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CHAPTER 1

Preliminaries

1.1 Polynomials of One variable

Definition 1.1.1 Given a non-zero polynomial f € K[x], let
f=a, x"+a, x""'+...+a, where a, €K and a, # 0. [Thus m=deg (f)]

Then we say that, a, x" is the leading term of f, written LT (f) =a, x".
Example f(x) =2 x*-4x+3, then LT (f) = 2x’, deg (f) =3
Note: If fand g are non zero polynomials, then

deg(f) <deg(g) if and only if LT (f) divides LT (g)
Proposition 1.1.2. (The Division Algorithm)
Let K be a field and let g be a non-zero polynomial in k[x] .Then every f € k[x] can
be written as f = gqg+r Whereg.r € k| x]. and either r=0or
deg(r) < deg(g) .Furthermore, q and r are unique.
Proof: We first prove Existence of ¢,r .If deg (g)>deg (f) then we set ¢=0 and
r= f .Otherwise, deg (f) >deg (g) .Let f=@o+ ' +amX™, where an, # 0,
and 9 =0+ + 2, X", where b, # 0
Define the integerd = m—n=0.We will use induction in d.
Letd =0, thenm =n, We set 2= @m/?» and r = f — 49 .Notice that q is well -
defined because = #0 and that the coefficients of X™ in r vanishes
,whence deg(r) <m=deg(g).
Induction step: Now we assume that this is true whenever d<k and
let d = k, so that m= n + k. LetZh =f —(em/ba)X™ "9 Notice that
deg f1 < deg f, whence by induction there exists ¢,r with degr < degg

and f: = &g ~ r.Therefore
M=—" a"‘ -1
f=f1+%4 9':(?:"':3’“ )94‘7,

Whence define ¢ = @1 +(am /52)X™ ™™ and the result is true for d= k.
Suppose that f=¢99+7 =Qg+ R, with degr < degg and deg R < degg,



Rearranging , we have £-7=(9-Q)9  whence g divides R—r.Since
deg(R —r) < degg  this can only happen if R—r=0whence R=r.In this case
9(¢ = Q) = Owhich since 9 # 0 implies that — @ = O or, equivalently ,that @ = g,
The polynomial q and r in the statement of the theorem are called the quotient and
remainder, respectively.

Finally we prove uniqueness. Proving the proposition is to show that q and r are
unique. So suppose that f =gg+r=q'g+r' f=qg+r=q'g+r' where both rand »'
have degree less than g (unless one or both are 0). If r# »', then deg (' -r) < deg (g).
On the other hand, since (g—¢")g =r"—r.......... (1). We would haveg—¢'#0 , and
consequently, deg(r —r') = deg((q — q')g) = deg(q — ¢') + deg(g) = deg(g) .

This contradiction forces r'=r and then (1) shows thatg' =¢.

Corollary 1.1.3. If k is a field and f € k[x]is a non -zero polynomial, then f has
at most deg (f) roots in k.

Proof: We will use induction onm = deg( /).

Whenm =0, fis a non -zero constant, and the corollary is obviously true.

Now assume that the corollary holds for all polynomials of degree m—1, and let f

have degree m.

If f has no roots in k, then we are done. So suppose a is a root in k. If we divide
by x-a, then proposition 1.1.2 tells us that f = g(x—a)+r, wherer e k, sincex—a,
has degree one.

To determine r, evaluate both sides at x = a, which gives

0= f(a)=q(a)a-a)+r=r.

It follows that f = g(x—a) . Note also that q has degreem—1. We claim that any
root of f other than a is also a root of q. To see this, let »# a be a root of f.

Then 0= f(b)=q(b)(h-a) implies that g(h) =0 since k is a field. Since q has at

most m—1 roots by our inductive assumption f has at most m roots in k.



Corollary 1.1.4 If k is a field, then every idea of k[x]can be written in the form
< f > for some f € k[x]. Further more f is unique up to multiplication by a non-
zero constant in k.

Proof: Take an ideal I ck[x]. If I = {0}, then we are done since I= < 0 >. Other
wise let f be a non- zero polynomial of minimum degree contained in 1. we claim
that < f> = 1. The inclusion < f>c/ is obvious since I is an ideal .Going the
other way take g e /. By division algorithm, we have g =qf +r where either
r = 0 or deg(r) <deg (f).Since I is an ideal, ¢f € and, thus,r=g-qf e I.If r#0,
then deg(r) <deg (f), which would contradict our choice of f. Thus r = 0 so that
g=qf e< f> .Thisimplies I c< f> .

ThusI=<f>

To show uniqueness, suppose that < f >=<g> . Then fe<g> implies that
f =hg for some polynomial hek[x]. Thus, deg (f) = deg (h) +deg (g)....... (2),
so thatdeg( /) > deg(g).

The same argument with f and g interchanged shows deg(g)>deg(/), and it
follows that deg (f) = deg (g).

Then (2) implies that deg (h) = 0, so that h is non-zero constant.

In general an ideal generated by one element is called a principal ideal. K[x] is a
principal ideal domain, abbreviated PID.

The prove of Corollaryl.1.4 tells us that the generator of an ideal in k[x] is the
non-zero polynomial of minimum degree contained in the ideal.

Definition 1.1.5:-A greatest common divisor of polynomials f,gek[x] is a

polynomial h such that

i. hdivides f and g
ii. If p is another polynomial which divides f and g, then p divides h. when

h has these properties, we write h=GCD (f, g ).



Proposition 1.1.6 let /., g e k[x] then:

i .GCD (f, g) exists and is unique up to multiplication by a non-zero constant in
k.

i1 .GCD (f, g) is a generator of the ideal< f, g >.

Proof. Considers the ideal< f,g>. Since every ideal of k[x] is principal
(corollary 1.1.4), there exists he k[x] such that, <f, g >= <h>. We claim that h is
the GCD of f, g.

To see this, first note that h divides f and g since f,g e<h> . Thus, the first part
of Definition 1.1.5 is satisfied.

Next suppose that pe k[x] divides f, g. This means that f = Cp and g =Dp for
some C,Dek[x] . Since he<f,g> , there are A, B such thatAf +Bg=h.
Substituting, we obtain h= Af + Bg = ACp+ BDp = (AC + BD)p which shows that
p divides h. Thus, h=GCD (f, g).

This proves the existence of the GCD. To prove uniqueness, suppose that 4" was
another GCD of f and g. Then by the second part of Definition 1.1.5, h and 4’
would each divide the other. This easily implies that h is a non-zero constant
multiple of 4".

Thus part (i) of the corollary is proved, and part (ii) follows by the way we found
h in the above.

There is a classic algorithm, known as the Euclidean Algorithm, which computes
the GCD of two polynomials ink[x].

Example 1.1.7: Compute the GCD of x* -1 andx® - 1.

