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Abstract

In spite of the fact that the origin of non-smooth optimization as a mathematical discipline is quite
recent; it is now well established as an important and very active branch of applied mathematics. Many
practical problems in economics, physics, aerospace, as well as other areas of applications cannot be
adequately described without the help of non-smooth functions.

In the theory of optimization several types of piecewise differentiable functions occur in quite natural
way. As a typical example for such non-differentiable functions we mention the finite max-min
combinations of differentiable functions. A more general class is the quasidifferentiable functions
which are investigated in detail by V.F.Demyanov and A.M.Rubinov. The directional derivatives of
these functions can be represented as a difference of two sublinear functions. Since a sublinear
function is uniquely described by its subdifferential in the origin, there exists a natural correspondence
between the directional derivatives and the set of pairs of compact convex sets. However, this
representation is not unique. This nonuniqueness inspires mathematicians to find a minimal
representation of the directional derivative, which is equivalent to finding a minimal pair of compact
convex sets. In this project, the theory of quasidifferentiable optimization and minimal pairs of
compact convex sets is discussed. In the first chapter, general introduction and description of the
problem are given. In the second chapter basic definitions and concepts are mentioned and in the last

chapter the detail discussion of minimal pairs of compact convex sets is given.
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Chapter 1

Introduction

In the theory of optimization the main objective is finding a minimize of an objective function
defined on some given set. For doing this we consider a well defined fufici®tdh— R that is

locally Lipschtiz onR™ and which is smooth or non-smooth. If the function involved is smooth,
there are different methods to solve like penalty, lagrangian, and other methods. What happens if
the function is non-smooth? In this case most of the methods depend on the directional derivative
of the problem functions.

If £ is non-smooth, the directional derivative (or its generalizatfx) d) of f is non linear

with respect to d. To treat the non linearity of the directional derivative we use convex analysis.
This may fail because the map-¢ f'(x; d) is not convex for general non-smooth functfon

Thus to convexify the mapd f'(x; d), the generalized gradient of F. H. Clarke, which is found

by regularizing the directional derivative could be the first mentioned here. However, Clarke’s
generalized gradiend, f (x), is sometimes too large elements are also difficult to calculate even
though the Clarke generalized directional derivati?éx; d), is convex.

The space of pairs of convex compact sets has been investigated in a number of papers [1], [4],
[5]. Recently this space has found application in quasidifferential calculus. A quasidifferential is
represented as a pair of convex compact sets and it is essential to find a minimal representation
of this pair. In quasidifferential calculus the minimal representations of quasidifferentials
(minimal pairs of compact convex sets) plays a significant role. It is known that such a minimal
representation always exists see [4], [5]. However, it is not always known how to find it. In the
literature, there exist several criteria which, in some cases, help to find such representations.
Pairs of compact convex sets naturally arise in quasidifferential calculus as the subdifferentials
and superdifferentials of the directional derivative of a quasidifferential function. A
qguasidifferential of a function is not uniquely determined. The nonuniqueness of
guasidifferentiable function pushes expertise like D.Pallachke and R.Urbanski [5] to the study of
the problem of finding minimal representation of each class.

The general framework for the investigation of minimal pairs of nonempty compact convex sets
is the Radstom-Hormander lattice over a real topological vector space of pairs of nonempty
compact convex sets. Let X be a nontrivial Hausdorff topological vector space and X* its dual

space (space of all continuous linear functional on X). Let B(X) be the family of all nonempty
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closed bounded sets in X and K(X) the family of all nonempty compact convex sets in X. We put
B2(X) = B(X) x B(X) and K(X) = K(X) x K(X). Now we introduce some further notation:
A, Be B(X),we callA+ B ={a+Db|a € Aand b € B} the algebraic summand and
A 4 B = A + B the Minkowski sum of A and B. For two pairs (A, B), (C,eDB4(X), we write
(A, B) ~ (C, D) if and only if A+ D = B+ C and call them equivalent. Let [A, B] be the
quotient class of (A, B), then [A, B B(X)/ ~ = X, whereX is the Minkowski- RdstBm-
Hormander space over X.
A pair (A, B) is called minimal if it is a minimal element in [A, B] with respect40'.' A
minimal pair (A, B) has the property of translation if the fanjilx + x, B + x) |[x € X} is the
family of all minimal pairs that are equivalent to (A, B). Finally, a pair (A, B) is called reduced if
A, Bl={(A+C, B+0)|CeBX)}.
For A,B € B(X), we denote the Minkowski subtraction by-B, i.e. A~B ={x € X |x+ B < A}.
Let us define the following ordering orf@®) \- namely [A, B]J< [C,D] < A+Dc B+ C
this ordering is independent of the special choice of representatives, since for A[ABB]
and (C', D)€ |[C, D], the inclusion AHFD € B + C = A+ D' € B' + C'. The order space
(B%(X) \- <) is called the Minkowski-Bdstm-Hsrmander lattice of bounded closed convex
sets.
Define sup{[A, B], [C, D]} = [(A + D) v (C + B),B +D] € B%X)\-. A multiplication between
elements iB%(X)\- is given by the Minkowski sum [A, B] * [C, D] = [A-C, B +D] for [A, B,
[C, D] € B*X)\~,
The multiplicative inverse of [A, B& B(X)\- is given by [B, Ale B¥(X)\- For all [A, B], [C,
D], [E, F] € B*(X)\- we have [A, BJ*(sup {[C, D], [E, FI}) = sup {([A, BJ[C, D]), (A,
BI*[E.F])}.
Cancelation law is possible for * that is [A, B]* [C, D] = [E, F]*[C, D] implies that
[A, B] = [E, F], but for “sup” cancelation law is not true, let us see a counter example.
Example: Let X=R and let us choose the following compact convex sets
A=B=E=D= {0}, F = {1} and C = [-1, 1] then,
[A, B] <[C, D] since AtD € B+ C= {0} + {0} <{0} + [-1, 1]
[E, F]< [C, D] since Ef DS F+ C= {0} + {0} < {1} + [-1, 1] = [0, 2]
Hence; sup {[A, B], [C, D]} = [C, D], sup {[E, F], [C, D]} = [C, D], but [A, BE [E, F]
since A + F= {1} and B + E= {0}.



Chapter 2

Definitions and Preliminary Concepts

2.1. Ordered sets
An ordered set (X5) is a pair consisting of a non-empty set X and a binary rela&ohcalled
ordering which satisfies the following conditions:

> (Reflexivity): for every xe X, X< x

> (Transitivity): if X< yand y < z, then x< z.

> (Anti-symmetric): if X< y and y< x, then x = y.
If the anti-symmetric condition is not postulated, then the relation is called a pre-order. If for
every x, Y€ X at least one of the relationsy or y< x holds, then X is called totally ordered
and if for every x, ¥ X there exists an elementezX with x < z and y< z, then x is called a
directed set. A totally ordered subset of X is called a chain.
An element x € X is called minimal, if for every ¥ X with x <Xy it follows that x=x.
If Y € X, then % € X is called a lower bound of Y if for allg Y the relation x<y holds.
Theorem 2.1.1(Kuratowski-Zorn’s Lemmal)f every chain of an ordered set (X) has a lower
bound (resp. upper bound), then there exists a minimal (resp. maximal) element in X.
Sublinear Functions
Let X is a vector space. A function P:>%¢ R is said to be sublinear if

i. P@AX)=AP(X)Vx eX and allA>0
ii. PX+y)<P(X)+P(y)vx,yeX hold.
Note:
Every sublinear function defined on a finite dimensional space is continuous and Lipschitz on the
entire space because of this an isomorphism between the set of compact convex set and the set of
closed sublinear functions. This was given in Demyanov, V [1].
2.2 Affine and Convex sets
Affine set A subset M oR"is an affine set if (2) x +Ly € M, V X, y € M andi € R.
The set of all affine combination of points in some seENR " is called affine hull of M, and
denoted by aff M
aff M {Ayxy + A%y + +ApXni Xy, Xp, X € My A+ A+ -+ 4y = 1}



