E I . One can 

think of J k as the slice of I generated by monom ials containing y exactly to the 

k'h power. Then, ./~ has a finite genera ting sel ofm onomiais, say 

.I. =< x u,(l) , ... ,xtl'( ,',j >, (using our induct ive hypothesis). 

We clai m that I is generated by the monomials in the following list: 

f J. a(I ) ", a('l,., 
rom . x y ' "'' x Y. 

from J .. - 1: x" .. -,(I)y"' -1 , ... ,Xu" ,( .... ,) y ... - I 

First note that every monom ial in I is divisible by one on the Ji st. To see why, 

Let xU y P E J. Ifp ~ m , then Xo y P is divisiblc by somc XUI')y" by the construction 

of J. 

On the other hand, if p .:5 m - I, and then XU yP is divisible by some xo, I ) ) y P by the 

construction of J p ' 

==:> By Lemma 2.2.2, the above monom ials generate an ideal having the same 

monomials as I. By corollary 2.2.4, our claim is proved. 

Finally, let J =< X o : a E A >~ Klxl , ... ,x"J. 

We need to show that I is generated by finitel y many of the xU ' 5, wherca E A . 

By the above induction, since J =< x P(I) , ... , x p(·) > for some monomials x PI') in I 

and also x p(,) E J =< XU : a E A > 

==:> x pI ') is divisible by x U
(') for some a(i) E A. 
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:=) xPC
" = XQ(I' X ,C.j for some monomial yO) e K[x, •...• x,, ) by lemma 2.2.2. 

=> x .8(') and x
a CI

) generate the same ideal. 

Then, I = <xQ(I) •... ,x(>'(S» . This completes the theorem. 

2.3 THE HILBERT BASIS THEOREM 

In this section, we will give a solution of the ideal description problem, that is, can 

every idea l I ~ K[X I ,X2, ... ,x"J be written as </..'/2""'/'> for 

some!;'!2""'!' E K[x" x2 , .. . ,x,, ]? The key idea \\le wil l usc is a monomia l 

ordering, each fe K[xp x2 , ... ,x,, ] has a unique leading tcrm LT(f). Then for any 

ideal I we can defin e its ideal of lead ing terms as follow: 

Definition 2.3.1: Let I ~ Klx, .x, ... .. x. 1 be an ideal other than {OJ . 

i) We denote by L T(I) the set of leading terms of ciements of I. Thus. 

LT(I) ~ {ex" :there exist f e I with LT(!) ~ x· }. 

ii) We denote by <LT(I» the ideal generated by the clements of L T(I ). 

!fwe are given a finite generating sel for I, say I =< J;,/2,. ..• fs>. then 

< LT( f,) .... . LT(f, » and <L T (I» may be difrerent ideals. 

fro m the definition since LT( f,) e LT(I) r;;< LT(I ) > 

=> < LT(f,) ... .. LT(f. ) > ~ < LT(I». 

However, <L T(I» can be strict ly larger. To sec this, consider the next example. 

Example I: Let I =<J;'/2>' where J; =xl _2xy and 12 =x 2y+x_2 y 2. Using lex 

ordering on monomials in K[x, yj. We have, 

x( x' y+x-2 y')-y (x ' -2xy) ~x ' . $0 that x' e I . 

=> x' ~ LT(x' ) e < LT(I) > . However. x ' is not di visible by L T( f, ) ~ x, or 

LT(f, ) ~ x ' y. then by lemma 2.2.6. X' E< LT(f,).LT(f, ) > . 
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Proposit ion 2.3.2: Let I ~ Klx" x" ... ,x. l be an ideal 

i) <L T(I» is a monomial ideal. 

ii) There are g" g2" .. ,8, e I such that 

<LT(I» = < LT(g,), LT(g, ), ... ,LT(g, ) > . 

Proof: i) The leading monomials LM(g) of elements g e 1 - CO} generate the 

monomial ideal <LM(g): ge I - {O} > . Since LM(g) and LT(g) differ by a 

nonzero constant, then <LT(g): ge I - {O }> =<LT(I». 

