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CHAPTER 1 

Preliminaries 

1.1 Polynomials of O ne variable 

Definition 1.1.1 Given a non-zero polynomial f E Klx J, let 

f= ao x" + til x .. •1 + ... +0,. where a, e K and 0 0 ;t O. [Thus m=dcg (f)J 

Then we say that, lIo x'" is the leading term of r, written LT (f) = Go x '" . 

Example f(x) ~2 x' -4x+ 3, then L T (I) ~ 2.< ' , deg (I) ~3 

Note: I r f and g are non zero po lynomials, then 

dcg(j) < dcg(g) if and only if LT (I) di vides LT (g) 

r,,-oposition 1.1.2. (The Division Algorithm ) 

Let K be a field and lei g be a non-zero po lynom ia l in *1x] .Then every f E k[x1 can 

be written asf = gq +r Whcrcq, r E k[x,!. and either r = Oor 

dcg(r) < deg(g) .Furthermore, q and r arc un ique. 

Proof: We first prove Ex istence of q,r .If dcg (g»dcg (0 then we set q = 0 and 

r = f .Dlhen-vi sc, dcg (f) ~ dcg (g) .Lel I = ao + ... + a.m.X"'" , 

and 9 = boo + ... + ~ .. x" , whe:u On #- 0 

Define the integerd = 11/ - II ~ O. We will usc inducti on in d. 

Lctd = O. thcn m = 11 . Wc sct q = ~ / ;.." and r = I - qg .Notice that q is well -

defined because b". #: 0 and that the coefficients of X'" in r vanishes 

,whence dcg(r) < III = deg(g). 

Induction step: Now we assume that this is true whenever d<k and 

let d ~ k, so that m~ n + k. Let!> =, -(a,., / b.)X··-"9. Notice that 

degh < deg/, whence by induction there exists {f " r with degT < degg 

and h = 'hg T" r ,Therefore 

I = II + ~ X .... - .. q = (ql + C1m )( .... - .. ) 9 + r I 
b" b. 

Whence define q = q, + (a,.,/b. )X
m
-. and the resu lt is true for d ~ k. 

Suppose that I =qg+T =Qg+R,with :1egr < degg and degR < degg, 



Rearranging we have R - r = (q - Q)9 ,whence g divides R - r.S ince 

deg(R - r) < degg, this ean only happen if R - r = O,whence R = r.ln thi s case 

g(q - Q) = O,which since 9 #- 0 implies that q - Q = 0 or , equivalently ,that Q = q. 

The polynomial q and r in the statement of the theorem arc called the quotient and 

remainder, respective ly. 

Finally we prove uniqueness . Prov ing the proposition is to show that q and rare 

unique . So suppose that l = qg + r = q'g + r' 1= qg + r = q'g + r' where both r and r' 

have degree less than g (unless one or both arc 0). Ifr ;lt r ' , then deg (r' -r) < deg (g). 

On the other hand, since (q - q')g = r ' - r ............ ( I). We wou ld haveq - q';ltO , and 

eonsequenl ly, deg(r - r') = deg((q - q')g) = deg(q - 'I') + deg(g) " deg(g). 

This contradiction forces r' = r and then ( I) shows that q' = q . 

Corollary 1. 1.3. If k is a field and I E k[x [ is a non -zero polynomial, then f has 

at most deg (I) roots in k. 

Proof: We will use induct ion on m = deg(j). 

When III = 0 , f is a non -zero constant, and the coro llary is obv iously true . 

Now assume that the coro ll ary holds for all po lynomials of degree III - I , and let f 

have degree m. 

Iff has no roots in k, then we arc done . So suppose a is a root in k. If we di vide f 

by x-a, then proposit ion 1.1.2 te lls us that l = q(x - 0) + ,. , where r E k , s incex - (I , 

has degree onc. 

To dctenn ine r, eva luate both sides atx = 0, which gives 

0 = ! (a) = q(o)(o - o) + r = r. 

It fo llows that I = q(x - 0) . Note also that q has degree III - \. We claim that any 

root of f other than a is a lso a root of q . To sec this, let b;lt a be a root o f f. 

Then O= !(b) = q(b)(b - a) implies Ihal q(b) = O since k is a field . Since q has al 

most III - I roots by our induct ive assumption f has at most m roots in k. 
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Corollary 1.1.41 f k is a field, then every idea of klxlcan be written in the form 

< I > for some I E klxl. Further more f is un ique up to multiplication by a non­

zero constant in k. 

Proor: Take an ideal 1 t;;;; k[x]. If I = {OJ, then we arc done since 1= < 0 >. Other 

wise let fbe a non- zero polynomia l of min imum degree contained in I. we claim 

that < f > = I. The inclusion < I >~ J is obvious since I is an idea l .Going the 

othcr way take g E J . By di vision algo rithm, we have g = (If + ,. where either 

r = 0 or deg(r) <deg (t).S ince I is an ideal , (If E J and, thus, r = g - (if e l.Jj r ;t 0 , 

then deg(r) <deg (f), which would contradict our choice of r. Thus r = 0 so that 

g = qf e < I > . This implies J ~< I > . 

Thus I = < f > 

To show uniqueness, suppose that < I >=< g > . Then I e< g > impl ies that 

f = hg for some polynomia l he k[x]. Thus, deg (I) = deg (h) +deg (g) ... ... (2), 

so that dcg(j) , dcg(g). 

The same argument with f and g interchanged shows dcg(g) O!: dcg(j) , and it 

foliows that deg (I) = deg (g). 

Then (2) impl ies that deg (h) = 0, so that h is non-zero constant. 

In genera l an idea l generated by one clement is called a principal idea l. K[x] is a 

princ ipal ideal domain, abbrev iated PID. 

The prove of Corollary l. 1.41ells us that the generator of an idea l in k[x] is the 

non-zero polynomial of minimum degree con tained in the ideal. 

Definition 1.1.5:-A greatest common di visor of polynomials I ,g e k[x] IS a 

polynomial h such that 

i. h di vides f and g 

ii. If P is another polynomia l which di vides f and g, then p divides h. when 

h has these properties, we write h = GCD ( f, g ). 
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Proposition 1.1.6 let j ,g e klxJ then: 

i .GCD (f, g) exists and is unique up 10 mult iplication by a non-zero constant in 

k. 

ii .GCD (f, g) is a generalor of lhe idea l< j ,g > . 

Proof. Cons iders Ihe idcal<j,g> . Since every idea l o f k[x] is pri ncipa l 

(corollary 1.1 .4), there ex ists he k[x] such Ihat , < f, g >= <h>. We claim that h is 

the GCD of f, g. 

To see this, first note that h di vides f and g since j ,g e< h > . Thus, the first part 

of Definition 1.1.5 is satis fied. 

Nex t suppose that p e k[x'[ di vides f, g. This means that f = Cp and g =Dp for 

some C,De kl'xl . Since h E< j,g> , there are A, B such that Aj+Bg = h. 

Substitut ing, we obtain It = Aj + Bg = ACp + BDp = (Ae + BD)" which shows that 

p divides h. Thus, h = GCD ( f, g). 

This proves the ex istence of the GCD. To prove un ique ness, suppose that h' was 

another GCD of I' and g. Then by the second part of Definition 1.1.5, h and h' 

wo uld each di vide the other. This easily implies that h is a non-zero constant 

multiple of II ' . 

Thus part (i) of the coro llary is proved, and part ( ii ) fo llows by the way we found 

h in the above. 

There is a class ic algori thm, known as the Euclidean A lgorithm, which computes 

the OCD of two polynomia ls inklx)' 

Example l.l. 7: Compute the OCD of X4 - I and x 6 - I . 

Solution First, we use the division a lgorithm : 

X 4 _ 1 = 0 (x 6 - I ) + x· - I 

x6 _ I = x 2
( x · - I ) + x 2 -1 

x' - I = (x ' -1 )( x' + I ) + 0 

Then by Euclidean Algorithm, we have 

GCD (x' - I ,x' - 1 ) =GCD (x' - I , x' - I ) = GCD (x ' - I, x ' - I) 

=GCD (x ' -1 , 0) = x' -I 
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Note that thi s GCD computation answers our earlie r question of finding a 

generator forthe ideal <x6 - 1 , X 4 - 1> . 

Namely, proposition 1.1.6 and GCD (x 4 
- I , x6 - I ) = x 2 - I imply thai 

< X 4 - I , x' - I > =< X 2 -1 > 

Definition I. I.S. A greatest common divisor of polynomia ls / 1./ 2' .. .. / . E K{x] is 

a polynomial h such thai 

i. h di vides / "/, , ... ,/,. 

ii. If p is another polynomial which di vides.l;' / l "",f. , then p divides h. 

ii i. When h has these properties, we writer 

11 = GCD(f" .. . ,/, ). 