Affine hull: It is the smallest affine set that contains M. If S is any affine set withSylthen
aff M c S.
Linear subspace Let X be a vector space and leAX. Then A is a linear subspace of X
if and only if:
I. X, YEA=X+YEA
il. 0ER,XEA=uaXEA
Hyperplane: Let X be a vector space and leEWX\ {0}, a € R, then H = {x€ X] «u, x>=0} is
called a hyperplane in X. Where <u, x> is the inner product of u and x.
Fora € R and ue R™\{0} the sets
H={x € R"|<w, x>< o} and
H={x € R"| <u, x>> a} are called halfspaces associated with the hyperplane H. If the
inequalities involved in the definitions of the above two sets are strict; the sets are called open
halfspaces.
Convex setA set KE R"is convex if and only if x, ¥K = Ax + (1-A) yE K V & € [0,1].
Note that: All affine sets are convex but not the converse.
Convex hull: The convex hull of a subset A of K is the snslieonvex set which contains A,
and denoted by convA.

i.e. convAf| A € K € R"?, Kis convex}

A convex combination of vectorsy,yys,...,ym IS their affine combination with nonnegative
coefficients or which is the same as a linear combination
YEZ1 MY

with nonnegative coefficient and with unit sum:

M =0,212, =1
Relative interior of convex sets:
A point y belongs to the relative interior of a convex set R", written y € riK, if it is an
interior point of K relative to affK. The set (cIK)/ (riK) is called the relative boundary of K and
denoted by rbK, where clK denotes the topological closure of K with respect to the usual
Euclidean topology oik".
A hyperplane H supports a seER" if either sup{<u,x>|x € S} =a or inflxu,x> | x €S} = q,

where u is the normal vector of H amds the constant determining H.



Theorem 2.2.1(Separation Theorenijwo disjoint nonempty convex sets K, M Rl' can be
separated by a hyperplane.
Using the above theorem we can prove:
Theorem 2.2.2Let K be a nonempty convex setltf, and x* be a boundary point of K. then
there exists a nonzero vectoeR" such tha(x*,u) = sud«<u,x>|x € K}; that is, there exists a
hyperplane supporting K at x*. In this case, x* is said to be a supporting point of K with normal
vector (or supporting functional) u.
Proof:
Since x* is not in the relative interior of K, by separation theorem, there exists a hyperplane H
such that(x *,u) < o < (x,u) Vx € riK which implies that(u,x* —x) < 0 for xe K. Thus the
hyperplane Hfx € R™|(u, x* — x) = 0} is a supporting hyperplane to K at x*. |
Minkowski Addition: It is the vector sum of two nonempty sets AcBR" and is given by:
A+B={atdcA, be B}

Note:

> |If either A or B is empty, then A + B &.

> If the space is infinite dimensional, Minkowski addition is defined as the closure of the

above set. i.e. cl(A+B) = A B.

» For any numbek, the scalar multiplication of a set A is given ByA = {\ g acA}
The Minkowski addition and the scalar multiplication on the set of all convex s@&E&RiH
defines a commutative ring.
Definition 2.2.3 A subset F of a convex set K is called a face of K if whenever a p@ift is
contained in a line segment joining two points ¥ K, then both points are contained in F; i.e.
the condition x, y¢ Kand @ x +By)/(a +p) € F fora,p € R anda, p > 0 imply x, ye F.
Let X be a real topological vector spafes X* be a continuous linear functional, andXX a

nonempty compact convex set, then we denote by:

Hy(K) :={z € K| f(2) = yé&kf (y)} the face of K with respect tf.

For the sum of the faces of two nonempty compact convex set<A ®ith respect tgf € X*
the following identity holds:H;(A + B) = H¢(A) + Hg(B).



Definition 2.2.4 A point x is called an extremal point of K, if the singleton set {x} is an extremal
set of K and the set of all points where a certain linear function achieves its maximum over K is
called an exposed set (face) of K. An exposed point is a point through which there is a
supporting hyperplane of K, which contains no other point of K. F& K(X) we denote by
E(A) the set of extremal points, and 8yA) the set of exposed points.
Definition 2.2.5 The supporting function h(K, x) of a nonempty sec KR", is defined for all
x € R", by h(K, x) = sup {y, x) |y € K}.Thus for a nonempty closed convex se€kR", the sets
H (K, u) =§®R" |(x,u) = h(K, u) }
(K, u) ={x€R"|(x,u) < h(Ku) }
F(K,u)=K| (x,u) = h(K,u)} are respectively called the
supporting hyperplane, the supporting subspace and the supporting set (or max-face) of the set K
with normal vector u.
Definition 2.2.6 The dimension of a convex set K, denoted diynK, is defined by the
dimension of the affine hull of the set K.
Note:
» The empty set and K itself are faces of K, called the improper faces; all other faces are
called proper faces.
» A face F of K is called a k-face ifimF = k. Thus, the O-faces are the extermal points
and a facet of K is a face F with< dimF = dimK — 1.

Some important examples

« The empty se®, any single point (i.e. singletofy,}, and the whole spad®’

are affine (hence, convex) subs@®s.of
* Any line is affine. If it pass through the origin, it is a subspace, and hence also a
convex cone.

* Aline segment is convex, but not affine (unless it reduces to a point)

« Solid ellipsoids and cubes * are convex but not affine.

* Any subspace is affine , and a convex cone (hence convex)

« Affine set of dimensions 1 and 2 are called hyperplane®Rinand R®

respectively.



2.3 Convex Function
Let KER" is a convex set. Then the functitnK— R" is said to be convex on K if
f(AX + (1A)y) <Af(X) + (LA)f(y) V X, ye Kand allA €]0,1] (2.3.1)
whenever the right hand side is defined.
Some properties of the functign K— R" for K € R":
1. If fis convex and strict inequality holds in (2.3.1), wilea (0, 1) and x# y, thenf is
known to be strictly convex.
2. Concave on K if f is convex on K, and is affine if f is finite and convex and concave
on K.
3. Let K< R"andf: K— R". Then the set effi = {(x, 1) € R"Y x € K, f(x) <r} is called
epigraph off.
4. The set {} f(x) < = } is the effective domain of and we denote it by dofn( this set is
the projection of epf onR" and hence is convex).
5. A convex functionf defined on a convex set K is said to be propégi(x) < +oo for
atleast one point& K, and iff(x) > — o everywhere in K.
6. A convex functiory is said to be stable ag& domf if there exists a number M with
0< M < such that
f(X0) = f(X) < M| %o —x|| 2 for all x e domf
Theorem 2.3.1Let X is any normed space and&X be an open set. If: K— R be twice
continuously Fechet-differentiable, therf is convex if and only iff"(xg) is a positive semi-
definite operator for allxe K.
Proof: (=) Let f be convex andp€ K arbitrary, for xe X,
definep(A) = f(Xo+ A X), where ¥+ Ax € K, theng is convex on [0,1]
= ¢"(A) >0, for allx € [0, 1] such thatg¢ Ax € K,
take X = y thus ¥+ AX = Xo+ My-Xg) = ¢”(0)>0

buiy'(h) =5 f(Xo+ % X) = F'(Xo+ 2 X)X
(F(xo+ Ax), x) and
9"() = = (G{f Ko+ 1 X)) =(f (%o + 2.5, X)

= (P”(O) = <f”(XO + 0)) X) = <f”(X0), X) 2 0
~ f"(xq) is positive semi-definite.