Therefore, <LT(I» is a monomial ideal. 

ii) Since <LT(I» is generated by the monomials LM(g} for ge 1 _ {O} . Since 

all monomials of K[x .. x1 •... ,x,, ] are fi nitely generated, by Dickson's 

Lemma: 

=> <LT(I» = <LT( g,), U(g , ), ... , L1'(g, ) > for fin itely 

many g" g" ... ,g, e I. Since LM(g ,) differs Ii'om LT(g , ) by a nonzero 

constant. I'lence, <LT(I» = <LT( g,), L1'(g , ), ... ,1.1'(g,) > . 

Theorem 2.3.3: (Hilbert Basis Theorem). Every ideal I !: K[XPX2" "' X,, ] has a 

finite generating set. That is, < I =< gl ,82 .. .. , g, > for some gl' g 2 "." 8, E I . 

Proof: II' I = {OJ , we take our generat ing set to be (OJ. This is certainly finite. 

If I contain some nonzero polynomial, then a generating set gp8 1' .... 8, for I 

can be constructed as follows. 

By the above proposition, there arc 8 I, g2,. .. ,g, E I such that 

<L T(I» = <L T( g , ),LT(g, ), ... ,LT(g, ) > . We claim that I =<g, ,g" ... ,g , > . Now 

since each g,E I, then <g p g2,. .. , g,>~ I. 

To sec the other way, let fe I be arbi trary polynomial. To divide r by 

< gl. gZ ... ·,g, > apply the di vision algorithm, then we get 

/=algl + a2g2 + ... + a,g, + r 
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Where no term or r is divisib le by any or LT( g,), L7'(g ,), ... ,LT(g, ). We claim 

that r = O. To see this, note that r = /- a,g,- ... - a,g,e / . If r '#. O, then 

L T(r) E <L T(I» ~<LT(g, ), LT(g, ), ... , LT(g,) > . Which impl ies that, LT(r) must 

be divisible by some LT( g, ) contradict wi th the assumption (i.e ., no 

term or r is divisible by any or LT(g,),L7'(g , ), ... ,L7'(g,». Hence, r must be 

Our second consequence of the Hilbert Basis Theorem wi ll be geometric. Up to 

this point, we have considered affine varieties as the scI of solutions of specific 

finite sets of polynomial equations: 

V (f,'/, , ... ,/, ) ~ { (a" a, ,,,., ".) E K' : ;; (a , , ... , a. ) ~ 0 ror a ll i}. 

The !-lilbert Basis Theorem shows that , in fact, it also makes sense to speak orlhe 

affine variety defined by an ideal ! !: Kl xl>"\'"2" "'X,, ) . 

Defin ition 2.3.4: Let I >;; K[x" x" ... ,x. l be an ideal. We will denote by V(I) 

the set V(I) ~ (a " a" ... ,a. ) E K·:f(a" ... ,a. ) = O rorall fE /} . 

Even though a nonzero ideal I always contains infinitely many different 

polynomial s the se t V(I) can still be defined by a finite set o r polynomial 

equations. 

Propositio n 2.3.5: V(I) is an amne variety. In panicular, ir I =<1,,/, , . . ,/, >, 

then V(I) = V(I,,/,, ... ,/, ). 

Proof: By the Hilbert Basis Theorem, I =< 1. '/ 2, ... ,1:> for some finite generating 

set. We claim that, V(I) ~ V (1,./" ... ,/, ). 

First , s ince ;; E I. i r r (a , ,a, , ... , a.) = 0 ror all f e I so V(I) >;; V( 1,./, , ... ,/, ). On 

the other hand, let rE I since I ~< I,.j, , ... ,/, >, then 

• 
/= L h,/, for some It, e K[ xpx! ..... x"J ,., 
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, 
But then , J(o, " ",0" ) = I h, (o" ... ,Q" )I.(o" ... ,,," ) ,., 

, 

= I ii, (0 , " " ' 0" ).0 = 0 .. , 
Thus, V( J,,J, , ... , I. ) ~ V(J) and hence, V(I) = V( J, ,J, , ... ,1. ). 