Solution First, we use the division algorithm:

x*-1=0(x*-1)+ x* -1

x¢=1=x*(x*-1) +x* -1

X=1=G2-1)*+D)+0

Then by Euclidean Algorithm, we have

GCD (x*-1,x*-1)=GCD (x* -1,x*-1)=GCD (x* -1,x* -1)

=GCD (x* -1,0)= x* -1



Note that this GCD computation answers our earlier question of finding a
generator for the ideal <x® -1, x* -1>,
Namely, propositionl.1.6 and GCD (x* -1,x° —1) =x?-1 imply that
<x'-1,x* -1>=<x2-1>
Definition 1.1.8. A greatest common divisor of polynomials f,, f,....f, € K[x] is
a polynomial h such that
i. hdivides /1, /... f, .
ii. If p is another polynomial which divides f;. f,..... /. , then p divides h.
iii. When h has these properties, we writer
h=GCD(f,,...1,).
Proposition 1.1.9 Let f,, £,.,..., f, € K[x], where s > 2. Then:
. GCD(f,, f,.....f,)exists and is unique up to a multiplication by a non-zero
constant in k.
ii. GCD(f,, f,,-.../,)is a generator of the ideal < f,, f,,.... f, >.
iii. If's 23, then GCD(f,, f, ... f,) = GCD(f,,GCD(f,, f1,-s 1.)) -
Proof. The prove of part (i) and (ii) are similar to the proofs given in
Proposition].1.6.
To prove part (iii), let h= GCD ( f,, f;,... f,), then <f, h>=< f,, f,..... f, >
By part ii of this proposition we see that

<GCD(f, . h)>=<GCD(f;, fy-s £.)>.Then GCD (f,, h) =GCD (f,, f,s f.)
follows from the uniqueness part of Corollary 1.1.4.
For example, suppose that we wanted to compute the GCD of four
polynomials f,, f,, f;. f, . Using part (iii) of the proposition twice, we obtain
GCD (£, /3. /3. £,) =GCD(£,,GCD(f,, f+. 1)

=GCD(f,,GCD(1,,GCD(f;, 1,))

Then if we use the Euclidean Algorithm three times, we get the GCD

Off,‘fg-.f'{!fl‘



Example 1.1.10 Compute the GCD of x* —3x+2,x* —1,x* -1
Solution. Consider the ideal <x’ -3x+2.x* - 1,x* = 1> € k[x]

We know that GCD (x’ -3x+2,x" -1,x° -1)

=GCD ((x* =3x+2,GCD(x* -4,x° 1))

=GCD(x* =3x+2,x-1%)

= x-1

Therefore GCD (x* =3x+2,x* -1, x* —1) =x—1

It follows that <x’ —3x+2,x" —1,x° —1>=<x-1>

1.2. Polynomials of n-variables

Definition 1.2.1. A monomial in,x x,,...,x,, is a product of the form
x“.x,“..x, ", where all of the exponents a,,a,,...a, , are non-negative integers.
The total degree of this monomial is the sumea, +a, +...+a, .

We can simplify the notion for monomials as follows: leta = (a,.a,.....a,) be an
n- tuple of non-negative integer’s .Then we set x“ =x“.x,"..x,“ . When

a =(0,0,...,0) , note thatx® =1. We also let |¢|=a, +a, +...+a, denote the total

degree of the monomial x“ .

Definition 1.2.2: A polynomial f inx,,x,....,x,, with coefficients in k is a linear

n?

combination (with coefficients in k) of monomials. We will write a polynomial f

in the form f=Y"a,x",a, € k .Where the sum is over a finite number of

n-tuplesa = (a,,a,,...a,) .
The set of all polynomials inx,, x,.....x,, with coefficients in k is denoted by

5 M AU )
Example 1.2.3 [ =2x"y’z’ +%y3z’ -3xyz+ y’polynomial in  Q [x,y, z].

We will usually use the letters f, g, p, q. r to refer to polynomials.

Definition 1.2.4. Let [ = Zaux" be a polynomial in [x,,x,.....x, |



i. We call a, the coefficient of the monomial x“.
ii. Ifa, # 0, then we call a,x"a term of f.
iii. The total degree of f, denoted deg (f), is the maximum|a| such that the

coefficient a, is non-zero.
Example 1.2.5 [ =2x%y’z’ +%y"z3 ~3xyz+y* f has four terms and total

degree six.
Note. i. The sum and product of two polynomial is again a polynomial.
ii. We say that a polynomial f divides a polynomial g provided that g = fh

for some he k[x,,x,,..,x,] .

1.3. Affine Space and Affine Varieties

Definition 1.3.1. Given a field k and a positive integer n, we define the n-
dimensional affine space over k to be the set
k" = {(a,a,,..a,): a,,a,,...,a, €k}.

Example 1.3.2 For an example of affine space, R".

In general k=k' the affine line.

k= k* the affine plane.

Proposition 1.3.3. (Fundamental Theorem of Algebra)

Every non-constant polynomial f e C[x] hasarootin C.
We say that a field k is algebraically closed if every non-constant polynomial in
k[x] has a root in k.
Thus R is not algebraically closed (Since x* + 1 has no root inRR )

C is algebraically closed .
Definition 1.3.4. Let k be a field, and letf,/,,.../,, be polynomials in
k[x,,x,,...x,].Then we set
V([ fosoa f,) = {(a),a55..90,)e k" f(a,,a;,...a,) =0 for all 1<i<s }. We
call V ([, fysrrf,) the affine variety defined by f,f,..... f,.Thus, an affine

variety V(f,,fss-»f,)<k"is the set of all solutions of the system of

equations f,(x,-..x,) = ... = f,(X,,...x,) =0 .



We will use the letters v, w, etc to denote affine varieties.

Definition 1.3.5: Let k be a field. A rational function in 1,,/,,...7, with

f

coefficients in k is a quotient = of two polynomials 1, ge k[t,,1,,....1,, ], where g
g

is not the zero polynomial. The set of all rational functions in 1,,1,.....1, with

coefficients in k is denoted k(1,,1,,....1,,) .

Note.l. Two rational functions f/g and h/k are equal provided that kf = gh in
k(t,,ty,00t,) .

2. k(1,,t,,..,1,) is a field.
1.4. Ideals

Definition 1.4.1: A subset /ck[x,,x,,...,x, ]is an ideal if it satisfies

i.0el.

i Iff,gel thenf+gel.

ii. If f € land h € k| x,,...,x, |,then fhel.

Definition 1.4.2: Let f,, £,,.... f, be polynomials in k[x,,x,,....x, |. Then we set

Lo Lorondy 2= A LB S BB €M% B ®, ]}
i=|
Lemma 1.4.3.If 1, f,,.... f, € k [x,,%,,..,x,], then < f,, £,,.... f, > is an ideal of

k[x,,x,,...x,].We will call < £, f,,..., f, >the ideal generated by f,, £,...., f, .

Proof first 0Oe</f,, f,,...f,>. Since 0 220)‘, :

i=l

Suppose that f = Zp,f, and g =Zq,ﬁ and let & €k[x,,x,,...,x,]
=1

Then the equation

f+g=i(p, +q,)f, = f+gel

=]

W =Y (hp)f, =hfel.

Thus < f,, f,,.... f, > is an ideal of k[x,,x,....x,].



Definition 1.4.4: Let V ¢ k" be an affine variety. Then we set
1 (V)= {fe k{x,,%;5.%,): (@i a;5.5a,) =0 forall (a,,a;,..4a,)eV }.
Lemma 1.4.5: If Vc k" is an affine variety, then I (V)< &[x,,x,,....x,] is an
ideal. We call I (V) the ideal of V.
Proof It is obvious that Oel (v) since the zero polynomial vanishes on all ofk”,
and so, in particular on V.
Suppose that, f, g € I (V) and he k[x,,x,,...x,].
Let (a,,a,,...,a,) be an arbitrary point of V. Then
fla,a,,...a,))+ gla,a,,...a,)=0+0=0thus f+gel(V)
ha,a,,...a,) f(a,a,...a,) =h(a.a,,..,a,).0=0 .Thushf e I(V).
Thus, 1 (V) is an ideal ofk[x,.x,,...,x, ].
Lemma 1.4.6: If /. /,...../, €k[x,.x,,...x,].,then
< fis fosen £, €UV (s f34e £,))s although equality need not occur.