Since x is arbitrarily chosen from Kf."(x,) is positive definite for all x€ K.
(&) Letf'(x,) is positive definite for all x¢ K we need to show thgtis convex. For
X1, X2 € K, by mean value theorem we have
(f (%2), (%2 = x1)) = {f (x1), %2 = %1) ={f (X2) = £ (x1), X, — %1)
= (f (x2) — f (x1), X2 — X1) ={f (X2), (%2 — X1)) = {f (X1), Xz — %1)
> <f”(X1 +e(xp — Xl));Xz —x1)>0
= (f'(x2) = f (1), X —%;) >0
= f'(x) is increasing on K
=~ f is convex. (By theorem which says thafifK— R is Frechet differentiable on K, th¢nis
convex if and only if the mapping(x) = f'(x,.) is increasing on K) ]
Definition 2.3.2Let K<€ X andf: K— R and leto. € R, N (f) ={X €K| f (X) < a} is called a
level set off.
Proposition 2.3.3Let f be a convex function, then the level 8e(f) is convex set for each
aER.
Proof Let x, ye N,(f) we need to show thak + (1-1) y € N,(f)
The convexity of f implieg(Ax + (1A)y) < Af(X) + (1) f(y) since X, YE N,(f),
by definition ofN,(f) we have\ f(x) + (1) f(y) <Aa+ (1 —Na=a
= X + (1)) <A F() + (1) f(y) = a
= f(M + (1)y) <a and hencéx + (1-1) y € N(f)
~ N, (f) is convex set |
Definition 2.3.4Let f: K— R, where K is nonempty and convex set, then
1. f is said to be quasi-convex, if for all, x, eK andi € [0,1]
f(xy+ (10)x2) < max{ f(x1), f(x2)}
2. fis quasi-concave if £ is quasi-convex.
3. Quasi-monotone function is quasi-concave and quasi-convex function.
Theorem 2.3.5Let K be a nonempty convex set gfidk— R be a functionf is quasi-convex

if and only ifN,(f) is convex for each € R.

Proof: (=) Suppos¢g is quasi-convex andhxx; € N,(f)

= f(x1) S, f(X2) o= a=max{f(xy), f(x2)}



Let z =dx; + (1-A)x,, with A € [0, 1], then = K
f@)<max{f(x,), f(x2)} Sa = z€ Ny(f)
= N,(f) is convex for alb € R..
&) SupposeN,(f) is convex for € R, now let %, X, EK andi € [0, 1],
Z #x1 + (LV)x, €K,
foro = max {f(x4), f(x2)}, X1, X2 € Ny (f)
sincl,(f) is convex, & N,(f)
= f(2) < o= max{f(x,), f(x,)}
= f is quasi convex. ]
Definition 2.3.6 For a subset K X, a functionf: K — R is called Lipschitz continuous if there
exists a real number & R such that for all u, € K,
A +F@)I= L uv]]
2.4 Differential Properties of Convex Functions
The concept of differentiability plays an important role in the theory of optimization. When the
functions involved are non-smooth, the differentiability assumption fails. To treat such problem
one can need the generalization of the derivative concept. The starting point in non-smooth
analysis is the consideration of convex functions. fLéte a convex function and «domf.
Then a vector s is said to be a subgradieiftatfx if,
FO)=f(X) +(s,y —x) Vy € domf
This inequality is called the subgradient inequality. The set of subgradient vectprat of,
denoted byif(x), is called the subdifferential gfat x.
Recall that lef: R* — R is convex and x domf, let x and d be fixed iiR™ and consider the

difference quotient of at x in the direction d;
q(t) w for t > 0, then the limit of q(t) as+ 0* is called the

directional derivative of at x.
Proposition 2.4.1Let X be a vector space, ¥ X be convexf: U— (-o ,0] be a convex
function and ¥ be an algebraically interior point of U, where f&R , then

q(t) L (Xo +tdt) —f(Xo)

monotone increasing function and bounded belowon |

, telg={teR :xp+tde U, t >0}, de X is

Proof:



i.  Monotonicity: Let q(t) :w 50

We need to show that g (t) is increasing, i.e. if 0<<t,sq(s)< q(t).
Note that the function g(t) £(xo+td) - f (Xo) is convex and
g(0) =0, let 0O<ts s, te Ig
=9(s)=g %t + t_TS*O) < %g(t) +t_TSg(O) by convexity assumption of g

= g(s)<3g(t), since g(0) = 0

o)
S t

= q(s)=q(t)

=~ g iIs monotonically increasing

ii.  BoundednessSince fis convex, we have
fFOX+ (AN)yY) <A f(X) + (1) f(y), for all x, ye R", A > 0.Now setA =tand y = . Then
ftx+ (1-hy)<tf(x) +(1-1) f(y) = f(Xo + t(X-X0)) < f(Xo) + t(f (X) — £ (X0))

= f (X0 + t(x-0)) - f(X0) < H(f(X) — £ (xo)) = LEHDTEO) < £(3)- £(xo) since >0

andoxx € domf, d = x-¥%
= q(t) is bounded below
since q(t) is increasing and bounded below function of t, then the limit:

0+ S &0 +td)—f(%0)
t

limt - exists for all & R". [

Note:

1. From the proposition 2.4.1 we conclude that all convex functions are directionally
differentiable.

2. From the definitionf’(x, d) is positively homogonous and convex as a function of d.

Hence for a convex functignf’(x, d) = max{s,d): s € af(x)}

max

se (s, d)

3. If Sis a subgradient ¢f at xedomf, settingy = »+ td, t>0 in
fy) = f(x) +(s,y —x) we obtainf (x + td)> f(x) + (s, td) when we take the limit as
t— 0, we geff'(x, d)> (s, d), for all de R".
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Proposition 2.4.2If x* minimizes a convex functioff, then O df (x*) and conversely, if
0e df (x*) then x* minimizesf (x).
Proof: Let y be an arbitrary point of dofn Thenf (x*) — f(y) <0< k|| x*y ||, for all k>0

Which impliesf(x) is stable at x*. Hencéf (x*) # @. The statement @ df (x*) if and only if
x* minimizes f, follows immediately from the relatiofi(x*)- f(y) < 0 when it is written as a

gradient inequality fornf(y) > £(x*) + k || x*-y ||, for all k< 0. m

Definition 2.4.3 Superdifferentiable functions are functions whose directional derivatives can be

expressed ag (x, d) =1%s, d), for all de R, where V is a convex compact set.

Superdifferential of at X, is the set of vectorsesR™ which satisfyf (y) < f(x) + (s,y — x) for

all y € R" and denoted b§ f ().
Remark:

I. A function f is subdifferentiable if and only if £is superdifferentiable.
il. There is a one-to-one mapping between the family of all sublinear functions defined
on R"™ and the family of all nonempty convex compact subsetR"ofMinkowski

duality).
2.5 Quasidifferentiable Function

Recall that a functiorf is said to be quasidifferentiable at a point x if it is directionally
differentiable at x and the directional derivatif/éx; d) can be expressed as a difference of two
sublinear functions as a function of direction d: fi'é&; d) = p(d) — q(d), where p and g are

sublinear functions for corresponding compact convex sets U and V, we have:
£1(x; d) =T2(s, d) - Ty, d) (2.5.1)

The set U and -V are called the subdifferential and superdifferentiaplatof respectively and

are denoted b§f (x) andaf(x) respectively.
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Note that The convex part of'(x; d) is taken into account by the subdifferendifilx) while

the concave contribution ¢?(x; d) is reflected in superdifferentiaf (x).

The pair Of(x) = @f(x), df(x)) is called a quasidifferential of at x. From (2.5.1) a
guasidifferential of a functiorf is not uniquely determined since one could rewrite (2.5.1)

equivalently as:
(%, d) = ((5&0(s, d) + 2&&(c, d)) — (W&, d) + 2&&(c, d) )) for any compact convex set C.

Theorem 2.5.1(Calculus rule of quasidifferentig])] Let functionsf, f2,..., fm be defined on

an open set Xc R" and quasidifferentiable at a pointeX. Let ¢, =_;, nfi(x) and

yreny

(pzzizl_zjﬂim“ i(x), then the functions, ando, are quasidifferentiable at x and

Do,= @9, (%), 9¢,(»)  and ® = @9,(x), 9 ¢,(x), where

9¢_(X) = conv yepx Y (0 fix) — Yierao,ik 0 fi(X)), 5(P2 (%) = 2keq) 9 f k(X)

F] o,(x) = Ykere 0 fr(X), 09, (X) = conv keqex) Y @ fi®) — Ticqno,ixk 2 fi(X)) and
R(x) ={i € I: fi(x) = ¢, ()}, QM) ={iel: fi(x) =9, ()} 1={1, 2,....n}.