2.4 RADICAL IDEALS AND THE IDEAL-VARIETY 

CORRESPONDENCE 

In the previous chapter, we saw that 

I(V) = {f e K[x, , ... ,x" ]: J(x) = 0 for all x e V}. 

A variety V !;; K " can be studied by pass ing to the ideal orall polynomials 

vanishing on V. That is, we have a map 
, 

affine varieties ~ ideals 

V I(V). 

Conversely, for all ideal I ~ K[XI ' X1 ...... \·" L we can define the sct 

V(J) = {x e K " :J(x) = O for aIi Je /}. 

By Hilbert Basis Theorem, there exist a finite sel of polynomials J; t ' ., j. E I such 

that 1 =< 1; ,··. ,f. >. Since V(I) is the sct of common roots of these polynomials. 

Thus, we have a map 
,. 

ideals -+ affine varieties 

V(J) 

These Iwo maps give us a correspondence between ideals and varieties. BUI the 

map V is not onc-Ia-one because two different ideals can give the same va riety. 

For example, < x > and < x 2 > are dirrercnt ideals in K[x] wh ich have the same 

variety V(x) = Vex ' ) = {O}. 
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Theorem 2.4.1: (The Weak Nu llste llensatz). Let K be an algebraically closed 

field and let 1<;;;. K[x"x" ... ,x" l be an ideal sati sfyi ng V(I) = ¢ . Then, 

1 = K(X I ' X2' ...• x,, ]. 

Proof: Suppose 1 <;;;. K[x"x" ... ,x" jbe an ideal with V(I) = ¢. We claim that, 

By induction on n, ifn = I and I l:; Klx ] satisfies V(I) =,p. We wi ll show that , 

I=K[x]. Since K is a field, then every ideal ofK l.x] can be written in the form 

< J > forsome J E K , that is, I =< J > . Then V(I) is the set of roolS of J . 

i.e .. Ihe sct a E K StlChfhal 1(0) = O. But since K is algebraica lly closed, then every 

non constant polynomial has a root. I-fence, V(I) = ¢ only if r is nonzero constant. 

This implies that, ~ E K. Thus, I = (~ Y E I. I-Ienee, I =K[x] . 

Now assume the condition is true for the polynomial ring in 11-1 variables, we 

wrile as K[X2 •...• X,, ]. Consider I =< ft , .. .. !. >~ K[X1. X2, ... ,x"J for which 

V(I) = ¢. Assume J; is not a constant and has tota l degree N :?: I. 

Consider the linear change of' coord inates 

X I = x1 

x2 =x2 +a2x" 

Where a , 's are as yet to be determined constants in K. Then, 

has degree < N. 

Since c(a" ... ,a,, ) is a nonzero polynomial expression in (/ 2 . ... ,a" and K is 

inrinite. Thus, we can choose (a 2 . .... a,, ) and c( (I , , ... . a,, ) '* O. 
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Then every polynomial / E K[x, •...• xJ goes over 10 a polynomial 

f E K[x, ..... x. J. I ~ {f : / E I } is an ideal in K[x" .... x. J and we have 

V(/) ~ ¢. Our claim is.l E I. To see Ihis. I. E I Iransforms 10 ], E I wilh 

~ (XI , ...• x~ ) = c(a2 , .. ·,oll)x1 N + terms in which XI has degree < N, where 

c( (1 21" .,all ) '# O. Let iTt ; K" ~ K,,-t be the projecti on mapp ing onto the lasl 

n-I components. I f we sct ~ = Tn K[x2 , ... , x" J as usual, then the partial solutions 

ill K II- I always extend, that is, V(~) = lr l(V(/». This implies that, 

V(~) ~ IT,(V(/)) ~ IT,(¢) ~ ¢. Thus. ~ ~ K/ x, ..... x. J by Ihe induclive hypolhesis. 