Proposition 1.1 .9 Let /1 ' / 1' .. ,/ . E K[x], where S 2: 2 . Then: 

i. GCD(J;./l .... .j, )cx ists and is uniq ue up to a multiplication by a non-zero 

constant in k. 

ii. GCDU; ,/ z , ... ,1. ) is a generator of the ideal < .1; ' / 2 , ... ,/, > . 

iii . Ifs >3, then GCD(!,,/, , ... ,/,) ~ GCD(!"GCD(f,'/" ... ,/, )) . 

Proof. The prove of part (i) and (ii) are similar to the proofs given III 

Proposit ion 1.1.6. 

To prove pan (i ii ), let h ~ GCD (j" /,, ... ,/, ), the n <f, h> ~< /,,/, , ... ,f, > 

By part ii of thi s proposition we see that 

< GCD(!" II» =<GCD(!" /,, ... , /,».Then GCD (j" h) ~GCD (j" / ,, ... ,I,) 

follows from the uniqueness part of Corollary 1.1.4. 

For example, suppose that we wanted to compute the GCD of four 

polynom ia ls/l> f2 , fJ ' /~' Using part (iii) of the proposition twice, we obtain 

GCD ( !,,f, ,/, ,/,) ~GCD(!" GCD(f, , /,,/, )) 

~ GCD(!" GCD(f, ,GCD(f, '/, ))) 

Then if we usc the Euclidean Algorithm three times, we get the GCD 

of!,,/,,/, ,/,. 
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Exa mple 1.1.1 0 Compute the GCD of Xl - 3x + 2,x· _ I,xb_ 1 

Solution. Consider the idea l < Xl - 3x + 2,x· - I,x' - I > e k[xj 

We know that GCD (x l - 3x+2,x· - I,x' - I ) 

~ GeD «x' - Jx+ 2,GCD(x' - 4,x' - I» 

= GCD(xl - 3x + 2,x _ 11) 

= x- I 

There fore GCD (x1 - 3x + 2,x~ _ 1,x6 - I) = x - I 

It fo llows that < Xl - 3x + 2, x~ - l,x6 
- I >=<x- I > 

1.2. Polynomials of n-variables 

Definiti on 1.2. 1. A monomial in,xl.x2 , .. . ,xn , is a product of the form 

The tota l degrce of this monomia l is the sum a l +a 2 + ... + a~. 

We can s impli fy the notion for monomials as fo llows: leta = (al.a1,. .. ,a.) be an 

n- tuple of non- negat ive integer's . The n we set When 

a = (0,0, ... ,0) , note that x" = I . We also let lal = G 1 + G 1 + ... + G" de note the tota l 

degree of the monomial XCI • 

Definiti on 1.2.2: A po lynomia l f in xl' x2, ... , xn' with coefficients in k is a linear 

combination (with coefficients in k) of monomia ls. We will wr ite a po lynomia l f 

in the form f = L a"x", a" E k . Where the sum is over a fi nite number o f 

" 
n-tuplesa = (al .G1 ..... a n ) . 

The set of all po lynomia ls in xl>'\"~, ... ,xn' with coeffic ients in k is denoted by 

k[x"xZ,· ... x,, ]. 

Example 1.2.3 Q lx, y, z]. 

We will usually usc the letters f, g, p, q, r to refer to po lynomia ls. 
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i. We ca ll Qa the coefficient of the monomial xa. 

ii. If fla :F. O. then we cal l fla Xa a lenn of f. 

iii. The tota l degree of f, denoted deg (f), is the maximum la l such that the 

coertic ient aa is non-zero. 

Example 1.2.S and total 

degree six. 

Note. i. The sum and product of two polynom ia l is aga in a polynomial. 

ii. We say that a polynomia l f divides a polynomial g provided that g = JII 

for some he k[xl' x2 , ... ,xJ . 

1.3. Affine Space and Affine Varieties 

Definilion 1.3.1. Given a field k and a positive integer n, we define the n­

dimensional affine space over k to be the set 

Example 1.3.2 For an example of affine space, IR" . 

In genera l k=k 1 the affine line. 

k= k 1 the affine plane. 

Proposition 1.3.3. (Fundamental Theorem of Algebra ) 

Every non-constant polynomial/ e C [x] has a root in C . 

We say that a field k is a lgebraica lly closed if every non-constant polynom ial in 

k[x] has a root in k. 

Thus IR is not algebraica lly closed (Since x 2 + J has no root in lR ) 

C is algebraica lly closed . 

Definition 1.3.4. Let k be a field, and let f.'/l'''',j., be polynomials 10 

VU;,Jl, ... ,/J = {(a1,a2 , .. ·,a,,)e k" : h(al' a2 , .. ·,a,,) =0 fo r all l :s; i :S; s }. We 

ca ll V (J;./p ... ,J.) the affine variety defined by /1'/2''''./' .Thus, an a rtine 

variety V(f.. /~, ... .JJ ~ k " is the set of all solutions of the system of 

equations f. (x, •...• x~ ) = ... = I. (x, , .... x ,, ) = 0 . 

7 



We will use the lelters v, w, etc to denote affine varieties. 

Definilion 1.3.5: Let k be a field. A rat ional function In 1" 11' .. . ,1,,, with 

coefficien ts in k is a quotient I of two polynomia lsl,g e krl l,11, ... ,I", J, whcre g 
g 

is not the zero polynomial. The set of all rational functions in '"'1' .. "',,, with 

coefficients in k is denotcdk{l I,11, ... , I .. ) . 

NOlc.l . Two rationa l functions fIg and hlk arc equal provided that kl = gil In 

104. Ideals 

Definilion 1.4.1 : A subset I ~ kfxl ,X2 , ... , x ~ 1 is an idea l if it satisfies 

i. De ! . 

ii . If I ,ge! ,Iitell l + g e l. 

ii i. I f f e I and It e kfx l .... ' x~ ] , lhe fl JII e ! . 

Definition 1.4.2: Let /. ,/ 2> ."' /. be polynomials in klxl.X2 •... • X~ 1.Then we set 

, 
<f. ,l l, ·· ·, f. >= eL I/,/, : 1t1, · .. ,II. e k[XI' X2' ''·' X,, ]} . ,., 
Lemma 1.4.3. Ir 1,,/2>'."/. e k (x"xp ...• xJ. then < f..12' ."'[' > is an idea l or 

k[x" xp ... ,x,, ]. We will call < f. ./2 •.. . ,/. > the idea l generated by 11. / 2''''./' . 

, 
Proof firstO e < / 1'/1" .. 'f.>. Since O= LD/. . .. , 

, , 
Suppose that I =L P,J; and g =Lq,J; and let h e k [ xp'y1' ··· . x ~ ) .. , ,., 

Then the equation 
, 

f + g = i)p, + 'I, )!. => f +g E I .. , 
, 

hI = L (hp,)!, => hI E I . .. , 
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Definilion 1.4.4: Let V !; k" be an affine variety. Then we set 

I (V) ~ (fe k[x"x" ... ,x, 1:/(a" a" ... ,a, ) = 0 for all ( a" a" ... ,a, )e V). 

Lemma 1.4.5: If V r;,. k ~ is an affine variety, then I (V) !;; klxI>X2, ... , X ~ J is an 

ideal. We ca ll I (V) the idea l of V. 

Proof It is obvious that De l (v) since the zero polynomial vanishes on all ofk ", 

and so, in part icular on V. 

Suppose that. f, g e l (V) and he k[X I , X 1 , .. .,.1:J . 

Let (al. a]>" .. ,a,, ) be an arbitrary point of V. Then 

I(al'aw··.a~» + g(al'a2 ..... a~ ) =0+0 =0 thus 1+ g E I(V) 

lI(al,a2>"'" a,, ) I(al' (tw '" (l,,) = h(al. aw '" a~ ).O = 0 . Thus lif e I(V) . 

Thus, I (V) is an idea l ofJc lxpXl. · .. ' X" 1. 

Lemma 1.4.6: If fl.f2'''''!. e k(xl .x2 ..... x" J, then 

< f,,/,, ... ,/, > <: I (V (f,,/, , ... ,/, )), although equality need not occur. 

, 
Proof: Let I e< j.,h" ... ,/. > which means that f = L II,I, fo r some polynomia l .. , 

, 
Since 1;,/2> .... 1. vanish on V (/1'12 , ... ,f,) so must L h,/, . .. , 
Thus f vani shes on V(f"j" ... ,/, ) , which proves / e 1(V(f, .j, •... ,/,» . 

Thus </ ,,/, .. ... /, > <;;; I (V (J,'/" ... ,/')). 