Here @f «(x), df (X)) is a quasidifferential of the functigf at the point x.

Example 1)Considerf(x) =|x |, x€ R, calculate the quasidifferential ff

Solution: f(x) = max {f1(x), f2(X)} = max fi(x), i € I= {1, 2} wheref1(X) = X, f2(X) = -x
We consider two cases:

CaselfFor x =0, R(x) = {1, 2} and the functiorf§ andf, are smooth. Using the above theorem

we haved f1(x) = {f1(x)} = {1}, a f1(x) = {0}
Of aX) = {f"2(x} = {-1}, d f2(x) = {0}

Since Df (x) = @f (x), 3f (¥)), wheredf(x) = conv @1(x) - 3f 2(x), 8fAX) - 3f1()}
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= conv {1-0, -1-0} = conv {1,-1} = [-1, 1]
f (x) =af1(x) + df2(x) = {0} + {0} = {0}
Hence for x=0, (x) = @f(X), af(x)) = [-1, 1]

x, x>0

Case2x #0, f(x):{_X o

= Df(X) = @f (x), 9f (X)), wheredf (x) = {{{—1%} Xx><00

df(x) = {0}, V x #0
From casel and case2, we hay&D = (01 (x), 5f(x)), where
{1}, x>0
af(x) =+ {—1}, x<0
[-1,1], x=0
af(x)={0}, vx € R

Example 2} Let f(X) = -|x| , X € R, calculate the quasidifferential ff

Solution: f(x) = min{f1(x), f2(x)}, where f1(x) = -x andf2(x) = x sincef is concave.

Q(x) = {1, 2} and the functiorfs andf> are smooth.
Case-1x =0
Df1(X) = @/ 1(x), 8f1(x)) and Df»(x) = @ 2(x), f2(x)), where
9f1(x) ={0}, 9fa(x) = {0}
0f100 = {f109} = {1}, 9f2(x) = { f2(0)} = {1}
By calculus rule of quasidifferentials we have:

9f () = 9f1(x) + 9f(x) = {0} + {0} = {0}



Af (x) = conv{d f1(X)- Af 2(x), df 2(x)- df 1(X)} = conv{-1-0,1-0}
=conv{-1, 1} = [-1, 1]
Case-2x+#0

f(x) = {_XP‘(, XX<<00 ,thus OF(X) = @f(X), 3 (X)), wheredf(x) = {{{—1?*, XX<>00

df(x) ={0}, vx #0
From above cases, we can havef() = (0f(x), 5f(x)), wheredf(x) = {0}, vx€R

{—-1}, x>0
af(x)={ {1}, x<0
[-1,1], x =0

By using other cases, we can see the equivalence between pairs of quasidifferentials,

Case-3Df1(x) = @f1(x), 3f1(x)), Df 2(x) = @f 2(x), df 2(x)),
wheredf1(x) = { f100}={-1},  9f1(x) = {0}
9f2(x) = {0} af20¥) = { 200} = {1}
Then we get [B(x) = (3£ (x), df (X)), where
9f (x) = af1(x) + 2 2(X)
={-1} + {0} = {-1}
af (x) = conviaf1(x)- f2(x), af2(X) - A 1(x)}
= conv {0-0, 1- -1} = conv{0, 2} = [0, 2]
Example 3)Let x = (%, %) ,x € R" andf (x) =[x|-]x|. Find the quasidifferential gt
Solution: put f1(x) = x| andf>(x) = -|xl

P1(x) = Df1(x) = @f1(x), 0f1(x)) and Df2(X) = @ 2(x), Df (X)),
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From example 1 and example 2, we obtain:

{(1L0)} ,Xg >0
9f1(x) ={ {(=10)} X, <0
con{(—1,0),(1,0), x; =0

af1(x) ={(0, 0)}, for all x€ R"

~ {(0,-D)}, X, >0

af 2(X) ={ {01}, X2 <0
con{(0,—-1),(01)} ,x, =0

df2(x) ={(0, 0)}, forall xe R"
For rewrite this in the form of P(x) = @£ (x), af (x)), let us see the following theorem:

Theorem 2.5.2Let the functionsf; andf, be quasidifferentiable at a point x. Then their sum

and their product of these functions are quasidifferentiable at x, which can written as:
Dlut f2)(X) = Dfa(x) + Df2(X)
D f2) (%) = fa(X)Df2(X) +f2(X)Df 2(X)

Appling this theorem to the above example it gives:

Df(x) = @f (), 3f (X)), wheredf (x) = 3f1(x) + 3f2()

f(x) =af1(x) + af 2(X)

A quasidifferential of a function is not uniquely expressed. Actually, suppose that the pair (U, V)
is a quasidifferential of at x, then for any convex compact seER", (U + S, V- S) is still a

guasidifferential off at x. Pallashcke et al [5] introduced an important notion, the minimal

quasidifferential, g™ f (x), 5mf(x)) € Df(x) is called minimal provided that any pair

(0 (x), 3f(x)) € D (x) satisfying that the relatioff(x) € d™f(x); af(x) €3 f(x) implies that
@1 (x), f(x) = @mf(x), 5mf(x)). Furthermore, Pallashcke et al [5] proved the existence of the

minimal quasidifferentials, which leads, i f(x), 5f(x)) € Df(x), such that
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AMF(x) € IF(X); @ f(X) € 3f(x). However a minimal quasidifferential is not a unique
expression. Actually, any translation of a minimal quasidifferential is still minimal, say, if

[A, B] is a minimal quasidifferential, then for any singleton {c}, [A+{c}, B+{c}], a translation of
[A, B], is still a minimal quasidifferential.

Grzybowski [2] and Scholtes [6] proved independently the fact that equivalent minimal

quasidifferentials, in the two-dimensional case are uniquely determined up to translation, i.e. let f
be quasidifferentiable oiR? given the two minimal quasidifferential87{f (x), 5Tf(x)) and
OTF(x), 5 £(x)), there exist € R? where ¢ is depend odTf(x), 31 () and Tf(x),

—m L. —m —m

02 f(x)) satisfying 05'f(x), 92 f (X)) = @1'f () + {c}, 91 f(x)-{c}).

Hence defining and determining ‘minimal’ representative, from the class of pairs of compact
convex sets corresponding to the quasidifferentials of the functions, in quasidifferentiable

optimization problems is necessary, hence the next chapter is about minimal pairs of compact

convex sets.
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Chapter 3

Minimal Pairs of Compact Convex Sets

3.1 Basic Notions and Properties

Let X = (X, 1) be a topological Hausdorff vector space, B(X) be the set of all nonempty bounded
closed convex subsets of X, and K(X) denote the set of nonempty convex compact subsets of X
endowed with the usual Minkowski addition and scalar multiplication. The set K(X) is a
commutative semi group with cancellation property (Urbanski, R, and Generalization of the
Minkowski-Radstrim-Hsrmander Theorem).Let%X)=K(X) xK(X), then we define minimality

of pairs of compact convex sets if(X) which was given in Pallaschke, D., Scholtes, S and
Urbanski, r.,[4], [6] On minimal pairs of convex compact sets.

Definition 3.1.1 Two pairs (A, B) and (C, D) from ¥X) are said to be equivalent, written

(A, B) ~ (C, D) if, and only if A + D = B + C with the Minkowski addition.
Definition 3.1.2
1) A subset of the set of all subsets of X which satisfies the axioms:

i. @ and X are open sets
ii.  The intersection of finitely many open sets is an open set
iii.  The union of arbitrary many open sets is an open set is called a topology for X and
the pair (X,r) a topological space. A subgeL 1 is called a basis afif every Ue

T is the union of elements frof

2) Let M c X, the smallest closed subset of X which contains M, is called the closure of M,

denoted by cl(M) or MIf M is closed M = M

3) A topologyr for X is called Hausdorff if for every two points xgyX with x # y there exist
open sets U, \&t with x € U and ye V such that L'V = @ . Every Ue t with x € U is called
a neighborhood of X.