Then, I E ~ ~ T. Hence, l E I and the proof is complete. 

The Weak Nu llstellensatz Theorem tells us the correspondence between ideals 

and varieties is one-Io-one provided only that one restricts to algebraically closed 

field . 

Theorem 2.4.2: (Hilbert 's Nullstellensatz). Lei K be an algebraically closed 

field . I f 1.,/, .... ,/. E K[x" .... x. J are such Ihal/ E I (V(I. ..... /,)), Ihen Ihere ex iSIs 

an integer m ~ I such that 

r E</, .... ,/. > (and conversely). 

Proof; Let / E !(V(}; •... ,j,» . Then fvani shes at every common zero of the 

polynomia ls.!;, ... ,j, . We claim that , there exist m ~ I and polynomials A1, ... , A, 

such Ihal r ~ ! A.1. . 
• · 1 

Consider Ihe ideal, I ~< /, ..... /, .1 - y/ ~ K/ x" ... x •• y ]. We have 10 show Ihal. 

V(/) =¢. To see this let (ap ... , a", a"'J ) E K"'J, either (al .... ,a ,, ) is a common zero 

of 1../, .... ./. or (0" .... 0. ) is nOI a common zero of I../, ..... /,. 
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i) Since f van ishes at any common zero of J,.I, , ... ,J, . Thus, I-yf takes the 

va lue 1- o"'J/(ap ... ,a J = 1 :I; 0 al(0l' ... ,o", (I". I)' In 

particu lar(u, .... ,a" ,0",1 ) \! Va ). 

ii) For some i , 15 i S s , wemusl have /' (o" ... ,o,, )¢O,Lcl /, bea 

functi on of n+ I variable which docs not depend on the last variable, 

then /, (ai" '" (I " ,an,, ) *" O. In particular we again conclude 

therefore, V (7) = ¢ . 

Now apply the Weak Nullste llensatz to concl ude that Ie 7, Ihal is, 

• 
I = I p. (x , , ... ,x", y) f. + q(x, , .... x".y )(I- yf) for somc fJ" q e Klx, ..... x",y 1. .. , 
Now set y = 11 f( x" ... ,xJ . Then. I = I P.(x" ... ,x., }f)f. . 

,,' 
Multiply both sides by [ OI. where In is chosen sumcicntly large to clear all the 

, 
denominators. Thus, f'" = L A,/, for some A, E Klx ..... . x" j . .. , 

Lemma 2.4_3: Let V be a variety. If r e I(V) , then f e I(V ). 

Proof: Let X e V. If r e I (V), then (f(x)) · = O. But this can happen only if 

I(x) = O. Si nce X e V was arbitrary, f e I(V). 

Definition 2.4.4: An ideal I is radical if I"' E I for some III ~ I implies that f E I. 

Corollary 2.4.5: I(V) is a radical Ideal. 

On the other hand, Hilbert's Nullstellensatz te lls us that the only way on arbitrary 

idea I can fai l to be the ideal of all polynomials vanishing on V(I) is for Ito 

contain powers f " of polynomials f which are not in I. 

In other words, for I to fail to be a rad ical ideal. This suggests that there is a 

one-to-one correspondence between affine varieties and radical ideals. 
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Definition 2.4.6: Let I ~ K[x,. x, •...• x. l be an ideal. The radical ofl. denoted Ii. 
is the set 

{f: / '" E I for some integer m ~ I}. 

Lemma 2.4.7: An ideal I israd ieal if and on ly if I = Ii . 
Proof: Fi rst. to show I ~ Ii. Since I e I. Which implies that.!' e I . 