1.5. Ordering on the monomials in klx"x, ..... x.1. 

Definition 1.5. 1. A monomial ordering on k[xl'x2 , .. ·,x" 1 

is any re lat ion > on ZIt ~ or equi va lently, any relation on the set of monomials 

x" ,a E ZIt 2;0' satisfy ing: 

i. > is a tota l (or linear) ordering on Z "2;O ( i.e. our ordering be linear or total 

ordering means, that for every pair of monomia ls x" and x' exactly one of the 

three statements x" > x' , x" = x ' x fl > x" ,should be true). 

ii . lfa > p and rE Z"~o , thena+r>p+r 
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iii. > is a we ll ordering onZ";tO. This means that every non -empty subset of 

zn ~o has a smallest element under >. 

Definition 1.5.2. (Lexicographic order (lex» 

Leta = (a,.a, ..... a. ) and p = (P,. P, ..... P.)E Z·~ . 

We say a >/u P if, in thc vcctor diffcrcnce a -p e Z'" , the left most 

non-zero cntry is positive .we will write x" >/.~ xP ira >/'" p. 

[xample 1.5.3 : a. (I . 2. 0» ,,, (0. 3. 4). Since a - p= (1.-1 .-4). 

b. (3. 2. 4) >." (3 . 2. I). s incea - p= (0. O. 3). 

e. The variablcs xl' x2 .... ,xn, arc ordcred in the usual way by the lex 

ordering: ( I. O. 0 .... . 0) > .. (0. 1. 0 . ... . 0) >., .. >" . (0 . ... . I) .So 

Ilefintion 1.5.4. (Graded lex order) (grlex order) 

Let a,p e Zn;tO .Wcsaya >xrlU p if' 

• • 
la l = L a. >Ip i = L P, or 1a1 = IPI anda >." p 

, a l , . 1 

Wc see that grlex orders by total degree first, thcn "breaks tics" using lex 

order. 

[xample 1.5.5: a. (I . 2. 3) > ,rl" (3. 2, 0) since l (I. 2, 3) I = 6 >1 (3. 2.0)1 = 5 

b. ( I, 2, 4) >,M' (1 . 1. 5) since l(l ,2.4)1=1 ( I, I,5)1=5 and 

(1 . 2. 4) >,,, (I, 1. 5) 

c. The variables are ordered according to the lex order i.e. 

XI >'rl'~ X2 >Krlu X J >trlU " ' >Krla X" 

Definition 1.5.6. (Graded reverse lex order). 

• • 
Leta , P E Z·~ .We say a >,~." P if lal= La,>IPI= L P, or la l=IPI ,., ,., 

and the right most non zero entry of a - p e Z" is negati ve . Like grlcx, grevlex 

orders by tolal degree, but it "breaks ties" in different way. 
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Example 1.5.7. 

a. (4, 7, 1) > ,."" (4, 2, 3) since I( 4,7,1)1 = 12 > 1 (4 ,2 ,3)1 = 9 

b. ( 1 ,5, 2 » ,~" ( 4 , 1 , 3) since 1 ( 1,5,2)1=1 (4 ,3, 1)1 =8and 

(1 , 5,2)- (4, 1,3) = (-3, 4,-1 ). 

c. Grevlex g ives the same on the variables. That is 

(1,0, ...• 0) >,,"'J.~ ... >1f .. 'J.~ (0,0 •...• 1) or 

To expla in the relation between grlex and grev lcx, notc that both use tolal degree 

in the same way. 

To break a tic . grlex use lex order, so thai it looks at the left most (or largest) 

variab le and favors the larger power. 

In contrast, when grev lex finds the same lola I degree, it looks at the ri ght most 

(or smallest) va riable and fa vors the smaller power. 

Exa mple 1.5.8: x' )'z > If,/U X· yz l sinee bolh monomials have tota l degree 7 

andx' yz >,.~ x~yz l , but for a different reason: x' yz is larger because the sma ller 

variable z appears to a smaller power. 

As with lex and grlex. there are n! grevex orderings corresponding to how the 

n variab les are ordered. 

Example 1.5.9: Let f = 4x y 2 Z + 4 Z2 -5 X l +7 X l Z2 E k[x, y. z]. Then 

a. With respect to the lex orde r, we would reorder the terms of f in decreasing 

orderas f = -5x1 +7x2z2 +4xy2Z + 4 z2. 

b. With respect to the grlex order, we would have f = 7 x2 Z2 +4x y2 z -5 Xl + 4 Z2 . 

C . With respect to the grevlex order, we have f = 4x y l Z + 7 Xl Z2 -5 X l +4 Z2 . 

Definition 1.5. 10: Let f = L:>"x" be a non-zero po lynomial in k[x"xp ... ,xJ 
" 

and let > be a monomial order 

i. The multi degree of f is 

mult ideg (f) = max (a , E Z~ ~ : a" ;t- 0) 

(The maximum is taken with respect to » . 
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ii. The leading coeffic ient of f is 

LC (I) = (I .... I,,~IJ E k. 

iii. The leading monomia l of f is 

LM (I) = X "'·/IId<.1I.1) (with coeffici ent I). 

iv. The leading term of f is 

L T (I) = LC (I). LM (I). 

Example 1.5. J I: let f = 4xy2 Z + 4 Z 2 -5 xl+7 x 2 
Z 2 as before and let > denote the 

ll1ultidcg (I) = (J, 0, 0) 

LC ( I) =-5 

LM (I) = x' 
L T ( I) =-5x' 

Dcfinilion 1.5. 12: An idea l I ~ *[x l , X 1 ,. •• ,x ... 1 is a monomial ideal if there is a 

subse t A £; Z"'lO (possibly infin ite) such that I consists of all polynomia ls which 

are finite sums of the form Lllox" ,where It" E *1·xl'x1 , ••• • x,, }. In thi s case. we 
".A 

write I=< x" : a e A>. 

Example J.S.J3: An example of monomial idea l is given by 

1_( • , " ") k[ J - x y . x y , x y ~ x, y . 

Lemma 1.5.14: Let 1 =< x" :a e A > be a monomial idea l. Then a monomial 

x lJ lies in I if and only if x lJ is di visible by x" for some a e A. 

Proof. If x lJ is a mul tiple of x" for somea e A, then .,( P e l by the defin ition of 

ideal. 

, 
Conversely. x P e I then xP = L II,x"(') , where h, e k [xI"" 2 •.••• x ... ] and a(i) e A . . -, 
If we expand each lI,as a linear combination of monomials, we see that every 

term on the ri ght s ide o f the equation is di vis ible by some x"(,) . 

Hence the left side x II must have the same property. 

Note that x lJ ]s d ivisible by x" exactly when x P= x" x ' for 

some r e Z'" ~ .This is 
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a + Z"~= {a + r : r e Z"~ } consists of the exponents of all monomials 

divi sible by x a . 

Lemma 1.5.1 5: lei I be a monomial ideal and let j e k(x W '" 2 , ... ,xJ , then the 

fo llowing are equiva lent. 

i . j e I . 

ii . Every term of f lies in I 

iii. f is a k-linear combination of the monom ials in I. 

1.6. Groebner bases and properties of Groebner Bases 

Definition 1.6. 1: Let I ~ klx l ,X2 •••. ,x" 1 be an ideal other than {O}. 

i. We de note by LT ( I) the set of lead ing terms of clements of I. Thus, 

LT (I) ~ { ex " : there ex ists re I with LT (I) ~ ex" }. 

ii . We denote by < LT (I) > the idea l generated by the elements of I...:r (I). 

If we are given a !lni te generat ing sct for I, say 1 =< 1; , / 2" " ' /, > , then 

< LT(1;).LT(/2), ... ,LT(/, » and < L1'(I ) > may be different ideals. It is true 

that LT(I,) e LT(I) ~< LT(I) > by definition. which imp lies 

< LTUI), .. . ,LT(I.) >~< L1'(I) > .However < LT(I) > can be stri ctly larger. 

Exa mple 1.6.2: Let 1=< 1; , / 2>' where/l= xl -2xy and 12= x 2y-2 y 2+ x and use 

the grlex ordering on monomials in klx, y]. Then 

X l = x(x 2y -2 y 2+x)-y(xl -2xy).Sothat x2e I. 

Thus x2= L T (x 2
) e < LT(I) > .However X 2 is not divisible by L T (II) = Xl or 

LT (f, ) ~ x 'y . so that., ' < < LT ( .I; ), LT (f, ) > by lemma 1.5.14. 

Definition 1.6.3: Fix a monomial order. A finite subset G = {g" g 2' .. ,g , }of an 

ideal 1 is sa id to be a Groebne r basis (or standard basis) if 

< LT(gl)" '" LT(g, ) =< LT(I) > .Equi valen tly, but more in formally, a set 

{gl .g 2, ... ,g, } ~ I is a Groebne r basis of I if and on ly if the leading te rm of any 

element of I is di visible by one oftheL1'(g, ) . 
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Corollary 1.6.4. Fix a monomial order. Then every idea l ! ~ k[xl!''C l ..... X. ] other 

than {O} has a Groebner basis. Further more. any Groebner bas is for an ideal J is 

a basis of I. 