4) Let X be a real vector space endowed with a Hausdorff topeldggn the pair (X5) is

called a topological vector space if:
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i.  Forevery X, ye X and any neighborhoods, 4, of x +y, there exist neighborhoods U
of x and Y of y such that Y+ Uy < U,,,

ii. ForeveryxeX, to € Rand every negibohrhood, Uof t, X, there exists a
neighborhood YWof x ande > 0 such that for all€ R with [t- {| <g, the inclusion
tUx € Uy, holds.

5) A topological vector space (X) is called locally convex if there exists a bagis t of
neighborhoods zero that consists of convex sets. Observe that a locally convex space has always
a basig3 < 1 of neighborhoods of zero which consists of absolutely convex sets i.e. convex sets

U with U = -U.

6) A nonempty set E R" is called a polyhedron if there existsrank n-matrix A and an n-

vector b such that P = {& R"| Ax < b}. A bounded polyhedral set is called a polytope.
3.2 Algebraic Properties Compact Convex Sets in Two Dimensions

Recall that for A, B= A(X) [the set of nonempty subsets of X], the algebraic sum is defined by
A+ B={x=a +bla €A, be B} and fork € R and Ae A(X) the multiplication is defined by

A = {X| x =2a, a€ A}. The Minkowski sum for A, Be A(X) is defined as: A B = cl({x =

a + b la €A, b € B}), where the closurity is with respecttdf A and B are compact convex
sets, the Minkowski sum coincide with the algebraic sum, i-.B\= A + B. For two compact
convex sets A, B X, we will use the notation: & B := conv(Au B), and for two elements, b
€ X the interval with end pointg andb denoted byd, b] :={a} v {b}.

Pinsker’s Identity 3.2.1For A, B, Ce K(X) in a topological vector space X we have:
(*%B)+C=(A+C) (B +C).
Proof For every xe (A v B) + C can be represented as s+ (1 — a)b + cwith a € A,
beB ceCand0< a <1.
Nowx =aa+(1—o)b+c=a(a+b)+(1 —a)(b+ ¢)

and hence C+ (X B)c (A+C)v (B + C).
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For the converse: Let& (A + C) Vv (B +C), then we have: xe&(a + ¢) + (1 — a)(a + &) with
a€A beBCc,eCand Xa<l.

Now x =a(a +¢)+(1—a)(b+ @) =aa + (1 —a)b +ac; + (1 — o) c,. Hence the converse
inclusion (A + C)v (B + C)< C + (Av B) also holds. |

We will use the abbreviation A +BC for A+ (Bv C) and C + d for C + {d} for compact

convex sets A, B, C and a point d.
Theorem 3.2.2(Minkowski-Radstiom-Hormander-Theorem) Let X is a topological space

i. ForA, B, Ce B(X) the implication A+ B C+ B= A € C holds.
ii. ForA, B, Ce K(X) the implication A+ C= C + B= A < B holds.
The implication A+ = C + B= A C B is called the order cancelation law and the

weaker implication A + B = C + B> A = C is called the cancelation law.

Proof Let be a base of neighborhoods of zero in the topological vector space X. Given any

neighborhood L& 3 we define a sequence {vie N such that:

Vo + Vo € U and V41 + Vpe1 € Vi From A + BS C + B it follows that for every

V € B we have A + BE C + B +V, and hence for everyaN we have:
A+BcC+B+V,. Nowleta € Aand h € B.

Thena+bhh=g+bh+u forsome 16=C,IpeB, w €V;,
athh=g+th+wv for some = C, by € B, v, € V5, and in general, for every

neEN:a+b=c+hb++u forsome geC, 1€ B, bLE V.

Hencea = %(cl +etG) + %(bnﬂ-bl) + %(ul +---+Uy), N€ N and thus by the convexity of C and

the boundedness of B we get for sufficiently large M that
a€eC+V+Vi+--+V,cC+U.

Thus Ac C +U for every U= 3, and therefore, A C. [ ]
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Let X = (X, 1) be a topological vector space and B(X) be the set of all nonempty bounded closed

convex subsets of X, or’X) = B(X) x B(X), the equivalence relation

(A, B) ~ (C,D)= A + D =B+ Cintroduced. Such pairs (A, B) and (C, D) are called

equivalent and [A, BE B%(X)/ ~ denotes equivalence class which contains (A Bf(X).

The ordered spaceBf(X)/ ~, <) is called Pinsker-Minkowski-&&stiim-Hérmander latticé4]

of bounded closed convex sets.

Definition 3.2.3 Let X be a real topological vector space and A, B,IgX). Then Sis
separating the sets A and B if and only if for ewery A and be B we have ¢, b] n S+ @.

A

S

B

Figure 1: Separating by hyperplane

Definition 3.2.4 A pair (A, B)€ K*(X) is called convex if Au B is a convex set. We call (A, B)

convexly reduced if for any convex pair (C, D) in [A, B] there exists K{X) such that

C=A+MandD =B+ M.

Lemma 3.2.5Let X is a real topological vector space and A, Bz & nonempty subsets. Then
AUB+C=(A+C)u(B+C).

Proof For xe AUB + C, there exists€ C and de A UB such that x = c + d.

Hencex (A+C)u(B+C),i.,e., AUB+Cc (A+C)u (B +C).

Conversely, for x> (A + C)U (B + C) there exist elementsscC and de A or d € B such that

x=c+d.Hencexk AUB+C,iie. A+Cu(B+C)cAUuB+C. ]
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3.3 Minimal Pairs of Compact Convex Sets in Two Dimensions
Definition 3.3.1Let (X, 1) be a topological vector space. For pair of compact convex sets

(A, B), (C, D)€ K*(X), let us define an ordering: (A, B (C, D) iff A € C and BS D. Here,
showing that the relatiotx " is an ordering in KX). A pair (A, B) € K*(X) is called minimal if

it is minimal in the class [A, B] with respect to the above ordering relation, i.e. (A, B) is minimal
if for any pair (C, D) [A, B] the relation (C, DK (A, B)= (C, D) = (A, B).

The existence of minimal pair in the class [A,BK?(X) can be proved by using Kuratowski

Zorn's theorem.

Theorem 3.3.2Let (X, 1) be a topological vector space, then for any pair (A Bf(X) there

exists a pair (C, Dg [A, B] which is minimal.

Proof Using (2.1.1) Kuratowski-Zorn’s Lemma it is sufficient to show that for any totally
ordered subsét = {(C, D) € [A, B]: (C, D) < (A, B)} of [A, B] there exists an element (A*,
B*) € [A, B] such that for any (C, Dg X the relation (A*, B*)< (C, D) holds.

For anys = (C, D)€ X we denote by Athe set C and by Bthe set D. The ordering ahyields

thato, < o, if and only if A;; € A, andB,; € B,,. Now we fixog € X and define the sets
A* =Ngpe 3, As and B* AN e 5, Bo, WhereXo = {c € Z: 6 < 6p}.

By Cantor intersection property [4] the set A* is nonempty. Moreover, A* is a closed subset of
A, and hence it is compact. The convexity of A* follows immediately from the convexity of A
for o € 3. Since the same arguments hold for B* it follows that (A*, 8%*(X).

A*+B=B + neroAc = nceEo(B +A6) = nGEZO(Bc + A)
ﬁcEZOBG+A:B*+A "

To make the above theorem clear, let's associate it with the concept of fraction. Let (S,.) be a

commutative semi group ordered by the relagoMoreover, let S satisfy the order law of

cancellation i.e. lks< bs, for some s in S, then< b. We say thaga— andg are equivalent
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fractions and Writeg—~ g if ad = be. This is an equivalence relation on the sef ahfl we
=< a ¢t i i 4

denote by E] = {d e S . d} c S’ the equivalence class which contaBms

it

The pair% € S is called a minimal fraction, if for any fractié;nsuch thag ~% andg < %

follows thata = c and b = d.

Proposition 3.3.3If (A, B) € K*(X) is minimal, then

i. Foralla € R,a(A, B)=(aA, aB) is also minimal.

ii. Foreveryp € [0,1], the pair (ASB) is also minimal.
Proof (i) For simplicity let's decompose the statement into two parts:

(@)  If (A, B) € KXX) is minimal, then (-A, -B) is minimal.
(b) If (A, B) € K¥X) is minimal, thero(A, B) = (a A, oB) is minimal for alla > 0.