Then I e Ii. Thus,! ~ Ii. To sec the converse inclusion. letl e Ii. Then by the 

definition, 1m 
E I for somem ;;;: I . Since I is a rad ical ideal, then I E !.Thus, 

Ii ~ I.Therefore. I =Ii .Next. assume that I =Ii, then 

1= { I ~ Klx, ....• x. l : rei for some integer 111 ~ I} . Then by the definition. I is 

radica l. 

Lemma 2.4.8: If I is an idea l in K[X I .X2 •... ,x,, ] , then !i is an idea l in 

K[X I ' X2.····X" 1 containing I. Furthermore. I is a rad ical idea l. 

Proof: i) We always have I k fi. To show I is an ideal fi rst, De JI since De I. 

Next, Ictj,g E Ji, then there arc positi ve integers In and I such that J'" ,gl e I. 

Using binom ial expansion of ([ + g)",./ .1 every term has a factor f' g ' with 

i + j = m + 1- 1. Since either i ~ m or j 2: I, then either f' or g' is in I, whence 

/' g l E I and every term in the binomial expansion is in I. "Icnce, (/ + g)",./-t E I . 

Therefore.! + g eli . 

Fi nally, let / E JI and h e K[x t , X2""' X~ I, then /'" E I for some m ~ I. Since I is 

an idea l. (hi) " = h" I" e I . Hence. hf eli . This shows that Ii is an ideal. 

ii ) To show Ii is a radica l ideal . let r e Ii for some integerm " I . Then. by the 

defini tion of radical ideal (/-Y E I for some integer n 2:: 1. This implies that, 

/ "'" E I for some mn;:: I . By defini tion, we have f E.[j. 

Therefore . .[i is a radical ideal. 
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Example I: Consider J < x2 ,y J X;;; K[x,yJ. We wi ll show that the radical of an 

ideal J is an ideal. 

Solution: First, since x, Y E J, but x, Y E J] . Since x 2 E J , then (xy )2 = x2 y 2 e J . 

Thus. xy E JJ . Secondly, (x + y) ~ = X4 + 4x ly + 6Xl y 2 + 4xy J + y. e J , because 

x~ ,4x
J 
y,6x

1 
y 2 E J ( all arc multiples of X l ) and 4xy J . Y ~ E J (they arc multiples of 

y ' ). Thus, x + y E Fl . But xy, x+y ~ J. 

Theorem 2.4,9: (The strong Nullstellensa tz). Let K be an algebra ically closed 

field. If I is an ideal in K[x"x" ... ,x. l , then I(V(I» = JI . 

Proof: Given I is an ideal in K[x, ,x" ... ,x. 1. Let f E JI , then by definition, rE I 

for some positive integer m. Hence, fill vanishes on V(I), which implies th at, r 

van ishes on V(I). Thus, f E I(V(I» . Conversely, let f E I(V(I». Then, fvani shes 

on V(I), By Hilbert 's Nu ll stellensatz, there exist m ;?: I :3 f " E I . But th is means 

that f E JI . Since fwas arbitrary, I(V(I)) <;; JI . Therefore, I(V(I» =JI. 
Theorem 2.4.10 :(The Ideal-Variety Correspondence). Let K be an arb itrary 

field. 

i) The maps 

arline varieties ~ idea ls 

and 

idea ls ~ affine vari et ies 

arc inclusion reversing, that is, if ' I!: / ] arc ideals, then V(l I ) ~ V(l2) and 

similarly. if VI ~ V2 are vari et ies, then I(VI ) :? I(V2 ) . Furthermore, for any 

variety V, we have V(/(V» =V. SO that I always one- to- onc. 

ii ) IfK is algebraically closed, and if we restrict to radical ideals, then the 

maps 

affine varieti es ~ radical ideals 
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and 

rad ical ideals ~ affine variet ies 

are inclusion-reversing bijections which are inverses of each other. 

Proof: i) First supposc / l ~ 12 , we claim that the map V is inclusion reversing. 