Proposi tion 1.6.5. V (I) is an affine va riety. In particular, if! =< 11./2, .... /. >, 

then V(I) = V(f,,f,, ... ,f,) . 

Proof: ! =< 11./2'''''/, > for some finite generating set. 

Wc claim that V(I) = V(f,,f, , ... ,f,) . 

f,( a" a" ... ,a.) =0, so V (I) '" V(f"/,, ... ,f,) ....... . ( I ) 

On the other hand, let ({/1'{/2' ''''{/.) E V(J; . / 2, ... ,/,) and let fe I. 

Since ! =< 11'/2>""/. > wc can write 

, 
f = III,/, for some II, E krxl'x2, ,,,,x,, 1. ,., 

, 
But then f ({/I' (/2' ... ,{/.) = 2>, (al>".,a.)/, (a l , ... ,a. ) . .. , 

, 
Ih,(al, ... ,a,, ).O =0 .. , 

Thus. V(f,,f, , ...• f, ) c;;. V (I ) .... .. . . . . . .. (2) 

Thus from ( I) and (2) V(f,,f, •... ,f. ) =V (I). 

Note: The most important consequence o f this proposition is that varieties are 

determined by ideal s. 
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CHAPTER -TWO 

2.1. ELIMI NATION TH EORY 

This chapter wi ll study systemat ic methods for eliminat ing va riables fro m 

systems o f po lynomial equations. The basic strategy of Elim ination Theory wi ll 

be given in two main theorems: the Elimination Theorems and the Extens ion 

Theorem. We wi ll prove these results using Groebner bases and the classic 

theory of resultan ts. 

T he Elimin:llion ll nd Extension T heorems 

To gCI a sense a fhow elimination works, let us look at an example 

Eu mple 2.1.1 Solve the sys tem ofcquat ions in C l
. 

, , , I x + y + z = 
x 2 + y 2 = Y 

x =z 
.... (I ) 

So lution. If we Jel l be the ideal 

We wan I to fi nd a ll po ints in Y(I ) ,Propos it ion 1.6.5 im plies that we can compute 

V(I) using Groebner basis of I. 

Then a Groebner bas is for I with respect to lex order IS given by the three 

po lynomia ls 

g ,~ -y+ 2z' . . ............ (3) 

It follows that eq uation ( I) and (3) have the same so lutions. However, 

. 4 1 2 \ • I I s lllce g J= z +- z -- mvo ves on y z, we 
2 4 

see that the poss ible z's are 

z = ± ..!. J±.rs - \ (i.e. ils roots can be found by first us ing lhe quadrat ic form ula 
2 

to solve for Z 2 then, tak ing square rools). 

This gives us fou r values o f z (Namely ± ~ 
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Substi tut ing these values in to gl= _y+ 2Z 1, we can determine the poss ible y's . 

If z = ~ J./l - I then y = 2" 2 -

I f z =- ~J./l - I then y = 2" 2 -

I f z = ~ J- ./l - I then y = 2, ' 2 -

I fz =-~J- ./l - I thell y = 2z' 
2 

./l - I => y =--
2 

./l - I 
=> y =--

2 

- ./l - I 
=> y =-:.::---:-

2 

- ./l - I 
=> y = 

2 

Then fina lly substitute the va lues ofy and z in g, = x-z gives the corresponding 

values of x. 

In th is way, one can check thaI equal ion ( I) have exac tly four so lutions Ihal is 

the so lution of the equat ion are 

( ~ J./l - I ./l - I ~ J./l - I ) 
2 ' 2 ' 2 

I rr;-: ./l - I I rr;-: 
( -- -JV5 - 1 -- -- ",,,5 - 1) 
'2 ' 2' 2 

I ~r. - ./l - I I ~r. I ~r. - ./l - I I ~./l ( - - ,,5 - 1 - - ,,5 - 1 ) (-- - ,,5 - 1 -- - 5 - 1) 
2 ' 2'2 '2 ' 2'2 

Since V (I) =V (g"gl ,g)) . We have found all so lutions of the ori gina l 

equation (two rea l and two complex so lutions). 

What enabled us to lind these so lut ions? There were two th ings that made our 

success possible. 

(Eliminat ion step) 

We could find g] = z· +'!'Zl - .!. = 0 of our original equati ons which involved 
2 4 

only Z, i.e, we eliminate x and y from the system of equations. 

(Extension step) once we solved the simpler equati on g } = 0 10 detennine the 

va lues of z, we could extend these solutions to solutions of the original 

equat ions. 
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Definition 2. 1.2 G iven I =< /../z, ... ./, >!; klx, •...• x~ 1 t"" elimination ideal It 

is the idea l of k[ xl., •...• x~ J defined by II = I f"l klxl .I' ... • x .. l. 

Thus, It consists of all consequences o f I, = ... = J. = 0 which eliminate the 

Note : I. It is an idea l ofk IXI'''"' ' ' x ~ ]. 

2. 1=/0 is the 0"" elimination ideal. 

3. Di ffe rent orde rings of the variab les lead to different eliminat ion idea ls. 

Theorem 2.1.3: (The Elimination Theorem) 

LeI I ~ kl x " xl' ... txJ be an idea l and let G be a G roebner bas is o f I with 

respect to lex order where x, > x2 > .. . > x~ .Then. for everyO :5 e:5 l1 , the set 

G1 =G n k r XI " ..... x~ ] is a Grocbncr basis of the ("'t e li mination ideal I I • 

Proof: Fix t bctwcen 0 and n. Since Gt s;; I ( by conslruc tion. il suflice 10 show 

that < LT(I,» =< Lr(Gt ) > by defi ni tion of Grocbncr bas is. 

One inclus ion is obvious (i.e. < LT(GI ) > s;; < LT(lI ) > ). 

To prove the other inclusion < IJ (l I ) > s;; < LT(GI ) > we need only show that 

the lead ing lerm LT (t) , for an arbitrary fe 1(1 is divis iblc by LT (g) for some 

g e C I • 

To prove thi s, note that fe l which te lls us Ihal LT (f) is d ivis ible by LT (g) for 

some g e G since G is a Groebner bas is o f I. Since fe I " thi s means that LT (g) 

in volves on ly thc variables x/+ , •... , X n .Now comes the cruc ial observatio n: Since 

we are us ing lex order with x,> xz> ... > xn,any monom ia l involving X" X1""' X( 

is greater than all monomia ls in klxl ...... , x ~ ),so thai LT(g ) e k(xt.,.· ... x~ J 

im plies g E k[x( • ., ... ,x" j .This shows that g e G/. 

Thus< LT(I, ) >~< LT(G, ) > . 

There for < LT(I, ) =< LT(G/ ) > thee for 

There fo r G/ is a Groebner basis o f I , . 
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EX:lInp le 2.1.4 : Consider the system of equat ions. 

x !+y+ z= 1 

x+ )" +z= I ......... .... . ( I ) 

x +y+ z 1= 1 

lf we let I be the idea l 

.. . (2) 

Then a Groebner basis for I with respect to lex order IS gIven by the four 

polynomials 

gl = X+y+ Zl . ! 

g l= y 2· y_z 2 +z 

g)= 2yz 2 + Z~ · Z l ...... . . .. . . ....... (3) 

-' 4 '+4 ' , g4 - Z • Z Z • Z 

It fo llows that equat ion (I) and (3) have the same solutions. Thus it fo llows from 

the Eli mination Theorem that 

1.= I ("', e ly, z] = < y 2_y_zl +z, 2yz l + Z4 _ Z 2 , z 6 _4 z~ + 4 Z1 _ Z 1> (the fi rst 

eli mination ideal) 

11 =1 n C [z] =< z ~ -4 z ~ +4 Zl - z! > (second elimination ideal). 

The eliminat ion theorem shows that a Groebner basis for lex order el iminates not 

only the fi rst variable, but also the first two variables, tbe first three variab les 

and so on. 

T heorem 2. 1.5 (The Extension Theorem) 

Let 1 =< 1../2' .... 1. > ~ C (xl'xw .. ,x~ J and let II be the first eliminat ion ideal 

of I. For each 1 :S i:S s, write /, in the form /, = g,(xw ... Xn).l/ ' + terms in which XI 

has degree < N" where N, ~ O and g, e q xl ' .... X~ Jis non-zero. Suppose that we 

have a part ia l soiut ion (aw,",aJe V(JI) ' If (a1, ... ,aJe: V(g l, .... gJ) , then there 

ex ists a l eC such that (al' a2' .... a~ ) e V(J ). 

The prove of this theorem uses resultants and wi ll be given in Chapter 3. 

Suppose that we have an idea l l ~ k r XI, Xl '·"' X~ ]. 

Y(J) = { ( a l' a l' .... a~ ) E e : f( a .. a2,· .. , a~ ) = 0 for all f e I }. 