Now let us prove the (a): Let (A, B)K*(X) be minimal, we need to show that (-A, -B) is

minimal. Let (A, B") < (-A, -B) i.e. (A, B') ~ (-A, -B) and A< -A and B € -B.
Since (A, B") ~ (-A, -B), which implies -A + B=-B + A,
Thus Ac-Aand Bc -B,-A'c Aand -B c B.

= A-B =B - A'since (-A, -B) ~ (A, B) and hence (-A-B') < (A, B) follows. By the
minimality of (A, B) we have —B= B and —A= A which implies B=-B and A= -A

(A", B) < (-A, -B) = (A, B') = (-A, -B) therefore, (-A, -B) is minimal.

By similar form we can prove (b).

(ii) For showing the second claim let us take two cases:

Case 1: I3 = 0, thus (ABB) = (A, 0B) = (A, 0) which is minimal for (A, B) minimal.

Case 2: Ifp £0, i.e. forp € (O, 1]. Let (A, B') < (A, pB) i.e. AC A, B’ BB and
A+ B'=pB + A'. We need to show thatA and B = B.

22



Since B € BB, we havehl-B’ c B and let us deno%‘@’ by B". From A + B =B + B'and
B"= %B’, A +pB” =pB + A’ follows.= A + B -BB + B" =B + A, by adding B in both sides

=>A+(1-B)B+pB"=B + A
Since A C A, by the order cancellation law we have thatf)B + fB"C B

= B-BB +}B”" < B= B =pB"
Since (A, B) is minimal, we obtain B ="Bnd it implies B =:—gB', ie.B=pBand A=A

~ (A, BB) is minimal. |
Proposition 3.3.4If (A, B) € K*(X) is minimal, then

i. (A+x,B+y)isalsominimal for all x, g X
ii. (oA, BB) is also minimal for alt, p € R with afp > 0.
iii.  If moreover, A=A+ VandB=B+V forsome A B, Ve K(X)thenVis a
singleton.
iv. If, A=B +V for some Ve K(X) then B is singleton.

From above proposition we can deduce that if a pair of convex compact sets is not minimal then

the pair of their translation is also not minimal.

Proposition 3.3.5If A is a point set and B is an arbitrary convex compact set, then (A, B) is

always minimal.

Since minimal pairs are defined on the class of pairs of compact convex sets, these pairs are not
unique in general. However, in the cas®éfit was proved by S. Scholtes [6] independently that

minimal pairs in the plane are unique up to translation.

For X =R (in the case of one dimensional space), all convex compact sets are finite closed

intervals and hence the minimal pairs are characterized as follows:
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Proposition 3.3.6The pair (A, B)e K3(R) is minimal if and only if one of the sets A or B is

singleton.

Proof Let A = [a, b] and B =[c, d]. Then either d>cb-a or b-a > d-c

Without loss of generality, assume that g4g- a. If A is not singleton set, then b-> 0 and
(d-c) — (b-a) > 0. Then the set U= [c- a, d-b] is nonempty.

Therefore, B = [c, d] = [ca, d-b] + [a, b] = U + A and hence from proposition 3.3.4 it implies

that (A, B) is not minimal. The converse follows from proposition 3.3.5. |

3.4 Reduction Algorithm in Two Dimensional Spaces
In this section, we are going to see Handschug’s algorithm that enable us to construct a

quasidifferential, which is unique up to translation in a plane. Recall that a quasidifferefitial of

at x is given by: i(x) = @f (x), df(x)) and can be also expressed as:

Df(x) = @f(x) + A, df(x) — A) for every convex compact set@R", which shows clearly its
nonuniqueness. Thus in the process of solving optimization problems is unquestionable to
rewrite the quasidifferential in a simpler form so as to reduce the extent of calculations. In
particular, in the case of a pair of convex polytopes in the plane we will present here an

algorithm to compute an equivalent pair with a minimal number of corners (vertices).

Definition 3.4.1For a polytope A irR" we denote byF(A) the set of all edges (which are one
dimensional edges of A). Let A, B be polytope®Rih we say that [E F1(A) and Ge F4(B) are
equiparallel if F and G are parallel and if there & 8" with F = F(A, u) and G = F(B, u).

The following theorem gives us the necessary and sufficient condition for a pair of polytopes in

the plane to be minimal.

Theorem 3.4.2Let A, B be polytopes iiR%. The pair (A, B} K3(R?) is minimal if and only if

A and B have at most one pair of equiparallel edges.

This theorem is fundamental characterization of minimal pairs of polytopes in the plane.
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3.4.1 Handschug’s Algorithm

In this section we present Handschug'’s Algorithm which was first stated in Hands®hui@s
on Equivalent Quasidifferentials in the Two-dimensional case, and we give a reduction algorithm
for pairs of polytopes to find a minimal pair. The algorithm is proved to be very useful in

investigating minimal pairs of polytopes in the plane.

Let a polytope A€ K(R?) be given. Choose an orthonormal bagjeeof R? and letag be the
vertex of A with smallestecoordenate and, if there are more vertices with this property, also
with smallest ecoordenate. Lat, ai,..., am, am+1= ao be the vertices of A in cyclic order in

counterclockwise direction, in such a way that the vectors, called edge vectors of A,
vi =ai+1—aj, =1, 2,...m+1
Satisfy the conditiony;= ri(e;cosy; + &sing) with ;>0 and X a;<ar<- <ay1< 2r. Then
ity =0 (3.4.1)
Conversely, if vectors, ..., vm+1 Satisfying the above conditions are given, then
ao(arbitrary),a; := ao +2{=1ui, j=1,....m (3.4.2)

are the vertices of polytope A. This describes polytope A uniquely (up to translation). From
above discussion, we can associate to every polytap&@R?) with m vertices the set of its

edge vectors by settingaV={ v|v = ai:1 —a;, i = 1,2,...,m+1} with the convention that
am+1 = a1 For m = 1, we define ¥= Q.

The next theorem (see [7]), which expresses the sum of two polytopes in terms of the sets of

their edge vectors, is fundamental in the reduction technique of a pair of two polytopes.

Theorem 3.4.1.11f A and B are polytopes iR? Va denote the set of all edge vectors of A and

a, denotes the polar angle of an edge vector u, then
Va+B = {WE Va |21u€ Vg with oy :(XW}

U {u € V| Aw € Va with o, =a,} (3.4.3)
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U {v |3w € Vp Ju € Vg with a,, =0y, andv = u + w}
i=Va @ Vs

Proof Since A is a convex sat,is an edge vector of A iff for an outer norngabf v, we have

Fi(A, g) = con{aj, ai+1 }, wherea;andai:; are two consecutive vertices of A and ai+1 —a;.
ThereforeF1(A +B, g) = Fi(A, g) + F1(B, g9)
=conv{ a;, ai+1} + conv{ by, b1}

Here, each i, i+1, |, j+1 should not necessarily be distinct. From this equation it holds true that

v € VasB iff v = aj+1 — Qi and lj)..l— h: 0, orajs1—ai=0 andv = h+1— t] or

v = (air1 —ai) + (B+1 — ) (with none of the two are zero) wheneyeis an outer normal vector
for both A and B. ]

From theorem 3.4.1.1, the following corollary follows.
Corollary 3.4.1.2Given two polytope A and B iR% Then there exists a polytope D such that
A + D =B iff Yw €V, Ju € Vg with w and u having the same polar angles and |uj|.
In this case then,/={ v |v = U€E Vg, 4 w € Va with a,, =a,} (3.4.4)
U {v]| 3w € V,, U € Vg, a,= a,, =ay, |W|< |u|,v = u-w}
= Vg @ Va

Note that,© is the reverse operation@®. However these operations give us the way to restore

back the poytopes in question.
Now to carry out the reduction technique for a pair of polytopes, we first rewrite relation

A1+ C =A+ G and B + G =B, + G in terms of the operatio® and®©, defined above, as

follows.