Proof: Let fe<f, f,,... f, > which means that f = > &, f,for some polynomial
=1
B Bysinh, € KX Xa X0 )
Since f, f,..... f, vanishon V (f,, f,..... f,) sO muslih,ﬂ :
=l

Thus f vanishes onV (f,, f,..... /,) » which proves f € I(V(f,, f5,.s 1,)) -
Thus < f,, fyss ;> € TV (fis frse JO):
1.5. Ordering on the monomials in#[x,,x,,..,x,].
Definition 1.5.1. A monomial ordering on [x,,x,,...,x, ]
is any relation > on Z",, or equivalently, any relation on the set of monomials
x*,ae ", satisfying:
i. > is a total (or linear) ordering on Z",, (i.e. our ordering be linear or total

ordering means, that for every pair of monomials x“ and x” exactly one of the

three statements x*> x” , x*= x” x” >x“, should be true).

ii.lIfa>p andyeZ’,,,thena+y > f +y



iii. > is a well ordering onZ",,. This means that every non -empty subset of
Z",, has a smallest element under >,

Definition 1.5.2. (Lexicographic order (lex))
Leta = (a,,a, ...a,)and g= (B, ;... B,)EZ",, .

We say a >, f if, in the vector difference a-f€Z" , the left most
non-zero entry is positive .we will write  x* >, x" ifa >, f.

Example 1.5.3: a. (1,2, 0)>,, (0, 3, 4), Sincea - = (1,-1,-4).

lex
b.(3,2,4) >,.(3,2,1),sincea - = (0, 0, 3).
c. The variables x,, x,,...,x,, are ordered in the usual way by the lex

ordering: (1,0,0,..:;0) >, (0, 1,0,:..,0) 35,50 24, (0, 55 1) So

lex

‘rl & x! >-‘n .\'3 >J'ﬂ "'>-‘rl .\‘".

lex

Defintion 1.5.4. (Graded lex order) (grlex order)
Let a, peZ',, Wesay a >, p if

laf =Y, >|1= 3. 4, or a|=[4] anda>,, .

We see that grlex orders by total degree first, then “breaks ties™ using lex
order.

Example 1.5.5: a.(1,2,3) >, (3,2, 0)since|(1,2,3)| =6 >| (3,2,0) =5

b.(1,2,4)> . (1,1,5) since|(1,2,4) =]|(1,1,5)| =5 and

griex
(]v 2$ 4) >‘."r.l (1, 1\ 5)
c. The variables are ordered according to the lex order i.e.

> X

xl >gd‘rl ".1 >xrfr: x] }xdﬂ **¢ < griex n

Definition 1.5.6. (Graded reverse lex order).

Leta, peZ",, . Wesay a >, B if |a|= i“* >|A] =iﬁ‘ or |a|=|4|

=1 i=]

and the right most non zero entry ofa - € Z" is negative. Like grlex, grevlex

orders by total degree, but it “‘breaks ties” in different way.

10



Example 1.5.7.

a.(4,7,1) > (4,2, 3) since |(4,7,)| =12 >[(4,2,3)| =9

greviex

b. (1,5,2)>,... (4,1,3)since |(1,5,2)|=](4.3.1)|=8and
(1,5,2)- 4,1,3) =(-3,4,-1).

c. Grevlex gives the same on the variables. That is

(1,0,...,0) > (0, 0,..., or

Rreviex = >;:rn-.r‘rx

>

X e Ty P P g Ry
To explain the relation between grlex and grevlex, note that both use total degree
in the same way.

To break a tie, grlex use lex order, so that it looks at the left most (or largest)
variable and favors the larger power.

In contrast, when grevlex finds the same total degree, it looks at the right most
(or smallest) variable and favors the smaller power.

Example 1.5.8: x’yz>_ . x'yz* since both monomials have total degree 7
and x’yz >, x'yz?, but for a different reason: x*yz is larger because the smaller

variable z appears to a smaller power.

As with lex and grlex, there are n! grevex orderings corresponding to how the
n variables are ordered.
Example 1.5.9: Let f=4x )’z +42°-5x’+7x* 2% €k|x,y, z]. Then
a. With respect to the lex order, we would reorder the terms of f in decreasing
orderas f=-5x"+7x* z* +4xy’z+427°,
b. With respect to the grlex order, we would have f=7x* z* +4xy’z-5x’+4z°.
¢ .With respect to the grevlex order, we have f=4xy’z+ 7x* z* -5x'+42°.

Definition 1.5.10: Let f = Zaax" be a non-zero polynomial in &[x,x,....x,]

a

and let > be a monomial order
i. The multidegree of f is
multideg (f) =max (a, € Z2",,:a, #0)

(The maximum is taken with respect to >).

11



ii. The leading coefficient of f is
LC (f) =a ek.

malti degt f)
1ii. The leading monomial of f is

LM (f) =x™"* (with coefficient 1).

iv. The leading term of f is

LT (f) = LC (f). LM (D).

Example 1.5.11: let f=4x y*z + 42*-5x’+7x* z* as before and let > denote the
lex order. Then f=-5x'+7x*2* +4xy’z+47’

multideg (f) = (3, 0, 0)

LC (f) =5
LM () =x’
LT (f) =-5x°

Definition 1.5.12: An ideal 7/ ¢ [x,,x,,...,x,] is a monomial ideal if there is a
subset A < Z",, (possibly infinite) such that I consists of all polynomials which

are finite sums of the form Zh,,x“ ,where h, € k|x,,x,,...,x,]. In this case, we

write [=<x“: a e A>.
Example 1.5.13: An example of monomial ideal is given by
I=(x'y*,x’y',5y*) ckix, y].
Lemma 1.5.14: Let [ = < x” :a € A > be a monomial ideal. Then a monomial
x” lies in I if and only if x” is divisible by x“ for somea € A.
Proof. If x” is a multiple of x“ for somea € A, then x” €1 by the definition of

ideal.

Conversely, x” el thenx”= Y hx*", where h, € k [x,,x,,...x,] and a(i) €A

i=l

If we expand each A as a linear combination of monomials, we see that every

term on the right side of the equation is divisible by some x“".
Hence the left side x” must have the same property.
Note that x” is divisible by x“exactly when x”=x"x’for

somey € Z",, .This is

12



atZ',,= {a+y:yeZ":} consists of the exponents of all monomials
divisible by x“.
Lemma 1.5.15: let | be a monomial ideal and let fek|x,,x,.....x,], then the
following are equivalent.

i. fel.

ii. Every term of f lies in |

iil. f is a k-linear combination of the monomials in 1.

1.6. Groebner bases and properties of Groebner Bases
Definition 1.6.1: Let / ¢ k[x,,x,,...,x,] be an ideal other than {0}.

1. We denote by LT (I) the set of leading terms of elements of 1. Thus,
LT (I) ={cx*: there exists fel with LT (f) = cx” }.
ii. We denote by < LT (I) > the ideal generated by the elements of LT (I).
If we are given a finite generating set for I, say 7 =< f,, f,,.... f, > . then
<LT(f),LT(f,)., LT(f,)> and < LT(I)> may be different ideals. It is true
that LT(f)e LT(I)c< LT(I)> by definition, which implies

< LT(f,)s s LT(f,) >c< LT(I) > .However < LT (/) > can be strictly larger.
Example 1.6.2: Let [=<f,, f,>, where /,=x’-2xy and f,=x’y-2 y’+x and use
the grlex ordering on monomials in k[X, y]. Then

x* =x(x*y-2y*+x)-y (x'-2xy) .So that x* € 1.