18 



To desc ri be points o r v ( I), the basis idea is to bu ild up so lutions one coordinate 

at a time .F ix some t between I and n. 

Th is gives us the elimination ideal I , , and we will call a solution(a('I' .. . ,a~ ) E V 

( It) a partial so lution o r the original system o r equations. To extend (a/ .1 , ••• , a ~ ) 

to a complete solution in V (I). we first need to add one more coord inate to the 

soilnion. This means finding a( so that (at>(I( ' I' ... ,(J~) lies in the variety V (I'~ I ) 

or the next eliminat ion ideal. More concretely, suppose that 1(-1 =< g1" . .,1;, > In 

k LXt>Xt . l .... ' X~ ] .Then we want to find solutions xt =al or the equa tions 

gl«(lI ' al'I , .. ·,a~ ) = .. . = g, (a,.alol . ... , a~ ) = O. 

Here we are dea ling with po lynomia ls or one variable XI ' and it rollows that the 

poss ible (I, 's arc just the roots or the GCD orthe above r po lynomials. 

Exumple 2.1 .6 Solve the system or equations 

X2+y+ z=1 

x+ /+c= I .............. ( I ) 

x +y+ zl = 1 

I r we let I be the ideal 

1= <X2+y+ z~l , x+ y2+z~ l , x +y+z l _l> .......... (2) 

Then a Groebner basis ror I with respect to lex order is give n by the rour 

polynomia ls 

gl =x +y+ z 2 ~ 1 

g4 = Z 6 -4z~ +4Z J ~Z 2 

Irro llows that equations ( I ) and (3) have the same so lutions. However, since 

g4 = Z6 ~4z4 +4zJ ~ z2 = z ! (z _ 1 ) 2 (z2+ 2z _ 1 ) involves only z. we see that the 

possible z's are 0,1 and ~I ±.fi. Substituting these values in to 

g Z= y 2_y_z Z +z=O and gJ=2yz l +Z~_Z2=O 

We can determine the poss ible y' s. 
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Ifz = O,g,= (y,O) = y ' -y and g,=(y , O) = O 

Therefore GCD (g, =(y, 0), g, =(y, 0)) =GCD (y ' -y, 0) = y ' -yo 

Then the solution of 82 = g l = 0 is the 

GCD (g ,= (y, 0), g, = (y, 0)) =GCD (y' -y, 0) = y ' -y = 0 

Thus y'-y = 0 => y = 0 and y=1 

If z = 1 g, = (y, 1) = y' -y, g,= (y, I) = y 

Then the solut ion of g, =g,= O is the GCD (g ,= (y, I), g,= (y, 1)) = 

GCD(y' -y, y) = y => g, = g,= O 

=>y = 0 

Similarly when z=-J ± .fi . then the value Dry arc y = -1 ± J2. 
Then finally substitute the above va lues of y and z in gl =x +y+ z2_1 = 0 

Gives the corresponding va lues of x. 

In this way gl = O => x = -y- z2+ 1 .Thus 

If y=O,z= Othenx =1 

If y = 0, z =1, then x = 0 

If y =1, z=O, then x = 0. 

Ify = -1 +./2, z =- I+./2 , then x =-1 +./2. 

If y =-1 -./2, z =-1- ./2, then x =-1-./2 . 

Thus, equations (1) have five so lutions: 

(1,0,0),(0,1,0),(0,0, 1),( -1 +./2 ,-1+ ./2 ,-1+./2 ) and (-1-./2 ,-1-./2 ,-1- ./2). 

Example 2.1. 7 Solve the system of equations 

Xl + yl + Z 2 = 4 

x2 + 2y2 = 5 

xz = 1 

Let I =< X2 + y l + z2_ I,x2 _ 2yl-5,xz - 1 > 

Then a Groebner basis for I with respect to lex order is given by the three 

polynomials 
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g l = 2Z 3 - 3z + .t 

1 ' , gl= - +Y - Z 

gJ= I+ 2z 4 - 3z 2 

From G roebner basis the solution in C l arc fin ite. The last polynom ial depends 

on Z (it is a generator of the second elimination ideal) 

12 = J nC [z] and factor nicely in Q [z] : . 2z· _ 3z 2 + I = (z - I)(z + 1)(2z2 - I). Thus 

we have four poss ible z-values z = ± I.± ~ .By the Ex tension Theorem, the first 

Since the coeffic ient of y l in the first e limination idea l is non zero constant, 

every partial so lut ion in V(J2)cx tcndcd 10 a so lution in V(J I ) . There arc eight 

such points in all. To find them, we substitute a root of the last equa tion for z and 

so lve the resulting equation for y, for instance substitute (z = 1 in Groebner basis) 

will produce [- I +X,yl - 2,0] . So in particular, y = ±J2. In addition since the 

coeffic ients of x in gl is non zero constant, then we can ex tend each partial 

soluti on in V(lI) (uniquely) to a po int tOV(I). For this va lue ofz, we have 

x = I .cary out the same procedure fo r the other va lues of z as well you sho uld 

find that eight so lut ions 

(I, ±J'i, 1),( - I, ±.J2. - 1),( J'i, ± F6, ~),( - J'i, 
2 ,,2 

Note: Observe that the theorem is stated only fo r the field k =C. 

To see why C is important, assume that k =IR . 

X l = y 
Cons ider the equat ions. 

Xl = z .... .... .......... '" 

El iminating x gives y = Z, so that we get the part ial solutions (a, a), for all a e !!( . 

S ince the leading coefficients ofx in x2 _y and X l _Z nevc r vanish, thc extcnsion 

theorem guarantees that (a, a) extends, provided we work over C. Over !!( . the 

s ituation is different. Here X l= a has no rea l so lutions when a is negative , so that 
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the on ly those part ial so lutions with a 2:. 0 extended to rea l so lutions of ( . ). This 

shows that the extension theorem is false over til . 

Example 2.1 .8: consider the equation XY = ] 

xz = ] 

Here 1=< xy - ] ,xz - ] > and an easy app lica ti on of the Elimination Theorem 

shows that I , =< y - z > (the first elimination ideal) 

Eliminating x givesy = z, so that we get the part ial so lutions (y, z) = (a, a) all 

a e lR: . 

The only one that dose not extended is (0, 0), which is the part ial so lution where 

the leading coefficients y and z of x vanish. 

The extension theorem tell s us that the extension step can fail on ly when the 

lead ing coefficients vanish simultaneously. 

Thus thc partial solutions are gi\'cn by (a, a), and these all ex tended to complete 

solutions (..!.. , a, a) except for the partial solut ion (0, 0). 
a 

Finally, we should mention that the variety V(g" ... ,g.) where the leading 

coefficients vanish depends on the basis {J; ' / 2 ..... /. } of I. Changing to a 

diffe rent basis may cause V(gp ... ,g. > to change. 

Corollary 2.1.9 Let J =< /' ,h, ... ,h >~qx, ..... x .. J and assume that for some i. 

/, is of the form /, = ex, N + lerms in which x, hasdcgree < N , 

Where ceC is non·zero and N>O. If I I is the first el imination idea l of I 

and (°2,,,.,° .. ) e V(fl)' then there is 0 , e C so that (01,°1"",°. ) e V(f» . 

Proof. This fo llows immediately from the Extension Theorem: since g, = c ~ 0 

implies 

V(gp".,gJ = ¢. 

We have (02 .... ,a .. )E V(g, ... . ,g.) V (for all partial solutions. 

Note: The Extension Theorem is stated only fo r the casc of eliminating the first 

variable x, , it can be used when eliminating any number of variables. 
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Exmplc 2.1 . 10. Consider the equat ions 

X2+ y2 + Z2 = 1 

xyz = l 
. ... .... . ...... . ... ( I) 

A Groebner bas is for' =< X l + yl + Z2 - I, xyz - 1> with respect to lex order is: 

gl =Y·z ! + y 2z 4 _ y 2z l + 1 

g l= X +Y' Z + yz J - yz 

By the elimination theorem, we obtain 

11= In C [y, z] = < g l> 

I , ~I " <C[z] ~ (O}. 

Since / 2= {o}, we have V (Il ) = C and, thus, every CE C is a partia l so lut ion. 

So we as k: 

Which partial so lutions c e C = V(l2) extended to (a, b, c) E V (I)? 

The idea l is to extend e one coordinate at a time: li rst to (b, c), then to (a, b, c). 

To contro l which so lutions extended, we will usc extension theorem at each step. 

The crucial observation is that ' 2 is the lirst eliminati on idea l oft l . Thus, we 

will lise the extension once to go C E V (12) to (b, e) e V (I I ) ' and second timc 

to go to (a,b , c) E V (l). 

To start, we apply the extension theorem to go fro m f l to '1= < gl >' The 

coeffi cient of y4 in g l is Z2 so that c e V (I I ) extents to (b, c) whenever e* O. 