By Hilbert Basis Theorem there exists J; •... • / , E I I and gw .. ,g, E ' 2 such 

that I I =< 1; t " • • ,/£ > and ' 2 =< g p, .. ,g, > , Since V(l l ) is the SCI of 

common roots of gl . ... ,g, E ' 2' then V(l l ) is the set c reommon rOOIS of 

J, . ... ,j, EI,.because I, s;; I , . Hcnce. V(J,) ;2 V(J, ). 

Next, assume VI ~ V2 .We will show that, I (~) :1 1(Vl )' Since VI ~ Vp then 

any polynomial vanishing on V1 must van ish on VI ' Hcnce,l(V2 ) ~ I (VI )' 

Finally. to prove V(I(V)) =V. 1 r V= V(J, . .... [,) is a subvariety or K' . Since 

every f E I(V ) vanishing on V. then by definition orv we have. 

v s;; V(J(V)). 

To see the other way. let I, .... . J. E I(V). Thus, < I, .... . J. ><;; I(V) because 

I(V) is an ideal. Since V is inclusion reversing, 

then V(J(V)) s;; V( < 1, ... .. J. » = V . Thererore. V=V( I(V)), and 

consequently, I is one-Io-one since it has a left inverse. 

ii) Since J(V) is radical, we can think of I as a function which takes va rieties to 

radical ideals. Furthermore. V(I(V)) =V ror any variety V. We clai m that, 

I(V(I)) =1 whenever I is a rad ica l ideal. 

By Nullstellensatz since I(V(I ))= .fi and I being radical. then Ii = I. 

Hence. I(V(I)) =1. Thus, V and I arc inverse or each other. Thererore, define 

bisections between the SCI of radical ideals and affine varieties. 
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As a consequence of this theorem, any question about varieties can be rephrased 

as an algebraic question about radical ideals (and conversely), provided that we 

are working over an algebraica ll y closed fie ld. This abili ty to pass between algebra 

and geometry wi ll give us considerable power. 

2.5 IRREDUCIBLE VARIETIES AND PRIM E ID EALS 

Definition 2.5.1: An affine variety V ~ K" is irred ucible ifwhenever V is written 

in the fo rm V = VI U V1 , where VI and v2 are amne varieties, then either V = VI or 

v = V, . 

Definition 2.5.2: An ideal I ~ K[x l , ... ,x,, 1 is prime if whenever f .g e K[xp .. .• xJ 

and fg E I , then either f e I or gel. 

Proposition 2.5.3 Let V ~ K " be an affine va ri ety. Then V is irreducible ifand 

only ifl(V) is a prime ideal. 

Proof: ~ assume that V is irreducible. We need to show that I(V) is a pri me 

ideal. 

Let fg e I(V). Set V, = V n V(!) and V, = V n V(g ) ; these are affine varieties 

because an intersection of affine varieties is a variety. Then fg e I(V). 

~ V = VI U V2 Since V is irreducible. 

~ e i t h e r V = VI or V = Vp say V = VI = V ("'IV(f) 

~ f van ishes on V 

So that fe I(V). Thus, I(V) is prime. 

Conversely, assume that I(V) is pr ime and let V = V; U V2 • Suppose that V *- VI ' We 

claim that I(V)= / (V,). Since V, ~ V , then I (V) ~ I (V, ). 

For the reverse inclusion, s ince VI C V . 

=> I(V) c I(V,) 

Thus. we can pick / e I (V,)- / (V). Now take any g e I(V, ). Since V = V, u V" it 

follows that fg vanishes on V, and, hence,/g e I(V ). But I(V) is prime; 
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so that for g lies in I(V). Since IE I (V) • thus. g e I(V ) . This proves I (V) = I(V, ). 

whence V = V2 because I is one-Ie-onc, Thus, V is an irreducible variety. 

Corollary 2.5.4: When K is algebraically closed. the functions I and V induce a 

one-Ie-one correspondence between irreducible varieties in K" and prime ideal 

in K[xp ... ,x" J. 

Definition 2.S.S: An ideal I ~ K[xp""x,, ] is sa id to be maximal if I '# K[x p .... xJ 

and any ideal J containing I is such that ei th er J = I or J = K[x, , ... ,x,, ]. 