Thus x*=LT (x*) € < LT(I) > .However x’ is not divisible by LT ( f,) =x" or
LT (f,)=x*y,sothatx’¢ <LT(f, ), LT (f,)> by lemma 1.5.14.
Definition 1.6.3: Fix a monomial order. A finite subset G ={g,.g,,....£,}of an

ideal [ is said to be a Groebner basis (or standard basis) if

<LT(g),.-,LT(g,) =< LT(I)> Equivalently, but more informally, a set

{g,,8,,..&} < is a Groebner basis of I if and only if the leading term of any

element of I is divisible by one of the LT'(g,).



Corollary 1.6.4. Fix a monomial order. Then every ideal / < k[x,,x,.....x, ] other
than {0} has a Groebner basis. Further more, any Groebner basis for an ideal I is
a basis of'I.

Proposition 1.6.5. V (I) is an affine variety. In particular, if/ =< f,, f,..... f, >,
then V() =V (S, Lo So)s

Proof: I =< f,, f,,..., f, > for some finite generating set.

We claim thatV (1) =V (f,, f,s.n [.) -

First, since f, €, if f (a,,a,,..,a,) =0 for all fel then,
T (i v, Y =030 M (D) SV (fis Sl ) consnasn (1)
On the other hand, let (a,,qa,,...a,) € V(/,, f,,...f,)and let fel.

Since I =< f,, f,,...,f, >We can write

= Zh,f, for some h € k[x,.x,...x,].

Thus, VRl i) E V) isascnsnssase (2)
Thus from (1) and (2) V(f,, £, f, )=V (]).
Note: The most important consequence of this proposition is that varieties are

determined by ideals.



CHAPTER -TWO
2.1. ELIMINATION THEORY

This chapter will study systematic methods for eliminating variables from
systems of polynomial equations. The basic strategy of Elimination Theory will
be given in two main theorems: the Elimination Theorems and the Extension
Theorem. We will prove these results using Groebner bases and the classic
theory of resultants.

The Elimination and Extension Theorems

To get a sense of how elimination works, let us look at an example

Example 2.1.1 Solve the system of equations in C'.

Solution. If we let | be the ideal

I=( x*+py*+2' -1, 2 +y* =y , %Xz )......... (2)
We want to find all points in V(I) .Proposition 1.6.5 implies that we can compute
V(I) using Groebner basis of I.
Then a Groebner basis for I with respect to lex order is given by the three
polynomials

8~ XZ

It follows that equation (1) and (3) have the same solutions. However,

: 1 Jia 8 . i
51nccg3:z‘+izz~z involves only z, we see that the possible z's are

7=+ %x,‘i V5 -1 (i.e. its roots can be found by first using the quadratic formula

to solve for z? then, taking square roots).

V-1 ,2—y-J5-1)

i g . | 1
This gives us four values of z (Namely + s %



Substituting these values in to g,= -y+2z?, we can determine the possible y’s.

From g,=0 = -y+2z=0

= y=2z%
If z:%m theny= 27? :>y=%
If Z=‘%mtheny= 222 :y:_‘f_gz___l
3=—JT_I theny = 22 :y:‘\f—l
Ifz=-%m theny = 22° :;y:“f"

Then finally substitute the values of y and z in g,= x-z gives the corresponding
values of x.

10, 2i=0=x=g

In this way, one can check that equation (1) have exactly four solutions that is

the solution of the equation are

(%Jﬁ-l, % : %J\G—I) LN 7 1/ 1),
(%J-\E-I,"‘E V-1 ) (55 V=51

Since V (I) =V (g,,g,,.8;) - We have found all solutions of the original

3% ]

equation (two real and two complex solutions).
What enabled us to find these solutions? There were two things that made our
success possible.

(Elimination step)

We could find g,=z" +-;-z’ —%= 0 of our original equations which involved

only z, i.e, we eliminate x and y from the system of equations.

(Extension step) once we solved the simpler equationg,= 0 to determine the
values of z, we could extend these solutions to solutions of the original

equations.
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Definition 2.1.2 Given /=< {,,f,,...f. > < k|x,,..,x,] ¢"elimination ideal 7,
is the ideal of k[x,,,....x,] defined by 7, =/ k[x,,,....x,].

Thus, 7, consists of all consequences of f, =...= f, =0which eliminate the
vatriables %, %, ..., %, .
Note: 1. /, is an ideal of k [x,,,,....x, ].

2.1=1, is the 0" elimination ideal.

3. Different orderings of the variables lead to different elimination ideals.
Theorem 2.1.3: (The Elimination Theorem)

Let /Icklx,x,,.,x,] be an ideal and let G be a Groebner basis of I with
respect to lex order where x, > x, >...> x, .Then, for every 0 < ¢ < n, the set
G,=Gnk[x,,....x,] is a Groebner basis of the " elimination ideal /, .
Proof: Fix ¢between 0 and n. Since G, < /, by construction, it suffice to show
that < LT(1,)>=< LT(G,)> by definition of Groebner basis.
One inclusion is obvious (i.e.< LT(G,) > < < LT(I,) >).
To prove the other inclusion < LT(/,)> < < LT(G,) > we need only show that
the leading term LT (f), for an arbitrary fe /,, is divisible by LT (g) for some
ge G,.
To prove this, note that fel which tells us that LT (f) is divisible by LT (g) for
some ge G since G is a Groebner basis of I. Since fe /,, this means that LT (g)
involves only the variables x,,,,...,x, .Now comes the crucial observation: Since
we are using lex order with x,>x,>...>x, ,any monomial involving x,,x,,...,x,
is greater than all monomials in k[x,,,....x,].s0 that LT(g)ek[x,,,,...x,]
implies g € k[x,,,,....x,] .This shows that ge G, .
Thus< LT(1,)>c<LT(G,)> .
There for< LT(1,) =< LT(G,) >thee for

There for G, is a Groebner basis of 7, .



Example 2.1.4: Consider the system of equations.

x+y+ z=1

X +y+zi=]
If we let I be the ideal
[=<x?+y+ z-1, X+ y*+2z-1, X +y+ 22 -1>.......... (2)
Then a Groebner basis for I with respect to lex order is given by the four
polynomials
g =x+tytz*-1
g,=y’-y-z' +z
£, 2y 2 2 ard L iniainies (3)
g, =z°%-4z' +472°-2?
It follows that equation (1) and (3) have the same solutions. Thus it follows from
the Elimination Theorem that
L,=1nCly, z] =< y*-y-2* 42, 2yz* +z*-22 |, z°-4z' + 47 - 2*> (the first
elimination ideal)
1,=IN C [z] =< z°-4 2" +47'-2"> (second elimination ideal).
The elimination theorem shows that a Groebner basis for lex order eliminates not
only the first variable, but also the first two variables, the first three variables

and so on.
Theorem 2.1.5 (The Extension Theorem)

Let /=<, f,sf,> < C[x,x,,...x,] and let /, be the first elimination ideal
of I. For eachl <i<s, write f,in the form f =g (x,,..,x,)x," + terms in which x
has degree <N,, where N, 20 and g, € C[x,.....x, ]is non-zero. Suppose that we
have a partial solution(a,,....a,)eV(l)). If (a,,...a,)eV(g,...g) , then there
exists @, eC such that(q,,q,,....a,)e V().