Note that gl = ° has no solution when e ::::: 0. The next step is 10 go from 'I to I; 

that is, to find a so that 

(a ,b,c) e V(I) .If we substitute (y, z) = (b, c) in to (1). we get two equat ions in x 

and, it is not obvious that there is a common solution x = a. This is where the 

extension theorem shows its powcr. The leading eoeflicicnts of x in 

Xl + y l +Z1 - I and xyz-l are I and yz respecti ve ly. Since 1 never vanishes, the 

extension theorem guaranti es that a is al ways exists. We have th us proved that 

all partial so lutions e ;lt O extended to V (I ). 
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CHAPTER-3 

Unique Factorization and Resulta nt 

The mai n task rema ining in chapler two is 10 prove the Extension theorem .this will 

require that we lcarn some new algebraic lools concerning un ique factorization and 

resultants. Both orlhcsc wi ll be used in 3.3 when we prove the Extension Theorem. 

3.1 Irreducible polynomial and unique factorization 

Definition 3.1.1. Let k be a field. A polynomial f E *(XI.X1, ... ,-",, ] is irreducible 

over k if f is non constant and is not the product of two non constant polynomials 

in k[XI.X1 .... ,x,, ] . 

Note: The concept of irreducibility depends on the field . 

Example 3.1.2 : let f = Xl + I is irreducible over Q and R • but a vc r(; , we have 

x2 + 1= (x + ;)(x _ ;) . 

Proposition 3.1.3: Every non conSlant polynomial f E klx" x1, ... ,x. Jcan be 

wrillen as a product of po lynomials which arc irreduc ible over k. 

Proof. If f is irreducib le over k, then we arc done .Otherwise, we can 

write f = glt , where g. lt e k[x, . xz •. .. ,x,, ] arc non constant. 

Note that the total degrees of g and h arc less than the total degree of f. Now 

apply this process to g and h: if either fa ils to be irreducib le over k. we factor it 

in to non constant factors. Since Ihe total degree drops each time we factor, Ih is 

process can be repealed at most finitely many timcs. Thus f must be a produc t of 

irreducible. 

Theorem 3.1.4 Let f E k[x,.xz, ... ,xJbe irreducib le ove r k and suppose that f 

divides the product gil . where g,h E k[X"X2 , ... , x~ 1. Then f di vides g or h. 

Proof. We will use induction on the num ber of variab les. 

When n = 1. we can usc the GCD theory. 

Iffdiv idesgh. then conside r p = GCD(f, g) 

If P is non constant, then f must be a constant multiple of p since f is irreducible, 

and it fo llows that f divides g. 

On the other hand. if p is constant, we can assume p = J. and then we can find 
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A and Be klx, ] such that AI + Bg = 1 

If we mu lt iply this by h, we get 

,, = Ajh + BgII 

Since f div idesg" , f is a factor of Afh + Bg" , and thus, f divides h .This proves 

the case n = 1 

Now assume that the theorem is true for n ~ I . We first discuss the specia l case 

where the irreducib le polynomial dose not invo lves XI : 

I.lI e k[x2 ' ···'x~ ) irreducible,udivides gll e klx"xl , ... , x~ J ::) u div ides gor h. 

, . 
To prove thi s, write g = La,x/ and" = I b,x/ ,where(ll ,b, e klx2' ...• x~ I. 

,·0 ,.0 

If u divides every a, ' then u di vides &, and similarly for h. Hence, if u divides 

neither, we can find i, j ~ 0 such that u divides neither (II norh, . We wi ll assume 

that i andj are the smallest subsc ripts with this property. Then consider 

chose i, u divides every term ins ide the first set of parentheses and, by the choice 

of j , the same is true for the second sel o f parentheses. But u divides neithl!r a, 

norb" and s ince u is irreduc ible, our inducti ve assumption implies that u dose 

not dividea,bj • 

Since u d ivides all othe r tenns of C" j , it can not divide c/') . Thus c"J is Ihe 

coeffic ient of x.'·' in gh. and, hence u can not dividegh . This contradiction 

complete the proof of ( l ) 

Now given (I ), we can treat the genera l case .Suppose Ihal r di videsgh . Ir r 

doesn' t invo lve XI ' then we are done by (1). So assume that r is non constant in 

XI • We wi ll use the ringk(x2 , .. . ,X~ )fXI], whieh is a polynomia l ring in one 

variable over the fieldk(x2, ... ,.TJ. Remember that elements of k(xp ...• x. )arc 

quotients of polynomials in k(x2 •... ,x~). We can regard k (x" ...• x~) as ly ing in 

side k(x
2 

, •••• X~ )[.T L ] .The stralegy will be to work in the large r ring, where we 
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know the theorem to be true. and then pass back to the smaller nng 

kfx"x2,···. x" j. 

We claim that f is sti ll irreduci ble when regarded as an clement of 

k(x2 , ••• ,x,,)[xl) ·To see why. suppose we had a fac tori 7.ation of f in the larger 

ring, say f = AB. Here, A and B are polynomia ls in XI with coefficiellts 

in k(x2 , ... ,x,,) . To prove that f is irreducible here. we must show tha t A or B has 

degree a in XI' Let d E k[x2 , ••• ,x" 1 be the product o f all denominators in A and 13 . 

Then A=dA and 8 = dB are in k[xl,xJ, ... ,x,, ], and (/2/ = Ai1. ........... (2) 

in kl XI ,X1,··· ,X,,] . By Propos itionl!.3, we can write (/1 as a produc t of irreducible 

factors ink[x2 , ... ,x,, ], and, by (I ). each ofthcse di vides A or B . We can cancel 

such a fac tor from both s ides of (2), and after we have cancelled all of the 

factors, we are left with 

f=ii)il in k[xl'"t"2'···' x .. ) . 

Since fi s irreducible in k[xw t"2""'x,.], this implies that AI or IJI is constant. Now 

these polynom ials were obtained from the ori ginal A. B by multiplying and 

d ividing by various elements ofk(x2 , ... , X" I. This shows that ei ther A or B dose 

not involve XI' and OUf claim fo llows. 

Now that f is irreduc ible in k(xJ , ... ,x,,)lxl J. wc know by the n = 1 case of the 

theorem that f d ivides g or h in k(x2 , •. • , x,,)lxI J.Say g = A/ for some 

Ae k(x
1 

, •••• x,,)[xl) . If we elear denominator. we can write 

dg = ;;/ ........ (3) in k[x"x2, ... ,x .. 1, where de k[xl'"t"J, ... ,x"J. By ( 1), every 

irreducible factor of d di vides A or f. The latter is imposs ible since f is 

irreducible and has a positi ve degree in XI' But each time an irreducible factor 

divides A, we can cancel it from both s ides o f (3). When all the cancellation is 

done. we see that fdivides g in k[XI"t"2.···'X .. ] . 
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Corollary 3.1.5. Suppose that / g e klx x , j have pos,',',ve d . • I· l '···.·~ cgrcc lll x1, 

Then f and g have a common fac tor in k[XI. X2 •... ' X~ J of positive degree in X I if 

and only if they have a common faclor in k(xz , ... ,x~)[x l l . 

Proof. If f and g have a common factor h in /clx, 'X2' .•.• X~ I of positive degree 

inx, . then they certainly, have a common faclor in the larger ringle(x2 , ... ,xJ lxIJ. 

Go ing the other way, suppose that [ and g have a common faclor 

he k(x,. .... x . )[x, j. Then 

/ =hJ..J.e k(x,. .... x.)[x, j . 

g=h gl' glE k(x2 , .. ·,x,,)[x1}. 

Now 11 ,J; and gl may have denominators that arc po lynomials ink[xl' .... x .. i . 

Letting d E k[Xl , ...• x,, ] be a common denominator orlhcsc polynomials, we BCI 

h=d h,j, =d ]; and g,=d g, , ink[xp x2 , ... ,x" llf wc multiply each side of the 

above equations byd Z
, we obtaind2f = I~. d2g = IIg, . in k[XI'X2' .. ·.X ~ 1 . 

Now let h, be an irreducib le factor of h of positive degree in x,. Since Ii "" !!.. has 
d 

pos itive degree in xp such an h! must exist. Thenh!di vides d 2f, so that it di vides 

d 2 or f by Theorem3. 1.4. The former is imposs ible because (/ 2 E k[X2 , ... ,x~ J, 

and hence h! must divide fin k[xl,xz .... , x .. ] . A simi lar argument shows that 

hI divides g, and thus hi is the required common factor. 

Theorem 3.1.6: Every non constant I E k[Xp X2 •... ' X ~ J can be written as a 

product f "" J;f2 .. ./, of irreducible over k. Further, if f = g,g2g)·· ·g. is another 

fac tori zation in to irreducible over k, then r = s and the g, 's can be permuted so 

that each of /, constant multiple of g, . 