Yo = (Va1 © Vc1) ©Vey, \62 = (Vg1 @ Vc1) © Ve (3.4.5)

From corollary 3.4.1.2 it follows that
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YW EVcz AU € (Va1 @ Vi) with oy, =0, and Wk |u|
and YW EVcy v € (Vi1 @ Vi) with oy, =ay, and WK |
That means, the elements af\are vectors which have identical polar angles in both sets

Va1 @ Ve and k1 @ Vei. Our aim is to find a polytope,@s large as possible ang & small

as possible. To this end, define the set

\p :={w| Ju € Vo, v € Vgywith a,= a,, =, |w| = min{|ul,¥|} (3.4.6)
and the vector vo:= ¥,ey, W if \6 # @ andvg := 0 otherwise. (3.4.7)
Then put M = {vo, -vo} and Ve = Vo @f- vo} if vo#0
M=0and o=V, ifue= 0. (3.4.8)

It is clear from equation (3.4.8) that the sets &hd \t, represent the edge vectors of convex

polytopes Gand G in R% Therefore, equation (3.4.5) will be reduced to

Vaz = (Va1 @ {vo}) © Vo, and Vb2 = (Va1 D {vo}) © Vo if vo#0 (3.4.9)
and Vaz = Va1 © Vo‘ and Ve = Ve1 © Vo if vo=0 (3410)

To summarize the above discussion , if a pair of polytopesBi\ from the class [A, B] is
given, then we can reduce this pair to an equivalent and minimal pair of polytofBs)(A

(which is unique up to translation) using the following algorithm.

Step 1:Choose an orthonormal basis @ of R? and determine the set of vertices afahd B
in a counterclockwise direction starting the vertex with the smallesiardinate (if there are
more with this property also with the smallesteordinate ) say, and Iy respectively. Then

compute M, Vg1 and the polar coordinates of their elements.

Step 2:Compute \ from (3.4.6) and from (3.4.7). If \f contains at most one element, then
the pair (A, B,) is already in its simplest form and hence stop the algorithm. Otherwise go to
Step 3.
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Step 3:1f vo# 0, then compute M and \g2 from (3.4.9). Otherwise from (3.4.10) and arrange

their element in the increasing order of the polar angles of the vectors.
Step 4:Determine A and B from Va, and \k; starting fromag and Iy using equation (3.4.2).

Note that the set of edge vectors of every polytope in the plane should be described in such a
way that the elements are arranged in an increasing order of their polar angles so that we can

determine the polytopes from the sets of edge vectors in Step 4.
Example: Let A = conv{(1, -2), (2, -2), (2, 2), (-2, 2), (-2, 1)} and

B=cpnv{(-1, -2), (2, -2), (2, 1), (1, 2), (-2, 2), (-2, -1)}

N . y
4 2
1 1

7 N\ T 12 * x 2 1 2
1 A 1, B
2N 2

To find its minimal pairs, we have to pass through the following steps:
Step 1:By using the relation; = ai+; —a; Va1 and \g; can be computed as follows:
M1 ={(1,0), (0, 4), (-4,0), (0, -1), (3, -3)}
={(1,0), (), (4,m), (1,29, (3v2, 29} in polar form
and \6; ={(3, 0), (0, 3), (-1, 1), (-3, 0), (0, -3), (1, -1)}

={3,0), (), ¥2,3), (3,m), (3,2, W2, 29} in polar form
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Step 2:By computing \§ from (3.4.6) andy from (3.4.7) we get:
\%={(1,0), 33, G, (1,5), 2,5}
vo={(v2, 29}

Step 3:Sincevg # 0, then compute M and Vs, from (3.4.9) we have:
V2 ={(0, 1), (-1, 1), (-1, 0), (2, 25 {(1, D), &2 .3, (1,m), (V2 , )}
Ve2={(2,0), (-2, 2), (0, -2} = {(2, 0), @2, 5D, 2,.5)}

Step 4:Compute A and B from Va, and Vg, starting fromao andb, using equation (3.4.2).
A= conv{(L, -2), (1, -1), (0, 0), (-1, 0)}

B = conv{(-1, -2), (1, -2), (-1, 0)}

Graphically, it looks like as indicated below;

JJ s y
2 2
1 1
2 -1 1 2, X -2 -1 1,2
Ny Ne
2 -2

Remark: Equation (3.4.9) and (3.4.10) eliminate all edge vectors which are common toapoth V
and Vs and those which have identical polar angles. The only edge vector which may remain in
both sets of edge vectors of And B having the same polar angle, will be the one found

because of the introduction aefin both sets in (3.4.9). Therefore, the algorithm certainly

produces a minimal pair after exactly one iteration.
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After carrying out above algorithm over a pain,(&:) we can see that some of the edge vectors
contributed from A will be reduced in Aand likewise those from Bvill be reduced in size or
eliminated from B. That means, Awill have a number of edge vectors at most equal to that of

A and B will have a number of edge vectors at most equal to that.of B
3.4.2Reduction Techniques for Pairs of Compact Convex Sets

Let A, B < R be convex compact sets. The reduction pairs of compact convex sets by cutting

hyperplanes or by excision:
Lemma 3.4.2.1L et X be a real topological vector space and A, B,I§X). Then
AVvB+Sc(AvS)+(BvS).

Proof: Given any xc A v B and s S, then x =na + b for some elements€ A, be B and

numbersao, >0 witha+ = 1. Hence X + sga + b + s =aa +pb + (@ + pB)s
=da +ps) + @s +pb)e (Av S) + (BV S). ]
Remark:

i. IfS=AnB=+@thenAvB+ ANBCcA+B.
ii. If for a compact convex set5 @ the equation A + B = A B + S holds then
S=AnB.

Proof Part (i) is obvious. To prove (ii) observe that A+ B¥B+S=(A+9Vv (B +YS)
implies both B + & A +B and A +Sc A+ B and hence & A n B.

From Lemma 3.4.2.1 follows; KB+ AnNBSA+BcCAvVB+S. Hence AAB < Sand
therefore S = A0 B. |

Lemma 3.4.2.2Let X be a real topological vector space A, B; (X) such that S is separating
Aand B. ThenA+BEAVB+S.

Proof Leta € A, b € B, then there existg >0 witha + 3 = 1 such thatia + b € S.
Hence a + b =ofa + Ba) + (ab +pb)

=op +Pa) + (ca +pb)EAVB + S. n
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Proposition 3.4.2.3Let X be a real topological vector space Ac B(X) such that
A B = @. Then

i. If A nB separates the sets A and B, thewB+ An B =A + B.
ii. If Xis alocally convex then AB + An B = A + B implies that An B separates the
sets A and B.

Proof (i) Let S = An B, then from Remark (i) it follows that B + An B € A+B,
Moreover from Lemma 3.4.2.2 we have that A Bv B + An B.
Hence A+B=AB+AnNB.
(i) Now let us assume that X is locally convex and that A + Bv=-BA+ A n B holds.

If A n B+ @ does not separate the sets A and B suchdhafi p (A n B) =@.
Since X is locally convex there exists a continuous linear functfogak* such that
maf(@), (b)) < zea MBS (D)
Now choose elements € A, by € B such thaff (ag) = ;0Nf (a), f(bo) = M0f (b).
Sincemax (f (o), f(bo)) < max(f(a), £ (b)) <,ean8f (2
It follows that fao, o) N A N B =@. Since by assumption A + B =VAB + A n B, there exist
elementsy; € A, b; € B, z € A n B, and numbers, 3 > 0 witha + B = 1, such that
ap + y=a a;+Pb; + z;. Hencef (ap) + f(bg) = a f(ai) +P f(b1) + f(z1). Since max
(f(ao) - f(z1), f(bo) — f(z1)) < O, this impliesf(ao) > o f(as) +p f(bs) and
f(bo) > a f(f1) +P f(ba).
Hencef(ag) > f(b1) andf(bg) > f(ai) which leads to the contradiction
f(ao) > f(b1) > f(bo) > f(ay). [ ]

Theorem 3.4.2.4 et X is a real topological vector spaces K(X) a nonempty compact convex

set. Moreover let us assume that there exists a nonempty compact convex subssgtich that

A\C is nonempty and convex. Then the pairs (A, C)\ @ Cn(A \ C))e K¥X) are equivalent.
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Proof Let S =Cn (A \ C), then S separates \AC and C. Hence by proposition 3.4.2.3 we have
(A\CvC+S=A\C+C.Since(AC)vC=A wegetA+S=(AC)+C, which means
(A,C)~(A\C,Cn (A\O)). ]

In the case where X is a real locally convex topological vector space, the assumption that the sets
C and AC are convex is equivalent to the existence of a paifzand a continuous linear

functionalf € X* such that:
AC =A%, :={x € A: f(X) >f(2)}, and
C == {xeA: f(x) < f(D)}-

ACNC=A;:={x€eA f(X)=f(2)}

The above result now leads to a theorem on the reduction of pairs of nonempty compact convex

sets by cutting hyperplanes.