The prove of this theorem uses resultants and will be given in Chapter 3.
Suppose that we have an ideal I< k [x,.x,....x, ].

vV()={ (a,,a,,...a,)€ k" :f(a,,a,....a,)=0forall fel }.
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To describe points of V (I), the basis idea is to build up solutions one coordinate

at a time .Fix some ¢ between 1 and n.
This gives us the elimination ideal /,, and we will call a solution(aq,,,,....,a,) €V
(/,) a partial solution of the original system of equations. To extend (a,,,.....a,)

to a complete solution in V (I), we first need to add one more coordinate to the

solution. This means finding a, so that (q,,aq,,,,...,a,) lies in the variety V (/, )
of the next elimination ideal. More concretely, suppose that /, | =<g,,....g, > In
k[x,,x,,-X,] .Then we want to find solutions x,=a, of the equations

Bil0: 05550, Y= i ™ B s )= D),

Here we are dealing with polynomials of one variable x, , and it follows that the
possiblea, ’s are just the roots of the GCD of the above r polynomials.

Example 2.1.6 Solve the system of equations

x*+y+ z=1

If we let I be the ideal
[ =<x?+y+z-1, x+ y*+z-1, x +y+z3-1>.e0 (2)
Then a Groebner basis for I with respect to lex order is given by the four
polynomials
g, =x+tyt+z’-l

g2=y2-y-zz +z

g, =24z +47°-7*
If follows that equations (1) and (3) have the same solutions. How ever, since
g, =z°-4z" +47°-z'=2" (z-1)’(z" +2z-1) involves only z we see that the
possible z’s are 0, 1 and -1+ J2 . Substituting these values in to
g,=y*-y-z* +z=0 and g,=2yz’ +24-7%=

We can determine the possible y’s.
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Ifz=0,g,=(y,0)= y’-y and g,=(y, 0)=0
Therefore GCD (g,=(y, 0), g,=(y, 0)) =GCD (y*-y, 0) = y’-y.
Then the solution of g, =g,=0is the
GCD (g,= (¥, 0), &= (y, 0)) =GCD (y*-y, 0) = y*-y =0

Thus y*-y=0 = y=0 and y=I
Ifz=1 g,=(y, )= y'-y, &,=(y, )=y
Then the solution of g, =g, =0isthe GCD (g,=(y, 1).g,=(y, 1)) =
GCD (y*-y,y)=y =g,=g=0

=y=0

Similarly when z=-1+ /2, then the value ofyarey=-1+ V2.
Then finally substitute the above values of y and zin g, =x +y+z’-1=0
Gives the corresponding values of x.
In this way g,=0 = x=-y-z’+1 .Thus

If y=0, z= 0 then x =1

Ify=0,z=1,thenx=0

Ify=1,z=0, thenx=0.

Ify =-1++2, z=-1++/2, then x=-14++2.

Ify =-1-v/2,z=-1-4/2, then x =-1-42.
Thus, equations (1) have five solutions:
(1,0,0),(0,1,0),(0,0,1),( ~1+v2 ;1442 -1+2) and (-1-v2 ,-1-V2 ,-1-4/2).
Example 2.1.7 Solve the system of equations
x*+y*+z'=4
x*+2y*=5
xz=1
Let =<x*+y*+z° =1, x* =2y -5,xz-1>
Then a Groebner basis for I with respect to lex order is given by the three

polynomials
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g, =22 -3z+x

g, =1+ y2 -z’

g, =1+22"-32?

From Groebner basis the solution in C’are finite. The last polynomial depends
on z (it is a generator of the second elimination ideal)

I, =1 CJ[z] and factor nicely in Q[z]..2z" -3z* +1=(z=1)(z+1)(2z* =1). Thus

we have four possible z-values z = il,:tL.By the Extension Theorem, the first

5

2 2
e S : =y =-2"=1
elimination ideal /, = I " C[y,z] is generated by e
g, =1+22"-32°

Since the coefficient of y? in the first elimination ideal is non zero constant,
every partial solution in ¥ (/,)extended to a solution in ¥ (/,) . There are eight
such points in all. To find them, we substitute a root of the last equation for z and
solve the resulting equation for y, for instance substitute (z =1 in Groebner basis)
will produce [-1+x,y*-2,0] . So in particular, y = +4/2 . In addition since the
coefficients of x in g, is non zero constant, then we can extend each partial
solution in ¥ (/,) (uniquely) to a point to¥ (/). For this value of z, we have

x =l.cary out the same procedure for the other values of z as well you should

find that cight solutions

V6 1. N
(1, £42, D,( -1, £42, -Di( ﬁ,iT. 7_2—).( V2, > ,/5)

Note: Observe that the theorem is stated only for the field k =C.
To see why C is important, assume thatk =K .

2
. . X =
Consider the equations. y

Eliminating x gives y = z, so that we get the partial solutions (a, a), for all ae R .
Since the leading coefficients of x in x’-y and x*-z never vanish, the extension
theorem guarantees that (a, a) extends, provided we work over C. Overk, the

situation is different. Here x”= a has no real solutions when a is negative, so that
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the only those partial solutions with a>0 extended to real solutions of (*). This
shows that the extension theorem is false over .

Example 2.1.8: consider the equation A

xz=1
Here/ =<xy-1,xz-1> and an easy application of the Elimination Theorem
shows that /, =< y—z > (the first elimination ideal)
Eliminating x givesy =z, so that we get the partial solutions (y, z) = (a, a) all
ae R.
The only one that dose not extended is (0, 0), which is the partial solution where
the leading coefficients y and z of x vanish.
The extension theorem tells us that the extension step can fail only when the
leading coefficients vanish simultaneously.

Thus the partial solutions are given by (a, a), and these all extended to complete
. 1 i :
solutions (—, a, a) except for the partial solution (0, 0).
a

Finally, we should mention that the variety V(g,...g,) where the leading
coefficients vanish depends on the basis {/,,/,,.../,} of I. Changing to a
different basis may cause V(g,,....g,) to change.
Corollary 2.1.9 Let [ =< f, f,,..., f, ><C]x,,...,x,] and assume that for some i,

f isofthe form f, =cx," + terms in which x, hasdegree < N ,

Where ceC is non-zero and N>0. If 7, is the first elimination ideal of I
and(a,,..,a,) € V(l,), then there is g, € C so that(a,,a,,....a,) €V (I)).
Proof. This follows immediately from the Extension Theorem: since g, =¢ # 0
implies
V(g 8)=9.

We have (a,,..,a, )¢ V(g,--8&,)V (for all partial solutions.

Note: The Extension Theorem is stated only for the case of eliminating the first

variable x, , it can be used when eliminating any number of variables.
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Exmple 2.1.10. Consider the equations

x*+y' 427 =]

xyz=1
A Groebner basis for / =< x* + y* +z? —1,xyz—1> with respect to lex order is:

g=y'z" +y'z2' —y¥z? 4|

g&=x+y'z +yz' - yz

By the elimination theorem, we obtain

I=INnCly, z]=<g,>

1, =In C[z] = {0}.
Since 7,= {0}, we have V (/,) = C and, thus, every ce C is a partial solution.
So we ask:
Which partial solutions ce C=V¥(1,) extended to (a, b, ¢) € V (I)?
The ideal is to extend ¢ one coordinate at a time: first to (b, ¢), then to (a, b, ¢).
To control which solutions extended, we will use extension theorem at each step.
The crucial observation is that /7, is the first elimination ideal of /,. Thus, we
will use the extension once to goce V (/,) to (b, ¢) € V (/,), and second time
togoto(a,b,c)e V().
To start, we apply the extension theorem to go from/, to /,= <g,>. The
coefficient of y* in g, is z* so that ce V (/,) extents to (b, ¢) whenever ¢ 0.
Note that g,= 0 has no solution when ¢ = 0. The next step is to go from /7, to I;
that is, to find a so that
(a,b,c) e V(1) .If we substitute (y, z) = (b, ¢) in to (1), we get two equations in x
and, it is not obvious that there is a common solution x = a. This is where the
extension theorem shows its power. The leading coefficients of x in
x> +y* +z* —land xyz-1 are 1 and yz respectively. Since 1 never vanishes, the
extension theorem guaranties that a is always exists. We have thus proved that

all partial solutions c# 0 extended to V (I).
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CHAPTER -3