Proof. Suppose glg2 .... g. = IJ2 ... ./' then there ex ist i suc h that g, divide J; 

(By Theorem 3.1 .4). Since /; is irreducible then /, is a constant multiple of g, 

. Similarly for all i there exists g, such that /, is a constant multiple or g,. 
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Since deg(f) = deg(f,) + ... + deg(f,) = deg(g ,) + ... deg(g,), then, = s . 

3,2, Resultants 

Resultants play an imponant role in e limination theory and we want to know 

whether two polynomials, f, g e k[x] have a common factor, finally we wi ll 

study the resultant of two polynomials in k(;c" .l 2 "" ' x~ J, and we wi ll then usc 

resultants to prove the extension theorem. 

We find a common factor by using fac toring rand g in to irreducible. 

Unfortunate ly, factoring can be a time consuming process. A morc efficient 

method wou ld be to compute the GCD of f and g using the Eucl idean Algorithm. 

A drawback is that the Euclidean Algorithm requires division in the field k. As 

we wi ll sec later, this is something we want 10 avoid when doing elimination. 0 

is there a way of detennining whether a common fac tor exists with out doing any 

division in k. 

Lemma 3.2.1 : Let I, g e k[x] be polynomial of degree e> 0 and 11/ > 0, 

respectively. Then f and g have a common factor if and only if there arc 

polynomials A, B e k[x] such that: 

i . A and B are not both zero 

ii. A has degree at most m-I and B has degree at most t - I 

iii. AI + Bg = 0 

Proof: First, assume that f and g have a common factor II e kjxl . Then 1 = Iif. . 

and g = hS
I
, where 1; , gl E k[xJ. Note that 1; has degree at most i -I and sim ilarly 

deg(g l) :S; m- 1. Then glf + (-fl)g= glh11 - 1; hgl = O, and thus A = gl and 

B = - It have the required properties. 

Conversely, suppose that A and B have the above three properties. By (i ), we 

may assume B,* O. If f and g have no common factor, then their GCD is I, so we 

can find polynomials A ,8 e k[x] such that A'f + 8g=1 

Now multiply by B and use Bg = -Af 

8 = (AI + Bg)B = AfB + 8g8 = AfB - BAI = (A8 - BA )I 
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Since B is non-zero, this equation shows that B has degree at least t, which 

contradicts (i ii) . 

I-Icnce , there must be a common factor of positi ve degree. 

Note: The answer given by lemma3.2. 1. May not seem very satisfactory, for we 

sti ll need to dec ide whether the requ ired A and B ex ists. Remarkably, we can usc 

linear algebra to answer this last question . The idea is tum Af +Bg = 0 in 10 a 

system o f linear equations. Write 

A - ... - 1 - cox + ... +c.oo-l 

B - d H d - oX + ... + t-I 

Where for now we wi ll regard the t + m coem cients co,c" ... ,c • . " tio, d" ... ,til-l 

as unknowns. Our goa l it to find c) , (I; e k, not all zero, so that the equation 

Af + Bg ~ 0 ................... (4) holds 

Note that thi s will automatically give us A and B as required in len1lna3.2.5. 

To get a system of linear equations, let us also write out f and g: 

f ll- I 0 =aox + OlX + ... + 0( , (10 1:-

b Ob O.' b g = oX + IX + ... +. ,bo 1:- 0 , Where 0 , ,b, e k . If wc 

substitute these formulas for f, g, A and B into equation (4) and compare the 

coefficien ts o f powers of x, then we get the following systcm of linear equations 

with unknowns C1 and d; and coefficients °1, h, in k. 

O :f/i
. if , ••. , = coe IClellf 0 x 

O :f/i . if "0·' = coe IClell' 0 x 

................. (5) 

b I = 0 coe:f/iciellt oif x' + .( I- I 

S ince there are t+ m linear equations and t + m unknown, we know from 

linear algebra that there is a non -zero so lution if and only if the coefficient 

matrix has zero determinant. 
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Definition 3.2.2: Given polynomials/.g E k[x]of positive d . . cgree, write them In the 
form 

Then the Sylvester matrix of f and g with respect to x, denoted Syl(l .g,x) is 

the coefficient matrix of the system of equations given in (5). Thus Sy/(f ,g ,x) 

is the fo llowing ( l + III) X ( l +m) matrix. 

a" ~, 

Q, Q, b, 0, 

a, 0 , b, b, 

0, 

'" S,I(/.",,) = 0, bl • 

a, b. 

0, h. 

a, I,. 
a ", Iocr .... " \~"'III' 

Where the empty spaces are filled by zeros. The resultant of f and g with respect 

to x, denoted Re s(/, g ,x) , is the determinant of the Sylvester matrix. Thus 

Res(f ,g ,x) = det (Syl(f,g,x». 

Note: A polynomial is ca lled an integer polynomial provided Ihal all of its 

coeffic ients are integers. 

Proposition 3.2.3: Given j,g E k[x] of positive degree. the resu ltant 

RC j'(f , g ,X}E k is an integer polynomial in the coefficients offand g. Further 

more, f and g have a common factor in k[xJ if and only ifRes(! .g ,x ) = O. 

Proof: The standard formu la for the determinant of an sx s matrix 

A~() . 
a if l S,.ISo . 1S 
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det (A) = L sgn(a)a l .. ( I )Q 2"(l) · . .a j .. {j) ,Where sgn(a) IS +1 if (J" inler 
.. .. p""'~k'"'''' 
,,/1 1.2 .. .. .. ) 

changes an even number of pairs of elements of {1,2,3, ... ,s} and ·1 if (J" 

interchanges an odd number of pairs. This shows that the determinant is an 

integer polynomial (in fac t the coeffic ients are ± 1) in ils entries, and the fi rst 

statement of the proposition then follows immediately from the defini tion of 

resultant. 

The second statement is just as easy to prove: the resultant is zero Q 

The coefficient matrix of equations (5) has zero dclerminanls(:) equation (5) 

have a non-zero solution. We observed earlier that this is equivalent to the 

existence of A and B as in Lemma3 .2. 1, and then Lemma3.2. 1: complctcs the 

proof of the proposition. 

Example 3.2.4 : If f = 2X2 + 3x + 1 and g(x) = 7x2 + X +3 have a common faclor 

inQtx]. One computes that 

2 0 7 0 

) 2 I 7 
= 15).0 . Res(/,g,x) = det 

I ) ) I 

0 0 ) 

So that there is no common factor. 

Example 3.2.5 
I(x) = Xl - 3x 2 + 5x - 3 

g (x)=2x 2 - 7x +5 

2 - 7 5 0 0 

0 2 -7 5 0 

Rcs(/,g,x) = 0 0 2 -7 5 =0, then f and g have a common factor. 

I -) 5 - ) 0 

0 - ) 5 - ) 

. h I detenninants are hard to 
Note: One disadvantage to us ing resultants 15 t at arge 

compute. 

) I 



Example 3.2.6: Compute the resu ltants of the po lynomials f = xy - l 

and g =x+ y2 - 4. 

Solution: Regarding f and g as polynomials in x whose cocrric icn ts arc 

polynomials in y, we get 

Re s(f,g,x) = dC{-~ o 
y 

- I 

Note: More generally, if f and g arc any polynomials inklx,yJ, in which x 

appears to a pos itive power, and then we can compute Rc .... (/ .g,x) in the same 

way. S ince the coefficients are polynomials in y, Propos ilion3.2.3 guarantees 

that Res( f,g,x) is a polynomia l in y. Thus givcn/.g e klx,yl, we can usc 

resultant to eli minate x. 

Propostion 3.2.7: Given/,ge k(:c lof posit ive degree, there arc 

polynomialsA,B e k[x] such that AJ+Bg = Rcs(/ ,g, x) 

Further more, the coefficients of A and B nrc integer polynomials In the 

coefficients of f and g. 

Proof: The definition of resu ltant was based on the equation AI + Bg = O. In this 

proof, we wi ll apply the same methods to the equation AI + jjg = I ........... (6). 

The reason for using A rather than A wi lt soon be appare nt. The proposit ion is 

tri vially true if Re s(/,g,x)=O(sim ply choose A = B = O), so we may 

assume Res(/ ,g ,x) ~ O. 

b 'b '-' b b"O g=ox+]x + ... + .. ,(l+-

- .-1 A =cox +", +c._1 

- t - I d B = dox + ... + t-I 

Where the coefficients cO. c ..... ,c._l'do.dl'· .. ,dt_l are unknowns in k. If we 

substitute these formulas in to (6) and compare coefficients of powers of x, then 

we get the fo llowing system of linear equations with unknowns c, and d, and 

coefficients Q; . b, in k. 
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= 0 coefficielll of X l '.- I 

= 0 coefficiem of X I . .. - 1 

.................. (7) 

These equat ions are the same as (5) except for the I on the right hand s ide of the 

last equation. Thus, the coefficient matrix is the Sylveste r matrix of f and g, and 

then 

Re s( f ,g ,x) ;I!: 0 guarantees that (7) has a unique so lution in k. 