Proposition 2.5.6: IrK is any fie ld, a maximal ideal in K[xw.,x"l is prime. 

Proof: Suppose that I is a maximal ideal in K(x!, ... . x,, ] which is nol prime. 

=> there islg e I. where f. I and gE l 

Consider the ideal <I'> + I. Since I E I. then 1 c <I'> + I. If t e <I'> + I. then 

1= cf +h for some C E K[xl""'x,, ] and some he L Multiplying both sides by g, we 

get g = cfg+hg e I. This would contrad ict our choice of g. 

Thus. I + <I'>~ K[x, ..... x" J 

::::) I is not maximal. Again this contradicts wi th our assumption. 

Therefore, I is prime. 

Theorem 2.5.7: IrK is algebraically closed fie ld. then every maximal ideal of 

Proof: Let I ~ K[x, ..... x" J be maxima l. Since 1 ~ K[x, ... .. x" ]. V(I) ~ ¢ by the Weak 

Nullstellensatz. 

=:> there is some point (ap ... ,a,,) E V(I) 

=> l(a, ..... a" ) = Oforevery/e / . 

So that l e I({(a , ..... a.»)). Thus,! ~ I«((ap .... a"» )). We claim that 
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Hence, if I({(al ,· .. ,o,, )}) = <xt -01,X2 -a2 ""'x~ -an >, then 

I ~ < XI - 01 ,x2 - 02 , ••.• x" - all >. Hence, by the maximal condition I 

= < XI - 01 , X 2 - 0 2""'X" -a" > 

Let fe < X I - Op X2 -02"" ' X .. -a" >. 

:::::) J = ".(x i - (/ t ) + ... + h" {x,, -a,, ) , for some hp, .. ,h" e K!xp .... xlI ). 

Thus./(a" ...• a" ) ~ Owhere (a, •...• a")EV(I). 

=> I E I({(a, •...• a"») 

:::::) < XI - OpX2 - 02 , ... ,x" -a" > ~ J({(al ,· .. ,o,, )}). 

To see the reverse inclusion assume that 

I ({(a ..... ,a,, )}) <I. < XI - 0 " x 2 -02 ... ·.X" - 0 lt > 

=> V( < x, - a,.x, -o, •... • x" - a" > )a:V(J({(a, • ..• aJ))) 

:::::) (0" ... ,(/,,) r:::. (o" ... ,a,,) contrad iction. 

Thus, /( {(op"" all )}) ~ < XI - (/1 'X2 - 0 2 , ... ,x" - an >. 

Therefore, 1({(al .... ,o,, )}) = <x]- ol'x1 - 02 •...• X" -0lt >. Weare finished. 

Next, to show < XI - 0 1' X2 - 0 2""' X" - 0 " > is maximal. Suppose that an 

ideal J ;:, I . Then there exist I E J '1 ~ I . By the di vision algorithm 

/=At(x, - o,)+ .. . + A,, (x,,-o,, )+b for some Ap ... ,A" E K[xl, ... ,x" J and some 

bE K . Since A,(x, -a l )+ ... + A" (x" -a,, ) E I and f e J, we must haveb *- 0. 

However, since f E J and since A,(x , - a, ) + ... + A" (x" - a,, ) E I ~ J , we also have 

b ~ r-( A, (x , - a,) + ... + AJ t " - aJ) E J . 

Si nceb*-O , ~b E J,SO J = K(xw·, x" l · 

Corollary 2.5.8: lr K is an algebraica lly closed field. then thcre is a one- to-one 

correspondence between points of K" and maximal ideals ofKlxp ... ,x,, ]. 
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Thus, we have extended our Algebra-Geometry dictionary. Over an 

algebraica lly closed field , every nonempty irreducible va riety corresponds to a 

proper prime ideal and conversely. Every point corresponds to a maximal ideal , 

and conversely. 
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