Unique Factorization and Resultant

I'he main task remaining in chapter two is to prove the Extension theorem .this will
require that we learn some new algebraic tools concerning unique factorization and

resultants. Both of these will be used in 3.3 when we prove the Extension Theorem.
3.1 Irreducible polynomial and unique factorization
Definition 3.1.1. Let k be a field. A polynomial f e k[x,,x,.....x,] is irreducible
over k if f'is non constant and is not the product of two non constant polynomials
ink[x,,x,,...,x,].
Note: The concept of irreducibility depends on the field.
Example 3.1.2: let 7 - 4?4 is irreducible over Q and R, but over C, we have
x*+1=(x+i)x~i) -
Proposition 3.1.3: Every non constant polynomial f € k[x,.x,.....x,]can be
written as a product of polynomials which are irreducible over k.
Proof. If f is irreducible over k, then we are donc.Otherwise, we can
write / = gh, where g,he k[x,,x,,....x,] are non constant.
Note that the total degrees of g and h are less than the total degree of f. Now
apply this process to g and h: if either fails to be irreducible over k, we factor it
in to non constant factors. Since the total degree drops each time we factor, this
process can be repeated at most finitely many times. Thus f must be a product of
irreducible.
Theorem 3.1.4 Let f €k|x,,x,,...x,]be irreducible over k and suppose that f
divides the product gh, where g, h € [x,,x,,..,x,]. Then f divides g or h.
Proof. We will use induction on the number of variables.

When n =1, we can use the GCD theory.
If f divides gh, then consider p = GCD (f, g)
If p is non constant, then f must be a constant multiple of p since f is irreducible,

and it follows that f divides g.
On the other hand, if p is constant, we can assume p =], and then we can find
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A and Be k[x, ] such that Af + Bg=1
If we multiply this by h, we get
h = Afh+ Bgh
Since f divides gh, f is a factor of Afh+ Bgh , and thus, f divides h .This proves
the case n =1
Now assume that the theorem is true for n -1. We first discuss the special case

where the irreducible polynomial dose not involves x,:

l.u € k[x,,..,x,] irreducible, u divides ghe k[x,,x,,...x,] = udivides g or h.

(4 m
To prove this, write g = Za,x,' and h=>)bx,',wherea, b, €klx,,..x,].
=0 =0
If u divides every a s then u divides g, and similarly for h. Hence, if u divides
neither, we can find i, j > 0 such that u divides neither g norb, . We will assume
that i and j are the smallest subscripts with this property. Then consider
+ab, +..+a._b b,) . By the way we

Cu;:(anb )+a,,, +(H”|b,_| +.4a

) i+)=1 J+l i+

chose i, u divides every term inside the first set of parentheses and, by the choice

of j, the same is true for the second set of parentheses. But u divides neither 4
norb, , and since u is irreducible, our inductive assumption implies that u dose
not dividea,b, .

Since u divides all other terms of ¢, , it can not divide ¢,,, . Thus c,,, is the
coefficient of x,"/ingh, and, hence u can not dividegh. This contradiction

complete the proof of (1)

Now given (1), we can treat the general case .Suppose that f dividesgh. If f
doesn’t involve x,, then we are done by (1). So assume that f is non constant in
x, . We will use the ringk(x,,....x,)[x,], which is a polynomial ring in one
variable over the field(x,,...x,). Remember that elements of k(x,,....x,)are
quotients of polynomials ink(x,,...x,). We can regard k (x,,...,x,) as lying in

side k(x,,..,x,)[x,] .The strategy will be to work in the larger ring, where we

25



know the theorem to be true, and then pass back to the smaller ring

xxins2

We claim that f is still irreducible when regarded as an element of
k(x;,...x,)[x,].To see why, suppose we had a factorization of f in the larger
ring, say f=AB. Here, A and B are polynomials in x, with coefficients
ink(x,,...x,) . To prove that f is irreducible here, we must show that A or B has
degree 0 inx,. Let de k[x,...,x,] be the product of all denominators in A and B.
Then A=dA and B=dB are ink(x,,x,,....%,], and d’f =AB.......... (2)
ink[x,,x,,...,x,]. By Proposition3.1.3, we can write d”as a product of irreducible
factors ink[x,,...,x,], and, by (1), each of these divides 4 or B . We can cancel

such a factor from both sides of (2), and after we have cancelled all of the

factors, we are left with
f=4,B, ink[x,,x,,....x,].
Since f is irreducible ink[x,,x,,...x, ], this implies that A, or B, is constant. Now

these polynomials were obtained from the original A, B by multiplying and

dividing by various elements of[x, ,...,x,|. This shows that either A or B dose
not involve x,, and our claim follows.

Now that f is irreducible ink(x,....x,)[x,], we know by the n =1 case of the
theorem that f divides g or h in k(x, ,...,x,)[x,].Say g = Af for some

A€ k(x,,..,x,)[x,]. If we clear denominator, we can write

dg = Af .......3) in k[x,,x,,..x,], where dek[x,x,,..x,]. By (I), every
irreducible factor of d divides Aor f. The latter is impossible since f is
irreducible and has a positive degree inx,. But each time an irreducible factor
divides 4, we can cancel it from both sides of (3). When all the cancellation is

done, we see that f divides g in k[x,,x,,...x,] -
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Corollary 3.1.5. Suppose that f,g € k[x,,x,,..,x,] have positive degree inx,.
Then f and g have a common factor in k(x,,x;,...x,] of positive degree in x, if
and only if they have a common factor in k(o2 )ixd .
Proof. If f and g have a common factor h in k[x,,x,,...x,] of positive degree
inx, then they certainly, have a common factor in the larger ring k(x, ,...,x, )[x,].
Going the other way, suppose that f and g have a common factor
he k(x,,...x,)|x,]. Then

f=hf, fie kxy,..x,)x].

g=h g, , 8 € k(xy,nx,)x,].
Now/ ,f, and g, may have denominators that are polynomials ink[x,,...x,].
Letting d € k[x,,...,x,] be a common denominator of these polynomials, we get
h=dh,j, =d f, and g,=dg, , in k[x,,x,,....x,]. If we multiply each side of the

above equations byd”*, we obtaind’ f = hf,, d’g = hg,, in k|x,,x,,...x,] .
Now let 4, be an irreducible factor of h of positive degree inx,. Since h =:—; has

positive degree inx,, such an A, must exist. Thenk,dividesd’ f, so that it divides
d*? or f by Theorem3.1.4. The former is impossible because d’ € k[x,,...x,],
and hence h must divide f in [x,x,,..,x,] . A similar argument shows that
h,divides g, and thus A, is the required common factor.

Theorem 3.1.6: Every non constant f € [x,,x,....x,] can be written as a
product f =, f,...f, of irreducible over k. Further, if f=gg,g;--&, is another
factorization in to irreducible over k, thenr = s and theg,'s can be permuted so
that each of £, constant multiple of g, .

Proof. Suppose g,g,...8, =/, /.f, then there exist i such that g, divide 7,

(By Theorem 3.1.4). Since f, is irreducible then £ is a constant multiple of g,

. Similarly for all i there exists g, such that /, is a constant multiple ofg,
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Sincedeg(f) =deg(f,)+...+deg(f,) =deg(g,) +...deg(g, ), thenr = 5.
3.2. Resultants

Resultants play an important role in elimination theory and we want to know
whether two polynomials, f, g €k[x] have a common factor, finally we will
study the resultant of two polynomials ink[x,,x,,...x,], and we will then use
resultants to prove the extension theorem.