In this situation, we can use Cramer's rule to give a formu la for the unique 

so lution . In our case, Cramer's rule gives formula for thee, 's and (/, 's. 

For example, the first unknown Co given by 

o 
U lIo 

I 
CI) = del 

Rcs(j .. , .. 1' I 

(II iJ", 

Since a determinant is an integer po lynomia l in its entries, it follows thnt 

an int eger polynomial in or' ,h, 
c = 
• Res(j,g,x) 

There are s imilar formulas for the other c, 's and the otherd, 'so Since 

A =COX ,.-I +"'+C._1 , we can pull out the common denominator Res ( f, g. x) and 

- I 
write 'A in the form A = R (I )8 

es ,g,x 

Where Be k(x] has the same Properties as A .s ince A andBsati sfy Af + 8g= l , 

we can multiply through by 

Res (f, g, xl to obtain 

AI + Bg = Rcs(j,g,x) 
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Since A and B have the required kind of coefficients. the proposition is proved. 

Example 3.2.8: Let j =xy - l and g = x+l-4 . If we regard these as a 

polynomials in x, then Res (r, g, x) = l - 4y1 + I ~ O. 

Thus GCF (f, g) = 1, then 

- ( y - x + • )/ + ( y ' )g = 1 
y4 _ 4y + 1 Y - 4y + 1 / - 4y + 1 

Note that thts equation takes place in key) [x] i.e. the coeffic ients arc ralional 

functions in y. This is because the GCD theory requires fie ld coe fficients. 

Ifwe want to work in k[x, y], we must clear denominator which leads to 

- (yx+l) f + y ' g = y' - 4y' + 1 

Note If j,g E k[x,y] are any polynomials of positi ve degree III x, then 

Res( f , g, x) always lies in the first elimination idea l of< j ,g >. 

3.3. Resultants and the Extension Theorem 

In this section we will prove the extension Theorem using the resultants. OUf 

first task wi ll be to adapt the theol)' of resultants to the case or polynomials in n 

variables. 

Suppose we are given j,g E k[XPX2" " 'xw] of posit ive degree in xl · 

We write 

.. . . . . .. . . .. . .. . .. . (0) 

Wherea" b, E k[x2, ... ,xw]' and we define the resultant off and g with respect to XI 

10 be the detemlinant 
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00 /", 
<l , 0 0 b, ho 

<l, h, 

00 bo 
Rcsf f. g . . r!) = d CI 

a, b, 
a, b. 

a, I,. 

a, b. , 

'" "J!~nll1' I CillulIWh 

Where the empty spaces arc filled by zeros. 

Proposition 3.3.1 : Let j,g E k[x, ,x1' ...• xJ have posit ive degree inx, . Then: 

I . Res( f ,g, XI ) is in the first eliminat ion ideal < j ,g > r'lklxl' .... X~ J. 

11. Res(t.g , XI ) = 0 if and only if f and g have a common factor in 

k[XI.X1,.··,x,, ] Which has positive degree in x! . 

Proof: When we write f, g in terms of x, the cocffic,·c"t'" b I· . *1 1 ' I , I Ie In X l' ... , x~ . 

Since the resultant is an integer polynomia l in (1, , b, (Propos ition 3.2.7), it 

follows that Res(j,g,x,) e klx1, ... ,x,, ]. We know that 

AI + Bg = Res(j,g,x t ) , where A and 8 arc po lynomials In X I whose 

coefficients are aga in integer po lynomials ina,.b, (Proposition 3.2.7). Thus 

Rcs(/,g,X,) E<j,g > . This proves part (i) of the proposition. 

To prove the second part, we will use Proposit ion 3.2.3 10 interpret the 

vanishing of the resultant in terms of common factors . In section 3.2, we worked 

with polynomials in one variable wi th coeffi cients in a fie ld . Since f and g are 

polynomials in XI with coefficients in krx2' ... ,x~ l the fi eld the coefficients lie 

in k(x
2

, ... ,x,,). The Propos ition 3.2.3, appl ied 10/,g E k(x! , ... ,x~ ) rxl ] ' tell s us that 

Re s(/,g ,x)=Oif and only if f and g ha ve a common faclor in 

k(x2> ... ,x~)[x l ] which has posit ive degree inx,. But then we can apply Corollary 
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3. 1.5, which says that this is equi va lent to having a common r .. ctor In 

k[XI,X1,···,x,,] of pos itive degree inx" 

Cor ollary 3.3.2. If J, g E qx] , then Res(J ,8 ,x) = 0 if and only if f and g have a 

common raol in C . 

Propos ition 3.3.3: let j,g eC [xpx1, ... ,x,, ] have degree t,m respectively, and 

let c = (c2, ... ,c,,)eC"-1 Satis fy the following: 

i. J(x"e) EC[x, ] hasdegrce l. 

ii . g(xl,c)e C[xl ] has degree p :5 m. 

Then the polynomial h = Rcs(f,g ,.'Ct ) E C {:cw"' x,, ] sat isfies 

h(e) = ao(c)"-" Res{f(x"c),g(xj,c), XI)' where at) is in (a) 

g =box/" + b1x/--1 + ... +b", • bo C/:. 0 

r If b · ( ) r in the dctcrminantal formula for Proo . we su stllute C = cl , ... ,e. lor X1,···, X" 

II = Res(f,g,x ,) , we obtain 

bu(c) 

lIoiC) bole) 
liIe) = del 

(I((C) (.,,(e) 
, , , 

I culuJIIU 

d Then our assumptions imply that 
First suppose that g (Xl' c) has egree P = m. 

f (x"c) = oo(c)x/ + ... + o/(c) ,oo(c)",O 

g(x" c) = b, (e)x, ' + ... + b. (e) , b, (e).o 
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Hence the above detenninant IS the resultant of ((xl.c) and g( xpc), so that 

h(c)=Res(f( x"c),g(x" c), x,) 

This proves the propos ition when p = m. when p ~m, the above delerm inant is 

no longer the resultant of l(xl, c) and g(xpc) (it has the wrong s ize). lIere we 

get the des ired resultant by repeated ly expanding by minors along the (i rst row. 

Theorem 3.3.4 (The Extension Theorem) 

Let! =< 1;./2. ··.'1. > ~ qxl" " ' x~ I and let II be the first elimination ideal o f I. 

For each I .::;; i .::;; s , write /, in the form 

J; = g,(x1 • ... ,x,,)xl N, + terms ill which Xl !Uls dcg ree < N" whe re N, 2:. 0 

and g; e C [xl'" .. , x~ ] is non-zero. Suppose that we have part ial 

so lution (c2 •... ,c,, ) e V(l I). If (c2, ... , C~ ) E V(gp ...• g,) , then there exists c. eC 

such that(c" ...• c,,) e V(I). 

Proof: As above, we setc = (cl "" ,c. ) . Then cons ider the ring homomorphi sm 

qXI" " ' x~ ] -. C[x1] defined by /(xp .. .• x ,, ) H /(xpc) , sincc the image of 1 is 

under thi s homomorphism is an ideal of C[XI J. S ince qxll is a PID, the image of 

IS generated by a single polynomia l l/(xl ) • In othcr words, 

U(x, ,c) : f E I} =< II( X,) > . 

If u (XI) is non-constant, then there is el E C slich that u ( c l ) = 0 by the 

fundamental theorem of algebra. It follows that I(c •• c) = 0 fo r all I E I . SO that 

(c"c) = (cp .. . ,c, ) E V(I). 

Note that thi s argument also works if /I(xl ) is the ze ro polynomial. It remains to 

consider what happens when I/(x.) is a non-zero constantl/o' By the above 

equal ity. there is fe l such that /(xpe) = uo' We will show that thi s case can not 

occur. By hypothesis, our partial so lution satisfies e li!: V (g l' 8 l ,.··,8, )· 

Hence gi (e) *" 0 for some i. Then consider 

h = Re ,(/../,x,) E qx" ... ,x,J. 

Applying proposition 3.3.3 to /, and f, we obtain 

h(c) = go«(.") .... (11 Rcs(/,(xpc) . /10 , :e l ) 

)7 
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Since f (x I> c) = uo· We also have Res (I. (x .. c), 110 , x. )=11/ ' 

Hence h(c) =go (c)<iq( /)u/, :;I!:O 

However J;, f E I and propos ition 3.3.1 imply that he I ., so that h(c) = 0 since 

c e V(l . ). This contradiction completes the proof o f the Extension Theorem. 

Note: For concreteness, we stated the theorem only for the complex numbcrC . 

The extension Theorem is true over any algebraica lly closed li cld. 
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