Theorem 3.4.2.9 et X be a real locally convex topological vector space, & HX)
nonempty compact convex sets and let us assume that there exists an etemenBzand a

continuous linear functiongl € X* such that A, = Bt, and A, = By,. Then the pairs
(A, A%2), (B, Btz ) € K(X) are equivalent.

Proof By Theorem 3.4.2.4 we haveiAAt,) ~ (A%t Ar,). Since by assumption
A%, =B, and A, = Bx,, it follows that (A, A, ) ~ (B, Btz). n

The idea of Theorem 3.4.2.5 can be illustrated in figure2.

\ \

A'f,z A+f,z B_f,z B+f,z

A

\ \

Figure 2: Reduction by cutting hyperplane method.
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For a real topological vector spaces reduction by excision method can be proved by the

following theorem.

Theorem 3.4.2.6Let X be a real topological vector space, (A&3*(X) such that BZ A. Then

(A, B) ~ (con\(A \ B), Bn convA \ B)).

Proof Put A := conv(A \ B) and B := B. We need to show that A B; separates Aand B.

Since A can be decomposed as a disjoint union of the form
A = (B\ conVA \ B)) U (B nconuA \ B)) U (A\B).

That is, A UB1= (B1\A1) U (A1 N By) U ((A1 U B1)\B,), it follows from the convexity of A that
for everya € A;\B; and be B1\A;.

The line segmentd], b] intersects AN B; separates Aand B.

Now from proposition 3.4.2.3 (i) we have A B; + A; N B;= A; + B; which means

A+BnconyA\B)=con(A\B) +B;since AvB;=A;UB; = A.

Hence (A, By~ (conA \ B), Bn convA \ B)). [

The idea of Theorem 3.4.2.6 can be illustrated in figure 3;

U

\/
Figure 3: Reduction by excision method.
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Theorem 3.4.2.7The convex pair (A, BE K*(X) is convexly reduced if and only if
(A n B, Au B) is reduced.
Proof (=) Let the pair (A, B) be convexly reduced and (FEGA n B, AU B], there exists

(Ao, Bo) € [A, B] such that An By = F and A U By = G. From the assumptionp& A + M
and B= B + M for some Me K(X). Then F= AN By=An B+ M and

G = A)U Bp= AU B + M. Therefore, the pair (& B, A U B) is reduced.

(<) Let (AN B, AU B) be reduced, (C, 33 [A, B] and CuU D be convex, then
A+D=B+C=AnB+CuD=CnD+AuUB,henceChD=AnB+ Mand
CuD =AU B + M for some Me K(X).

From the law of cancellation, we obtain C =AM and D = B+ M.

Hence (A, B) is convexly reduced. ]

Definition 3.4.2.8Let X be a real topological vector space and KX), then the pair (A, BE
KZ(X) is called C-minimal if the pair (A + C, B + C) is convex, and if for everg&(X) with

C, <€ C and such that (A+{B+ G) is a convex pair it follows that,E€ C.

Theorem 3.4.2.9 et X be a real topological vector space and IK(X), then the pair

(A, B) e K*(X) is called C-minimal if and only if there existseDK(X) such that that pair

(C, D) is minimal and equivalent to (AB, A + B).

Proof (=) Since the pair (A, B& K*(X) is C-minimal; thus
A+C+B+C=(A+TB+C)+(A+C)n(B+C)

Since(A+Cu(B+C)=(A+Cv(B+C)=(AvB)+C

We obtainthat A+ B+ C=&B+ (A+C)n (B + C).

If we put D:= (A + C)n (B + C), then it follows that (A& B, A + B) ~ (C, D).
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(=) Suppose that there exists a&C and Q < D such that (C, D) ~ (£ Ds), then
(A vB,A+B)~ (G, Dy). Hence we have XB + D;= A + B + G, which implies
A+C)H)vB+C)+Di=(A+CG)+(B+G). Thus(A+G)V (B+ G)isasummand of

(A + C) + (B + G), which means that the set (A ¥)@ (B + G) is convex.
Hence by the C-minimality of (A, B) it follows that C 5 &xd D = D.

If (A vB,A+B)~(C,D)and (C, D) minimal, then (A + C, B + C) is a convex pair.
Then for every (& D;) < (C, D) which is equivalent to (C, D).

We have C m@nd D =0Q ]
3.4.3 Criteria for Non-Minimality

From the reduction by cutting hyperplanes we receive the following criterion for minimality.

Theorem 3.4.3.1Let X be a real locally convex topological vector space, (A Bf(X), and let
us assume that there exists an elemenfAzn B and a continuous linear functionfak X* such
that A, = By, and A, = B';,. Then the pair (A, B) is not minimal.

Proof: From theorem 3.4.2.7 it follows that the pairs (A.)A (B, B:.) € K*(X) are equivalent.
Hence we have A +B = B + A}z, which implies (A, By~ ( At B%.).

Since A;, €A and B;, € B the pair (A, B)e K*(X) is not minimal. ]

Lemma 3.4.3.2 et X be a real locally convex topological vector space and let (A, B), (€, D)
K?(X) be two equivalent pairs. Then (AB, B), (CVv D, D) € K*X) are equivalent.

Proof This follows from Pinsker identity [4], [5], since
AvB+D=(A+D)v(B +D)
=(B+Cy(B+D)

=B+ @D. [ |
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Proposition 3.4.3.3Let X is a real locally convex topological vector space and let (& B)
K%(X). If (A, B) € K*(X) is not minimal, then the pairs (AB, B) and (A + B, Av B) are also

not minimal.

Proof Since (A, B)e K(X) is not minimal there exists an equivalence pair BY € K*X)
with A’ € A, B’ € B. From lemma 3.4.3.2 follows that (AB, B) is not minimal. Moreover the

equivalence (As B, B) ~ (A’ v B’, B) implies that
A+(AvB+B)=A+(B+ AV B’ which leads to the equivalence
(A+B,AvB)~(A+B,A'vB).

Therefore the pair (A + B, & B) € K*(XX) is not minimal. ]

36



Bibliography

[1] Demyanov, V.F. and Rubinov, A.M., Quasidifferential Calculus, Optimization Soft-ware Inc.
1986.

[2] Grzybowski, J., and Urbanski, R., On Reduced Pairs of Bounded Closed Convex Sets. 2003.

[3] Handuschug, M., On Equivalent Quasidifferentials in the Two-Dimensional Case,
Optimization 1989.

[4] Pallaschke, D., and Urbanski R., Pairs of Compact Convex Sets-Fractional Arithmetic with

Convex Sets, Kiwer Academic Publishers, 2002.

[5] Pallaschke, D., and Urbanski R., On Quasidifferentiable functions and Pairs of Convex
Compact Sets 1997 Vol. 22

[6] Scholtes, S., Minimal Pairs of Compact Bodies in Two Dimensions, 1992.

[7] Semu, M.K., On Minimal pairs of Compact Convex Sets and of Convex Functions Ph.D.

Dissertation ander Universitat Karlsruhe, 2002.

37



	quasi & minimal pairs of compact convex sets cover.
	quasi & minimal pairs of compact convex sets