We find a common factor by using factoring f and g in to irreducible.
Unfortunately, factoring can be a time consuming process. A more efficient
method would be to compute the GCD of f and g using the Euclidean Algorithm.
A drawback is that the Euclidean Algorithm requires division in the field k. As
we will see later, this is something we want to avoid when doing elimination. So
is there a way of determining whether a common factor exists with out doing any
division in k.

Lemma 3.2.1: Letf,gek[x] be polynomial of degree (>0 andm>0,
respectively. Then f and g have a common factor if and only if there are
polynomials 4, B € k[x] such that:

i . A and B are not both zero

ii. A has degree at most m-1 and B has degree at most /-1

iii. Af+Bg=0

Proof: First, assume that f and g have a common factor/ € k[x] . Then f = hf,,
and g = hg,, where f,, g, € k[x]. Note that f, has degree at most £ -1 and similarly

deg(g,) <m—1.Then g f+(-fi) g=g,h f, -/, hg,= 0, and thus A =g, and
B = - f, have the required properties.

Conversely, suppose that A and B have the above three properties. By (i), we
may assume B # 0. If f and g have no common factor, then their GCD is 1, so we
can find polynomials A . B ek[x] such that Af+ Bg=1

Now multiply by B and use Bg = -Af

B =(Af + Bg)B = AfB + BgB = AfB- BAf =(AB-BAf
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Since B is non-zero, this equation shows that B has degree at least ¢, which
contradicts (iii).

Hence, there must be a common factor of positive degree.
Note: The answer given by lemma3.2.1. May not seem very satisfactory, for we
still need to decide whether the required A and B exists. Remarkably, we can use
linear algebra to answer this last question. The idea is turn Af +Bg=0intoa
system of linear equations. Write

A=cx"" +..+c

m=|
B=dyx"" +..+d,,

Where for now we will regard the £+ m coefficients c,,c,,...c, ,,d,.d,,...d,

-t
as unknowns. Our goal it to finde,, @, € k, not all zero, so that the equation
AT+ BE =B ks (4) holds
Note that this will automatically give us A and B as required in lemma3.2.5.
To get a system of linear equations, let us also write out f and g:
f=ax'+ax""+..+a,,a,#0
g=bx"+bx"" +..+b, ,b,#20 , Where a,,bek . If we
substitute these formulas for f, g, A and B into equation (4) and compare the
coefficients of powers of x, then we get the following system of linear equations

with unknowns ¢, and d, and coefficientsa,, b, in k.

Lim=]

a,c, + by, = 0 coefficient of x
. tem-1
ac, +a,c, + bd, +byd, = 0 coefficient of x
.................. (5)
. ]
a6 + b,d,, =0 coefficient of x

Since there are (+m linear equations and (+m unknown, we know from

linear algebra that there is a non -zero solution if and only if the coefficient

matrix has zero determinant.
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Definition 3.2.2: Given polynomials £, g € k[x]of positive degree, write them in the
form
f=axx +ax" +..+a, ,a, 20
g=byx" +bx"" + . +b, , b, #0
Then the Sylvester matrix of f and g with respect to x, denoted Syl(f,g,x) is
the coefficient matrix of the system of equations given in (5). Thus SYI(f,g.x)

is the following (£+m) x (£+ m) matrix.

r ay hy \

ay ay by b,
a oo by b
S g R
Syl S g )= a A
a b

a : by

m columns [ eolumas

Where the empty spaces are filled by zeros. The resultant of f and g with respect

to x, denoted Res(f,g,x) , is the determinant of the Sylvester matrix. Thus
Res(f,g.x)=det(Syl(f,g,x)).

Note: A polynomial is called an integer polynomial provided that all of its

coefficients are integers.

Proposition 3.2.3: Given f,gek[x] of positive degree, the resultant

Res(f,g,x)ek isan integer polynomial in the coefficients of fand g. Further

more, f and g have a common factor in k[x] if and only ifRes(/.g,x) = 0.

Proof: The standard formula for the determinant of an sx s matrix

A—_-(a

Jj)!Sr.}Ssls
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det (4) = ZSg“(a)alam“zum"‘a;'om ;Where sgn(o) is +1 if o inter
aa permutation

of {1,208}

changes an even number of pairs of elements of {1,23,...s} and -1 ifo
interchanges an odd number of pairs. This shows that the determinant is an
integer polynomial (in fact the coefficients are +1) in its entries, and the first
statement of the proposition then follows immediately from the definition of
resultant.

The second statement is just as easy to prove: the resultant is zero <>

The coefficient matrix of equations (5) has zero determinants<> equation (5)
have a non-zero solution. We observed earlier that this is equivalent to the
existence of A and B as in Lemma3.2.1, and then Lemma3.2.1: completes the
proof of the proposition.

Example 3.2.4: If f = 2x> + 3x +1 and g(x) = 7x* + x +3 have a common factor

in 0| x]. One computes that

2
3
Res(f,g,x)=det |
0

So that there is no common factor.

f(x)=x’ ~3x*+5x-3

Example 3.2.5 ;
g(x)=2x"-=Tx+5
3 =T 5 0.0
0 2 =7 5.0
Res(f,z,x)={0 0 2 =7 5|=0, thenfandghaveacommon factor.
1 -3 5-3 0
0 1 -3 5 =3

Note: One disadvantage to using resultants is that large determinants arc hard to

compute.
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Example 3.2.6: Compute the resultants of the polynomials f = xy -1
andg =x+)* -4,

Solution: Regarding f and g as polynomials in x whose coefficients are
polynomials in y, we get

y 0 1
Res(f,g,-\’)-‘-del -I y 0 :y.l —4}!:+|
0 -1 y' -4

Note: More generally, if f and g are any polynomials ink[x,y], in which x
appears to a positive power, and then we can compute Res( f,g,x) in the same
way. Since the coefficients are polynomials in y, Proposition3.2.3 guarantees
that Res(f,g,x) is a polynomial in y. Thus given /,g € k[x, y], we can use
resultant to eliminate x.
Propostion  3.2.7:  Given f,g e k[x]of positive degree, there are
polynomials 4, B € k[x] such that Af + Bg =Res(/f,g,x) .

Further more, the coefficients of A and B are integer polynomials in the

coefficients of fand g.

Proof: The definition of resultant was based on the equation Af + Bg = 0. In this
proof, we will apply the same methods to the equation Af +Bg=1 ... (6).

The reason for using 4 rather than 4 will soon be apparent. The proposition is
trivially true if Res(f,g,x)=0(simply choosed=B=0), so we may
assumeRes(f,g,x)#0.
Now let f=a,x'+ax"" +..+a, ,a,#0

g =byx" +bx"" +..+b, ,b,#0

A=cx™" +..+¢,,

B=dx'" +..+d,,

Where the coefficients €g,€yswsCpysdosdyssd,, are unknowns in k. If we
substitute these formulas in to (6) and compare coefficients of powers of x, then
quations with unknowns ¢ and d, and

we get the following system of linear e

coefficientsa,, b, ink.
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a,c, +  byd, = 0 coefficient of x"*""'

U +aye, +  bd, +byd, =0 coefficient of x**"
(D

ac,. + b,d,, =1 coefficient of x°
These equations are the same as (5) except for the 1 on the right hand side of the
last equation. Thus, the coefficient matrix is the Sylvester matrix of f and g, and
then
Res(f,g,x)#0 guarantees that (7) has a unique solution in k.
In this situation, we can use Cramer’s rule to give a formula for the unique

solution. In our case, Cramer’s rule gives formula for thec, ’s and d. ’s.

For example, the first unknown ¢, given by

(0 bll ‘1
0 a e
€= ———del
Rest f. g. x) Dina; &% ba
\ 1 a bmJ

Since a determinant is an integer polynomial in its entries, it follows that

_an integer polynomial in a, ,b,
% Res(f,g,x)

There are similar formulas for the other ¢ ’s and the otherd, ’s. Since

o c,x™" +...+¢,_, , we can pull out the common denominator Res (f; g, x) and

- o - -‘-= B
write 4 in the form 4 _—Res(f,g,x)
Where Bek[x] has the same Properties as A .since 4 and Bsatisfy Af + Bg=1,

we can multiply through by

Res (f, g, x) to obtain
Af + Bg =Res(f,8.x)
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Since A and B have the required kind of coefficients, the proposition is proved.
Example 3.2.8: Letf=xy-1 and g= x+y' -4 . If we regard these as a
polynomials in x, then Res (f, g, x) = * -4y’ 4120,

Thus GCF (f; g) =1, then

y | i
G W g P = |
y4_4y+l y4_4y+])f (y4_4y+l)g

Note that this equation takes place in k(y) [x] i.e. the coefficients are rational
functions in y. This is because the GCD theory requires field coefficients.
If we want to work in k[, y], we must clear denominator which leads to
-(yxt) f+yg=yt —4y® +1
Note If f,gek[x,y] are any polynomials of positive degree in x, then

Res(f,g,x) always lies in the first elimination ideal of < 1, g >.

3.3. Resultants and the Extension Theorem
In this section we will prove the extension Theorem using the resultants. Our
first task will be to adapt the theory of resultants to the case of polynomials in n
variables.

Suppose we are given f,g € k[x,,x,,...x,] of positive degree inx,.

We write

f=a,x' +ax"" +..+a,, a,20 .
g=byx" +bx" +..+b, by 20 i (a)

Wherea,.b, € k[x,,....x,], and we define the resultant of fand g with respect to x,

to be the determinant
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[ bo \

ay @y by by
a . 0,

tfy 3 by

Res( f. g, ) = det : a : b,

a, b
a : by,
h\_ ] by, J
" m;umm “ ! cul‘unm

Where the empty spaces are filled by zeros.
Proposition 3.3.1: Let f,ge k[x,,x,...,x, | have positive degree inx,. Then:
i. Res(f,g,x,)is in the first elimination ideal < /.8 >nk[x,,..,x,].
iil. Res(f,g.x,)=0 ifand only if f and g have a common factor in
k[x,,x,,...,x,] Which has positive degree inyx, .

Proof: When we write f, g in terms of x,, the coefficients a, , 4, lie ink[x,.,....x, ].
Since the resultant is an integer polynomial in a, ,b, (Proposition 3.2.7), it
follows thatRes(f,g,x,) € k[x,,....x,]. We know that
Af + Bg =Res(f,g,x,) , where A and B are polynomials in x, whose
coefficients are again integer polynomials ina,,b, (Proposition 3.2.7). Thus

A, Be k(x,,...x,)[x,]=k[x,,x,,...x,], and then the above equation implies
Res(f,g,x,)e< f,g>. This proves part (i) of the proposition.

To prove the second part, we will use Proposition 3.2.3 to interpret the
vanishing of the resultant in terms of common factors. In section 3.2, we worked
with polynomials in one variable with coefficients in a field. Since f and g are

polynomials in x, with coefficients in &[x,.,...,x,]the field the coefficients lie
ink(x,,...,x,). The Proposition 3.2.3, applied to /, g € k(x, ,....x,)[x], tells us that
Res(f,g,x)=0if and only if f and g have a common factor in

k(x,,...,x,)[x,]which has positive degree inx,. But then we can apply Corollary
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3.1.5, which says that this is equivalent to having a common factor in

k[x,,x,,....x,] of positive degree inyx,.

Corollary 3.3.2. If f,g € C[x] , then Res(f,g,x)=0if and only if f and g have a

common root inC.
Proposition 3.3.3: let f,geClx,,x,,..,x,] have degree ¢,m respectively, and
let c¢=(c,,...c,)eC"" Satisfy the following:

i. f(x,,¢)eC[x,] has degree?.

ii. g(x,,¢)eC[x,] has degree p<m.
Then the polynomial h=Res(f,g,x,) € C[x,,...x,] satisfies

h(c) = a,(c)"" Res(f(x,,¢), g(x,¢),x,), where a,is in (a)
f=ax'+ax" +.+a,,a,#0 .

g=byx" +bx"" +..+b, , b, 20

Proof. If we substitute ¢ = (c,,....¢,) forx,,...x, in the determinantal formula for

h=Res(f,g,x) , we obtain

( aylc) byle) \
: y(e) : by(c)
hic) = del .
ac) : balc)
\ lc) b, (¢ J

[ =

m colomns | columns

First suppose that g (x,, ¢) has degree p = m. Then our assumptions imply that

£(x,,6) =a, (€)%, +.utae(€) ,a,(c)#0

g(xl,c)=bo(c)x,'" +..4+ b, (C) » b,(c)#0
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Hence the above determinant is the resultant of f(x,,c) and g(x,,c), so that
h(c)=Res(f( x,,c),g( x,.¢), x,)

This proves the proposition when p = m. when p < m, the above determinant is
no longer the resultant of f (x,,¢) and g(x,,c) (it has the wrong size). Here we

get the desired resultant by repeatedly expanding by minors along the first row.
Theorem 3.3.4 (The Extension Theorem)

Let/ =< f,, fys..u f, >  Clx,,...,x,] and let /, be the first elimination ideal of 1.

Foreachl <i<s, write f in the form

S =8, (Xgs X, )x.'\r‘ + terms in which x, hasdegree < N,, where N, 20
and g eClx,,..,x,]is non-zero. Suppose that we have partial
solution (c,,....c,)eV(1,). If (c;,..c,) eV (g,.....g,) . then there exists c,eC
such that(c,,....c,) e V(I).

Proof: As above, we setc = (c,,....c,) . Then consider the ring homomorphism
Clx,,.sx,] = C[x,] defined by f(x,,...x,) f(x,,¢) , since the image of | is
under this homomorphism is an ideal of C[x,]. Since C[x,]is a PID, the image of
I is generated by a single polynomial wu(x,). In other words,
{f(x,,¢): fel}=<u(x)>.
If u (x,) is non-constant, then there is ¢, € C such that u (¢,) = 0 by the
fundamental theorem of algebra. It follows that f(¢,,c)=0 forall f e /. So that
(c,56) =(cysen€, ) €V (1)
Note that this argument also works if u(x,)is the zero polynomial. It remains to
consider what happens when u(x,) is a non-zero constantu,. By the above
equality, there is fel such that f(x,,¢) =u,. We will show that this case can not
occur. By hypothesis, our partial solution satisfies c& V (g, £; ..., &, ).
Hence g, (c) # 0 for some i. Then consider

h=Res(f, f,x)€Clx,...x,].
Applying proposition 3.3.3tof, and f, we obtain

h(c) = g, (€)™ Res(f, (x,,€) »¥o +%1)
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Since f (x,, ¢) =u,. We also have Res ( f,(x,, ¢),u,,x,)=u,"
Hence h(c)=g,(c)**u," #0
However f,, f € I and proposition 3.3.1 imply that he /,, so that h(c) = 0 since

c € V(lI,). This contradiction completes the proof of the Extension Theorem.

Note: For concreteness, we stated the theorem only for the complex number C.

The extension Theorem is true over any algebraically closed field.
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